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DYNAMICS OF YARDSTICK 

REGULATION: HISTORICAL COST 

DATA AND THE RATCHET EFFECT 

Johannes Meya 
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❘❡❛❧ ❧✐❢❡ ❛♣♣❧✐❝❛t✐♦♥s ♦❢ ②❛r❞st✐❝❦ r❡❣✉❧❛t✐♦♥ ❢r❡q✉❡♥t❧② r❡❢❡r t♦ ❤✐st♦r✐❝❛❧ ❝♦st

❞❛t❛✳ ❲❤✐❧❡ ②❛r❞st✐❝❦ r❡❣✉❧❛t✐♦♥ ❝✉ts t❤❡ ❧✐♥❦ ❜❡t✇❡❡♥ ✜r♠s✬ ♦✇♥ ❝♦sts ❛♥❞

♣r✐❝❡s ✜r♠s ♠❛② ❝❤❛r❣❡ ✐♥ ❛ st❛t✐❝ s❡tt✐♥❣✱ ✐t ❞♦❡s ♥♦t ❞♦ s♦ ✐♥ ❛ ❞②♥❛♠✐❝ s❡t✲

t✐♥❣ ✇❤❡r❡ ❤✐st♦r✐❝❛❧ ❝♦st ❞❛t❛ ✐s ✉s❡❞✳ ❆ ✜r♠ ❝❛♥ ✐♥✢✉❡♥❝❡ t❤❡ ♣r✐❝❡ ✐t ✇✐❧❧ ❜❡

❛❧❧♦✇❡❞ t♦ ❝❤❛r❣❡ ✐♥ t❤❡ ❢✉t✉r❡ ✐❢ ✐ts ❜❡❤❛✈✐♦r t♦❞❛② ❝❛♥ ❛✛❡❝t ❢✉t✉r❡ ❜❡❤❛✈✐♦r

♦❢ ♦t❤❡r ✜r♠s t❤❛t ❞❡t❡r♠✐♥❡s t❤❡ ♣r✐❝❡ t❤✐s ✜r♠ ✇✐❧❧ ❜❡ ❛❜❧❡ t♦ ❝❤❛r❣❡ ❧❛t❡r

♦♥✳ ❚❤✐s ♣❛♣❡r s❤♦✇s t❤❛t✱ ❛ss✉♠✐♥❣ t❤❛t s❧❛❝❦✱ ✐♥✢❛t✐♦♥ ♦❢ ❝♦sts✱ ✐s ❜❡♥❡✜❝✐❛❧

t♦ ✜r♠s✱ ❛ tr❛❞❡✲♦✛ ❜❡t✇❡❡♥ s❤♦rt t❡r♠ ♣r♦✜t t❤r♦✉❣❤ ❛❜st✐♥❡♥❝❡ ❢r♦♠ s❧❛❝❦

❛♥❞ t❤❡ ❜❡♥❡✜t ♦❢ s❧❛❝❦ ✐♥ ✭✐♥✜♥✐t❡❧②✮ ♠❛♥② ♣❡r✐♦❞s ❛r✐s❡s✳ ❆ r❛t❝❤❡t ❡✛❡❝t

t❤❛t ②❛r❞st✐❝❦ r❡❣✉❧❛t✐♦♥ ✇❛s ♠❡❛♥t t♦ ♦✈❡r❝♦♠❡ ❝❛♥ ♦❝❝✉r ❛♥❞ ✜r♠s ❝❛♥ r❡✲

❛❧✐③❡ ♣♦s✐t✐✈❡ r❡♥ts ❜❡❝❛✉s❡ ♦❢ t❤❡ ✉s❡ ♦❢ ❤✐st♦r✐❝❛❧ ❝♦st ❞❛t❛✱ ❡✈❡♥ ✐❢ ✜r♠s ❛r❡

✐❞❡♥t✐❝❛❧✳ ❊q✉✐❧✐❜r✐❛ ✇✐t❤ ♣♦s✐t✐✈❡ s❧❛❝❦ ❝❛♥ ❡①✐st ✇✐t❤♦✉t ❛♥② ❝♦❧❧✉s✐♦♥ ❜❡✲

t✇❡❡♥ ✜r♠s ♦r t❤r❡❛t✳ ▼♦r❡♦✈❡r✱ t❤✐s ♣r♦❜❧❡♠ ✐s ♠♦r❡ s❡✈❡r❡ ✐❢ t❤❡ ✜r♠ ✇✐t❤

t❤❡ ❧♦✇❡st ❝♦sts ♦❢ ❛❧❧ ♦t❤❡r ✜r♠s ✐♥st❡❛❞ ♦❢ t❤❡ ❛✈❡r❛❣❡ ✜r♠ ✐s t❤❡ ②❛r❞st✐❝❦✳

❑❡②✇♦r❞s✿ ②❛r❞st✐❝❦ r❡❣✉❧❛t✐♦♥✱ ②❛r❞st✐❝❦ ❝♦♠♣❡t✐t✐♦♥✱ r❛t❝❤❡t ❡✛❡❝t✱ ❤✐st♦r✐✲

❝❛❧ ❝♦st ❞❛t❛
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∗❲❡ t❤❛♥❦ ❘♦❜❡rt ❙❝❤✇❛❣❡r✱ ❘✳ ❊♠r❡ ❆②t✐♠✉r✱ ❈❤r✐st✐❛♥ ❇r✉♥s ❛s ✇❡❧❧ ❛s s❡♠✐♥❛r ♣❛rt✐❝✐♣❛♥ts
❛t t❤❡ ❊✉r♦♣❡❛♥ ❲✐♥t❡r ▼❡❡t✐♥❣ ♦❢ t❤❡ ❊❝♦♥♦♠❡tr✐❝ ❙♦❝✐❡t② ✐♥ ▼❛❞r✐❞✱ t❤❡ ✻t❤ ■♥t❡r♥❛t✐♦♥❛❧
❉♦❝t♦r❛❧ ▼❡❡t✐♥❣ ✐♥ ▼♦♥t♣❡❧❧✐❡r✱ t❤❡ ✹t❤ ◆❡t✇♦r❦ ♦❢ ■♥❞✉str✐❛❧ ❊❝♦♥♦♠✐sts ❉♦❝t♦r❛❧ ❙t✉❞❡♥t
❈♦❧❧♦q✉✐✉♠ ✐♥ ◆♦tt✐♥❣❤❛♠✱ t❤❡ ✺t❤ ❯❊❈❊ ▲✐s❜♦♥ ▼❡❡t✐♥❣s✿ ●❛♠❡ ❚❤❡♦r② ❛♥❞ ❆♣♣❧✐❝❛t✐♦♥s✱ t❤❡
❆♥♥✉❛❧ ▼❡❡t✐♥❣ ♦❢ t❤❡ ❱❡r❡✐♥ ❢✉❡r ❙♦❝✐❛❧♣♦❧✐t✐❦ ✐♥ ❉✉❡ss❡❧❞♦r❢✱ t❤❡ ✶✻t❤ ❈✐t② ❯♥✐✈❡rs✐t② ▲♦♥❞♦♥
❈❡♥tr❡ ❢♦r ❈♦♠♣❡t✐t✐♦♥ ❛♥❞ ❘❡❣✉❧❛t♦r② P♦❧✐❝② ❲♦r❦s❤♦♣ ✐♥ ▼✐❧❛♥ ❛♥❞ t❤❡ ✼t❤ ❑■▼ ❈♦♥❢❡r❡♥❝❡
✐♥ ❇❡r❧✐♥ ❢♦r ❤❡❧♣❢✉❧ ❝♦♠♠❡♥ts ❛♥❞ s✉❣❣❡st✐♦♥s✳
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◆❛t✉r❛❧ ♠♦♥♦♣♦❧✐❡s ❛r❡ ❢r❡q✉❡♥t❧② s✉❜❥❡❝t t♦ r❡❣✉❧❛t✐♦♥✳ ❆s ❵♥❛t✉r❛❧✬ ❝♦♠♣❡t✐t✐♦♥
❞♦❡s ♥♦t ❢♦r❝❡ ♣r✐❝❡s t♦✇❛r❞s ❛ ♣❡r❢❡❝t ❝♦♠♣❡t✐t✐♦♥ ♦✉t❝♦♠❡✱ ♦❢t❡♥ r❡❣✉❧❛t♦r② ❛❣❡♥✲
❝✐❡s ❥✉♠♣ ✐♥ t♦ ❵r❡❣✉❧❛t❡✬ ♣r♦✜t✱ ♣r✐❝❡s ♦r r❡✈❡♥✉❡✳ ❯♥❞❡r tr❛❞✐t✐♦♥❛❧ r❛t❡ ♦❢ r❡t✉r♥
r❡❣✉❧❛t✐♦♥✱ ❛❧❧♦✇❡❞ ♣r♦✜t ♦❢ ❛ ✜r♠ ✐s ❧✐♥❦❡❞ t♦ ❝❛♣✐t❛❧ ❡♠♣❧♦②❡❞✳ ❚❤❡ ✇❡❧❧ ❦♥♦✇♥
r❡s✉❧t ♦❢ ❆✈❡r❝❤ ❛♥❞ ❏♦❤♥s♦♥ ✭✶✾✻✷✮ ✐s t❤❛t t❤✐s r❡❣✉❧❛t✐♦♥ ♣r♦✈✐❞❡s ✐♥❝❡♥t✐✈❡s ❢♦r
t❤❡ ✜r♠s t♦ ❡♠♣❧♦② ❛♥ ✐♥❡✣❝✐❡♥t ✐♥♣✉t ♠✐① ❛♥❞ ♥♦t t♦ ❡♥❣❛❣❡ ✐♥ ❝♦st ♠✐♥✐♠✐③✲
✐♥❣ ❜❡❤❛✈✐♦r ✕ ✐♥ ♦t❤❡r ✇♦r❞s✱ t♦ ♣r♦❞✉❝❡ ✇✐t❤ s♦♠❡ s❧❛❝❦✳ ■♥❝❡♥t✐✈❡ r❡❣✉❧❛t✐♦♥ ✐s
♠❡❛♥t t♦ ❛❞❞r❡ss t❤✐s ✐ss✉❡✳ Pr✐❝❡ ❝❛♣ r❡❣✉❧❛t✐♦♥✱ ♦r✐❣✐♥❛❧❧② s✉❣❣❡st❡❞ ❜② ▲✐tt❧❡❝❤✐❧❞
✭✶✾✽✸✮✱ ❞❡❝♦✉♣❧❡s ❝♦sts ✐♥❝✉rr❡❞ ❛♥❞ ♣r✐❝❡s ❛❧❧♦✇❡❞ t♦ ❜❡ ❝❤❛r❣❡❞ ❜② ✜①✐♥❣ ♦r ❝❛♣✲
♣✐♥❣ ♣r✐❝❡s✱ ♥♦ ♠❛tt❡r ✇❤❛t ❝♦sts ❛r❡✳ ❚❤✉s✱ t❤❡ ✜r♠ ❜❡❝♦♠❡s t❤❡ r❡s✐❞✉❛❧ ❝❧❛✐♠❛♥t
♦❢ ❛❧❧ ❝♦sts ♥♦t ✐♥❝✉rr❡❞ ❛♥❞ s♦✱ ❤❛s ❛ str♦♥❣ ✐♥❝❡♥t✐✈❡ t♦ ♣r♦❞✉❝❡ ✇✐t❤♦✉t s❧❛❝❦ ✐❢
♣r♦✜t ✐s ✇♦rt❤ ♠♦r❡ t♦ t❤❡ ✜r♠ t❤❛♥ s❧❛❝❦ ✐s✳ ◆❡❝❡ss❛r✐❧②✱ t❤❡ q✉❡st✐♦♥ ♦❢ ❤♦✇ t❤❡
♣r✐❝❡ ❝❛♣ s❤♦✉❧❞ ❜❡ ❞❡✜♥❡❞ ❛r✐s❡s✳ ■❢ t❤❡ r❡❣✉❧❛t♦r t❛❦❡s ✐♥t♦ ❛❝❝♦✉♥t ♣r♦✜ts ♠❛❞❡
❛♥❞ ❝♦sts ✐♥❝✉rr❡❞✱ t❤❡ ✐♥❝❡♥t✐✈❡ str✉❝t✉r❡ ✐s ♠✉❝❤ ❧❡ss ❝❧❡❛r ❝✉t✱ ❛s ❡✳❣✳ ❚r❛✐♥ ✭✶✾✾✶✮
♣♦✐♥ts ♦✉t✳ ❚❤❡ ❜❛s✐❝ ✐❞❡❛ ♦❢ ②❛r❞st✐❝❦ r❡❣✉❧❛t✐♦♥✱ ❛s ❞❡s❝r✐❜❡❞ ❜② ❙❤❧❡✐❢❡r ✭✶✾✽✺✮✱
s♦❧✈❡s t❤✐s ♣r♦❜❧❡♠ ❜② ✉s✐♥❣ ✐♥❢♦r♠❛t✐♦♥ ♦♥ ❝♦sts ♦❢ ♦t❤❡r ❝♦♠♣❛r❛❜❧❡ ✜r♠s t♦ ❞❡✜♥❡
♣r✐❝❡s ❛ ✜r♠ ✐s ❛❧❧♦✇❡❞ t♦ ❝❤❛r❣❡✳ ■♥ ❛ st❛t✐❝ ✇♦r❧❞ ❛♥❞ ✐♥ ❡✈❡r② ♣❡r✐♦❞ ♣r✐❝❡s ❛♥❞
❝♦sts ❢♦r ❡❛❝❤ ✐♥❞✐✈✐❞✉❛❧ ✜r♠ ❛r❡✱ ❛s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ❝♦♠♣❧❡t❡❧② ✐♥❞❡♣❡♥❞❡♥t ♦❢ ❡❛❝❤
♦t❤❡r✳ ■♥ t❤❡ ❛❜s❡♥❝❡ ♦❢ ❝♦❧❧✉s✐♦♥✱ ②❛r❞st✐❝❦ r❡❣✉❧❛t✐♦♥ ❢♦st❡rs ❡✣❝✐❡♥t ♣r♦❞✉❝t✐♦♥✱
❡s♣❡❝✐❛❧❧② ✐❢ ✜r♠s ❛♥❞ ❝✐r❝✉♠st❛♥❝❡s ♦❢ ♣r♦❞✉❝t✐♦♥ ❛r❡ ✈❡r② s✐♠✐❧❛r✳ ❚❛♥❣❡rås ✭✷✵✵✷✱
♣✳ ✷✸✷✮ s✉♠♠❛r✐③❡s✿ ✏t❤❡ r❡❣✉❧❛t♦r ✐s ❛❜❧❡ t♦ ❡①tr❛❝t ❛❧❧ s✉r♣❧✉s ❢r♦♠ ✜r♠s ❛♥❞ r❡❛❝❤
❢✉❧❧ ❡✣❝✐❡♥❝② ✐❢ t❡❝❤♥♦❧♦❣✐❡s ❛r❡ ♣❡r❢❡❝t❧② ❝♦rr❡❧❛t❡❞✳✑ ❚❤✐s ♣❛♣❡r s❤♦✇s t❤❛t t❤✐s
♣r♦♣❡rt② ❞♦❡s ♥♦t ❝❛rr② ♦✈❡r ✐♥t♦ ❛ ❞②♥❛♠✐❝ s❡tt✐♥❣ ✐❢ ❤✐st♦r✐❝❛❧ ❝♦st ❞❛t❛ ✐s ✉s❡❞✳
❆ ✜r♠ ❝❛♥ ✐♥✢✉❡♥❝❡ t❤❡ ♣r✐❝❡ ✐t ✐s ❛❧❧♦✇❡❞ t♦ ❝❤❛r❣❡ ✐♥ t❤❡ ❢✉t✉r❡ ✈✐❛ ✐ts ❡✛❡❝t ♦♥
t❤❡ ❜❡❤❛✈✐♦r ♦❢ ♦t❤❡r ✜r♠s✳ ❈♦♥s❡q✉❡♥t❧②✱ ✇✐t❤♦✉t ❛♥② ❝♦❧❧✉s✐♦♥ ❛ r❛t❝❤❡t ❡✛❡❝t ❝❛♥
♦❝❝✉r ✉♥❞❡r ②❛r❞st✐❝❦ r❡❣✉❧❛t✐♦♥ ✉s✐♥❣ ❤✐st♦r✐❝❛❧ ❝♦st ❞❛t❛ ❛s ❛ r❡s✉❧t ♦❢ ✐♥❞✐✈✐❞✉❛❧
❛♥❞ ✐♥❞❡♣❡♥❞❡♥t ❞❡❝✐s✐♦♥ ♠❛❦✐♥❣ ♦❢ ✜r♠s✳

❚❤❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤✐s ♣❛♣❡r ✐s t✇♦❢♦❧❞✿ ■♥ ❛ s✐♠♣❧❡ ❞②♥❛♠✐❝ ♠♦❞❡❧ ✇✐t❤
t❤r❡❡ ✜r♠s✱ ✇❡ s❤♦✇ t❤❛t ❡✈❡r② ✜r♠ ❝❛♥ ❛✛❡❝t t❤❡ ♣r✐❝❡ ✐t ✐s ❛❧❧♦✇❡❞ t♦ ❝❤❛r❣❡
✐❢ t❤✐s ♣r✐❝❡ ✐s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❝♦sts ♦❢ t❤❡ ♦t❤❡r t✇♦ ✜r♠s ✐♥ t❤❡ ♣❡r✐♦❞ ❜❡❢♦r❡✳
❇② t❤✐s ✇❡ ❤✐❣❤❧✐❣❤t ❛ ❢❡❛t✉r❡ ♦❢ r❡❛❧ ✇♦r❧❞ ❛♣♣❧✐❝❛t✐♦♥s ♦❢ ②❛r❞st✐❝❦ r❡❣✉❧❛t✐♦♥
t❤❛t ❤❛s ♥♦t r❡❝❡✐✈❡❞ ♠✉❝❤ ❛tt❡♥t✐♦♥ ❜♦t❤ ✐♥ ❛❝❛❞❡♠✐❝ ❧✐t❡r❛t✉r❡ ❛♥❞ ✐♥ r❡❣✉❧❛t♦r②
♣r❛❝t✐❝❡✿ ❤✐st♦r✐❝❛❧ ❝♦sts ❛r❡ ✉s❡❞ t♦ ❞❡✜♥❡ ❝♦♥str❛✐♥ts✳ ❋✉rt❤❡r♠♦r❡✱ ✇❡ ❝♦♠♣❛r❡
t✇♦ ✈❛r✐❛♥ts ♦❢ ②❛r❞st✐❝❦ r❡❣✉❧❛t✐♦♥✿ ❡✐t❤❡r t❤❡ ✜r♠ ✇✐t❤ t❤❡ ❧♦✇❡st ❝♦sts ♦❢ ❛❧❧ ✜r♠s
❜✉t t❤❡ ❡✈❛❧✉❛t❡❞ ♦♥❡✱ ♦r t❤❡ ❛✈❡r❛❣❡ ♦❢ t❤❡ ♦t❤❡r ✜r♠s ❝❛♥ ❜❡ ✉s❡❞ ❛s t❤❡ ②❛r❞st✐❝❦✳
■♥t✉✐t✐✈❡❧②✱ ♦r✐❡♥t❛t✐♦♥ ❛t t❤❡ ❜❡st s❡❡♠s t♦ ❜❡ t❤❡ t♦✉❣❤❡r ❢♦r♠✳ ❍♦✇❡✈❡r✱ ✇❡ s❤♦✇
t❤❛t ❝❤♦♦s✐♥❣ t❤✐s s❝❤❡♠❡ ♠✐❣❤t ❧❡❛❞ t♦ ❤✐❣❤❡r s❧❛❝❦ ❛♥❞ ❛ ✇♦rs❡ s✐t✉❛t✐♦♥ ❢♦r s♦❝✐❡t②✳

✶



❆ ✇❡❧❧ ❝✐t❡❞ ❡①❛♠♣❧❡ ♦❢ t❤❡ ✉s❡ ♦❢ ❛✈❡r❛❣❡ ♣❡r❢♦r♠❛♥❝❡ ❢♦r r❡❣✉❧❛t✐♦♥ ✐s t❤❡
Pr♦s♣❡❝t✐✈❡ P❛②♠❡♥t ❙②st❡♠ ♦❢ ▼❡❞✐❝❛r❡ ✭♦r✐❣✐♥❛❧❧② ❙❤❧❡✐❢❡r✱ ✶✾✽✺✮✱ ✇❤❡r❡❛s ❡✳❣✳ t❤❡
●❡r♠❛♥ r❡❣✉❧❛t✐♦♥ ❢♦r ❡❧❡❝tr✐❝✐t② ♥❡t✇♦r❦s ❢♦❧❧♦✇s ❛ ❜❡st ♣r❛❝t✐❝❡✴❢r♦♥t✐❡r ❛♣♣r♦❛❝❤✳
❨❛r❞st✐❝❦ ♠❡❝❤❛♥✐s♠s ❛r❡ ❛❧s♦ ✉s❡❞ ✐♥ t❤❡ r❡❣✉❧❛t✐♦♥ ♦❢✱ ❢♦r ✐♥st❛♥❝❡✱ t❤❡ ✇❛t❡r
✐♥❞✉str② ✐♥ t❤❡ ❯❑ ✭❈♦✇❛♥✱ ✷✵✵✻✮ ♦r r❛✐❧✇❛② s❡r✈✐❝❡s ✐♥ ❏❛♣❛♥ ✭▼✐③✉t❛♥✐ ❡t ❛❧✳✱
✷✵✵✾✮✳✶ ❘❡❛❧ ❧✐❢❡ ❡①❛♠♣❧❡s ♦❢ ②❛r❞st✐❝❦ r❡❣✉❧❛t✐♦♥ ✉s✉❛❧❧② ❤❛✈❡ ✐♥ ❝♦♠♠♦♥ t❤❛t t❤❡
♣r✐❝❡ ♦❢ ❛ s❡r✈✐❝❡ ♦✛❡r❡❞ ✐s s❡t ❛♥❞ ❦♥♦✇♥ ❜❡❢♦r❡ ❝✉st♦♠❡rs ✉s❡ t❤❡ s❡r✈✐❝❡✳ ❋♦r
✐♥st❛♥❝❡✱ ❛t t❤❡ st❛rt ♦❢ ❛ r❡❣✉❧❛t♦r② ♣❡r✐♦❞ ♣r✐❝❡s ♦r ❝♦♥str❛✐♥ts ❛r❡ ❞❡✜♥❡❞ ❜❛s❡❞
♦♥ ♦❜s❡r✈❛t✐♦♥s ♦❢ ❝♦sts ❢r♦♠ t❤❡ r❡❣✉❧❛t♦r② ♣❡r✐♦❞ ❜❡❢♦r❡✳

❆s♣❡❝ts ♦❢ ②❛r❞st✐❝❦ r❡❣✉❧❛t✐♦♥ t❤❛t ❛r❡ s✉❜❥❡❝t t♦ ❞❡❜❛t❡ ♦r ❦♥♦✇♥ ❞r❛✇❜❛❝❦s
❛r❡ ❝♦❧❧✉s✐♦♥ ❛♠♦♥❣ ✜r♠s ✭❡✳❣✳ ❚❛♥❣❡rås✱ ✷✵✵✷❀ P♦tt❡rs ❡t ❛❧✳✱ ✷✵✵✹✮✱ ✐♥✈❡st♠❡♥t
❜❡❤❛✈✐♦r ✭❡✳❣✳ ❉❛❧❡♥✱ ✶✾✾✽❀ ❙♦❜❡❧✱ ✶✾✾✾✮ ❛♥❞ t❤❡ ♣♦t❡♥t✐❛❧ ✐♥❛❜✐❧✐t② ♦❢ ❛ r❡❣✉❧❛t♦r t♦
❝♦♠♠✐t t♦ ❛ r❡❣✉❧❛t♦r② s❝❤❡♠❡ ❢♦r t❤❡ ❢✉t✉r❡ ✭❋❛✉r❡✲●r✐♠❛✉❞ ❛♥❞ ❘❡✐❝❤❡✱ ✷✵✵✺✮✳
▼♦r❡♦✈❡r✱ q✉❛❧✐t② ♠✐❣❤t ❜❡ ❛❞✈❡rs❡❧② ❛✛❡❝t❡❞ ✉♥❞❡r ✐♥❝❡♥t✐✈❡ r❡❣✉❧❛t✐♦♥ ✐♥ ❣❡♥❡r❛❧✱
✇❤✐❝❤ ♠❛❦❡s ❛❞❞✐t✐♦♥❛❧ q✉❛❧✐t② r❡❣✉❧❛t✐♦♥ ♥❡❝❡ss❛r② ✭s❡❡ ❙❛♣♣✐♥❣t♦♥✱ ✷✵✵✺✱ ❢♦r ❛
s✉r✈❡②✮✳ ❋✐r♠s ♠❛② ❛❧s♦ ❧❛❝❦ ❝♦♠♣❛r❛❜✐❧✐t② ♥❡❝❡ss❛r② ❢♦r t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢
②❛r❞st✐❝❦ r❡❣✉❧❛t✐♦♥ ✭❡✳❣✳ ▲❛✛♦♥t ❛♥❞ ❚✐r♦❧❡✱ ✶✾✾✸✮✳ ■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ❛❜str❛❝t ❢r♦♠
t❤❡s❡ ✐ss✉❡s ❛♥❞ s❤♦✇ t❤❛t t❤❡ ❞❡s✐r❡❞ ♦✉t❝♦♠❡✱ ✐✳❡✳ ❡✣❝✐❡♥t ♣r♦❞✉❝t✐♦♥✱ ♠✐❣❤t st✐❧❧
♥♦t ❜❡ r❡❛❝❤❡❞✳

❲❡ ❞❡r✐✈❡ ♦✉r r❡s✉❧ts ✐♥ ❛ ❞②♥❛♠✐❝ ♠♦❞❡❧ ✇✐t❤ t❤r❡❡ ✜r♠s✱ ❛♥ ✐♥✜♥✐t❡ ❤♦r✐③♦♥
❛♥❞ ❞✐s❝r❡t❡ t✐♠❡✳ ❆s ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ t❤❡ ❧♦♥❣ r✉♥ ❡✛❡❝ts ♦❢ t❤❡ ✉s❡ ♦❢ ❤✐st♦r✐❝❛❧
❝♦st ❞❛t❛ ✉♥❞❡r ②❛r❞st✐❝❦ r❡❣✉❧❛t✐♦♥✱ ✇❡ ❢♦❝✉s ♦♥ t❤❡ ❛♥❛❧②s✐s ♦❢ r❡s✉❧t✐♥❣ st❡❛❞②
st❛t❡ ❡q✉✐❧✐❜r✐❛✳ ■♥ ♦r❞❡r t♦ ❢♦r♠❛❧✐③❡ t❤❡ ❛❜s❡♥❝❡ ♦❢ ❝♦❧❧✉s✐♦♥ ❛♥❞ ❋♦❧❦ ❚❤❡♦r❡♠
❛r❣✉♠❡♥ts ✐♥ ♦✉r r❡s✉❧t✱ ✇❡ ❞❡✜♥❡ ♣✉♥✐s❤♠❡♥t✲❢r❡❡ ▼❛r❦♦✈✲♣❡r❢❡❝t st❡❛❞② st❛t❡
❡q✉✐❧✐❜r✐❛✿ t❤❡s❡ ❛r❡ ▼❛r❦♦✈✲♣❡r❢❡❝t st❡❛❞② st❛t❡ ◆❛s❤ ❡q✉✐❧✐❜r✐❛ s✉❝❤ t❤❛t ✜r♠s ❞♦
♥♦t ✭❝♦♦r❞✐♥❛t❡❞❧②✮ ❝❤♦♦s❡ ❛ ✉♥✐❢♦r♠ s❧❛❝❦ t❤❛t ✐s ✐♥❞✐✈✐❞✉❛❧❧② ♦♣t✐♠❛❧ ❢♦r ❡✈❡r②
✜r♠ ♦♥❧② ❜❡❝❛✉s❡ ♦❢ ♦t❤❡r ✜r♠s ❝❤♦♦s✐♥❣ t❤✐s s❧❛❝❦✳ ❲❡ s❤♦✇ t❤❛t s✉❝❤ ❡q✉✐❧✐❜r✐❛
✇✐t❤ ♣♦s✐t✐✈❡ s❧❛❝❦✱ ✐✳❡✳ ✐♥❡✣❝✐❡♥t ♣r♦❞✉❝t✐♦♥ ❛♥❞ ♣♦s✐t✐✈❡ r❡♥ts ❢♦r ✜r♠s✱ ❝❛♥ ❡①✐st✳
❋✉rt❤❡r♠♦r❡✱ ✇❡ s❤♦✇ t❤❛t t❤❡ ❤✐❣❤❡st s❧❛❝❦ t❤❛t ❝❛♥ ❡①✐st ✐♥ s✉❝❤ ❛ st❡❛❞② st❛t❡
❡q✉✐❧✐❜r✐✉♠ ✐s ❤✐❣❤❡r ✐❢ t❤❡ ✜r♠ ✇✐t❤ t❤❡ ❧♦✇❡st ❝♦sts ♦❢ ❛❧❧ ♦t❤❡r ✜r♠s ✐♥st❡❛❞ ♦❢
t❤❡ ❛✈❡r❛❣❡ ♦❢ t❤❡ ♦t❤❡r ✜r♠s ✐s ✉s❡❞ ❛s t❤❡ ②❛r❞st✐❝❦✳

■♥ t❤✐s ♣❛♣❡r✱ t❤❡ ♠♦❞❡❧❧✐♥❣ ♦❢ s❧❛❝❦✱ ✐✳❡✳ ❧❛❝❦ ♦❢ ❝♦st❧② ❡✛♦rt✱ ❞✐✛❡rs ❢r♦♠ ❛ ♠❛❥♦r
♣❛rt ♦❢ t❤❡ ❝♦♥tr✐❜✉t✐♦♥s t♦ t❤❡ ❞❡❜❛t❡ ♦♥ ✐♥❝❡♥t✐✈❡ r❡❣✉❧❛t✐♦♥✱ r❡♣r❡s❡♥t❡❞ ❡s♣❡❝✐❛❧❧②
❜② ▲❛✛♦♥t ❛♥❞ ❚✐r♦❧❡ ✭✶✾✾✸✮ ♦r ▲❛✛♦♥t ✭✶✾✾✹✮✿ ✐♥ t❤❡s❡ ♠♦❞❡❧s ❝♦st❧② ❡✛♦rt r❡❞✉❝❡s

✶❲❤✐❧❡ t❤✐s ♣❛♣❡r ❢♦❝✉s❡s ♦♥ ②❛r❞st✐❝❦ r❡❣✉❧❛t✐♦♥ ♦❢ ✜r♠s✱ ✐♥ ♣❛rt✐❝✉❧❛r ♥❛t✉r❛❧ ♠♦♥♦♣♦❧✐❡s✱
r❡❧❛t✐✈❡ ♣❡r❢♦r♠❛♥❝❡ ♠❡❛s✉r❡s ❝❛♥ ❜❡ ✉s❡❞ ✐♥ ❛ ❜r♦❛❞❡r r❛♥❣❡ ♦❢ s❡tt✐♥❣s ✇❤❡r❡ ❛s②♠♠❡tr✐❝ ✐♥❢♦r✲
♠❛t✐♦♥ str✉❝t✉r❡s ❛r❡ ♣r❡s❡♥t✳ ❋♦r ✐♥st❛♥❝❡✱ ✈♦t❡rs ♠❛② ❥✉❞❣❡ ✐♥❝✉♠❜❡♥t ♣♦❧✐t✐❝✐❛♥s r❡❧❛t✐✈❡ t♦ t❤❡
♣❡r❢♦r♠❛♥❝❡ ♦❢ ♦t❤❡r ♣♦❧✐t✐❝✐❛♥s ✐♥ ♦t❤❡r ❥✉r✐s❞✐❝t✐♦♥s ✭❇❡s❧❡② ❛♥❞ ❈❛s❡✱ ✶✾✾✺✮ ♦r ✇♦r❦❡rs ♠✐❣❤t
❜❡ ♣❛✐❞ ❜❛s❡❞ ♦♥ t❤❡✐r ♦r❞✐♥❛❧ ♣♦s✐t✐♦♥ ♦❢ ♣❡r❢♦r♠❛♥❝❡ ❛♠♦♥❣ t❤❡✐r ❝♦❧❧❡❛❣✉❡s ✭▲❛③❡❛r ❛♥❞ ❘♦s❡♥✱
✶✾✽✶✮✳

✷



❝♦sts ♦❢ ♣r♦❞✉❝t✐♦♥✳ ■♥ ♦✉r ♠♦❞❡❧✱ ✐♥❡✣❝✐❡♥❝② ❝♦sts✱ s❧❛❝❦✱ ❛r❡ ❛❞❞❡❞ t♦ r❡❛❧✱ ♥❡❝✲
❡ss❛r② ❝♦sts ♦❢ ❡✣❝✐❡♥t ♣r♦❞✉❝t✐♦♥ ❛♥❞ ♣r♦❞✉❝✐♥❣ ✇✐t❤ s❧❛❝❦ ♦✛❡rs ♥♦♥♠♦♥❡t❛r②
❜❡♥❡✜t t♦ t❤❡ ✜r♠s✳ ❚❤❡ ✐♥st❛♥t❛♥❡♦✉s ♣❛②♦✛ ❢✉♥❝t✐♦♥ ✉s❡❞ ✐s ✈❡r② s✐♠✐❧❛r t♦ t❤❡
♦♥❡ ✐♥ ❇❧❛❝❦♠♦♥ ✭✶✾✾✹✮✳ ❚❤✐s ✐s ❞♦♥❡ ❛s ✐t ❛❧❧♦✇s ❢♦r str❛✐❣❤t❢♦r✇❛r❞ ✐♥t❡r♣r❡t❛t✐♦♥
♦❢ t❤❡ r❡s✉❧ts ❛♥❞ ❡①♣❧✐❝✐t❧② ♠♦❞❡❧s t❤❡ ✐❞❡❛ t❤❛t ②❛r❞st✐❝❦ r❡❣✉❧❛t✐♦♥ ✐s ♠❡❛♥t t♦
s♦❧✈❡ t❤❡ ✐♥❡✣❝✐❡♥❝② ♣r♦❜❧❡♠ ♦❢ tr❛❞✐t✐♦♥❛❧ r❛t❡ ♦❢ r❡t✉r♥ r❡❣✉❧❛t✐♦♥✳ ❍♦✇❡✈❡r✱ t❤✐s
✐s ♥♦t ❛ s✉❜st❛♥t✐✈❡ ❞✐✛❡r❡♥❝❡ ❜✉t ♦♥❧② ❛ ❞✐✛❡r❡♥t ✇❛② ♦❢ ♣r❡s❡♥t❛t✐♦♥✳

❆ ❦❡② str✉❝t✉r❛❧ ❡❧❡♠❡♥t ♦❢ ♦✉r ♠♦❞❡❧ ✐s t❤❡ t✐♠❡ ❤♦r✐③♦♥ ✉s❡❞✳ ■♥ ♠♦❞❡❧s
❝♦♥s✐❞❡r✐♥❣ ♦♥❧② t✇♦ ♣❡r✐♦❞s✱ t❤❡ ❡✛❡❝t ❞r✐✈✐♥❣ ♦✉r r❡s✉❧ts ✐s ♥♦t ♣r❡s❡♥t✿ ✉♥❞❡r
②❛r❞st✐❝❦ r❡❣✉❧❛t✐♦♥ ✉s✐♥❣ ❤✐st♦r✐❝❛❧ ❝♦st ❞❛t❛ ❝✉rr❡♥t ❝❤♦✐❝❡s ♦❢ ❛ ✜r♠ ❞♦ ♥♦t ❛✛❡❝t
t❤❡ ♣r✐❝❡ t❤✐s ✜r♠ ❝❛♥ ❝❤❛r❣❡ ✐♥ t❤❡ ❝✉rr❡♥t ❛♥❞ t❤❡ ♥❡①t ♣❡r✐♦❞✳ ❚❤❡ ❞✐r❡❝t ❡✛❡❝t
✐s ♦♥❧② ✈✐s✐❜❧❡ ❢r♦♠ t❤❡ ♥❡①t ❜✉t ♦♥❡ ♣❡r✐♦❞ ♦♥✇❛r❞✳ ▲✐❦❡ ▼❡r❛♥ ❛♥❞ ❍✐rs❝❤❤❛✉s❡♥
✭✷✵✵✾✮ ✇❡ ✉s❡ ❞②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣ t❡❝❤♥✐q✉❡s t♦ ❛❝❝♦✉♥t ❢♦r ❧♦♥❣ r✉♥ ❡✛❡❝ts ♦❢ t❤❡
❞❡❝✐s✐♦♥s ♦❢ ✜r♠s✳ ❍♦✇❡✈❡r✱ ✇❡ ❝♦♠❡ t♦ ❞✐✛❡r✐♥❣ ❝♦♥❝❧✉s✐♦♥s✳ ❚❤❡ ♠❛✐♥ ❞✐✛❡r❡♥❝❡
❜❡t✇❡❡♥ t❤❡✐r ♠♦❞❡❧✱ ✇❤✐❝❤ ✐s ❡①♣❛♥❞✐♥❣ t❤❡ ♠♦❞❡❧ ♦❢ ❙❤❧❡✐❢❡r ✭✶✾✽✺✮✱ ❛♥❞ ♦✉r
❛♣♣r♦❛❝❤ ❧❡❛❞✐♥❣ t♦ t❤❡s❡ ❞✐✛❡r✐♥❣ r❡s✉❧ts ✐s t❤❛t ▼❡r❛♥ ❛♥❞ ❍✐rs❝❤❤❛✉s❡♥ ✭✷✵✵✾✮
❞♦ ♥♦t ❛❧❧♦✇ t❤❡ ✜r♠s t♦ ❜❡♥❡✜t ❢r♦♠ s❧❛❝❦ ❛♥❞ ❝♦♥s❡q✉❡♥t❧② ✜r♠s ❞♦ ♥♦t ❣❛✐♥ ❢r♦♠
❦❡❡♣✐♥❣ ❝♦sts ❤✐❣❤✳

❚❤❡ r❡♠❛✐♥❞❡r ♦❢ t❤✐s ♣❛♣❡r ✐s str✉❝t✉r❡❞ ❛s ❢♦❧❧♦✇s✿ ❙❡❝t✐♦♥ ✷ ❡①♣❧❛✐♥s t❤❡
♠♦❞❡❧ s❡t✉♣✳ ■♥ ❙❡❝t✐♦♥ ✸ ❛❧❧ ♣♦ss✐❜❧❡ ♣✉♥✐s❤♠❡♥t✲❢r❡❡ ▼❛r❦♦✈✲♣❡r❢❡❝t st❡❛❞② st❛t❡
❡q✉✐❧✐❜r✐❛ ❛r❡ ❝❤❛r❛❝t❡r✐③❡❞✱ ❡①✐st❡♥❝❡ ✐s ♣r♦✈❡♥ ❛♥❞ t❤❡ t✇♦ r❡❣✉❧❛t♦r② s❝❤❡♠❡s ❛r❡
❝♦♠♣❛r❡❞ ✇✐t❤ r❡s♣❡❝t t♦ ❡q✉✐❧✐❜r✐✉♠ ♦✉t❝♦♠❡s✳ ❙❡❝t✐♦♥ ✹ ❝♦♥❝❧✉❞❡s✳

✷ ❉❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ♠♦❞❡❧

✷✳✶ ❋✐r♠s

❚❤❡r❡ ❛r❡ t❤r❡❡ ✜r♠s✱ ❧❛❜❡❧❧❡❞ j = i, o, x✱ ❡❛❝❤ ♣r♦❞✉❝✐♥❣ ❛ ❤♦♠♦❣❡♥❡♦✉s ♦✉t♣✉t
♥♦r♠❛❧✐③❡❞ t♦ ♦♥❡✳ ❚❤❡ ♦✉t♣✉t ✐s ❜♦✉❣❤t ❜② t❤❡ ❝♦♥s✉♠❡rs✳ ❋♦r ❡①❛♠♣❧❡✱ ♦♥❡
❝♦✉❧❞ t❤✐♥❦ ♦❢ ❞❡♠❛♥❞ ❢♦r ❡❧❡❝tr✐❝✐t② ✇❤✐❝❤ ✐s ✈❡r② ✐♥❡❧❛st✐❝ ✇✐t❤ r❡s♣❡❝t t♦ ♣r✐❝❡
♦r ❞❡♠❛♥❞ ❢♦r s♦♠❡ ❝r✉❝✐❛❧ ♠❡❞✐❝❛❧ tr❡❛t♠❡♥t✳ ❚❤❡s❡ ✜r♠s ❝♦✉❧❞ ❜❡ t❤♦✉❣❤t ♦❢ ❛s
❝❛t❡r✐♥❣ t❤r❡❡ ❝♦♠♣❛r❛❜❧❡ r❡❣✐♦♥s ✇✐t❤ ❡❧❡❝tr✐❝✐t② ❣r✐❞s ❛s ❧♦❝❛❧ ♠♦♥♦♣♦❧✐sts✳ ❚❤❡
♦♥❧② ✇❛② t❤❡② ✐♥t❡r❛❝t ✐♥ ❵❝♦♠♣❡t✐t✐♦♥✬ ✐s ✈✐❛ t❤❡ r❡❣✉❧❛t✐♦♥ ✐♠♣♦s❡❞ ♦♥ t❤❡♠✳ ■♥
❡✈❡r② ♣❡r✐♦❞✱ t❤❡ r❡❣✉❧❛t♦r ❛ss✐❣♥s ❛ ♣r✐❝❡ t♦ ❡❛❝❤ ♦❢ t❤❡ ✜r♠s✳ ❊❛❝❤ ✜r♠ ♠✉st
♥♦t ❝❤❛r❣❡ ♠♦r❡ t❤❛♥ t❤✐s ♣r✐❝❡ ❢♦r ✐ts ♦✉t♣✉t✱ s♦ t❤❡ r❡❣✉❧❛t♦r ❞❡✜♥❡s ❛ ♣r✐❝❡ ❝❛♣
✇❤✐❝❤ ✐s ❡q✉✐✈❛❧❡♥t t♦ ❛ r❡✈❡♥✉❡ ❝❛♣ ✉♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥ ♦❢ ❝♦♠♣❧❡t❡❧② ✐♥❡❧❛st✐❝
❞❡♠❛♥❞✳ ❆s ❞❡♠❛♥❞ ❞♦❡s ♥♦t r❡❛❝t t♦ ♣r✐❝❡ ✐♥ t❤✐s s❡tt✐♥❣✱ ❛❧❧ ✜r♠s ❛❧✇❛②s ❝❤❛r❣❡
t❤❡ ♠❛①✐♠✉♠ ♣r✐❝❡ t❤❡② ❛r❡ ❛❧❧♦✇❡❞ t♦✳

❲❤❡r❡❛s t❤❡ ✜r♠s✬ ♦✉t♣✉t ✐s ❞✐r❡❝t❧② ♦❜s❡r✈❛❜❧❡ t❤❡ ✉♥❞❡r❧②✐♥❣ ❝♦st str✉❝t✉r❡ ✐s

✸



✉♥❦♥♦✇♥ t♦ t❤❡ r❡❣✉❧❛t♦r✳ ❊❛❝❤ ✜r♠ ✈❡r✐✜❛❜❧② r❡♣♦rts ✐ts ❝♦sts t♦ t❤❡ r❡❣✉❧❛t♦r ✇❤♦
❝❛♥♥♦t ❞✐st✐♥❣✉✐s❤ ❜❡t✇❡❡♥ ❵r❡❛❧✬ ♥❡❝❡ss❛r② ❝♦st✱ C > 0✱ ❛♥❞ s❧❛❝❦✱ Sj

t ≥ 0✱ ❞❡✜♥❡❞
❛s ❛❞❞✐t✐♦♥❛❧ ❝♦sts ❞✉❡ t♦ ✐♥❡✣❝✐❡♥t ✉s❡ ♦❢ r❡s♦✉r❝❡s✱ ❛♥❞ ♦♥❧② ♦❜s❡r✈❡s t❤❡ s✉♠ ♦❢
❜♦t❤✳ C ❞♦❡s ♥♦t ❝❤❛♥❣❡ ♦✈❡r t✐♠❡ ❛♥❞ ✐s t❤❡ s❛♠❡ ❢♦r ❛❧❧ ✜r♠s✳ ❚❤✐s ✐s ❡q✉✐✈❛❧❡♥t t♦
❛ss✉♠✐♥❣ t❤❛t t❤❡ r❡❣✉❧❛t♦r ❝♦rr❡❝t❧② ❛♥❞ ❝♦♠♣❧❡t❡❧② ❛❝❝♦✉♥ts ❢♦r ❛❧❧ ❤❡t❡r♦❣❡♥❡✐t②
❜❡t✇❡❡♥ ✜r♠s ❛♥❞ ✭❡①♦❣❡♥♦✉s✮ ❝✐r❝✉♠st❛♥❝❡s ♦❢ ♣r♦❞✉❝t✐♦♥✳✷ ❊❛❝❤ ✜r♠ ❝❤♦♦s❡s ✐ts
s❧❛❝❦ ❛♥❞ ♠❛② ❝❤♦♦s❡ ❞✐✛❡r❡♥t s❧❛❝❦s ✐♥ ❞✐✛❡r❡♥t ♣❡r✐♦❞s✳ ❋♦r ✐♥st❛♥❝❡✱ s❧❛❝❦ ❝❛♥ ❜❡
✐♥t❡r♣r❡t❡❞ ❛s ❛ ❧❛❝❦ ♦❢ ✭❝♦st❧②✮ ❡✛♦rt ❢r♦♠ ♠❛♥❛❣❡rs✱ ♦✈❡rs✐③❡❞ ♦✣❝❡s ♦r ❛❧❧ ❦✐♥❞s
♦❢ ❵✉♥♥❡❝❡ss❛r②✬ ❝♦sts t❤❛t ♠✐❣❤t ♦❝❝✉r ✉♥❞❡r r❛t❡ ♦❢ r❡t✉r♥ r❡❣✉❧❛t✐♦♥✳ ❆s s❧❛❝❦ ✐s
✐♥❡✣❝✐❡♥t ♣r♦❞✉❝t✐♦♥ ❜② ❞❡✜♥✐t✐♦♥✱ t❤❡ r❡❣✉❧❛t♦r ♠❛①✐♠✐③✐♥❣ t❤❡ ✉t✐❧✐t② ♦❢ s♦❝✐❡t②
❞❡s✐r❡s t♦ ❛✈♦✐❞ ❛❧❧ s❧❛❝❦ ✇✐t❤♦✉t ❡①♣❧✐❝✐t ❝♦♥s✐❞❡r❛t✐♦♥ ♦❢ ❛ t❛r❣❡t ❢✉♥❝t✐♦♥✳

■❢ ✜r♠ j ❝❤♦♦s❡s ❛ ♣♦s✐t✐✈❡ s❧❛❝❦ ✐♥ ♣❡r✐♦❞ t✱ ✐t r❡❛❧✐③❡s ❛ ♥♦♥♠♦♥❡t❛r② ✉t✐❧✐t②
❞❡♥♦t❡❞ ❜② B(Sj

t )✳ B ✐s t✇✐❝❡ ❝♦♥t✐♥✉♦✉s❧② ❞✐✛❡r❡♥t✐❛❜❧❡ ✇✐t❤ B(0) = 0✱ 1 > B′ > 0
❛♥❞ B′′ < 0✳ ❆❝❝♦r❞✐♥❣❧② B(Sj

t ) < S
j
t ❢♦r ❛❧❧ Sj

t > 0✳ ■❢ t❤❡ s✉♠ ♦❢ ♥❡❝❡ss❛r② ❝♦sts
❛♥❞ s❧❛❝❦ ✐s s♠❛❧❧❡r t❤❛♥ t❤❡ ♣r✐❝❡ t❤❡ ✜r♠ ✐s ❛❧❧♦✇❡❞ t♦ ❝❤❛r❣❡✱ ✐t ❛❞❞✐t✐♦♥❛❧❧②
r❡❛❧✐③❡s ❛ ♣r♦✜t✳ ❚❤❡ ♠❛r❣✐♥❛❧ ❜❡♥❡✜t ❢r♦♠ ❛♥ ❛❞❞✐t✐♦♥❛❧ ✉♥✐t ♦❢ ♣r♦✜t ✐s ❝♦♥st❛♥t
❛♥❞ ♥♦r♠❛❧✐③❡❞ t♦ ✶✳ ■♥❝r❡❛s✐♥❣ ♣r♦✜t ❛♥❞ ❞❡❝r❡❛s✐♥❣ s❧❛❝❦ ❛r❡ t✇♦ s✐❞❡s ♦❢ t❤❡
s❛♠❡ ❝♦✐♥ ❛s t❤❡② ❛❞❞ ✉♣ t♦ ❛ ❝♦♥st❛♥t✿ t❤❡ ♣r✐❝❡ ❛ ✜r♠ ❝❤❛r❣❡s ❧❡ss ♥❡❝❡ss❛r②
❝♦sts✳ ❍❡♥❝❡✱ ✐t ✐s s✉✣❝✐❡♥t t♦ ❡①♣❧✐❝✐t❧② ❝♦♥s✐❞❡r ❥✉st ♦♥❡ ♦❢ t❤❡ t✇♦ ❛s t❤❡ ♦t❤❡r
♦♥❡ ❡♠❡r❣❡s ❛s t❤❡ r❡s✐❞✉❛❧✳ ❚❤❡ ✐♥st❛♥t ♣❛②♦✛ ❢✉♥❝t✐♦♥ ♦❢ ✜r♠ j ✐s ✐♥ ❡✈❡r② ♣❡r✐♦❞
❣✐✈❡♥ ❜②

F
j
t = P

j
t − C − S

j
t +B(Sj

t ). ✭✶✮

❋✐r♠s ❝❛r❡ ❛❜♦✉t ♣r♦✜t ❛♥❞ s❧❛❝❦ ♦♥❧②✳ ❚❤❡② ❞✐s❝♦✉♥t ♥❡①t ♣❡r✐♦❞✬s ✉t✐❧✐t② ✇✐t❤ δ✱
0 < δ < 1✱ ❛♥❞ ♠❛①✐♠✐③❡ t❤❡✐r ✐♥t❡rt❡♠♣♦r❛❧ ✉t✐❧✐t②✿

∞∑

t=0

δtF
j
t ✭✷✮

❋✐r♠s ♥❡❡❞ t♦ ❜r❡❛❦ ❡✈❡♥ ❛t ❛❧❧ t✐♠❡s✱ s♦ t❤❛t C + S
j
t ≤ P

j
t ✳ ❙❧❛❝❦ ✐s ❵❡①♣❡♥s✐✈❡✬

♥♦t ♦♥❧② ❢r♦♠ t❤❡ ♣❡rs♣❡❝t✐✈❡ ♦❢ t❤❡ r❡❣✉❧❛t♦r ♦r s♦❝✐❡t②✿ ♦♥❡ ♠❛r❣✐♥❛❧ ✉♥✐t ♦❢
❛❞❞✐t✐♦♥❛❧ ♣r♦✜t ❛❧✇❛②s r❡s✉❧ts ✐♥ ❤✐❣❤❡r ✐♥st❛♥t❛♥❡♦✉s ✉t✐❧✐t② ❢♦r t❤❡ ✜r♠ t❤❛♥ ❛♥
❛❞❞✐t✐♦♥❛❧ ♠❛r❣✐♥❛❧ ✉♥✐t ♦❢ s❧❛❝❦ ✇♦✉❧❞✳ ❚❤❡ ♦♥❧② r❡❛s♦♥ ✇❤② S

j
t > 0 ❝♦✉❧❞ ❜❡

❛♥ ♦♣t✐♠❛❧ ❝❤♦✐❝❡ ♦❢ j ✐s t❤❛t ✐t ❝❛♥ ❛✛❡❝t t❤❡ ♣r✐❝❡ j ✐s ❛❧❧♦✇❡❞ t♦ ❝❤❛r❣❡ ✐♥ ❧❛t❡r
♣❡r✐♦❞s✳

❲❡ ❝♦♥s✐❞❡r ❛♥ ✐♥✜♥✐t❡ ♥✉♠❜❡r ♦❢ ♣❡r✐♦❞s ✐♥ ♦r❞❡r t♦ ❛✈♦✐❞ ✉♥r❡❛❧✐st✐❝ ❡✛❡❝ts

✷■♥ ❙❤❧❡✐❢❡r✬s ✭✶✾✽✺✮ ♦♥❡✲♣❡r✐♦❞ ♠♦❞❡❧ ❛❝❝♦✉♥t✐♥❣ ❝♦♠♣❧❡t❡❧② ❛♥❞ ❝♦rr❡❝t❧② ❢♦r ❤❡t❡r♦❣❡♥❡✐t②
❧❡❛❞s t♦ t❤❡ ❡✣❝✐❡♥t ❡q✉✐❧✐❜r✐✉♠✳

✹



♦❢ ❧❛st r♦✉♥❞s ✐♥ ✇❤✐❝❤ ❛❧❧ s❧❛❝❦ ✐s ③❡r♦✳✸ ❊✈❡r② ♣❡r✐♦❞ t❤❡r❡ ✐s ♦♥❧② ♦♥❡ ❝❤♦✐❝❡
♣❡r ✜r♠ t♦ ❜❡ t❛❦❡♥✿ t❤❡ s❧❛❝❦ t❤❡ ✜r♠ ❝❤♦♦s❡s✳ ❚❤❡ r❡❣✉❧❛t♦r② r✉❧❡ ❛♥❞ ❜r❡❛❦
❡✈❡♥ ❝♦♥❞✐t✐♦♥ ❛r❡ ❝♦♠♠♦♥ ❦♥♦✇❧❡❞❣❡✱ ❛♥❞ s♦ ❛r❡ t❤❡ ♣r✐❝❡s ♦❢ t❤❡ ❝✉rr❡♥t ♣❡r✐♦❞✳
❯s✐♥❣ t❤✐s ❦♥♦✇❧❡❞❣❡✱ ✜r♠s ❝❛♥ ❛♥t✐❝✐♣❛t❡ ❤♦✇ t❤❡✐r ❝❤♦✐❝❡ ♦❢ s❧❛❝❦ ✇✐❧❧ ❛✛❡❝t ❢✉t✉r❡
❜❡❤❛✈✐♦r ♦❢ t❤❡ ♦t❤❡r ✜r♠s✳ ❆❝❝♦r❞✐♥❣❧② ❛❧❧ t❤r❡❡ ❝✉rr❡♥t ♣r✐❝❡s ❛r❡ st❛t❡ ✈❛r✐❛❜❧❡s
❢♦r ❛❧❧ j✳

❙tr❛t❡❣✐❡s ❛r❡ ❛♥♦♥②♠♦✉s✱ s♦ ✐❢ ✜r♠s o ❛♥❞ x ✐♥✐t✐❛❧❧② ❞♦ t❤❡ s❛♠❡✱ ✜r♠ i r❡❛❝ts
t♦ ❛ ❝❤❛♥❣❡ ✐♥ ❜❡❤❛✈✐♦r ♦❢ o ✇✐t❤ ❝♦♥st❛♥t ❜❡❤❛✈✐♦r ♦❢ x ❥✉st ❛s ✐t ✇♦✉❧❞ r❡❛❝t
t♦ ❛ ❝❤❛♥❣❡ ✈✐❝❡ ✈❡rs❛✳ ❙✐♠♣❧❡ r❡♥❛♠✐♥❣ o ✐♥t♦ x ❛♥❞ x ✐♥t♦ o ❞♦❡s ♥♦t ❛✛❡❝t
t❤❡ ❜❡❤❛✈✐♦r ♦❢ i✳ ❋✐r♠s s✐♠✉❧t❛♥❡♦✉s❧② ❝❤♦♦s❡ t❤❡✐r s❧❛❝❦ ❡✈❡r② ♣❡r✐♦❞ ✇✐t❤♦✉t
♦❜s❡r✈✐♥❣ t❤❡ ❝✉rr❡♥t ❝❤♦✐❝❡ ♦❢ t❤❡ ♦t❤❡r ✜r♠s✳

❖♥❧② ▼❛r❦♦✈✲♣❡r❢❡❝t str❛t❡❣✐❡s✹ ❛r❡ ❝♦♥s✐❞❡r❡❞✱ s♦ ✜r♠s r❡❛❝t t♦ t❤❡ st❛t❡ ✈❛r✐✲
❛❜❧❡s t❤❡② ♦❜s❡r✈❡ ❛♥❞ ❞♦ ♥♦t ❝❛r❡ ❛❜♦✉t t❤❡ ❤✐st♦r② ♦❢ st❛t❡s✳ ❲❡ ❡①❝❧✉❞❡ ❝♦❧❧✉s✐♦♥
❜❡t✇❡❡♥ ✜r♠s ❛s ✇❡❧❧ ❛s ❛r❣✉♠❡♥ts ❜❛s❡❞ ♦♥ ❋♦❧❦ ❚❤❡♦r❡♠s✱✺ ✇❤✐❝❤ ❝❛♥ ❜❡ s❡❡♥ ❛s
❛ ❢♦r♠ ♦❢ ❝♦❧❧✉s✐✈❡ ❜❡❤❛✈✐♦r✱ ❢r♦♠ t❤❡ ❛♥❛❧②s✐s ❛s ②❛r❞st✐❝❦ r❡❣✉❧❛t✐♦♥ ✐s ♦❜✈✐♦✉s❧②
❤✐❣❤❧② ✈✉❧♥❡r❛❜❧❡ t♦ ❝♦❧❧✉s✐♦♥✳ ❚❤✐s ♣❛♣❡r ❞♦❡s ♥♦t str✐✈❡ t♦ ♦✛❡r s♦❧✉t✐♦♥s ❢♦r t❤✐s
✐ss✉❡ ❜✉t ♣r♦❝❡❡❞s t♦ s❤♦✇ t❤❛t ❡✈❡♥ ✐❢ ❛❧❧ ❝♦❧❧✉s✐✈❡ ❜❡❤❛✈✐♦r ❝❛♥ ❜❡ ❛✈♦✐❞❡❞✱ ✉♥✲
❝♦♦r❞✐♥❛t❡❞ ✐♥❞✐✈✐❞✉❛❧ ✉t✐❧✐t② ♠❛①✐♠✐③❛t✐♦♥ ❜② ✜r♠s ❝❛♥ r❡s✉❧t ✐♥ ❡q✉✐❧✐❜r✐❛ ✇✐t❤
♣♦s✐t✐✈❡ s❧❛❝❦✳ ❚❤❡r❡❢♦r❡ ✇❡ r❡str✐❝t ♦✉r ❛tt❡♥t✐♦♥ t♦ str❛t❡❣✐❡s t❤❛t ❛r❡ ♥♦t ❜❛s❡❞
♦♥ ❝♦❧❧✉s✐♦♥ ♦r ❝♦♦r❞✐♥❛t✐♦♥ ❛♥❞ ❡①❝❧✉❞❡ t❤❛t ✜r♠s ❝♦♦r❞✐♥❛t❡❞❧② ❝❤♦♦s❡ ❛ ✉♥✐❢♦r♠
s❧❛❝❦ t❤❛t ✐s ♦t❤❡r✇✐s❡ ♥♦t ❛♥ ♦♣t✐♠❛❧ ❝❤♦✐❝❡ ❢♦r ❛♥② ✐♥❞✐✈✐❞✉❛❧ ✜r♠✳

✷✳✷ ❘❡❣✉❧❛t♦r② r✉❧❡s

❚❤❡ ♣r✐❝❡ ❛ ✜r♠ ✐s ❛❧❧♦✇❡❞ t♦ ❝❤❛r❣❡ ✐s ❞❡r✐✈❡❞ ❢r♦♠ ❝♦sts r❡❛❧✐③❡❞ ❜② t❤❡ ♦t❤❡r t✇♦
✜r♠s ✐♥ t❤❡ ♣r❡✈✐♦✉s ♣❡r✐♦❞✳ ❲❡ s❡♣❛r❛t❡❧② ❧♦♦❦ ❛t t✇♦ r❡❣✉❧❛t♦r② s❝❤❡♠❡s✿ ❛✈❡r❛❣❡
②❛r❞st✐❝❦ r❡❣✉❧❛t✐♦♥ ✉♥❞❡r ✇❤✐❝❤ ❛✈❡r❛❣❡ ❝♦sts ♦❢ t❤❡ ♦t❤❡r ✜r♠s ❛r❡ ✉s❡❞ ❛s t❤❡
②❛r❞st✐❝❦✱ ❛♥❞ ❢r♦♥t✐❡r ②❛r❞st✐❝❦ r❡❣✉❧❛t✐♦♥ ♦r ❜❡st ♣r❛❝t✐❝❡ r❡❣✉❧❛t✐♦♥ ✉♥❞❡r ✇❤✐❝❤
♦♥❧② t❤❡ ❝♦sts ♦❢ t❤❡ ❜❡st ♣❡r❢♦r♠✐♥❣ ✜r♠ ♦❢ ❛❧❧ ♦t❤❡rs✱ ✐✳❡✳ t❤❡ ✜r♠ ✇✐t❤ t❤❡ ❧♦✇❡st
❝♦sts✱ ❛r❡ t❤❡ ②❛r❞st✐❝❦✳ ❋♦r ❡①❛♠♣❧❡✱ t❤❡ ♣r✐❝❡ t❤❛t ✜r♠ i ✐s ❛❧❧♦✇❡❞ t♦ ❝❤❛r❣❡ ✐♥
♣❡r✐♦❞ t+ 1 ✐s ❛❝❝♦r❞✐♥❣❧② ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ s❧❛❝❦ o ❛♥❞ x ❛r❡ ❝❤♦♦s✐♥❣ ✐♥ t ✐♥ ❜♦t❤
❝❛s❡s✿

P i
t+1 = Ri(So

t , S
x
t ). ✭✸✮

✸■t ✐s ❡❛s② t♦ s❤♦✇ t❤❛t ❛ ✜♥✐t❡ ❤♦r✐③♦♥ ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❜❛❝❦✇❛r❞ s♦❧✉t✐♦♥ ✇✐❧❧ r❡s✉❧t ✐♥
③❡r♦ s❧❛❝❦ st❛rt✐♥❣ ✐♥ t❤❡ ✈❡r② ✜rst ♣❡r✐♦❞✳

✹❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❝♦♥❝❡♣t ♦❢ ▼❛r❦♦✈✲♣❡r❢❡❝t ❡q✉✐❧✐❜r✐❛ ❣♦❡s ❜❛❝❦ t♦ ▼❛s❦✐♥ ❛♥❞
❚✐r♦❧❡ ✭✶✾✽✽ ❛ ❛♥❞ ❜✮✳

✺❙❡❡ ❡✳❣✳ ❖s❜♦r♥❡ ❛♥❞ ❘✉❜✐♥st❡✐♥ ✭✶✾✾✹✮ ❢♦r ❛ ❞❡s❝r✐♣t✐♦♥ ♦❢ tr✐❣❣❡r str❛t❡❣✐❡s ❛♥❞ ❋♦❧❦ ❚❤❡♦✲
r❡♠s✳

✺



❯♥❞❡r ❢r♦♥t✐❡r ②❛r❞st✐❝❦ r❡❣✉❧❛t✐♦♥ t❤❡ ♣r✐❝❡ ✐s ❣✐✈❡♥ ❜②

P i
t+1 = min(C + So

t , C + Sx
t ) = C +min(So

t , S
x
t ) ✭✹✮

❛♥❞ ✉♥❞❡r ❛✈❡r❛❣❡ ②❛r❞st✐❝❦ r❡❣✉❧❛t✐♦♥ ❜②

P i
t+1 =

1

2

∑

j 6=i

(
C + S

j
t

)
= C +

1

2

∑

j 6=i

S
j
t . ✭✺✮

❘❡❣✉❧❛t♦r② r✉❧❡s ❢♦r t❤❡ ♦t❤❡r ✜r♠s ❛♥❞ ♣❡r✐♦❞s ❛r❡ ❞❡✜♥❡❞ ❛♥❛❧♦❣♦✉s❧②✳ ❙✐♥❝❡
♥❡❝❡ss❛r② ❝♦sts ❛r❡ ❝♦♥st❛♥t✱ ❈ ❝❛♥ ❜❡ ❢❛❝t♦r❡❞ ♦✉t ✉♥❞❡r ❜♦t❤ r❡❣✉❧❛t♦r② r❡❣✐♠❡s
❛♥❞ ❝❛♥ ❜❡ ♥♦r♠❛❧✐③❡❞ t♦ ③❡r♦✳ ❚❤✐s ✐s ❡q✉✐✈❛❧❡♥t t♦ ✐♥t❡r♣r❡t✐♥❣ P i

t+1 ❛s t❤❡ ❛♠♦✉♥t
❜② ✇❤✐❝❤ t❤❡ ♣r✐❝❡ i ♠❛② ❝❤❛r❣❡ ✐♥ t + 1 ✐s ❣r❡❛t❡r t❤❛♥ ♥❡❝❡ss❛r② ❝♦sts C✳✻ ■♥ t❤❡
✜rst ♣❡r✐♦❞ ♦❢ ②❛r❞st✐❝❦ r❡❣✉❧❛t✐♦♥✱ ♣r✐❝❡s ❛r❡ ❡①♦❣❡♥♦✉s❧② ❣✐✈❡♥✿ t❤❡② ❝♦✉❧❞ ❜❡
❞❡r✐✈❡❞ ❢r♦♠ s♦♠❡ r❡❣✉❧❛t♦r② r✉❧❡ t❤❛t ✇❛s ✐♥ ♣❧❛❝❡ ❜❡❢♦r❡ ②❛r❞st✐❝❦ r❡❣✉❧❛t✐♦♥ ✇❛s
✐♠♣❧❡♠❡♥t❡❞✳

▲❡♠♠❛ ✶✳ ❯♥❞❡r ❜♦t❤ r❡❣✉❧❛t♦r② r✉❧❡s✱ s❧❛❝❦s ❛♥❞ ♣r✐❝❡s ❝♦♥✈❡r❣❡ t♦ ❛ st❡❛❞② st❛t❡
✐♥ ✇❤✐❝❤ ❛❧❧ ✜r♠s ❝❤♦♦s❡ t❤❡ s❛♠❡ s❧❛❝❦ ❛♥❞ r❡❛❧✐③❡ ③❡r♦ ♣r♦✜ts ❞✉❡ t♦ r❡❣✉❧❛t♦r②
♠❡❝❤❛♥✐❝s✳ ❚❤✐s s❧❛❝❦ ♠❛② ❜❡ ③❡r♦✳

Pr♦♦❢✳ ❙❡❡ ❛♣♣❡♥❞✐①✳

❆s ❧♦♥❣ ❛s ♥♦t ❛❧❧ ✜r♠s ❝❤♦♦s❡ t❤❡ s❛♠❡ s❧❛❝❦ ❛♥❞ t❤✐s s❧❛❝❦ ✐s ❡q✉❛❧ t♦ t❤❡ ♣r✐❝❡
t❤❡② ❛r❡ ❛❧❧♦✇❡❞ t♦ ❝❤❛r❣❡ ✭C ✐s ♥♦r♠❛❧✐③❡❞ t♦ ③❡r♦✮✱ t❤❡ ❤✐❣❤❡st s❧❛❝❦ ❝❤♦s❡♥ ✐♥ t

❝❛♥♥♦t ❜❡ ❝❤♦s❡♥ ❜② ❛♥② ✜r♠ ❛♥②♠♦r❡ ✐♥ t+2 ❛t t❤❡ ❧❛t❡st✳ ❆❝❝♦r❞✐♥❣❧②✱ t❤❡r❡ ✐s ❛
❞♦✇♥✇❛r❞ ❞r✐❢t ♦❢ t❤❡ ❤✐❣❤❡st s❧❛❝❦✱ ✇❤❡♥❡✈❡r ✜r♠s ❝❤♦♦s❡ ❞✐✛❡r✐♥❣ s❧❛❝❦s✳ ❆s s❧❛❝❦
❝❛♥♥♦t ❜❡❝♦♠❡ ♥❡❣❛t✐✈❡✱ ❝♦♥✈❡r❣❡♥❝❡ ✐s ❛ss✉r❡❞✳

✸ ❊q✉✐❧✐❜r✐✉♠ ❛♥❛❧②s✐s

■t ✐s ❡❛s② t♦ s❤♦✇ t❤❛t ❡q✉✐❧✐❜r✐❛ ✇✐t❤ ✈❡r② ❤✐❣❤ s❧❛❝❦ ❝♦✉❧❞ ❡①✐st✱ ❣✐✈❡♥ ✐♥✐t✐❛❧ ♣r✐❝❡s
❛r❡ s✉✣❝✐❡♥t❧② ❤✐❣❤✱ ✐❢ ✜r♠s ♣✉♥✐s❤ ♦t❤❡r ✜r♠s✬ ✉♥❝♦♦♣❡r❛t✐✈❡ ❜❡❤❛✈✐♦r✳ ❯♥✐❧❛t❡r❛❧
♣✉♥✐s❤♠❡♥t ❝♦♥❞✐t✐♦♥❡❞ ♦♥ ♦t❤❡r ✜r♠s✬ ♣❛st ❜❡❤❛✈✐♦r ✐s ♣r❡❝❧✉❞❡❞✱ ❜② r❡str✐❝t✐♥❣ ♦✉r
❛tt❡♥t✐♦♥ t♦ ▼❛r❦♦✈✲♣❡r❢❡❝t str❛t❡❣✐❡s✳ ❍♦✇❡✈❡r✱ ✜r♠s ❝♦✉❧❞ ❢♦❧❧♦✇ ❛ ▼❛r❦♦✈✲♣❡r❢❡❝t
str❛t❡❣② ✇❤✐❝❤ ✐♥❝❧✉❞❡s ❡①tr❡♠❡ s❧❛❝❦s✱ ❡✳❣✳ ③❡r♦ s❧❛❝❦✱ ✐❢ t❤❡② ♦❜s❡r✈❡ ❛ s♣❡❝✐✜❝
✈❡❝t♦r ♦❢ ♣r✐❝❡s✳ ❋r♦♠ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✶✱ ✐t ❞✐r❡❝t❧② ❢♦❧❧♦✇s t❤❛t ✉♥❞❡r ❢r♦♥t✐❡r
②❛r❞st✐❝❦ r❡❣✉❧❛t✐♦♥✱ ❡✈❡r② ✜r♠ ❝❛♥ ❢♦r❝❡ ❛❧❧ ✜r♠s ✐♥t♦ ❛ st❡❛❞② st❛t❡ ❡q✉✐❧✐❜r✐✉♠
✇✐t❤ ③❡r♦ s❧❛❝❦ ❜② ❝❤♦♦s✐♥❣ ③❡r♦ s❧❛❝❦ ♦♥❝❡✳ ❚❤✐s ✐s t❤❡ ✇♦rst ♣♦ss✐❜❧❡ st❡❛❞② st❛t❡

✻◆❡❝❡ss❛r② ❝♦sts C r❡♠❛✐♥✱ ❤♦✇❡✈❡r✱ ✉♥❦♥♦✇♥ t♦ t❤❡ r❡❣✉❧❛t♦r✳

✻



❢r♦♠ t❤❡ ♣❡rs♣❡❝t✐✈❡ ♦❢ ❛❧❧ ✜r♠s✳ ❚❤❡r❡❢♦r❡✱ ✐❢ ❛t ❧❡❛st ♦♥❡ ✜r♠ ❝❤♦♦s❡s ③❡r♦ s❧❛❝❦✱
❛❧❧ ♦t❤❡r ✜r♠s ❝❛♥ ❝❤♦♦s❡ ③❡r♦ s❧❛❝❦✱ ❛♥❞ t❤❡r❡❜② t❤❡ ❤✐❣❤❡st ❢❡❛s✐❜❧❡ ✐♥st❛♥t❛♥❡♦✉s
♣r♦✜t ✇✐t❤♦✉t ❛❞✈❡rs❡❧② ❛✛❡❝t✐♥❣ ❢✉t✉r❡ ♣❛②♦✛s✳ ❈♦♥s❡q✉❡♥t❧②✱ t❤❡ ❜❡st r❡s♣♦♥s❡
t♦ ♦t❤❡r ✜r♠s ❝❤♦♦s✐♥❣ ❛♥ ❡①tr❡♠❡ s❧❛❝❦ ❝♦✉❧❞ ❜❡ ❝❤♦♦s✐♥❣ t❤❡ s❛♠❡ ❡①tr❡♠❡ s❧❛❝❦✳
■♥ t❤❡ s♣✐r✐t ♦❢ t❤❡ ❋♦❧❦ ❚❤❡♦r❡♠ ✭❛ t❤r❡❛t ♦❢✮ ❵❥♦✐♥t ♠✉t✉❛❧ ♣✉♥✐s❤♠❡♥t✬✱ ✐✳❡✳ ✜r♠s
❡❛❝❤ ❝❤♦♦s✐♥❣ ❛♥ ❡①tr❡♠❡ s❧❛❝❦ ❜❡❝❛✉s❡ ♦❢ ♦t❤❡r ✜r♠s ❝❤♦♦s✐♥❣ t❤✐s s❧❛❝❦✱ ❝♦✉❧❞ ❜❡
✉s❡❞ t♦ ✐♠♣❧❡♠❡♥t ❡q✉✐❧✐❜r✐❛ ✇✐t❤ ✈❡r② ❤✐❣❤ s❧❛❝❦✳ ❙✉❝❤ ❡q✉✐❧✐❜r✐❛ ✇♦✉❧❞ ✐♥✈♦❧✈❡
❛s♣❡❝ts ♦❢ ❛ ❝♦♦r❞✐♥❛t✐♦♥ ❣❛♠❡✳

❚❤❡ ❛♥❛❧②s✐s ♦❢ ❝♦rr❡s♣♦♥❞✐♥❣ ❡q✉✐❧✐❜r✐❛ ❞♦❡s ♥♦t ♦✛❡r ♠✉❝❤ ❛❞❞✐t✐♦♥❛❧ ✐♥s✐❣❤t
❛s ②❛r❞st✐❝❦ r❡❣✉❧❛t✐♦♥ ✐s ❦♥♦✇♥ t♦ ❜❡ ❤✐❣❤❧② ✈✉❧♥❡r❛❜❧❡ t♦ ❝♦❧❧✉s✐♦♥✳ ❏♦✐♥t ♠✉t✉❛❧
♣✉♥✐s❤♠❡♥t✱ t❤❛t ♥♦ ✜r♠ ✇♦✉❧❞ ❞♦ ✉♥✐❧❛t❡r❛❧❧②✱ ❝❛♥ ❜❡ s❡❡♥ ❛s ❛ ❢♦r♠ ♦❢ ❝♦❧❧✉s✐♦♥✳
❚♦ t❤✐s ❡♥❞✱ ✇❡ ❡①♣❧✐❝✐t❧② ❡①❝❧✉❞❡ ❛❧❧ s♦rts ♦❢ ❥♦✐♥t ♠✉t✉❛❧ ♣✉♥✐s❤♠❡♥t✱ ❝♦❧❧✉s✐♦♥ ♦r
❝♦♦r❞✐♥❛t✐♦♥ ❢r♦♠ ♦✉r ❛♥❛❧②s✐s ❛♥❞ s❤♦✇ t❤❛t st❡❛❞② st❛t❡ ❡q✉✐❧✐❜r✐❛ ✇✐t❤ ♣♦s✐t✐✈❡
s❧❛❝❦ t❤❛t ❛r❡ ❵♣✉♥✐s❤♠❡♥t✲❢r❡❡✬ ❝❛♥ st✐❧❧ ❡①✐st✳ ❚❤❡r❡❢♦r❡✱ ✇❡ r❡str✐❝t ♦✉r ❛tt❡♥✲
t✐♦♥ t♦ t❤❡ s✉❜s❡t ♦❢ ▼❛r❦♦✈✲♣❡r❢❡❝t ❡q✉✐❧✐❜r✐❛ s❛t✐s❢②✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐t✐♦♥✿
▲❡t f i(Pt), f

o(Pt) ❛♥❞ fx(Pt) ❜❡ t❤❡ ▼❛r❦♦✈✲♣❡r❢❡❝t str❛t❡❣✐❡s ♦❢ ✜r♠s i✱ o ❛♥❞ x

r❡s♣❡❝t✐✈❡❧②✱ ❛♥❞ Pt ❜❡ t❤❡ ✈❡❝t♦r ♦❢ ♣r✐❝❡s ✈❛❧✐❞ ❢♦r ✜r♠s i, o ❛♥❞ x ✐♥ ♣❡r✐♦❞ t✳
❈♦♥s✐❞❡r ❛ ▼❛r❦♦✈✲♣❡r❢❡❝t ❡q✉✐❧✐❜r✐✉♠

(
f i(Pt), f

o(Pt), f
x(Pt)

)
✳ ■t ✐s ❝❛❧❧❡❞ ♣✉♥✐s❤✲

♠❡♥t✲❢r❡❡ ✐❢ ❢♦r ❛❧❧ Pt ✇❤❡r❡ f j(Pt) = fk(Pt)✱ ✇✐t❤ j, k = i, o, x ❛♥❞ j 6= k✱ ❛t
❧❡❛st ♦♥❡ str❛t❡❣② f l(Pt) = f j(Pt)✱ ✇✐t❤ l = i, o, x✱ ✐s ❛❧s♦ t❤❡ ❜❡st r❡s♣♦♥s❡ t♦ ❛❧❧
m = i, o, x✱ ✇✐t❤ m 6= l✱ ❝❤♦♦s✐♥❣ Sm

t > fm(Pt)✳
■♥ ❛ ♣✉♥✐s❤♠❡♥t✲❢r❡❡ ❡q✉✐❧✐❜r✐✉♠✱ ✜r♠s ❞♦ ♥♦t ❝❤♦♦s❡ ❛ ✉♥✐❢♦r♠ s❧❛❝❦ t❤❛t ✐s

♦♣t✐♠❛❧ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ♦t❤❡r ✜r♠s ❛❧s♦ ❝❤♦♦s❡ t❤✐s s❧❛❝❦ ❛♥❞ t❤❛t ✐s ♥♦t ❛♥ ♦♣t✐♠❛❧
❝❤♦✐❝❡ ♦❢ s❧❛❝❦ ❢♦r ❛♥② ✜r♠ ✐❢ ❛❧❧ ♦t❤❡r ✜r♠s ❝❤♦♦s❡ ❤✐❣❤❡r s❧❛❝❦s✳ ❚❤✉s✱ ✇❤❡♥❡✈❡r
✜r♠s ❝❤♦♦s❡ t❤❡ s❛♠❡ s❧❛❝❦✱ ❢♦r ❛t ❧❡❛st ♦♥❡ ✜r♠✱ t❤✐s s❧❛❝❦ ♠✉st r❡♠❛✐♥ ♦♣t✐♠❛❧
✐❢ ❛❧❧ ❜✉t t❤✐s ✜r♠ ❝❤♦♦s❡ ❤✐❣❤❡r s❧❛❝❦s ✐♥st❡❛❞✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ✇❡ ❡①❝❧✉❞❡ t❤❛t
✜r♠s ❝❤♦♦s❡ ❛ ✉♥✐❢♦r♠ s❧❛❝❦ t❤❛t ✐s ❢♦r ❡❛❝❤ ✜r♠ ♦♣t✐♠❛❧ ♦♥❧② ❜❡❝❛✉s❡ ♦❢ ♦t❤❡r ✜r♠s
❞♦✐♥❣ s♦✳

❇❡❧♦✇ ✇❡ ✐♠♣❧✐❝✐t❧② ❞❡✜♥❡ ❛♥ ♦♣t✐♠❛❧ ✈❛❧✉❡ ♦❢ s❧❛❝❦ ❡❛❝❤✱ ❞❡♥♦t❡❞ ❜② S∗✱ t❤❛t
♠❛①✐♠✐③❡s ✐♥t❡rt❡♠♣♦r❛❧ ✉t✐❧✐t② ❣✐✈❡♥ ❝✉rr❡♥t ♣r✐❝❡s ✉♥❞❡r t❤❡ r❡s♣❡❝t✐✈❡ r❡❣✉❧❛t♦r②
r❡❣✐♠❡ t❤❛t ❝❛♥ ❝❤❛r❛❝t❡r✐③❡ ❛ st❡❛❞② st❛t❡ ❡q✉✐❧✐❜r✐✉♠✳ ❋✉rt❤❡r♠♦r❡✱ ✇❡ ❞❡r✐✈❡ ❛
✉♥✐q✉❡ ❧❡✈❡❧ ♦❢ s❧❛❝❦✱ SM∗ ✉♥❞❡r ❢r♦♥t✐❡r ②❛r❞st✐❝❦ r❡❣✉❧❛t✐♦♥ ❛♥❞ SA∗ ✉♥❞❡r ❛✈❡r❛❣❡
②❛r❞st✐❝❦ r❡❣✉❧❛t✐♦♥✱ ✇❤✐❝❤ ♦✛❡rs t❤❡ ❤✐❣❤❡st ✐♥t❡rt❡♠♣♦r❛❧ ✉t✐❧✐t② ❢♦r t❤❡ ✜r♠s
✉♥❞❡r t❤❡ r❡s♣❡❝t✐✈❡ r❡❣✐♠❡ ❛♥❞ t❤❛t ❝❛♥ ❡①✐st ✐♥ ❛ ♣✉♥✐s❤♠❡♥t✲❢r❡❡ ▼❛r❦♦✈✲♣❡r❢❡❝t
st❡❛❞② st❛t❡ ❡q✉✐❧✐❜r✐✉♠✱ ❣✐✈❡♥ t❤❛t ♣r✐❝❡s ❛r❡ s✉✣❝✐❡♥t❧② ❤✐❣❤✳ ❆s ✇✐❧❧ ❜❡ s❤♦✇♥✱
SM∗ ✐s ✐♠♣❧✐❝✐t❧② ❞❡✜♥❡❞ ❜②

B′ = 1− δ2 ✭✻✮

✼



❛♥❞ SA∗ ❜②

B′ = 1−
1

2
δ2

1− 1

2
δ
. ✭✼✮

❊q✉❛t✐♦♥s ✭✻✮ ❛♥❞ ✭✼✮ s✉♠♠❛r✐③❡ t❤❡ r❡s♣❡❝t✐✈❡ tr❛❞❡♦✛ ❜❡t✇❡❡♥ t❤❡ ♠❛r❣✐♥❛❧
❜❡♥❡✜t ♦❢ r❡❞✉❝✐♥❣ s❧❛❝❦ ✐♥ t❤❡ ❝✉rr❡♥t ♣❡r✐♦❞ ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♠❛r❣✐♥❛❧ ❝♦sts
❢r♦♠ ❛❞✈❡rs❡❧② ❛✛❡❝t✐♥❣ ❢✉t✉r❡ ♣❛②♦✛ ❡❛❝❤ ✜r♠ ❢❛❝❡s ❡✈❡r② ♣❡r✐♦❞ ✉♥❞❡r ❜♦t❤ r❡❣✲
✉❧❛t♦r② s❝❤❡♠❡s✳

❲❡ s❤♦✇ t❤❛t ❡✈❡r② S∗ǫ[0, SM∗] ❛♥❞ S∗ǫ[0, SA∗]✱ ✉♥❞❡r ❢r♦♥t✐❡r ②❛r❞st✐❝❦ r❡❣✉❧❛✲
t✐♦♥ ❛♥❞ ❛✈❡r❛❣❡ ②❛r❞st✐❝❦ r❡❣✉❧❛t✐♦♥ r❡s♣❡❝t✐✈❡❧②✱ ❝❛♥ ♦❝❝✉r ✐♥ ❛ ♣✉♥✐s❤♠❡♥t✲❢r❡❡
▼❛r❦♦✈✲♣❡r❢❡❝t st❡❛❞② st❛t❡ ❡q✉✐❧✐❜r✐✉♠✱ ♣r♦✈✐❞❡❞ t❤❛t t❤❡ ✐♥✐t✐❛❧ ♣r✐❝❡s ❛r❡ ❤✐❣❤
❡♥♦✉❣❤✳ ❈♦♥✈❡rs❡❧②✱ ♥♦ ♦t❤❡r s❧❛❝❦ ✐s ♣♦ss✐❜❧❡ ✐♥ s✉❝❤ ❛♥ ❡q✉✐❧✐❜r✐✉♠✳

✸✳✶ ❖♣t✐♠❛❧ s❧❛❝❦

❆ss✉♠❡ t❤❡r❡ ❡①✐sts ❛ st❡❛❞② st❛t❡ ❡q✉✐❧✐❜r✐✉♠ ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ tr✐♣❧❡ ♦❢ ♣✉✲
♥✐s❤♠❡♥t✲❢r❡❡ ▼❛r❦♦✈✲♣❡r❢❡❝t str❛t❡❣✐❡s ♦❢ ✜r♠s i, o ❛♥❞ x✱ ❞❡♥♦t❡❞ ❜② f i(Pt)✱ f

o(Pt)
❛♥❞ fx(Pt) r❡s♣❡❝t✐✈❡❧②✳ ❇② ❞❡✜♥✐t✐♦♥✱ str❛t❡❣✐❡s ♥❡❡❞ t♦ ❜❡ ♦♣t✐♠❛❧ ✐♥ ❡q✉✐❧✐❜r✐✉♠✳
❋✐r♠s ❞❡❝✐❞❡ ♦♥ t❤❡✐r s❧❛❝❦ ❝♦♥s✐❞❡r✐♥❣ t❤❡✐r ❞✐s❝♦✉♥t❡❞ ✉t✐❧✐t② ✐♥ ❛❧❧ ♣❡r✐♦❞s t♦ ❝♦♠❡
❣✐✈❡♥ t❤❡② ❞❡❝✐❞❡ ♦♣t✐♠❛❧❧② ✐♥ ❛❧❧ ❢✉t✉r❡ ♣❡r✐♦❞s ❣✐✈❡♥ ❢✉t✉r❡ st❛t❡s✳ ❚❤❡ Pr✐♥❝✐♣❧❡
♦❢ ❖♣t✐♠❛❧✐t②✼ ✐s ✉s❡❞ t♦ ✜♥❞ t❤❡ r❡s✉❧t✐♥❣ ♦♣t✐♠❛❧ ❧❡✈❡❧ ♦❢ s❧❛❝❦ ❢♦r ✜r♠ i✳ ❙♦ ✜r♠
i s♦❧✈❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ♠❛①✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠✿

J i(Pt) = J i(P i
t , P

o
t , P

x
t ) = max

Si

t
≤P i

t

[F (P i
t , S

i
t) + δJ i(Pt+1)], ✭✽✮

✇❤❡r❡ J i ❞❡♥♦t❡s t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ ♦❢ ✜r♠ i ❛♥❞ Pt+1 ✐s t❤❡ ✈❡❝t♦r ♦❢ ♣r✐❝❡s ✐♥
t+1✳ ❇② ❚❤❡♦r❡♠ ✻✳✹ ❛♥❞ t❤❡ r❡❧❛①❡❞ ❆ss✉♠♣t✐♦♥ ✻✳✸✱ ✐✳❡✳ ✭✇❡❛❦✮ ❝♦♥❝❛✈✐t② ♦❢ t❤❡
✐♥st❛♥t ♣❛②♦✛ ❢✉♥❝t✐♦♥✱ ♦❢ ❆❝❡♠♦❣❧✉ ✭✷✵✵✾✮ t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ ✐s ✭✇❡❛❦❧②✮ ❝♦♥❝❛✈❡
✐♥ t❤❡ st❛t❡ ✈❛r✐❛❜❧❡s✳ ❚❤✉s✱ t❤❡ ♣r♦❜❧❡♠ ✐s ✇❡❧❧✲❜❡❤❛✈❡❞✳ ❲❤✐❧❡ t❤❡ st❛t❡ ✐♥ t ✐s
❣✐✈❡♥✱ t❤❡ st❛t❡ ✐♥ t+ 1 ✐s ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ r❡❣✉❧❛t♦r② r✉❧❡✳ P❧✉❣❣✐♥❣ t❤❡ ❣❡♥❡r❛❧
❢♦r♠ ♦❢ t❤✐s r✉❧❡ ✐♥ ❧❡❛❞s t♦

J i(Pt) = max
Si

t
≤P i

t

[F (P i
t , S

i
t) + δJ i

(
Ri(So

t , S
x
t ), R

o(Si
t , S

x
t ), R

x(Si
t , S

o
t )
)
]. ✭✾✮

❏✉st ❛s ✜r♠ i✱ ✜r♠s o ❛♥❞ x ♠❛①✐♠✐③❡ t❤❡✐r ✐♥t❡rt❡♠♣♦r❛❧ ✉t✐❧✐t② ❣✐✈❡♥ t❤❡ st❛t❡
✈❛r✐❛❜❧❡s t❤❡② ♦❜s❡r✈❡✳ ❙♦

So
t = f o(Pt) ✭✶✵✮

✼❙❡❡ ❡✳❣✳ ❆❝❡♠♦❣❧✉ ✭✷✵✵✾✮ ♦r ❙t♦❦❡②✱ ▲✉❝❛s ✇✐t❤ Pr❡s❝♦tt ✭✶✾✽✾✮ ❢♦r ❛ ❞❡t❛✐❧❡❞ ❞❡s❝r✐♣t✐♦♥✳

✽



❛♥❞

Sx
t = fx(Pt) ✭✶✶✮

❞❡s❝r✐❜❡ t❤❡ ♦♣t✐♠❛❧ s❧❛❝❦ ♦❢ o ❛♥❞ x ❣✐✈❡♥ Pt✱ ✐✳❡✳ S
o
t ❛♥❞ Sx

t s❛t✐s❢② t❤❡ r❡s♣❡❝t✐✈❡
✈❡rs✐♦♥s ♦❢ ✭✾✮✳

❆ss✉♠✐♥❣ t❤❛t o ❛♥❞ x ❢♦❧❧♦✇ f o(Pt) ❛♥❞ fx(Pt)✱ r❡s♣❡❝t✐✈❡❧②✱ ✇❡ ♦❜t❛✐♥ ✇✐t❤ ✭✾✮

J i(Pt) = max
Si

t
≤P i

t

[
F (P i

t , S
i
t)

+δJ i
(
Ri(f o(Pt), f

x(Pt)), R
o(Si

t , f
x(Pt)), R

x(Si
t , f

o(Pt))
)]

.

✭✶✷✮

❆s t❤✐s ✐s ❛ ❝♦♥str❛✐♥❡❞ ♠❛①✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠✱ ✇❡ r❡✇r✐t❡ ✭✶✷✮ ❛s

J i(Pt) = max
Si

t

[
F (P i

t , S
i
t)

+ δJ i
(
Ri(f o(Pt), f

x(Pt)), R
o(Si

t , f
x(Pt)), R

x(Si
t , f

o(Pt))
)

+ λi
t(P

i
t − Si

t)
]

✭✶✸✮

✇✐t❤ t❤❡ ❝♦♠♣❧❡♠❡♥t❛r② s❧❛❝❦♥❡ss ❝♦♥❞✐t✐♦♥s

λi
t ≥ 0 ❛♥❞ λi

t(P
i
t − Si

t) = 0. ✭✶✹✮

❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✜rst ♦r❞❡r ❝♦♥❞✐t✐♦♥ ✭❋❖❈✮ ❢♦r t❤❡ ♠❛①✐♠✉♠ ♣r♦❜❧❡♠ ✐s ❣✐✈❡♥
❜②✿

F2(P
i
t , S

i
t) + δJ i

2(Pt+1) ·R
o
1(S

i
t , S

x
t ) + δJ i

3(Pt+1) ·R
x
1(S

i
t , S

o
t )− λi

t = 0. ✭✶✺✮

❆❝❝♦r❞✐♥❣❧② ♥✉♠❜❡rs ❛s t❤❡ ❧♦✇❡r ✐♥❞❡① ♠❛r❦ ❞❡r✐✈❛t✐✈❡s ❛♥❞ t❤❡ ♥✉♠❜❡r ❞❡s❝r✐❜❡s
t❤❡ ❛r❣✉♠❡♥t ✇✐t❤ r❡s♣❡❝t t♦ ✇❤✐❝❤ t❤❡ ❞❡r✐✈❛t✐✈❡ ✐s t❛❦❡♥✳ ❚❤❡ ✉♣♣❡r ✐♥❞❡① ❞❡✲
s❝r✐❜❡s t❤❡ ❢✉♥❝t✐♦♥ ❢r♦♠ ✇❤✐❝❤ t❤❡ ❞❡r✐✈❛t✐✈❡ ✐s t❛❦❡♥✳ ■❢ t❤❡ ❧♦✇❡r ✐♥❞❡① ✐♥❝❧✉❞❡s
❛ ❵t✬✱ ✐t ✐s ❛ t✐♠❡ ✐♥❞❡①✳ ❙♦✱ Ro

1(S
i
t , S

x
t ) ❞❡s❝r✐❜❡s ❤♦✇ t❤❡ ♣r✐❝❡ o ♠❛② ❝❤❛r❣❡ ✐♥

t + 1 r❡❛❝ts t♦ ❛ ♠❛r❣✐♥❛❧ ❝❤❛♥❣❡ ♦❢ t❤❡ s❧❛❝❦ ♦❢ i ✐♥ t✳ ❲❡ ♦♥❧② ♥❡❡❞ t♦ ❧♦♦❦ ❛t
❞❡r✐✈❛t✐✈❡s t♦ t❤❡ ❧❡❢t✱ ✐✳❡✳ r❡❞✉❝t✐♦♥s ♦❢ s❧❛❝❦✱ ❛s st❛rt✐♥❣ ❢r♦♠ ❛ st❡❛❞② st❛t❡ ♥♦
✜r♠ ❝❛♥ ✐♥❝r❡❛s❡ ✐ts s❧❛❝❦ ✇✐t❤♦✉t ✈✐♦❧❛t✐♥❣ t❤❡ ❜r❡❛❦ ❡✈❡♥ ❝♦♥str❛✐♥t✳ ❆❝❝♦r❞✐♥❣❧②✱
t❤r♦✉❣❤♦✉t t❤✐s ♣❛♣❡r✱ ❛❧❧ ❞❡r✐✈❛t✐✈❡s ❛r❡ t♦ ❜❡ ✉♥❞❡rst♦♦❞ ❛s ❧❡❢t ❤❛♥❞ s✐❞❡ ❞❡r✐✈❛✲
t✐✈❡s✱ ✐✳❡✳ r❡❞✉❝t✐♦♥s ♦❢ t❤❡ r❡s♣❡❝t✐✈❡ ✈❛r✐❛❜❧❡✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❞❡r✐✈❛t✐✈❡s ♦❢ t❤❡
r❡❣✉❧❛t♦r② r✉❧❡s ❛r❡ ❣✐✈❡♥ ✐♥ t❤❡ ❛♣♣❡♥❞✐①✳

◆♦✇ ❧❡t

Si
t = f i(Pt) ✭✶✻✮

✾



❞❡s❝r✐❜❡ t❤❡ ♦♣t✐♠❛❧ s❧❛❝❦ ♦❢ ✜r♠ i ❣✐✈❡♥ Pt✱ ✐✳❡✳ f i(Pt) ✐s t❤❡ s♦❧✉t✐♦♥ t♦ ✭✶✺✮✳
■♥s❡rt✐♥❣ t❤✐s ✐♥t♦ ✭✶✸✮ ❧❡❛❞s t♦✿

J i(Pt) = F (P i
t , f

i(Pt))

+ δJ i
(
Ri(f o(Pt), f

x(Pt)), R
o(f i(Pt), f

x(Pt)), R
x(f i(Pt), f

o(Pt))
)

+ λi
t(P

i
t − f i(Pt)).

✭✶✼✮

❚❛❦✐♥❣ t❤❡ ❞❡r✐✈❛t✐✈❡ t♦ t❤❡ ❧❡❢t ✇✐t❤ r❡s♣❡❝t P i
t ✇❡ ✜♥❞ ✇✐t❤ ❊♥✈❡❧♦♣❡ ❚❤❡♦r❡♠✿

J i
1(Pt) = F1(P

i
t , S

i
t)

+ δJ i
1(Pt+1) ·R

i
1(S

o
t , S

x
t ) · f

o
1 (Pt) + δJ i

1(Pt+1) ·R
i
2(S

o
t , S

x
t ) · f

x
1 (Pt)

+ δJ i
2(Pt+1) ·R

o
2(S

i
t , S

x
t ) · f

x
1 (Pt) + δJ i

3(Pt+1) ·R
x
2(S

i
t , S

o
t ) · f

o
1 (Pt)

+ λi
t.

✭✶✽✮

❆♥❛❧♦❣♦✉s❧② ✇❡ ✜♥❞

J i
2(Pt) = δJ i

1(Pt+1) ·R
i
1(S

o
t , S

x
t ) · f

o
2 (Pt) + δJ i

1(Pt+1) ·R
i
2(S

o
t , S

x
t ) · f

x
2 (Pt)

+ δJ i
2(Pt+1) ·R

o
2(S

i
t , S

x
t ) · f

x
2 (Pt) + δJ i

3(Pt+1) ·R
x
2(S

i
t , S

o
t ) · f

o
2 (Pt)

✭✶✾✮

❛♥❞

J i
3(Pt) = δJ i

1(Pt+1) ·R
i
1(S

o
t , S

x
t ) · f

o
3 (Pt) + δJ i

1(Pt+1) ·R
i
2(S

o
t , S

x
t ) · f

x
3 (Pt)

+ δJ i
2(Pt+1) ·R

o
2(S

i
t , S

x
t ) · f

x
3 (Pt) + δJ i

3(Pt+1) ·R
x
2(S

i
t , S

o
t ) · f

o
3 (Pt).

✭✷✵✮

❯♣❞❛t✐♥❣ ✭✶✾✮ ❛♥❞ ✭✷✵✮ ❜② ♦♥❡ ♣❡r✐♦❞ ②✐❡❧❞s

J i
2(Pt+1) = δJ i

1(Pt+2) ·R
i
1(S

o
t+1, S

x
t+1) · f

o
2 (Pt+1)

+ δJ i
1(Pt+2) ·R

i
2(S

o
t+1, S

x
t+1) · f

x
2 (Pt+1)

+ δJ i
2(Pt+2) ·R

o
2(S

i
t+1, S

x
t+1) · f

x
2 (Pt+1)

+ δJ i
3(Pt+2) ·R

x
2(S

i
t+1, S

o
t+1) · f

o
2 (Pt+1)

✭✷✶✮

❛♥❞

J i
3(Pt+1) = δJ i

1(Pt+2) ·R
i
1(S

o
t+1, S

x
t+1) · f

o
3 (Pt+1)

+ δJ i
1(Pt+2) ·R

i
2(S

o
t+1, S

x
t+1) · f

x
3 (Pt+1)

+ δJ i
2(Pt+2) ·R

o
2(S

i
t+1, S

x
t+1) · f

x
3 (Pt+1)

+ δJ i
3(Pt+2) ·R

x
2(S

i
t+1, S

o
t+1) · f

o
3 (Pt+1).

✭✷✷✮

✶✵



P❧✉❣❣✐♥❣ ✭✷✶✮ ❛♥❞ ✭✷✷✮ ✐♥t♦ t❤❡ ❋❖❈ ✭✶✺✮ ❧❡❛❞s t♦

0 = F2(P
i
t , S

i
t)

+ δRo
1(S

i
t , S

x
t ) ·

(
δJ i

1(Pt+2) ·R
i
1(S

o
t+1, S

x
t+1) · f

o
2 (Pt+1)

+ δJ i
1(Pt+2) ·R

i
2(S

o
t+1, S

x
t+1) · f

x
2 (Pt+1)

+ δJ i
2(Pt+2) ·R

o
2(S

i
t+1, S

x
t+1) · f

x
2 (Pt+1)

+ δJ i
3(Pt+2) ·R

x
2(S

i
t+1, S

o
t+1) · f

o
2 (Pt+1)

)

+ δRx
1(S

i
t , S

o
t ) ·

(
δJ i

1(Pt+2) ·R
i
1(S

o
t+1, S

x
t+1) · f

o
3 (Pt+1)

+ δJ i
1(Pt+2) ·R

i
2(S

o
t+1, S

x
t+1) · f

x
3 (Pt+1)

+ δJ i
2(Pt+2) ·R

o
2(S

i
t+1, S

x
t+1) · f

x
3 (Pt+1)

+ δJ i
3(Pt+2) ·R

x
2(S

i
t+1, S

o
t+1) · f

o
3 (Pt+1)

)

− λi
t.

✭✷✸✮

■♥ ❡q✉❛t✐♦♥ ✭✷✸✮✱ ✇❡ ❝❧❡❛r❧② s❡❡ t❤❡ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ✉s❡ ♦❢ ❤✐st♦r✐❝❛❧ ❝♦st ❞❛t❛
✉♥❞❡r ②❛r❞st✐❝❦ r❡❣✉❧❛t✐♦♥✿ ❚❤❡ ♣r✐❝❡ t❤❛t ✜r♠ i ❝❛♥ ❝❤❛r❣❡ ✐♥ t❤❡ ❢✉t✉r❡ ✐s ✐♥✢✉✲
❡♥❝❡❞ ❜② ✐ts ❜❡❤❛✈✐♦r t♦❞❛②✳ ❚❤❡ ❝❤♦✐❝❡ ♦❢ s❧❛❝❦ ♦❢ i ✐♥ t ❞♦❡s ♥♦t ♦♥❧② ❞❡✜♥❡ ✐ts
✐♥st❛♥t❛♥❡♦✉s ♣❛②♦✛✱ ✐♠♣❧✐❝✐t❧② r❡♣r❡s❡♥t❡❞ ❜② F2(P

i
t , S

i
t)✱ ❜✉t ❛❧s♦ ❛✛❡❝ts t❤❡ ♣r✐❝❡s

o ❛♥❞ x ❝❛♥ ❝❤❛r❣❡ ✐♥ t + 1 ✈✐❛ t❤❡ r❡❣✉❧❛t♦r② r✉❧❡✱ Ro(Si
t , S

x
t ) ❛♥❞ Rx(Si

t , S
o
t ) r❡✲

s♣❡❝t✐✈❡❧②✳ ❋✐r♠s o ❛♥❞ x ❝❤♦♦s❡ t❤❡✐r s❧❛❝❦ ✐♥ t+1 ❜❛s❡❞ ♦♥ t❤❡ st❛t❡ t❤❡② ♦❜s❡r✈❡
❛♥❞ ✉♥❞❡r t❤❡ r❡str✐❝t✐♦♥ t❤❛t t❤❡② ❤❛✈❡ t♦ ❜r❡❛❦ ❡✈❡♥ ❛❝❝♦r❞✐♥❣ t♦ t❤❡✐r str❛t❡❣✐❡s✱
f o(Pt+1) ❛♥❞ fx(Pt+1)✳ ❚❤❡ s❧❛❝❦s o ❛♥❞ x ❝❤♦♦s❡ ✐♥ t+ 1✱ ✈✐❛ t❤❡ r❡❣✉❧❛t♦r② r✉❧❡✱
t❤❡♥ ❛✛❡❝t P o

t+2 ❛♥❞ P x
t+2 ❛♥❞ ❞❡t❡r♠✐♥❡ t❤❡ ♣r✐❝❡ i ✐s ❛❧❧♦✇❡❞ t♦ ❝❤❛r❣❡ ✐♥ t + 2✱

P i
t+2✳ ❚❤❡s❡ t❤r❡❡ ♣r✐❝❡s ❛r❡ t❤❡ ❛r❣✉♠❡♥ts ♦❢ t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ ♦❢ i ❛♥❞ ✐♥ ♣❡r✐♦❞

t✱ ✜r♠ i ❞✐s❝♦✉♥ts t❤❡ ❡✛❡❝ts ✐♥ t+ 2 ✇✐t❤ δ2✳
❋r♦♠ ▲❡♠♠❛ ✶✱ ✇❡ ❦♥♦✇ t❤❛t ✐♥ ❡✈❡r② st❡❛❞② st❛t❡ ❛❧❧ ✜r♠s ❝❤♦♦s❡ t❤❡ s❛♠❡

s❧❛❝❦✳ ❚❤✉s✱ st❛rt✐♥❣ ❢r♦♠ ❛ st❡❛❞② st❛t❡ ✉♥✐❧❛t❡r❛❧ r❡❞✉❝t✐♦♥ ♦❢ t❤❡ s❧❛❝❦ ♦❢ i

❛✛❡❝ts t❤❡ ♣r✐❝❡ o ❛♥❞ x ♠❛② ❝❤❛r❣❡ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣❡r✐♦❞ t❤❡ s❛♠❡ ✇❛② s♦ t❤❛t

✶✶



Ro
1(S

i
t , S

x
t ) = Rx

1(S
i
t , S

o
t )✳

✽ ❚❤✐s r❡❞✉❝❡s ✭✷✸✮ t♦

0 = F2(P
i
t , S

i
t)

+ δRo
1(S

i
t , S

x
t ) ·

(
δJ i

1(Pt+2) ·R
i
1(S

o
t+1, S

x
t+1) · [f

o
2 (Pt+1) + f o

3 (Pt+1)]

+ δJ i
1(Pt+2) ·R

i
2(S

o
t+1, S

x
t+1) · [f

x
2 (Pt+1) + fx

3 (Pt+1)]

+ δJ i
2(Pt+2) ·R

o
2(S

i
t+1, S

x
t+1) · [f

x
2 (Pt+1) + fx

3 (Pt+1)]

+ δJ i
3(Pt+2) ·R

x
2(S

i
t+1, S

o
t+1) · [f

o
2 (Pt+1) + f o

3 (Pt+1)]
)

− λi
t.

✭✷✹✮

❋r♦♠ ▲❡♠♠❛ ✶ ✐t ❛❧s♦ ❢♦❧❧♦✇s t❤❛t✱ ❞✉❡ t♦ r❡❣✉❧❛t♦r② ♠❡❝❤❛♥✐❝s✱ ✐♥ ❛❧❧ st❡❛❞②
st❛t❡s ❛❧❧ ✜r♠s r❡❛❧✐③❡ ③❡r♦ ♣r♦✜ts✱ ✐✳❡✳ ❛❧❧ ✜r♠s ❝❤♦♦s❡ t❤❡ s❧❛❝❦ t❤❛t ✐s ❡q✉❛❧ t♦
t❤❡ ♠❛①✐♠✉♠ ♣r✐❝❡ t❤❛t ❡❛❝❤ ✜r♠ ♠❛② ❝❤❛r❣❡✳ ❙♦✱ st❛rt✐♥❣ ❢r♦♠ ❛ st❡❛❞② st❛t❡ ❛
♠❛r❣✐♥❛❧ ✉♥✐❧❛t❡r❛❧ r❡❞✉❝t✐♦♥ ♦❢ t❤❡ s❧❛❝❦ ♦❢ i ✐♥ t ❧❡❛❞s t♦ P o

t+1 = P x
t+1 < P i

t+1✳ ❋♦❧✲
❧♦✇✐♥❣ ❛ ♣✉♥✐s❤♠❡♥t✲❢r❡❡ str❛t❡❣②✱ t❤❡ t✇♦ ♦t❤❡r ✜r♠s✱ o ❛♥❞ x✱ ✇✐❧❧ ✉♥❞❡r ❜♦t❤ r❡❣✲
✉❧❛t♦r② s❝❤❡♠❡s r❡❞✉❝❡ t❤❡✐r s❧❛❝❦ t❤❡ ♥❡①t ♣❡r✐♦❞ ❜② ❡①❛❝t❧② t❤❡ r❡s✉❧t✐♥❣ ♠❛r❣✐♥❛❧
r❡❞✉❝t✐♦♥ ♦❢ t❤❡✐r r❡s♣❡❝t✐✈❡ ♣r✐❝❡✱ ❣✐✈❡♥ t❤❡ ♣r✐❝❡ t❤❡② ❢❛❝❡ ✐s ♥♦t ❤✐❣❤❡r t❤❛♥ t❤❡
✉♥✐q✉❡ ♦♣t✐♠❛❧ s❧❛❝❦ SM∗ ❛♥❞ SA∗✱ r❡s♣❡❝t✐✈❡❧②✳ ❲❡ ❢♦r♠❛❧✐③❡ t❤✐s ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣
▲❡♠♠❛✱ ❝♦♥s✐❞❡r✐♥❣ r❡❞✉❝t✐♦♥s ♦❢ s❧❛❝❦ ♦♥❧② ❢♦r ❜♦t❤ r❡❣✉❧❛t♦r② r❡❣✐♠❡s✿

▲❡♠♠❛ ✷✳

✭✐✮ ❋r♦♥t✐❡r ②❛r❞st✐❝❦ r❡❣✉❧❛t✐♦♥✿
■❢ P o

t+1 = P x
t+1 ≤ P i

t+1 ❛♥❞ P o
t+1 = P x

t+1 ≤ SM∗✱
t❤❡♥ f o

2 (Pt+1) + f o
3 (Pt+1) = fx

2 (Pt+1) + fx
3 (Pt+1) = 1✳

✭✐✐✮ ❆✈❡r❛❣❡ ②❛r❞st✐❝❦ r❡❣✉❧❛t✐♦♥✿
■❢ P o

t+1 = P x
t+1 ≤ P i

t+1 ❛♥❞ P o
t+1 = P x

t+1 ≤ SA∗✱
t❤❡♥ f o

2 (Pt+1) + f o
3 (Pt+1) = fx

2 (Pt+1) + fx
3 (Pt+1) = 1✳

Pr♦♦❢✳ ❙❡❡ ❛♣♣❡♥❞✐①✳
■♥t✉✐t✐✈❡❧②✱ ▲❡♠♠❛ ✷ ♠❡❛♥s t❤❡ ❢♦❧❧♦✇✐♥❣✿ ❙t❛rt✐♥❣ ❢r♦♠ ❛ st❡❛❞② st❛t❡✱ ❛ ✜r♠

❤❛s t♦ r❡❞✉❝❡ ✐ts s❧❛❝❦ ✐❢ t❤❡ ♣r✐❝❡ t❤❛t t❤✐s ✜r♠ ❝❛♥ ❝❤❛r❣❡ ✐s r❡❞✉❝❡❞ ❛s ✐t ♥❡❡❞s
t♦ ❜r❡❛❦ ❡✈❡♥✳ ●✐✈❡♥ t❤❛t t❤❡ ✜r♠ ✇♦✉❧❞ ♥♦t ✈♦❧✉♥t❛r✐❧② ✉♥✐❧❛t❡r❛❧❧② ❞❡✈✐❛t❡ ❢r♦♠
t❤❡ st❡❛❞② st❛t❡ ❡q✉✐❧✐❜r✐✉♠✱ ✐t ❝❛♥♥♦t ✐♥❝r❡❛s❡ ✐ts ✐♥t❡rt❡♠♣♦r❛❧ ♣❛②♦✛ ❜② ❞❡✈✐❛t✐♥❣
❡✈❡♥ ♠♦r❡ t❤❛♥ ♥❡❝❡ss❛r②✳ ❚❤❡ ❢❛❝t t❤❛t ❛♥♦t❤❡r ✜r♠ ❛❧s♦ ❤❛s t♦ r❡❞✉❝❡ ✐ts s❧❛❝❦
❜② t❤❡ s❛♠❡ ❛♠♦✉♥t ❞♦❡s ♥♦t ❝❛✉s❡ ❛❞❞✐t✐♦♥❛❧ ❡✛❡❝ts ✐♥ t❤✐s ❝❛s❡✳

✽❲❡ ❡①t❡♥s✐✈❡❧② ❞❡❛❧ ✇✐t❤ t❤❡ ❞❡r✐✈❛t✐✈❡s ♦❢ t❤❡ r❡❣✉❧❛t♦r② r✉❧❡s ✐♥ t❤❡ ❛♣♣❡♥❞✐①✳

✶✷



❲✐t❤ ▲❡♠♠❛ ✷✱ ❡q✉❛t✐♦♥ ✭✷✹✮ r❡❞✉❝❡s t♦

0 = F2(P
i
t , S

i
t)

+ δRo
1(S

i
t , S

x
t ) ·

(
δJ i

1(Pt+2) · [R
i
1(S

o
t+1, S

x
t+1) +Ri

2(S
o
t+1, S

x
t+1)]

+ δJ i
2(Pt+2) ·R

o
2(S

i
t+1, S

x
t+1)

+ δJ i
3(Pt+2) ·R

x
2(S

i
t+1, S

o
t+1)

)

− λi
t.

✭✷✺✮

❚♦ s❤♦✇ ❤♦✇ t❤❡ s♦❧✉t✐♦♥s t♦ t❤✐s ❡q✉❛t✐♦♥ ❞✐✛❡r ✉♥❞❡r ❜♦t❤ r❡❣✉❧❛t♦r② s❝❤❡♠❡s ✇❡
♥❡❡❞ t♦ ❧♦♦❦ ❛t t❤❡♠ s❡♣❛r❛t❡❧②✳

❋r♦♥t✐❡r ②❛r❞st✐❝❦ r❡❣✉❧❛t✐♦♥✳ ❋r♦♠ ▲❡♠♠❛ ✶ ✐t ❢♦❧❧♦✇❡❞ t❤❛t ✐♥ ❛❧❧ st❡❛❞② st❛t❡
❡q✉✐❧✐❜r✐❛ ✜r♠s ❝❤♦♦s❡ t❤❡ s❛♠❡ s❧❛❝❦ ❛♥❞ t❤❡ s❧❛❝❦ ✐s ❡q✉❛❧ t♦ ❡❛❝❤ ✜r♠✬s ♣r✐❝❡ ❞✉❡
t♦ r❡❣✉❧❛t♦r② ♠❡❝❤❛♥✐❝s✳ ❚❤❡r❡❢♦r❡✱ ✐♥ s✉❝❤ ❛ st❡❛❞② st❛t❡ i ✇✐❧❧ ❝❤♦♦s❡ t❤❡ s❛♠❡
s❧❛❝❦ ❡✈❡r② ♣❡r✐♦❞✱ ✐✳❡✳ Si

t+1 = Si
t = S∗✳ ❊✈❡r② ♣❡r✐♦❞ i ❝♦✉❧❞ ❞❡✈✐❛t❡ ❜② r❡❞✉❝✐♥❣

✐ts s❧❛❝❦✳✾ ❙♦✱ S∗ ♠✉st s♦❧✈❡ t❤❡ ❋❖❈ ✐♥ ❡✈❡r② ♣❡r✐♦❞✳ ◆♦✇ ❛ss✉♠❡ i ♠❛r❣✐♥❛❧❧②
r❡❞✉❝❡s ✐ts s❧❛❝❦ ✐♥ t✳ ❋r♦♠ t❤❡ ❋❖❈✱ ✐t ❞✐r❡❝t❧② ❢♦❧❧♦✇s t❤❛t ✐t ❝❛♥♥♦t ❜❡ ♦♣t✐♠❛❧
❢♦r i t♦ ❝❤♦♦s❡ ❛ ❤✐❣❤❡r s❧❛❝❦ ✐♥ t+ 1 t❤❛♥ ✐♥ t✳ ❲✐t❤ Si

t < Si
t+1✱ t❤❡ s❧❛❝❦s ♦❢ o ❛♥❞

x ✇♦✉❧❞ ❤❛✈❡ t♦ ❜❡ s♠❛❧❧❡r t❤❛♥ t❤❡ ♦♥❡ i ❝❤♦♦s❡s ✐♥ t+ 1 ❢r♦♠ t❤❡ r❡❣✉❧❛t♦r② r✉❧❡
❛♥❞ t❤❡ ❜r❡❛❦ ❡✈❡♥ ❝♦♥str❛✐♥t✳ ❆❝❝♦r❞✐♥❣❧②✱ ✐♥ t+1 t❤❡ ❧❡❢t ❤❛♥❞ s✐❞❡ ❞❡r✐✈❛t✐✈❡s ♦❢
t❤❡ r❡❣✉❧❛t♦r② r✉❧❡ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ s❧❛❝❦ ♦❢ i ❞r♦♣ t♦ ③❡r♦ ✐❢ Si

t < Si
t+1✳ ■t ❢♦❧❧♦✇s

t❤❛t Si
t < Si

t+1 ❝❛♥♥♦t ❞❡s❝r✐❜❡ ❛♥ ♦♣t✐♠❛❧ str❛t❡❣② ♦❢ i✿ t❤❡ ❋❖❈ ✇♦✉❧❞ ♥♦t ❤♦❧❞
✐♥ t + 1 ❛s F2(P

i
t , S

i
t) = B′ − 1 ✐s s♠❛❧❧❡r t❤❛♥ ③❡r♦ ❛♥❞ λi

t+1 ✐s ♥♦♥♥❡❣❛t✐✈❡ ❢r♦♠
t❤❡ ❝♦♠♣❧❡♠❡♥t❛r② s❧❛❝❦♥❡ss ❝♦♥❞✐t✐♦♥s✳ ❲❡ ❝♦♥❝❧✉❞❡ t❤❛t i ♠❛r❣✐♥❛❧❧② r❡❞✉❝❡s ✐ts
s❧❛❝❦ ✐♥ ♣❡r✐♦❞s t ❛♥❞ t+1✱ s♦ t❤❛t Si

t = Si
t+1 < So

t = Sx
t ✳ ❋r♦♠ t❤❡ r❡❣✉❧❛t♦r② r✉❧❡✱

❡q✉❛t✐♦♥ ✭✹✮✱ t❤❡ ♣r✐❝❡s o ❛♥❞ x ♠❛② ❝❤❛r❣❡ ✐♥ t + 1 ❞❡❝r❡❛s❡ t♦ P o
t+1 = P x

t+1 = Si
t

❛♥❞ ❣✐✈❡♥ Si
t = Si

t+1✱ t❤❡r❡ ✐s ♥♦ ❛❞❞✐t✐♦♥❛❧ ❡✛❡❝t ♦♥ P o
t+2 = P x

t+2 ❢r♦♠ t❤❡ ❢♦r❝❡❞
❝❤❛♥❣❡ ✐♥ t❤❡ ❜❡❤❛✈✐♦r ♦❢ o ❛♥❞ x ✐♥ t+1✿ ❚❤❡ ♣r✐❝❡s o ❛♥❞ x ♠❛② ❝❤❛r❣❡ ✐♥ t+2 ❛r❡
❣✐✈❡♥ ❜② P o

t+2 = min(Si
t+1, S

x
t+1) ❛♥❞ P x

t+2 = min(Si
t+1, S

o
t+1)✳ ❙♦✱ ✐❢ o ❛♥❞ x ❞❡❝r❡❛s❡

t❤❡✐r s❧❛❝❦ ✐♥ t + 1 t♦ Si
t = Si

t+1✱ t❤❡② ♥❡✐t❤❡r ❝❤❛♥❣❡ P o
t+2 ♥♦r P x

t+2✳ ❈♦♥s❡q✉❡♥t❧②✱
✐♥ t❤✐s s✐t✉❛t✐♦♥ t❤❡ ❧❡❢t ❤❛♥❞ s✐❞❡ ❞❡r✐✈❛t✐✈❡s ♦❢ t❤❡ r❡❣✉❧❛t♦r② r✉❧❡ ❛r❡ ❣✐✈❡♥ ❜②
Ro

2(S
i
t+1, S

x
t+1) = Rx

2(S
i
t+1, S

o
t+1) = 0✳✶✵

■♥t✉✐t✐✈❡❧②✱ i ❞❡❝✐❞❡s ❛❜♦✉t ✐ts s❧❛❝❦ ✐♥ t✱ ❦♥♦✇✐♥❣ t❤❛t ✐ts s❧❛❝❦ ✐♥ t + 1 ✇✐❧❧ ❜❡
t❤❡ s❛♠❡ ❛s ✐♥ t✳ ❍❡♥❝❡✱ ❞❡❝✐❞✐♥❣ ❛❜♦✉t s❧❛❝❦ ✐♥ t ❛♥❞ t + 1✱ ✜r♠ i ❦♥♦✇s t❤❛t
P o
t+2 ❛♥❞ P x

t+2 ❛r❡ ❡q✉❛❧ t♦ Si
t+1 ❢♦r ❛❧❧ Sx

t+1 ≥ Si
t+1 ❛♥❞ So

t+1 ≥ Si
t+1 r❡s♣❡❝t✐✈❡❧②✳

❆❝❝♦r❞✐♥❣❧②✱ t❤❡ ♦♥❧② ♣r✐❝❡ ✐♥ t+2 t❤❛t ✐s ❝❤❛♥❣❡❞ ❛s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ✐♥❞✉❝❡❞
r❡❞✉❝t✐♦♥ ♦❢ t❤❡ s❧❛❝❦ ♦❢ o ❛♥❞ x t♦ So

t+1 = Sx
t+1 = Si

t+1 = Si
t ✐s t❤❡ ♣r✐❝❡ t❤❛t ✜r♠ i

✾◆♦ ✜r♠ ❝❛♥ ✐♥❝r❡❛s❡ ✐ts s❧❛❝❦ ✐♥ ❛ st❡❛❞② st❛t❡ ❜❡❝❛✉s❡ ♦❢ t❤❡ ❜r❡❛❦ ❡✈❡♥ ❝♦♥str❛✐♥t✳
✶✵❉❡r✐✈❛t✐✈❡s ✇♦✉❧❞ ❜❡ ❣r❡❛t❡r t❤❛♥ ③❡r♦ ❢♦r ❢✉rt❤❡r ❞❡❝r❡❛s❡s ♦❢ t❤❡✐r s❧❛❝❦ t❤♦✉❣❤✳

✶✸



✐ts❡❧❢ ❝❛♥ ❝❤❛r❣❡ ✐♥ t+2✱ P i
t+2✳ ❋✉rt❤❡r✱ R

i
1(S

o
t+1, S

x
t+1)+Ri

2(S
o
t+1, S

x
t+1) = 1 ✐s ❛❧✇❛②s

tr✉❡ ✉♥❞❡r ❢r♦♥t✐❡r ②❛r❞st✐❝❦ r❡❣✉❧❛t✐♦♥ ✭s❡❡ ❛♣♣❡♥❞✐①✮ ❛♥❞ t❤❡r❡❢♦r❡ ❡q✉❛t✐♦♥ ✭✷✺✮
r❡❞✉❝❡s t♦

0 = F2(P
i
t , S

i
t) + δRo

1(S
i
t , S

x
t ) · δJ

i
1(Pt+2)− λi

t. ✭✷✻✮

❲❡ ❝♦♥s✐❞❡r ✉♥✐❧❛t❡r❛❧ r❡❞✉❝t✐♦♥s ♦❢ t❤❡ s❧❛❝❦ ♦❢ i st❛rt✐♥❣ ❢r♦♠ ❛ st❡❛❞② st❛t❡ s♦
t❤❛t Ro

1(S
i
t , S

x
t ) = 1✳ ❋✉rt❤❡r♠♦r❡✱ ✇✐t❤ J i

1(Pt+2) = 1 + λi
t+2 ✭▲❡♠♠❛ ✹ ✐♥ t❤❡

❛♣♣❡♥❞✐①✮ ❛♥❞ F2(P
i
t , S

i
t) = B′ − 1✱ ✐t ❢♦❧❧♦✇s✿

0 = B′ − 1 + δ2(1 + λi
t+2)− λi

t. ✭✷✼✮

❆s t❤❡ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✐s t❤❡ s❛♠❡ ✐♥ ❡✈❡r② ♣❡r✐♦❞ ✐♥ ❛ st❡❛❞② st❛t❡ ❡q✉✐❧✐❜✲
r✐✉♠✱ λi

t = λi
t+2 = λ✳ ❙♦❧✈✐♥❣ ❢♦r B′ ②✐❡❧❞s t❤❡ ✐♠♣❧✐❝✐t s♦❧✉t✐♦♥ ❢♦r S∗✿

B′ = 1− δ2 + (1− δ2)λ. ✭✷✽✮

❚❤✐s ❝♦♥❞✐t✐♦♥ s✉♠♠❛r✐③❡s t❤❡ tr❛❞❡♦✛ ❜❡t✇❡❡♥ ♠❛r❣✐♥❛❧ ❜❡♥❡✜ts ❛♥❞ ♠❛r❣✐♥❛❧
❝♦sts ♦❢ ❞❡❝r❡❛s✐♥❣ s❧❛❝❦✳ ❚❤❡ ❧❡ss ♣❛t✐❡♥t ✜r♠ i ✐s✱ s♦ t❤❡ ♠♦r❡ ✇❡✐❣❤t ✐t ♣✉ts ♦♥
✐♥st❛♥t❛♥❡♦✉s ♣❛②♦✛✱ ✐✳❡✳ t❤❡ s♠❛❧❧❡r δ ✐s✱ t❤❡ ❣r❡❛t❡r ✐s B′ ❛♥❞ ✇✐t❤ B′′ < 0 t❤❡
s♠❛❧❧❡r ✐s t❤❡ s❧❛❝❦ i ❝❤♦♦s❡s✳ ❚❤❡r❡❢♦r❡✱ ✐❢ δ ❞❡❝r❡❛s❡s✱ t❤❡ ✜r♠ ❝❛r❡s ❧❡ss ❛❜♦✉t
s❧❛❝❦ ✐♥ t❤❡ ❢✉t✉r❡ ❜✉t ❣r❛s♣s ♣r♦✜t t♦❞❛②✳ ❆ ♠♦r❡ ❞❡t❛✐❧❡❞ ✐♥t✉✐t✐♦♥ ❜❛s❡❞ ♦♥ ❛♥
✐♥✜♥✐t❡ ❣❡♦♠❡tr✐❝ s❡r✐❡s ✐s ❣✐✈❡♥ ✐♥ t❤❡ ❛♣♣❡♥❞✐①✳ ■❢ λ > 0✱ t❤❡ ❝♦♥str❛✐♥t ♠✉st ❜❡
❜✐♥❞✐♥❣ ❢r♦♠ t❤❡ ❝♦♠♣❧❡♠❡♥t❛r② s❧❛❝❦♥❡ss ❝♦♥❞✐t✐♦♥s✳ ❋♦r ❡q✉❛t✐♦♥ ✭✷✽✮ t♦ ❤♦❧❞✱
t❤❡ ❣r❡❛t❡r λ ✐s✱ t❤❡ ❣r❡❛t❡r ♠✉st ❜❡ B′ ❛♥❞✱ ❛s B′′ < 0✱ t❤❡ s♠❛❧❧❡r ♠✉st ❜❡ t❤❡
s❧❛❝❦✳ ■❢ t❤❡ ❝♦♥str❛✐♥t ✐s ❜✐♥❞✐♥❣✱ ✜r♠ i ❤❛s t♦ ❝❤♦♦s❡ ❛ s♠❛❧❧❡r s❧❛❝❦ t❤❛♥ ✐t ✇♦✉❧❞
♦t❤❡r✇✐s❡ ❞♦✳ ❈♦♥✈❡rs❡❧②✱ ✐❢ λ ✐s ③❡r♦✱ t❤❡ s♦❧✉t✐♦♥ t♦ t❤❡ ❝♦♥str❛✐♥❡❞ ♠❛①✐♠✐③❛t✐♦♥
♣r♦❜❧❡♠ ✐s ❡q✉❛❧ t♦ t❤❡ s♦❧✉t✐♦♥ t♦ t❤❡ ✉♥❝♦♥str❛✐♥❡❞ ♠❛①✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠✱ ✐✳❡✳
t❤❡ s❧❛❝❦ SM∗ t❤❛t ✜r♠ i ❝❤♦♦s❡s ✐♥ ❡q✉✐❧✐❜r✐✉♠ ✐❢ ❛❧❧ ♣r✐❝❡s ❛r❡ s✉✣❝✐❡♥t❧② ❤✐❣❤✳
❈♦♥s❡q✉❡♥t❧②✱ t❤❡ ✐♠♣❧✐❝✐t ❞❡✜♥✐t✐♦♥ ❢♦r SM∗ ✐s ❣✐✈❡♥ ❜②

B′ = 1− δ2. ✭✷✾✮

❆✈❡r❛❣❡ ②❛r❞st✐❝❦ r❡❣✉❧❛t✐♦♥✳ ❯♥❞❡r t❤✐s r❡❣✉❧❛t♦r② r❡❣✐♠❡✱ ❛❧❧ r❡❧❡✈❛♥t ❞❡r✐✈❛✲
t✐✈❡s ♦❢ t❤❡ r❡❣✉❧❛t♦r② r✉❧❡ ❛r❡ ❛❧✇❛②s 1

2
❛s ❡❛❝❤ ♣r✐❝❡ ✐s t❤❡ ❛✈❡r❛❣❡ ♦❢ t✇♦ s❧❛❝❦s

✭s❡❡ ❛♣♣❡♥❞✐①✮✳ ❆s ❢✉rt❤❡r♠♦r❡ ✐♥ ❛❧❧ st❡❛❞② st❛t❡ ❡q✉✐❧✐❜r✐❛✱ t❤❡ ❋❖❈ ♠✉st ❤♦❧❞
✐♥ ❡✈❡r② ♣❡r✐♦❞✱ ✇❡ ❝❛♥ ✉♣❞❛t❡ t❤❡ ❋❖❈✱ ❡q✉❛t✐♦♥ ✭✶✺✮✱ ❜② ♦♥❡ ♣❡r✐♦❞ ❛♥❞ ♣❧✉❣ ✐t
✐♥t♦ ✭✷✺✮ t♦ ✜♥❞

0 = F2(P
i
t , S

i
t) + δ

1

2
·
(
δJ i

1(Pt+2)− F2(P
i
t+1, S

i
t+1) + λi

t+1

)
− λi

t. ✭✸✵✮

✶✹



❆♣♣❧②✐♥❣ t❤❡ s❛♠❡ r❡❛s♦♥✐♥❣ ❛s ❛❜♦✈❡ ✇✐t❤ Si
t+1 = Si

t = S∗✱ J i
1(Pt+2) = 1 + λi

t+2✱
F2(P

i
t , S

i
t) = B′ − 1 ❛♥❞ λ = λt = λi

t+1 = λi
t+2 ✇❡ ✜♥❞

0 = B′(1−
1

2
δ) + 1(

1

2
δ2 +

1

2
δ − 1) + λ(

1

2
δ2 +

1

2
δ − 1), ✭✸✶✮

❛♥❞ s♦❧✈✐♥❣ ❢♦r B′✱ ✐t ❢♦❧❧♦✇s t❤❡ ✐♠♣❧✐❝✐t s♦❧✉t✐♦♥ ❢♦r S∗✿

B′ =
(1− 1

2
δ2 − 1

2
δ) + λ(1− 1

2
δ2 − 1

2
δ)

1− 1

2
δ

. ✭✸✷✮

❯♥❞❡r ❛✈❡r❛❣❡ ②❛r❞st✐❝❦ r❡❣✉❧❛t✐♦♥✱ B′ ❛❧s♦ ❞❡❝r❡❛s❡s ✐♥ δ ❛♥❞ ❤❡♥❝❡ t❤❡ s❧❛❝❦ i

❝❤♦♦s❡s ✐♥❝r❡❛s❡s ✐♥ t❤❡ ✇❡✐❣❤t t❤❡ ✜r♠ ♣✉ts ♦♥ ❢✉t✉r❡ ♣❛②♦✛✳ ❆❣❛✐♥ B′ ✐♥❝r❡❛s❡s
✐♥ λ s♦ t❤❡ s❧❛❝❦ ❝❤♦s❡♥ ✐❢ t❤❡ ❝♦♥str❛✐♥t ✐s ❜✐♥❞✐♥❣ ✐s s♠❛❧❧❡r t❤❛♥ t❤❡ s❧❛❝❦ ❝❤♦s❡♥
✐❢ ❛❧❧ ♣r✐❝❡s ❛r❡ s✉✣❝✐❡♥t❧② ❤✐❣❤✳ ❚❤❡ s♦❧✉t✐♦♥ t♦ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✉♥❝♦♥str❛✐♥❡❞
♠❛①✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠✱ ✐✳❡✳ t❤❡ s❧❛❝❦ SA∗ ✜r♠ i ❝❤♦♦s❡s ✐♥ ❡q✉✐❧✐❜r✐✉♠ ✐❢ ❛❧❧ ♣r✐❝❡s
❛r❡ s✉✣❝✐❡♥t❧② ❤✐❣❤✱ ❞♦❡s ♥♦t ✐♥❝❧✉❞❡ λ✳ ❙♦✱ SA∗ ✐s ✐♠♣❧✐❝✐t❧② ❞❡✜♥❡❞ ❜②

B′ = 1−
1

2
δ2

1− 1

2
δ
. ✭✸✸✮

■♥s♣❡❝t✐♦♥ ♦❢ ❡q✉❛t✐♦♥s ✭✷✽✮ ❛♥❞ ✭✸✷✮ r❡✈❡❛❧s t❤❛t ♥♦ s❧❛❝❦ ❤✐❣❤❡r t❤❛♥ SM∗ ❛♥❞
SA∗ ❝❛♥ ❡①✐st ✐♥ ❛ st❡❛❞② st❛t❡ ✉♥❞❡r t❤❡ r❡s♣❡❝t✐✈❡ r❡❣✉❧❛t♦r② r❡❣✐♠❡✳ ❆s B′′ < 0
❛♥❞ λ ✐s ♥♦♥♥❡❣❛t✐✈❡ ❢r♦♠ t❤❡ ❝♦♠♣❧❡♠❡♥t❛r② s❧❛❝❦♥❡ss ❝♦♥❞✐t✐♦♥s✱ ♥❡✐t❤❡r ✭✷✽✮ ♥♦r
✭✸✷✮ ❝♦✉❧❞ ❤♦❧❞ ✐♥ ❛♥② st❡❛❞② st❛t❡ ✇✐t❤ s❧❛❝❦ ❣r❡❛t❡r t❤❛♥ SM∗ ❛♥❞ SA∗ r❡s♣❡❝t✐✈❡❧②✳
■♥ s✉❝❤ ❛ st❡❛❞② st❛t❡✱ ♠❛r❣✐♥❛❧ ❜❡♥❡✜ts ♦❢ ✉♥✐❧❛t❡r❛❧❧② r❡❞✉❝✐♥❣ s❧❛❝❦ ✇♦✉❧❞ ❜❡
❣r❡❛t❡r t❤❛♥ ♠❛r❣✐♥❛❧ ❝♦sts ♦❢ ❞♦✐♥❣ s♦✳ ❈♦♥s❡q✉❡♥t❧②✱ ✜r♠ i ✇♦✉❧❞ ✉♥✐❧❛t❡r❛❧❧②
❞❡✈✐❛t❡ ❜② r❡❞✉❝✐♥❣ ✐ts s❧❛❝❦✱ ✇❤✐❝❤ ❝♦♥tr❛❞✐❝ts t❤❡ ❡①✐st❡♥❝❡ ♦❢ s✉❝❤ ♣✉♥✐s❤♠❡♥t✲
❢r❡❡ ▼❛r❦♦✈✲♣❡r❢❡❝t st❡❛❞② st❛t❡ ❡q✉✐❧✐❜r✐❛✳ ❚❤✐s ❧❡❛❞s t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥
t❤❛t ✐s ❞✐r❡❝t❧② ❞❡r✐✈❡❞ ❢r♦♠ t❤❡ ❛♥❛❧②s✐s ❛❜♦✈❡✿

Pr♦♣♦s✐t✐♦♥ ✶✳

✭✐✮ ■♥ ❛♥② ♣✉♥✐s❤♠❡♥t✲❢r❡❡ ▼❛r❦♦✈✲♣❡r❢❡❝t st❡❛❞② st❛t❡ ❡q✉✐❧✐❜r✐✉♠ ✉♥❞❡r ❢r♦♥t✐❡r
②❛r❞st✐❝❦ r❡❣✉❧❛t✐♦♥ t❤❡ s❧❛❝❦ ✐s ❜❡t✇❡❡♥ ✵ ❛♥❞ SM∗✱ S∗ǫ[0, SM∗]✳
✭✐✐✮ ■♥ ❛♥② ♣✉♥✐s❤♠❡♥t✲❢r❡❡ ▼❛r❦♦✈✲♣❡r❢❡❝t st❡❛❞② st❛t❡ ❡q✉✐❧✐❜r✐✉♠ ✉♥❞❡r ❛✈❡r❛❣❡
②❛r❞st✐❝❦ r❡❣✉❧❛t✐♦♥ t❤❡ s❧❛❝❦ ✐s ❜❡t✇❡❡♥ ✵ ❛♥❞ SA∗✱ S∗ǫ[0, SA∗]✳

✸✳✷ ❙t❡❛❞② st❛t❡ ❡q✉✐❧✐❜r✐❛

❋r♦♠ ▲❡♠♠❛ ✶✱ ✐t ❢♦❧❧♦✇❡❞ t❤❛t t❤❡r❡ ❝❛♥♥♦t ❡①✐st ❛♥② ❛s②♠♠❡tr✐❝ st❡❛❞② st❛t❡
❡q✉✐❧✐❜r✐✉♠✳ ■t ✐s str❛✐❣❤t❢♦r✇❛r❞ t❤❛t t❤❡ ❛♥❛❧②s✐s ❛❜♦✈❡ ❝❛♥ ❛♥❛❧♦❣♦✉s❧② ❜❡ ❞♦♥❡

✶✺



❢♦r ✜r♠s o ❛♥❞ x✳ ❚❛❦✐♥❣ t❤❡ ♦♣t✐♠❛❧ str❛t❡❣✐❡s ♦❢ ✜r♠s o ❛♥❞ x ❛s ❣✐✈❡♥✱ ✇❡ s❤♦✇
t❤❛t ✐t ✐s ♦♣t✐♠❛❧ ❢♦r i t♦ ❢♦❧❧♦✇ t❤❡ s❛♠❡ str❛t❡❣②✳ ❇② ❞♦✐♥❣ t❤✐s✱ ✇❡ ♣r♦✈❡ t❤❡
❡①✐st❡♥❝❡ ♦❢ t❤❡ ❡q✉✐❧✐❜r✐❛ ❝❤❛r❛❝t❡r✐③❡❞ ❛❜♦✈❡✳

❆ss✉♠❡ ♦♣t✐♠❛❧ ▼❛r❦♦✈✲♣❡r❢❡❝t str❛t❡❣✐❡s ♦❢ ✜r♠s o ❛♥❞ x ✉♥❞❡r ❢r♦♥t✐❡r ②❛r❞✲
st✐❝❦ r❡❣✉❧❛t✐♦♥ ❛r❡ ❣✐✈❡♥ ❜②

f o(Pt) = fx(Pt) = S∗ = min(SM∗, P i
t , P

o
t , P

x
t ). ✭✸✹✮

❙♦✱ ✜r♠s o ❛♥❞ x ❝❤♦♦s❡ SM∗ ♦r ❛t ❧❡❛st ♦♥❡ ✜r♠ j = i, o, x ❝❛♥♥♦t ❝❤♦♦s❡ ❛♥②
❤✐❣❤❡r s❧❛❝❦ ✇✐t❤♦✉t ✈✐♦❧❛t✐♥❣ t❤❡ ❜r❡❛❦ ❡✈❡♥ ❝♦♥str❛✐♥t ❣✐✈❡♥ Pt✳ ■♥ t❤❡ ❧❛tt❡r
❝❛s❡✱ t❤✐s ✜r♠✬s ❝❤♦✐❝❡ ♦❢ s❧❛❝❦ ✇♦✉❧❞ r❡♠❛✐♥ ♦♣t✐♠❛❧ ✐❢ t❤❡ ♦t❤❡r ✜r♠s ❝❤♦s❡ ❤✐❣❤❡r
s❧❛❝❦s ✐♥st❡❛❞✳✶✶ ❋✉rt❤❡r♠♦r❡✱ ✐♥ ❛❧❧ st❡❛❞② st❛t❡s ✇✐t❤ s❧❛❝❦ ❣r❡❛t❡r t❤❛♥ SM∗✱ ✜r♠s
✇♦✉❧❞ ✉♥✐❧❛t❡r❛❧❧② ❞❡✈✐❛t❡ ❜② r❡❞✉❝✐♥❣ s❧❛❝❦✳ ❈♦♥s❡q✉❡♥t❧②✱ ✐❢ t❤❡ ❛❜♦✈❡ str❛t❡❣✐❡s
❝♦♥st✐t✉t❡ ❛♥ ❡q✉✐❧✐❜r✐✉♠✱ ✐t ✐s ♣✉♥✐s❤♠❡♥t✲❢r❡❡✳

●✐✈❡♥ t❤❡ ❛❜♦✈❡ str❛t❡❣✐❡s✱ ✐t ❝❛♥♥♦t ❜❡ ♦♣t✐♠❛❧ ❢♦r ✜r♠ i t♦ ❝❤♦♦s❡ ❛♥② s❧❛❝❦
❣r❡❛t❡r t❤❛♥ SM∗ ❛s ✐t ❝♦✉❧❞ r❡❞✉❝❡ ✐ts s❧❛❝❦ t♦ SM∗ ✇✐t❤♦✉t ❛✛❡❝t✐♥❣ ❛♥② ♣r✐❝❡ ✐♥
t+1✳ ❆s F2(P

i
t , S

i
t) < 0✱ t❤✐s ✇♦✉❧❞ r❡s✉❧t ✐♥ ❤✐❣❤❡r ✐♥st❛♥t❛♥❡♦✉s ❛♥❞ ✐♥t❡rt❡♠♣♦r❛❧

♣❛②♦✛✳ ❚❤❡ s❛♠❡ ✐s tr✉❡ ❢♦r ❛♥② Si
t > So

t = Sx
t ❛s i✬s s❧❛❝❦ ❞♦❡s ♥♦t ❛✛❡❝t ❢✉t✉r❡

♣r✐❝❡s ✐❢ Si
t > So

t = Sx
t ❢r♦♠ t❤❡ r❡❣✉❧❛t♦r② r✉❧❡✳ ❆❝❝♦r❞✐♥❣❧② t❤❡ ❋❖❈ ❝❛♥♥♦t ❤♦❧❞

❢♦r Si
t > So

t = Sx
t ❛s F2(P

i
t , S

i
t) < 0 ❛♥❞ λi

t ✐s ♥♦♥♥❡❣❛t✐✈❡ ❢r♦♠ t❤❡ ❝♦♠♣❧❡♠❡♥t❛r②
s❧❛❝❦♥❡ss ❝♦♥❞✐t✐♦♥s✳ ❚❤✉s✱ ✐t ✐s ♥❡✈❡r ♦♣t✐♠❛❧ ❢♦r i t♦ ❝❤♦♦s❡ ❛ s❧❛❝❦ ❤✐❣❤❡r t❤❛♥
o ❛♥❞ x ✉♥❞❡r ❢r♦♥t✐❡r ②❛r❞st✐❝❦ r❡❣✉❧❛t✐♦♥✱ ❛♥❞ t❤❡ ♦♣t✐♠❛❧ str❛t❡❣② ♦❢ i ❣✐✈❡♥ Pt

❛♥❞ t❤❡ str❛t❡❣✐❡s ♦❢ o ❛♥❞ x ♠✉st s❛t✐s❢② f i(Pt) ≤ min(SM∗, P i
t , P

o
t , P

x
t )✳

❲❡ ♥♦✇ s❤♦✇ t❤❛t t❤✐s ✐♥❡q✉❛❧✐t② ❤♦❧❞s ✇✐t❤ ❡q✉❛❧✐t②✿ ❆s t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥
✐s ❝♦♥❝❛✈❡ ✐♥ t❤❡ st❛t❡ ✈❛r✐❛❜❧❡s✱ F ✐s str✐❝t❧② ❝♦♥❝❛✈❡ ✐♥ s❧❛❝❦ ❛♥❞ t❤❡ ❧❡❢t ❤❛♥❞
s✐❞❡ ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ r❡❣✉❧❛t♦r② r✉❧❡ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ s❧❛❝❦ ♦❢ i ♠✉st ❜❡ ❡q✉❛❧
t♦ ♦♥❡ ✐♥ ❛❧❧ st❡❛❞② st❛t❡s ✇✐t❤ S∗ > 0✱ λ > 0 ✐♥ ❛❧❧ st❡❛❞② st❛t❡s ✇✐t❤ S∗ < SM∗✳
❆❝❝♦r❞✐♥❣❧② t❤❡ st❡❛❞② st❛t❡ ❞❡s❝r✐❜❡❞ ❜② SM∗ ✐s str✐❝t❧② ♣r❡❢❡rr❡❞ ❜② ✜r♠ i ♦✈❡r
❛❧❧ ♦t❤❡r st❡❛❞② st❛t❡s ✇✐t❤ ❧♦✇❡r s❧❛❝❦✳ ✭❖❜✈✐♦✉s❧② ❛❧❧ st❡❛❞② st❛t❡s ✇✐t❤ ♣♦s✐t✐✈❡
s❧❛❝❦ ❛r❡ ♣r❡❢❡rr❡❞ ❜② i ♦✈❡r t❤❡ ♦♥❡ ✇✐t❤ ③❡r♦ s❧❛❝❦✳✮

❋r♦♠ t❤❡ ❝♦♥❝❛✈✐t② ♦❢ t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ ❛♥❞ t❤❡ str✐❝t ❝♦♥❝❛✈✐t② ♦❢ F ❝♦♥❝❡r♥✲
✐♥❣ s❧❛❝❦✱ ✐t ❛❧s♦ ❢♦❧❧♦✇s t❤❛t λ ❞❡❝r❡❛s❡s ✐♥ t❤❡ st❡❛❞② st❛t❡ ✈❛❧✉❡ ♦❢ s❧❛❝❦ ❢♦r ❛❧❧
S∗ < SM∗✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ✜r♠ i ♥❡✈❡r ✉♥✐❧❛t❡r❛❧❧② ❞❡✈✐❛t❡s ❜② r❡❞✉❝✐♥❣ s❧❛❝❦
❢r♦♠ ❛ s✐t✉❛t✐♦♥ ✇❤❡r❡ ❛❧❧ ✜r♠s ❝❤♦♦s❡ t❤❡ s❛♠❡ s❧❛❝❦✱ ❣✐✈❡♥ Si

t ≤ SM∗✿ ■❢ ✜r♠ i

✉♥✐❧❛t❡r❛❧❧② r❡❞✉❝❡s ✐ts s❧❛❝❦ st❛rt✐♥❣ ❢r♦♠ s✉❝❤ ❛ s✐t✉❛t✐♦♥ ✐♥ t✱ t❤❡ ❝♦♥str❛✐♥t ✐s
♥♦t ❜✐♥❞✐♥❣ ✐♥ t❤❛t ♣❡r✐♦❞✱ s♦ λi

t ♥❡❡❞s t♦ ❜❡ ③❡r♦ ❢r♦♠ t❤❡ ❝♦♠♣❧❡♠❡♥t❛r② s❧❛❝❦✲
♥❡ss ❝♦♥❞✐t✐♦♥s✳ ❲✐t❤ t❤❡ ❝♦♥❝❛✈✐t② ♦❢ t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ ❛♥❞ str✐❝t ❝♦♥❝❛✈✐t② ♦❢
F ✇✐t❤ r❡s♣❡❝t t♦ s❧❛❝❦ t❤✐s ❝❛♥♥♦t ❜❡ ♦♣t✐♠❛❧ ❛s t❤❡ ❋❖❈ ❝♦✉❧❞ ♥♦t ❤♦❧❞✳ ❚❤❡♥

✶✶■♥ t❤❡ ♥♦t❛t✐♦♥ ♦❢ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ♣✉♥✐s❤♠❡♥t✲❢r❡❡ ▼❛r❦♦✈✲♣❡r❢❡❝t ❡q✉✐❧✐❜r✐❛✱ ♣✳ ✼✱ t❤✐s ✜r♠
❢❛❝✐♥❣ t❤❡ ❧♦✇❡st ♣r✐❝❡ ✐s ❧❛❜❡❧❧❡❞ ✜r♠ l✳

✶✻



f i(Pt) = S∗ = min(SM∗, P i
t , P

o
t , P

x
t ) ✐s t❤❡ ♦♣t✐♠❛❧ str❛t❡❣② ❣✐✈❡♥ t❤❡ str❛t❡❣✐❡s ♦❢

o ❛♥❞ x✳ ❆s min(SM∗, P i
t , P

o
t , P

x
t ) ❝❛♥ t❛❦❡ ♦♥ ❡✈❡r② ✈❛❧✉❡ ❜❡t✇❡❡♥ ③❡r♦ ❛♥❞ SM∗

❞❡♣❡♥❞✐♥❣ ♦♥ ✐♥✐t✐❛❧ ♣r✐❝❡s✱ ❡①✐st❡♥❝❡ ♦❢ ❛ ♣✉♥✐s❤♠❡♥t✲❢r❡❡ ▼❛r❦♦✈✲♣❡r❢❡❝t st❡❛❞②
st❛t❡ ❡q✉✐❧✐❜r✐✉♠ ✉♥❞❡r ❢r♦♥t✐❡r ②❛r❞st✐❝❦ r❡❣✉❧❛t✐♦♥ ✐s ❡st❛❜❧✐s❤❡❞ ❢♦r ❡✈❡r② s❧❛❝❦
S∗ǫ[0, SM∗]✳

❆ss✉♠❡ ❢✉rt❤❡r t❤❛t ♦♣t✐♠❛❧ str❛t❡❣✐❡s ♦❢ ✜r♠s o ❛♥❞ x ✉♥❞❡r ❛✈❡r❛❣❡ ②❛r❞st✐❝❦
r❡❣✉❧❛t✐♦♥ ❛r❡ ❣✐✈❡♥ ❜②

f o(Pt) = fx(Pt) = S∗ = min(SA∗, P i
t , P

o
t , P

x
t ). ✭✸✺✮

❲✐t❤ t❤❡ s❛♠❡ r❡❛s♦♥✐♥❣ ❛s ❛❜♦✈❡✱ ✐t ❢♦❧❧♦✇s t❤❛t ✐❢ t❤❡s❡ str❛t❡❣✐❡s ❝♦♥st✐t✉t❡ ❛♥
❡q✉✐❧✐❜r✐✉♠✱ ✐t ✐s ♣✉♥✐s❤♠❡♥t✲❢r❡❡✳ ❚❤❡ str❛t❡❣✐❡s ❣✐✈❡♥ ❜② ❡q✉❛t✐♦♥s ✭✸✹✮ ❛♥❞ ✭✸✺✮✱
❞✐✛❡r ♦♥❧② ❜② t❤❡ ✉♥✐q✉❡ ♦♣t✐♠❛❧ ✈❛❧✉❡ ♦❢ s❧❛❝❦✱ ❣✐✈❡♥ ♣r✐❝❡s ❛r❡ s✉✣❝✐❡♥t❧② ❤✐❣❤✳
❆❝❝♦r❞✐♥❣❧② t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♣r♦♦❢ ❢♦r ❛✈❡r❛❣❡ ②❛r❞st✐❝❦ r❡❣✉❧❛t✐♦♥ ✐s ✈❡r② s✐♠✐❧❛r
t♦ t❤❡ ♦♥❡ ❛❜♦✈❡✳ ■t ✐s ♥♦t ♦♣t✐♠❛❧ ❢♦r ✜r♠ i t♦ ❝❤♦♦s❡ ❛ s❧❛❝❦ ❤✐❣❤❡r t❤❛♥ t❤❡
♦♥❡ o ❛♥❞ x ❝❤♦♦s❡ ❣✐✈❡♥ t❤❡✐r ❛❜♦✈❡ str❛t❡❣✐❡s✿ ❋✐rst✱ ♥♦t❡ t❤❛t ✉♥❞❡r ❛✈❡r❛❣❡
②❛r❞st✐❝❦ r❡❣✉❧❛t✐♦♥✱ ❛❧❧ r❡❧❡✈❛♥t ❞❡r✐✈❛t✐✈❡s ♦❢ t❤❡ r❡❣✉❧❛t♦r② r✉❧❡ ❛r❡ ❡q✉❛❧ t♦ 1

2

❛s ❡✈❡r② ♣r✐❝❡ ✐s t❤❡ ❛✈❡r❛❣❡ ♦❢ t❤❡ s❧❛❝❦s ♦❢ t❤❡ ♦t❤❡r t✇♦ ✜r♠s ♦❢ t❤❡ ♣❡r✐♦❞
❜❡❢♦r❡✳ ◆♦✇ ❝♦♥s✐❞❡r Si

t > So
t = Sx

t ✿ ♥❡✐t❤❡r o ♥♦r x ✇♦✉❧❞ ❝❤♦♦s❡ ❛ ❤✐❣❤❡r s❧❛❝❦
✐♥ t + 1 t❤❛♥ ✐♥ t ❛s t❤❡♥ min(P i

t+1, P
o
t+1, P

x
t+1) = P i

t+1 = So
t = Sx

t ✳ ■t ❢♦❧❧♦✇s t❤❛t
t❤❡ ❤✐❣❤❡st ♣♦ss✐❜❧❡ s❧❛❝❦ ❢r♦♠ t + 2 ♦♥ ✇♦✉❧❞ ♥♦t ❜❡ ❣r❡❛t❡r t❤❛♥ So

t = Sx
t ❢♦r ❛❧❧

s❧❛❝❦s Si
t > So

t = Sx
t ✳ ❆s F2(P

i
t , S

i
t) < 0✱ i ❝♦✉❧❞ ✐♥❝r❡❛s❡ ✐ts ✐♥st❛♥t❛♥❡♦✉s ❛♥❞

✐♥t❡rt❡♠♣♦r❛❧ ♣❛②♦✛ ❜② ❞❡❝r❡❛s✐♥❣ ✐ts s❧❛❝❦ ❛♥❞ ❝❤♦♦s✐♥❣ Si
t = So

t = Sx
t ✳ ❚❤❡ r❡st ♦❢

t❤❡ ♣r♦♦❢ ✐s ❛ str❛✐❣❤t❢♦r✇❛r❞ r❡♣❡t✐t✐♦♥ ♦❢ t❤❡ ❛r❣✉♠❡♥ts ❛❜♦✈❡ ✉s✐♥❣ SA∗ ❛♥❞ t❤❡
❝♦rr❡s♣♦♥❞✐♥❣ ❞❡r✐✈❛t✐✈❡s ♦❢ t❤❡ r❡❣✉❧❛t♦r② r✉❧❡✳

❲❡ s✉♠♠❛r✐③❡ t❤❡s❡ ✜♥❞✐♥❣s ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥✿

Pr♦♣♦s✐t✐♦♥ ✷✳

✭✐✮
❯♥❞❡r ❢r♦♥t✐❡r ②❛r❞st✐❝❦ r❡❣✉❧❛t✐♦♥✱ t❤❡ tr✐♣❧❡ ♦❢ str❛t❡❣✐❡s

(
f i(Pt), f

o(Pt), f
x(Pt)

)

✇✐t❤ f j(Pt) = S∗ = min(SM∗, P i
t , P

o
t , P

x
t )✱ j = i, o, x✱ ❝♦♥st✐t✉t❡s ❛ ♣✉♥✐s❤♠❡♥t✲

❢r❡❡ ▼❛r❦♦✈✲♣❡r❢❡❝t st❡❛❞② st❛t❡ ❡q✉✐❧✐❜r✐✉♠✳ ❊✈❡r② s❧❛❝❦ S∗ǫ[0, SM∗] ❝❛♥ ❡①✐st ✐♥
❡q✉✐❧✐❜r✐✉♠ ❛♥❞ SM∗ ♦✛❡rs t❤❡ ❤✐❣❤❡st ✐♥t❡rt❡♠♣♦r❛❧ ♣❛②♦✛ ❢♦r ✜r♠s✳

✭✐✐✮
❯♥❞❡r ❛✈❡r❛❣❡ ②❛r❞st✐❝❦ r❡❣✉❧❛t✐♦♥✱ t❤❡ tr✐♣❧❡ ♦❢ str❛t❡❣✐❡s

(
f i(Pt), f

o(Pt), f
x(Pt)

)

✇✐t❤ f j(Pt) = S∗ = min(SA∗, P i
t , P

o
t , P

x
t )✱ j = i, o, x✱ ❝♦♥st✐t✉t❡s ❛ ♣✉♥✐s❤♠❡♥t✲

❢r❡❡ ▼❛r❦♦✈✲♣❡r❢❡❝t st❡❛❞② st❛t❡ ❡q✉✐❧✐❜r✐✉♠✳ ❊✈❡r② s❧❛❝❦ S∗ǫ[0, SA∗] ❝❛♥ ❡①✐st ✐♥
❡q✉✐❧✐❜r✐✉♠ ❛♥❞ SA∗ ♦✛❡rs t❤❡ ❤✐❣❤❡st ✐♥t❡rt❡♠♣♦r❛❧ ♣❛②♦✛ ❢♦r ✜r♠s✳

✶✼



■t ✐s ✐♠♣♦rt❛♥t t♦ ♥♦t❡ t❤❛t t❤❡ r❡❣✉❧❛t♦r ❝❛♥♥♦t ✐♥❞✉❝❡ t❤❡ ③❡r♦ s❧❛❝❦ st❡❛❞②
st❛t❡ ❜② s✐♠♣❧② s❡tt✐♥❣ ❛❧❧ ♣r✐❝❡s t♦ ③❡r♦✳ ■♥ ♦✉r ❛♥❛❧②s✐s✱ ♥❡❝❡ss❛r② ❝♦sts ❤❛✈❡ ❜❡❡♥
♥♦r♠❛❧✐③❡❞ t♦ ③❡r♦✳ ❍♦✇❡✈❡r✱ t❤❡ r❡❛s♦♥ ✇❤② r❡❣✉❧❛t♦r② s❝❤❡♠❡s ❧✐❦❡ ②❛r❞st✐❝❦ r❡❣✉✲
❧❛t✐♦♥ ❡①✐st ❡ss❡♥t✐❛❧❧② ✐s t❤❛t t❤❡ r❡❣✉❧❛t♦r ❞♦❡s ♥♦t ❦♥♦✇ ❤♦✇ ❧❛r❣❡ ♥❡❝❡ss❛r② ❝♦sts
♦❢ ♣r♦❞✉❝t✐♦♥ ❛r❡✳ ❖t❤❡r✇✐s❡✱ s❤❡ ❝♦✉❧❞ ❞✐r❡❝t❧② ♠❛♥❞❛t❡ ♦♣t✐♠❛❧ ♣r✐❝❡s ✇✐t❤♦✉t
❛♣♣❧②✐♥❣ ②❛r❞st✐❝❦ r❡❣✉❧❛t✐♦♥✳ ❇② ❡①♦❣❡♥♦✉s❧② s❡tt✐♥❣ t♦♦ ❧♦✇ ♣r✐❝❡s ✐♥ t❤❡ ✜rst
r❡❣✉❧❛t♦r② ♣❡r✐♦❞✱ t❤❡ r❡❣✉❧❛t♦r r✐s❦s ✜r♠s ❣♦✐♥❣ ❜❛♥❦r✉♣t✱ ❛s t❤❡② ❝❛♥♥♦t ❜r❡❛❦
❡✈❡♥ ❛♥②♠♦r❡✳ ❲❤✐❧❡ ✐t ✐s ♥♦t ❡①♣❧✐❝✐t❧② ♠♦❞❡❧❡❞ ✐♥ t❤✐s ♣❛♣❡r✱ ✐t s❡❡♠s r❡❛s♦♥❛❜❧❡
t❤❛t ✐t ✐s ❝r✉❝✐❛❧ t♦ t❤❡ r❡❣✉❧❛t♦r t❤❛t ✜r♠s s✉❜❥❡❝t t♦ r❡❣✉❧❛t✐♦♥✱ ♣r♦❞✉❝✐♥❣ ✇✐t❤♦✉t
s❧❛❝❦✱ ❝❛♥ ❝♦✈❡r t❤❡✐r r❡❛❧ ❛♥❞ ♥❡❝❡ss❛r② ❝♦sts✳ ❖♥❡ ❝♦✉❧❞ t❤✐♥❦ ♦❢ ❛ ❧❛r❣❡ ✇❡❧❢❛r❡ ❧♦ss
♦✉ts✐❞❡ ♦❢ t❤❡ ♠♦❞❡❧ t❤❛t ✐s ❛ss♦❝✐❛t❡❞ ✇✐t❤ ✜r♠s✱ t❤❛t ♣r♦✈✐❞❡ ❡ss❡♥t✐❛❧ s❡r✈✐❝❡s✱
♥♦t ❜❡✐♥❣ ❛❜❧❡ t♦ ❝♦✈❡r t❤❡✐r r❡❛❧ ❛♥❞ ♥❡❝❡ss❛r② ❝♦sts✳

●✐✈❡♥ t❤✐s r❡str✐❝t✐♦♥ ❛♥❞ t❤❛t ♥♦ s❧❛❝❦ ❤✐❣❤❡r t❤❛♥ SM∗ ❛♥❞ SA∗ ✉♥❞❡r t❤❡
r❡s♣❡❝t✐✈❡ r❡❣✐♠❡ ❝❛♥ ❡①✐st ✐♥ ❛ st❡❛❞② st❛t❡✱ ✐t s❡❡♠s r❡❛s♦♥❛❜❧❡ t❤❛t t❤❡ r❡❣✉❧❛t♦r
✐♥✐t✐❛❧❧② s❡ts ♣r✐❝❡s ✇❤✐❝❤ ❛r❡ r❡❧❛t✐✈❡❧② ❤✐❣❤✳ ❚❤❡r❡❢♦r❡✱ ❝♦♠♣❛r✐♥❣ t❤❡ ✉♣♣❡r ❡♥❞s
♦❢ t❤❡ ✐♥t❡r✈❛❧s ♦❢ ❢❡❛s✐❜❧❡ st❡❛❞② st❛t❡ s❧❛❝❦s s❡❡♠s ♣❛rt✐❝✉❧❛r❧② r❡❧❡✈❛♥t✳

✸✳✸ ❈♦♠♣❛r❛t✐✈❡ ❞②♥❛♠✐❝s

❋r♦♠ Pr♦♣♦s✐t✐♦♥s ✶ ❛♥❞ ✷✱ ✇❡ ❦♥♦✇ t❤❛t ❡✈❡r② s❧❛❝❦ ❜❡t✇❡❡♥ ✵ ❛♥❞ SM∗ ✉♥❞❡r ❢r♦♥✲
t✐❡r ②❛r❞st✐❝❦ r❡❣✉❧❛t✐♦♥ ❛♥❞ ❜❡t✇❡❡♥ ✵ ❛♥❞ SA∗ ✉♥❞❡r ❛✈❡r❛❣❡ ②❛r❞st✐❝❦ r❡❣✉❧❛t✐♦♥
❝❛♥ ❞❡s❝r✐❜❡ ❛ st❡❛❞② st❛t❡ ❡q✉✐❧✐❜r✐✉♠✳ ❋✉rt❤❡r♠♦r❡✱ ✇❡ ❦♥♦✇ t❤❛t t❤❡r❡ ❝❛♥♥♦t
❡①✐st ♣✉♥✐s❤♠❡♥t✲❢r❡❡ ▼❛r❦♦✈✲♣❡r❢❡❝t st❡❛❞② st❛t❡ ❡q✉✐❧✐❜r✐❛ ✇✐t❤ ❤✐❣❤❡r s❧❛❝❦ ✉♥❞❡r
t❤❡ r❡s♣❡❝t✐✈❡ r❡❣✉❧❛t♦r② r❡❣✐♠❡✳ ❇② ❝♦♠♣❛r✐♥❣ t❤❡ ✐♠♣❧✐❝✐t s♦❧✉t✐♦♥s ❢♦r SM∗ ❛♥❞
SA∗✱ ✇❡ ✜♥❞ t❤❛t ❛❧❧ ♣✉♥✐s❤♠❡♥t✲❢r❡❡ ▼❛r❦♦✈✲♣❡r❢❡❝t st❡❛❞② st❛t❡ ❡q✉✐❧✐❜r✐❛ ✉♥❞❡r
❛✈❡r❛❣❡ ②❛r❞st✐❝❦ r❡❣✉❧❛t✐♦♥ ❝❛♥ ❜❡ ❡q✉✐❧✐❜r✐❛ ✉♥❞❡r ❢r♦♥t✐❡r ②❛r❞st✐❝❦ r❡❣✉❧❛t✐♦♥
✇❤✐❧❡ t❤❡ r❡✈❡rs❡ ✐s ♥♦t tr✉❡✳ ❚❤✐s ❧❡❛❞s t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥✿

Pr♦♣♦s✐t✐♦♥ ✸✳ ❚❤❡ ❤✐❣❤❡st s❧❛❝❦ t❤❛t ❝❛♥ ❜❡ r❡❛❧✐③❡❞ ✐♥ ❛ ♣✉♥✐s❤♠❡♥t✲❢r❡❡ ▼❛r❦♦✈✲
♣❡r❢❡❝t st❡❛❞② st❛t❡ ❡q✉✐❧✐❜r✐✉♠ ✐s ❣r❡❛t❡r ✉♥❞❡r ❢r♦♥t✐❡r ②❛r❞st✐❝❦ r❡❣✉❧❛t✐♦♥ t❤❛♥
✉♥❞❡r ❛✈❡r❛❣❡ ②❛r❞st✐❝❦ r❡❣✉❧❛t✐♦♥✳

Pr♦♦❢✳ SA∗ ✐s ✐♠♣❧✐❝✐t❧② ❞❡✜♥❡❞ ❜② ✭✸✸✮ ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✈❛❧✉❡ ✉♥❞❡r ❢r♦♥t✐❡r
②❛r❞st✐❝❦ r❡❣✉❧❛t✐♦♥✱ SM∗✱ ✐s ✐♠♣❧✐❝✐t❧② ❞❡✜♥❡❞ ❜② ✭✷✾✮✳ ❆s B′ > 0 ❛♥❞ B′′ < 0✱
SM∗ > SA∗ ✐❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥❡q✉❛❧✐t② ❤♦❧❞s✿

1−
1

2
δ2

1− 1

2
δ
> 1− δ2. ✭✸✻✮

❘❡❛rr❛♥❣✐♥❣ ②✐❡❧❞s

1 > δ.

✶✽



❍❡♥❝❡✱ ✐♥❡q✉❛❧✐t② ✭✸✻✮ ❛❧✇❛②s ❤♦❧❞s✳

■♥t✉✐t✐✈❡❧②✱ ♦r✐❡♥t❛t✐♦♥ ❛t t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ ❵t❤❡ ❜❡st✬ ♦❢ ❛❧❧ ♦t❤❡r ✜r♠s r❛t❤❡r
t❤❛♥ t❤❡ ❛✈❡r❛❣❡ ♦❢ ❛❧❧ ♦t❤❡r ✜r♠s t♦ ❞❡✜♥❡ ❝♦♥str❛✐♥ts ❢♦r ❛ ✜r♠ ✉♥❞❡r ②❛r❞st✐❝❦
r❡❣✉❧❛t✐♦♥ s❡❡♠s t♦ ❜❡ t❤❡ t♦✉❣❤❡r r❡❣✉❧❛t✐♦♥✳ ■♥❝❡♥t✐✈❡s t♦ ♣r♦❞✉❝❡ ❡✣❝✐❡♥t❧②✱
✐✳❡✳ ✇✐t❤♦✉t s❧❛❝❦✱ s❤♦✉❧❞ ❜❡ str♦♥❣✳ Pr♦♣♦s✐t✐♦♥ ✸ q✉❡st✐♦♥s t❤✐s ✐♥t✉✐t✐♦♥✳ ❯s✐♥❣
❤✐st♦r✐❝❛❧ ❝♦st ❞❛t❛ ♦❢ ♦t❤❡r ✜r♠s ❛❧❧♦✇s ❡❛❝❤ ✜r♠ t♦ ✐♥✢✉❡♥❝❡ t❤❡ ♦✇♥ ②❛r❞st✐❝❦✳
❆s t❤✐s ✐♥✢✉❡♥❝❡ ✐s ❣r❡❛t❡r ✉♥❞❡r ❢r♦♥t✐❡r ②❛r❞st✐❝❦ r❡❣✉❧❛t✐♦♥ ❛❧❧ ✜r♠s ❝♦✉❧❞ ❜❡ ❧❡ss
✇✐❧❧✐♥❣ t♦ ❵♣✉s❤✬ t❤❡ ♦t❤❡r ✜r♠s ❜❡❝❛✉s❡ t❤❡② ✇✐❧❧ ❤❛✈❡ t♦ ❵♣✉s❤ ❜❛❝❦✬ ✐♥ r❡t✉r♥✳

✹ ❈♦♥❝❧✉s✐♦♥

❲❤✐❧❡ ❙❤❧❡✐❢❡r✬s ✭✶✾✽✺✮ ✈❡rs✐♦♥ ♦❢ ②❛r❞st✐❝❦ r❡❣✉❧❛t✐♦♥ ✉s❡s ❝✉rr❡♥t ♣❡r❢♦r♠❛♥❝❡ ♦❢
♦t❤❡r ✜r♠s t♦ ✜♥❞ ❝✉rr❡♥t ❝♦♥str❛✐♥ts ❢♦r ❛♥ ❡✈❛❧✉❛t❡❞ ✜r♠✱ r❡❛❧ ❧✐❢❡ ❛♣♣❧✐❝❛t✐♦♥s ♦❢
②❛r❞st✐❝❦ r❡❣✉❧❛t✐♦♥ ❢r❡q✉❡♥t❧② ❞❡✜♥❡ ❝♦♥str❛✐♥ts✱ ❡✳❣✳ ♣r✐❝❡s ❛❧❧♦✇❡❞ t♦ ❜❡ ❝❤❛r❣❡❞✱
❡① ❛♥t❡ ❜❛s❡❞ ♦♥ ❞❛t❛ ❢r♦♠ t❤❡ r❡❣✉❧❛t♦r② ♣❡r✐♦❞✭s✮ ❜❡❢♦r❡✳ ❚❤✐s ✉s❡ ♦❢ ❤✐st♦r✐❝❛❧
❝♦st ❞❛t❛ ✐♥ ②❛r❞st✐❝❦ r❡❣✉❧❛t✐♦♥ ❡♥❛❜❧❡s ❛ ✜r♠ t♦ ❛✛❡❝t t❤❡ ♣r✐❝❡ ✐t ❝❛♥ ❝❤❛r❣❡ ✐♥ t❤❡
❢✉t✉r❡✳ ❆✛❡❝t✐♥❣ ♦t❤❡r ✜r♠s✬ ❝♦♥str❛✐♥ts ❛♥❞ t❤✉s ❜❡❤❛✈✐♦r✱ t❤❡ ❝✉rr❡♥t ♣❡r❢♦r♠❛♥❝❡
♦❢ ❛ ✜r♠ ✐s ❞✐r❡❝t❧② ❧✐♥❦❡❞ t♦ ✐ts ♦✇♥ ❢✉t✉r❡ ❝♦♥str❛✐♥ts✳

❚❤✐s ❛♥❛❧②s✐s s❤♦✇❡❞ ✐♥ ❛ s✐♠♣❧❡ ♠♦❞❡❧ ❢r❛♠❡✇♦r❦ t❤❛t ✐♥❡✣❝✐❡♥t st❡❛❞② st❛t❡
❡q✉✐❧✐❜r✐❛ ✐♥ ✇❤✐❝❤ ❛❧❧ ✜r♠s ❝❤♦♦s❡ ♣♦s✐t✐✈❡ s❧❛❝❦ ❝❛♥ ❡①✐st ✉♥❞❡r ②❛r❞st✐❝❦ r❡❣✉❧❛t✐♦♥
✇✐t❤♦✉t ❛♥② ❢♦r♠ ♦❢ ❝♦❧❧✉s✐♦♥ ✐❢ ❤✐st♦r✐❝❛❧ ❝♦st ❞❛t❛ ✐s ✉s❡❞✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ ❤✐❣❤❡st
s❧❛❝❦ t❤❛t ❝❛♥ ❡①✐st ✐♥ ❛ ♣✉♥✐s❤♠❡♥t✲❢r❡❡ ▼❛r❦♦✈✲♣❡r❢❡❝t st❡❛❞② st❛t❡ ❡q✉✐❧✐❜r✐✉♠
✐s ❤✐❣❤❡r ✉♥❞❡r ❢r♦♥t✐❡r ②❛r❞st✐❝❦ r❡❣✉❧❛t✐♦♥✱ ✇❤❡r❡ t❤❡ ✜r♠ ✇✐t❤ t❤❡ ❧♦✇❡st ❝♦sts
♦❢ ❛❧❧ ❜✉t t❤❡ ❡✈❛❧✉❛t❡❞ ✜r♠ ❞❡✜♥❡s t❤❡ ②❛r❞st✐❝❦✱ t❤❛♥ ✐❢ t❤❡ ❛✈❡r❛❣❡ ♦❢ ❛❧❧ ♦t❤❡r
✜r♠s ✐s ✉s❡❞✳ ❚❤✐s ❝❤❛❧❧❡♥❣❡s t❤❡ ♣❡r❝❡♣t✐♦♥ t❤❛t ✐♥❝❡♥t✐✈❡s t♦ ♣r♦❞✉❝❡ ❡✣❝✐❡♥t❧②
❛r❡ str♦♥❣❡st ✐❢ t❤❡ ❜❡st ♦❢ ❛❧❧ ♦t❤❡r ✜r♠s ✐s t❤❡ ②❛r❞st✐❝❦ ✐♥ ❛ ②❛r❞st✐❝❦ r❡❣✉❧❛t✐♦♥
✉s✐♥❣ ❤✐st♦r✐❝❛❧ ❝♦st ❞❛t❛✳

✶✾



❆♣♣❡♥❞✐①

Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✶

❆s r❡❣✉❧❛t♦r② r✉❧❡s ❛r❡ ❛♥♦♥②♠♦✉s ❛♥❞ C ✐s ♥♦r♠❛❧✐③❡❞ t♦ ③❡r♦✱ ♦♥❧② ✺ r❡❧❡✈❛♥t
❞✐✛❡r❡♥t ❝❛s❡s ❝❛♥ ❜❡ ❞✐st✐♥❣✉✐s❤❡❞✱ ♣♦t❡♥t✐❛❧❧② ✇✐t❤ ✐♥❞✐❝❡s ❝❤❛♥❣❡❞ ❛♥❞ ✉♣❞❛t❡❞
t❤♦✉❣❤✿

✭■✮ P i
t = P o

t = P x
t = Si

t = So
t = Sx

t

✭■■✮ Si
t = So

t > Sx
t

✭■■■✮ Si
t > So

t = Sx
t

✭■❱✮ Si
t > So

t > Sx
t

✭❱✮ Si
t = So

t = Sx
t < P i

t = P o
t = P x

t

❚❤❡ r❡❛s♦♥✐♥❣ ✐s ❡①♣❧❛✐♥❡❞ ❜❡❧♦✇ ✐♥ ❞❡t❛✐❧ ❢♦r ❝❛s❡ ✭■■✮ ✉♥❞❡r ❢r♦♥t✐❡r ②❛r❞st✐❝❦ r❡❣✲
✉❧❛t✐♦♥ ❛♥❞ ❛✈❡r❛❣❡ ②❛r❞st✐❝❦ r❡❣✉❧❛t✐♦♥✱ t❤❡ r❡♠❛✐♥✐♥❣ ✐s t❤❡♥ ❛ str❛✐❣❤t❢♦r✇❛r❞
❛♣♣❧✐❝❛t✐♦♥ ❛❧♦♥❣ t❤❡s❡ ❧✐♥❡s✳

❈❛s❡ ✭■✮✿
■❢ ❛❧❧ t❤r❡❡ ♣r✐❝❡s ❛♥❞ ❛❧❧ t❤r❡❡ s❧❛❝❦s ❛r❡ t❤❡ s❛♠❡ ✐♥ t t❤❡ r❡❣✉❧❛t♦r② r✉❧❡ ❞♦❡s ♥♦t
❢♦r❝❡ ❛♥② ❝❤❛♥❣❡✳ Pr✐❝❡s ✐♥ t + 1 ❛r❡ t❤❡ s❛♠❡ ❛s ✐♥ t ❛♥❞ t❤❡ s❛♠❡ s❧❛❝❦ ❛s ✐♥ t ✐s
♣♦ss✐❜❧❡ ❢♦r ❛❧❧ ✜r♠s✳

❋r♦♥t✐❡r ②❛r❞st✐❝❦ r❡❣✉❧❛t✐♦♥
❈❛s❡ ✭■■✮✿

P i
t+1 = P o

t+1 = Sx
t < P x

t+1 = Si
t = So

t

⇒

Si
t+1 ≤ Sx

t

So
t+1 ≤ Sx

t

Sx
t+1 ≤ Si

t = So
t

⇒

Si
t+2 ≤ P i

t+2 ≤ Sx
t

So
t+2 ≤ P o

t+2 ≤ Sx
t

Sx
t+2 ≤ P x

t+2 ≤ Sx
t

✷✵



t❤❡♥ ❡✐t❤❡r ❝❛s❡ ✭■✮ ♦r ♦♥❡ ♦❢ t❤❡ ❝❛s❡s ✭■■✮✲✭❱✮ ❛♣♣❧✐❡s✳

❯♥❞❡r ❢r♦♥t✐❡r ②❛r❞st✐❝❦ r❡❣✉❧❛t✐♦♥✱ t❤❡ ♣r✐❝❡ t❤❛t ❛ ✜r♠ ✐s ❛❧❧♦✇❡❞ t♦ ❝❤❛r❣❡ ✐s
t❤❡ ♠✐♥✐♠✉♠ ♦❢ t❤❡ s❧❛❝❦s t❤❡ ♦t❤❡r t✇♦ ✜r♠s ❝❤♦s❡ ✐♥ t❤❡ ♣❡r✐♦❞ ❜❡❢♦r❡✳ ❚❤❡r❡✲
❢♦r❡✱ ✐❢ ✜r♠s i ❛♥❞ o ❝❤♦♦s❡ t❤❡ s❛♠❡ s❧❛❝❦ ✐♥ t ❛♥❞ ✜r♠ x ❝❤♦♦s❡s ❛ s♠❛❧❧❡r ♦♥❡✱
t❤❡ ♣r✐❝❡ i ❛♥❞ o ❛r❡ ❛❧❧♦✇❡❞ t♦ ❝❤❛r❣❡ ✐♥ t+ 1 ✐s ❡q✉❛❧ t♦ Sx

t ✇❤✐❧❡ P x
t+1 ✐s ❡q✉❛❧ t♦

t❤❡ s❧❛❝❦ i ❛♥❞ o ❝❤♦♦s❡ ✐♥ t✳ ■♥ t+1✱ x ♠❛②✱ ❝♦♥s❡q✉❡♥t❧②✱ ❝❤♦♦s❡ ❛♥② s❧❛❝❦ t❤❛t ✐s
♥♦t ❣r❡❛t❡r t❤❛♥ P x

t+1 = Si
t = So

t ✳ ❚❤❡ s❧❛❝❦ i ❛♥❞ o ❝❛♥ ❝❤♦♦s❡ ✐s ♥♦t ❣r❡❛t❡r t❤❛♥
P i
t+1 = P o

t+1 = Sx
t ❛♥❞ ❤❡♥❝❡ s♠❛❧❧❡r t❤❛♥ P x

t+1 = Si
t = So

t ✳ ■♥ t + 2✱ t❤❡ ♣r✐❝❡ i✱ o
❛♥❞ x ♠❛② ❝❤❛r❣❡ ✐s ♥♦t ❣r❡❛t❡r t❤❛♥ t❤❡ s♠❛❧❧❡st s❧❛❝❦ ✐♥ t✱ ✐✳❡✳ Sx

t ✳ ❖♥❧② ♦♥❡ ✜r♠✱
x✱ ❝❛♥ ❝❤♦♦s❡ ❛ ❤✐❣❤❡r s❧❛❝❦ t❤❛♥ t❤✐s ✐♥ t + 1✳ ❇✉t ❡✈❡♥ ✐❢ ✐t ❞♦❡s s♦✱ t❤❡ s♠❛❧❧❡r
♦♥❡ ♦❢ ❛♥② t✇♦ s❧❛❝❦s ❝❤♦s❡♥ ✐♥ t + 1 ❝❛♥♥♦t ❜❡ ❣r❡❛t❡r t❤❛♥ Sx

t ✳ ■♥ t + 2✱ ❡✐t❤❡r
❛❧❧ t❤r❡❡ ✜r♠s ❝❤♦♦s❡ t❤❡ s❛♠❡ s❧❛❝❦ ❛♥❞ t❤✐s s❧❛❝❦ ✐s ❡q✉❛❧ t♦ t❤❡ ♣r✐❝❡ t❤❡② ♠❛②
❝❤❛r❣❡ ♦r ♦♥❡ ♦❢ t❤❡ ❝❛s❡s ✭■■✮ t♦ ✭❱✮ ❛♣♣❧✐❡s✳

❈❛s❡ ✭■■■✮✿

Si
t+1 ≤ P i

t+1 = Sx
t = So

t

So
t+1 ≤ P o

t+1 = Sx
t = So

t

Sx
t+1 ≤ P x

t+1 = So
t = Sx

t

t❤❡♥ ❡✐t❤❡r ❝❛s❡ ✭■✮ ♦r ♦♥❡ ♦❢ t❤❡ ❝❛s❡s ✭■■✮✲✭❱✮ ❛♣♣❧✐❡s✳

❈❛s❡ ✭■❱✮✿

P i
t+1 = Sx

t

P o
t+1 = Sx

t

P x
t+1 = So

t

⇒

Si
t+1 ≤ Sx

t

So
t+1 ≤ Sx

t

Sx
t+1 ≤ So

t

⇒

Si
t+2 ≤ P i

t+2 ≤ Sx
t

So
t+2 ≤ P o

t+2 ≤ Sx
t

Sx
t+2 ≤ P x

t+2 ≤ Sx
t

✷✶



t❤❡♥ ❡✐t❤❡r ❝❛s❡ ✭■✮ ♦r ♦♥❡ ♦❢ t❤❡ ❝❛s❡s ✭■■✮✲✭❱✮ ❛♣♣❧✐❡s✳

❈❛s❡ ✭❱✮✿

P i
t+1 = P o

t+1 = P x
t+1 = Si

t = So
t = Sx

t

t❤❡♥ ❡✐t❤❡r ❝❛s❡ ✭■✮ ♦r ♦♥❡ ♦❢ t❤❡ ❝❛s❡s ✭■■✮✲✭❱✮ ❛♣♣❧✐❡s✳

❆✈❡r❛❣❡ ②❛r❞st✐❝❦ r❡❣✉❧❛t✐♦♥
❈❛s❡ ✭■■✮✿

P i
t+1 =

So
t + Sx

t

2

P o
t+1 =

Si
t + Sx

t

2

P x
t+1 =

Si
t + So

t

2
= Si

t = So
t

⇒

Si
t+1 ≤

So
t + Sx

t

2
< Si

t

So
t+1 ≤

Si
t + Sx

t

2
< So

t

Sx
t+1 ≤

Si
t + So

t

2
= Si

t = So
t ❬❛♥❞ Sx

t+1 R Sx
t ]

⇒

Si
t+2 ≤ P i

t+2 ≤
Si
t + Sx

t + Si
t + So

t

4
< Si

t = So
t

So
t+2 ≤ P o

t+2 ≤
So
t + Sx

t + Si
t + So

t

4
< So

t = Si
t

Sx
t+2 ≤ P x

t+2 ≤
So
t + Sx

t + Si
t + Sx

t

4
< Si

t = So
t

❙♦ t❤❡ ❤✐❣❤❡st s❧❛❝❦ ❝❤♦s❡♥ ✐♥ t ❝❛♥♥♦t ❜❡ ❝❤♦s❡♥ ❜② ❛♥②♦♥❡ ✐♥ t + 2✳ ❚❤❡♥ ❡✐t❤❡r
❝❛s❡ ✭■✮ ♦r ♦♥❡ ♦❢ t❤❡ ❝❛s❡s ✭■■✮✲✭❱✮ ❛♣♣❧✐❡s✳

✷✷



❯♥❞❡r ❛✈❡r❛❣❡ ②❛r❞st✐❝❦ r❡❣✉❧❛t✐♦♥✱ t❤❡ ♣r✐❝❡ t❤❛t ❛ ✜r♠ ♠❛② ❝❤❛r❣❡ ✐s ❡q✉❛❧ t♦
t❤❡ ❛✈❡r❛❣❡ ♦❢ t❤❡ s❧❛❝❦s t❤❛t t❤❡ ♦t❤❡r t✇♦ ✜r♠s ❝❤♦s❡ ✐♥ t❤❡ ♣❡r✐♦❞ ❜❡❢♦r❡✳ ❙♦✱
✐❢ ✜r♠s i ❛♥❞ o ❝❤♦♦s❡ t❤❡ s❛♠❡ s❧❛❝❦ ✐♥ t ❛♥❞ ✜r♠ x ❝❤♦♦s❡s ❛ s♠❛❧❧❡r s❧❛❝❦✱ t❤❡
♣r✐❝❡ i ❛♥❞ o ❛r❡ ❛❧❧♦✇❡❞ t♦ ❝❤❛r❣❡ ✐♥ t + 1 ✐s s♠❛❧❧❡r t❤❛♥ t❤❡ ♦♥❡ x ♠❛② ❝❤❛r❣❡
❛♥❞ s♠❛❧❧❡r t❤❛♥ t❤❡ s❧❛❝❦ i ❛♥❞ o ❝❤♦♦s❡ ✐♥ t✳ ❆❝❝♦r❞✐♥❣❧② ❜♦t❤ ❤❛✈❡ t♦ ❝❤♦♦s❡ ❛
s♠❛❧❧❡r s❧❛❝❦ ✐♥ t + 1✳ ■♥ t + 1✱ x ♠❛② ❝❤♦♦s❡ ❛ s❧❛❝❦ t❤❛t ✐s ❣r❡❛t❡r t❤❛♥ Sx

t ❜✉t
♥♦t ❣r❡❛t❡r t❤❛♥ t❤❡ s❧❛❝❦ i ❛♥❞ o ❝❤♦♦s❡ ✐♥ t✳ ■♥ t + 2✱ ❛❧❧ ♣r✐❝❡s ❛r❡ s♠❛❧❧❡r t❤❛♥
t❤❡ ❣r❡❛t❡st s❧❛❝❦ ✐♥ t s♦ t❤❛t t❤✐s s❧❛❝❦ ❝❛♥♥♦t ❜❡ ❝❤♦s❡♥ ❛♥②♠♦r❡✳ ❚❤❡♥ ❡✐t❤❡r
❛❧❧ t❤r❡❡ ✜r♠s ❝❤♦♦s❡ t❤❡ s❛♠❡ s❧❛❝❦ ❛♥❞ t❤✐s s❧❛❝❦ ✐s ❡q✉❛❧ t♦ t❤❡ ♣r✐❝❡ t❤❡② ♠❛②
❝❤❛r❣❡ ♦r ♦♥❡ ♦❢ t❤❡ ❝❛s❡s ✭■■✮ t♦ ✭❱✮ ❛♣♣❧✐❡s✳

❈❛s❡ ✭■■■✮✿

P i
t+1 =

So
t + Sx

t

2
= So

t = Sx
t

P o
t+1 =

Si
t + Sx

t

2

P x
t+1 =

Si
t + So

t

2

⇒

Si
t+1 ≤

So
t + Sx

t

2
= So

t = Sx
t < Si

t

So
t+1 ≤

Si
t + Sx

t

2
< Si

t ❬❛♥❞ So
t+1 R So

t ]

Sx
t+1 ≤

Si
t + So

t

2
< Si

t ❬❛♥❞ Sx
t+1 R Sx

t ]

❙♦ t❤❡ ❤✐❣❤❡st s❧❛❝❦ ❝❤♦s❡♥ ✐♥ t ❝❛♥♥♦t ❜❡ ❝❤♦s❡♥ ❜② ❛♥②♦♥❡ ✐♥ t + 1✳ ❚❤❡♥ ❡✐t❤❡r
❝❛s❡ ✭■✮ ♦r ♦♥❡ ♦❢ t❤❡ ❝❛s❡s ✭■■✮✲✭❱✮ ❛♣♣❧✐❡s✳

❈❛s❡ ✭■❱✮✿

P i
t+1 =

So
t + Sx

t

2

P o
t+1 =

Si
t + Sx

t

2

P x
t+1 =

Si
t + So

t

2

✷✸



⇒

Si
t+1 ≤

So
t + Sx

t

2
< Si

t

So
t+1 ≤

Si
t + Sx

t

2
< Si

t

Sx
t+1 ≤

Si
t + So

t

2
< Si

t

❙♦ t❤❡ ❤✐❣❤❡st s❧❛❝❦ ❝❤♦s❡♥ ✐♥ t ❝❛♥♥♦t ❜❡ ❝❤♦s❡♥ ❜② ❛♥②♦♥❡ ✐♥ t + 1✳ ❚❤❡♥ ❡✐t❤❡r
❝❛s❡ ✭■✮ ♦r ♦♥❡ ♦❢ t❤❡ ❝❛s❡s ✭■■✮✲✭❱✮ ❛♣♣❧✐❡s✳

❈❛s❡ ✭❱✮✿

P i
t+1 =

So
t + Sx

t

2
= P o

t+1 =
Si
t + Sx

t

2
= P x

t+1 =
Si
t + So

t

2
= Si

t = So
t = Sx

t

⇒

Si
t+1 ≤ P i

t+1 = Si
t = So

t = Sx
t

So
t+1 ≤ P o

t+1 = So
t = Si

t = Sx
t

Sx
t+1 ≤ P x

t+1 = Sx
t = Si

t = So
t

❚❤❡♥ ❡✐t❤❡r ❝❛s❡ ✭■✮ ♦r ♦♥❡ ♦❢ t❤❡ ❝❛s❡s ✭■■✮✲✭❱✮ ❛♣♣❧✐❡s✳
❆s ❧♦♥❣ ❛s s❧❛❝❦s ❞✐✛❡r ✐♥ ♣❡r✐♦❞ t✱ ✐♥ t + 2 ❛t t❤❡ ❧❛t❡st✱ t❤❡ ❤✐❣❤❡st s❧❛❝❦ ♦❢

t ❝❛♥♥♦t ❜❡ ❝❤♦s❡♥ ❜② ❛♥② ✜r♠ ❛♥②♠♦r❡ ✉♥❞❡r ❜♦t❤ r❡❣✉❧❛t♦r② r❡❣✐♠❡s✳ ✭❯♥❞❡r
❢r♦♥t✐❡r ②❛r❞st✐❝❦ r❡❣✉❧❛t✐♦♥✱ ❛t t❤❡ ❧❛t❡st ✐♥ t+2✱ ♥♦ s❧❛❝❦ ❤✐❣❤❡r t❤❛♥ t❤❡ s♠❛❧❧❡st
♦❢ t ❝❛♥ ❜❡ ❝❤♦s❡♥✳✮ ❈♦♥s❡q✉❡♥t❧②✱ t❤❡ ♠❛①✐♠✉♠ ♦❢ t❤❡ t❤r❡❡ s❧❛❝❦s ♠♦♥♦t♦♥✐❝❛❧❧②
❞❡❝r❡❛s❡s✱ ♣♦t❡♥t✐❛❧❧② ✇✐t❤ ❛ ❞❡❧❛② t❤❛t ✐s ♥♦t ❣r❡❛t❡r t❤❛♥ t✇♦ ♣❡r✐♦❞s✳ ❋✉rt❤❡r♠♦r❡✱
❛❧❧ s❧❛❝❦s ❛r❡ ❜♦✉♥❞❡❞ ❜❡❧♦✇ ❛t ③❡r♦✳ ■t ❢♦❧❧♦✇s t❤❛t s❧❛❝❦s ♥❡❝❡ss❛r✐❧② ❤❛✈❡ t♦
❝♦♥✈❡r❣❡✳ ❆s t❤❡ ♣r✐❝❡ ❢♦r ❡❛❝❤ ✜r♠ ✐s ✐♥ ❡✈❡r② ♣❡r✐♦❞ t❤❡ ♠✐♥✐♠✉♠ ♦r t❤❡ ❛✈❡r❛❣❡
♦❢ t❤❡ s❧❛❝❦s ♦❢ t❤❡ ♦t❤❡r t✇♦ ✜r♠s ✐♥ t❤❡ ♣❡r✐♦❞ ❜❡❢♦r❡✱ ♣r✐❝❡s ❝♦♥✈❡r❣❡ t♦♦✳ Pr✐❝❡s
❛♥❞ s❧❛❝❦s ❝❛♥♥♦t ❝♦♥✈❡r❣❡ t♦ ❞✐✛❡r❡♥t ✈❛❧✉❡s s♦ t❤❛t ♣r♦✜ts ♦❢ ❛❧❧ ✜r♠s ♠✉st ❜❡
③❡r♦ ✐♥ ❡✈❡r② st❡❛❞② st❛t❡✳ �

❉❡r✐✈❛t✐✈❡s ♦❢ t❤❡ r❡❣✉❧❛t♦r② r✉❧❡s

❋r♦♥t✐❡r ②❛r❞st✐❝❦ r❡❣✉❧❛t✐♦♥
❲❡ ❢♦❝✉s ♦♥ t❤❡ ❡①❛♠♣❧❡ ♦❢ t❤❡ ♣r✐❝❡ ✜r♠ i ❝❛♥ ❝❤❛r❣❡ ✐♥ t+ 1✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
❞❡r✐✈❛t✐✈❡s r❡❣❛r❞✐♥❣ r❡❞✉❝t✐♦♥s ♦❢ s❧❛❝❦ ❢♦r t❤❡ ♦t❤❡r ✜r♠s ❛♥❞ ❢♦r ❛❧❧ ♦t❤❡r ♣❡r✐♦❞s
❛r❡ ❢♦✉♥❞ ❛♥❛❧♦❣♦✉s❧②✳ ❚❤❡ r❡❣✉❧❛t♦r② r✉❧❡ ✐s ❣✐✈❡♥ ❜② ✭✹✮✿

P i
t+1 = C +min(So

t , S
x
t ) = Ri(So

t , S
x
t ).

✷✹



❚❤❡ r❡❧❡✈❛♥t ❧❡❢t ❤❛♥❞ s✐❞❡ ❞❡r✐✈❛t✐✈❡s ❢♦r So
t 6= Sx

t ❛r❡ ❣✐✈❡♥ ❜②

Ri
1(S

o
t , S

x
t ) =

∂Ri(So
t , S

x
t )

∂So
t

=

{
1 ❢♦r So

t < Sx
t

0 ❢♦r So
t > Sx

t

✭✸✼✮

❛♥❞

Ri
2(S

o
t , S

x
t ) =

∂Ri(So
t , S

x
t )

∂Sx
t

=

{
0 ❢♦r So

t < Sx
t

1 ❢♦r So
t > Sx

t

✭✸✽✮

❙t❛rt✐♥❣ ❢r♦♠ So
t = Sx

t ❛♥❞ ❢♦r ❛ ❝♦♥st❛♥t s❧❛❝❦ ♦❢ t❤❡ r❡s♣❡❝t✐✈❡ ♦t❤❡r ✜r♠✱ t❤❡
❧❡❢t ❤❛♥❞ s✐❞❡ ❞❡r✐✈❛t✐✈❡ ✐s ❡q✉❛❧ t♦ ♦♥❡ ❢♦r ❜♦t❤ ✜r♠s✳ ❍♦✇❡✈❡r✱ t❤❡ ♣r✐❝❡ ✜r♠ i ✐s
❛❧❧♦✇❡❞ t♦ ❝❤❛r❣❡ ✐♥ t+ 1 ✐s r❡❞✉❝❡❞ ❜② ♦♥❡ ♠❛r❣✐♥❛❧ ✉♥✐t ✐❢ ❡✐t❤❡r ✜r♠ o ♦r ✜r♠ x

♦r ❜♦t❤ ✜r♠s s✐♠✉❧t❛♥❡♦✉s❧② r❡❞✉❝❡ t❤❡✐r r❡s♣❡❝t✐✈❡ s❧❛❝❦ ✐♥ t ❜② ♦♥❡ ♠❛r❣✐♥❛❧ ✉♥✐t✳
■♥ ♣❛rt✐❝✉❧❛r✱ s❧✐❣❤t❧② ❛❜✉s✐♥❣ ♥♦t❛t✐♦♥✱ ✇❡ ❤❛✈❡

Ri
1(S

o
t , S

x
t ) +Ri

2(S
o
t , S

x
t ) =

∂Ri(So
t , S

x
t )

∂So
t

+
∂Ri(So

t , S
x
t )

∂Sx
t

= 1 ❢♦r ❛❧❧ So
t , S

x
t . ✭✸✾✮

❋♦r s✐♠✉❧t❛♥❡♦✉s r❡❞✉❝t✐♦♥s ♦❢ t❤❡ s❧❛❝❦s ♦❢ ❜♦t❤ ✜r♠s✱ ✇❡ ❛r❡ ❝❧❡❛r❧② ♥♦t ❤♦❧❞✐♥❣
t❤❡ r❡s♣❡❝t✐✈❡ ♦t❤❡r s❧❛❝❦ ❝♦♥st❛♥t✳ ❍♦✇❡✈❡r✱ ❛s ❢♦r s✐♠✉❧t❛♥❡♦✉s ❝❤❛♥❣❡s ✐♥ t❤❡
s❧❛❝❦s ✐t ✐s ✉♥✐♠♣♦rt❛♥t ❢♦r ♦✉r r❡s✉❧t ✇❤❡t❤❡r t❤❡ ❝❤❛♥❣❡ ♦❢ t❤❡ s❧❛❝❦ ♦❢ ✜r♠ o ♦r ♦❢
x ♦r ♦❢ ❜♦t❤ ❝❤❛♥❣❡ t❤❡ ❝♦♥str❛✐♥t ♦❢ ✜r♠ i✱ ✇❡ r❡❢r❛✐♥ ❢r♦♠ ✐♥tr♦❞✉❝✐♥❣ ❛❞❞✐t✐♦♥❛❧
♥♦t❛t✐♦♥ t❤❛t ❞♦❡s ♥♦t ♣r♦✈✐❞❡ ❢✉rt❤❡r ✐♥s✐❣❤ts✳

❚♦ ❞❡r✐✈❡ ✭✸✾✮ ❢♦r So
t = Sx

t ❛♥❞ s✐♠✉❧t❛♥❡♦✉s ❝❤❛♥❣❡s ♦❢ s❧❛❝❦ ♦❢ o ❛♥❞ x✱ ❧❡t

S̃o
t = So

t + ǫ

❛♥❞

S̃x
t = Sx

t + ǫ,

✇❤❡r❡ ǫ 6= 0✳
❋♦r So

t = Sx
t ❛♥❞ S̃o

t = S̃x
t ✇❡ s❡❡ t❤❛t

min(So
t , S

x
t ) = So

t = Sx
t ❛♥❞ min(S̃o

t , S̃
x
t ) = S̃o

t = S̃x
t ,

t❤❡♥

min(S̃o
t , S̃

x
t )−min(So

t , S
x
t ) = ǫ.

■♥ ❛♥❛❧♦❣② t♦ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❞❡r✐✈❛t✐✈❡✱ ✇❡ ✜♥❞

lim
ǫ→0

min(So
t + ǫ, Sx

t + ǫ)−min(So
t , S

x
t )

ǫ
= 1.

✷✺



❆✈❡r❛❣❡ ②❛r❞st✐❝❦ r❡❣✉❧❛t✐♦♥
❚❤❡ r❡❣✉❧❛t♦r② r✉❧❡ ✐s ❣✐✈❡♥ ❜② ✭✺✮✿

P i
t+1 =

1

2

∑

j 6=i

(
C + S

j
t

)
= C +

1

2

∑

j 6=i

S
j
t = Ri(So

t , S
x
t ).

❈♦♥s❡q✉❡♥t❧②✱ ❛❧❧ ❝❤❛♥❣❡s ✐♥ s❧❛❝❦ ♦❢ ❛♥② ✜r♠ ✇✐❧❧ r❡s✉❧t ✐♥ ❝❤❛♥❣❡s ✐♥ t❤❡ ♣r✐❝❡s t❤❡
♦t❤❡r t✇♦ ✜r♠s ♠❛② ❝❤❛r❣❡ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣❡r✐♦❞ ❜② ❤❛❧❢ ♦❢ t❤❡ ♠❛❣♥✐t✉❞❡ ♦❢ t❤❡
❛❢♦r❡♠❡♥t✐♦♥❡❞ ❝❤❛♥❣❡✳ ❙♣❡❧❧❡❞ ♦✉t ❢♦r t❤❡ ♣r✐❝❡ ✜r♠ i ❝❛♥ ❝❤❛r❣❡ ✐♥ t+ 1 t❤✐s ✐s

Ri
1(S

o
t , S

x
t ) = Ri

2(S
o
t , S

x
t ) =

1

2
. ✭✹✵✮

❯♥❞❡r ❛✈❡r❛❣❡ ②❛r❞st✐❝❦ r❡❣✉❧❛t✐♦♥✱ ❛❧❧ ♦t❤❡r ❞❡r✐✈❛t✐✈❡s ♦❢ t❤❡ r❡❣✉❧❛t♦r② r✉❧❡ ✇✐t❤
r❡s♣❡❝t t♦ ♦♥❡ ♦❢ t❤❡ t✇♦ r❡❧❡✈❛♥t s❧❛❝❦s ❛r❡ ❡q✉❛❧ t♦ 1

2
✱ t♦♦✳

Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✷

❘❡❝❛❧❧ t❤❡ ❋❖❈✱ ❡q✉❛t✐♦♥ ✭✶✺✮✱

F2(P
i
t , S

i
t) + δJ i

2(Pt+1) ·R
o
1(S

i
t , S

x
t ) + δJ i

3(Pt+1) ·R
x
1(S

i
t , S

o
t )− λi

t = 0

❛♥❞ ❝♦♠♣❧❡♠❡♥t❛r② s❧❛❝❦♥❡ss ❝♦♥❞✐t✐♦♥s ✭✶✹✮✿

λi
t ≥ 0 ❛♥❞ λi

t(P
i
t − Si

t) = 0.

❆ss✉♠❡ ✜r♠s ❛r❡ ✐♥ ❛ st❡❛❞② st❛t❡ s♦ t❤❛t P i
t = P o

t = P x
t = Si

t = So
t = Sx

t ❛♥❞
P i
t ≤ SM∗ ✉♥❞❡r ❢r♦♥t✐❡r ②❛r❞st✐❝❦ r❡❣✉❧❛t✐♦♥ ❛♥❞ P i

t ≤ SA∗ ✉♥❞❡r ❛✈❡r❛❣❡ ②❛r❞st✐❝❦
r❡❣✉❧❛t✐♦♥✳ ■❢ i✬s ❝❤♦✐❝❡ ♦❢ s❧❛❝❦ ✐s ♦♣t✐♠❛❧✱ t❤❡ ❋❖❈ ❛♥❞ ❝♦♠♣❧❡♠❡♥t❛r② s❧❛❝❦♥❡ss
❝♦♥❞✐t✐♦♥s ♠✉st ❤♦❧❞✳

◆♦✇✱ ❛ss✉♠❡ ♦♥❡ ♦❢ t❤❡ ♦t❤❡r ✜r♠s✱ ❡✳❣✳ ✜r♠ o✱ ✐♥st❡❛❞ ❝❤♦♦s❡s ❛ ♠❛r❣✐♥❛❧❧②
s♠❛❧❧❡r s❧❛❝❦ ✐♥ t s♦ t❤❛t P i

t+1 = P x
t+1 < P o

t+1 ❛♥❞ P i
t+1 < SM∗ ✉♥❞❡r ❢r♦♥t✐❡r

②❛r❞st✐❝❦ r❡❣✉❧❛t✐♦♥ ❛♥❞ P i
t+1 < SA∗ ✉♥❞❡r ❛✈❡r❛❣❡ ②❛r❞st✐❝❦ r❡❣✉❧❛t✐♦♥✳ ❋r♦♠ t❤❡

❜r❡❛❦ ❡✈❡♥ ❝♦♥❞✐t✐♦♥✱ ✇❡ ❦♥♦✇ t❤❛t i ❤❛s t♦ r❡❞✉❝❡ ✐ts s❧❛❝❦ ❜② ❛t ❧❡❛st t❤❡ ♠❛r❣✐♥❛❧
❝❤❛♥❣❡ ♦❢ t❤❡ ♣r✐❝❡ t❤❛t ✐t ♠❛② ❝❤❛r❣❡ ✐♥ t+ 1 s♦ t❤❛t t❤❡ ❧❡❢t ❤❛♥❞ s✐❞❡ ❞❡r✐✈❛t✐✈❡
♦❢ f i(Pt+1) ✇✐t❤ r❡s♣❡❝t t♦ i✬s ♦✇♥ ♣r✐❝❡ ❝❛♥♥♦t ❜❡ s♠❛❧❧❡r t❤❛♥ ♦♥❡✳ ❈❧❡❛r❧②✱ t❤❡
s✉♠ ♦❢ t❤❡ ❧❡❢t ❤❛♥❞ s✐❞❡ ❞❡r✐✈❛t✐✈❡s f i

1(Pt+1)+f i
3(Pt+1) ≥ 1 t♦♦✳ ✭❚❤r♦✉❣❤♦✉t t❤✐s

♣❛♣❡r✱ ✇❡ ❛r❡ ♦♥❧② ❝♦♥s✐❞❡r✐♥❣ r❡❞✉❝t✐♦♥s ♦❢ s❧❛❝❦✳✮
❆s ✇❡ r❡q✉✐r❡ ❡q✉✐❧✐❜r✐❛ t♦ ❜❡ ♣✉♥✐s❤♠❡♥t✲❢r❡❡✱ t❤✐s ❡q✉❛t✐♦♥ ❤♦❧❞s ✇✐t❤ ❡q✉❛❧✐t②

❛♥❞ Si
t+1 = P i

t+1✳ ❚♦ s❤♦✇ t❤✐s✱ ✇❡ ✜① t❤❡ s❧❛❝❦s o ❛♥❞ x ❛t t❤❡✐r r❡s♣❡❝t✐✈❡ ❤✐❣❤❡st

✷✻



❛❞♠✐ss✐❜❧❡ ✈❛❧✉❡ ♦❢ s❧❛❝❦ ✐♥ t + 1✱ So
t+1 = P o

t+1 ❛♥❞ Sx
t+1 = P x

t+1✳ ❈♦♥s❡q✉❡♥t❧②✱
t❤❡ r❡s♣❡❝t✐✈❡ ❧❡❢t ❤❛♥❞ s✐❞❡ ❞❡r✐✈❛t✐✈❡s ♦❢ t❤❡ r❡❣✉❧❛t♦r② r✉❧❡ ❢♦r ✜r♠ i ❛r❡ t❤❡
s❛♠❡ ❛s ✐♥ ❛ st❡❛❞② st❛t❡ ❛s i ❝❛♥♥♦t ❝❤♦♦s❡ ❛ s❧❛❝❦ ❤✐❣❤❡r t❤❛♥ ✐ts ♣r✐❝❡ ❛♥❞ t❤✉s
Si
t+1 = min(Si

t+1, S
o
t+1, S

x
t+1)✳ ■❢ ✜r♠ i ❞❡❝r❡❛s❡s ✐ts s❧❛❝❦ ❜② ❡✈❡♥ ♠♦r❡ t❤❛♥ t❤❡

♠❛r❣✐♥❛❧ ❝❤❛♥❣❡ ♦❢ ✐ts ♣r✐❝❡ t♦ ❛♥② Si
t+1 < P i

t+1✱ t❤❡ ❝♦♥str❛✐♥t ✐s ♥♦t ❜✐♥❞✐♥❣ ✐♥
t + 1✳ ■t ❢♦❧❧♦✇s t❤❛t λi

t+1 = 0 ❢r♦♠ t❤❡ ❝♦♠♣❧❡♠❡♥t❛r② s❧❛❝❦♥❡ss ❝♦♥❞✐t✐♦♥s✳ ❲✐t❤
Si
t+1 < Si

t ✱ ✐t ❛❧s♦ ❢♦❧❧♦✇s t❤❛t F2(P
i
t+1, S

i
t+1) > F2(P

i
t , S

i
t) ❛s F ✐s str✐❝t❧② ❝♦♥❝❛✈❡ ✐♥

s❧❛❝❦✳ ❇❡s✐❞❡s✱ t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ ✐s ❝♦♥❝❛✈❡ ✐♥ t❤❡ st❛t❡ ✈❛r✐❛❜❧❡s s♦ t❤❛t J i
2(Pt+2)

❛♥❞ J i
3(Pt+2) ❛r❡ ♥♦t s♠❛❧❧❡r t❤❛♥ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❞❡r✐✈❛t✐✈❡s ✐♥ t❤❡ ✐♥✐t✐❛❧ st❡❛❞②

st❛t❡✱ ✇❤❡r❡ t❤❡ ❋❖❈ ❤❡❧❞✱ ❛s ♣r✐❝❡s ❛r❡ ♥♦t ❣r❡❛t❡r t❤❛♥ ✐♥ t❤❛t st❡❛❞② st❛t❡✳ ❍❡♥❝❡✱
t❤❡ ❋❖❈ ❝❛♥♥♦t ❤♦❧❞ ✐♥ t + 1 s♦ t❤❛t Si

t+1 ✐s ♥♦t t❤❡ ♦♣t✐♠❛❧ ❝❤♦✐❝❡ ♦❢ i✳ ❚❤✉s✱ i
❞♦❡s ♥♦t ✉♥✐❧❛t❡r❛❧❧② r❡❞✉❝❡ ✐ts s❧❛❝❦ ❜② ♠♦r❡ t❤❛♥ ✇❤❛t ✐s ❢♦r❝❡❞ ❜② t❤❡ r❡❞✉❝t✐♦♥
♦❢ ✐ts ♣r✐❝❡ ✐♥ t❤✐s s❡tt✐♥❣✱ ✐✳❡✳ Si

t+1 = P i
t+1✳

❲❡ ❝❛♥ ❛♣♣❧② t❤❡ s❛♠❡ r❡❛s♦♥✐♥❣ ❛s ❛❜♦✈❡ ❢♦r ✜r♠s o ❛♥❞ x t♦ s❤♦✇ t❤❛t ♥♦
✜r♠ ✉♥✐❧❛t❡r❛❧❧② ❝❤♦♦s❡s ❛ s❧❛❝❦ ✐♥ t + 1 t❤❛t ✐s s♠❛❧❧❡r t❤❛♥ P i

t+1 = P x
t+1 ✐❢ t❤❡

♦t❤❡r t✇♦ ✜r♠s ❝❤♦♦s❡ t❤❡✐r r❡s♣❡❝t✐✈❡ ❤✐❣❤❡st ❛❞♠✐ss✐❜❧❡ s❧❛❝❦ ❤❡r❡✳ ❆s ✇❡ r❡✲
q✉✐r❡ ❡q✉✐❧✐❜r✐❛ t♦ ❜❡ ♣✉♥✐s❤♠❡♥t✲❢r❡❡✱ ✜r♠s ❞♦ ♥♦t ❝♦♦r❞✐♥❛t❡❞❧② ❝❤♦♦s❡ ❛ ✉♥✐❢♦r♠
s♠❛❧❧❡r s❧❛❝❦ ❜❡❝❛✉s❡ ♦❢ ♦t❤❡r ✜r♠s ❝❤♦♦s✐♥❣ t❤✐s ✉♥✐❢♦r♠ s❧❛❝❦✳ ■t ❢♦❧❧♦✇s t❤❛t
f i
1(Pt+1) + f i

3(Pt+1) = 1 ✐♥ t❤✐s s❡tt✐♥❣✳
❙②♠♠❡tr✐❝❛❧❧② t❤❡ s❛♠❡ r❡❛s♦♥✐♥❣ ❛♣♣❧✐❡s ❢♦r ❛❧❧ ✜r♠s ✇✐t❤ ✐♥❞✐❝❡s ❝❤❛♥❣❡❞✳ �

❋r♦♠ t❤❡ ♣r♦♦❢ ❛❜♦✈❡✱ ✇❡ ❝❛♥ ❝❧❡❛r❧② ♣♦✐♥t ♦✉t t❤❡ ✈✉❧♥❡r❛❜✐❧✐t② ♦❢ ②❛r❞st✐❝❦
r❡❣✉❧❛t✐♦♥ ❛❣❛✐♥st t❤❡ t❤r❡❛t ♦❢ ❥♦✐♥t ♠✉t✉❛❧ ♣✉♥✐s❤♠❡♥t ❛♥❞ ❝♦❧❧✉s✐♦♥ ✐♥ ❣❡♥❡r❛❧✳ ❆s
s❤♦✇♥ ❛❜♦✈❡✱ ✐t ✐s ♥♦t ♦♣t✐♠❛❧ ✐♥ t❤✐s ❝❛s❡ ❢♦r ✜r♠ i t♦ ✉♥✐❧❛t❡r❛❧❧② ❝❤♦♦s❡ ❛♥② s❧❛❝❦
s♠❛❧❧❡r t❤❛♥ t❤❡ ♣r✐❝❡ t❤❛t ✐t ❝❛♥ ❝❤❛r❣❡ ✐♥ t+1✳ ❍♦✇❡✈❡r✱ ❢♦r ❡①❛♠♣❧❡✱ ✐❢ ❛t ❧❡❛st ♦♥❡
♦t❤❡r ✜r♠ ❝❤♦s❡ ❛ s♠❛❧❧❡r s❧❛❝❦ t❤❛♥ t❤✐s s❧❛❝❦ ✉♥❞❡r ❢r♦♥t✐❡r ②❛r❞st✐❝❦ r❡❣✉❧❛t✐♦♥✱
✐t ✇♦✉❧❞ ❜❡ ♦♣t✐♠❛❧ ❢♦r i t♦ ❞♦ s♦ t♦♦✳ ❆s t❤✐s ❛♣♣❧✐❡s ❢♦r ❛❧❧ ✜r♠s✱ ❛❧❧♦✇✐♥❣ ❢♦r
❝♦♦r❞✐♥❛t✐♦♥ ❧✐❦❡ ❥♦✐♥t ♠✉t✉❛❧ ♣✉♥✐s❤♠❡♥t ❝♦✉❧❞ ❧❡❛❞ t♦ f i

1(Pt+1) + f i
3(Pt+1) > 1✳

❚❤✐s ✇♦✉❧❞ ❣✐✈❡ r♦♦♠ t♦ ❡q✉✐❧✐❜r✐❛ ✇✐t❤ ♠✉❝❤ ❤✐❣❤❡r s❧❛❝❦ t❤❛♥ SM∗ ✉♥❞❡r ❢r♦♥t✐❡r
②❛r❞st✐❝❦ r❡❣✉❧❛t✐♦♥ ❛♥❞ SA∗ ✉♥❞❡r ❛✈❡r❛❣❡ ②❛r❞st✐❝❦ r❡❣✉❧❛t✐♦♥ ❜② ✐♥❝r❡❛s✐♥❣ ❝♦sts
♦❢ r❡❞✉❝✐♥❣ s❧❛❝❦ ❢♦r ❛❧❧ ✜r♠s✳

✷✼



▲❡♠♠❛ ✸✳

✭✐✮ ❋r♦♥t✐❡r ②❛r❞st✐❝❦ r❡❣✉❧❛t✐♦♥✿
■❢ P i

t = P x
t < P o

t ❛♥❞ P i
t ≤ SM∗✱ t❤❡♥ f i

2(Pt) = 0✳
✭✐✐✮ ❆✈❡r❛❣❡ ②❛r❞st✐❝❦ r❡❣✉❧❛t✐♦♥✿
■❢ P i

t = P x
t < P o

t ❛♥❞ P i
t ≤ SA∗✱ t❤❡♥ f i

2(Pt) = 0✳

Pr♦♦❢✳ ❆ss✉♠❡ ✜r♠s ❛r❡ ✐♥ ❛ st❡❛❞② st❛t❡ s♦ t❤❛t P i
t = P o

t = P x
t = Si

t = So
t = Sx

t

❛♥❞ P i
t ≤ SM∗ ✉♥❞❡r ❢r♦♥t✐❡r ②❛r❞st✐❝❦ r❡❣✉❧❛t✐♦♥ ❛♥❞ P i

t ≤ SA∗ ✉♥❞❡r ❛✈❡r❛❣❡
②❛r❞st✐❝❦ r❡❣✉❧❛t✐♦♥✳ ❆s i✬s ❝❤♦✐❝❡ ♦❢ s❧❛❝❦ ✐s ♦♣t✐♠❛❧✱ t❤❡ ❋❖❈✱ ❡q✉❛t✐♦♥ ✭✶✺✮✱ ❛♥❞
❝♦♠♣❧❡♠❡♥t❛r② s❧❛❝❦♥❡ss ❝♦♥❞✐t✐♦♥s ✭✶✹✮ ♠✉st ❤♦❧❞✳

◆♦✇✱ ❛ss✉♠❡ t❤❛t ✐♥st❡❛❞ t❤❡ ♣r✐❝❡ r❡❧❡✈❛♥t ❢♦r ♦♥❡ ♦❢ t❤❡ ✜r♠s✱ ❡✳❣✳ ✜r♠ o✱ ✐s
❤✐❣❤❡r P

o

t > P i
t = P x

t ✳ ❆♣♣❧②✐♥❣ t❤❡ s❛♠❡ r❡❛s♦♥✐♥❣ ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✷✱
✐t ❢♦❧❧♦✇s t❤❛t ♥♦ ✜r♠ ✉♥✐❧❛t❡r❛❧❧② ❝❤♦♦s❡s ❛ s♠❛❧❧❡r s❧❛❝❦ t❤❛♥ P i

t = P x
t ✐♥ t❤✐s

s❡tt✐♥❣✳ ❋✉rt❤❡r♠♦r❡✱ ✐♥ ❛ ♣✉♥✐s❤♠❡♥t✲❢r❡❡ ❡q✉✐❧✐❜r✐✉♠✱ ✜r♠s ❞♦ ♥♦t ❝♦♦r❞✐♥❛t❡❞❧②
❝❤♦♦s❡ ❛ ✉♥✐❢♦r♠ ✭❧♦✇❡r✮ s❧❛❝❦ t❤❛t ♥♦ ✜r♠ ✇♦✉❧❞ ❝❤♦♦s❡ ✉♥✐❧❛t❡r❛❧❧② ✐❢ ❛❧❧ ♦t❤❡r
✜r♠s ✇❡r❡ t♦ ❝❤♦♦s❡ ❤✐❣❤❡r s❧❛❝❦s✳ ❋✐r♠ i ❝❛♥♥♦t ❝❤♦♦s❡ ❛♥② s❧❛❝❦ ❤✐❣❤❡r t❤❛♥ ✐ts
♣r✐❝❡ ❜❡❝❛✉s❡ ♦❢ t❤❡ ❜r❡❛❦ ❡✈❡♥ ❝♦♥str❛✐♥t✿ t❤✐s ✐♠♣❧✐❡s t❤❛t Si

t = P i
t ✳

❍❡♥❝❡✱ t❤❡ ♦♣t✐♠❛❧ s❧❛❝❦ ♦❢ ✜r♠ i ✐s t❤❡ s❛♠❡ ❢♦r P
o

t > P i
t = P x

t ❛♥❞ P o
t = P i

t =
P x
t ✱ ✇✐t❤ P i

t ≤ SM∗ ✉♥❞❡r ❢r♦♥t✐❡r ②❛r❞st✐❝❦ r❡❣✉❧❛t✐♦♥ ❛♥❞ P i
t ≤ SA∗ ✉♥❞❡r ❛✈❡r❛❣❡

②❛r❞st✐❝❦ r❡❣✉❧❛t✐♦♥✳ ■t ❞✐r❡❝t❧② ❢♦❧❧♦✇s t❤❛t f i
2(Pt) = 0 ✐♥ t❤✐s s❡tt✐♥❣✳

❆♥ ✐♥t✉✐t✐♦♥ ❢♦r ▲❡♠♠❛ ✸ ✉♥❞❡r ❢r♦♥t✐❡r ②❛r❞st✐❝❦ r❡❣✉❧❛t✐♦♥ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✿
❋✐r♠ i ❦♥♦✇s t❤❛t t❤❡ ❧♦✇❡st s❧❛❝❦ ✐♥ t ❞❡s❝r✐❜❡s ❛♥ ✉♣♣❡r ❜♦✉♥❞ ❢♦r ❛❧❧ s❧❛❝❦s ❛♥❞
♣r✐❝❡s ❢r♦♠ t + 2 ♦♥✇❛r❞s✳ ❙♦✱ ❛s ❧♦♥❣ ❛s t❤❡ s❧❛❝❦s ♦❢ t❤❡ ♦t❤❡r t✇♦ ✜r♠s ❛r❡ ♥♦t
s♠❛❧❧❡r t❤❛♥ t❤❡ ♦♥❡ i ❝❤♦♦s❡s✱ t❤✐s ✉♣♣❡r ❜♦✉♥❞ ✐s t❤❡ s❛♠❡ ❢♦r ❡✈❡r② s❧❛❝❦ o ❛♥❞
x ❝❤♦♦s❡ ❛♥❞ ❛❧❧ ♣r✐❝❡s o ❛♥❞ x ❢❛❝❡✳ ❚❤✉s✱ t❤❡ ♠❛r❣✐♥❛❧ ❜❡♥❡✜ts ❛♥❞ ❝♦sts ♦❢ ❛
r❡❞✉❝t✐♦♥ ♦❢ s❧❛❝❦ ❞♦ ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡s❡ ♣r✐❝❡s ✐♥ t❤✐s s❡tt✐♥❣✳ ❈♦♥s❡q✉❡♥t❧②✱ t❤❡
❞❡❝✐s✐♦♥ ♦❢ i ✐s ♥♦t ❛✛❡❝t❡❞✳ ❆❣❛✐♥✱ t❤❡ s❛♠❡ r❡❛s♦♥✐♥❣ ❛♣♣❧✐❡s ❢♦r P i

t = P o
t < P x

t ❛s
✇❡❧❧ ❛s ❢♦r ✜r♠s o ❛♥❞ x ✇✐t❤ ❝❤❛♥❣❡❞ ✐♥❞✐❝❡s✳

✷✽



▲❡♠♠❛ ✹✳

✭✐✮ ❋r♦♥t✐❡r ②❛r❞st✐❝❦ r❡❣✉❧❛t✐♦♥✿
■❢ P o

t+2 = P x
t+2 < P i

t+2 ❛♥❞ P o
t+2 = P x

t+2 ≤ SM∗✱ t❤❡♥ J i
1(P

t+2) = 1 + λi
t+2✳

✭✐✐✮ ❆✈❡r❛❣❡ ②❛r❞st✐❝❦ r❡❣✉❧❛t✐♦♥✿
■❢ P o

t+2 = P x
t+2 < P i

t+2 ❛♥❞ P o
t+2 = P x

t+2 ≤ SA∗✱ t❤❡♥ J i
1(P

t+2) = 1 + λi
t+2✳

Pr♦♦❢✳ ❘❡❝❛❧❧ ❡q✉❛t✐♦♥ ✭✶✽✮✿

J i
1(Pt) = F1(P

i
t , S

i
t)

+ δJ i
1(Pt+1) ·R

i
1(S

o
t , S

x
t ) · f

o
1 (Pt) + δJ i

1(Pt+1) ·R
i
2(S

o
t , S

x
t ) · f

x
1 (Pt)

+ δJ i
2(Pt+1) ·R

o
2(S

i
t , S

x
t ) · f

x
1 (Pt) + δJ i

3(Pt+1) ·R
x
2(S

i
t , S

o
t ) · f

o
1 (Pt)

+ λi
t.

❚❤❡ ✇❛② t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ ♦❢ i ✐s ❛✛❡❝t❡❞ ❜② ❛ ❝❤❛♥❣❡ ♦❢ t❤❡ ♣r✐❝❡ t❤❛t ✜r♠ i

♠❛② ❝❤❛r❣❡ ❞❡♣❡♥❞s ♦♥ ❤♦✇ t❤❡ ♦t❤❡r t✇♦ ✜r♠s r❡❛❝t t♦ t❤✐s ❝❤❛♥❣❡✳ ❯s✐♥❣ ▲❡♠♠❛
✸ ❢♦r t❤❡ r❡❛❝t✐♦♥s ♦❢ o ❛♥❞ x✱ ✐♥s❡rt✐♥❣ F1(P

i
t , S

i
t) = 1 ❛♥❞ ✉♣❞❛t✐♥❣ ✭✶✽✮ ❜② t✇♦

♣❡r✐♦❞s ❝♦♠♣❧❡t❡ t❤❡ ♣r♦♦❢✳

■♥t✉✐t✐✈❡❧②✱ ▲❡♠♠❛ ✹ s❛②s t❤❛t ✐❢ ✜r♠s ❛r❡ ✐♥ t❤❡ st❡❛❞② st❛t❡ ❡q✉✐❧✐❜r✐✉♠ ❞❡✲
s❝r✐❜❡❞ ❜② SM∗✱ ✉♥❞❡r ❢r♦♥t✐❡r ②❛r❞st✐❝❦ r❡❣✉❧❛t✐♦♥✱ ♦r SA∗✱ ✉♥❞❡r ❛✈❡r❛❣❡ ②❛r❞st✐❝❦
r❡❣✉❧❛t✐♦♥✱ ❛♥❞ λ = 0✱ t❤❡② ✇♦✉❧❞ ♥♦t ❝❤❛♥❣❡ t❤❡✐r s❧❛❝❦ ✐❢ t❤❡✐r ♣r✐❝❡ ✇❛s ❤✐❣❤❡r✱
❜✉t ✇♦✉❧❞ r❡❛❧✐③❡ ❛ ♣♦s✐t✐✈❡ ♣r♦✜t t❤❛t ♣❡r✐♦❞✳ ❈♦♥s❡q✉❡♥t❧②✱ t❤❡ ❞✐s❝♦✉♥t❡❞ s✉♠ ♦❢
t❤❡ ✉t✐❧✐t② ♦❢ i ✐♥❝r❡❛s❡s ❜② ✶ ✐❢ t❤❡ ♣r✐❝❡ t❤❛t ✜r♠ i ✐s ❛❧❧♦✇❡❞ t♦ ❝❤❛r❣❡ ✐♥ t ✐♥❝r❡❛s❡s
❜② ♦♥❡ ✉♥✐t✳ ■♥ ❛♥② st❡❛❞② st❛t❡ ❡q✉✐❧✐❜r✐✉♠ ✇✐t❤ ❛ s❧❛❝❦ s♠❛❧❧❡r t❤❛♥ SM∗ ♦r SA∗✱
r❡s♣❡❝t✐✈❡❧②✱ ✇❡ ❤❛✈❡ λ > 0✳ ❍❡♥❝❡✱ ✜r♠s ✇♦✉❧❞ ❧✐❦❡ t♦ ♠♦✈❡ t♦ ❛ st❡❛❞② st❛t❡
❡q✉✐❧✐❜r✐✉♠ ✇✐t❤ ❤✐❣❤❡r s❧❛❝❦✱ ❜✉t ❝❛♥♥♦t ❞♦ s♦ ❜❡❝❛✉s❡ ♦❢ t❤❡ ✭❜✐♥❞✐♥❣✮ ❜r❡❛❦ ❡✈❡♥
❝♦♥str❛✐♥t✳ ❘❡❞✉❝t✐♦♥s ♦❢ t❤❡ ♣r✐❝❡s ✜r♠s ❝❛♥ ❝❤❛r❣❡ t❤❡♥ ❤❛✈❡ ❛ ❧❛r❣❡r ✐♠♣❛❝t ♦♥
t❤❡ ✐♥t❡rt❡♠♣♦r❛❧ ♣❛②♦✛✳

■♥t✉✐t✐♦♥ ❢♦r SM∗ ❜❛s❡❞ ♦♥ ❣❡♦♠❡tr✐❝ s❡r✐❡s

❲❤❡♥ ✜r♠ i ❞❡❝✐❞❡s ♦♥ t❤❡ s❧❛❝❦ ✐♥ t✱ ✐t ❝♦♥s✐❞❡rs t❤❛t ✐ts s❧❛❝❦ ❞❡✜♥❡s ❛♥ ✉♣♣❡r
❜♦✉♥❞ ❢♦r ❛❧❧ ♣r✐❝❡s ❢r♦♠ t + 2 ♦♥✇❛r❞s ✉♥❞❡r ❢r♦♥t✐❡r ②❛r❞st✐❝❦ r❡❣✉❧❛t✐♦♥ ❣✐✈❡♥
Si
t ≤ min(So

t , S
x
t )✳ ❋r♦♠ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✷✱ ✇❡ ❦♥♦✇ t❤❛t o ❛♥❞ x ❝❤♦♦s❡ t❤❡

❤✐❣❤❡st s❧❛❝❦ t❤❛t t❤❡② ❛r❡ ❛❧❧♦✇❡❞ t♦✱ ❣✐✈❡♥ P o
t+1 = P x

t+1 ≤ P i
t+1 ❛♥❞ P o

t+1 = P x
t+1 ≤

SM∗✱ ✐♥ t❤❡✐r ♦♣t✐♠❛❧ ❞❡❝✐s✐♦♥✳ ❋✐r♠ i ❤❛s t♦ tr❛❞❡ ♦✛ ♣r♦✜t ✐♥ t ❛♥❞ t + 1 ❛❣❛✐♥st
s❧❛❝❦ ✐♥ t, t + 1, t + 2, ...,∞ ✇❤❡♥ ✐t ❞❡❝✐❞❡s ❛❜♦✉t Si

t = SM∗✳ ✭❆s t❤❡ ♣r✐❝❡ i ♠❛②
❝❤❛r❣❡ ✐♥ t + 1 ✐s ✉♥❛✛❡❝t❡❞ ❜② Si

t ✱ ✐t ❝❛♥ ❵❝❛s❤ ✐♥✬ t❤❡ ♣r♦✜t ❢r♦♠ r❡❞✉❝✐♥❣ s❧❛❝❦
t✇✐❝❡✳✮ ■♥ t❤❡ st❡❛❞② st❛t❡ ❡q✉✐❧✐❜r✐✉♠ ❞❡s❝r✐❜❡❞ ❜② SM∗✱ ✐♠♣❧✐❝✐t❧② ❞❡✜♥❡❞ ❜② ✭✷✾✮✱

✷✾



♠❛r❣✐♥❛❧ ❝♦sts ♦❢ r❡❞✉❝✐♥❣ s❧❛❝❦ ❛♥❞ ♠❛r❣✐♥❛❧ ❜❡♥❡✜ts ♦❢ ❞♦✐♥❣ s♦ ♠✉st ❜❡ ❡q✉❛❧ t♦
❡❛❝❤ ♦t❤❡r✱ s♦ t❤❛t

1 + δ · 1 =
∞∑

z=o

δz · B′.

❲✐t❤ δ < 1✱ ✐t ❢♦❧❧♦✇s t❤❛t

1 + δ · 1 = B′ 1

1− δ
.

❘❡❛rr❛♥❣✐♥❣ ②✐❡❧❞s

B′ = 1− δ2,

✇❤✐❝❤ r❡♣❧✐❝❛t❡s t❤❡ ✐♠♣❧✐❝✐t ❞❡✜♥✐t✐♦♥ ♦❢ SM∗ ❣✐✈❡♥ ❜② ❡q✉❛t✐♦♥ ✭✷✾✮✳

❘❡❢❡r❡♥❝❡s

❆❝❡♠♦❣❧✉✱ ❉✳ ✭✷✵✵✾✮✿ ■♥tr♦❞✉❝t✐♦♥ t♦ ▼♦❞❡r♥ ❊❝♦♥♦♠✐❝ ●r♦✇t❤✳ Pr✐♥❝❡t♦♥ ❯♥✐✲
✈❡rs✐t② Pr❡ss✱ Pr✐♥❝❡t♦♥✱ ◆❏✳

❆✈❡r❝❤✱ ❍✳ ❛♥❞ ▲✳ ▲✳ ❏♦❤♥s♦♥ ✭✶✾✻✷✮✿ ❇❡❤❛✈✐♦r ♦❢ t❤❡ ❋✐r♠ ✉♥❞❡r ❘❡❣✉❧❛t♦r②
❈♦♥str❛✐♥t✳ ❆♠❡r✐❝❛♥ ❊❝♦♥♦♠✐❝ ❘❡✈✐❡✇ ✺✷✭✺✮✱ ✶✵✺✷✲✶✵✻✾✳

❇❡s❧❡②✱ ❚✳ ❛♥❞ ❆✳ ❈❛s❡ ✭✶✾✾✺✮✿ ■♥❝✉♠❜❡♥t ❇❡❤❛✈✐♦r✿ ❱♦t❡✲❙❡❡❦✐♥❣✱ ❚❛①✲❙❡tt✐♥❣✱
❛♥❞ ❨❛r❞st✐❝❦ ❈♦♠♣❡t✐t✐♦♥✳ ❆♠❡r✐❝❛♥ ❊❝♦♥♦♠✐❝ ❘❡✈✐❡✇ ✽✺✭✶✮✱ ✷✺✲✹✺✳

❇❧❛❝❦♠♦♥✱ ❇✳ ●✳ ✭✶✾✾✹✮✿ ■♥❝❡♥t✐✈❡ ❘❡❣✉❧❛t✐♦♥ ❛♥❞ t❤❡ ❘❡❣✉❧❛t✐♦♥ ♦❢ ■♥❝❡♥t✐✈❡s✳
❑❧✉✇❡r✱ ❇♦st♦♥✱ ▼❆✳

❈♦✇❛♥✱ ❙✳ ✭✷✵✵✻✮✿ ◆❡t✇♦r❦ ❘❡❣✉❧❛t✐♦♥✳ ❖①❢♦r❞ ❘❡✈✐❡✇ ♦❢ ❊❝♦♥♦♠✐❝ P♦❧✐❝② ✷✷✭✷✮✱
✷✹✽✲✷✺✾✳

❉❛❧❡♥✱ ❉✳ ▼✳ ✭✶✾✾✽✮✿ ❨❛r❞st✐❝❦ ❈♦♠♣❡t✐t✐♦♥ ❛♥❞ ■♥✈❡st♠❡♥t ■♥❝❡♥t✐✈❡s✳ ❏♦✉r♥❛❧
♦❢ ❊❝♦♥♦♠✐❝s ✫ ▼❛♥❛❣❡♠❡♥t ❙tr❛t❡❣② ✼✭✶✮✱ ✶✵✺✲✶✷✻✳

❋❛✉r❡✲●r✐♠❛✉❞✱ ❆✳ ❛♥❞ ❙✳ ❘❡✐❝❤❡ ✭✷✵✵✻✮✿ ❉②♥❛♠✐❝ ❨❛r❞st✐❝❦ ▼❡❝❤❛♥✐s♠s✳ ●❛♠❡s
❛♥❞ ❊❝♦♥♦♠✐❝ ❇❡❤❛✈✐♦r ✺✹✭✷✮✱ ✸✶✻✲✸✸✺✳

▲❛✛♦♥t✱ ❏✳✲❏✳ ✭✶✾✾✹✮✿ ❚❤❡ ◆❡✇ ❊❝♦♥♦♠✐❝s ♦❢ ❘❡❣✉❧❛t✐♦♥ ❚❡♥ ❨❡❛rs ❆❢t❡r✳ ❊❝♦♥♦✲
♠❡tr✐❝❛ ✻✷✭✸✮✱ ✺✵✼✲✺✸✼✳

✸✵



▲❛✛♦♥t✱ ❏✳✲❏✳ ❛♥❞ ❏✳ ❚✐r♦❧❡ ✭✶✾✾✸✮✿ ❆ ❚❤❡♦r② ♦❢ ■♥❝❡♥t✐✈❡s ✐♥ Pr♦❝✉r❡♠❡♥t ❛♥❞
❘❡❣✉❧❛t✐♦♥✳ ❚❤❡ ▼■❚ Pr❡ss✱ ❈❛♠❜r✐❞❣❡✱ ▼❆✳

▲❛③❡❛r✱ ❊✳ P✳ ❛♥❞ ❙✳ ❘♦s❡♥ ✭✶✾✽✶✮✿ ❘❛♥❦✲❖r❞❡r ❚♦✉r♥❛♠❡♥ts ❛s ❖♣t✐♠✉♠ ▲❛❜♦r
❈♦♥tr❛❝ts✳ ❏♦✉r♥❛❧ ♦❢ P♦❧✐t✐❝❛❧ ❊❝♦♥♦♠② ✽✾✭✺✮✱ ✽✹✶✲✽✻✹✳

▲✐tt❧❡❝❤✐❧❞✱ ❙✳ ❈✳ ✭✶✾✽✸✮✿ ❘❡❣✉❧❛t✐♦♥ ♦❢ ❇r✐t✐s❤ ❚❡❧❡❝♦♠♠✉♥✐❝❛t✐♦♥s✬ Pr♦✜t❛❜✐❧✐t②✱
❘❡♣♦rt t♦ t❤❡ ❙❡❝r❡t❛r② ♦❢ ❙t❛t❡✱ ❉❡♣❛rt♠❡♥t ♦❢ ■♥❞✉str②✳ ❍❡r ▼❛❥❡st②✬s
❙t❛t✐♦♥❡r② ❖✣❝❡✱ ▲♦♥❞♦♥✳

▼❛s❦✐♥✱ ❊✳ ❛♥❞ ❏✳ ❚✐r♦❧❡ ✭✶✾✽✽❛✮✿ ❆ ❚❤❡♦r② ♦❢ ❉②♥❛♠✐❝ ❖❧✐❣♦♣♦❧②✱ ■✿ ❖✈❡r✈✐❡✇ ❛♥❞
◗✉❛♥t✐t② ❈♦♠♣❡t✐t✐♦♥ ✇✐t❤ ▲❛r❣❡ ❋✐①❡❞ ❈♦sts✳ ❊❝♦♥♦♠❡tr✐❝❛ ✺✻✭✸✮✱ ✺✹✾✲✺✻✾✳

▼❛s❦✐♥✱ ❊✳ ❛♥❞ ❏✳ ❚✐r♦❧❡ ✭✶✾✽✽❜✮✿ ❆ ❚❤❡♦r② ♦❢ ❉②♥❛♠✐❝ ❖❧✐❣♦♣♦❧②✱ ■■✿ Pr✐❝❡ ❈♦♠✲
♣❡t✐t✐♦♥✱ ❑✐♥❦❡❞ ❉❡♠❛♥❞ ❈✉r✈❡s✱ ❛♥❞ ❊❞❣❡✇♦rt❤ ❈②❝❧❡s✳ ❊❝♦♥♦♠❡tr✐❝❛ ✺✻✭✸✮✱
✺✼✶✲✺✾✾✳

▼❡r❛♥✱ ●✳ ❛♥❞ ❈✳ ✈✳ ❍✐rs❝❤❤❛✉s❡♥ ✭✷✵✵✾✮✿ ❆ ▼♦❞✐✜❡❞ ❨❛r❞st✐❝❦ ❈♦♠♣❡t✐t✐♦♥
▼❡❝❤❛♥✐s♠✳ ❏♦✉r♥❛❧ ♦❢ ❘❡❣✉❧❛t♦r② ❊❝♦♥♦♠✐❝s ✸✺✭✸✮✱ ✷✷✸✲✷✹✺✳

▼✐③✉t❛♥✐✱ ❋✳✱ ❍✳ ❑♦③✉♠✐ ❛♥❞ ◆✳ ▼❛ts✉s❤✐♠❛ ✭✷✵✵✾✮✿ ❉♦❡s ❨❛r❞st✐❝❦ ❘❡❣✉❧❛t✐♦♥
❘❡❛❧❧② ❲♦r❦❄ ❊♠♣✐r✐❝❛❧ ❊✈✐❞❡♥❝❡ ❢r♦♠ ❏❛♣❛♥✬s ❘❛✐❧ ■♥❞✉str②✳ ❏♦✉r♥❛❧ ♦❢
❘❡❣✉❧❛t♦r② ❊❝♦♥♦♠✐❝s ✸✻✭✸✮✱ ✸✵✽✲✸✷✸✳

❖s❜♦r♥❡✱ ▼✳ ❏✳ ❛♥❞ ❆✳ ❘✉❜✐♥st❡✐♥ ✭✶✾✾✹✮✿ ❆ ❈♦✉rs❡ ✐♥ ●❛♠❡ ❚❤❡♦r②✳ ❚❤❡ ▼■❚
Pr❡ss✱ ❈❛♠❜r✐❞❣❡✱ ▼❆✳

P♦tt❡rs✱ ❏✳✱ ❇✳ ❘♦❝❦❡♥❜❛❝❤✱ ❆✳ ❙❛❞r✐❡❤ ❛♥❞ ❊✳ ✈✳ ❉❛♠♠❡ ✭✷✵✵✹✮✿ ❈♦❧❧✉s✐♦♥ ✉♥❞❡r
❨❛r❞st✐❝❦ ❈♦♠♣❡t✐t✐♦♥✿ ❆♥ ❊①♣❡r✐♠❡♥t❛❧ ❙t✉❞②✳ ■♥t❡r♥❛t✐♦♥❛❧ ❏♦✉r♥❛❧ ♦❢
■♥❞✉str✐❛❧ ❖r❣❛♥✐③❛t✐♦♥ ✷✷✭✼✮✱ ✶✵✶✼✲✶✵✸✽✳

❙❛♣♣✐♥❣t♦♥✱ ❉✳ ❊✳ ▼✳ ✭✷✵✵✺✮✿ ❘❡❣✉❧❛t✐♥❣ ❙❡r✈✐❝❡ ◗✉❛❧✐t②✿ ❆ ❙✉r✈❡②✳ ❏♦✉r♥❛❧ ♦❢
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