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Abstract

This paper investigates the problem of an “optimum population” concerning age structures
in a 3-period OLG-model with endogenous fertility and longevity. The first-best solution for a
number-dampened total social welfare function, including Millian and Benthamite utilitarianism
as two extreme cases, identifies the optimal age structure, generally failed in the laissez-faire
economy. Individuals over-invest in health expenditures and choose a non-optimal number of
offspring. A calibration exercise for 80 countries emphasizes that mean ages in the optimal so-
lution with the highest feasible individual utility exceed the observed in all countries, especially
due to a very low first-best number of children. Introducing a preference for the population stock
in the social welfare function increases fertility, but reduces individual utility, in the first-best
solution. Optimal mean age shrinks and an over-aging of the laissez-faire economy becomes
more likely. To decentralize first-best solutions health expenditures are taxed, whereas children
are either taxed or subsided.
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1 Introduction

The demographic transition, most countries underwent during the past 150 years, leads to a variety
of age structures. In developed countries, low fertility and mortality rates imply relatively high
dependency ratios and mean ages. The high fraction of old individuals arouses fear of an over-aged
population. On the contrary, in developing countries, featured by many children and low survival
probabilities, populations are seen to be too young. Since both suggest sub-optimal situations, this
papers aims to highlight the differences between observed and optimal age structures.

The problem of sub-optimal age structures differs between developed and developing countries.
The former are presumably too old and the latter too young, implying different social and political
challenges, since demographic aging involves strong economic effects, due to varying intergener-
ational transfers (Weil, 2006). Developed economies, like in Europe, with a high fraction of old
individuals are plotted on the upper left on the LHS of figure 1. The high dependency ratios have
consequences on old age security, health care as well as labor markets and are seen as a risk on social
and individual welfare quite often. On the contrary, in developing economies, mean ages are still
low, but dependency ratios likewise high, as illustrated on the RHS of figure 1. The large number
of births combined with a low life expectancy e.g. requires policies on birth control, nutrition or
health care and is as challenging to societies and especially policy makers as presumably over-aged
populations. Providing an instrument to evaluate the existence and extent of the sub-optimality
of age structures plotted in figure 1 is the main objective of the paper. Each policy implemented
to avoid a population that is either over-aged or too young requires such an instrument or point of
reference: an optimal age structure. On the contrary, the paper does not aim to address specific
issues raised by different sub-optimal age structures.

Figure 1: Steady state age structures across countries

The figure presents the stable populations arising from NRR (Net Reproduction Rate) and female life expectancies
at age 60, according to section 3.1. The LHS illustrates dependency ratios across countries distinguished by youth
and old age dependency ratio. Their overall value increases with distance to the point of origin, see Weil (2006). The
U-shaped relation between mean ages and overall dependency ratios is plotted on the RHS. (Data source: United
Nations (2011))

An overlapping-generations model (OLG-model) with three co-existing generations, children,
adults and retirees, enables to evaluate discrepancies between observed and optimal age struc-
tures. Individual decisions in a laissez-faire (LF) economy endogenously determine observed age-
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structures, illustrated in figure 1. Selfish representative individuals choose savings, the number of
offspring and health expenditures to influence longevity.1 These age structures are faced to the
optimal, or social welfare maximizing, solutions of the first-best (FB) economy. Its social wel-
fare function (SWF) follows number-dampened total utilitarianism, which allows both Millian and
Benthamite utilitarianism as extreme as well as intermediate cases (Ng, 1986). Comparing both
solutions and decentralizing optimal age structures points out, that observed and optimal age struc-
tures differ. To avoid over-investments in health, expenditures are always taxed. On the contrary, a
dominated or dominating capital dilution effect determines whether children are taxed or subsided
and hence if parents c.p. have a too high or low fertility. Furthermore, lump-sum transfers in
working and retirement age correct savings and balance government’s budget constraint.

Calibrating the LF economy reproduces age structures of 80 countries presented in figure 1. The
resulting parameter set permits to compute optimal age structures. In the optimal solution with
the highest feasible individual life-cycle utility among all first-best - the “Golden Age” - mean ages
in all countries are considerably above observed, whereas findings on the dependency ratio notably
depend on observed fertility. In developing countries with high fertility observed exceed optimal
dependency ratios and vice versa in populations with low fertility. Even if “Golden Age” implies the
highest expected life-cycle utility, results are striking from a demographic point of view. Fertility
is substantially below replacement level. Introducing a preference for the population stock and/or
a social discount factor (SDF) in the SWF increases number of offspring and alters age structures.
A sufficient weight of the population in the SWF changes outcome and populations are over-aged.
However, both the weight of population size and the SDF are fixed arbitrary. Finally, the findings
lead to the following dilemma: “Golden Age” is favorable from an ethical and economic point of
view but problematic from a demographic perspective. On the contrary, fixing the weight of the
population size and the SDF arbitrarily facilitates plausible demographic results but is questionable
from an ethical point of view.

The outline of the paper is as follows. Before introducing the theoretical framework in section
3, the related literature is reviewed. The first subsection (3.1) presents the demographic structure
in the OLG-model. Afterwards the solution chosen by individuals in a LF economy (3.2) and the
optimal decisions of a social planner (3.3) are evolved. A decentralization of the first-best solution in
subsection (3.4) enables to discuss tendency concerning an over-aged population. Section 4 presents
the calibration exercise. After describing the data set (4.1), the laissez-faire model is calibrated
in subsection 4.2. Subsection 4.3 compares observed and optimal age structures and discusses the
outcomes. Section 5 concludes.

2 Literature review

The idea of an optimal age structure contributes to the literature on “optimum population”, tra-
ditionally dealing with population size by applying the “economic principle” on populations (Wolf,
1908). As “an optimum population is the one that achieves a given aim in the most satisfactory way”
(Sauvy, 1969), we define maximization of social welfare as objective. Using a number-dampened
total utilitarianism (Ng, 1986) provides a flexible SWF that allows different preferences for the pop-
ulation stock between the two extreme cases of Millian and Benthamite utilitarianism. A Millian
or Average SWF optimizes utility of an average or representative individuals. As population size is
not valued, a very small number of individuals characterized by a high (average) utility presumably
is optimal. On the contrary population size is fully internalized in Benthamite, Total or Classical

1In contrast to Becker and Barro (1988), Soares (2005) and Baudin (2012), we abstract from investigating the role
of child mortality and focus on longevity.
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utilitarianism. The sum over welfare or utility of all individuals is maximized. Parfit [1976, 1982,
1984] criticizes that the repugnant conclusion may emerge: it is optimal to increase population size
while per capita consumption goes to zero.2

Theories on optimal population emphasizes different aspects of populations, starting with the
population size, see e.g. Dasgupta [1969, 1998, 2005] or Boucekkine et al. (2011). Investigating
the growth rate adds the dynamic perspective. For an OLG-framework with two overlapping
generations the famous “serendipity theorem” (Samuelson, 1975) claims that in the case of a unique
and stable steady state the laissez-faire economy converges to the most advantageous golden rule
steady state, the “Golden Age”, if fertility is fixed optimally.3 The “serendipity theorem” still holds
if mortality, and hence an uncertain life time for the second period, is added (de la Croix et al., 2012).
Stressing the idea of an optimal age structure in a related OLG-framework introduces a third aspect
to theories of “optimum population”, not done yet to the best of our knowledge. Additionally,
some major differences arise: First of all, highlighting age structures adds another dimension.
Individuals and populations evolve along the dimension time and age (Arthur and McNicoll, 1977).
The latter is generally neglected in theories of optimal size. Secondly, in line with Boucekkine and
Fabbri (2013) applying a number-dampened total utilitarianism offers a more flexible SWF than
exclusively focusing on “Golden Age”. Thirdly, models on optimal population growth neglect child
rearing costs and health expenditures. As fertility only balances the negative capital widening
and positive intergenerational transfer effect, optimal population growth is probably too high in
those models (Arthur and McNicoll, 1978). Considering costly aspects of fertility and longevity in
the LF and FB solution links the paper to frameworks on optimal fertility and longevity, jointly
determining population size, growth rate as well as the age structure.

The socially optimal level of fertility is strongly related to the choice of the SWF. In general,
fertility and hence population size of a Benthamite SWF exceeds those of a Millian SWF. However,
the number of children in the LF economy is either above or below the optimal level in both kinds
of SWF (Nerlove et al., 1985) and depends on individual preferences. Utility of offspring is an
argument in their parents’ utility function if they are altruistic, like in Razin and Ben-Zion (1975),
Becker and Barro (1988), Baudin (2011) and Nerlove et al. (1986). This kind of perfect altruism
leads to dynastic preferences such that the time horizon of parents is infinite.4 In contrast to
altruistic individuals, time horizon is limited by death and therefore finite for selfish parents. In
line with Eckstein and Wolpin (1985), Galor and Weil (1996) or van Groezen and Mejidam (2008)
we assume that children appear as a kind of consumption good in parents’ utility function and go
along with costs.5 Related to the idea of an optimal fertility, missing property rights, causing an
inefficiently low number of offspring, are an another possible explanation for the low fertility in
developed countries (Schoonbroodt and Tertilt, 2013).

Endogenous health expenditures are one possibility to model an endogenous length of life.
Individuals invest in their health capital stock, simultaneously depreciated age specifically in each
period. They die, if the health capital stock is zero (Grossman (1972), Ehrlich and Chuma (1990),

2Boucekkine and Fabbri (2013) figure out that the repugnant conclusion never occur for realistic parameters in
an AK-like growth model. Blackorby and Donaldson (1984) propose a critical-level generalized utilitarianism as an
alternative to avoid a population that is too large. Individual utility only contributes positively to the SWF if it
exceeds a critical level.

3Deardorff (1976) shows that the solution is a global minimum for a Cobb-Douglas utility and production function.
Jäger and Kuhle (2009) add the exact general conditions for an interior optimal growth rate of populations.

4Optimal family policies to decentralize FB fertility in a framework with quality quantity trade off have to account
for interaction between instruments on education and fertility, due to the non-linear budget constraint (Baudin, 2011).

5On the contrary, Neher (1989) or Bental (1989) consider children as an investment good. Another alternative are
“warm glove” preferences or ad hoc altruism. Parents achieve utility by the number of children and an argument of
their children’s utility function, see e.g. Benabou (1996).
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Dalgaard and Strulik (2014)). Focusing on longevity, we assume that health expenditures determine
the probability to survive retirement age. The optimal survival probability might be failed as several
effects, like externalities in preventing contagious diseases (Kuhn et al., 2011) or the negative impact
of health expenditures on the life-cycle income, are not taken into account (Davies and Kuhn (1992),
Philipson and Becker (1998)).

3 The model

3.1 Demographic structure

The model is an extension of the overlapping generations model introduced in the literature by
Allais (1947), Diamond (1965) and Samuelson (1958) in discrete time t from 0 to infinity. For
simplicity, a single sex population in a closed economy is assumed. The age structure is pooled
in three age groups, children, working population and retirees. Hence, at any point in time three
generations coexist. The cohort born in period t constitutes the children N t

t .
6 Childhood as first

period of life is passive. Simultaneously the cohort N t−1
t , born in t− 1, is in middle age as working

adults. During this active period of life, individuals solve their maximization problem, endowed
with one unit of time, allocated on child-rearing and labor. As the old generation N t−2

t is retired
and does not participate in labor market, total labor supply is:

Lt = (1− τnt)N t−1
t , (1)

where τ represents the time required to bring up a child. The number of children born in t determine
size of birth-cohort in t, hence N t

t = ntN
t−1
t . Whereas all individuals survive childhood and undergo

middle age, only a fraction qt becomes old: N t−2
t = qtN

t−2
t−1 .7 Thus, the age structure is as simple

as possible and composed of the three at least necessary age groups to describe a human life-cycle:
the working period including parenthood surrounded by the two periods in dependency, childhood
and retirement (Bommier and Lee, 2003).

The dependency ratio (DRt) and the mean age (x̄t) are used to describe age structures. The
former indicator links economic and demographic aspects. Individuals participating in the labor
market are compared to non-working and thus dependent people. Due to interactions between
generations, e.g. intergenerational transfers, this indicator is of particular interest for policy makers.
Applied to the population of the model, the dependency ratio is:

DRt =
N t−2
t +N t

t

N t−1
t

.

Rearranging allows to express the dependency ratio in terms of the survival probability and number
of children:

DRt =
qt + nt−1nt

nt−1
. (2)

It has to be mentioned that the term “dependent” is deceptive in the particular case of the presented
framework. Indeed, the old generation does not participate in the labor market. However, retirees
are not supported by the working generation. Nevertheless, it is not possible to conclude on the
age of a population by means of the dependency ratio. Both children and retirees are elements of
the numerator. A high value can imply either a very young or old population, as emphasized on

6The subscript indicates the period and the superscript the birth cohort.
7Likewise N t−2

t = qtN
t−2
t−2 holds, as the survival probability between childhood and middle age is 1.
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the RHS of figure 1. In other words, an age structure with the shape of a pyramid as well as an
inverted pyramid can have the same dependency ratio. Moreover, this demographic indicator is
inappropriate to describe the process of aging. Therefore the mean age is additionally considered.8

Applied to the model the mean age is calculated as:

x̄t =

∑
j=1,2,3

jN t−j+1
t∑

j=1,2,3

N t−j+1
t

,

whereby young individuals are defined to be at age j = 1. Accordingly, middle age is 2 and old age
3. Rearranging leads to:

x̄t =
3qt + 2nt−1 + nt−1nt
qt + nt−1 + nt−1nt

.

Hence, mean age and dependency ratio are expressed in terms of the survival probability and the
individual number of children. As both are endogenous variables, the age structure is endogenous
as well.

3.2 The laissez-faire economy

3.2.1 Production and capital market

Production follows the common neoclassical OLG framework (see e.g. de la Croix and Michel
(2002)). At each point in time homogeneous firms produce a single commodity Y LF

t with capital
KLF
t and labor LLF

t by means of a neoclassical production function with constant returns to scale.
Since capital is fully depreciated every period, Y LF

t = F
(
KLF
t , LLF

t

)
is net production. Dividing

by labor yields production in intensive terms f(kLFt ) = F
(
KLF
t

LLF
t
, 1
)

, where kLFt is the capital-labor

ratio. The representative firm maximizes its profits in fully competitive markets. Labor is provided
by the generation in middle age and remunerated by the wage rate wLF

t . The interest factor RLF
t

is paid on capital. The maximization problem of firms in intensive terms is:

max
kLF
t

= f
(
kLFt

)
−RLF

t kLFt − wLF
t .

Production factors are compensated by their marginal products:

RLF
t = f ′

(
kLFt

)
, (3)

wLF
t = f

(
kLFt

)
− kLFt f ′

(
kLFt

)
. (4)

Savings of the working generation are invested and constitute productive capital in the next period
SLF
t = KLF

t+1. Therefore, capital of firms is owned by the current old generation. Since labor is
determined by equation 1, the capital-labor ratio is:

kLFt =
KLF
t

LLF
t

=
KLF
t

(1− τnLFt )N t−1
t

.

8Alternatively, a decomposition in youth and old age dependency ratio, as illustrated in figure 1, allows to conclude
on the age structure (see e.g. Weil (2006)). Nevertheless, the mean age is preferred, as this single indicator measures
the full age structure.
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Hence, the labor decreasing effect, caused by the time required to rear a child, is considered. The
equilibrium of the capital market in terms of individuals in working age is:

sLFt =
(
1− τnLFt+1

)
nLFt kLFt+1. (5)

Savings per capita of a middle-aged individual in t balance capital per individual in working age in
t+ 1.

3.2.2 Individuals

The representative individual lives at most three periods, childhood, working age, including parent-
hood, and retirement. She maximizes her expected life-cycle utility at the beginning of middle age
and obtains utility from consumption in middle cLFt and old age dLFt+1. Furthermore, parents receive
a “consumption” utility from rearing their children nLFt , weighted in relation to those of material
consumption u

(
cLFt
)

by γ > 0. For simplicity, only the pure number of own children generates
utility. Hence, no quality quantity trade off is considered.
With all individuals undergoing child- and parenthood, to experience retirement is uncertain. If
she is alive, she consumes dLFt+1 and receives a utility discounted by 0 < β ≤ 1. Otherwise if she
dies, her utility is implicitly assumed to be zero. The survival probability q is a strictly increasing
function of health expenditures (hLFt ) during middle age and upper bounded by one:

q′(h) > 0, q(h→∞) = 1.

Like in Leung and Wang (2010) individuals themselves choose health expenditures, which are a
pure private good. As she is risk neutral with respect to longevity her expected life-cycle utility
function is additive and time separable:9

EUt = u(cLFt ) + βq(hLFt )u(dLFt+1) + γv(nLFt ) (6)

and is maximized with respect to the budget constraints in working age and retirement:

(1− τnLFt )wLF
t = cLFt + anLFt + sLFt + hLFt , (7)

dLFt+1 = R̃LF
t+1s

LF
t . (8)

In midlife individuals are endowed with one unit of time allocated on labor and child rearing. To
bring up a child causes two kinds of costs, exogenous goods cost a, like in van Groezen and Mejidam
(2008), and time cost τ , see for example de la Croix and Doepke (2003). Time cost fixes an upper
bound on the individual number of children nLFt < 1

τ . Labor income is spent on consumption in
middle age cLFt , direct child cost in terms of goods anLFt , health expenditures hLFt and savings for
old age consumption sLFt . Supposing perfect annuity markets with an annuity for life (Yaari, 1965),
the return factor on savings R̃LF

t depends on the average survival probability of individuals:

R̃LF
t =

RLF
t

q(hLFt−1)
. (9)

9Risk neutral individuals with respect to longevity are a common assumption in literature. Supposing risk neutral-
ity facilitates a time separable and additive life-cycle utility function in contrast to risk averse individuals (Bommier,
2006). In the more general case of risk aversion the shift of certain utilities is concave. Kuhn et al. (2010) show that
in the case of constant health expenditures the optimal savings are lower in the case of risk aversion. The effect on
health expenditures is ambiguous, if savings are assumed to be constant.
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Taking prices as given, maximizing expected life-cycle utility with respect to health expenditures,
the number of children, consumption in working and retirement age yields to the following set of
first-order conditions (FOC):

u′(cLFt ) = βR̃LF
t+1q(h

LF
t )u′(dLFt+1), (10)

u′(cLFt ) =
γ

a+ τwLF
t

v′(nLFt ), (11)

u′(cLFt ) = βq′(hLFt )u(dLFt+1). (12)

The strictly positive set of variables
{
cLFt , dLFt , hLFt , kLFt , nLFt , sLFt , wLF

t , RLF
t

}t=+∞
t=0

, solving the sys-
tem of FOCs (eq. 10-12) as well as the equations on wages (eq. 4), return factor on savings (eq. 9),
capital market equilibrium (eq. 5) and budget constraints (eq. 7, 8), defines the interior solution
of the laissez-faire economy.10 The first FOC (eq. 10) is the familiar Euler equation describing the
distribution of consumption between midlife and old age. The individual decision on the number of
children is illustrated by the second FOC (eq. 11). The marginal costs of children, goods

(
au′(cLFt )

)
as well as time cost

(
τwLF

t u′(cLFt )
)

balance the marginal utility of a child
(
γv′(nLFt )

)
. Deciding on

health expenditures (eq. 12), individuals compare the additional utility, due to a higher survival
probability in old age, with the loss of consumption possibilities in middle age. The gain achieved
from the last marginal unit of health expenditures

(
βq′(hLFt )u(dLFt+1)

)
equalizes its opportunity cost(

u′(cLFt )
)
.11 Thus, individuals do not take into account the influence of the changing survival prob-

ability on life-cycle income. The rising survival probability shrinks returns on savings R̃LF. This
reduces consumption possibilities during retirement and thus life-cycle income. Hence, individuals
do not internalize the so-called Philipson-Becker-effect (Philipson and Becker, 1998).

3.3 The first-best solution

A point of reference is required to evaluate the age structures reflecting individual decisions. This
optimal or first-best age structure results from a SWF following the idea of number-dampened
total utilitarianism (Ng, 1986). Expected life-cycle utility of the current and all future generations,
weighted by the size of the birth cohorts and the social discount factor ρ, is maximized:

W =

∞∑
t=0

ρt
(
N t−1
t

)x
EU(cFBt , dFBt , nFBt , hFBt ), with 0 ≤ x ≤ 1, 0 < ρ ≤ 1

The characteristic feature of number-dampened total utilitarianism, a concave weight of population
size in the welfare function, holds for 0 < x < 1. Furthermore, the two extreme cases of Average and
Total utilitarianism are included. Population size doesn’t matter at all in the SWF, if the planner
is Millian (x = 0). Only the discounted life-cycle utility of a representative individual of each
birth cohort is taken into account. On the contrary, a Benthamite Planner (x = 1) considers the
discounted life-cycle utility of each born individual. Thus number-dampened total utilitarianism
has the advantage to imply the two extreme and the whole spectrum of intermediate cases.

As the time horizon of the planner’s dynamic maximization problem is infinite, an upper bound
requires ρ < n−x. Certainly, a discounting of future generation’s utility ρ < 1 is problematic

10The Hessian-matrix, required to control for the second-order conditions (SOC), is presented appendix A.
11As u′ (ct) > 0, a positive level of utility in old age u (dt+1) > 0 is required. Intuitively, rational individuals only

invest in health, if they enjoy old age.
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from an ethical point of view. Blackorby et al. (2005) e.g. claim that “for the purpose of social
evaluation, the well-being of future generations should not be discounted.” A different weight of
present and (unborn) future individuals in the SWF is hardly defensible. Additionally, the choice
of the social discount factor (SDF) is arbitrary. One way to avoid any kind of social discounting is
to convert the dynamic maximization problem of the Millian planner into a static. This “Golden
Age” situation is treated as point of reference.12

The planner includes preferences of the selfish individuals of each generation, implying that both,
individuals and planner, have different time horizons. An individual only achieves utility in periods,
she is alive. In contrast, the planner has a dynastic function. Due to the varying preferences,
solutions differ, even if there is no externality or imperfection in the economy. Considering the
preferences of the representative individual and rearranging from a longitudinal in a cross-section
point of view results in:

W =
∞∑
t=0

ρt
[(
N t−1
t

)x [
u(cFBt ) + γv(nFBt )

]
+
(
N t−2
t−1
)x β
ρ
q(hFBt−1)u(dFBt )

]
,

where consumption in working age of the first old generation
(
cFB−1
)

is not taken into account and
the initial health expenditures

(
hFB−1

)
are preexisting. The social planner’s resource constraint at

time t is:

Yt = N t−1
t (cFBt + anFBt + hFBt ) +KFB

t+1 +N t−2
t dFBt .

The initial capital stock K0 and the two cohorts N−10 , N−20 are as well historically given. Aggregated
production Yt is allocated on consumption cFBt , health expenditures hFBt and exogenous goods cost
to bring up children anFBt for all adults N t−1

t as well as for consumption of the retirees alive
dFBt N t−2

t . Additionally, output is used to install capital for production in the next period Kt+1.
Dividing by the size of the cohort N t−1

t leads to the resource constraint in terms of individuals in
working age. In doing so, time cost to raise a child has to be taken into account. Hence, output in
terms of working individuals is yFBt =

(
1− τnFBt

)
f(kFBt ) and the resource constraint at t:

yFBt = cFBt + anFBt +
(
1− τnFBt+1

)
nFBt kFBt+1 + q(hFBt−1)

dFBt
nFBt−1

+ hFBt . (13)

In order to maximize the social welfare function, the benevolent planner chooses consumption
in working and retirement age, health expenditures, the number of children and the capital-labor
ratio for the next point in time. the following system of FOCs defines the optimal decisions:

u′(cFBt ) =
β

ρ

(
nFBt−1

)1−x
u′(dFBt ), (14)

u′(cFBt ) =
ρ(

nFBt−1
)1−x f ′(kFBt+1)u

′(cFBt+1), (15)

12The “Golden Age” situation additionally enables to relate the results to the literature on optimal population
growth, e.g. Samuelson (1975), Deardorff (1976) and de la Croix et al. (2012). Different solutions to ensure an upper
bound of the problem, required to determine the optimal path, are discussed in the literature. Already Ramsey (1928)
discussed this problem in his paper “A Mathematical Theory of Saving”. For an overview on social discounting see
e.g. Heal (2005).

9



u′(cFBt ) =
γv′(nFBt ) + ρx

(
nFBt

)x−1 (
u
(
cFBt+1

)
+ γv

(
nFBt+1

)
+ βq

(
hFBt+1

)
u
(
dFBt+2

))
τω + a+

(
1− τnFBt+1

)
kFBt+1 −

q(hFB
t )dFB

t+1

nFB
t f ′(kFB

t+1)

, (16)

u′(cFBt ) = βq′(hFBt )
(
u(dFBt+1)− u′(dFBt+1)d

FB
t+1

)
, (17)

with ω = f(kFBt )− f ′
(
kFBt

)
kFBt . The set of variables

{
cFBt , dFBt , hFBt , kFBt , nFBt

}t=+∞
t=0

satisfying the
4 FOCs (eq. 14-17) and the resource constraint (eq. 13) defines the interior first-best solution.13

Consumption is allocated optimally between the working and retired generation according to eq.
14. By means of eq. 15 the FOC is converted in the familiar Euler equation, already known from
laissez-faire economy.

u′(cFBt ) = βf ′(kFBt+1)u
′(dFBt+1) (18)

The modified golden rule of capital accumulation14 (eq. 15) describes the optimal investment in the
capital stock. In steady state, a capital-labor ratio is installed that balances its marginal product
and the inverse of the SDF in the extreme case of total utilitarianism (x = 1). Additionally the
number of children and thus implicitly population growth is considered if the weight of population
size is concave or even absent in the social welfare function (0 ≤ x < 1).

Considering all effects of a newborn, fertility is optimal if marginal utility is equal to marginal
costs. According to FOC 16 both consist of three elements. First of all, parents enjoy marginal
utility from rearing an additional child

(
γv′(nFBt )

)
. Furthermore, the intergenerational or (old age)

dependency ratio effect

(
q(hFB

t )dt+1

nFB
t f ′(kFB

t+1)
u′
(
cFBt
))

, see e.g. van Groezen and Mejidam (2008), captures

the effect of an additional child on the future relation between working and retired generation.
Children increase population growth and hence the number of working (and consuming) individuals
related to the old, only consuming, in t+1.15 A third effect arises if the planner is characterized by
a preference for the population stock, see e.g. Baudin (2011). The discounted marginal life-cycle

utility of an additional child
(
ρxnFBt

x−1
EUFBt+1

)
is considered in the SWF and boosts fertility if

EUt+1 > 0. On the contrary, fertility is reduced if output does not ensure a positive expected
life-cycle utility. A sufficient output level yt+1 > ȳt+1 s.t. EUt+1 > 0 is assumed below. Obviously
this effect vanishes if the planner is Millian (x = 0). The first two costs in eq. 16 are the marginal
goods (au′(cFBt )) and time costs τf(kFBt )u′

(
cFBt
)

to bring up children. Due to the time cost for
child rearing, the capital widening effect of children, as third costly aspect, is composed of two
elements. Current fertility increases the present capital-labor ratio τf ′

(
kFBt

)
kFBt u′

(
cFBt
)
, as time

cost lowers labor supply. Nevertheless, the capital-labor ratio in the next period decreases, because
labor supply tomorrow is higher

(
1− τnFBt+1

)
kFBt+1u

′(cFBt ). Consequently, the time cost of children
slows down the capital widening effect. Hence, two effects influencing fertility in opposite directions
are not internalized by individuals if the optimal solution follows the idea of Millian utilitarianism.
Taking into account the dependency ratio effect increases c.p. the number of children, whereas
a consideration of the capital dilution effect leads to a reduction. An existing preference for the
population stock (x > 0) additionally boosts fertility.

13The Hessian-matrix to control for the SOC in “Golden Age” as well as in the general FB solution are in appendices
B and C.

14Phelps (1961) introduced the term “golden rule”.
15Opposing working and retired generation, fertility of the previous period influences the current dependency ratio,

but has no impact in the future. Current fertility determines the future relation, as present old are deceased. This
result would change in an OLG-model with additional age groups.
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Optimally fixed health expenditures follow the last FOC (eq. 17). Compared to de la Croix
et al. (2012), a survival probability determined by health investments helps to obtain an interior
solution. Rearranging eq. 17 emphasizes that

εu(dFBt ),dFBt
=
u′
(
dFBt

)
u
(
dFBt

) dFBt < 1

is a necessary condition for an interior solution of the social planner problem. The instantaneous
utility function u

(
dFBt

)
has to be inelastic with respect to changes in old age consumption dFBt ;

implying a sufficient consumption level. In other words, the absolute level of consumption of
retirees matters. An interior solution is only feasible, if consumption and hence utility during
retirement exceeds a critical level. The gain achieved from an additional unit of health expenditures(
βq′(hFBt )u(dFBt+1)

)
has to be as high as the arising costs. These opportunity costs consist of two

elements, less consumption in middle age
(
u′(cFBt )

)
and decreasing consumption possibilities in old

age
(
βq′(hFBt )u′(dFBt+1)d

FB
t+1

)
. Hence, the Philipson-Becker effect is internalized.

All effects are taken into account by the benevolent planner. Choices on fertility and mortality
are optimal and hence implicitly the resulting age structure. Thus, first-best age structures are
considered as optimal.

3.4 Decentralization of the optimal age structure

The interior FB and LF solution imply the optimal as well as the age structure, reflecting individual
decisions. As well known, nothing guarantees that the “modified golden rule of capital accumula-
tion” holds in laissez-faire economies. In contrast, in general FB and LF solutions differ, because
of the double infinity in goods and agents (Shell, 1971). Fixing fertility optimally is one possibility
to achieve the golden rule level in the standard OLG framework, claimed by the “serendipity theo-
rem”. Anyway, this intervention is excluded, since individuals decide themselves on the number of
offspring.

As individuals don’t consider all effects, fertility and mortality c.p. deviate from their optimal
values. However, a conclusion on the relation between LF and FB age structure isn’t possible. Due
to the double infinity in goods and agents, LF and FB capital-labor ratio vary. Thus, beside the
sub-optimal decisions on demographic variables, production levels differ. Only a discussion of c.p.
discrepancies is possible either by comparing the FOCs or by decentralizing optimal age structures.
The latter is preferred, because of the advantage to display the required policy instruments.

Four instruments implement the optimal solution in a decentralized economy. Two pigouvian
taxes ensure, that individuals internalize all effects in fertility as well as mortality. A child al-
lowance or tax ηt corrects the desired number of children and a health subsidy or tax φt the health
expenditures. In addition a lump-sum transfer in working age zmt guarantees that the capital-labor
ratio in the laissez-faire economy satisfies the modified golden rule level. Finally, excluding debt, a
second one in retirement age zot balances the budget constraint of the government in each point in
time:

(ηtnt + φtht + zmt )N t−1
t + zotN

t−2
t = 0,

or, in terms per individual in middle age:

ηtnt + φtht + zmt +
q(ht−1)z

o
t

nt−1
= 0. (19)
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Individuals maximize their expected life-cycle utility function (eq. 6) with respect to the adjusted
budget constraints, due to the interventions of the government:

ct = (1− τnt)wt − (a− ηt)nt − st − (1− φt)ht + zmt , (20)

dt+1 = R̃t+1st + zot+1.

The corresponding system of FOCs is:

u′(ct) = R̃t+1βq(ht)u
′(dt+1), (21)

u′(ct) =
γv′(nt)

τwt + a− ηt
, (22)

u′(ct) =
βq′(ht)u(dt+1)

(1− φt)
. (23)

The FOCs eq. 16, 17, 22 and 23, the middle age budget and resource constraint (eq. 13 and 20),
as well as the constraint of the government (eq. 19) determine the necessary levels for the four

policy measures such that
{
cFBt , dFBt , hFBt , kFBt , nFBt

}t=+∞
t=0

= {ct, dt, ht, kt, nt}t=+∞
t=0 . The lump-sum

transfer in working age corrects savings or capital accumulation in the LF economy (eq. 24) and
those in retirement age (eq. 25) balances the budget constrain:

zmt = (1− τnt) f ′(kt)kt − ηnt − φtht −
q(ht−1)dt
nt−1

, (24)

zot = −nt−1 (ηtnt + φtht + zmt )

q(ht−1)
. (25)

Proposition 1 Taxes on health expenditures
A tax on individual health expenditures according to

φt =
dt+1u

′(dt+1)

dt+1u′(dt+1)− u(dt+1)
(26)

implements the Philipson-Becker-Effect.

Proof Resulting from equalizing 17 to 23 and rearranging, equation 26 describes the optimal
policy on health expenditures at each point in time. Due to the non-negativity in consumption and
u′(·) > 0, the numerator is always positive. On the contrary, only a negative denominator allows
a solution of the FOC (eq. 17). The negative result for φt confirms that health expenditures are
taxed.

The tax on health expenditures indicates that the price of health investments is too low and
individuals c.p. over-invest in their longevity. In contrast to the unambiguous findings for mortality,
results concerning fertility are less obvious. The effects, not considered by individuals, operate in
different directions.
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Proposition 2 Child allowances
The optimal path on child policies to decentralize first-best fertility follows:

ηt =
γv′ (nt)

[
q(ht)dt+1

ntf ′(kt)
− (1− τnt+1) kt+1

]
+ ρxnx−1t EUt+1 (a+ τwt)

γv′ (nt) + ρxnx−1t EUt+1

. (27)

1. Average utilitarianism

The child allowance is positive if the dependency ratio effect
(
q(ht)dt+1

ntf ′(kt)

)
dominates the capital

dilution effect ((1− τnt+1) kt+1) and negative in a vice versa situation.

2. Number-dampened total and total utilitarianism

The child allowance is positive if the dependency ratio effect
(
q(ht)dt+1

ntf ′(kt)

)
and the preference for

the population stock, weighted by the ratio of marginal time and good costs to the marginal con-

sumption utility of child rearing
(
ρxnx−1t EUt+1

a+τwt
γv′(nt)

)
, dominate the capital dilution effect

((1− τnt+1) kt+1). Children are taxed in a vice versa situation.

Proof Equalizing the FOC on fertility (eq. 16 and 22) and transposing for ηt leads to 27. If x = 0,
the extreme case of Millian utilitarianism, the optimal policy on fertility simplifies to:

ηt|x=0 =
q(ht)dt+1

ntf ′(kt)
− (1− τnt+1) kt+1 with


η < 0 if LHS < RHS

η = 0 if LHS = RHS

η > 0 if LHS > RHS

In the case of number-dampened total or total utilitarianism 0 < x ≤ 1 the sign of the policy is
determined by the numerator of eq. 27. Rearranging leads to:

ηt|0<x≤1


< 0 if q(ht)dt+1

ntf ′(kt)
+ ρxnx−1t EUt+1

a+τwt
γv′(nt)

< (1− τnt+1) kt+1

= 0 if q(ht)dt+1

ntf ′(kt)
+ ρxnx−1t EUt+1

a+τwt
γv′(nt)

= (1− τnt+1) kt+1

> 0 if q(ht)dt+1

ntf ′(kt)
+ ρxnx−1t EUt+1

a+τwt
γv′(nt)

> (1− τnt+1) kt+1

Hence, the dominating effect (or effects) determine(s) the sign of the child allowances. A positive
value indicates costs of offspring that are too high in the laissez-faire economy. A situation more
likely if the planner takes into account the population size in the SWF, as this adds an additional
positive effect not considered by individuals. The allowance reduces costs and fertility increases,
since children are a normal good.16 The opposite is true, if the capital dilution effect dominates.
The costs of a child are too low to consider the dominating negative influence of additional children
on the capital-labor ratio. The tax increases costs and lowers fertility.

Supposed both children and health expenditures are normal goods, taxing health expenditures
implies an over-investment in health and a survival probability that exceeds c.p. the optimal level.
The lower mortality raises the mean age. This tendency to an over-aged population is strengthened
by fertility, if the dependency ratio effect, supported by the preference for the population stock,
dominates. The costs of children are too high in the LF economy. Hence, the number of offspring
is c.p. below its optimal level and thus upwards biases the mean age, too. On the contrary, a

16If the quantity of children is a Giffen good, fertility decreases in child allowance. This has to be checked if a
quantity quality trade off is considered.
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dominating capital dilution effect goes along with a LF fertility that tends to exceeds the FB level,
reducing the LF mean age.

The case of the dependency ratio is similar and depends positively on the survival probability,
too. As the Philipson-Becker effect is not internalized by individuals, the fraction of the non-
working population exceeds c.p. the optimal level. The effect of fertility is less obvious, based on
different reasons. First of all, according to the relationship between capital dilution and the sum
of dependency ratio effect and the preference for the population stock, costs of children are either
above or below the LF solution. Additionally, fertility either rises or lowers the dependency ratio.
A higher fertility boosts the dependency ratio in t but reduces its value in t+ 1. According to

∂DR

∂n
=

{
> 0 if n2 > q

< 0 if n2 < q

the steady state effect is ambiguous. Developing countries, commonly characterized by a higher
fertility, are featured by a positive steady state relation between the number of children and the
dependency ratio. India with a Net reproduction rate17 (NRR) of 1.169 and a survival probability
of 0.57, used in the calibration exercise, belongs to this group. On the contrary, developed countries
with a small number of offspring per women, like Germany with a NRR of 0.654 and high survival
probability (0.83), are featured by a shrinking dependency ratio if fertility rises. Hence, four steady
state scenarios are possible. Developing countries with high youth dependency ratios c.p. have
a DR that is too low, if the intergenerational effect and the preference for the population stock
dominate. In contrast, a tendency to exceed the optimal level features developed countries. If the
capital dilution effect dominates, the situation is vice versa. However, as the effect of the capital-
labor ratios is not considered, only a discussion on tendencies is possible. To get a clear picture,
the model is calibrated in the next section.

4 Calibration exercise

4.1 Data

Laissez-faire age structures always differ from optimal. In order to analyze the deviation, the LF
economy is calibrated to fit data of 80 countries (i = 1, 2, ..., 80). The resulting parameters enable
to replicate the age structures illustrated in figure 1. Afterwards, a calculation of the FB solutions
is possible and allows a discussion on the direction and extent of difference between observed and
optimal age structures.

A period and implicitly each age, childhood, parenthood and retirement, is fixed to 30 years. A
ten-year average of GDP between 2000 and 2009 times the length of a period approximates steady
state values of output Yi. Like all economic variables, GDP is expressed in PPP (constant 2005
international $). As well as for labor, health expenditures and gross fixed capital formation ratio in
percentage of GDP, the world bank database is the source. The estimation of gross domestic fixed
capital stock for 93 countries until 1990, offered by Nehru and Dhareshwar (1993), approximates
real capital stocks. Converting their values in PPP and adjusted to the future according to:

Ki,t+1 = (1−∆)Ki,t + Ii,t ×GDPi,t,
17The NRR is “the average number of daughters a hypothetical cohort of women would have at the end of their

reproductive period if they were subject during their whole lives to the fertility and mortality rates of a given period
(United Nations, 2011).”
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leads to the capital stock Ki,t. Gross fixed capital formation ratio in percentages of GDP (Ii,t)
times GDP in PPP involves the required yearly investments. The capital depreciation rate ∆ is
fixed to 5% p.a. Furthermore, health expenditures between age 30 and 59 are required. As health
expenditures per capita are fundamentally driven by age structures and no adequate data by age
group is available, we approximate them by controlling for the effects of age structures. Total health
expenditures in percent of GDP enable to calculate the average health expenditures per capita in
PPP. In a second step, we correct the values by supposing the distribution of health expenditures
over age groups and sexes in Germany to obtain the health expenditures between age 30 and 59
hi,t.

18 Table 1 presents the summary statistics of economic as well as demographic variables.

Table 1:
Summary statistics of economic and demographic variables

Variable Mean Std. dev. Min Max

GDP in bn PPP 18491 47499 59 366699
Health exp. In K PPP 37.945 41.896 1.452 183.492
Total labor force in K 31040 99124 165 761269
Capital stock in bn PPP 1666 4101 5 29953
Survival prob 0.721 0.123 0.510 0.950
NRR 1.204 0.478 0.600 2.437

Calibrating the model requires the demographic variables in addition to the economic ones.
Ten-year averages of total labor forces approximate the population in working age N t−1

i,t . Both
fertility as well as mortality emanate from the United Nations (2011) world prospects 2010 and
focus on female populations. The survival probability qi is calculated from female life tables in 2009.
The average life-expectancy at age 60 is related to the length of a period. The NRR 2005-2010
reflects fertility ni,t and implicitly captures mortality within childhood and reproductive age.19

4.2 Calibration of the laissez-faire economy

A calibration requires specific functional forms. We suppose logarithmic instantaneous utility
functions for consumption in middle and old age, as well as for the utility generated by children
u(·) = v(·) = ln (·). Production technology follows a common Cobb-Douglas function with Ai as
total factor productivity (TFP):

Yi,t = F (Ki,t, Li,t) = AiK
α
i,tL

1−α
i,t .

Its partial production elasticity of capital (α) is fixed to 0.3. The survival probability is a mono-
tonically increasing function of health expenditures q′ > 0:

q(hi,t−1) =
1

1 + exph0,i−h
δ
i,t−1

, (28)

upper bounded by 1. Determined by the parameters h0,i, δi the function is either s-shaped or
concave. The country specific parameter h0,i reflects general climate, medical and hygienic envi-

18In general the distribution of health expenditures over age groups is similar across countries (Dalgaard and
Strulik, 2014). Appendix D offers details of the calculation.

19Figure 1 illustrates the implied age structures.
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ronmental situations of economies and is independent from individual health expenditures. Their
influence is captured by the country specific parameter δi > 0.20

The first step of the calibration fixes the country non-specific weight of children in the expected
life-cycle utility function and the time to bring them up. Within the model, parents allocate their
time between child rearing and paid work. Relating time for care to the sum of time for care
and paid work leads to an average of 15.3% for both men and women over age 15 in 23 OECD
countries. However, this value is sensitive to age structures and the average number of children
within countries. Focusing alternatively on the time used for childcare as main or second activity
compared to the total time for work and child rearing in all families with at least one child in
preschool age results in a much higher average value of 30.5% in 14 OECD countries. As the time
to bring up a child varies over age and potentially more than one is reared in the household, this
value is likely to be an overestimation. Following de la Croix and Doepke (2003), assuming that
only half of the time is necessary over a period of 30 years, results once again in a value around
15%; supposed for all countries in the calibration (OECD, 2012). Implicitly this fixes the average
maximal fertility to around 13 children per women. This outcome seems to be rather realistic as
Gagnon et al. (2008) state: “fertility was particularly high among the settlers of New France ... an
average of 9.97 children for each fertile woman who survived married to the age of 50.” Thus, even
this very high fertility is below the fixed natural limit.21 As part of the preferences, the country
non-specific weight of utility generated by child rearing is fixed to fulfill the FOC on the number of
children (eq. 11) in the US. The required good costs are 207.43 K and defined as total expenditures
of a child for housing, food, health care etc. converted in constant international PPP $.22

A second step determines the eight remaining parameters or variables, supposing γ, the weight-
ing of utility generated by child rearing, and the share of time required to do so (τ) are constant
across countries. As the laissez-faire solution comprises of eight equations, the system is identified
and the model perfectly replicates observed data. Following the definition of labor in eq. 1 allows
to calculate Li, considering the NRR, the total labor force and the time to bring up children. After-
wards, the TFP remains as residual in the Cobb-Douglas function and is ascertained. Additionally,
eq. 3, 4 and the capital market equilibrium (eq. 5) permit to calculate interest factors, wages
and savings. By means of savings, required to fit the capital-labor ratio, we choose the discount
factor βi corresponding to the Euler equation (eq. 10). The good cost in each country balances the
individual choice on the number of children (eq. 11). Finally, the two parameters of the survival
probability function are jointly determined by the decision on health expenditures (eq. 12) and the
survival probability itself (eq. 28).

20A common assumption in the literature, see e.g. Chakraborty (2004), Leung and Wang (2010) and Leroux et al.
(2011), is a concave survival probability function with: q′(h) > 0, q′′(h) < 0, q(h → ∞) = 1 and 0 ≤ q ≤ 1. The

specification q(hi,t−1) =
h0,i+h

δi
i,t−1

1+h0,i+h
δi
i,t−1

satisfies an upper bound of 1 and concavity (q′ > 0 , q′′ < 0) for the set of

parameters (δi, h0,i) fulfilling hδii +h0,1 > 0 and hδii +
(1+h0,i)(1−δ)

1+δ
> 0 for steady state solutions. As this specification

inserts additional restrictions and qualitative results are not altered, we prefer the more flexible functional form in
equ. 28.

21Fixing the time to bring up a child to 0.15 % goes along with the values detectable in OLG models with
endogenous fertility. For a period of 25 years Doepke (2004) chooses a time costs of 0.155. Half of the time cost of
0.15 %, estimated by Knowles (1999), is used in the calibration of de la Croix and Doepke (2003).

22The good costs are the sum over total expenditures at ages 0 to 17 for the younger child in middle-income,
husband-wife households with two children. Child care and education expenses are only considered for families with
expense (Lino, 2012).
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Table 2:
Summary statistics of the parameters

Parameter Mean Std. dev. Min Max

α 0.30
τ 0.15
γ 0.46

Ai (in K) 31.23 21.05 4.58 103.19
ai (in K) 118.05 150.13 -4.16 714.76
β 0.29 0.13 0.14 0.87
h0,i 1.10 0.35 0.40 2.07
δ 0.07 0.03 0.02 0.14

Table 2 summarizes country non-specific and specific parameters, determined according to the
defined calibration strategy. The elasticity of production and the time required to bring up a child
are fixed by means of the literature. Utility generated by child rearing is weighted slightly below
half of those originated by consumption during working age.

On average the TFP (Ai) is 31,229, with a range between 4,583 in Mozambique and 103,187
in Luxembourg. The latter is in addition characterized by the highest total good costs per child
of 714.76 K PPP. In contrast, in many very poor, especially African countries, children still have
to contribute to household income. To fit the data, their contribution is highest in Mali (-4.16 K
PPP). On average the expenditures to bring up a child are 118.05 K PPP. The average individual
discount factor (0.29) is very close to the text book value (0.3) for 30 years, see e.g. de la Croix
and Michel (2002). Commonly, values are below mean in developed countries, e.g. Germany, UK
or the US, whereas developing countries like Guyana, Malawi or Zambia have rather high values,
implying a lower discounting. The two parameters in the survival probability function have an
average of δ = 0.07 and h0 = 1.1. To fit both, mortality and health expenditures, the United States
of America have the lowest survival probability in absence of health investments, due to h0 = 2.07.
A very low survival probability features Japan in this theoretical situation as well (h0 = 1.86), even
if the observed survival probability is highest. However, health expenditures have c.p. the highest
influence on longevity (δ = 0.14). On the contrary, the situation is vice versa in Israel with the
highest survival probability in a hypothetical situation without health investments (h0 = 0.40 and
δ = 0.07). Pakistan is featured by the lowest impact of health expenditures on longevity (δ = 0.02).

4.3 Numerical results

The set of parameters perfectly replicates the observed age structures in the laissez-faire scenario
(LF) illustrated in figure 1. Additionally, it enables to compute the corresponding optimal solutions
in first-best economies. Table 3 presents the demographic variables of three first-best as well as the
LF scenario.23

The “Golden Age” scenario (GA) constitutes the point of reference, because of two reasons.
First of all, this optimal solution for a Millian SWF with a SDF of ρ = 1 avoids the arbitrary and
hardly defensible discounting of future generations. Secondly, the “Golden Age” characterizes the
most favorable solution among all optimal from an individual point of view, as it goes along with
the highest expected life-cycle utility. However, the neglected population size in the SWF and the

23The values are non-weighted averages across continents. Appendix E offers parameters, variables and SOC for
selected countries.
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dominating capital dilution effect lead to a very low “Golden Age” fertility. Optimality of such a
very fast shrinking population is highly questionable from a demographic point of view. On average
populations halve every generation and reduce actually to 30 % in the European area. Africa, the
continent with the highest observable number of offspring, coincidences with the highest “Golden
Age” fertility. Still, on average the NRR of 0.67 is below replacement level. Only in Mali and
Zambia optimal populations grow. Thus, adding children to the SWF and considering their goods
and time costs clearly avoid an overestimation of fertility, detectable in theories on optimal growth
rates (Arthur and McNicoll, 1978). Nevertheless, the low “Golden Age” fertility is rather intuitive.
The planner only cares about utility of the representative individual, not about population size.
Furthermore, accounting for the “modified golden rule” (eq. 15) a low fertility goes along with a
lower marginal product of kFB and hence c.p. a higher output per work-force. Finally, this implies
more consumption possibilities and thereby utility for the representative individual. In addition,
the higher output enables to invest more in health. Thus, even if taking into account the Philipson-
Becker effect would suggest a lower survival probability than in the LF economy, the “Golden Age”
exceeds the observed survival probability in all 80 countries.

Table 3:
Average observed and optimal demographic variables

Area Fertility Survival probability
LF GA FB1 FB2 LF GA FB1 FB2

Africa 1.74 0.67 1.40 2.83 0.57 0.59 0.58 0.57
Asia 1.03 0.41 0.87 1.66 0.71 0.73 0.72 0.71
Europe 0.81 0.30 0.70 1.37 0.84 0.88 0.86 0.85
North America 1.21 0.44 0.99 1.95 0.76 0.79 0.77 0.76
Oceania 0.98 0.39 0.84 1.62 0.86 0.89 0.88 0.86
South America 1.16 0.47 0.97 1.85 0.75 0.78 0.76 0.75
World 1.20 0.46 1.00 1.96 0.72 0.74 0.73 0.72

As the very low “Golden Age” fertility is striking from a demographic point of view, we present
two additional FB scenarios. Introducing a SDF and considering the population size in the welfare
function (x > 0) changes the optimal number of children. The SDF is fixed to 0.5 % p.a in both
scenarios FB1 and FB2. To achieve an optimal average fertility across countries that coincidences
with the replacement level, the weighting of population size in the SWF (x) is fixed to 0.75 % in
scenario FB1. In general this scenario implies an optimal NRR smaller than the observed. The
number of offspring in less developed countries exceeds the replacement level but still remains below
in developed economies. As output persists above the observed level, most populations in FB1 have
similar or even higher survival probabilities than observed.

Scenario FB2 implies optimum populations featured by a high fertility, exceeding the replace-
ment level everywhere. Supposing a weight of population size of x = 5% still guarantees a upper
bounded maximization (ρnx < 1) in all economies. On average the cohort size almost doubles every
period. Due to the lower output per capita, the survival probability further decreases compared to
“Golden Age” and FB1. An observed longevity exceeding the optimal features a lot of economies,
like Australia, France or Mali. Further increasing the weight of the population size to the boundary
of maximization drops longevity below the optimal everywhere.
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Table 4:
Average observed and optimal age structures

Area Mean age Dependency ratio
LF GA FB1 FB2 LF GA FB1 FB2

Africa 1.58 2.11 1.69 1.39 2.12 1.70 1.87 3.06
Asia 1.91 2.44 2.01 1.64 1.82 2.49 1.80 2.14
Europe 2.09 2.62 2.19 1.76 1.88 3.30 1.96 2.00
North America 1.82 2.42 1.95 1.55 1.88 2.45 1.82 2.36
Oceania 1.97 2.51 2.07 1.66 1.86 2.67 1.89 2.15
South America 1.83 2.39 1.94 1.57 1.83 2.27 1.79 2.27
World 1.84 2.39 1.95 1.58 1.92 2.44 1.86 2.39

The optimal age structures, involved by fertility and mortality, are presented in table 4 as non-
weighted averages across continents. Additionally, figure 2 adds the optimal dependency ratios and
mean ages to the observed, illustrated on the RHS of figure 1. Figure 3 supplements the LHS of
figure 1 by the optimal dependency ratios distinguished by youth and old age dependency ratio.

Figure 2: Laissez-faire and first-best age structures across countries

Both, the very low NRR and high survival probability, lead to a “Golden Age” mean age above
the observed, plotted to the right of the LF scenario in figure 2. Hence, observed populations are far
too young compared to the “Golden Age” situation, as point of reference. The increasing optimal
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number of children combined with a shrinking survival probability decreases mean ages, if future
generation’s utility is discounted and/or the SWF considers population size. As soon as optimal
solutions are plotted to the left of the LF economy, populations are over-aged, like illustrated by
scenario FB2.

Whether the “Golden Age” exceeds the laissez-faire share of non-working individuals or not,
in particular depends on the observed number of children. All countries go along with a higher
old-age and a lower youth dependency ratio than observed (figure 3). Even if the lower “Golden
Age” fertility reduces the youth dependency ratio, the higher old age dependency ratio dominates
in most countries. These economies are featured by a “Golden Age” dependency ratio that exceeds
the observed level. Only economies with high observed NRR and low survival probabilities plotted
on the lower left in fig. 1, like Cameroon, Egypt, Kenya, Mali, Uganda and Zambia, are featured
by a lower distance to the point of origin and thus smaller “Golden Age” dependency ratios.

Figure 3: Laissez-faire and first-best dependency ratios across countries

Introducing a SDF and a preference for the population stock (x > 0) boosts optimal fertility and
reduces the survival probability. The optimal mean age and old age dependency shrink, whereas
the youth dependency ratio increases. First-best age structures move to the lower right, following a
convex curve, accompanied by an initially shrinking share of non-working individuals, visualized in
figure 3. The decreasing old-age dependency ratio initially dominates the growing youth dependency
ratio. As soon as they balance each other, the minimal overall dependency ratio is obtained. A
further increasing SDF and/or weight of population size in the SWF leads to a growing overall share
of non-active individuals. Thus, the optimal dependency ratio follows the same U-shaped pattern
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in the decreasing mean age detectable in the observed data of figure 1, if the SDF and/or weight of
the population size increases, illustrated by the three FB scenarios in figure 2. Starting from the
reference point of the “Golden Age”, the share of non-working individuals in most economies shrinks
and converges to the observed in scenario FB1. Populations with a “Golden Age” dependency ratio
below the observed are an exception. In general their “Golden Age” is below their FB1 dependency
ratio. Stronger preferences for the population stock (FB2) imply even younger optimal populations
(a lower mean age) and higher dependency ratios. The larger number of fertility further boost the
youth dependency ratio, now dominating the shrinking old age dependency ratio.

All optimal populations plotted in figure 2 and 3 differ from the observed situations in figure
1. Whereby the SWF function determines whether optimal or observed age structures are char-
acterized by a higher or lower mean age and share of non-working individuals. In “Golden Age”
populations that are too young feature all economies and most developed countries have a higher
share of working individuals than optimal. In scenario FB1 the dependency ratio is similar to the
observed. However, except of Zambia, all populations are still too young. On the contrary the
strong preference for the population stock leads to an over-aging in all countries, accompanied by
an overshooting of the working individuals in most laissez-faire economies.24 Table 4 illustrates the
varying relation between optimal and observed age structures on average across continents. The
policy instruments to decentralize the different optimal solutions summarizes table 5.

Table 5:
Average policy measures to implement the “Golden Age”

Health Tax Child Lump-sum transfer in
Area in % allowance in K middle age in K old age in K

GA FB1 FB2 GA FB1 FB2 GA FB1 FB2 GA FB1 FB2

Africa -10.2 -9.8 -9.7 -276 -39 21 237 101 4 -90 -105 -133
Asia -9.8 -9.4 -9.4 -1553 -228 91 938 427 72 -201 -256 -361
Europe -9.0 -8.6 -8.6 -4317 -594 245 2542 1144 209 -429 -588 -868
N. America -9.6 -9.1 -9.1 -1547 -194 83 1034 446 61 -220 -295 -420
Oceania -8.9 -8.5 -8.5 -2075 -297 176 1627 723 74 -352 -443 -649
S. America -9.7 -9.3 -9.3 -693 -95 47 537 235 27 -136 -171 -243
World -9.7 -9.3 -9.2 -1768 -244 104 1109 495 79 -223 -293 -420

The “Golden Age” goes along with the highest feasible expected life-cycle utility for the repre-
sented individuals in all points in time. To achieve this most favorable optimal age structure from
an individual point of view, which is beyond doubt problematic from a demographic perspective, re-
quires extensive policy measures. Their signs are identical across countries, only magnitudes differ.
As expected, health expenditures are taxed by around 9 to 10 % to account for the Philipson-Becker
effect. Children are taxed too, due to a capital dilution effect that dominates the intergenerational
transfer effect in all economies. Additionally to the good cost a, a child costs 1,768 K PPP on
average, certainly with a large variation between 7.22 K PPP in Zambia and 11.055 million PPP
in Luxembourg. The working generation obtains a lump-sum transfer to increase the capital-labor
ratio and the retired generations pays a transfer to close the budget constraint in all 80 countries.
Generally the extents of instruments decrease in scenario FB1 and signs are unchanged for the
majority of countries. Only in Zambia children are subsidized combined with a positive lump-sum
transfer of the working age generation. The higher preference for the population stocks in FB2 leads

24It has to be mentioned, that the expected first-best life-cycle utility is below laissez-faire in certain circumstances.
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to a dominated capital dilution effect and a child allowance across countries, between 2.7 K PPP
in Mozambique and 591.7 K PPP in Luxembourg. The sign of health expenditures isn’t altered.
The lump-sum transfers are either both negative, e.g. Israel, Guyana or Uganda, only positive in
working age to increase the capital-labor ratio, e.g. China, Germany or Japan, or during retire-
ment age as in Zambia to implement the optimal capital-labor ratio and close the government’s
budget constraint. Hence, assumptions concerning the SWF are important for the direction and
magnitudes of the policy instruments necessary to implement the varying optimal age structures.

5 Conclusion

A simple OLG-model with endogenous fertility and longevity replicates observed age structures
to evaluate a possible over-aging. Defining number-dampened total utilitarianism as objective for
optimality and adding optimal to observed age structures in figure 2 and 3 offers an instrument to
discuss sub-optimality of observed situations. Three first-best scenarios point out the sensitivity of
results concerning the definition of social welfare functions.

“Golden Age” populations are always older than observed ones and featured by a shrinking
number of very happy individuals in almost every economy. A successive raise in the preference
for the population stock increases optimal fertility and lowers the survival probability as well as
expected life-cycle utility. Optimal mean ages and dependency ratios trace the U-shaped pattern
detectable across observed age structures. A sufficient weighting of the population size in SWF,
as in scenario FB2, leads to an over-aging of observed populations. Four policies implement the
varying optimal age structures. Health expenditures are always taxed, whereas the sign of the child
allowances and the lump-sum transfers in working as well as retirement age are sensitive to the SDF
and the preference for the population stock. A positive child allowance is more likely the higher
the latter. However, the discounting of future generation’s utility is problematic from an ethical
point of view. Furthermore, both parameters, the SDF (ρ) and the magnitude of the preference
for the population size (x), are fixed arbitrary and enable first-best solutions with lower life-cycle
utilities than in the laissez-faire economy. Finally, the following dilemma arises:

At least one aspect of the different optimal solutions is problematic. The shrinking, very old
populations in “Golden Age” are striking from a demographic point of view but favorable from
an ethical and economic perspective. In contrast, first-best solutions with younger age structures
are demographically less problematic, but are less advantageous for individuals and imply ethical
problems, due to an arbitrary discounting of future generation’s utility and preference for the
population stock.

However, due to assumptions and simplifications, findings should be interpreted carefully. First
of all, age structures are aggregated to three generations. The child survival probability and age-
dependent heterogeneity within age groups are not considered, e.g. fast growing health expenditures
in old age. Furthermore, the calibration exercise focuses on steady state and hence stable popu-
lations. Aging as a dynamic phenomenon is not investigated. Indeed, non of the 80 calibrated
economies is in a steady state situation. Beside the demographic aspects, economic assumptions
limit results. Estimated parameters might be biased, in consequence of country-specific policies
and social security systems, neglected in the calibration. Diversity of social security systems across
countries would require totally different models to consider them adequately.
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A Hessian-matrix of the laissez-faire economy

The FOCs describe a maximum if the following 3x3 Hessian-matrix is negative definite:

H ≡


∂2EUt
∂s2t

∂2EUt
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Following Young’s theorem, the Hessian is symmetric. The 6 necessary partial derivations of the
matrix H are:

∂2EUt
∂s2t

= u′′(ct) + βR̃2
t+1q(ht)u
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To determine the SOC the Eigenvalues and Sylvester’s Criterion are computed by the matrix H in
the calibration exercise.

B Hessian-matrix of the “Golden Age” solution

To verify that the optimality conditions describe a maximum in the Golden age situation, the
following Hessian-matrix is computed for the static case of ρ = 1:

H ≡
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The partial derivations of the matrix H are:
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C Hessian-matrix of the first-best solution

The Hessian matrix, to verify that the optimality conditions describe a maximum, is:

H ≡


∂2W
∂d2t

∂2W
∂dt∂kt+1

∂2W
∂dt∂nt

∂2W
∂dt∂ht

∂2W
∂kt+1∂dt

∂2W
∂k2t+1

∂2W
∂kt+1∂nt

∂2W
∂kt+1∂ht

∂2W
∂nt∂dt

∂2W
∂nt∂kt

∂2W
∂n2

t

∂2W
∂nt∂ht

∂2W
∂ht∂dt

∂2W
∂ht∂kt

∂2W
∂ht∂nt

∂2W
∂h2t


The partial derivations of the matrix H are:
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D Calculation of the Health expenditures

The total health expenditures per capita in PPP are the weighted sum over sexes and age groups:

H∑ =
∑

age group

∑
sex

xage group, sexhage group, sex

with hage group, sex, the age and sex specific health expenditures and xage group, sex, the share on total

population. Supposed
hGermany
age group+j

hGermany
0-14,female

, the relation of health expenditures between age groups and sexes

in Germany, holds across countries, rearranging allows to express the female health expenditure in
the youngest age group for each country:

hi,0-14,female =
H∑∑J=12

j=0 xage group, sex
hGermany
age group+j

hGermany
0-14,female
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with J as the age-groups of both sexes. By means of Hj,age group,female and the age structures given
by the United Nations (2011), it is possible to approximate the total health expenditures of females
between age 30 and 59 for the 84 countries:

hi = 15 ∗ hi,0−14 ∗

(
hGermany30−44

hGermany0−14
+
hGermany30−64

hGermany0−14

)
.

E Results for selected countries

Table 6:
Expected LC-utilities in selected countries

Country Life-cycle utility
LF GA FB1 FB2

Argentina 15.18 15.80 15.72 15.43
Austria 15.64 16.39 16.31 16.02
Brazil 14.30 15.04 14.96 14.68
Cameroon 14.32 14.71 14.64 14.38
Canada 15.51 16.31 16.22 15.92
Chile 14.80 15.55 15.47 15.19
China 12.70 13.59 13.51 13.26
Egypt, Arab Rep. 14.66 15.24 15.17 14.89
France 16.22 16.84 16.76 16.47
Germany 15.44 16.23 16.14 15.85
Guyana 15.77 16.02 15.96 15.72
India 13.39 14.00 13.93 13.68
Israel 16.76 17.25 17.17 16.86
Italy 15.49 16.25 16.18 15.90
Japan 15.72 16.36 16.29 16.02
Kenya 14.73 14.97 14.91 14.65
Luxembourg 16.51 17.28 17.20 16.89
Malawi 13.61 13.88 13.81 13.52
Mali 14.83 15.02 14.96 14.66
Mozambique 13.20 13.51 13.45 13.21
New Zealand 16.18 16.74 16.67 16.37
Pakistan 13.85 14.40 14.33 14.07
Philippines 14.86 15.22 15.16 14.90
Singapore 15.36 16.21 16.13 15.85
South Africa 15.08 15.71 15.63 15.35
Sweden 15.84 16.53 16.45 16.16
Uganda 13.51 13.89 13.81 13.51
United Kingdom 15.57 16.34 16.26 15.96
United States 16.35 17.07 16.98 16.65
Zambia 16.25 16.31 16.25 15.90
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