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Abstract

Loss-averse bidders face different sensations as the price clock proceeds in single-unit ascending
or descending auctions. We investigate equilibrium bidding behavior of bidders with independent
private values and reference-dependent preferences, applying the Készegi and Rabin (2006) model.
Bidders’ stochastic reference points are endogenous, and are determined by their strategy and
their beliefs about the other bidders. Utility functions reflect that bidders anticipate changes in
their reference point due to updated beliefs, e.g. about the own winning probability, during the
course of the auction. An optimal bidding strategy can be reduced to a series of optimal binary
decisions at each price, i.e., approve or quit in the English Auction (EA) and wait or bid in the
Dutch Auction (DA). We solve for personal equilibrium (PE) profiles, which contain for each
bidder a bidding strategy that is optimal given the others’ bidding strategies and the reference
point induced by the own and others’ strategies. There exists a range of belief-free PE profiles in
the EA and a range of symmetric PE profiles in the DA under different existence conditions. If
symmetric PE profiles exist in both auctions, the expected revenue in the DA is higher than in
the EA. The difference is mainly driven by the aversion to losing the item in the DA.
Keywords: Reference-dependent preferences, endogenous reference point, English auction,
Dutch auction, loss aversion
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1. Introduction

Bidders who participate in an English auction or in a Dutch auction face different auction
processes that go along with quite different sensations. In an English auction, a bidder who desires
the auctioned good asks himself at any announced auction price whether he prefers to approve
the price or whether he is ready to quit. When he quits, he might be disappointed that he did not
get the good, but in quitting he accepts not getting the item. In the Dutch auction, however, this
bidder knows at any auction price at which he does not bid that another bidder might snatch the
good away. Thus, the mechanics behind sensations of losing the good are different from auction
to auction. Similarly, sensations of gaining the good or of gaining or losing money are evoked
in different ways in these auctions. Loss-averse bidders might adjust bids to such sensations and
these adjustments might follow quite different rules in the auctions. English auctions and Dutch
auctions generate the same expected revenue with risk-neutral symmetric bidders when bidders
have independent private values. How does this change when bidders are loss-averse? How do
different processes affect a loss-averse bidder and the expected revenue?

We analyze the single-unit English clock auction (EA) and the Dutch auction (DA). Bidders
have independent private values and they are risk-neutral. The bidders have reference-dependent
preferences and their reference point is endogenously determined by their planned bid. The basic
preference model that we apply is the endogenous reference point model of Koszegi and Rabin
(2006, 2007) and their criterion (unacclimating) personal equilibrium for optimal decision making.
A bid has to be optimal given the reference-point, and the reference-point has to be induced by this
bid. A planned bid induces beliefs about winning the auction, which in turn induce expectations
about gains or losses. Bidders may be loss-averse with respect to the auctioned good and money.

The methodological innovations of our analysis stem from three features of the model. First,
we adapt the endogenous reference-point formulation of Készegi and Rabin (2007) to our dynamic
mechanisms. The bidders are Bayesians that use all the probabilistic information they have
correctly. Given their planned bid and their beliefs about the other bidders, they perfectly

anticipate their future updating of these beliefs.! When the auction proceeds, the beliefs about

'Due to the differences in settings, our approach differs from another dynamic approach with loss-averse decision
makers by Készegi and Rabin (2009), who analyze optimal decisions on multi-period consumption plans by a



winning the auction will change. The probability of winning with a certain bid decreases during
the course of an English auction and increases during the course of a Dutch auction. This in
turn impacts the gain-loss utility of loss-averse bidders, and our bidders condition their sensation
about potential gains and losses on the upcoming bidding stages being reached. This updating
is reflected in their utility functions.

Second, the analysis takes the auction process into account and incorporates a simple but
plausible decision process, which is ignored (and can be ignored) in the usual analysis with gain-
loss-neutral bidders. We call this process binary bidding. At each price in the auction, the
bidder faces a binary decision (to quit or approve in the EA and to wait or to bid in the DA)
and has to choose the better option. Rather than imposing less cognition by focusing on binary
decisions, we show that the optimal decision of a Bayesian bidder about a planned bid that he will
follow through can be reduced to a sequence of such binary decisions given that his planned bid
induces his reference point. That is because the bidder’s utility function incorporates his correct
anticipation about the future, given the current information. For gain-loss-neutral bidders, the
binary decisions are in the EA obviously in line with their optimal bidding limit and in the DA
the information that can be gained does not impact his expected utility.

Third, we solve for equilibria for a dynamic game and therefore need to adjust or introduce
definitions for optimal individual decisions (personal equilibrium) and mutual best responses
(personal equilibrium profiles).

In an EA, a bidder can at every stage decide whether to approve the auction price or to quit
the auction. While he cannot control at what price he wins, he can perfectly control at what
price he gives up any chance of winning the auction and gives up the good. In this auction, losses
in the money dimension and gains in the good dimension will play a major role. In a DA, the
bidder decides at any auction price whether to wait or to bid. He can control at what price he
wins the auction but he cannot control at what price he loses the auction and the good. In this
auction, gains in money and losses in the goods dimension are predominant.

A bid is a PE if it is optimal given the reference point that it induces and given beliefs about

the others’ bids. At any earlier auction price, the bidder prefers to approve in the EA or to wait

decision maker that faces changes in wealth.



in the DA. If the auction price actually reaches the bid, the bidder is indifferent between his two
options, but any further approving or waiting would make him worse off. In both auctions, for
given beliefs about the others’ bids, loss-averse bidders usually have more than one PE. That is, a
bidder who has a bid in mind and is willing to follow this bid through would, for the same beliefs
about others, also be willing to follow another bid through if he had that other bid in mind (as
a reference bid). We find that a bidder’s PE form a continuous interval. In the EA, the PE and
the interval of PE depend on a bidder’s valuation and his gain-loss parameters. In the DA, PE
additionally depend on the beliefs about the opponents bids. PE in the EA and the DA exist for
different but overlapping gain-loss parameter regions.

Deriving PE profiles, which require that beliefs are consistent with the opponents’ bidding
functions, we also find intervals. In the EA, any profile of PE is a PE profile. In the DA, we need
to assume symmetric bidders and find symmetric PE profiles, which again form an interval.

A bidder who takes the additional step to compare his PE may find it hard to selecting from
his PE. The PE that provides the highest expected utility before the auction starts will usually
not be the best throughout the auction, and the bidder anticipates this. While at the beginning
bidding late may seem attractive, once some time has passed bidding earlier may be better. Also,
once a bidder has reached his bid, a later bid may on the way to its final decision look better
for some time but then provide negative utility for some period. Thus, if there is no PE that
provides the highest utility until it is reached and that does not evoke any regret once it is reached,
then any comparison must neglect some relevant features of bids. Only in the EA for a bidder
who is gain-loss-neutral with respect to money we find such a best PE, called preferred personal
equilibrium (compare Készegi and Rabin, 2007, for the term).

If PE in both auctions exist, the expected revenue in the highest symmetric PE profile in the
EA is not higher than the expected revenue in the lowest symmetric PE in the DA.

Related papers that analyze auctions when bidders have reference-dependent preferences and
when reference points are endogenous are by Lange and Ratan (2010), Eisenhuth (2010), and
Belica and Ehrhart (2013). They all focus on static auctions and the first two papers also apply
the choice-acclimating equilibrium (Ké&szegi and Rabin, 2007) that we consider less appropriate
for our setting. Reference-dependent preferences with endogenous reference points are applied to

other games for example by Herweg et al. (200) and Rosato (2014). Investigations on equilibria in



games when players have endogenous reference points are provided by Shalev (2000) and Belica
and Ehrhart (2013). Rosenkranz and Schmitz (2007) and Shunda (2009) analyze reference-
dependent bidders in auctions when reference points are exogenously given.

in Section 2 we present the model, including the utility functions and definitions of solution
concepts. We analyze the English and the Dutch auction sequentially in Section 3. For both
auctions, we first analyze individual decisions taking the distribution of others’ bids (the winning
probability) as given, and then proceed to interactive decision making, that is, to equilibria of the

auction games. A comparison of auction revenues is given in Section 4.4. Section 5 concludes.

2. The Model

2.1. Reference-Dependent Utility

We build upon the gain-loss utility model of Készegi and Rabin (2006). Decision makers
evaluate gains and losses in different consumption spaces separately. In our model, we have two

consumption spaces, the good g and money m. A decision maker’s expected utility is given by

U(X,|X,) = / / u(elr)dR(r)dC (), 1)

where the random variables X, and X, with distribution functions C' and R represent the stochas-
tic consumption and reference outcomes, respectively. The utility u(c|r) = u((cg, cm)|(7g,7m))
from consumption levels ¢4 of the good and ¢, of money, when the respective reference levels are
rg and 7, is

ulelr) = Y wi(er) + pr(wr(cr) — wi(ry)).

kegm
We assume risk-neutral, gain-loss averse decision makers with consumption utility functions
wi(cx) and gain-loss utility function pug(wg(ck) — wi(ry)) for k € {g, m} of the following form:
Wm(cg) =cgu wx ifx>0

and pr(x) = with A\ > v >0
wr(cm) =cm Moz ifx <0



for the gain parameter Ay and the loss parameter ;.2 The consumption utility function wy(cy)
gives the utility from enjoying consumption level c;. In the auction, ¢, can take the levels 0 if
the bidder does not win, or 1 if he wins, and v is the decision maker’s consumption value for the
good. The consumption level ¢, is his payment for the good, that is, ¢, = —p if he pays p.?
The gain-loss utility ug(wg(ck) — wi(rg)) is added to the consumption utility. It increases the
utility u(c|r) if the consumption level is above the reference level, wy(ci) > wy(rg), such that the
decision maker experiences a gain relative to the reference point, but it decreases u(c|r) if the
consumption level is below the reference level, wy(cx) < wg(ry), such that he experiences a loss
relative to the reference point. The assumptions on the parameters A and 7, ensure that a loss
of size x looms larger than a gain of the same size x.

We will give specific forms of the utility function U(:|-) for our auction setting after having

introduced the game.

2.2. The Bidders, Auctions, Bids, and Reference Points

In the auction game n bidders participate, a bidder’s strategy is his bid b or his bidding
function B(-) : Ry — R, and his utility is represented by the utility function U(:|-). We analyze
an independent private values model. Each bidder’s value v for the good is independently drawn
from a distribution F' with density f and full support on [0,7). We call the bidders symmetric, if
their values are drawn from the same distribution F' and if their parameters Ay and v, k € {g, m}
are the same.

The auctions are dynamic clock auctions with a continuous price clock. In the English Auction
(EA), a bidder faces a sequence of binary choice problems: At every auction price p, the bidder

has to decide either to accept p and stay in the auction — to approve — or to drop out of the auction

— to quit. Once a bidder has quit the auction he may not return to the auction. The auction

2Note the difference to the notation used in most of the related papers (e.g. K6szegi and Rabin, 2006), where
u(z) = nz for x > 0 and p(z) = nAz for x < 0 with n > 0 and A > 1, such that 5 corresponds to our gain parameter
v, for all k and A corresponds to our loss parameter Ay for all k. Our notation is closer to that of Lange and
Ratan (2010) who assume ~y, = 0.

3Money is the numeraire and bidders are risk-neutral in money. Bidders do not possess any unit of the item
before the auction, i.e. their initial endowment of the item is zero (compare, e.g. Lange and Ratan, 2010). For
risk-neutral bidders, adding positive endowments does not make a difference in our analyses.

4We will assume symmetric bidders in the analysis of the DA and for comparisons between auctions.



stops when one of two remaining bidders quits. The other bidder then becomes the winner of the
auction and has to pay the price at which the auction stopped.

The decision to approve p is part of a plan to stay in the auction until the auction price
reaches a upper bidding limit b > p. We call this plan to approve all prices up to b in the EA
the bid b. The bid b induces a random variable A(p,b), which depends on the current price p
and which maps the stochastic outcome from the bid b to the consumption utilities from winning
the good at prices between p and b and not winning the good, if the price exceeds b. A(p,p)
represents the consumption utility zero from the certain outcome not to win the auction when
quitting at p when the auction has reached p.

When deciding about approving or quitting, the bidder takes his stochastic reference point R
into account. R is a random variable that represents the consequences of a decision. A decision
is a bid b, and the distribution over possible consumption utilities, which changes in p, is A(p, b).
Therefore, R = A(p, b).

We denote by U(A(p,b)|A(p, b)) the loss-averse bidder’s utility from the bid b, when the EA
reaches the price p and his reference point is induced by the plan to bid b.

In the Dutch Auction (DA), like in the EA, the bidders face binary choice problems at every
price p. However, in contrast to the EA, the auction price p continuously decreases. At every
price p, each bidder has to decide to bid or to wait. Once a bidder bids, he wins the auction, the
auction stops, and he has to pay the price at which the auction stops. Waiting at p is part of a
plan to wait until a price b < p, which we call the bid b in the DA. The bid b induces a random
variable W (p, b), which depends on the current price p and which which maps the stochastic
outcome from the bid b to the consumption utilities from winning the good at the price b or
not winning the good, if another bidder bids between p and b. W(p,p) represents the certain
consumption utility v — p from the certain outcome of winning the auction with the bid p when
the auction has reached p. A stochastic reference point R in the DA equals W (p,b).

We denote by U (W (p,b)|W (p,b)) the loss-averse bidder’s utility from the bid b, when the DA

reaches the price p and his reference point is induced by the plan to bid b.



2.3. Beliefs

For our analysis, a bidder’s beliefs about the bid of his strongest competitor are relevant. We
introduce different notation for the EA and the DA, because updating of the beliefs differs in the
two auctions due to the inverse price dynamics.

In the EA, let H(b) denote the belief that the strongest opponent bids less than b, that is, the
subjective probability of winning the auction with the bid b, before the auction starts. Denote the
corresponding density by h(-). The auction starts at p = 0, where H(0) = 0. H(b|p) denotes the
conditional subjective probability of winning with the bid b when the auction is at price level p.
Thus, H(b|p) = 0 for all b < p. We assume that a bidder cannot observe other bidders’ dropping
out of the auction.’ Hence, the conditional probability is calculated as

H(b) — H(p)

Hlp) = =20 )

which implies H(p|p) = 0. This updating from H(-) = H(-|0) to H(-|p) truncates the probability
function H(-) at p from below and shifts the probability mass to prices larger than p. We assume
that H with density h is a continuous distribution with full support on [0,%] for y > 0.5 The
conditional density is

OH (blp)

o = hvlp) =

h(b)

—Hp) "

and it holds that

OH(blp) _ —h(p)(1 = H(p)) = (H(b) = H(p))(=h(p)) _ _h(plp)(1 = H(b))

o (1= H{p)? =T LHE) Y

In the DA, before the auction starts, a bidder’s belief that the highest bid of the others is

below b is given by G(b), the subjective probability of winning the auction with the bid b. Denote

5If, to the contrary, bidders could observe others’ quitting, then the updating would need to take this information
into account. H (b|p) would then not account for the fact that at least one more bidder is still in the auction and
will bid more than p but it would account for the true number of bidders that is still in the auction and that, thus,
will bid more than p. In our private values model a bidder knows his value and thus cannot infer information about
the value from the others bids. However, his belief about winning is different, if for example he observes all but
one opponent quitting very early compared to no observation of quitting. Because our analysis shows that bids
will be independent of beliefs (but dependent on the own parameter values and the own value for the good), the
results would not change if bidders could observe when opponents quit.

5For example, with symmetric bidders and symmetric monotonic bidding functions this holds true.



the corresponding density by g¢(-). When the auction procedure starts at the sufficiently high
price p we have G(p) = 1. The conditional probability G(b|p) of winning with the bid b when the

auction is at price level p > b is
G(b)

G(blp) = @,

(3)

which implies G(p|p) = 1. This updating from G(-) = G(:|p) to G(-|p) truncates the probability
function G(+) at p from above and shifts the probability mass to prices smaller than p. As we did
for H, we assume that G, with density g is a continuous distribution with full support on [0, y]

with y > 0. The conditional density is

9G (blp)

and it holds that

2.4. Binary Bidding

In our dynamic auctions, the bidder has to decide at each price p between two options:
approve or quit in the EA and wait or bid in the DA. This implies a process of continuously
making binary decisions, which we call “binary bidding.” A bid b in the EA therefore involves a
decision to approve all prices p < b and to quit at p = b. A bid b in the DA involves the decision
to wait at all prices p > b and to bid at p = b. Therefore, a utility maximizing bid b in the EA
involves the preferability of approving over quitting at all prices p < b and the preferability of
quitting over approving at all prices p > b. A bid b in the DA involves the preferability of waiting
over bidding at all prices p > b and the preferability of bidding over waiting at all prices p < b.

The dynamics and the binary bidding process have consequences for the utility functions
U(-|). For example, in the EA, a bidder’s utility from a bid b when his reference bid is b > b, is
composed of his utility at any ¢ along the price path between p and I;, weighted by the marginal
subjective probabilities seen from p. That is, our utility functions are calculated by integrating

over utilities of the form given in (1).

10



2.5. Utility Functions

The utility functions reflect the bidders’ anticipation of the changing expected gains and losses
relative to the reference point when the auction price develops.” Note that gaining the good
relative to the reference point always comes with a loss of money, and losing the good relative to
the reference point always comes with a gain of money. We derive the functions U(A(p, b)|A(p, b))
for the EA and U(W (p,b)|W (p,b)) for the DA in Appendix A for a continuously increasing or
decreasing price from an approach with discrete price steps. They represent the preferences of a
gain-loss averse bidder at price level p in the auction, who anticipates the further course of the
auction and who evaluates for any ¢ > p in the EA (¢ < p in the DA) the sensations of gains and
losses that might realize at ¢, weighted by the marginal probability h(g|p) in the EA (g(¢g|p) in
the DA) with that they become relevant. Consequently, the gains and losses at ¢ are evaluated
relative to the potential outcomes of the reference bid b seen from q.

The utility function U(A(p,b)|A(p, l;)) describes a bidder’s expected utility from the bid b,
when he has the reference bid b in mind and when the auction has reached the price level p in

the EA. We get the following expressions for p < min{b, l;}:8

Jrv (1420 = HOJs)) — s (14 An(1 — H(bls)) AH (slp)
) b s — Agu dH (s ith<b
U HAp ) =] Je 1) A 0
[ro (1 + (1 — H(b\s))) s (1 + A (1 — H(b\s))) dH (s|p)
+ [P0+ ) — s(1+ Aw) dH (s]p) if b > b.

"In particular, a bidder in the EA at p knows that if ¢ > p is reached, his probability of losing with the reference
bid b will have increased from 1 — H (b|p) to 1 — H (b|q), thus, there will be stronger sensations of gaining the good
if it is won at ¢ than at earlier stages. A bidder in the DA at p knows that if ¢ < p is reached, his probability of
winning with the reference bid b will have increased from G(b|p) to G(b|q), thus, there will be stronger sensations
of losing the good if an opponent bids at g than at earlier stages.

8More generally, for all p:

fprnax{@b} (1 + ’Yg(l — ) (1 + Am | ))) dH(S|p)
max{p,b} . .
h + ax Tm$ — A 'UdH( |p) if b < b
U(A(p,b)|A(p,b)) = maxf{p b}{p ,b} g
S o (1 (1= ) s (14 An(1 — H(b15)) aH (slp)
+ [ (14 ) — 8( Am) dH (s |p) it > b.

11



Four important special cases for p < b can be derived from (4):

b
INA@mNMnM)ZMMﬂWﬂ+%¢/sdH®m) (5)
P
b
UM@JNM%@%=/v@+ﬁﬂ1—H@$ﬂ—SO+Amﬂ—H®MHdH@@) (6)
p
U(A(p,p)|A(p,p)) =0 (7)

b
V(A DIAG.p) = o1+ ) H(blp) — [ 5(1+ 2 dH (sl ®)

Equation (5) gives the utility from quitting now, at p, when the reference bid b is higher. The
decision provides zero consumption utility, but a sensation of losing the good with the winning
probability of b and the corresponding sensation of gaining money amounts ¢, p < ¢ < b with
marginal probabilities h(g|p). Quitting at p makes a sensation of winning the good impossible.
If, as in (6), bid and reference bid are identical and above p, the decision involves no sensation of
losing the good (and gaining money) because the auction is lost for sure if it does not end before
b. The bidder has the consumption utility v — ¢ weighted by the marginal probability h(g|p) of
winning at any ¢, p < ¢ < b. Also, at any such ¢ and with the same weight, he has a sensation
of losing the payments and gaining the good relative to the reference point with the reference
point’s probability 1 — H (b|g) of not winning the auction. Equation (7) provides the utility from
quitting now, when the reference is to quit now. Both the bid and the reference bid generate no
consumption utility for sure, and no sensation of gains or losses. In contrast, in (8), the bid b is
evaluated relative to a reference point of quitting now, at p. This generates consumption utility
v — q as well as a sensation of gaining the good and losing the payment weighted by the marginal
probability h(g|p) of winning at any ¢, p < ¢ < b. Relative to the reference bid, which involves
not winning for sure, there are no sensations of gaining money or losing the good.”

The utility function U (W (p, b)|W (p, I;)) describes a bidder’s expected utility from the bid b,

?One obvious difference to the second-price auction is that in our utility function (6) one additive term of a
money-loss is completely missing as compared to the second-price auction (see Lange and Ratan, 2010). In the
second-price auction, winning the auction at p comes with a sensation of losing money because the bidder assigns
positive probability to winning at lower prices. In contrast, a bidder in the EA knows that if he will win at p, the
auction will have reached the auction price p, and that he then will assign zero probability to winning at lower
prices. The price comparisons that generate the term in the second-price auction would be backward looking in
the EA and do not occur.

12



when he has the reference bid b in mind and when the auction has reached the price level p in

the DA.10

(v —b) G(b]p) + (Agv — Ymb) G(b|p) In(G(b|p))

U (W (p, b)|W (p, b)) = + 7,0 [G(blp) — G(b|p)] — A [DG(blp) — bG(blp)] ifb>b o

(v =) G(blp) — Ao G(blp) [1 = G(b]b) — In(G(b]p))]

+ vm G(blp) [b(1 — In(G(b|p))) — bG(b]b)] if b < b.

\

Expression (9) involves four special cases for p > b:

UMW (p, p)IW(p,b)) = v —p+ygv(l = G(blp)) — Am(p — bG(b|p)) (10)
U(W(p,b)[W (p,b)) = (v = b)G(blp) + (Agv — ymb)G (blp) In(G(b|p)) (11)
UW(p,p)IW(p,p)) =v—p (12)
UW(p,b)[W(p,p)) = (v —b)G(blp) — Agu(1 — G(blp)) + ym(p — bG(blp)) (13)

Of these four cases only in (10) the reference bid is lower than the assessed bid, such that
sensations of gaining the good and losing money are possible. The auction is won for sure, while
with the reference it is lost with probability 1 — G(b|p), generating the sensation of gains and
losses. In (12) the auction is won at price p for sure and in line with the reference bid. In (11)
and (13) the auction is won with probability G(b|p) with the bid b. Because the reference bids
in (11) and (13) are weakly higher than b, sensations of gaining the good do not occur. In (11),
bid and reference bid are equal and in the future. With probability G(b|p) the bidder will win
according to his reference bid but with anticipated updated probability In(G(b|p)) an opponent
bids earlier, generating a sensation of losing the good. In (13) the reference bid wins for sure
but the assessed bid wins only with probability G(b|p), and, thus, does not win with probability
1 — G(blp). The reference bid results in v — p for sure while the assessed bid results in v — b with
probability G(b|p), such that the difference generates a sensation of losing the good and gaining

money.

OFor p < max{b, b}, note that G(bp) = 1 for b < p and remember that G(b|p)G(b|b) = G(b|p).
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2.6. Optimal Choices: Personal Equilibria and Preferred Personal FEquilibria

The preferability of a choice depends on the reference point, which in our auctions is de-
termined by an own reference bid and beliefs about the highest bid of the others. A choice is
considered optimal, if, given the reference point, all other options provide weakly lower utility.
An optimal choice constitutes a Personal Equilibrium (PE), if the reference bid equals the chosen
bid. This idea of endogenizing the reference point was introduced by Készegi and Rabin (2006)
and Koszegi and Rabin (2007). There may be several PE, each a best choice given the reference
point that it induces. Because these PE may differ in the expected utility that they provide,
Készegi and Rabin (2006) propose to refine to Preferred Personal Equilibria (PPE): decision
makers choose a PE that provides the highest utility. This requires an additional level of ratio-
nality. Choice need not only be optimal given a reference point but they also need to maximize
utility over all such optimal choices. During the course of an auction, different PE may maximize
the utility, thus, it is not obvious how to apply the idea of a PPE. We define a PPE in a strict
sense as a PE that maximizes expected utility throughout the auction and that may not cause
regret when a decision became irreversible (having quit in the EA or having bid in the DA).

An alternative approach on individual choices when reference points are endogenous by
Készegi and Rabin (2007) is the choice-acclimating equilibrium (CPE). This concept does not
require that a choice is optimal given the reference point. It chooses the decision that maximizes
utility over pairs of choice and reference point when choice and reference point are equal. Thus,
in this concept, choice and reference point are considered equally flexible, while the PE captures
the idea of an optimal decision given a reference point when the reference point is less flexible.
In particular, the PE avoids that a choice is called optimal just because it induces a reference
point that is favorable for any decision. However, in a PE that is not an CPE, the decision maker
does not achieve his maximum utility. For a further discussion and comparison of the PE and the
CPE, see Belica and Ehrhart (2013). Given the continuing binary comparisons that a bidder’s
decision has to survive during the course of an auction, we consider the PE, which has a fixed
reference point, and its refinements more suitable for our analysis.

We need to define PE for the EA and the DA separately, due to the inverse price dynamics

of the auctions.
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Definition 1 (Personal Equilibrium (PE)). Given a value v and the beliefs H(-) or G(-), b*

is a Personal Equilibrium (PE)
e in the EA if U(A(p,b*)|A(p,b*)) > U(A(p,b)|A(p,b*)) for all b and p < min{b*,b},
e in the DA if U(W (p,b*)|W (p,b*)) > U(W (p,b)|W (p,b*)) for all b and p > max{b*,b}.

That is, in the EA, taking the plan to approve all prices up to b* as given, at each price p < b*
no other bidding limit b appears more attractive than b* to the bidder. In the DA, taking the
plan to wait until b* as given, there is at each price p > b* no other plan b that appears more
attractive than b* to the bidder.

What bid does a bidder choose if he compares PE across reference points? That is, what is
the PPE? A PPE should be consistent in the sense that a player follows one bid through (i.e. the
PPE is a PE). Given his beliefs about the others, a PPE is a bidder’s best PE throughout the
auction (i.e. for all p). Again, we need to define PPE for the EA and the DA separately, due to

the inverse price dynamics of the auctions.

Definition 2 (Preferred Personal Equilibrium (PPE)). Given a value v and the beliefs
H() or G(-), b** is a Preferred Personal Equilibrium (PPE)

e in the FA, if b** is a PE and if

(1) for all PEb# b™: U(A(p,b™)|A(p,b™*)) > U(A(p,b)|A(p, b)) for all p < min{b,b**}
(2a) for all PE b < b*: U(A(p,b**)|A(p, b*)) > U(A(b,b)|A(b,b)) for all b < p < b**
(2b) for all PEb > b : U(AD*,b*)|A(b™, b)) > U(A(p,b)|A(p, b)) for all b** < p <'b

e in the DA, if b* is a PE and if

(1) for all PEb # b U(W (p,b)|W (p,5*)) > U(W (p, )| W (p,b)) for all p > max{b, b}
(2a) for all PEb < b**: U(W (b*™*,b*)|[W (b**,b**)) > U(W (p,b)|W (p, b)) for allb < p < b**
(2b) for all PE b > b**: U(W (p,b*™*)|W (p,b**)) > U(W (b, b)|W (b,b)) for all b** <p <b

The difficulty in defining the PPE stems from the dynamics of the auction. At different p, different
PE may seem best. A player who anticipates the future knows that the best PE at p might not
be his best choice later on, that is, he knows that he will not follow this PE through but he will
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prefer to switch to another PE. Thus, a PE that maximizes utility over all PE at every p, i.e. a

PPE, might not exist.

2.7. Mutual Best Responses: Personal Equilibrium Profiles

We now switch from the point of view of an individual bidder, who holds arbitrary beliefs
about the others, to strategic interaction, where beliefs are required to be derived from strategies
and value distributions F', and where we need to specify complete bidding functions 3;(v;) for all

1 € N. In what follows, whenever we consider one representative bidder we skip the index .

Assumption 1. For any v and H(-) there ezists a p > max {vlligjl , Ulljx\);ii;:fn} such that H(-)

has full support on [0, p).

The assumption on values, v € [0,v), implies Assumption 1, and Assumption 1 simplifies our
analysis and presentation. With these assumptions, a bidder assigns positive probability to any
bid and, in particular, he is never sure about having the highest value and he never beliefs to
submit the highest bid with certainty.

In the analysis of the DA, more details on beliefs will be relevant.
Assumption 2. For any v and G(-) there exists a p such that G(p) = 1.

Throughout the analysis of PE profiles in the DA we assume a symmetric model and solve for
symmetric bidding equilibria. Let F(-) and f(-) denote the distribution and density of the other
n — 1 bidders’ highest value, i.e. F(z) = F(z)" ! and f(-) = (n — 1)f(x)F(z)""2. We assume
that F :[0,9) — [0,1] is continuous and strictly increasing on [0,%). This is for example the case
if the cdf of the values, F', is continuous and strictly increasing on [0, 7).

Throughout the analysis of the DA, we will use the following monotonicity assumption to

characterize PE of a single bidder and to derive symmetric PE profiles.

Assumption 3. The strategy profile is such that, for any bidder, the function k : [0,p] — R4

with k(p) :=p+ % 1s weakly increasing and continuous.

Lemma 4 in Appendix C justifies Assumption 3 for symmetric PE profiles by showing that

k(p) =p+ % is increasing and continuous for a bidder, if the n — 1 other bidders bid according
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to B(v) = af(v) with a > 0 and

Remember that 3 (v) is the symmetric equilibrium bidding function of the DA with loss-neutral
and risk-neutral bidders, where a bidder bids the expected highest valuation of the other bidders
conditional on this value being below his own valuation v.

Let us consider solution concepts for the auction game. What if we require that all bidders
choose PE and that beliefs are consistent with these PE? The answer are the PE profiles. Let
Bi(v_;) :=(B1(v1), -, Bi—1(vi—1), Bix1(Vit1),- - -, Bn(vy)) and remember Definition 1 of PE.

Definition 3 (Personal Equilibrium Profile (PE Profile)). A profile (51(v1), ..., Bn(vn)) is
a personal equilibrium profile (PE profile) in the EA or in the DA, if, for each i € N and each
v;, and for beliefs H(-) or G(-) that are derived from [f_;(v_;), Bi(v;) is a PE.

We call a profile (81(v1),...,0n(vn)) symmetric, if all bidders use the same bidding strategy
B(?)) = 51(’01) =...= Bn(vn))
Note that for gain-loss neutral bidders the PE profile is equivalent to the Bayes-Nash equilib-

rium.

Definition 4 (Preferred Personal Equilibrium Profile (PPE Profile)). A profile (81(v1), ...

of bidding functions is a preferred personal equilibrium profile (PPE profile) if (B1(v1), ..., Bn(vn))
is a PE profile and if B;(v;) is a PPE for any i and v;.

That is, a PPE profile is a PE profile in which every bidder chooses a PPE.

3. Equilibrium Analysis

The proofs of all propositions in this section are given in Appendix B for the EA and in

Appendix C for the DA.

3.1. Ezxample

Figure 1 illustrates how utilities develop during the auction in a symmetric setting for a bidder

with valuation v = 0.7 (and n = 2, v ~ U[0,1), Ay = Ay, = 0.2, 75 = 7, = 0.1). We plot the
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utility from the bid B(v) and that from the alternative (to quit if p < B(v) or quitting only at p
if p > f(v) in the EA, and to bid if p > (v) or bidding only at p if p < S(v) in the DA) under
the reference bid B(v) for different price levels (starting from zero in the EA and starting from
p =1 with G(p) = 1 in the DA). The dashed line with the short dashes is the utility from 5(v).
The dashed line with the long dashes gives the utility from the alternative. We consider a bidder
in the earliest reached PE profile, that is, in the lowest PE profile in the English auction and in
the highest PE profile in the Dutch auction. The solid line shows that the difference between the
two utilities is always positive, that is, 5(v) provides higher utility than the alternative, which of
course has to hold in any PE. Also, it needs to hold that the difference is zero at p = §(v), when
the bidder quits in the EA or bids in the DA.

In the EA, the utility from S(v) is positive and monotonically decreases to zero, which is
reached at the PE profile bid 0.64.!! The utility from the alternative is always negative, with a
maximum of zero at 0.64. His utility from winning with §(v) is absolutely and relatively to the
alternative decreasing the closer the time to quit.

In the DA, the utility from B(v) is positive and starts to increase at 0.55, the bid of a bidder
whose value is almost 1 in the symmetric PE profile. The utility from the alternative starts out
negative, becomes positive at 0.64 and increases until the PE profile bid 0.38 is reached.

Thus, in the DA in contrast to the EA the bidder’s expected utility from the bid 5(v) increases
during the course of the auction. Note that the same would hold true for a loss-neutral bidder. In
the EA, the conditional probability of winning decreases in p and prices also increase, and, thus,
his expected utility decreases and vanishes when he quits. In the in the DA, the probability of
winning with B(v) increases when p decreases and the payment in case of winning is fixed. With
our parameters, in the EA, the utility of a loss-averse bidder is for all p < 0.7 below that of a loss
neutral bidder (who would bid 0.7), due to the loss-utility from losing the money, which is not
overcompensated by the gain-utility from gaining the good. In the DA, a loss-averse bidder would
bid higher than a loss-neutral bidder, who would bid 0.35 both in the symmetric equilibrium with

loss-neutral bidders and as a best response to the equilibrium bids of the loss-averse bidders. The

"For PE bids above the minimum PE, the utility from 8(v) would become negative for p close to 8(v), but the
bidder would approve because the alternative — quitting — would provide more negative utility.
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loss-averse bidder’s utility at any p > S(v) is lower than that of a loss-neutral bidder with the

same bid, because of his loss-utility from losing the good, which is not overcompensated by his

gain-utility from winning money.'> He compensates this ‘disadvantage’ by a more aggressive,

higher bid, which increases the probability of winning, and, thus, decreases the probability of

losing the good.

04 4
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Figure 1: A bidder’s utilities from his two options and the difference between the two in a symmetric PE profile
during the course of the auction when the price increases from zero to one in the English Auction (upper plot)
or decreases from one to zero in the Dutch Auction (lower plot) for n = 2, v ~ U[0,1), v = 0.7, Ay = A\, = 0.2,

Yg = Ym = 0.1.

2For a loss-neutral bidder, the equivalent to the dashed lines with the long dashes would be a horizontal line at
zero in the EA (zero utility in case of quitting) and the function 0.7 — p for p > 0.35 (the utility 0.7 — p in case of
bidding at p) and a horizontal line at 0.35 for p < 0.35 (his utility from having bid at 0.35) in the DA.
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3.2. English Auction
3.2.1. Personal Equilibria

A bid b* is a PE, if, taking the plan to bid up to b* as given, at each price p < b* no other
bidding limit b appears more attractive to the bidder. This condition is equivalent to two intuitive

conditions that emphasize the binary bidding character.

Proposition 1. Given a value v and the beliefs H(-), b* is a PE in the EA if and only if
(EAL) U(A(p,b")[A(p,b")) = U(A(p, p)|A(p, b%)) for all p < b* and

(EA2) U(A(b*,b")|A(D*,b*)) > U(A(b*, b)|A(b*,b%)) for all b > b*.

Proposition 1 is rooted in the construction of our utility function. The bidders anticipate the
course of the auction and, thus, revisions of choices are not necessary. A bid that is less attractive
when it is reached than the chosen bid seemed less attractive from the beginning, and the same
holds the other way round.

The next proposition considers a range of bids that are a PE independent of the beliefs about
the others. Thus, bids in this range may be considered dominant strategies given the respective

reference point.

Proposition 2. For a bidder with the value v in the FA,

(a) a PE ezists if and only if ym(1 +v4) < Ag(1+ Ap),
(b) for every PE b* it holds that

b e {U1+yg 1+Ag+fyg]7

, U
L+ dn 14 dn+9m

(c) b* is a PE for any beliefs H(-) if and only if ym(1 +v4) < Ag(1 + M) and

1 1+ A 1+ A
b*E[U +Wg,vmin{ + g+79, + gH,
1+ A\ 1+ +9% 1+ 9m

(d) for any H(-), if b* is a PE, every b € |:U fi;i,b*) is also a PE.
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Part (a) characterizes existence, part (b) defines the range of possible PE, part (c) characterizes
the interval of belief-independent PE, which always exist if any PE exists, and part (d) describes
a continuity property of the range of PE. Note that the existence condition in (a) is equivalent
to an existence condition for the interval in (b) (see (B.3)).

Conditions (EA1) and (EA2) differ with respect to the requirements on bidder’s beliefs H(-).

According to (B.2), Condition (EA2) requires b* to be at least vlligi = b whenever H(-) has

positive probability mass on [b, b] for some b < b. Thus, there is no PE with bids below b. In
contrast, according to (B.1), Condition (EA1) allows, for specific H(-), for b* above the upper
bound b, if b = 1%1‘131 v < 11:;\;’1 v and even if H(-) has positive probability mass above b.
Accordingly, there may exist further PE with higher bids than b that depend on H(-).

Depending on his the gain-loss parameters, a bidder has only belief-free PE (if 11:/\71 <
lfkizizi < 111351 ), belief-free and potentially also belief-dependent PE (if 11:11 < 111351 <

e, or he has no PE (if 115 > {50079 s 4, (1494) > Ag(1+ A)). Only belief-free

PE exist for example for a bidder that has the same gain-loss sensations for the good as for money
(Am = Ag and v, = 74). Both belief-free and belief-dependent PE may for example occur if the
bidder is gain-loss neutral with respect to money but not with respect to the good (A, = v, =0
and Ay > 75 > 0). A bidder that is gain-loss neutral with respect to the good but not with
respect to money does never have a PE (A; = v, = 0 and A\, > v, > 0).

What bidding strategy does a bidder choose if he compares PE across reference points? That
is, what are the PPE? In general PPE might not exist, but a PPE exists if A,, = 0, which implies
Ym = 0, that is, the bidder is gain-loss neutral with respect to money, and which implies existence

of PE.

Proposition 3. Given a value v and the beliefs H(-), if Ay, =0, a PPE exists and b** = v(14,)

18 his unique PPE.

3.2.2. Personal Equilibrium Profiles
Now let us consider solutions to the auction game. What if we require that all bidders choose

PE and that beliefs are consistent with these PE; that is, what are the PE profiles?

Corollary 1. Inthe EA, if ym(1+74) < Ag(14+An), any (Bi(v1), B2(v2), - . ., Bn(vn)) with B;(vi) €

Aty s Aty 1+Ag ; ;
ViTias, Vi min {m, e for every i € N is a PE profile.
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This follows directly from Proposition 2(c). Note that these PE profiles need not be symmetric.
Also, a bidder’s bid depends only on his own parameter values and on his own value for the good.
In that sense, the PE profiles have similar properties as the Nash equilibrium in undominated
strategies with gain-loss-neutral bidders (to which the set of PE profiles reduces if all parameters
are zero).

The PPE profile follows directly from Proposition 3 if A,, = 0 because the PPE is the same
for any beliefs H(-).

Corollary 2. In the EA, (81(v1), B2(v2), ..., Bn(vy)) with Bi(v;) = villj_rigi for every i € N is the
unique PPE profile if A\, = 0.

3.3. Dutch Auction

3.3.1. Personal Equilibria
A bid b* is a PE if, taking the plan to wait until b* as given, there is at each price p > b*
no other plan b that appears more attractive to the bidder. This condition is equivalent to two

intuitive conditions, that emphasize the binary bidding character.

Proposition 4. Given a value v and the beliefs G(-), b* is a PE in the DA if and only if
(DAL) U(W (p,b)|W (p,5)) = U(W (p,p)|W (p,b")) for all p > b* and

(DA2) UW(b*,b*)|W(b*,b*)) > UW (b*,b)|W(b*,b*)) for all b < b*.

For a bidder with value v the question behind (DA1) is ,Should I bid now or wait until b* (given
my reference bid b*)?,” and the question behind (DA2) is ,Is bidding now at b* a good plan or is
it better to wait (given my reference bid b*)?” If we could find a range of b* for that the answer
to the first question is ‘yes,” and another range of b* for that the answer to the second question
is ‘yes,” then all b* in the intersection of the two ranges would all be PE.

In our analysis we will use the following Lemma, which uses the simplified notation

Dy (p, b, b") := U(W (p, ") [W(p,b")) — U(W(p,0)|W(p, b)) with p > b > b" (14)

Da(p, b, b") := U(W (p, b")[W(p,b")) — U(W (p,0)|W(p,b")) with b < b" < p. (15)
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Note that (DA1) equals Di(p,p,b*) > 0 for all p > b* and (DA2) is Dy(b*,b,0*) > 0 for all
b < b*. Thus, any condition on Dp(-) and Dy(-) will relate to (DA1) and (DA2), respectively.

The following Lemma gives necessary and sufficient conditions for (DA1) and (DA2) to hold.
Lemma 1. Given a value v and the beliefs G(-), b* is a PE

e only if%ZOforb:p:b* and% <0 forb="0"

o if 21BE) > 0 for allp and b with p > b > b* and 222ELY) <0 for all b < b

Lemma 1 gives the necessary conditions for b* being a PE

(T +7g +Ag)v = (14 9m + Am)b*) g(b7) — (1 4+ Am)G(b7) <0 (16)

(T+ Ag)v = (14 9m)b")g(d*) — (1 +m)G(0") > 0, (17)
and the sufficient conditions

(1475 + AgGB*10) v = (1 + An) b — 4mb* G(H*[0)) g(b) — (1 + A )G(b) < 0 for all p > b > b

(T+Xg)v— (1 +4m)b)g(b) — (1 4+ vm)G(b) > 0 for all b < b*,

because

aDl(pv b7 b*) aU(W(p’ b)|W(p7 b*))

ob - ob
= —Ggp) (T + g + AGO*[D)) v — (1 + M) b — ymd G (b7[D)) g(b) — (1 + An)G (D)),
aDg(I;*b, b.b) _ _8U(W(b*,g)byW(b*’ b)) _ _G(lb*) (T+Ag)v = (1 +79m)b)g(b) — (1 + vm)G(D)) -

Proposition 5. Given a value v and the beliefs G(-), it holds that

L4 Ag)u—(L+ym) SE Ltyg+AgJo— (14 Am ) EE)
(a) b* is a PE —> (1+2g) livv)g(b)Zb*z( Vg 1gJZ~/ (+/\ ) 50575
(14+2g)o—(1+ym) SE) (1479 +Ag)o— (14 Am) ST _
(b) : Ty 9L > b > : g1+>\ o) — b* s a PE
: ‘ (14 2g)0— (147 ) S0 (179 +Ag Ju— (14 Am) EL
* 9(6™) * 9% 9(b%)
(c) if Ag = Ym, b" is a PE <— e > b* > e

Condition (16), which is derived from (DA1), determines the lower bound on PE while condition

(17), which is derived from (DA2), determines the upper bound. This is in line with the intuition
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on (DA1) and (DA2) given above. However, not all b* in this intersection of the ranges for that
(16) and (17) hold, respectively, need to be PE. While (17) is necessary and sufficient for the

upper bound, this does not hold for (16) and the lower bound. Our sufficient lower bound might
(1+'Yg+)\g)v_(1+)\m)% (1+'Yg+>\g)’l)—(1+>\m)%

*
1+Am Z b 2 1+ym+Am

not be tight and PE b* with may exist.
However, according to (c), if Ay > v, this sufficient condition is also necessary.

The existence of PE depends on the gain-loss parameters.

Proposition 6. Given beliefs G(-) it holds that

(@) if (Am —Ym)(L 4+ Ag) = vg(1 + vm), then a PE exists,
(b) if An(1+ Ag) < v9(1 + vm), then a PE does not exist.

For bidders that are gain-neutral in the good (v, = 0), a PE exists. For A := Ay = A\, and
v = g = 7Ym the sufficient condition holds at least for all A > 27. A PE does not exist for
example for a bidder that is gain-loss-neutral with respect to money but not gain-neutral with
respect to the good (A\p, = vm =0, Ay > 4 > 0).

Note that the conditions in Proposition 5 have to be checked for every b* independently,
because the boundaries depend on the bid b* itself. However, if a PE b* exists, we can immediately
conclude on other PE, and in particular on the maximum PE given the beliefs G(-).

Lemma 2. Given a value v and the beliefs G(-), if b* is a PE, then a unique mazximum PE

_ 1A Jo— (14, ) EE _
b= ( g)vlivmv o) > b* exists and every b € [b*,b] is a PE.

Corollary 3. If b* is a PE, then there exists exactly one interval I of PE with I = [b,b] and
b <b*.

Now that we solved for PE, we ask what bid a bidder chooses if he compares PE across reference
points, that is, what is the PPE of a DA? In the DA, PE that appear best throughout the auction
usually do not exist. Thus, we cannot characterize PPE. It holds that at any PE, if it is reached

by the auction price, lower PE appear less attractive.

3.8.2. Personal Equilibrium Profiles

Next we will address PE profiles (81(v),..., 8n(v)) with a focus on symmetric PE profiles,
B(v) = f1(v) = -+ = Bp(v). A profile (51(v),..., B, (v)) is a PE profile if and only if first, beliefs
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G(-) are derived from the profile and the distributions of values, and second, f;(v) is a PE for

every v and every ¢. Throughout this section we assume symmetric bidders.

Proposition 7. If and only if (Am —7m)(1+ Ag) > vg(1+vm) there exist symmetric PE profiles

with B(v) € [B(v), B(v)] and with the monotone interval boundaries

5) = L2 50) and Be) =

14+,
T+vm

B(v).

Moreover, given v, for any B(v) € [B(v), B(v)] there exists a symmetric PE profile in which B(v)

is chosen.

Proposition 7 mainly shows existence of a continuum of symmetric PE profiles for a range of
parameter values. Can there be other symmetric PE profiles? With respect to the upper bound

the answer is unambiguous.
Proposition 8. In the DA, if a symmetric PE profile (3(v),...,B(v)) exists, then B(v) < B(v).

Depending on the value of the parameter ~,,, that is, in how far a bidder considers not winning
the auction as gaining money, we can be more specific about low-bid equilibria. For ~,, = 0,
if a symmetric PE profile exists, 3(v) constitutes the smallest symmetric PE profile. For this
parameter value, the necessary and sufficient conditions for a PE in Proposition 5 are identical
and the claim follows from the proof of Proposition 7.

For vy, > 0, symmetric PE profiles smaller than $(v) may exist.

Lemma 3. In the DA, the smallest symmetric PE profile that can exist is constituted by the

monotonic bidding function

Vof n c—1 = c
in(0) = 0 STEVFEI T s _a (1 Jy Flo)ds
O c F(v)e
witha:m (mdc:m
L+ Am 1+ A

One can show that By, (v) constitutes a symmetric PE profile, if Ay > ~,,, > 0 and v f(v)/F(v) <
(1 4+ Am)/7m for all v > 0. Then an interval of symmetric PE profiles exists, where Spin(v)

determines the lower bound and 3(v) determines the upper bound. This constitutes the largest
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possible interval of symmetric PE profiles.!> The symmetric PE profiles that cover the interval

can be generated by

Jo sf(s)F(s)ctds 14+ X, +7 14+ A+
min = = th a = Z z de= = =
Bmin(v) = a F(v)e MmN, YT T,

Jo sf(s)F(s)=tds 1+ X+ 1+ A+
= Z tha=—"9 " '9 and 1, m = m
< B(v) Fo) with a o and c € (1, o
Jo sf(s)ds L+Xg+7 14+
= = th
<P =a Ty vithe & | R T

Proposition 9. In the DA with \,, = vn = 0, a PPE profile exists if 73 = 0 and consists of

B*(v) = (1+ Ag)B(v).

The result is obvious, because our necessary and sufficient conditions for existence of PE in
Proposition 6 coincide and equal 0 > 74, 8*(v) constitutes a symmetric PE by Proposition 7, and

the corresponding bids are the only PE of each bidder by Proposition 5.

4. Discussion

We discuss differences in the influence of the parameters on bidding in the EA and the DA
and provide intuition on the sources of these differences. For specific popular parameter regions
we specify our results. We argue that in laboratory experiments with the EA and induced values,

loss averse bidders bid v in any PE. Then, we compare the auctions’ expected revenues.

4.1. The Influence of the Gain-Loss Parameters on Bidding in the EA and in the DA
For discussing differences between the auctions we focus on the symmetric PE profiles that

we know to exist if any PE profile exists. By Proposition 2 these are for the EA the PE profiles

with
X 144 XNty 14
B(v)e[v1+Am,vmln{1+Am+7m,1+7m ,
and by Proposition 7 these are for the DA the PE profiles with
§ T4yg+Ag 5 o 14N, »
o) € |22 o), 1522 e

13The proofs of the claims in this paragraph are available from the authors upon request.
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We concentrate on the loss parameters and consider the gain parameters as potentially mitigating
the effects of the loss parameters, because a gain parameter never appears in these boundaries
without the loss parameter of the other consumption dimension. In general and quite in line with
intuition, the good-loss parameter tends to increase bids while the money-loss parameter tends
to decrease bids. The good-loss parameter appears in the upper bounds on PE profiles in both
auctions, while the money-loss parameter appears in the lower bound in the EA and in the low
PE profile bids given above for the DA. Losing the good seems a mayor concern in the DA while
losing money is more important in the EA. In the EA, the good-loss parameter appears in at most
one bound (the upper bound), while the money-loss parameter appears in the lower bound and
may appear in the upper bound. In the DA, the money-loss parameter appears only in the the
lower bound while the good-loss parameter appears in both bounds. Intuitively, in the EA the
bid determines when to give up the good, so losing the good is no major concern in this auction,
while in the DA the bid determines what to pay for sure, so losing money is less important than
someone else taking the good by bidding earlier.

In the EA, for answering the question behind (EA1), ‘Is approving until b better than quitting
now?’, both A, and Ay may play a role. For a PE, the answer must be ‘yes’ while b* = b is in the
future and, thus, sensations of losing the good are involved with the alternative decision, whereas
sensations of losing money are evoked by the decision to approve (cp. equations (5) and (6)).
(EA1) determines the highest PE because a b exists that is high enough such that the answer
is ‘no.” For answering the question behind (EA2), ‘Is quitting now at b better than increasing
the bid?’ only A, plays a role. When b is reached, the PE answer is ‘yes,” the bidder quits,
and his utility is zero, whereas further approving would involve sensations of losing the good (cp.
equations (7) and (8)). (EA2) determines the lowest PE, because a sufficiently low b such that
the answer is ‘no’ exists. Thus, (EA1) limits the effect of A\; while (EA2) limits the effect of A,,.

In the DA, for answering the question behind (DA1), ‘Is waiting until b better than bidding
now?’, both Ay and A, play a role. For a PE the answer must be ‘yes’ while b* = b is in the future
and, thus, sensations of losing money are involved with instead bidding now, while sensations of
losing the good come with waiting (cp. (10) and (11)). (DA1) determines the lowest PE because
a p exists that is low enough such that the answer is ‘no’ for all b. For answering the question

behind (DA2), ‘Is bidding now at b better than waiting longer?’, only A, plays a role. When b
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is reached, the PE answer is ‘yes,” the bidder bids, and his utility is v — b, while the alternative
would involve sensations of losing the good (cp. (12) and (13)). (DA2) determines the highest
PE, because at a sufficiently high b the answer must be ‘no.” Thus, (DA1) limits the effect of A\,
while (DA2) limits the effect of A,.

Overall, the bid decreasing effect of avoiding sensations of losing money results in a range
of symmetric PE in the EA that is shifted downwards relative to the range of symmetric PE
profiles in the DA (divided by v and (v), respectively), whose tendency towards higher bids is

predominantly driven by avoiding sensations of losing the good.

4.2. Specific Parameter Regions

For a loss-averse bidder, a loss looms larger than a gain of the same size but our parameters
M > v >0, k € {g,m} allow for gain-loss neutrality. We will discuss our results in particular
with respect to parameter regions used in the literature. Remember that in the EA, a PE
exists if and only if v, (1 +74) < Ag(1 + Ay) by Proposition 2, while in the DA, a PE exists if
(Am —vm)(1+Xg) > v4(14+7m) and a PE does not exist if A, (14+Ag) < 74(1+m) by Proposition
6. Assuming that the loss sensation for the good is not smaller than for money (A\; > A,,) is
sufficient for a PE in the EA to exist. However, this is not sufficient for the DA, where the
existence of PE requires a loss sensation for money (A, > 0) if the bidder has a gain sensation

for the good (v, > 0).

Symmetric consumption dimensions: Ay = \p, and vy = 7. Strictly loss-averse bidders that
treat all consumption dimensions equally are probably most popular in the literature. The corre-
sponding parameters are Ay = \,,, =: n¢ and 4 = 7y, =: 1, with a weight n > 0 for gain-loss utility
and a ‘coefficient of loss-aversion ¢ > 1 (K&szegi and Rabin, 2006).'* For these parameter values,
PE in the EA exist and all PE are belief-free. The range of PE profile bids is 5*(v) € [v&—n’z, v} .
That is, a bidder never bids above his true value but he might want to quit below his value, if
his reference bid is below his value. In the DA, PE exist for example for all { > 2.

Loss-averse symmetric bidders in the DA bid in symmetric PE profiles more than loss-neutral

bidders. The symmetric PE profile bids in the range 8*(v) € [5 (v )ﬁi;g&ﬁ (v )% are higher

1411 the literature, what we call ¢ is denoted by X (e.g. K8szegi and Rabin, 2006).
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than /3 (v), and also the potentially existing low-bid PE profiles are higher than B (v).1?

Gain-neutrality: vy = vm = 0. Gain-neutrality is considered by Lange and Ratan (2010). In

this case, PE in the EA exist and all PE are belief-free. The range of PE profile bids is *(v) €

11+
[v Tm’ YT

] If the bidder is more loss averse with respect to the good than with respect to
money, he might bid above his value.

In the DA, PE exist, and any bid in a symmetric PE profile lies within the range §*(v) €
[B(v)%,ﬁ(v)(l + )\g)}. The bid might lie below B(v) if the bidder is more loss averse with
respect to money than with respect to the good. In all symmetric PE profiles, the DA bid divided

by 3 (v) is weakly higher than the EA bid divided by wv.

Focus on the goods dimension: 7, > Ap. It has been argued that loss-aversion might evoke
“auction fever” — bidders bidding above their (initial) values v (see Ariely and Simonson, 2003;
Heyman et al., 2004; Wolf et al., 2005; Ehrhart et al., 2013, for arguments based on pseudo-
endowment effects and for experimental results with real goods or with non-standard induced
values). In our analysis, an auction fever effect arises in the EA for bidders whose sensations of
gains and losses with respect to the good are more intense than their sensations in the money
dimension. Such bidders with 74 > A, bid above v in any PE of the EA (and PE in the EA
exist). In the DA, PE do not exist if 7, > Ay,

If we further restrict consideration to A,, = 7, = 0, we can compare the EA and (with a
further restriction) the DA to the second-price and first-price sealed bid auctions (with results
for the sealed-bid auctions taken from Belica and Ehrhart, 2013). In the EA, the PE profile
bids are within the range [v(1 + 74),v(1 + Ag)] and the PPE profile bid is v(1 + v4). The bid
v(1 + A\gF(v) + 74(1 — F(v))) in the PE/PPE profile in the second-price auction is within the
range of PE of the EA but higher than the PPE.'® To compare the auctions to the DA, we have

to assume that in addition -, = 0 for existence of PE. Then, the unique symmetric PE profile in

5Note that in the shopping shoes example by K&szegi and Rabin (2006), a buyer would always accept any price

below v 11:;2 and the buyer would never accept prices above v 11‘:717(, which correspond to the lowest equilibrium bid

v lljnng in the EA and to the highest equilibrium bid B(v)% in the DA.

SPE/PPE profile bids are v(1+ X, F(v) +v,(1— F(v))) in the second-price auction and Jo S(HAQF%)():;)V"(PF(U)))

in the first-price auction. These bids are higher than the choice-acclimating personal equilibrium (CPE) bids in
both sealed-bid auctions (Belica and Ehrhart, 2013).
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the DA consists of 3(v) = B(v)(1+2y), which is higher than the PE bids in the first-price auction.
The expected revenue from this unique symmetric PE of the DA equals that from the highest
PE profile in the EA. It exceeds the revenue from the second-price auction, which is higher than
that from the first-price auction, which in turn is higher than the lowest PE (and PPE) profile
revenue in the EA. In all auctions, in line with intuition, relative to a loss-neutral bidder, purely
good-loss-averse bidders bid higher.

These results are supported by the field experiment by Lucking-Reiley (1999), who finds a
tendency for higher prices in the DA than in the first-price auction. Comparing the EA and the
second-price auction, he finds no statistical difference, with some tendency of individuals to bid
higher on average in the EA, but heterogeneity across bidders. His results were not in line with

experimental results with induced values. We will discuss a possible reason in the next subsection.

4.8. Auction Fever Disappears in the EA in the Laboratory

In laboratory experiments with induced values the auction fever effect described in the pre-
vious section (for v, > Ap,) may not occur. Following Lange and Ratan (2010), in the standard
experimental design, in which participants are assigned a monetary value for the abstract object
for sale, the goods dimension does not exist and all evaluations refer to the money dimension
(where winning the good is considered winning an amount of money equal to v). If we conduct
our analysis of the EA under this assumption, auction fever disappears and the unique PE and,

thus, the unique PPE in the EA is b = v.17

Proposition 10. Consider bidders that assign the good and money the same consumption di-
mension, the “monetary rent dimension.” A bidder’s only PE and thus his unique PPE in the
EA is f*(v) = v. All bidders choosing *(v) = v constitutes the unique PE profile and the unique
PPE profile.

The proof is given in Appendix B.

1"Referring to the separation of consumption dimensions, K&szegi and Rabin (2006, p. 1138) state that “In
combination with loss aversion, this separability is at the crux of many implications of reference-dependent utility,
including the endowment effect.” Similar to our finding, when focusing on a single monetary rent dimension, Lange
and Ratan (2010) show that b(v) = v is the CPE in the second-price auction for sufficiently high v and that bidders
with low v do not participate.
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Thus, for an auction fever effect, a separation of the money and the goods dimension as well
as stronger sensations in the goods dimensions are necessary. This is in line with the experimental
results by Ehrhart et al. (2013), who find truthful bidding in all their EAs with induced values, and
indications for auction fever in treatments designed to induce separated consumption dimensions

and to foster pseudo-endowment and auction fever.

4.4. Comparison of the Revenues in the English and in the Dutch Auctions
To compare the revenues in the EA and in the DA we assume symmetric bidders. Denote the
revenues in symmetric PE profiles in the EA and in the DA by RP4 and RP4 and denote the

second order statistics of the private values by V(a.p).
Proposition 11. Let v, (1+74) < Ag(14+An) and (A —vm)(14+Xg) > vg(1+9m), i.e., symmetric
PE profiles in the EA and DA exist. Compare expected revenues in symmetric PE profiles.

(a) The expected revenue in the EA is lower than the expected revenue in the DA:
max E[RP4] < min E[RP4].

(b) If Ay > vm = 0, then the highest expected revenue in the EA is equal to the lowest expected

revenue in the DA:

1+)\g+’ygE

max E[RF4] = Y

[Viouy] = min E[RPA].

If Xy = Ym = v = 0 < Ay, then the expected revenue from the EA is at least as high as
with gain-loss neutral bidders and at most as high as that from the unique symmetric PE

profile in the DA
E[Vig.n] = min B[R] < max B[R®] = (14 ) EVig,) = EIR"]

and the revenue in the PPE of the EA is lower than that in the PPE of the DA: E[V(g.,)] <
(1 + AQ)Ej[‘/@n)]

The proof is given in Appendix D. If symmetric PE profiles exist in both auctions, all PE in the

EA are belief-free and the revenues in PE in the EA are never higher than those from symmetric
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PE in the DA. Note that if \,, > v = 0 and A\, > 74 then PE exist in both auctions, and this

is also true if A, = v =75 = 0 < Ay

5. Conclusion

The EA and the DA evoke quite different sensations of gains and losses in loss-averse bidders
during the process of the auction. The opportunity to get the good for sure by submitting a bid
in the DA seduces the bidder to earlier, higher bids. Also, sensations of winner and losers are
different in the auctions. In the EA, the losing bidders have no sensations of gain or loss due
their exit decisions, but the winner feels a loss of money and a gain of the good. In a PE, the
winner of the DA has no sensation of gain or loss, but the losers feel a loss of the good and a
gain of money. Depending on the feelings towards the auction the seller wants to raise he might
prefer the DA with a content winner or the EA with content losing bidders. These differences in
sensations predicted by the model might be exploited for experimental testing.

Interestingly, we find ranges of PE profiles. For example, a bidder in the EA with A\, =
Am = 2794 = 27, = 0.2 who values the good at 50, may bid anything between 46 and 50 in an
equilibrium of the auction, depending on what reference bid he has in mind but independent of
his beliefs about the opponents. In symmetric PE profiles of a DA with two bidders, uniformly
distributed values on [0,100], and the same gain-loss parameter values, the bidder who values the
good at 50 would bid between 26 and 27 (while a gain-loss neutral bidder would bid 25).

An auction fever effect — bidding above v — is predicted for the EA for bidders whose sensations
are primarily in the goods dimension. If the bidder in the previous example had no gain-loss
sensation in the money dimension, he would bid anything between 55 and 65. If the money
and the good consumption dimensions merge to a single monetary rent dimension, this effect
disappears and he bids 50. Thus, in laboratory experiments with induced values the effect should
disappear, which has been observed.

Expected revenues from symmetric PE profiles in the DA are higher than those from PE
profiles in the EA, if PE in both auctions exist. Thus, a seller who wants to maximize his revenue

and assumes that a bidder is loss-averse might prefer the DA over the EA.
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Appendix A. Deriving the Continuous Approach from the Discrete Approach

Appendix A.1. English Auction

Let t =1,2,3,... denote the bidding periods in an EA and A(t,T') the lottery induced by the
decision to bid from the present period ¢ with price p; up to period T with price ppr. A rational
bidder who anticipates the future evaluates his decision in period t to stay in the auction until
T taking all corresponding future lotteries A(t + 1,T), A(t +2,T), A(t + 3,T),..., A(T|T) into
account. In the following, we derive the expected utility U(A(t, T)|A(t,T)) from decision A(t,T)
under the reference point A(t, f) Note, decision and reference point may differ.

Let H(t) denote the probability that the bidder (who bids at least until ¢) will win the auction
at price p; in t.!® Hence, when the auction is in # > 0 (and has not ended in t'), for a bidder with
bidding limit pp (T > t'), the conditional probability of winning the auction in t (T > ¢t > t)
and the complementary probability of not winning at t are given by

H(t) — H(t") 1— H(t)

H(t|t) = L H©) and 11— H(t|t) = T H@)

(A1)

It is H(t|t') =0 for ¢’ > ¢. With H(0) =0 it is H(¢|0) = H(t) for all ¢t > 1.

8We ignore the possibility of a tie, because this analysis is mainly a means to derive the functions for the
continuous case, in which such considerations do not play a role.
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All bidders i € N accept at least pg. As an example for the calculations of probabilities
consider period ¢ = 1 when all bidders are asked to accept p; and a bidder with limit ps (i.e. in
= 3 he will bid for the last time). His probability of winning the auction in t = 1 at py is H(1),
and his probability (viewed from period ¢ = 0) of not winning the auction in ¢t = 1 but winning

the auction in ¢t = 2 at py is
(1-H(1))H(Q21) = H((2) - H(1),

her probability of winning the auction in ¢ = 3 at ps and not winning the auction in t = 2 and
t=11is
(1—-H(1))1—H(2[1))H(3(2) = H(3) — H(2),

and his conditional probability of winning the auction in ¢ = 3 at p3 and not winning the auction

in t = 2 after not winning the auction in ¢t =1 is
(1—-H(2[1))H(32) =

The expected utility U(A(¢, T)|A(t, f)) for t € {1,2,...,T} is determined recursively. In period
t < min{T, T} it is

U(A(t, T)|A®T)) = H(t|t — 1) [v — pe + (1 — H(T|t — 1)) (790 — Apr)]

—|—(1—H(t|t—1))U(A(t+1,T)|A(t+1,f)). (A.2)
For T < ’ﬁ the expected utility in the last period t =T is

U(A(T, T)|A(T,T)) = H(T|T — 1) [v — pr + (1 — H(T|T — 1)) (750 — Ampr)]
+ (1= H(T|T = 1)) oSS _p (H(#|T = 1) — H(' — 1T = 1)) po

— Ao H(T|T —1)] (A.3)
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For T > f, the expected utility in period ¢ with T' > ¢ > T is

U(A(t, T)|A(t,T)) = H(t|t — 1) [ — pr + Y90 — Ampi]

+(1—Htt—1)UA{t+1,T)|A(t +1,T)) (A.4)
while in period ¢t = T it is
U(A(T, T)|AT,T)) = H(T|T —1) [v—pi] + 1= H(T|T - 1)) UAT + 1, T)|A(T +1,T)) (A.5)
and in the last period t =T

U(A(T, T)|A(T, T)) = H(T|T = 1) [v = pr + 740 — Ampr] - (A.6)
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To compute the expected utility for ¢ < T < T recursively, combine (A.2) and (A.3) with
(A1) to

U(A(t, T)A(, T)) = H(t|t — 1) [v — py + (1 — H(T|t — 1)) (40 — Ampy)]

+ (L= H(t|t— 1)) H(t+1[) - [o — prys + (1= H(T1) (390 — Ampri)]
+(I—HEt—=1)- (L= HE+1[t)) - HE+ 2/t +1) - [v — prra + (1 — H(Tt + 1)) (740 — Amprr2)]
+...
+(1—-H(tt—-1))-...-(1=—H(T =2|T —3))-H(T —1|T — 2)

[v—pr_1+ (1 — H(T|T - 2))(vgv — Ampr—1)]
+(1-H(tt-1) -....A—-HT -1T-2))-HT|T -1)

o= pr+ (1= H(T|T = 1)) (740 = Ampr)]
+(1—Htt—1)-...-(A1—H(T —1|T —2))- (1 — H(T|T — 1))

S D (H (T ~ 1) = H( — 1T — 1)) py — Ago H(T|T — 1)

- 1_Hl(t_1)<[” —pi+ (1= H(T[t = 1) (g0 — Amps)] - (H(£) = H(t = 1))

+ [0 = prrr + (1= H(T) (yg0 — Ampesr)] - (H(t+ 1) — H(t))
+[v—prya+ (1= HT[E+ 1)) (vg0 — Amprra)] - (H(t +2) — H(t +1))
+...

+[v—pr+ (1= H(TIT = 2))(vg0 = Ampr-1)] - (H(T = 1) — H(T - 2))
+[v—pr+ (1= H(T|T = 1)) (30 — Ampr)] - (H(T) = H(T — 1))

S (BT = 1) = H(E = 1T = 1)) py - (1= H(T))) = Ago (H(TIT ~ 1) (1~ H(T)))

T ) . .
:Z“‘mez) H+Zl— (i = 1)) (30 = Ay L= IO

—H(t—1) 1-H(t-1)
r Y — H(t' — 1) H(T)— H(T—1) 1— H(T)
%1— —1 Z:: Hi-1 M icme-1) i-mT-1 N7
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To compute the expected utility for ¢ < T < T recursively, combine (A.2), (A4), (A.5), and
(A.6) with (A.1) to

U(A(t, T)A®,T)) = H(tlt — 1) [v — py + (1 — H(T|t — 1)) (790 — Ampr)]
+ (1= H(t|t— 1)) - H(t +1[t) - [v = pra1 + (1 = H(T[)) (vgv — Ampes1)]
+ (1= H(tft = 1)) - (1= H(t +1[t)) - H{t+2[t+1) - [ = prra+ (1 = H(T[t+ 1)) (ygv — Ampry2)]
+ ...

+(A—HEtt-1)...-A—HT 2T -3))-HT - 1T — 2)

o —pp_y + (1= H(TIT - 2)) (490 — Ampz_,)]

+Q—-H(tt—1)...- (1= HT - 1T ~2))- HT|T —1) [v — p5]

+(L—H(tft—1))-...- (L= H(T|T = 1)) H(T + 1|T) - [v = p3, | + Y9 — APy 1]

+ ...

+(1—H@t—=1))-...-(1=H(T = 1T = 2)) - H(T|T = 1) - [v — pr + Y40 — AmpP7]
1

- m(hj —pi+ (1= H(T[t = 1) (g0 — Amps)] - (H(£) = H(t = 1))

+ [0 = prrr + (1= H(T) (yg0 — Ampesn)] - (H (¢ + 1) — H(t))
+[v—prya+ (1= HT[E+ 1)) (vg0 — Ampera)] - (H(t +2) — H(t +1))
+...

+[v=pp_, + (1= HTIT = 2))(3gv = Ampz_,)] - (H(T = 1) = H(T - 2))
+[v = pgl - (H(T) = H(T - 1))

+ [V = piyy + Y90 = Ampgy,) - (H(T +1) = H(T))

+...

+[o = pr + g0 = Ampr] - (H(T) = H(T = 1))

T . T-1 . .
=0 z HTi = 1) g0~ ) A
H(T) 7)) <« ) — H(i — 1)
Ry e 1 Z H(t ) (A.8)
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Now, let p; denote both the price level in period ¢ and the period ¢ itself and set p := py,
b := pr with p < b, and b= pg. Let Ap :=py —pi—q for all £ > 1 and consider Ap — 0. For
b<b (ie. T <T) we get from (A.7)

U(AGDI(Ap. D) = lim UA®T)|ALT)) (4.9)
b b R
- /,, v — s dH(slp) +/p (Y9 — Ams) (1 - H(b|s)) dH (s]p)
B ~
3 [ 5 dHslp) = Ao (Hp) ~ HOIp)
b
b
_ / v (171 HB)) — s (14 AL~ HBls))) AH(s]p)
b
+ /b Tms — Agu dH (s|p),
and for b > b (i.e. T > T) we get from (A.8)
U(Ap,b)I(A(p, b)) = lim U(A(tT)|A(T)) (A.10)
b b
= / v — s dH(s|p) + ygv (/ 1 — H(b|s) dH (s|p) + H (blp) — H@IP))
P p
b A b
— A (/p s(1— H(b|s)) dH (s|p) + /B s dH(s|p)>
l; ~ ~
_ / 0 (1t my(1 = HB)) 5 (14 An(0 — H(Bl3))) dH (s]p)
' b
+/B v(14+74) — s(1+ \y) dH (s|p).

Appendix A.2. Dutch Auction

Let t = 1,2,3,... denote the periods in a DA and W (¢, T) the lottery induced by the decision
to wait from the present period ¢ with price p; until period T" with price pr and to bid in T.
In a Dutch auction price levels decrease over time such that p; > p;+1. A rational bidder who
anticipates the future evaluates his decision in period t to wait with bidding until 7" taking all
corresponding future lotteries W (t+1,T), W (t+2,T),W(t+3,T),...,W(T|T) into account. In
the following, we derive the expected utility U(W (¢, T)|W (¢, T )) from decision W (¢,T') under the
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reference point W (t, T ). Note, decision and reference point may differ.

Let G(t) denote the probability that the highest bid is below p;, that is, that the auction does
not end before ¢. Thus, G(T') is the probability that the bidder who waits until 7" will win the
auction (at price py in T).!Y Hence, when the auction is in # < T (and bids at ¢’ have not yet
been evaluated), for a bidder with bidding limit pr, the conditional probability of winning the
auction in T and the complementary probability of not winning at T' are given by

G(t') — G(T)
Gt

G(T|t") = and 1-G(T|t') = (A.11)

It is G(t|t') = g((;)) for ' < t < T but the probability to win in ¢ for a bidder who bids in 7" is

zero — either he wins in T or someone else wins at t < 7. With G(0) = 1 it is G(¢|0) = G(t) for

all ¢ > 1.

Bidders i € N participate. As an example for the calculations of probabilities consider period
t = 0 when all bidders are asked whether they bid pg, and a bidder with limit p3 (i.e. in ¢t = 3 he
will bid). He may either win the auction at p3 or not win the auction at all. His probability of
winning the auction in 7' = 3 at p3 is G(3), his probability of winning the auction in 7' = 3 when

t = 0 has been evaluated and ¢ = 1 is running (viewed from ¢ = 0) is

G)G(3[1) = G(3)

her probability of winning the auction in 7' = 3 at p3 when ¢t = 1 has been evaluated and t = 2

is running (viewed from ¢t =0 or t = 1) is

G(2)G(3[2) = G(3),

and his conditional probability of winning the auction in 7" = 3 at p3 and when ¢ = 2 has been

19 Again, we ignore the possibility of a tie, because this analysis is mainly a means to derive the functions for the
continuous case, in which such considerations do not play a role.
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evaluated and ¢ = 3 is running (viewed from ¢ < 2) is
G(3|2) = ==

From bidder i’s point of view, the probability that someone else wins the item in ¢ is (1-G(t+1]t)),
because G(t + 1|t) is the probability that ¢ + 1 is reached when ¢ has not yet been evaluated.

The expected utility U(W (¢, T)|W (t,T)) for t € {1,2,...,T} is determined recursively. In
period ¢t < min{T — 1,T} is

UW(tT)W(t,T)) = (1 — Gt + 1) G(T|t) [-Agv + Ymp7]

+ G+ UWE+1L,T)W(E+1,T)). (A.12)
For T' < T, the expected utility in the last period t =T is

U(W (T, T)|W(T,T)) = v —pr + (1 — G(T|T))[yg0 — Ampr] — G(T|T) A (pr — P7)
= v —pr+ (1= G(T|T))vgv — Am(pr — G(T|T)p7)

=v—pr+ (1 - QT — Au(G(TIT)pr — G T)pz),  (A13)
for T = f, the expected utility in the last period t =T is
UW(T,TH\W(T,T)) =v — pr, (A.14)
ForT'>1t> T the expected utility is
UW(t,T)|W(t,T)) = (1 — G(t +1]t)) [~Agv + YmD7]- (A.15)
and in the last period t = T it is

UW(T,T)|W(T,T)) = v = pr +Ym(ps — pr). (A.16)
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To compute the expected utility for ¢ < T < T recursively, combine (A.12) and (A.13) with
(A.11) to

UW(t,T)W(t,T)) =
(1= Gt +1]t))G(T|t) [-Agv + Ymp7]
+ G+ 1) (1= Gt + 2/t + 1)G(T|t + 1) [~ A\gv + Ymp7]
FGEH 1) GE+20t+1) (1 — Gt + 3]t +2)G(T|t +2) [~Agv + Ympg]
+ ...
FG(t+1[t)-...- QT = 1T = 2)(1 = G(T|T = D))G(T|T — 1) [~Agv + Ymp7)

+GE+1[) ... G(T = 1T = 2)G(T|T = 1) [v — pr + (1 = G(T|T)) 740 = Am(pr — G(T|T)p7)]

= [~Agv + ymps] (G(D)/G (1) Tg(G(w —G(i +1))/G(0))
+ [0 = pr +70(1 = G(TIT)) = An(pr — G(TIT)pz)] G(T)/G(2)
= [v = pr] G(T|t) + [~Agv + Ymps] G(T 1) Z: +1))/G(i))
+ u(G(Tt) — G(T|t)) — A (prG(T|t) —_ p7G(Tt)). (A.17)
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To compute the expected utility for ¢ < T = T recursively, combine (A.12) and (A.14) with

(A.11) to

UwT)wT)) =
(1 =Gt + 1) G(T[t) [=Agv + Ympr]
+ G+ 10t) (1= G +2[t +1))G(T|t + 1) [-Agv + ympr]
+ G+ 1) G(E+2[t+1) (1= Gt +3[t +2))G(T|t + 2) [=Agv + Ympr]
+...
FGE+ 1) ... G(T — 1T = 2)(1 — G(T|T — 1)G(T|T — 1) [~ Agv + Ympr1]

Y G+ 1) ... G(T — 1T - 2)G(T|T — 1) [v — pr]
T-1

=[=Agv + 1mpr] (G(T)/G(t) Z(G(i) — G(i+1))/G(i) + [v —pr] G(T)/G(t)
T-1
=[v = pr] G(T|t) + [=Agv + Ympr] (G(T]2) Z(G(i) —G(i+1))/G()). (A.18)
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To compute the expected utility for t < 7' < T recursively, combine (A.12), (A.15), and (A.16)
with (A.11) to

UW(t,T)|W(t,T)) =
(1= G(t + 1[£))G(Tt) [ Agv + Ymp7]
+ G+ 1) (1= Gt + 2/t + 1)G(T|t + 1) [~ A\gv + Ymp7]
FGE+ 1) GE+20t+1) (1 — Gt + 3]t +2)G(Tt +2) [~Agv + Ympg]
+ ...
G+ QT = 1T = 2)(1 = G(T|T — 1))G(T|T — 1) [~ Agv + Ympy)
F G+ 1) ... G(TIT —1)(1 — G(T + 1T)) [~ Agv + Ympg)
FGE+ 1) - GT +UT)(A — G(T 42T + 1)) [~Agv + Ymp7]
+ ...
F G+ 1) ... GT 1T = 2)(1 — G(T|T — 1)) [~Agv + Ymp7]

+G(t+1[t) ... GT|T — 1) [v = pr + Ym(p7 — p1)]
T-1
= [~ + ympz] (G(T)/G(2) Z(G(i) — G(i +1))/G(i)) + (G(T) — G(T)) /G(t)]

+ [v = pr + Ym(pz — pr)] G(T)/G(1)
T-
= [=A\gv + 7mp7] [(G(T]2) +1))/G(0)) + G(T|t) - G(T|1)]

1=t

+ [v = pr + ym(ps — 1) G(Tt)

)_n

T-1
= [v = pr] G(Tt) = Ao G(T[t)[1 ~ G(T|T) — Z(G(i +1) = G()/G@{))]
+m G(T[t) [p7(1 - Z(G(i +1) = G(i))/G(@))) — prG(T[T)]. (A.19)

Now, let p; denote the price level in period ¢ and also refer by p; to the period ¢ itself (but
note that higher prices come with earlier periods) and set p := p;, b := pp, and b= pp, with

p > max{b, B} Let Ap:=p;_1 — p; for all ¢ > 1 and consider Ap — 0.
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For b>b (ie. T < f) we get from (A.17) and (A.18)

U(W (p,b)[W (p. b)) = (v = b) G(blp) — (Agv — mb) G(blp) /bpg(S)/G(S) ds

+ 740 (G(blp) = G(blp)) — A (b G(blp) — bG(bIp))

= (v =) G(blp) + (Agv — Ymb) G(b|p) In(G (b|p))
+ 740 (G(blp) — G(blp)) — Am (bG(blp) — bG(b]p)) (A.20)

and for b < b (ie. T > T) we get from (A.19)

) ) ) b
U(W (p,b)[W (p, b)) = (v —0) G(blp) — Agv G(blp) [1 — G(b]b) — / 9(s)/G(s) ds]
P

~ ~ B ~
+7m G(blp) [b(1 — / 9(s)/G(s) ds) — bG(b|D)]

= (v = b) G(blp) = Agv G(blp) [1 = G(b]b) — In(G(blp))]
+7m G(blp) [b(1 — In(G (b|p))) — bG(b]b)]. (A.21)

Appendix B. Proofs for the English Auction

Proposition 1. Given a value v and the beliefs H(-), b* is a PE in the FA if and only if
(EA1) U(A(p,b")|A(p,b")) = U(A(p,p)|A(p,b*)) for all p < b" and

(EA2) U(A(b*,b")|A(D*,b*)) > U(A(b*, b)|A(b*,b*)) for all b > b*.

Proof: Using the definition of a PE (Definition 1), we show that U (A(p, b*)|A(p, b*)) > U(A(p,b)|A(p, b*))
for all b and p < min{b*, b} if and only if conditions (EA1) and (EA2) are fulfilled.
if : Express U(A(p,b)|A(p,b*)) for p < min{b, b*} as

U(A(p, b")|A(p, b"))

_ ) UAWb)[A(p,b)) + (1= H(blp)) (U(A(b, )| A(b,07)) = U(A(b, b)|A(Db,b7))) i b <b*
U(A(p, b)|A(p, b")) — (1 = H(b"|p))U (A(b", b)|A(b", b%)) if b > b*

using (4), (6), (5) for b < b*, and (4), (6), (8) for b > b*, as well as (2), and replacing dH (s|z) by
h(s)/(1 — H(z))ds.

45



Note that 1 — H(blp) > 0 and 1 — H(b*|p) > 0. It follows that U(A(p,b*)|A(p,b*)) >
U(A(p,b)|A(p,b*)) for all b because by (EA1) it is U(A(b,b*)|A(b,b*)) > U(A(b,b)|A(b,b*) for
b < b* and by (EA2) it is U(A(b*, b*)|A(b*,b*)) = 0 > U(A(b*,b)|A(b*,b*)) for b > b*.

only if :
For p =b < b*, U(A(p,b*)|A(p,b*)) > U(A(p,b)|A(p, b*)) is equal to (EAT).
For p = b* < b, U(A(p,b")|A(p,b*)) > U(A(p,b)|A(p, b*)) is equal to (EA2). [ ]

Proposition 2. For a bidder with the value v in the EA,

(a) a PE exists if and only if ym (1 4+ 7v4) < Ag(1 + A\p),
(b) for every PE b* it holds that

b*e[vljuyg 1+)\g+79]7

, U
1+ 14+ A +7m

(c) b* is a PE for any beliefs H(-) if and only if ym(1 +v4) < Ag(1 + M) and

1 1+ A 1+ A
b*E[v e vmin{ A9t % +9H,

1+ M\, L+ X+ 1+ vm

(d) for any H(-), if b* is a PE, every b € [U f:;’i,b*) is also a PE.

Proof: According to Proposition 1, b* is a PE if it fulfills the two conditions (EA1) and (EA2).
Using the utility functions (6) and (5), (EA1) becomes

U(A(p,b")[A(p,b%)) — U(A(p,p)|A(p, b))
-
/ (v = 8) + (Ygv — Ams)(1 — H(b"|s)) dH (s[p) + / AgV — Yms dH (s]p)
p p
/ V(14 Ay + (L= H(b|s))) — s(1 + A (1 — H(b*|s)) + vm) dH (s]p) >0 V p < b".

(B.1)
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Using the utility functions (7) and (8), (EA2) becomes
U(A(b", 0%)[A(b", %)) — U(A(b", D) A7, b))

*

_ /bs(l + M) — 0(L+ 7g) dH(s]6*) = 0 V b > b*. (B.2)
b

For v = 0, (B.1) is violated for all b* > 0, and both (B.1) and (B.2) are fulfilled for b* = 0. So,
B(0) = 0, and in what follows we restrict attention to v > 0.

Proof of (a): We first prove that if a PE b* exists, then Ag(1+ Ap) > v (1 + 74).
Condition (B.1) can only be fulfilled if b* < b := v{50% since H(b*|s) = T2 — 0 for
s — b* and thus (1 — H(b*|s)) — 1 for s — b*. If, to the contrary, b* > b, the integrand in
Condition (B.1) is negative for s > b and H(b*|s) = 0, and, thus, (B.1) is violated for p close to

b* for any H(-) with positive probability mass on [p, b*] (which holds by Assumption 1).

Condition (B.2) is fulfilled if and only if b* > b := vllj;ffn . If b* > b, the integrand in Condition
(B.2) is positive and the condition is fulfilled. If, to the contrary, b* < b, the integral in Condition
(B.2) is negative for all b with b* < b < b because the integrand is negative for all b* < s < b, and
the condition is violated for any H(-|b*) with positive probability mass on [b*,b] (which holds by
Assumption 1).

Thus, for any PE b* it holds that b < b* < b, that is,

1+ < L+ Ag +79

b<b <= v
T 1+Xn = 14+ A +m

= am@+7) AL+ A, (B3)

We now prove that if v, (1+74) < Ag(1+Ay,) then a PE b* exists. As shown above, vy, (14+7,) <
Ag(1 + Ap) if and only if b < b (see (B.3)) and Condition (B.2) requires b* > b. It remains to
show that there exists a b € [b,b] that fulfills Condition (B.1). By Proposition 1, this b must be
a PE.

First, we show if v4(1 + ) < Am(1 + Ag), Condition (B.1) is fulfilled for all b < b, and any
b € [b,b] is a PE. Replace 1 — H(b|s) by a € (0,1] and consider the integrand in (B.1),

V(1 + g+ v9a) — s(1 4+ Appax + m)- (B.4)
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1+Ag+7g

For s < b, v > 0, and o < 1 the integrand (B.4) is non-negative because for s = b = VT e T

1+ Xy+g

v(l+ X, + >0
( g+ %) 2 14+ A+ Y

(1 + Ama+ ’Ym) — (1 - a)/\m(l + )‘g) > (1 - a)79(1 + ’Vm)'

Thus, Condition (B.1) is fulfilled for all b < b. Since there is positive probability mass between
s < bandb, it is @ < 1 and (B.4) is positive, and Condition (B.1) is strictly fulfilled for all p < b
and b < b.

Second, we show if v4(1 + Ym) > Am(1 4 Ay), Condition (B.1) is fulfilled for all b < b := 1t

b
and any b € [b,0] is a PE. Note that b < b if and only if v4(1 + ym) > Am(1 4 )y) because

1+ Ay Ul+)\g+’yg

b<b <= v
1+7m 1+>\m+'7m

= YL+ ym) > (14 Ag), (B.5)

and that b > b because Ag > g and Ay, > Y. For s < band v > 0, the integrand (B.4) is

positive because for s = b

1+,

v(l+ A, + >0
( g Fyg) 1+’Ym

I+ arm+7m) <= av(l4+9m) > adn(l+Xg).

Since there is positive probability mass between s < b and b, Condition (B.1) is strictly fulfilled
for all p < b and b < b.

Proof of (b): In the proof of (a) we have already shown that for any PE b* it holds that b < b* < b.
Proof of (c): By (a) and (b) we know that ~,,(1 + v4) < Ag(1 + Ay,) is necessary and sufficient
for existence and any PE must be in [b,b]. By the proof of (a), if yim(1 + 74) < Ag(1 4+ Ap)
then min{b, b} > b, Condition (B.2) is fulfilled for all candidates b* > b, and Condition (B.1) is
fulfilled for all b* € [b, min{b,b}] for any H(-) (if Assumption 1 applies). If b < b, there might
be PE b* € (b,b], because for v > 0, according to the proof of (a), the integrand (B.4) is strictly
positive for all s < b and might be positive for s > b. Thus, any potential PE b* € (b,b] is
belief-dependent. For beliefs with sufficiently high H(s[b*) at s > b (i.e., a sufficiently small) the
integrand (B.4) might be negative for p < s < b* for p close to b*, a contradiction. For example,
for s := b+ cv/(1 + vm) < b the integrand (B.4) is negative if a(y,(1 + vm) — Am(1 + Ag)) <
e(1 4 aXy, + Ym), which holds for sufficiently small o and sufficiently large e.

Proof of (d): By (c), part (d) holds true for any H(-) for any b € [b, min{b, b}], and by (b) any
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PE is in [b,b]. It remains to show that for any H(:), if b < b and b* € [b,b] is a PE, every

be {v 11:;’1 , b*) is also a PE. In the proof of (c) we argued that such a belief-dependent PE may
exist. Assume that b* is such a PE. For b < b* it is H(b|s) < H(b*|s) for all s € [p,b]. The

integrands in Condition (B.1) are never smaller for b than for b*, because for v > 0 and b < b

V(14 Ag +75(1 = H(bs))) = s(1 4+ Am(1 = H(b]s)) + ym)

>v(14+ Mg+ 7y(1 = H(bs))) — s(1 4+ Au(1 — H(b*|s)) + vm) for all s € [p, ]

— vyg(H(b*|s)) — H(b|s)) > sAn(H(b*|s)) — H(b]s)) for all s € [p, b]
= VYg > SAm for all s € [p, b]
= vy > A = v)\mm

= Yo(1 4+ A + Ym) > A (14 Ag +79)

= oL+ %m) > Am(1+ Ag)

— b<b

)

where the last equivalence holds by (B.5) and the last line is the condition of the considered case.

Proposition 3. Given a value v and the beliefs H(-), if Ay, =0, a PPE exists and b** = v(14,)
s his unique PPE.

Proof: If \,, =0, a PE exists without further restrictions because the condition for existence in
Proposition 2(a) becomes 0 < A\;. Because b** is the smallest PE, Condition (2a) of Definition
2 does not apply. Conditions (1) and (2b) hold, that is, for all PE b > 0™ for all p < b** it is
U(A(p,b™)|A(p,b**)) > U(A(p,b)|A(p, b)) and for all b** < p < bitis 0> U(A(p,b)|A(p,b)). For
all p < b*,

»
UM@NW«aW»=/‘vu+%a—HWﬂm)—mem

b** : b
>/‘vﬂ+wﬂ—wa)—ﬁHMm+A1ﬁ+wﬂ—HM$H—Mﬂwm

sk

= U(A(p,b)|A(p, b)),
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because H (b**|s) < H(b|s) and v(1+, (1 — H(b|s)) ) —b** < 0, and, using the same relationships,

for all ™ < p <b

b
UG AE5) =02 [ oL+ 5, (1= HOLS)) - sdH(slp) = U(A,DIAG. ).
P
For any other PE, Condition (1) is violated. Thus, b** is the unique PPE. [ |

Proposition 10. Consider bidders that assign the good and money the same consumption di-
mension, the “monetary rent dimension.” A bidder’s only PE and thus his unique PPE in the
EA is f*(v) = v. All bidders choosing *(v) = v constitutes the unique PE profile and the unique
PPE profile.

Proof: Consider a bidder that assigns the good and money the same consumption dimension,
the “monetary rent dimension” with parameters A and ~. His utility U(A(p, b)|A(p, b)) is, if
(Hb<bV,and (a) b <v, (b)b<ov <V, (c)v<b

(a) o (v — $)[L+~(1 — HY|s)|AH (slp) — A [}’ (v — s)dH (s]p)
(0) Jy (v = $)[1+ (1~ HE|s)IAH (slp) = A ;' (v — $)AH (s]p) + [ (s — v)dH (s|p)
(€) fy (v = )1+ (1 = HW'|$)IdH (s]p) — [ (s —v)[1+A(1 — H(V'[s))JdH (s]p) + ;' (s — v)dH (s]p),

and if (2) b> b, and (a) b<v, (b) b <v<b, (c)v <V

(a) (v = $)[1+ (1 — HY/|s))JdH (s|p) + [12(v — s)(1 +7)dH(s]p)
() [ (0 — $)[1 + (1 — HY'|s))JdH(s[p) + [ (v — 5)(1 + 7)dH (s]p) — ff(s —v)(1+ \)dH (s|p)
(0) (v = 8)[1+7(1 = HY|))JdH (s]p) — [ (s = 0)[1+ A(1 = H¥/|s))JdH (s]p) — [2(s — v)(1 + \)dH (s]p).

Then, ¥ = v is a PE because U(A(p,b')|A(p,b')) > U(A(p,b)|A(p, b)) for all b and p ((1b) and (2b)),
b < v is not a PE because U(A(p, V)| A(p,V')) < U(A(p,b)|A(p,b")) for b = v for all p < b" ((1a) and (2b)),
and b’ > v is not a PE because U(A(p, V)| A(p,V')) < U(A(p,b)|A(p,b")) for b = v for all p < b ((1c) and
(1b)). Thus, b = v is the only PE and thus the unique PPE in the EA, and $*(v) = v constitutes the
unique PE profile and the unique PPE profile. |
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Appendix C. Proofs for the Dutch Auction

Lemma 4. If the n — 1 other bidders bid according to f(v) = aﬁ(v) with a > 0, then k(p) =p + G g

increasing and continuous for the considered bidder.

Proof: Note that () is a continuous and strictly monotonic increasing and, thus, invertible function,
because the cdf F has full support on [0, 7).

Since 8(z) = af(z) = a% is continuous and strictly monotonic increasing and 5(0) = 0, we
can represent every p by an x via p = §(x). It holds that p’ > p if and only if 2’ > z, and that

az f(x)F(x) —a fox sf(s)dsf(z)  (ax — B(z))f(x)

! = = = . C.l
e F(oy? F(x) e
. . 2 -1 . 7
If all others use B(v), it is k(p) = p + % =p+ %. Using p = B(x) we get k(z) :=
Blx) + S((g((;))) = f(z) + f'(z) ?((;C)) = az where the last equality follows from Equation (C.1). Since k(z)

is monotone in x, k(p) is monotone in p. Since k(x) is continuous, and F' and S are continuous functions,

k(p) is continuous. |

Proposition 4. Given a value v and the beliefs G(-), b* is a PE in the DA if and only if
(DAL) UW(p,b")[W(p,b")) = U(W (p,p)IW(p,b")) for allp > b* and

(DA2) U(W (b, b%)[W(b*,b*)) = U(W (b*,b)|W(b*,b*)) for all b < b*.

Proof: Using the definition of a PE (Definition 1), we show that U(W (p, b*)|W (p, b*)) > U(W (p,b)|W (p, b*))
for all b and p > max{b*,b} if and only if conditions (DA1) and (DA2) are fulfilled.
if : Express U(W (p, b)|W (p, b*)) for p > max{b, b*} as

U(W (p,b")|W (p,b"))

U (W (p, b)|W (p, b)) + G(blp) (U (W (b, b*)[W (b,5*)) — U(W (b, b)|W (b, ")) if b>b*
U(W (p.b)|W (p,b")) + G(b*|p) (U (W (6", b*)[W (b, b)) — U(W (b*,0)[W (b*,b%))) if b < b*

using (9) and (11), and (10) and (12) for b < b* and (13) for b > b*, as well as G(b|p)G(b*|b) = G(b*|p)
and In(G((5"[5))) = In(G((*|p))) — In(G((blp)).
Tt follows that U (W (p, b*)|W (p, b*)) > U(W (p, b)|W (p, b*)) for all b because by (DA1) it is U(W (b, b*)|W (b,b*)) >
UMW (b,b)|W(b,b*)) for b > b* and by (DA2) it is U(W(b*,b*)|W (b*,b*)) > U(W(b*,b)|W (b*,b*)) for
b < b*.
only if

51



For p = b > b, U(W (p, %)W (p, b"))

> U(W(p,b)|W(p,b*)) is equal to (DA1).
For p =b* > b, UW (p,b*)|W(p,b*)) > U D,

(W (p,b)|W(p,b*)) is equal to (DA2). [ |
Lemma 1. Given a value v and the beliefs G(-), b* is a PE
e only if% >0 forb=p=1>b" and% <0 forb=1>b*

o if 220BE) > 0 for all p and b with p > b > b* and 2228 <0 for all b < b,

Proof: At p =b="b*, Di(p,b,b*) =0 and (DA1) holds. A bidder who considers to marginally shift his
bid upwards from b* to b must find that sticking with b* is better, given the reference bid b*. Thus, D, (-)
must not decrease by the considered shift from b* to b. If we fix p, and D;(-) is not decreased by any
marginal upwards shift of the bid b for any p > b > b*, and if this holds for all p > b*, then (DA1) holds.
Similarly, Do(b*,0,0*) = 0 at p = b = b* and (DA2) holds. A marginal shift of b downwards must not
increase the bidder’s utility. Thus, the derivative of Dy (-) at b = b* must not be strictly positive. If Dy(-)
is not decreased by any marginal downwards shift of the bid b for any b < b*, then (DA2) holds. |

Proposition 5. Given a value v and the beliefs G(-), it holds that

. 1A v— (1) S8 T4vg A ) v—(14A,, ) S0
(a) b* is a P — ( 9) IEL'y v )g(b ) Z b* Z (14 1—237 (+)\ )g(b )
(142g)v—(147m) Lo (17vg+ A g )o—(1+Ap ) EL) ]
(b) B e A — o) — b* is a PE
‘ , (1+Xg)v—(14ym) P (I+7g+Ag)v— (142 ) ZL1
* : 90" * 99 9(6™)
(€) i Ag 2 ym, b" is o PE <= T+ym 202 THym+Am

Proof: Part (a) follows directly from Lemma 1. The left and right inequalities have to hold if b* is a PE
because the inequalities equal conditions (17) and (16), which are necessary conditions for a PE.

To prove part (b) we will first show that, given beliefs G(-), (DA1) is fulfilled for all b* >

(A+vg+Ag)v—(14+Am)

G(b*)

g(b*)

[ES-
v— m G(b:)
Then we will show that (DA2) is fulfilled for all b* < 270 o0m
. Ty 4 A g )o— (14 Am ) EED
DA1) holds for b* = b* := Saatasai Ui , which has the implicit form
[ED
el
1+ M) (b* + g((i)*))> —(14+v+A)v=0. (C.2)

At p > b= b*, D1 (p, B*,l;*) = 0. It follows that D1 (p, b, 3*) >0 for all p > b > b*, because %f’i)*) >0

forallp>b> b*. To see this, notice that

OD1(p,b,6%) _ (L4799 + AG(07[0) v = (14 An) b = 7" G(b7[5)) 9(b) = (1 + An)G(B)
ob G(p) -
G(b) . -
= (14 An) <b+ g(b)> = (L4795 + AgG07[D)) v = —ymb"G(b"[D). (C.3)
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The right-hand side of (C.3) is non-positive. The left-hand side of (C.3) equals zero at b = b* = b*
because of G(b*[b*) = 1 and (C.2); and it is non-negative for all b > b* because b+ ((b)) increases in b by
Assumption 3, and because G(b*|b) decreases in b.

(DA1) holds for b* > b*. At b = b* the left-hand side of (C.3) equals (1+Ap,) (b + Gg’))) (147954 Ag) v.
This term is non-negative for all b > b* because, as we know from above, it is zero at b = b* and because
b—l—% increases in b by Assumption 3. Thus, % > 0forallp > b > b*. Thisimplies D1(p,b,0*) >0
for all p > b > b* because D;(p,b*,b*) = 0. -

(DA2) holds for b* = b* = QA 15:;-:@2((5)) At p = b = b*, Do(b*,b*,b*) = 0. It follows that
Dy(b*,b,b*) > 0 for all b < b* because % < 0 for all b < b*. To see this, notice that

ODy(p,b,0") (14 Ag)v — (1 +7m)b)g(b) — (1 4+ vm)G(b)
ob G(b*)

<0

= (14 M)V — (14 9m) (b + %’))) > 0. (C.4)

The left-hand side of (C.4) equals zero at b = b* = b* and is non-negative for all b < b* because, by
Assumption 3, b+ 2((:)) decreases if b decreases.
(DA2) holds for b* < b*. We have already shown that % < 0 for all b < b*. Thus, it is non-

negative at b* and for all b < b*. This implies D (b",b,b") = 0 for all b < b* because Dy (b",b",b") = 0.
(1+vg+>\g)”—(1+”\m)%b:;

To prove part (c) we only have to show that (DA1) is fulfilled for all b* >

A 1+ym+Am
R THvg+Ag)v— (14 Ay ) EE)
(DA1) holds for b* = b* := (1475 fﬁ%i v s , which has the implicit form
- G(b* .
(14 ) <b*+ ((l; ))> — (147 +Ag) v+ Amb" =0. (C.5)
g *

At p > b= b*, D1 (p, 3*,?)*) = 0. It follows that D1 (p, b, 3*) >0 for all p > b > b*, because %f’i’*) >0

for all p > b > b*. According to (C.3), % > 0 can also be expressed as

(I+XAn) (b + i((:))) — (1479 + A,G(07|b)) v + mb*"G(b*|b) > 0. (C.6)

The left-hand side of (C.6) equals zero at b = b* = b* because of G(b*|b*) = 1 and (C.5); and it is

non-negative for all b > b* because b + G((é’)) increases in b by Assumption 3, because G(b*|b) decreases
G(b*
g(b*

(I+Xxg)v—(1+vm)
1+vm

in b, and because v,b* < Agv. The latter follows from b* < b = , which implies
(14 4m)b* < (1 + Ag)v and ¥, b* < Agv for Ay > .

To show that (DA1) also holds for b* > b*, we argue in the same way as in the proof of (b). |
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Proposition 6. Given beliefs G(-) it holds that

(@) if Am —vm)(L+Ag) > v4(1 + 7)), then a PE exists,
(b) if Am(1 4+ Ag) < vg(1 4+ vm), then a PE does not exist.

Proof: According to Proposition 5(b), a PE b* exists if

(14 Ag)v — (1 +7m) E& 03+ 20w — (14 ) S
14+ vm - 14+ Am
1+, >1+vg+)\g
15 7m = 1+ Am

O = Ym) (L4 Xg) > Y5 (1 + 7).

!

!

According to Proposition 5(a), a b that fulfills the necessary condition for a PE does not exist if

G G
(42— (1 +9m) 5 (42 +A)v = 1+ ) T

1+ Y 14 % + A
. (14 Ag)v — (14 7m) S <(1+fyg+)\g)v7(1+vm+/\m)%
1+ vm 14 vm + A
14+ A 149, +A
A 1+%i 1+JZ+A1
= Am (14 Ag) < vg(1 + vm)-

_ o)
(1420 v~ (14m) EB

Lemma 1. Given a value v and the beliefs G(-), if b* is a PE, then a unique mazimum PEb = T

b* exists and every b € [b*,b] is a PE.
(I+Ag)v—(14+7m) g((::))
I+ym

Proof: Consider a PE b*. By Proposition 5(a), b* < , a necessary condition for

(1+2g)v—(1475m) 2B
because
14+vm

b* to be a PE. There exists a unique maximum bid b > b* such that b =

(1+A )’L)*(].*F’y,”)& G(b 14+
T, e b ST

b< 9®) = Thm

29 and the left-hand side increases in b while the right-hand

A m) S 7
(1+ g)vH(iﬂW ) o for any b € [b*, D], that is, any such

side is independent of b. For the same reason, b <
b fulfills the part of the sufficient condition for b to be a PE in Proposition 5(b) that relates to the upper
bound.

Because b* is a PE, we know by Lemma 1 that %}’b’b*) < 0 at b= b*, which is by (C.4) equivalent
o (142, )v—(l—l—'ym) (b* (;((;’))) > 0. But then (1+ Ag)v — (1 + Ym) (b+ L ) > 0 for all b < b*
because b + (b) decreases if b decreases by Assumption 3. Therefore, the part of the sufficient condition
in Lemma 1 that determines the lower bound for a b to be a PE, W < 0 for all ¥ < b, is fulfilled

for all b € [b*, b]. |

54

Y



Proposition 7. If and only if (Am — Ym)(1 + Ag) > v4(1 + vm) there exist symmetric PE profiles with
B(v) € [B(v), B(v)] and with the monotone interval boundaries
Lyt

Bv) = WB(U) and  B(v) =

14+,
1+ vm

B(v).

Moreover, given v, for any 3(v) € [3(v), B(v)] there exists a symmetric PE profile in which B(v) is chosen.

Proof: The condition (A, — ¥m)(1 4+ Ag) > v4(1 + vm) is necessary for the existence of such an interval
of PE profiles because if it does not hold then 8(v) > B3(v).

Next we prove sufficiency. Note, (Am, — ¥ )(1 4+ Ag) = 74(1 + ¥y, if and only if B(v) < B(v).

We first show that a symmetric PE profile with 3(v) fulfills (DA1), that is, the part of the sufficient
condition for existence of a PE that relates to the lower bound in Proposition 5(b), for all bidders. A

bidding function S(v) fulfills (DA1) if for all v

(14 XAy +79)0 — (1 + Apy) EELD

N N o

5(0) > — (1)

As argued in the proof of Proposition 5(b), monotonicity of k(p) = p + % (Lemma 4) assures that the
(1A g+79)v—(14+Am) ‘j(‘g(()’;

smallest 3(v) for which (C.7) holds for all v is f(v) = . Rearranging, we get

T
(T4 Ag +79)v = (1 +Am)B(v)) 9(B(v)) — (1 + X)) G(B(v)) = 0.

Using symmetry, that is, all bidders choosing $(v), and monotonicity of 3(v), we can, for any v and

b= B(v), replace G(B(v)) = G(b) = F(B71(b)) = F(v) and g(B(v)) = g(b) = 240 = FEZO) _ J)

where §'(v) = LR get

dv
(1 35+ 30 = L+ A)B(0) S = (14 0,0 F0) =0
= (14 A) (FOB0) + F@F W) ~ (143, +7)0(0) =0. (©8)

Solving for the unique solution of the differential equation (C.8) for 8(0) = 0, using

d(1+ An;)f(v)ﬁ(”) = (14 Ay +7g)0f(v)

= (1+X\p)F(v)B(v) = (1+)\g+’yg)/0 sf(s)ds,
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gives I B
R 1)sf(s)ds 1475+ A
Blv) = 1+q)\m s F(v) 1+q>\ LB

Second, along the same lines we show that a symmetric PE profile with 3(v) fulfills (DA2), that is, the

part of the sufficient conditions for existence of a PE in Proposition 5(b) that relates to the upper bound

for all bidders. A bidding function 8(v) fulfills (DA2) if (and only if) for all v

14+ A)v— (1 4+ G(B))
() < (14 Ag)o = (4 7m) G0y ()
1+ vm
As argued in the proof of Proposition 5(b), monotonicity of k(p) = p + (( )) (Lemma 4) assures that the
T+ A g )v—(147m) SE@N
(1 Ag)o - Qb m) g 5oy . Rearranging, we get

largest 3(v) for which (C.9) holds for all v is B(v) = -

(L +XAg)v = (1 +7m)B(v)) g(B(v)) = (L +7m)G(B(v)) = 0.

B( )) = F(”) and Q(B(U)) = g—,((?) as above, we get

Using symmetry and monotonicity, and replacing G(

((1 + )‘g)v - (1 + 'Ym)B( )) B (U)
(C.10)

= (L+m) (f(0)Bv) + F(v
Solving for the unique solution of the differential equation (C.10) for 5(0) = 0, using

d(1 4 ym) F(v)B(v) _ :
do = (1+Ag)vf(v)

= (14 vm)F(0)Bw) = (14 Ay) /0” sf(s)ds

_ T+, Jysf(s)ds 1+,
Bv) = 15, OF() 1+%nﬁ()

Combining the two steps, we find that both 5(v) and B(v) fulfill (DA1) and (DA2) and constitute a

symmetric PE if adopted by all bidders, because f(v) < B(v) for all v and because B(v) is the smallest
bidding function that, if adopted by all bidders, fulfills (DA1), and 3(v) is the largest bidding function

gives

that, if adopted by all bidders, fulfills (DA2).
It remains to show that [8(v),3(v)] is an interval of PE that constitute symmetric PE profiles

We will prove that each member of the family of monotone bidding functions S(v) = af(v) with a €
] constitutes a symmetric PE profile if adopted by all bidders, that is, it fulfills (DA1) and

[1+)\g+’yg 1+)\g
T Thoym
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(DA2) with beliefs dictated by symmetry of bidding functions and distributions of values.

Consider a symmetric PE profile with B(v) = afB(v). First, for any a > Hﬁ#, this profile

fulfills (DAT1): For all p = f(z) = B(v) is Di(B(x), B(x), B(v)) = UW(B(z), 5(v)|W(B(z),5(v))) —
UMW (B(x), B(x))|W(B(x), (v))) = 0 because at f(x) = S(v) it is Di(B(x), 5(x), B(v)) = 0 and for all

p > B(x) > Bv) it is D1 (p,B(2),B(v) _ UMW (R A@NW(EAW)) > ( for any a > Hﬁ% This holds

ox ox

because for x > v

oUW (p, B(x)) W (p, B(v)))

Ox
gy (0= B@)F@) + A0F(0) In 5 +9,0(F(x) = F©) = An(8@)F(2) - B0)F (0)))
B Ox
L v—B(x))f(z) — B'(z)F(z vvf(x) vf(x) — "(x)F(x z)f(z
— a7 (0= (@) = B @F @) 4 ApF ) [+ 01(0) = A @) Fl) + 50 f(0)))
L £v) vf(x) — "(x)F(x z)f(z
— e (1A ED 420 ) 07) = (14 00) (9 2)P(0) + 801 )
_ 1@ LACORTNE P ar
= Gy (1 ) 7= 4 2w
— M v—2 F(U) — v — a)xT
— 2O (x4 ay (F5 ~ 1) ot (3 43 = (5 Anda) ) <0,

where the forth equality uses 8'(x) = % (see (C.1)). The inequality in the last line holds because
the all three terms in the large parentheses are non-positive.

Second, for any a > Hﬁ%ﬁ, this profile fulfills (DA2): For all 8(z) < B(v) is D2(B(v), B(z), B(v)) =
UW(B(v), B)W(B(v), B(v))) — UW(B(v), B(x))IW(B(v), 5(v))) = 0 because at S(z) = B(v) it is
Do(B(v), B(z), B(v)) = 0 and for all B(z) < B(v) it is 302(5(”)@75@)75(“)) — 7BU(W(B(D),ﬁ(%)ilW(ﬂ(v),B(v))) <0

for any a < 11:;\_0 . This holds because for z < v

oUW (B(v), B(x)) W (B(v), B(v)))

ox

K ((U ~ B(x) BD — A (1 - ?Eﬁ%) + Ym (ﬂ(v) - B(=) ?Ei?))
= Ox
B F?v) (v =B@)f(x) = B'(2)F(x) + Agvf (@) = ym (' () F(x) + B(x) f(x)))
= o7 (1 4)0f@) = (L4508 @) F (@) + A ()

1
0 (L4 Ag)v = (1 + vm)az) f(x))
- sz) (A4 Ag)(v = 2) + (L + A — (L +ym)a) 7) f(2)) >0,

o7



where the forth equality uses 8'(z) = % The inequality in the last line holds because both
terms in the large parentheses are non-negative. |

Proposition 8. In the DA, if a symmetric PE profile (B(v),...,B(v)) ezists, then B(v) < B(v).

Proof: All bidders choosing 3(v) constitutes the largest possible symmetric PE profile because (C.9) in
the proof of Proposition 7 is necessary and sufficient for (DA2) to be met and because in the same proof
we find that any 8(v) that constitutes a symmetric PE and for which (C.9) holds must be weakly smaller
than B(v). [ |

Lemma 2. In the DA, the smallest symmetric PE profile that can exist is constituted by the monotonic

bidding function
() = a0 STOVEE) T s _a (g F(s)cds
o) ‘ F(o)°
witha:m andczm
1+ Am 1+ A

Proof: The bidding function S,,;,(v) is monotone because

ABmin(v) _ avf(0)F*71 —abF " (v) f(v) [y sf(s)F(s) " ds

dv F(v)2e

(v — Brin(v)) f(v)  af(w) [y F(s)* ' ds
- F(v) - Fo(v)cﬂ > 0.

According to Proposition 5, for a given value v and the beliefs G(-), the smallest possible PE, described
by the bidding function S, (v), is
(147 + Ag) = (14 A,y) Sl

g(ﬁmin(”))
Brmin (v) e ——— (C.11)

Rearranging (C.11) and using symmetry (i.e., all bidders choosing S,,i»(v)) and monotonicity of Bpin(v),

we get

(L4 Y + Am) F(0) Brin (v) + (1 + M) F(v) "

— (14X +79)vf(v) =0.
Solving this differential equation for 8,,:,(0) = 0 gives the unique solution

Jo sf(s)F(s)"tds 14+ X, +7 L+ A+
min = = th a = -9 19 dec= - rm - m
Bmin(v) = a F oy with a T4y ande T
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Appendix D. Proof on Comparisons Between the Auctions

Proposition 9. Let v, (1 4+ 7v4) < Ag(1 + Am) and (A — Ym) (1 + Ag) > vg(1 + vim), t.e., symmetric PE

profiles in the EA and DA exist. Compare expected revenues in symmetric PE profiles.

(a) The expected revenue in the EA is lower than the expected revenue in the DA:
max E[REA] < min E[RDA].

(b) If
o N\ > v = 0, then the highest expected revenue in the EA is equal to the lowest expected

revenue in the DA:

14+ A
max E[RPA] = ME[V(M] = min E[RP4].
14+ A,
o A\ =7m =Yg = 0 < Ay, then the expected revenue from the EA is at least as high as with
gain-loss neutral bidders but at most as high as that from the unique symmetric PE profile in

the DA
min E[RF4] = E[V.,)] < max E[R"4] = (1 + X\y) E[V(2.)] = E[R"4]

and the revenue in the PPE of the EA is lower than that in the PPE of the DA: E[V(2.,)] <
(14 Ag) E[Vizim)]-

Proof: The condition 7y, (1 + 7v4) < Ag(1 4+ Ay,) is necessary and sufficient for the existence of symmetric
PE profiles in the EA, (A, — vm)(1 + Ag) > v4(1 + ) is sufficient for the existence of symmetric PE
profiles in the DA (see Corollary 1 and Proposition 7), and Ay, (1 4+ Ag) < v4(1 + i) is sufficient for the
non-existence of PE in the DA (see Proposition 6).

The expected revenue from the symmetric Bayes equilibria with bidding functions BEA(U) = v in the
EA and PA(v) = % in the DA is the same and equal to E[V(2.,)].

Proof of (a): The sufficient condition for existence of a symmetric PE profile in the DA (A, — vm ) (1 +

Ag) = Yg(1 + ) implies A\p, (1 4+ Ag) > v4(1 + 7). Then, in the EA, the interval 11119 v, 1??"119 U}

covers all B84 (v) that constitute a symmetric PE (see Proposition 2 and Equation (B.5)).
The expected revenue in the EA from the maximum symmetric PE profile with 824 (v) = kBEA(v) =

max

kv with k = % is max E[RFA] = EE[V(2:n)]. According to Lemma 3, the smallest symmetric PE
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profile that can exist in the DA is constituted by

Cd 1 )\m m
DA )y =k (v fO_S i Withc:ﬂ21
F(v)e 14+ A

and, thus, generates the expected revenue min E[RP4]. Consider the bidding function

GDA () — LAPA(y) — v — foUF(S)dS

If all bidders choose 3P4, the expected revenue yields E[RPA] = KE[V(2.n)] = max E[RFA]. Tt is 804 (v) >

man
BPA(v) for v > 0 because

min(v) = P4 (v

1

Therefore, min E[RP4] > E[RP4] = max E[R"4].
Proof of (b): If 7, = 0, the sufficient condition for existence of a symmetric PE profile in the DA
(Am—Ym)(1+Ay) > 74(147.,) equals the necessary condition A, (1+XAy) > v4(1+75,). Then, the interval

[Hllg;r)\g Bv), (1 + Ag) B(v)} covers all 3P4 (v) that constitute a symmetric PE profile by Proposition 7.

The minimum expected revenue corresponds to the lowest bids and equals HiﬂE Viz:m)]-

If (1 4+ Ag) > 74(1 + ), then, in the EA, the interval llrgg v, fj_)\k iz“’ ’U} covers all BF4(v)

that constitute a symmetric PE (see Proposition 2 and Equation (B.5)). If ~,, = 0, the highest expected
revenue in the EA is therefore %E[V@m)], which equals the minimum expected revenue in the DA.
If additionally to 7, = 0 also A,, = 0, then symmetric PE profiles in the DA exist only if 7, = 0. The
interval that covers all 74 (v) that constitute a symmetric PE profile in the DA reduces to (1 + \,) 5(v)
with the expected revenue (14 Ay) E[V{2.)]. The interval that covers all 374 (v) that constitute a symmetric
PE profile in the EA becomes [1+>\ v, (1+XAg) } with expected revenues in [E[V(2.n), (1 + Ag) E[Vi2n)] ]
The PPE profile in the EA provides the revenue E[V(.,)] which is lower than (1+Xy) E[V(2.)], the revenue

in the PPE of the DA.
|
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