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Abstract

This paper provides a new comparative analysis of pooled least squares and fixed effects
estimators of the slope coefficients in the case of panel data models when the time dimension
(T) is fixed while the cross section dimension (N) is allowed to increase without bounds. The
individual effects are allowed to be correlated with the regressors, and the comparison is carried
out in terms of an exponent coefficient, 5, which measures the degree of pervasiveness of the
fixed effects in the panel. It is shown that the pooled estimator remains consistent so long as 6 <
1, and is asymptotically normally distributed if 6 < 1/2, for a fixed T and as N — oo. It is further
shown that when 6 < 1/2, the pooled estimator is more efficient than the fixed effects estimator.
Monte Carlo evidence provided supports the main theoretical findings and gives some
indications of gains to be made from pooling when & < 1/2. The problem of how to estimate & in
short T panels is not considered in this paper.
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1 Introduction

This note re-examines the issue of pooling in standard panel data models with exogenous regres-
sors in terms of an exponent coefficient, 0 < § < 1, which measures the degree of pervasiveness

of correlated individual effects, defined by

N
> Emil=0(N),
=1

where N is the cross- section dimension of the panel, and 7, is the mean zero random part of the
individual effects. Throughout we allow for non-zero correlations between the individual effects
and the regressors, and as a result the pooled estimators will be biased in the standard case
where § = 1. We show that the choice between the pooled least squares (PLS) estimator and the
fixed effects (FE) estimator depends on the value of ¢, with the PLS estimator being consistent
for all values of ¢ except when § = 1. For inference, the validity of the PLS estimator requires
0 < 1/2. Both of these conditions are significantly weaker than the homogeneity assumption
made in the literature requiring that E'|n;| = 0 for all i. For example, when 6 = 0 we could
have a finite number of non-zero E |n,|, or more generally E |n;| = Kp', for a fixed positive
constant K, and 0 < p < 1. This corresponds to the sparsity assumption often made in the
context of penalized regressions. But our analysis covers non-sparse structures by allowing the
number of non-zero E |n;|’s to rise with N but not proportionately. The degree to which the
number of units with non-zero F |n;| is allowed to rise with N is governed by §. For example,
when 0 = 1/2 the number of cross-section units with non-zero random effects could rise with
V/N, with the proportion of such units in total declining to zero at the rate of N —1/2,

The exponent of pervasiveness of individual effects is also closely related to the exponent of
cross-sectional dependence, a, recently introduced in Bailey et al. (2015) to measure the degree
of cross-sectional dependence in panels. Both exponents measure the degree of pervasiveness of
heterogeneity, d relates to the heterogeneity of the individual effects , and « the heterogeneity
of factor loadings in a panel data model with a factor error structure. In a broad sense, § can
also be viewed as an exponent of cross-sectional dependence applied to the intercepts viewed
as a common factor.

Our analysis complements and provides further insights on the discussion of "pool or not to

pool" in the panel literature.! See for example, Baltagi et al (2000), and Baltagi (2008). More

IThere is also a related literature that considers the problem of pooling more generally and discusses the issue
of pooling in the case of panel data models with heterogenous slopes. As a recent example, see Paap, Wang
and Zhang (2015) and references cited therein. In this paper we focus on the issue of pooling in the context of

standard panel data models with homogeneous slopes. But our approach and generalization of the concept of



specifically, we derive the asymptotic properties of the pooled least squares estimator when N
is large and T is fixed for different values of §, and derive the bias of PLS when § = 1, and
show that the pooled estimator is more efficient than the fixed effects estimator if § < 1/2. We
also establish the asymptotic equivalence of random effects and PLS estimators when § < 1.
Monte Carlo simulations are conducted to compare the finite sample properties of PLS and FE
estimators. The results confirm the main theoretical findings and give some indication of the
magnitudes of the gains involved from pooling when § < 1/2.

The analysis of this paper shows the importance of knowing ¢ in the choice between PLS (or
RE) and FE estimators. In the case of large N and T panels estimation of 0 can be carried out
using the approach of Bailey et al. (2015). But for short 7" panels, which is of concern in this
paper, such an approach will not be applicable and other suitable techniques will be required.
One could, for example, consider the application of the Hausman type tests to the difference
between the FE and PLS estimators. However, development of suitable procedures for direct
tests on ¢ in the case of short T panels will be beyond the scope of the present paper.

The rest of the note is organized as follows. Section 2 sets out the model and its assumptions.
Section 3 presents the theoretical results. Monte Carlo simulations are provided in Section 4,

with some concluding remarks in Section 5.

2 Panel data model

Consider the standard panel data model

yie = oy + 0%y +uy, fori=1,2,... , N;t=1,2,...,T (2.1)
o = a+mn; fori=1,2... N, (2.2)

where «a; are the individual effects, x;; is a k x 1 vector of regressors which we decompose as
Xit = 10,8+ Wi, fori=1,2,... N;t=1,2,...,T. (2.3)

1,8+ represents the part of x;; which is correlated with the individual effects , ;, with g; being
a k x 1 vector of time effects, and wy; is the part of x;; which is distributed independently of the
individual effects . This is a fairly general specification which allows for non-zero, time-varying
correlations between x;; and «y, and allows the regressors to have individual-specific effects
and be cross-sectionally correlated. Additional individual-specific effects can be included in x;;

through w;;. For example, using (2.3), and assuming that g =71 Zle g: # 0, then

n; = TR+ v, (2.4)

cross-sectional heterogeneity can also be applied to panel data models with heterogeneous slopes.



where ,

~ = (gg) 'g.vi=-(g8) gw

T T
)_(Z' = T_l E Xity and V_Vi :T_l E Wit,
t=1 t=1

which is the same as the Mundlak (1978) formulation of the individual effects in standard panel
data models.
Throughout we assume 7' is fixed and carry out our analysis for IV large. Except for the
assumption regarding the individual effects, n;, we make the following standard assumptions:
Assumption 1: The individual effects, n; for ¢« = 1,2,..., N, are either deterministic and
bounded (i.e. ;| < K), or stochastic with second order moments, E (n?) < K, and distributed

independently of g; and wj; for all i,j and ¢; satisfying the conditions?
N
Nt ZEMZ-]S =0 <N671> , for s =1 and 2, where 0 < § < 1. (2.5)
i=1

Remark 2.1 The conditions of Assumption 1 are satisfied, for example, if there exists an

ordering of the individual units such that for ¢ in the range [0, 1]

n = &, fori=1,2,.. [N,
= 0, fori=[N°]+1,[N°]+2,..,N

where {e; ,i =1,2,..., N} is a sequence of random variables with zero means and finite variances
such that

M—oo

M
lim (Ml ZE \ai\3> =O0(1), for s=1 and 2.
i=1

N [N]
NS Bl =N NN Bl | =0 <N5_1> .
i=1 i=1

Note that the above result holds even if €}s are cross-sectionally correlated. Furthermore, the
condition that n; = 0, fori = [N°]+1,[N°] +2,..., N, can be relazed by requiring that (see also
Bailey et al. (2015))

N
Z En|®=0(1), fors=1and?2.
i=[N%]+1
This condition holds, for example, if E|n;|° = kisp’ for i = [N°] + 1,[N°] +2,..., N, where ks

are finite positive constants and 0 < py < 1.

? K represents a generic finite positive constant.



Remark 2.2 Conditions (2.5) also imply

N_lzi\[;n? =0, <N5_1> , and N_lziv;hm =0, (N‘s_l) .

These results follow by application of the Markov inequality to (2.5).

Assumption 2: (a) u; is distributed independently of 7, and w for all 4, j, ¢, and ¢'. (b)
uyy ~ IID(0,02), 0 < 02 < K, and E |uy|*"* < K, for some small positive e.

Assumption 3: The time effects, g, are bounded such that ||g:g}|| < K < oo, if g; is
deterministic and F ||g;g}|| < K < oo, if g; is stochastic. ||A|| represents the Frobenius norm
of A defined by Tr (AA")"/2.

Assumption 4: The variables, wy;, are either deterministic and bounded, namely ||w|| <
K < oo, or they satisfy the moment conditions E ||w;; — ;> < K < oo, for all i and ¢, where
Wi =T 'S wy. Similarly, E ||%; — w||> < K < oo, for all i, where w =N~V | ;.

Assumption 5: The k£ x k matrices

N T
1 _ _
Qen = w7 SN (Wit — W) (wir — W),
i—1 t—1
L N
QrgNn = NT Z Z (Wit — W;) (Wi — W),

1t=1

(2

are positive definite for all IV, and as N — oo. The probability limits of Qpn and Qrg N, as
N tends to infinity, will be denoted by p and Qrp, respectively.

1/2
Remark 2.3 Note that F |wiy — w;| < |E|w; — w|? < K < oo, and E||w; —w| <

1/2
E |w; — w|? < K < oco. Hence under Assumption 4 we also have

El(wie = w)|| = E[(wit = Wi + Wi = W)|| < E|(wir —wi) ||+ E [[(W; — W)|| < K < o0. (2.6)

3 Pooled least squares and FE estimators
The PLS and FE estimators, B p and B rE, respectively, can be written as

Bp = QE}NQP,N, (3.1)

and

Brr = Qpp NAFEN, (3.2)



where

1 o 1
QP,N:WZZ it — %) (xit — %), QPN—WZ

i=1 t=1 =1t

th - X) (yzt - g)

N T
=1

N

T T
Z th xzt ) qre,N = % Z Z th yzt gz) 5

1t=1 =1 t=1

1
NT

M=

QreN =
l

and

T
X = NT lzzxzby_ NT 1zzyit7

i=1 t=1 i=1 t=1
T
%, = T1! Lo — T—l .
Xi = Xity Yi = Yit-
t=1 t=1

To derive the properties of these estimators, using (2.3), we first note that
xit — X = (n;8t — 18) + (Wit — W),
and
Yit =y =n; — 0+ B (xit — %) + (uir — @),

where

T N N
g = T_lzgt, n= N_lzni, and u = N_lzui.
t=1 i=1 i=1

3.1 The PLS estimator

Starting with the PLS estimator, using (3.7) in (3.3) we have

N T
1 o o
Qry = o D D g+ Wi — 78 — W) (,8 + Wiy — 78 — W)’
i=1 t=1
1 N T N T
= N—TZZ Wit — W) (Wi — W) ,+<N_1Z77?) (T_lzgté)—_
=1 t=1 i=1 t=1

N

+% Z Z i (Wit — W) gt + g (wir — W)'] .

i=1 t=1

(3.5)

(3.6)



Similarly, using (3.8) in (3.3) we have

arN = NLT Z > (it — %) (yir — 9)

which upon using (3.7) can be written as

T
QPN—QPNIB‘FiZZ Wit — W (m+uz’t)+NiTZZ(mgt—ﬁ€) (m; + uae), (3.10)

i=1 t=1 =1 t=1

which in turn yields

N T N T
" _ 1 1 __
Bp=B+Qpl | 5 2o D (Wit = W) (0 + i) + 5 > D (misge — 78) (0 + i)
i=1 t=1 i=1 t=1
(3.11)
Furthermore,

N T

1 N T 1 N T
o7 2 D g —18) (i +wie) = 5o YD (nFe — i) ZZ (n:g: — N8) uat

i=1 t=1 =1 t=1 2:1 t=1

1 | NI
- NZ(”ZZ_ﬁni)g"’_ﬁzzmigt—ﬁg)uit

N T
1 o
BT NT Z Z n;8euit — NEU3.12)

But under Assumption 1 we have

N N
NS Epl=0 (NH) and Elg| < N7'Y iyl = 0 (NH) , (3.13)
i=1 =1

and since 7, is distributed independently of g and wu;, then

N T N

1 no - p—

E |57 2 2 (mige = 78) (mi + war) NS E @, -
i=1 t=1 i—1

<

E (=l

+SUPE|Uzt’SUPE [F=aly ( 1z:Em)+EI??!E!’LLUE(!HEIH)

- o(v)

7



Similarly

N T
2
'NTZZm (Wi —w gt+gt<w“—v-v>’]H < o 20D il lwi = ) e

i=1 t=1 i=1t=1
N T
S-S L ST Hgt\]

and since under Assumption 1, n, is distributed independently of g; and w;;, we have

N T N
1 2
E| %7 > § [(Wit — W) g + &t (wie — W)']|| < NE E |n;] { - E Ell(wi —w)| HgtH]}]-
i=1 t=1 =1

However, by the Cauchy—Schwarz inequality and under Assumptions 3 and 4

Ell[(wi — W) ||gell] < [E (Wit — V_V)HQ] 1/2 [E HgtHﬂ 1/2 <K,

and

NTZZWZ Wit — W) g + gt (Wit — W

i=1 t=1

N
2K _
< N ZEW@\ :O(N6 1)-
i=1

Using (3.13) and the above result in (3.9) we obtain

N

T
Qpny = % DN (Wit — W) (wir — W) + O, (N‘s*l) ,

i=1 t=1

which establishes that under 6 < 1 (for a fixed T and as N — o0)

— . __/
QrN —p QP—A}EIIOOZZ;;E wit — W) (Wir — w)'] > 0. (3.14)

Consider now the second component of (3.11), and note from (3.12) that since by assumption

n;, Wit, and g; are distributed independently, then

N T
ZZ mgal| < 5w 0O Bl Bllgd Blua
=1 t=1 i=1 t=1
N
< BBl =0(N).

i=1
Hence, in view of (3.14) and using the above results we have
N T
~NT Z Z (Wit — W) (1; + uit)
i=1 t=1

Bp =B+ +0, (N5_1) . (3.15)




Furthermore
| N7 | N
72 > (Wi = W) m =y (Wi — W),
i=1 t=1 i=1
and since by Assumption 1,7n; and W; — w are independently distributed and by Assumption
4, E||w; —w|| < K, then

1 N T
Nizz wzt__

1 & K&
< NZEW\E”V_W—V_VH < NZEW\ :O<N571)~
=1 i=1

Therefore, (3.15) simplifies further to

L N
WZZ(Wz‘t—V_\’)Uit

=1 t=1

Bp=p+Q5 +0, (NH) . (3.16)

Using this result and noting that under Assumptions 2 and 4,

T
NT 2 2 (Wit = W) uie = 0,
NT i=1 t=1
we have the following proposition.
Proposition 3.1 Consider the panel data model given by equations (2.1), (2.2) and (2.83) and
suppose that Assumptions 1-5 hold. Then the pooled least square estimator defined by (3.1) is

consistent for estimation of 3, as long as § < 1.

Remark 3.2 The bias of the pooled least squares estimator in the case of =1 is given by

p lim (Bp) = B+02Q5',

where N
UT] = ]\llgnooN 12(7% _’F/)Za
i=1
and N T
Qe = lim > > B[ — %) (xin = %)

For a derivation see Section 26.3 in Pesaran (2015). As a corollary it also follows that Haus-
man’s (1978) mis-specification test that compares the pooled and FE estimators will only be

consistent if § = 1.



To derive the asymptotic distribution of B p we note that

1 T

N
T\/NZZ(W“_V_V)U“

=1 t=1

VN (Br - B) = 95!

Also under Assumptions 2, 4 and 5, using standard results from panel data literature, we have
(for a fixed T and as N — o0)

1 N T
ﬂ Z Z (Wz‘t - V_V) Wit —q N (0,0'inlﬂp) .

i=1 t=

—

Hence, for a fixed T and as N — oo
VN (BP — 5) —a N (00277105 | if 6 < 1/2. (3.17)

3.2 The FE estimator

Consider now the FE estimator, By, defined by (3.2). Then using (3.4) we obtain

N T
A 1
\/JV< — ) = Q;l —— Xit — X;) (i —ui) | . 3.18
/BFE /8 QFE,N T\/N v t:1( t )( t ) ( )
Noting that x;; — X; = (Wit — W;) +n; (8 — &), and v — 7 = B (xit — X;) + (uir — 4;), we also
have
| N7
QFE,N = ﬁ Z Z (th - Xz) (th - xz)
i=1 t=1
;| NI ;N7
= NT Z Z (Wit — Wi) (Wir — W;) + NT Z Zm (Wit —W;) (gt — 8)
i=1 t=1 i=1 t=1
1 LZ 1 1 &
NT D D i (g — ) (Wi —Wi) + NZU?) (TZ(gt -8 (g —8) ) ,
i=1 t=1 i=1 t=1
and



Under Assumptions 1-4, using the above results and following the same line of reasoning as in

Section 3.1 we have (for a fixed T and as N — 00)

QreNn = ]&flmwz;tz;E Wit — W;) (Wi _Wz)}
K2

T
n (Jif SE (n?)) (; Y Ele—8) (e - g)’])
i=1 t=1
= QFE‘ + Op (N(s*l) )

where

Qrp = lgnooNTz;;E Wit — W;) (Wi — WZ)]. (3.19)
(A

Similarly, since n; is distributed independently of u;; and g, then

i (Wi — t— ) < E|1|E|Uzt*u1)(t* )|
'\ﬁT;;n (g — & fT ;; n g — &
< sup Bl (uir — @) (81 — ( I/QZE\TIZ)

1/2 1/2
But E|(ui —u;) (gt — 8)| < [E (ug — al)ﬂ [E llg: — §||2] < K, and by Assumptions 1
and 2, it follows that

Z 77@ Uit — g)

zltl

<0 (N‘S*l/?) .

Finally, under Assumptions 2-4, using standard results from panel data literature we have

ZZ Uit — Wzt - Wz) —qd N (O (2% T 1ngE)
where Qpp is already defined by (3.19). Therefore, for a fixed 7" and as N — oo, we have
VN (BFE - 5) 4 N (0,02771Q5L) , for 6 < 1/2. (3.20)
Using (3.17) and the above result now yields the following proposition.

Proposition 3.3 Suppose that the exponent coefficient, §, defined by Assumption 1, is less
than 1/2, and Assumptions 1-5 hold. Then as N — oo

VNT (Bp— B) 4 N (0,027

11



and

VNT (BFE - ﬁ) —a N (O,JZQEE) ‘
Furthermore, BP 18 asymptotically more efficient than ,BFE, as long as § < 1/2.
To establish the relative asymptotic efficiency of 3 p we first note that
[AsyVar (\/ﬁ,ép)} T [AsyVar (\/TiNBFE)} o 0,2 [Qp — Qrg|. (3.21)

Also, we note that since

1 N T 1 N T 1 N
NT DD (Wi — W) (Wi — W) = NT D> (Wit — i) (Wit — V_Vz')”rﬁ D (Wi = W) (W — W),

i=1 t=1 i=1 t=1 i=1

then

where

N
1
o= Jim 3 [(5 ) (5~ )]

and by Assumption 5, Q¢ is a positive definite matrix. Using (3.22) in (3.21) we have
. N1 . -1
[AsyVar (v TN,BP>] — [AsyVar (\/ TNﬁFE>] = U;QQC >0,

and hence

AsyVar (\/ﬁBFE> > AsyVar (\/ﬁﬁp) )

Consistent estimators of 2p and Qg are given by Qn, and Qn,rg, respectively.

3.3 Random effects and PLS estimators

Finally, it is easily seen that the random effects (RE) and the pooled least squares estimators
of B are asymptotically equivalent. The RE estimator is given by (see, for example, Chapter
26 in Pesaran (2015)).

Bre = (Qren +¥Qen) ! (areN + Yac,y),

where Qrg v and qrg N, are defined by (3.4),

N N
Qenv=N"'Y &% -%)(%-%, den=N"'Y (% -%) (7 7)),
=1 i=1

12



and

o2

- %u

To2 4 0%
However, under (2.5), 0727 =0 (N‘s*l), and for a fixed T', we have ¢ = 1+ O (N‘S*l), and using
(3.3) and (3.4) we obtain®

(G (3.23)

QrenNy +9YQeNn = (¥
qreN +Ydon = (¥

)Qon + Qe

—1
—1Dacny +arn

Hence (for a fixed T')

\/N(IBRE_BP> —>p07 aSN—>OO,if(5<].7

which establishes the asymptotic equivalence of the random effects and pooled least squares

estimators as N — oo, for § < 1 and a fixed T.

4 Monte Carlo simulations

To compare the performance of the FE and pooled least square estimators when T is fixed as
well as YN | ;| = O(N?), we conduct several Monte Carlo simulations. The data generating

process (DGP) is given by
Yit = L+ n; + 21381 +v2iBo +ui, 1=1,2,... ,N;t=12,...,T,

with 8; = 1 and 85 = 2, N = 100, 500, 1000, 2000 and T' = 3,5, 10. We assume u;; ~ iidN (0, 0?),
with 02 ~ IIDx*(2), n; ~ #4dN(0,2) for i = 1,2,...,[N° and n; = 0, for i = [N°] + 1,[N?] +
2,...,N. We let ¢ to take the following values 1, 0.95, 0.75, 0.5, 0.4, 0.25 and 0. The elements

of xj1 = (1,4, ®2,it)’, are generated as
Tjit = 1+ aji+ gjm; +wji, for j =1,2,
with o; ~ itdN(0,1), gj+ ~ IIDU[0.1,0.9] and wj;; generated by
Wjit = P iWkit—1 + €54t for j=1,2,

where wj0 = 0, pj; ~ I1DU[0.05,0.95], €50 = 0, and €j; ~ iidN(O,UiEZ-) with o2

7,68

IIDx?(2) for j = 1,2. For the DGP described above, the first 50 observations are discarded,

and the number of replications is set to 1000.

~

3Note tha Qp.n = Qrr,v + Qc,n, and qp.N = qrE,N + do,N-

13



We compute the PLS and FE estimates and the associated bias, absolute bias and RMSE.
The results are summarized in Tables 1-6 which are in line with the paper’s theoretical findings.
As to be expected the RMSE of PLS estimator is much smaller than that of the FE estimator
for values of § < 1/2. However, the PLS estimator starts to show significant bias as ¢ is allowed
to increase beyond the 1/2 threshold, and the RMSE of PLS estimator is much larger than the

FE estimator.

5 Conclusion

This paper introduces a new approach to the analysis of the relative efficiency of fixed effects
and pooled least square estimators for standard panel data models. We show that the potential
benefit from pooling is directly related to the degree with which the heterogeneity of individual
effects is pervasive across the individual units in the panel. We characterize this feature by
an exponent, ¢, and show that the pooled least square estimator is consistent for values of
0 < 1. Our specification allows for non-zero correlations between the individual effects and the
regressors which renders the pooled least squares and random effects inconsistent if 6 = 1. We
also derive the asymptotic distributions of the pooled least squares, FE and RE estimators for
different values of § and establish the relative efficiency of the pooled least squares estimator
over the FE estimator when § < 1/2. These results are supported by small sample evidence

from Monte Carlo experiments.
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