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Non-Technical Summary

Some quantities on financial markets are unobservable and market participants have to estimate
them based on the data they observe. One example is the currently expected growth rate of the
economy over the next period, e.g., the next year. This number is not directly observable and varies
over time. However, investors can use past data and ‘filter’ their estimate for the growth rate,
which is then the basis of economic decisions (e.g., consumption, saving, asset allocation). The
result of this filtering process, however, depends on the initial assumptions made by the investor
on the dynamics of the growth rate and its relation to observable quantities. Since the true growth
rate is not observable, the investor can never be sure to actually use the ‘true’ model. In reality
investors will furthermore be heterogeneous with respect to the assumptions they make, and in
general no investor will have a model that is exactly equal to the true one.

In this paper we analyze the equilibrium implications for expected returns on a stock and for
investors’ long-run wealth shares in the economy when their models feature different kinds of
errors. Investor heterogeneity is represented in a stylized fashion via two investor types, which
differ in estimation models they rely on. The quantity they have to estimate is the expected growth
rate of aggregate output, i.e., loosely speaking expected economic growth.

The concrete questions we are tackling in the paper are the following: First, is there a mistake on
the part of one investor, which is so bad that the investor will (slowly) lose her wealth, no matter
what kind of error the other investor commits? Second, is there a direct link between the issue of
‘long-run survival’ (i.e, if an investor does or does not lose all her wealth over time) and asset
pricing results in the sense of expected stock returns and volatilities?

The answer to the first question is ‘yes’. For example, when one investor assigns substantially too
much informational value to a signal, which in reality just represents noise (a situation sometimes
labeled as ‘overconfidence’), she will ultimately lose all her wealth, irrespective of the degree to
which the other investor assumes, e.g., an incorrect volatility or incorrect long-run mean of the
expected growth rate of the economy.

The answer to the second question is ‘no’ in the sense that the asset pricing results are basically
independent from the outcome with respect to long-run survival. For example, in scenarios when
the investors are more similar with respect to their long-run share in the economy, return
volatilities can nevertheless be higher than in cases when they are very different.

The paper provides insights into the link between (imperfect) information processing by investors
and financial market outcomes. It gives an example for a situation characterized by market
dynamics, which seem to exhibit features like excess volatility, but when all the elements of the
economic decision problem are taken into account, prices and returns are perfectly in line with
investor rationality.
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1. Introduction

Investor heterogeneity is a key ingredient to modern asset pricing models,
since it can help to mitigate or even solve well-known puzzles, be it by generating
an equity premium close to the value observed in the data in models even with
standard CRRA preferences or by generating a volatility of stock returns which
exceeds the volatility of fundamentals like dividends (see, e.g., Dumas et al.| (2009)).
Besides the asset pricing implications of heterogeneity, a second key issue in such
models is the survival of the different investors. As pointed out by |Borovickal (2015)
and Easley and Yang| (2013) the question whether one or more investors survive is
generally important from a modeling perspective, since we want to know what the
economy looks like in its steady state, i.e., when the initial conditions no longer have

an effect on quantities like expected returns or return volatilities.

In this paper we analyze the implications of heterogeneous beliefs. Our two
investors hold different beliefs about the true dynamics of an unobservable quantity,
which is in our case the expected dividend growth rate. They both use an incorrect
model and thus in our economy 'nobody is perfect’. The distinctive feature of our
setup is that the errors made by the investor can be with respect to rather different
characteristics of the model, so that the magnitude of the errors is not easily and
directly comparable. The first question we analyze is whether and to which degree

errors made by the two investors can offset each other when it comes to survival. The



second question we are interested in is whether the impact of errors on volatilities
and expected excess returns is additive in a sense, or whether errors of the two

investors can again somehow offset each other.

The classical kind of model mis-specification analyzed, e.g., in |Scheinkman and
Xiong (2003) and Dumas et al. (2009) is ’over-confidence’ with respect to a signal
that investors can observe in addition to the dividend flow. In this typical setup
one investor assumes that innovations to the signal are correlated with innovations
to the expected growth rate, whereas the other one correctly assumes that the two
innovations are independent, so that the former will disappear from the economy.
It is intuitively clear that in such a setup only the rational investor will survive,
while the other investor makes consumption and investment decisions which will
drive him out of the economy in the long run. This is one of the key results of
papers like Dumas et al.| (2009), |Yan| (2008), or |[Kogan et al.| (2006). [Yan (2008) also
analyzes a model in which both investors can potentially be wrong with respect to
the (constant) long-run growth rate, and shows that this basically puts the investor

with the larger absolute error at a disadvantage.

Given the literature on models where exactly one of the two agents is at a
disadvantage concerning her filtering model or where both investors make the same
kind of mistake, we ask the next natural question: What happens when both in-
vestors use a mis-specified model to draw their inference about the unobservable

expected dividend growth rate, where in the general case the mis-specification will



be with respect to different parameters? How do these errors trade off against each
other? For example, while one investor might be over-confident, the other one might
assume an incorrect value for the volatility of the expected growth rate process sim-
ilar to the specification in Buraschi et al. (2014). Alternatively, one investor might
be a long-run optimist or pessimist, i.e., she over- or underestimates the long-run
mean of the expected growth rate relative to the true model, while the other investor
incorrectly assumes that the innovation in the dividend is correlated with the inno-
vation in the expected growth rate. The model we are going to analyze in this paper
is completely general in the sense that both the dividend itself and the signal can
be correlated with the expected growth rate process under the true model and/or

under the two investors’ subjective models.

In contrast to the case when only one investor uses an improper filtering model
it is in our setup not a priori clear how different types of errors aggregate to the
overall result. The question is, e.g., whether an error with respect to the correlation
between signal innovations and the expected growth rate is 'more or less severe’
than an improper belief about the long-run mean of the expected growth rate, or,

put differently, what the trade-off is between these two types of errors.

Our metric for survival is the equilibrium expected share of total consumption
an investor retains over longer and longer time horizons. In case this expectation
is increasing we take this as an indication of survival. Note that the expectation is

calculated under the objective measure, since we are interested in the true steady



state, but not in the investor’s beliefs about this steady state. Under his subjective
measure, an investor always thinks that she will survive. This also explains why
it does not occur to the investor who is using the 'worse’” model that she is at a
disadvantage. Given their respective models, in which they put in a sense infinite
trust, both investors behave optimally and rationally and as long as, technically
speaking, the investors’ subjective probability measures are equivalentﬂ they will
not know for sure in finite time who (if any) of them is using the correct or at least
a better model than the respective counterpart. This only becomes clear in the limit

when time goes to infinity leading to long-run survival or extinction, respectively.

To analyze survival we therefore compute the expectation of the consumption
share under the true measure for different horizons into the future to see whether
there is a tendency towards the concentration of consumption on one investor only.
Since in models with preferences exhibiting constant relative risk aversion the si-
multaneous long-run survival of both investors is a knife-edge case, it will basically
always happen that the expected consumption share for one investor moves towards
one, but in case both investors simultaneously commit errors it is a priori not clear

for which one.

The second dimension of our analysis are the asset pricing implications of our

ITwo probability measures are called equivalent, when their null sets coincide. In our case this
means that there is no event which has a non-zero probability under one investor’s measure, but a

zero probability under the other’s.



setup where nobody is perfect. The fundamental question here is whether the fact
that not only one but both investors have an improper filtering model increases or
decreases asset return volatilities and expected excess returns. On the one hand,
the fact that the second investor is no longer perfect obviously diminishes the first
investor’s disadvantage in terms of survival, and the fact that the investors are now
less different with respect to survival might also make asset return volatilities go
down. On the other hand, additional filtering errors mean additional 'noise’ in the
market, so that they might lead to even higher volatilities than before when only
one investor was using an incorrect model. Here we again take the perspective of an
outside observer by computing all the moments under the objective measure, i.e.,
we calculate expected returns and volatilities like a researcher given the time series

of prices generated by our model.

Before going into the details of the model and the analysis, we want to briefly
describe our main findings. In terms of survival it is intuitively clear that there is
‘continuity’ in some sense, i.e., starting from a situation where investor ¢ uses the
true model, whereas investor 7 does not, and moving to case when investor ¢ commits
larger and larger errors, investor ¢ will initially still survive, until a critical value for
her own error is reached. The knife-edge case of equal consumption shares over the
long run is reached, when these errors exactly compensate each other. Afterwards it

will be investor j surviving.

For example, for our parametrization, when investor 2 is overconfident with



respect to the signal by assuming a correlation of 0.3 between the signal and the
expected growth rate (whereas the true correlation is zero), then investor 1 would
have to assume an incorrect volatility of the expected growth rate process which
deviates by roughly 1.2 percentage points from its true value of 0.03 in order for
investor 2 to retain a non-zero expected consumption share in the long run. The
more important point here is, however, that there are values for investor 2’s degree of
signal overconfidence, which can no longer be compensated by investor 1’s potentially
incorrect volatility specification. So there are limits to the trade-off of different types

of errors against each other.

Investor 1 may also commit an error with respect to his assumptions about
the drift of the expected growth rate. These kinds of errors seem to be less severe
than overconfidence with respect to the signal. For example, the error committed
by investor 1 with respect to the long-run mean of the expected growth rate must
be substantial relative to the true value to offset investor 2’s erroneous specification
of a non-zero correlation between signal and expected dividend growth. Assuming
again a degree of signal overconfidence of 0.3, investor 1 would have to assume a
long.run expected growth rate of dividends more than twice as high as the true value.
Similarly, albeit to a somewhat lesser degree, errors concerning the speed of mean
reversion in the expected growth rate process must be rather pronounced relative
to the true value to offset a certain degree of signal overconfidence on investor 2’s

part. With this overconfidence again at 0.3, investor 1 would have to mis-specify the



speed of mean reversion to be roughly 50% higher than the true value.

We can also compare signal overconfidence and dividend overconfidence, i.e.,
situations in which the investor assumes an incorrect correlation between the ex-
pected growth rate and either the signal or the dividend. From a modeling perspec-
tive it is then of interest which of these two kinds of overconfidence is the more
severe one. We find that signal overconfidence is more harmful to the investor than
dividend overconfidence, in the sense that it takes in many cases a larger mistake
of the other investor to offset a given level of signal overconfidence than it takes to

offset the same level of dividend overconfidence.

Concerning the asset pricing implications of our setup the main message is that
there is no simple relationship between the degree to which investors are different
with respect to their long-run expected consumption shares and the asset pricing
results in terms of volatilities and expected excess returns. There are many cases
when a reduction of one investor’s disadvantage in terms of survival due to simulta-
neous model misspecification on the part of the other investor makes stock returns
more and not less volatile. Stated differently, it is the absolute value of each model
mis-specification which matters for asset pricing moments, not the relative size of
the error as compared to the other investor. While there is thus a trade-off between
errors when it comes to survival, the errors basically add up when it comes to asset
pricing moments. This shows that the long-term and the short-term properties of an

asset pricing model cannot deduced from each other in a simple and straightforward



fashion, but rather represent more or less independent dimensions.

The remainder of the paper is organized as follows. The model setup as well as
the filtering equations used by the investors and the equilibrium are given in Section
2l Section [3] gives the results of the numerical analysis for survival and asset pricing.

Section [ concludes.

2. Model

2.1. Basic setup

We first present the overall setup of the model with a more qualitative discus-
sion of its features. The technical details about the investors’ filtering will follow in

the next subsection.

The exogenous dividend, or aggregate supply, process in the economy D, fol-
lows the process
dD,

—_— = Mtdt +o0p dWD,t‘ (1)
Dy

The investors furthermore observe a signal s with dynamics

dsy = o,dWy. (2)

The unobservable drift rate of the dividend process pu; is assumed to follow an

Ornstein-Uhlenbeck process:

dpe = k(i — p)dt + o, (ap dWpy + s AWy + oy, dW,, 1) (3)



(Wp, Ws, W,)" is a three-dimensional standard Wiener process, i.e., the components
are independent. We assume o% + o2 + ozi = 1, so that the quadratic variation of
1 is equal to Ji.ﬂ The parameters ap, g, and «, represent the respective correla-
tion between the expected growth rate and the other sources of randomness in the
economy. Under the true model we set ap = as; = 0, i.e., the dynamics of p are
not correlated with either the dividend or the signal. When we later analyze the
consequences of heterogeneous beliefs, investors can disagree about the information

content of both dividend innovations and the signal.

Since p is unobservable, investors have to form expectations about it using
the observables D and s. The key fact that will be exploited for the analysis in this
paper is that there is nothing that prevents investors in this economy from assuming
different models for the dynamics of 1 in their estimation, as long as the investors’
subjective probability measures are equivalent.ﬁ These differences in beliefs about
the dynamics of the economy can be rather general, i.e., the investors’ subjective

models can differ with respect to any parameter related to the dynamics of y; in ,

ZNote that the condition % + o2 + Oéi = 1 implies that the a’s are all less than or equal to 1

in absolute value.

3The subjective probability measures are defined on a filtered probability space where the
filtration is generated by signal and dividend observations. In contrast, the true measure is defined
an a filtered probability space where the filtration is generated by the signal, the dividend, and the

expected growth rate.



i.e., with respect to s, [i, 0, and all the correlation coefficients ap, a,, and O‘uﬂ

In particular, investor ¢ = 1, 2 assumes the following dynamics of the economy:

dD
— = pdt+opdWpy, (4)
D,

d,ut = I{,(ﬂl — ut)dt + o (OfD,i dWDﬂg,i + Qg dWSﬂ: + Qi dWM,M) (5)

dSt = O-SdWS,ta (6)

again with a2, + o, + o, = 1. Note that the Wiener processes Wp and W),
now carry an index ¢, since they are given under investor ¢’s subjective probability
measure P!, while W, is assumed to be the same under the true and the subjective

measuresﬁ

Differences between investors’ beliefs and the true model with respect to the
parameters of the process for the conditionally expected growth rate p have direct
economic interpretations. For example, if investor ¢ assumes a,; # a, = 0, this is
sometimes referred to as ’overconfidence’ (see, e.g., Scheinkman and Xiong| (2003)

and Dumas et al. (2009)), since she assigns more informational value to the signal

4The focus of our analysis is on the implications of these heterogeneous beliefs for survival and
asset pricing. We thus take the beliefs of the investors as given and do not look at the reason why

a certain investor type exhibits a certain type of error.

5 A comparison with [Dumas et al.| (2009) shows that we have incorporated a potential correlation
between the signal and the expected growth rate into the dynamics of y, while Dumas et al.| (2009)
assume that the two investors differ in their assumptions about the noise term in ds;. In terms of

the dynamics of the filtered estimate for u, these two formulations are equivalent.

10



than it actually has. Analogously, the assumption ap; # ap = 0 means that investor
1 considers the dividend to be more informative about the expected growth rate
than it is under the true model. One could interpret ap,; > 0 as some kind of
momentum belief, while the opposite would represent a contrarian attitude, where
in the investor’s opinion higher dividends now would signal lower expected growth
in the future. In our model there is thus a second potential source for overconfidence,
since the investors can not only assign too much information value to the signal, but

also to the dividend.

Assuming a value for the long-run mean of the expected growth rate fi; # [
represents (long-run) optimism or pessimism, while o,,; # o, reflects investor ¢’s sub-
jective beliefs about the degree of uncertainty in u, or, technically speaking, about
how well the expected growth rate can be filtered from the observable quantities.
The case 0,1 < 0,2 could therefore be interpreted as investor 1 being an ’expert’,
while investor 2 would be more cautious concerning the ability to filter information

about p from the observable data and thus be considered a 'layman’.

Finally, investors can also assume k; # k, which is in a sense an assumption
about the overall degree of uncertainty in . A very high value for x; means that
investor ¢ assumes there is only little variation in u, especially over the long term,
since the expected growth rate is always pulled back strongly towards its long-run

mean f[i;.

11



2.2. Filtering

We now turn to the formal representation of how investors form their expec-
tations about the current value of u, given the data on D and s. As stated above
investors can differ with respect to their assumptions concerning the dynamics of the
expected dividend growth rate pu. Given the dynamics assumed by investor ¢ shown
above in Equations (4)) to @ the standard theory of continuous-time filtering (see
Liptser and Shiryaev| (2001))), together with the dividend and signal dynamics from
and , implies the following investor-specific process m; (i = 1,2) for the
estimate of the unobservable expected growth rate:

Yti T XDiODO

(%))

dmm- = K; ([Lz — mm‘)dt + dWDﬂg,i + Oés7iO'uﬂdWs’t, (7)

where 7;; denotes the mean squared error of the current estimate, i.e., v,
EF [(pe — my)?). WDJ» is the Wiener process driving the dividend innovations as
perceived by investor i, given her current estimate of y; (see below).

Concerning the mean squared error v, ;, Liptser and Shiryaev| (2001) show that
it satisfies a Ricatti differential in time ¢. As usual in the literature (see, e.g., Dumas
et al. (2009) or Buraschi et al. (2014)) we assume that it has already reached its

stationary value v; given by

2 2
0D iO¥D PO
= o —(m""’—”’)ﬂ/(m"“’—“) +(0u_u> R
op 0D oD

so that we can replace v;; by 7; in . For the following analysis, we define 5; = v; +

ap,iopo,;. The differences in beliefs between the two investors regarding the current

12



value of the expected growth rate are labelled g, with g, = my; —my 2. Furthermore,

the investor-specific estimation error at time ¢ is denoted by g;; = my; — ju.

The focus of our analysis is on the effects of different kinds of misspecification
of the filtering process for investor survival and asset pricing. For these purposes the

dynamics of the economy under the true probability measure P are centralﬁ

From Equation for the dividend dynamics and the fact that the dividend

is observable we get for ¢ = 1,2

dD
—L = dt +opdWp,
Dy
= my;dt+op dWD,t,ia (9)
which implies
AWp s = dWp, + 2= gy (10)
0D
as well as
AWp s = AW, + 2L dt. (11)
0D

From this we obtain the dynamics of the change of measure process n = % between

the investors’ subjective measures as

d’)?t = —T]t& d/WD,t,l- (12)
0D

SNote that to purely compute the price of the dividend claim and other traded assets we would
not need to look at the true measure. However, we want to look at the asset pricing moments as

seen by an outside observer or econometrician.

13



Using Equations , @, and one obtains the following P-dynamics for

the true drift u, the investor-specific estimates m;, and the change of measure 7:

du, = k(i —p)dt + o, (ap dWpy + asdWs, + o, dW,,) (13)
dmtyi = /‘il(ﬂl — mt,i)dt + _2z (,Ut — mtyi) dt
9D
+ ﬁdWDjt + as,iau,idWs,t (Z = 1, 2) (14)
0D
dg, = m (mt,l - ,ut)(;nt,l - mm) dt + M2 — My 1 dWth . (15)

2.3. Investor Preferences and Consumption Sharing

We assume that investors are equipped with identical CRRA preferences with
coefficient of risk aversion v € NE While in many applications more flexible prefer-
ences like recursive utility are used, CRRA utility still represents a benchmark case
and allows direct comparison of our results to, e.g., Dumas et al.|(2009). Formally,

investor ¢ (i = 1,2) derives utility from her consumption C;; according to

1—v

Ci
U<Ct,i) = : ;

1—v

"Setting the degree of risk aversion equal to an integer has the advantage that the investor
specific pricing kernel can be computed exactly due to the binomial formula. Bhamra and Uppal
(2014)) show that there is a series expansion which allows such a (semi-)closed form also for arbitrary
coeflicients of risk aversion. Since we do not estimate model parameters in this paper, we do not
consider it a serious restriction to set risk aversion to an integer value. In our numerical analysis

below we set v = 3.

14



so that the infinite-horizon lifetime utility is given by

0o C;—u
/ e 0t b gy,
0 1—v

2.4. Equilibrium

The dynamic equilibrium in this economy is characterized by a consumption

sharing rule w;, which we represent as investor 2’s share in aggregate consumption,

Ci2
Cy

ie., w = . We assume a complete market, and the investors have to agree on the
prices of all traded assetsﬂ This gives some relation between the individual pricing

kernels and the process n for the change of measure from which we can then derive

the consumption sharing rule. This consumption sharing rule is given as

W = <%> (16)

1 1o
ne \Y 1\
(@) +<¢1>

where ¢, and ¢, are the Lagrange multipliers for the budget restrictions of investor

NI

1 and 2, respectively, and where 7 is the change of measure given in Equation ﬂ

8Note that we deal with two filtrations in our model, a larger one generated by the signal, the
dividend, and the true expected growth rate, and a smaller one generated by only the signal and
the dividend. By assumption investors only observe events in the smaller filtration, and market
completeness then of course refers to this smaller filtration, since claims on an unobservable quantity
cannot be traded in a meaningful way. Stated differently, the existence of tradable claims on
dividend and signal risk are sufficient for the market to be complete. For a discussion of this issue

see also Basak! (2005]).

9The proof can be found in Appendix [Appendix A.3
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The consumption sharing rule is the basis for all equilibrium results in the

model. The pricing kernels of investor 1 and 2 are given by

s (Cia\ " s ((L—w)De\ "
1 5t t,1 _ 5t t)t
“o=e (00,1) ‘ ((1—W0)Do>
C v wD\ Y
2 4t t,2 _ 0t tt
“=e (00,2) ‘ (WODO) '

The equilibrium stock price S; at time ¢ is equal to the present value of all future

dividends paid at times u > t. Using investor ¢’s pricing kernel leads to the following

expression for S;:

St:.EFZ

o0 C . -V
e5<“f>Du( “) du| . 17
/t o (17)

Since the investors agree on the stock price we can compute it under either P! or P2,
and we choose to take investor 1’s perspective. A key ingredient to the computation
of the stock price are thus the dynamics of the risk factors D, n, my, and ms under
investor 1’s measure. For the dividend D and the drift estimate m; these are given for
1 = 1 in Equations @ and @, respectively. The process for the change of measure

n is given in ([12). For my we obtain from (7)) (for i = 2) and

mp—m —~
dmy = |Ke(fia — o) + 52(1—22) dt + &dWD,t,l + 00520, 2dWs 4.

Given these dynamics, we can determine the joint characteristic function of D and
1. This allows us to calculate the present value of a single future dividend payment,

and the stock price follows from taking the integral of these present values from the

16



current point in time until inﬁnity.ﬂ

Analogously to the stock price each investor’s individual wealth is given by the
present value of her consumption stream over time. Denoting investor ¢’s wealth at

time ¢ by X, ; this implies

Pt
Xtﬂ; - Et

[e'e) C -V
e 0t . ( u’l) dul . 18
/ e (18)

In the following, we are interested in the dynamics of the stock price and of wealth,
i.e., in their volatilities and expected excess returns. Given the expression for the
equilibrium stock price the local volatility vector og = (05,p,0ss) of the return on
equity can be computed as the product of the sensitivity matrix with respect to the
risk factors D, i, mq, and ms, and the vector of volatilities of these factors with

respect to the driving Wiener processes /WDJ and W:

O'DD 0
1705 05 0s o8\ | MmO
Os= 3\ a3 3 _  »5 (19>
S 6D 877 3m1 8m2
51/0D Q51041
52/017 Q59202

The overall return volatility og of the stock is given by the norm of og, i.e., it is
equal to \/0s0%.

Finally, the expected excess return is given by the product of the vector og

and the vector of market prices of risk for the two driving Wiener processes.E Note

10The details of the computation of the stock price are given in Appendix |Appendix A.1
' The market prices of risk are derived in Appendix [Appendix A.5
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that the market prices of risk can be computed both under the investors’ subjective
measures P* and under the objective measure P. We are interested in the properties
of expected excess stock returns as they would be observed by an econometrician
analyzing the data generated by our model, i.e., we select the objective measure as

our perspective here.

Again in analogy to the stock price we can compute the volatility vector oy,

of investor i’s wealth as

O'DD 0
ne(me,2—me 1) 0
1 (0X; 90X, 0X; oX,\ | T en 20)
OXi = X; \ 0D’ 0n’ Omy Omy
51/UD Q5101
52/00 Q5202

The overall volatility of the return on investor i’s wealth is given by /0,0’ , and
the expected excess return on each investor’s wealth under the objective measure P
is obtained by multiplying the volatility vector by the associated market prices of

risk.

An important aspect of a certain parameter combination is whether the model

is meaningful in the sense that it generates a finite stock price. Under investor i’s

subjective measure the growth condition derived in Appendix [Appendix A.2]is given

by the inequality

-0 (- go) + 152




It basically states that the subjective discount rate d must be large enough so that
the present value of future payments goes to zero when the horizon goes to infinity.

Since both investors assume that they will survive under their respective subjective

model, the growth condition has to hold under both P! and PQE

2.5. Survival

The investors make consumption and investment choices according to their
preferences and their current estimate of the growth rate p. In case only one of the
two investors uses the correct model, while the other one makes improper assump-
tions about the dynamics of the expected growth rate, it is intuitively clear that the
investor with the incorrect model will be at a disadvantage in terms of her utility.
In the long run she will even loose all of her consumption, so that the economy
will become homogeneous again. In our case we have to track how the investors’
consumption shares evolve over time to see which of the two types will eventually

survive.

Borovicka, (2015) provides a formal representation of investor survival, and we
follow his terminology here.E Consider a path w of the economy which is character-
ized by the realizations of the driving Wiener processes Wp, Wy, and W, over time.

We say that investor 1 becomes extinct along this path, if the limit for ¢ — oo of her

12In the quantitative analysis of the model in Section [3, we restrict the discussion to parameter

combinations where the growth conditions are satisfied.

B3In particular, see Definition 4 on p. 17 of his paper.

19



consumption share goes to zero, i.e., if lim; . wy (@) = 0. If this is not the case, then
investor 1 is said to survive along the path. Furthermore, investor 1 is said to domz-
nate along the path, if her consumption share goes to 1, i.e., if lim; oo wy (W) = 1. We
later on focus on the probability of an investor surviving or not. More precisely we say
that investor 1 becomes eztinct under the measure P, if P(lim;,oo wy (@) = 0) = 1,
and accordingly, the investor survives under P, if P(limsup, . wi(@) > 0) = 1.

Finally, she is said to dominate under P, if P(lim; ., wy4(w) = 1) = 1.

As discussed in [Borovicka (2015]) the probabilistic statements about survival
can be made operational via the properties of the drift of an investor’s consumption
share, when she becomes small, i.e., when her consumption share tends to zero. More
precisely, an investor will vanish when the drift of her (log) consumption share is

negative in the limit for the consumption share going to zero.

In our model there is a state variable, and this fact makes things much more
complicated. The drift of the consumption share in general depends on these state
variables, and one thus needs the joint distribution of this drift and the state variable
in the long run to analyze survival. To get the intuition, assume that the drift of
the consumption share w for a small w can be positive or negative, depending on
the state variable. Now consider the following two simplified cases. In the first case,
a small consumption share can only occur for those values of the state variable for
which the drift of In w is positive. In the second case, a small consumption share can

only occur for those values of the state variable for which the drift of In w is negative.
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While the investor survives in the first case, she becomes extinct in the second one.
It is thus the joint distribution of the consumption share and the state variable
which matters for survival. While the expression for the drift of the consumption
share as w tends to zero and the long-run distribution of y are relatively easy to

obtain individually, finding their joint distribution is far from straightforward.

To analyze survival we thus rely on the evolution of consumption share densi-
ties over time, as it is commonly done in the literature (see, e.g., Dumas et al.| (2009)
or [Easley and Yang (2013)). This has the additional advantage that we also get an
idea of the speed of 'natural selection’ in the market. The most important statistic
in this context will be the investors’ expected consumption shares at future points
in time.

To compute the density of the consumption share and then its expectation
for some future point in time u one first has to find the characteristic function for
the change of measure 7),, since as shown above in , the consumption share is
a function of 7. We thus first compute HT (my, mo, u,n,t,u;x) = Ef [nX], which is

assumed to have an exponentially affine-quadratic form, i.e.,

HP(mla M, W, 1, ta Uu; X) = nxﬁp(mla Mo, [y X5 T)
= 7’]X exXp <A + Blml + Bgmg + Bg,u + C’Hm% + QClgmlmg

+ 20137711[1 + ngmg + QCZBmQM + C33M2) (21)

with 7 = u —t. The functions A, ..., Cs3 all depend on 7 and x and satisfy ordinary

21



differential equations derived in Appendix [Appendix A.6l The initial condition is

the same for all functions, namely that the function value for 7 = 0 is equal to zero.
Given the function HT(my, ma, u,n,t, u; x) the density as of time ¢ of the change of

measure at time u is obtained as

1o 1
f(nu;m17tam2,taﬂt7nt7tau) = %/ Ny XHP(ml,tamQ,taﬂtanhtvu;ZX)_dX7

and the expectation of the consumption share w as a function of  can be computed

as
EP (w) = / () F (T 10103 00 s £ 10)
0

The behavior of this expected consumption share for different values of 7 will serve
as our measure for survival in models where both investors exhibit imperfect filtering

models.

3. Quantitative Analysis of the Model

3.1. Survival

Our goal is to analyze situations where both investors suffer from an imperfect
learning mechanism, and the question is whether or not investor 1’s 'mistake’ will
be compensated by investor 2’s problem such that investor 1 will survive in the
long run. We consider situations where an investor assigns too much informational
value to the signal or the dividend by assuming a;; # 0 or ap; # 0 (labeled ’signal
overconfidence’ and ’dividend overconfidence’, respectively), where she exhibits what
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we call a long-term growth bias’ by assuming ji; # [i, where she assumes an incorrect
value for the volatility of the expected growth rate process (0,; # 0,,), implying that
she believes the expected growth rate can be more or less precisely estimated than
under the true model, or where she assumes x; # k and thus has a different belief
about the overall variation in the expected growth rate. The parameters under the

objective measure P are given in Table [A.T]

We look at the expectation of investor 2’s consumption share w for horizons of
7 = 50, 200, and 500 years and take the evolution of this variable as an indication
of survival of only one or both of the investors. We present the output in the form
of contour plots, where the contour lines indicate parameter combinations, which all
yield one given expected consumption share for investor 2. So values in the contour
plot below 0.5 indicate parameter combinations where investor 2 looses expected
consumption over time and vice versa. The knife-edge case, where both investors
survive in the long run, is represented by the contour lines representing a value for

the expectation of w equal to 0.5.

We will now discuss a number of different scenarios concerning the investors’
filtering errors and analyze the implications for survival. Given our general setup, we

could discuss any pair of misspecified modelsﬂ but we chose to restrict the analysis

14 Actually we could also analyze cases when both investors commit errors with respect to more
than one parameter in the model. For reasons of parsimony, however, we opted for the ’cleaner’

setup with only one type of error for each investor.
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to the cases when one of the investors is overconfident, be it with respect to the
signal (as; # 0) or with respect to the dividend (ap,; # 0). All the analyses are
restricted to the parameter combinations which yield a finite stock price, i.e., which

satisfy the growth condition for the stock price.

Figure shows contour plots of investor 2’s expected consumption share w,
when investor 2 is overconfident with respect to the signal, and investor 1 uses an
incorrect volatility of expected growth in her filtering model. The situation discussed
in Dumas et al.| (2009) with one overconfident and one rational investor, i.e., with
as2 = 0.95 and 0,1 = 0, = 0.03, is one special case of the parameter combinations

analyzed here.

The figure first confirms that in the case where only one investor makes a
mistake the consumption share of this investor will decrease over time. Much more
important, however, it allows us to analyze the trade-off between the two types of
errors considered here. Intuitively, it is clear that the more a5 deviates from the true
value of zero, the more 0,; has to deviate from the true value of 0.03 for investor
2’s expected consumption share to remain at or above 0.5. The contour lines for
w = 0.5 give the combinations of parameters for the knife-edge case in which both

investors survive.

One might expect that there is always a threshold for the other investor’s
model misspecification which allows investor 2 to survive. The key conclusion that
we can draw from the graphs in Figure is, however, that a too high degree
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of investor 2’s overconfidence (beyond approximately 0.5 in absolute value for our
parameterization), can no longer be compensated by a deviation of ¢, ; from its true
value. The stock price growth condition imposes an upper bound of approximately
0.04 on 0,1, which means that there are no admissible models with a higher value
for this parameter. This implies that investor 2 will finally face a zero expected
consumption share when she uses a model with a,9 too large in absolute value.
Finally, the contour plot is symmetric with respect to the line represented by a2 =

0, so that the sign of a2 does not matter.

Switching perspective, the question is of course also whether a too high devia-
tion of 0,1 from the true value o, can be compensated by a sufficiently large signal
overconfidence of investor 2. Figure shows that this is indeed the case for all
values of 0, for which the growth condition is met. We can always find a value
of a9 for which the expected consumption share of investor 2 drops below 0.5 and
the expected consumption share of investor 1 is thus above 0.5. In terms of survival,
signal overconfidence is thus a worse model misspecification than being an expert

(04, < o,) or alaymen (o, > 0,).

Figure analyzes the trade-off between signal overconfidence and optimism
or pessimism concerning the long-run expected growth rate of dividends. Again,
signal overconfidence of investor 2 is the much more severe mistake. The area where
investor 2 retains an expected consumption share of 50 percent or more over the long

term is rather narrow and the slope of the line separating the two survival regions

25



is rather flat in the direction of ji;. Even if investor 1 also commits an error by
being overly optimistic or pessimistic, this error has to be substantial to let investor
2 survive. For example, an absolute value of o, greater than around 0.25 means
that investor 1 would have to assume a value of ji; outside the range shown in our
graphs for investor 2 to survive, i.e., either assume a negative long-run mean of the

expected growth rate or a value more than twice the true one.

Nevertheless, the important difference of this case compared to the situation
when investor 1 had misspecified o, is that there would (at least in principle) always
be a value of ji; that would give investor 2 an expected consumption share of 0.5 or
greater by plugging in values for pi; to the left and the right of the interval shown

in the figure.

Next, Figure compares signal overconfidence of investor 2 to incorrect
assumptions of investor 1 about the mean-reversion speed x;. The growth condition
now implies a lower bound on the viable values of x;. The structural form of the
contour lines is very similar to the one for the previous case when ji; was not equal
to the true value. In particular, the contour lines in the direction of k; are rather
flat. It thus needs a high value of k; to compensate a given value ;o of signal

overconfidence.

It is also of interest to compare the two forms of overconfidence in our model
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directly. Figure shows the contour plots for the case ap; # 0 and a2 # O.E
The results confirm that signal overconfidence is a severe mistake even compared to
dividend overconfidence. If the absolute values of ap 1 and o 5 coincide, the investors
assume the same overall level of correlation between (unobservable) innovations in
the expected growth rate and either dividend innovations or signal innovations.
Despite the apparently same amount of model misspecification, the figure shows
that it will always be investor 2 who is driven out of the market in the long run,
i.e., the investor who is overconfident with respect to the information content of the

signal.

Finally, Figure gives the contour plot for dividend overconfidence on the
part of investor 2 (ap, # 0) and investor 1 being a 'laymen’ or an ’expert’ (o, # 0,,).
A comparison with Figure allows to assess the difference between the case ana-
lyzed here and the case of signal overconfidence presented in Figure Analogous
to the case of signal overconfidence there is a critical value for ap o (here it is around
—0.55), below which there is no o, ; for which investor 2 would survive in the long
run. Unlike in the first case, however, where the contour lines for an expectation of

w equal to 0.5 are very close to being symmetric around the line given by a2 = 0

15Tn our numerical analysis we restrict ap to be greater than or equal to —0.5 (see Table [A.1)).
The reason for this restriction is that positive dividend innovations per se always induce an upward
revision in the estimate for the expected growth rate, while a negative value for ap implies just

the opposite, and we want to exclude cases where this opposing force becomes too strong.
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in Figure [A.T], survival is no longer symmetric around the true model with ap = 0.
Being erroneously 'contrarian’ with ap; < 0, i.e., believing in a model where higher
dividend innovations today signal lower expected growth rates in the future, seems
much worse than believing in 'momentum’, i.e., using a model with ap; > 0. For
example, when ap, = 0.4, investor 2 will survive for any value of 0, less than
approximately 0.02, while for aps = —0.4 this will only happen when investor 1

assumes a volatility of the expected growth rate process below roughly 0.016.

Furthermore, the slope of the lines for the knife edge case are now much steeper
in o, -direction than in the case of signal overconfidence. This implies that it is
actually a more severe problem for investor 1 to misspecify the volatility of the
expected growth rate process when investor 2 is overconfident with respect to the
dividend than when she assigns too much information value to the signal. As we can
see in the graphs in Figure moving away from the true value of 0, ; = 0.03 means
that investor 2 can misspecify ap o by more than she was "allowed’ to misspecify a9
to retain an expected consumption share of at least 0.5. In positive ap o-direction
the line is even steeper, in line with the previously described asymmetry. One reason
for dividend overconfidence being less severe a mistake than signal overconfidence
can be seen in the fact that dividend innovations are per se informative about the
expected growth rate, since Equation shows that even with ap,; = a,;, = 0

the perceived dividend innovation has a positive impact on the change in m, in

contrast to the signal, which in itself does not contain any information under the
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true model. An incorrect value of a5 thus implies that signal innovations are in a
sense overweighted in a more pronounced fashion than dividend innovations are for

an equally large value of ap .

3.2. Asset Pricing Implications

In terms of the asset pricing implications of the model we are interested in
volatilities and expected excess returns for both the aggregate stock market and
individual investor wealth. The expressions for the volatilities of the stock return
and the return on the individual wealth levels are given in Equations and .

The expected excess returns are obtained by multiplying these volatilities by the

market prices of risk shown in Appendix [Appendix A.5|

The original effect of introducing an overconfident investor into the standard
model as in, e.g., Dumas et al| (2009) was to increase the expected equity return
and the volatility of stock returns which also brought the model closer to empirically
observed values. The more fundamental question in our model now is how the intro-
duction of a second imperfect investor impacts the asset pricing moments. Starting
from the point where only one investor has an imperfect learning model the fact
that also the second investor commits an error makes the two investors in a sense
more similar. As we had seen in the previous section, there is indeed a trade-off
between various mistakes when it comes to survival, and the question is whether

this is also true for asset pricing. While these arguments point towards a smaller
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impact on asset prices when nobody is perfect than when only one investor uses an
incorrect learning model, the additional mistake of the second investor makes the
process of price formation in a sense deviate even further from the process if both
investors would be right. This shows that one ultimately has to compute expected
excess returns and volatilities explicitly to see the overall effect of the setup where

‘nobody is perfect’.

We go through the scenarios in the same sequence as in the section on survival.
Figure shows the results for a2 and o, ; being different from the respective true
values. Both volatilities and expected excess returns are increasing in the absolute
value of a9, i.e., in the signal overconfidence of investor 2. They are decreasing
in 0, for small and medium values of 0, and can start to increase again for
high values of 0,1, but stay below the volatility for o,; = o,. Stated differently,
volatilities and expected excess returns are the larger the more investor 1 considers

herself an expert.

The striking observation, however, is that asset pricing moments behave quite
differently than expected consumption shares. In particular, when it comes to asset
pricing, there is nothing special about those parameter combinations for which both
investors maintain an average consumption share of 0.5 and are thus most similar
in terms of survival. As an example, take the situation where o, is rather low and
look at the expected excess return on the stock for varying a;s. Now going from

low to high values for this parameter we see that the volatilities of stock returns
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and both investors’ individual wealth levels first become smaller, before they reach
a minimum around a2 = 0 and then start to increase again. In terms of expected
consumption shares and survival (see Figure , however, we see starting from
low values of a; 2 the investors first become more similar with respect to expected
consumption shares, since the first knife edge case is reached for o, around —0.45.
Increasing a9 further beyond this point makes investors more different in terms of
survival, but volatilities still decrease until a9 ~ 0. The situation for positive a; o

is basically symmetric, but with opposite signs.

Figure[A.7,|A.8, and|A.9|present the results for the cases where investor 2 is still

overconfident concerning the signal, while investor 1 makes a mistake concerning the
average expected growth rate, the mean-reversion speed of the expected growth rate,
or is overconfident concerning the dividend. In all cases, volatilities and expected
excess returns are basically a U-shaped function of «; o for any given value of investor

1’s parameter.

There are differences between the scenarios, however, concerning the shape
of the return volatility surfaces for a given value of «a;9, going in the direction of
increasing values for investor 1’s respective parameter. The volatilities stay more
or less constant in f1; (Figure , while they strongly increase in x; (Figure
and decrease in ap; (Figure . A comparison with the behavior of expected con-
sumption shares again emphasizes that knowing the properties of the model with

respect to the investors’ consumption shares does not allow a conclusion concernin
b p
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its asset pricing characteristics. While Figure showed that the value of x; hardly
played a role for the expected distribution of aggregate consumption across the two
investors, k1 has a pronounced impact on return volatilities. They range from values
as low as 0.02 for low values of k1 and ay 9 around zero to approximately 0.06 for
high values of k1. On the other hand return volatilities are hardly sensitive to fi,
just like expected consumption shares, given a certain value for a, . Finally, both
expected consumption shares and volatilities are sensitive to dividend overconfidence
ap 1, with the impact on volatilities being larger than the impact on expected con-
sumption shares. The effects for expected excess returns are very similar to those
for volatilities, since the risk premium is obtained by simply multiplying volatilities

by the market price of risk under the true measure.

Again, a comparison of signal overconfidence and dividend overconfidence is
of interest to assess how much it matters for asset pricing moments what the source
of an investor’s overconfidence actually is. We first consider the case where investor
1 considers herself an expert (0,1 < 0,) or a layman (o, > 0,), while investor 2 is
overconfident with respect to the signal (Figure or the dividend (Figure .
The implications for asset pricing moments are very different. While volatilities are
increasing in the absolute value of signal overconfidence «j 9, they are a decreasing

function of dividend overconfidence ap .

In the next step we compare the implications of signal overconfidence and

dividend overconfidence directly. Figure shows volatilities and expected excess
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returns for the case a,2 # 0 and ap; # 0. Again, volatilities are increasing in
the absolute value of signal overconfidence, while they are decreasing in dividend
overconfidence. Furthermore, the impact of ap; on volatilities is larger than the
impact of an equally large «;;. The correlations between expected consumption
growth and dividends on volatilities is thus larger than the impact of its correlation
with signals. Overall we thus see that it makes a big difference in terms of the model
output whether the investor assigns too much informational value to the dividend

or to a completely exogenous signal.

The most important conclusion from the analysis here is thus that the fact that
investors are more similar in terms of survival or that even both survive (in the knife
edge case) implies basically nothing about volatilities and expected returns. In this
sense short-term asset pricing results are 'independent’ of the long-term properties

of the model.

4. Conclusion

In this paper we have analyzed an economy with heterogeneous investors. They
differ in their assumptions on the true dynamics of the (unobservable) expected
dividend growth rate and thus use different estimates which result from filtering
this expected growth rate from observable data. The special feature of our model
compared to the rest of the literature is that actually both investors use models

which do no coincide with the true one. We propose a rather general setup in which
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the investors can disagree about any parameter of the latent process for the expected
growth rate and analyze the implications of this 'nobody-is-perfect’ setup for survival

and asset pricing.

While it is clear that in terms of survival the disadvantage of the first investor
with an imperfect learning model decreases when also the second investor commits
an error, it is not clear what the trade-off between different mistakes is. E.g., is it
more severe to use a misspecified correlation between the signal and the dividend
than to use an improper volatility of the expected growth rate process? We investi-
gate a number of different combinations of the types of errors committed by the two
investors. One of the most striking results is that there are errors on the part of one
investor which cannot be compensated by the other investor’s deficiency. More pre-
cisely, with one investor’s signal overconfidence exceeding a certain threshold, there
is no degree of misspecification in the volatility of the expected growth rate process
which could offset this disadvantage. We can conclude from this that in a certain
sense over-confidence is a more severe problem than other forms of misspecified

filtering models.

Investor survival represents a very long-term view on a model. It is also of
interest how the presence of heterogeneous investors with different kinds of misspec-
ified filtering models affects the asset pricing outcomes in terms of expected returns
and volatilities of the aggregate stock market and individual investor wealth. The

main finding here is that the two dimensions of the model, asset pricing and survival,
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are in a sense independent. In scenarios when the investors are more similar with
respect to their expected consumption shares volatilities can nevertheless be higher
than in cases when investors are very different, i.e., when the expected consumption
shares deviate significantly from an equal distribution across investors. Asset pricing
moments are by no means monotonous in investor similarity with respect to long
run survival, and the implications of a model for asset pricing moments and survival

basically have to be analyzed separately from each other.
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Appendix A. Appendix

Appendiz A.1. Equilibrium Stock Price

Since the investors agree on the stock price, we are free to choose under which
measure we want to compute the expectation of future discounted dividends, and
we adopt investor 1’s perspective. The key element in the expression for the stock

price is the present value of a single future dividend payment, i.e., the expression

v—1 v—1
e Plu=t) (%) D,| = Etl o Blu—t) ((1 _ Wu)Du) D,| .
Cia

El
t (1 — wt)Dt
Since the consumption sharing rule depends on the change of measure as shown in

Equation , we need the joint moment generating function of future dividends

and future measure changes. Let this function be represented as

Etl [Dfﬂ?z)f] = le ' ntX ' H(€7X;t7uamt,lamt,2)

D; : 77;( : Hm(€7 t? u, ml,t) : Hg(ea X5 t7 U, M1, mt,Q)
with H™(-) as the moment generating function for future dividendﬂ , l.e.,
DiH™(€;t,u,my ;) = B} [DS].

One can find H™ by direct integration. Under investor 1’s subjective probability
measure her own filtered estimate for the expected growth rate and the dividend

evolve according to

dD —
i = mmdt + UDdWD,t,l
Dy

. B —~
dmy; = m(ul—mt,l)dt+U—ldWD,t,ﬁas,lou,ldWs,t.
D

6 gm(.) and HY(-) are of course functions of all the parameters governing the subjective evolution
of my and the dividend process. However, to keep notation to a minimum we will most of the time

suppress all the arguments.
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This implies

u 1 u o
InD, =1nD, —|—/ <mv,1 — 50%) dv + UD/ AWp 1.
t t

and

mwl:e_m(v_t)(mt,l_,ul)‘i‘,ul“'ﬂ/ e_nl(v_U)d/WD,u,l+a5,10—u,1/ e—m(v—u)dWS’u_
Op Jt t

From this we obtain, using Fubini’s theorem,

U 1
/ mv,ldv = — (1 — e_ﬁl(u_t)) (mt,l - ﬂl) + [ (u - t)
t

“1
t K
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Due to the lognormality of D, we finally obtain
1
E![DS] = <eEt1 InD,] + 5621)6”’7:1 [In Du]) : (Appendix A.1)

We make the usual exponentially affine-quadratic guess for the function HY:

H?(mq,ma, X;t,u) = exp (K + Lymy + Lamy + Mymi + 2Miamyms + Masm3)
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where K, ..., Myy are functions of 7 = u — ¢, ¢, and xy with boundary conditions

K(0) =Ly1(0) = ... = Mx»(0) = 0.

Note that, under investor 1’s subjective measure, investor 2’s estimate has

dynamics

mp—m =
dmt’g = KJQ(/_LQ — mm) + 52(1—22) dt + &dWDﬂg,l + OKS’QO-MQCZWS’t.

As indicated in Dumas et al. (2009) and Buraschi et al. (2014) the partial
differential equation for the joint moment generating function presented above con-
tains the partial differential equation for H™, so that the terms related to H™ can
be cancelled. After plugging in the exponentially affine-quadratic guess we obtain

the equation

0 = (L1 +2Myymy + 2Miama)k1(fin — my)

mip —m
+ (La + 2Myamy + 2Maams) [KQ(,U«Q —mg) + 52(1—22)

%D
1 mi — Msy 2
- B R
+5x(x )( . )

2(1 — e~17)
K1

X [(f;)Q + (as,1aﬂ,1)2]

1
+3 [2Mao + (Lo + 2Miamy + 2Maoms)?] [(

1
+§ |:2M11 + (L1 4+ 2M11my + 2Myomse) + (L1 + 2Mymg + 2M12m2)2

Be

2
) T (as20p2)?
op

+e(L1 + 2Myymy + 2Miama) B1 + €(La + 2Miamy + 2Maama) B2 + ex(ma — mq)

1 _ —R1T
+ [2M12 + ( < + L1 + 2M11m1 + 2M127Tl2> (L2 + 2M12m1 + 2M227ﬂ2):|
1
X [51262 + (as,100,1) (04872‘7#,2)}
)
1 _ p—R1T —
+X (6 + L1+ 2Myymy + 2M12m2> B1(m2—2ml)
K1 O'D
Ba(mo —my)
+ x (Lo 4+ 2M1amq + 2Maams) — 2
D
0K 8L1 8L2 6M11 2 26M12 8M22 2
- = my — mo — mi —2——mimo — ———m
or or or 2 or 1 2 or 2
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Now collect terms in m2 m2 mime, My M2 and constants. For the terms in m2
1 29 ) ) ) 1
this YIGIdS

oM
= = —2Kk1 My
or
4-2]\/[12%2
Op
T
QUQDXX
2 61 2 2
0D

0D

B 2
+2M122 (—2> +(as,20u,2)2

+4My1 Mo {5;2/32 + (051041) (0520,.2)
D

- 2X]\4116—21

9D

s

5
D

— 2x M,

For the mixed terms m;ms we obtain

oM
37’12 = —Miry
— M12 (K/Q + _522 ) + M22_/822
) )
1 1
- QX(X - )J—

2
D
B\ 2
F2M My || — | + (asi0p1)
0D

2
+2Mi9Mso (&) +(O‘s,20u,2)2
0D

+2 (My1 May + Mo M) {ﬁ;? + (00510,1) ((s20,2)
o

D
2
)

+ x (Mg — Mao) 5—227

+ X (Mu - Mu)

41



and for terms in m3 the ordinary differential equation reads

OM.
22 = —2M22 (HLQ + 5_22)
or o5
1 1
+ §X(X - 1)—2
oD
—|—2M122 ( ) OZS 10# 1
—|—2M222 ( ) Oés QO_HQ
X _
+4M9 Moo [ ; 2 + (s10,1) (s 20,2)
D
+ 2XM12 b
UD
—+ 2XM22/8—22
5)
Now define the matrix M as
o [ M M
My My
and the matrices V', U, and N as
- (/‘61+Xf—21> (1—X)f_22
V = D D
X —(m+ %) +xZ
D D D

1 x(x—1) —x(x—-1)
—Xx(x—=1) x(x-1)

2
(ﬁ> + (as’10“’1)2 % + (5,10,1) (@s204,2)

oD D

N = —2 2 9
U2+ (051051) (052002) (f—;) + (@s200,2)

The M satisfies the matrix Ricatti equation

oM

i =VM+MV' +U—-MNM (Appendix A.2)
-
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Moving on to the linear terms, we get for m;

oL
8_1 = —r1Ly +2My ka0
-
+ 2Migkafis + Lzﬁ—s
)

—K1T 2
+ <¥Mn + 2M11L1) [<ﬁ> + (as,10“,1)2]

1 0D
2
(2) st

+2€B1 My + 2€B93 Mo — €x

+2Mi2Ls

—e M7 B152
+ 2M12/{— + 2M11L2 + 2M12L1 5 + (043710'/_,,’1) (OZS’QO-MQ)
1 D
1—e ™7
()
- XL25—22-
D
Similarly, for my
oL
8_2 = 2Misk1jl
-

+ 2Maokafia — Lo (liz + 5—22)
)

—RK1T 2
. <¥Mlz+2Mle) [<ﬁ> +(as,1‘7u,1)2]

1 0D
2
(2) st

+2€51 Mo + 2€¢5Mag + €x

+2Mso Loy

—e 7 B152
+ 2M22/€— + 2M12L2 + 2M22L1 0_2 + (063710'/_,,’1) (OZS’QO'MQ)
1 D
1—e™7
() 2
+ XL25—22
oD

Define the vector L = (Li, Ly). Then L satisfies the ordinary differential
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equation

oL
or

with boundary condition L(0) = 0 and
—X <e+ e B%)

g
a = D

X(6+1 & Wﬁ%)

9D

—K1T 51 2 2
Kl + €81 + T (5) + (@510p.1)

Koz + €02 + 1= [Mz + (@s10,1) (Oés,z%z)]

1

=2Mb+ (V- MN)L+a (Appendix A.3)

Finally, for the constant terms we obtain the differential equation

%—K =L'b— iL’NL — %trace(MN). (Appendix A.4)
-

We solve the differential equations (Appendix A.2) and (Appendix A.3)) numeri-

cally using standard solvers like ode4b in MATLAB and then numerical integrate
(Appendix A.4).

Given the functions H™ and HY the equilibrium stock price S; can be computed

/ e—é(u—t) D, (Cu,l > du
t Cia

= Dt/ efé(wﬂw(nt)yHm(l_V§t7U,m1,t)
¢

v v 1-— 7 .
Z (M) HY (1 -, l;t,uamt,hmt,?) du.
. w(m) v

=0 J

as

S, = D,E"

Appendiz A.2. Growth Condition for the Stock Price

Under the assumption that investor ¢ survives and thus consumes the total
dividend in the long-run, the growth condition holds (and the stock price will not

explode), when the subjective expectation of discounted future dividends remains

EY U D, “du
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with &; as investor i’s pricing kernel. Under CRRA preferences the pricing kernel is
) —v
given by the ratio of marginal utilities, i.e., & = ™% <g—é> , so that the condition

becomes

E}f’i {/ 6_6(“_t)Di_”Dfdu} < 00.
¢

The expectation follows from Equation (Appendix A.1)) with e = 1 — v. The critical

terms for the growth condition to hold are the terms in the exponential which are

in u — t. Restricting these terms yields the growth condition for investor ¢ = 1,2:

. (1—-v)? B\ (@it )’
1 — L g2 Al ittt i
(1—-v) (m 2%) o (aD o) T <9
(Appendix A.5)

For the model to be well-defined, condition (Appendix A.5)) has to hold for investors

1 and 2. Otherwise, we exclude the respective parameter combination from further

consideration.

Appendiz A.3. Consumption Sharing Rule

Proposition 1 (Consumption Sharing Rule) [nvestor 2’s consumption share

C . .
wy = &2 s given by

where ¢y and ¢ are the Lagrange multipliers for the budget restrictions of investor

1 and 2, respectively, and where n is the Radon-Nikodym-derivative n = %ﬁ.

To see this, note first that the optimality conditions for the investors’ consumption

are given as

e 1 = 01&i

e CtTQV 2.2
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where ¢; and ¢, are the Lagrange multipliers for the budget restriction and where
& is investor i’s stochastic discount factor. Taking the ratio of the two expressions
gives
_ 01
Cil= ) — M,
t,1 t,2 ng t
which can be solved for C} o, yielding
s 1
1 v
Ct,2 = Ct,l (— nt) .
03

Together the two investors have to consume aggregate endowment, so that

1 :
H (¢2 m)

which, together with Cy,/C; =1 — wy, yields the proposition.

Ci =C

Appendiz A.4. Dynamics of Consumption

Proposition 2 (Consumption dynamics) The dynamics of the investors’ indi-

vidual consumption levels are given by

dC, we (14+v—2(1—-w) ¢? w —~
L=y + = ( t)g—;—i-gt dt+ (op+ L) aWp,,
Cia v 2u op vV op
dC 1—w (14+v—2w g? 1 —w —~
—2 = mm—l— L tg—;—g dt—{— Op — ti dWD,LQ.
Cy v 2v op v op
The partial derivatives of w with respect to n are
0] 1
g (1 —w)w—
an v
and
0w 1—v— 2w
o = (1 —w)wy e
Together with the dynamics of w given by
1-— 1—v—2 2 —
dw, — ( th)OJt { v Wi g_; df — & dWD,t,l}
v 2v op oD
1— 1-2 2
_ ( wt)wt wtg_; 1 gt(gt,l ‘591&,2) df — gt AWp,
v v o 207 oD ’
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one obtains dynamics of investor 2’s consumption

dCtQ dwt dCt i dwt d_@

P — - _|_ - -
Ct,z Wt Cy w Cy
1—w (14+v—2w ¢? 1—w —~
= {mm + : < d g—g - gt):| dt + (UD - - i) dWp 12
v 2v op vV  Op
_ {Mt n 1 —w <1 —22% 9_;2 1 (ge1 — gt,2)§gt,1 + gi2) B gt)] it
v op 2 op
1—w
+ <0D — ‘ &) dWp
Y 0D

Appendiz A.5. Risk-free rate and market prices of risk

Proposition 3 (Risk-free rate and market prices of risk) The risk-free rate
18

v—1 g
2 o3

re = 0+ v((1—w)mes +wimyz) + (1 — wy)wy 0.5v(v + 1)o7,

The market prices of dividend risk as perceived by investor 1 and 2 are

>\t1 = VO'D"‘wt&
0D
>\t,2 = VO'D—(l—wt)&.
0D

The market prices of dividend risk under the true measure is

_ 1—w +w
N = vop— ( t)gt,l t,2gt,2.

(%))

Investor 1’s stochastic discount factor is given as

C —V
— o0t [ ZBL
ft,l =€ (00,1)

d&eq Gy, 1 (dct 1 ) 2
= = —0dt — v =+ —pv+1 d .
ISR Cix 2 ( ) Cia

)

with dynamics
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Plugging in the consumption dynamics derived in Appendix [Appendix A.4] one ob-

tains
d 1 —2(1 - 2 —
Ber _ sap— gy (=20 me) 9 Ny (o 4 9 iy,
i1 v 2v op v op
2
+0.50(v £ 1) <0D + &) dt
V Op
v—1 g?
= — [0+ v((1—w)myr +wimez) + (1 — wp)wy —0.50(v + 1)op | dt
U o3
—(u0D+wt )dWDtl
0D

From this we obtain the risk-free rate r (on which the investors agree) and the

subjective market price of risk \; as perceived by investor 1:

v—1
re = 0+ v((1—w)mes +wimeo) + (1 —wi)wr g—t —0.5v(v + 1)o7},
2 o
Atg = VOop+wp— It
UD

Going through the analogous computations for investor 2 one finds

)gt

)\tQ—I/O'D—(l—O)t
)

Under the true measure the stochastic discount factor is

dIP
S =& iy

where the change of measure is given by

dPiy dPy gin

dP, ~ dP, op o Wb
so that
dg _ dga  dE dga 4@
&t §e1 dP“ i1 dc]z;;l
— dt— <V(7D _ Q= “’t)if; i wtgt’Q) AW,
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Appendiz A.6. Characteristic Function of Consumption Share

The true model is given in Equations to . The dynamics of the investors’

estimates of the expected growth rate and of the change of measure under the true mea-

sure P are shown in Equations to (15)). Together with the guess for the function

H IP)(ml, ma, i, t,u; x) from this implies the following partial differential equation

0 =

where ;

- (aA 0B, 0B,  Bs

ar "o T e Mt g
0C11 0C12 0C13 0Cy o . 0Ca3 0C'33 2
2—— 2—— 2
* or i+ or e+ or et or ma or mafh+ or

+ [B1 + 2(Ciimy + Cramg + Cip)) |:51(M1 —m1)+ ( ) p—my) ]
)

1
2
oD

+ [Bz + 2(Cr2my + Cagmg + Casp)] {52(% —ma) + < = ) p— Mo
D

+ [Bs + 2(Cizma + Cogmg + Casp) k(i — p)

(m1 — p)(m1 —ma)

+ X 0123
1 2 1 ? 2
+ 3 {2011 + [B1 + 2(C11my + Cramg + Cizp)] } — | +(as10u,1)
0D
1 2 2%
+ 3 {2022 + [By + 2(Ci2my + Caamy + Cas )] } oD + (as,20,,2)
1 2| 2
t3 {2033 + [Bz + 2(C13my + Cazma + Cazpu)] } o
Loy (mamme)’
2X X oD
Br(mz —mq)
X [B1 + 2(Ci1my + Ciama + Cizp)] — 2z
D
Ba(mz —my)
X [B2 + 2(Ciamy + Caamg + Cosp)] 2
D
me —m
+ x [B3 4 2(C13my + Cazma + Cazpu)] aDJ;L%
+{2C12 + [B1 + 2(C1imy + Cramg + Cizp)] [Ba + 2(Ciamy + Cagmg + Cosp)]}
X 5152 + Q510052010 2}
L UD
+{2C13 + [B1 + 2(C11ma + Cramg + Ci3p)] [Bs + 2(Cizmq + Cagma + Caap)]}

X éCtDO'M + asas,lauau,1:|

LOD
+{2C%23 + [Ba + 2(Crama + Cagmy + Casp)] [Bs + 2(Crsma + Cazmy + Casp)l}
[ B2

X | —apoy, + st 20,021,
LOD

=7 +Qpi0D0Ou;-
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To obtain a solution, collect squared and linear terms in the state variables my,

ma, and p as well as the constants. Collecting terms in m? yields the ordinary differential

equation
aC 2
811 = =2 <I~€1 + 52 > Ci+ 5 X + 2011 (51> + (as,laﬂ»l)gl
T o7 0% oD
-1
+20% (5) +(s2002)° | +20%07, + o 1)
oD 207,
B B2 apo
—2xCn 21 - 2XC12* — 2xC13—+
%D D 9D
p13 Brapo
+4C11C12 [ 12 0510520102 | +4C11C13 b U Qs 10,01
o2 oD
apo
+4C12C13 [&D“ + asas,QUuUu,2:|
0D
Analogously we obtain for terms in m3
aC 2
(922 = -2 (ﬁg + 622> Coo + 20122 (61> + (a5710M71)2]
T ot oD
2
2 B2 2 s 2 xX(x—1)
+ 2022 <0‘l)> + (OZSQO'MQ) + 20230’/‘ =+ W
DO
+ 2X012 b + 2X022 P2 + 2X023 K’
ot ot ot
apo
+ 4012022 [/8152 10'#72:| + 4012023 [lBlDu + QsOs 10,01
oh oD
apo
+ 4C59Co3 |:ﬁ2DH + Oés()és720u(7“72:| .
0D
For terms in u? the equation becomes
oC
g 2C13— b +2C3 622 — 2033k
or D D
2 p1 2 2 B2 ? 2 2 2
+2C75 || — + (sp0pu1)" | +2053 || — | + (@s20u2)7| +2C530,
oD oD
BB
+4C13C23 [ 2 + Q510520102
ot

Baapo
7;'6 _|_ as

520,02
oD ) um}

apo
+4C13C33 [ﬁlaiu + asa5710M0M71:| +4C23C33 [
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For the mixed terms in mjms we obtain

oC
22 = —2</~€1+ o >012—2<@+ 52)012—>§
or D %D 9D
B\’ 2 B2\ 2
+4C11Cro || — | +(as10u1)” | +4C12Co0 || — | + (as20u2)
) oD
x(x—1)
oh
b1 B B B2 apoy
+2xCi1— — 2xCh2 21 +2xCh2 22 2xCo—5 + 2XC13 D8 g 023
oh oD 7D oh
+4C11Ca2 6152 + Q5100520102 ] +4C%, [51& + (510052010, 2]
L UD UD
[ Brapo apo
+4C11Cq3 Prapoy + asas,lduo’uJ] +4C12C13 [ﬁlD“ + asas,layau,l]
L 0D 0p
[ Brapo apo
+ 4C12C53 % + Ozsasygauau,g] + 4C9C13 |:ﬁ20_Du + Q520,02
. oD D

while for terms in miu we get

ocC
913 61 011—2<f<c1—|— 62>013—2C'13/<&—X
or O'D ot O'D
B\’ 2 B2\ 2
+4C1Ci3 || — | +(sp0u1)” | +4C12C3 || — | + (s20u,2)
oD 0D
apo
—2xCi3— o _ 2xCo3—- Pr _ 2X033 el
ot ot
+4C11C93 6162 + Q10052010 2] +4C13C12 {&2/82
UD 9D
apo apo
+ 4011033 M + asa&lauaml] + 40125 |:51DH + a5a571U#Uu71]
.l oD oD
[ Boapo apo
+ 4012033 % + 043043,20“0'#,2] + 4023013 |:520D'u + OKSOZS’QO'#O'I_L’Q]
L D D

51

+ 40130230’5

+4C13Cs307,



For the terms containing the product mou the differential equation reads as follows:

oC
2% = 2%}012 + 2572022 -2 <H2 + 522> Ca3 — 2kCh3 + Lz
or oh op 5] D
B\ B2\’
+4C12C13 (UD + (0s,100,1)% | + 4C22Co3 o + (00s207,2)* | + 4C23C3307,
5 162 apo
+ 2)(013721 + 2XC23T + 2XC33 L
_ﬁ162 51/82
+4C12093 | —5— + s, 105201042 | +4C13C0 | —5 + 05100520,,10,,.2
L D 9D
[ Brapo apo
+4C12C33 bropay + Oésoés,lffuau,l] + 4C13C23 [BlDH + as@s,lauau,l]
L op 9D
[ Brapo apo
+ 4C99Cs3 % + asas,ZUuUu,Z] + 40223 |:520_DM + asa&?g#a#:?] :
L 9D D

From terms linear in m1, mo, and p one obtains the following three equations

0B
8771 = - </<61 + f;) B +2Cn1k1j1 + 2C12k202 + 2C13K[
D
B\ 2 B\ p >
+ 231011 — + (043710'”,1) + 232012 — + (as’QO"u,Q) + 233013UM
0D 0D
b1 B2 apo
_XBlafg—XB2GT—XB3 p £
D D D
[ 8152 B152
+2B1C12 | —5— + as10520,,10,2 | +2B2C11 | —5— + Q5100552011042
L 9D )
[ Brapoy, Brapoy
+2B1C13 T + asas 100,10 | + 2B3Cq1 T + Q50051001
[ Bacxpoy, Baapoy,
+2B>C43 I + as0520,0,2| + 2B3Ch2 I + s00520,0,,2
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0B _ _
072 = 2C12K1101 — < + %) Bo + 2C2k2fiz + 2Co3k [
T 9D
2
b1 I)) 2 2
+2B,C42 o (a510,1)7 | +2B2Coo oD + (as20p,2)” | +2B3C230,
51 apoy,
+xB1— 2 + XB2 > + xBs
9D D 9D
+2B1C% 6;52 + Q510052010 2} +2B2C12 [6;& + a1 05 2Up,10u,2]
L 9D D
BlaDo'u BlaDaﬂ
+2B1C%3 E— + asos10,0,1 | + 28302 E— + s0510,0,1
[ Baapoy, Bacxpoy
+2B2Co3 | —— + ass20,0,2| +2B3C | ——— + Q020,02
| 0D oD
0B
73 = Blﬁ; +32&—Bglﬁl
or o D
+ 2C13k1 i1 + 2Co3kafio + 2033k
B\’ 2 B2\’ 2 2
+2B1C13 07 + (as7lau,1) + 2B5C93 g + (015720'%2) + 233033Uu
D
+2B1C3 6;52 + Q510052010 2} +2B3Ch3 [6;52 + as,1as,2ffp,10u,2]
L 9D D
-BlaDo',u BlaDO',u
+2B1C33 | ——— + a505510,0,,1 | + 2B3C13 | ——— + 5005,10,0,1
| 0D 0D
[ Boapoy, Beapoy,
+2B2C33 | —— + ass20,0,2| +2B3Ch3 | ———— + Q020,02
i oD ) ) oD

Finally, for the constant terms one gets

0A _ _ _
% = Bik1j11 + Barkofio + B3kji
1 B \? 1 B \?
+ (23% + 011) <UD> + (asylgu,l)Q + (233 + CQQ) <UD + (045720%2)2

1
+ (2B§ + 033) o

90 5152

L UD
«

[ 51 LT
oD

[ Boapo
+2023 52 DOpu
L 0D

B132
+ Qs 105,20,10, 2} + B1B; [ o

+ as105 2Uu,10u72:|
D

apo
+ 2C13 04571‘7/1‘71171} + BlBg [IBIDM + a5a5710MO'M71:|

oD
/BZQDO';L
oD

+ Oé3045720u0'%2:| + By B3 [ + a3a8,20—#0%2:|
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Now collect the functions Cqy,...,Cs3 in the matrix C with

Cn Ci2 Ci3
C=1 Cr Oy Cux
Ciz Ca3 Cs3
and define the matrices P, @, R as follows:
P = X5 —(ro+ ) +x  xop
x(x+1) =X —x
Q = %i% x> x(x—1) «x
—X X 0
(%)2 + (ovs,10p,1)? iligg T Q51005207102 61371;% + Q010,01
R = -2 '6;1—]252 + s 10 20,102 (%)2 + (s 20p,2)* '82?;720“ + 520,02
6137?)0“ + ass,10,0,,1 5237’;0“ + Qg5 20,02 O'Z

Then the matrix-valued function C satisfy the matrix Ricatti differential equation

a@f =PC+CP +Q—CRC (Appendix A.6)

with initial condition C'(0) = 0. The solution to this equation can be characterized via

matrix exponentials, but we solve (Appendix A.6) numerically. Next define the vector
0 = (kifi1, K2ji, k1)’ Then the vector-valued function B = (Bj, Bg, Bs)' satisfies the

ordinary differential equation

(273 =2C0+ (P - CR)B, (Appendix A.7)
-

again with initial condition B(0) = 0. We solve this equation numerically using a standard

MATLARB solver for ordinary differential equations. Finally, the function A satisfies

A 1 _
?97_ =B+ itrace (BB’ +2C)R

where R = —%R and A(0) = 0. This equation can be solved by numerically integrating
the expression on the right-hand side, since the functions B and C have been commuted

in the previous steps.
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True parameters for dividend and growth rate processes

Volatility of dividend growth rate op 0.13
Volatility in the mean reversion process of dividend growth rate oy 0.015
Long run mean of dividend growth rate m 0.015
Speed of mean reversion K 0.2
Local correlation between signal and expected dividend growth O 0
Local correlation between dividend and expected dividend growth ap 0

Basic parameter ranges in numerical analysis (before check of growth condition)

Local correlation between signal and expected dividend growth as € [—0.99;0.99]
Local correlation between dividend and expected dividend growth ap € [—0.5;0.5]
Volatility in the mean reversion process of dividend growth rate o, € [0.005;0.055]
Long run mean of dividend growth rate A € [0;0.03]
Speed of mean reversion k € [0.1;0.3]

Parameters for investors

Relative risk aversion of both groups v 3
Ratio between both investors’ initial wealth levels 1
Subjective discount rate § 0.1

State variables

Change between subjective measures at time 0 1o 1

Initial estimation errors at time 0 mo,1, mo2 0O

Table A.1: Values for Parameters and State Variables

The table shows the values for parameters and state variables used in the numerical

analysis of our model. The true parameter values are taken from |Dumas et al.| (2009)).
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Expectation of w for 7 = 50
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o
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Expectation of w for 7 = 200
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Expectation of w for 7 = 500
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Figure A.1: Expected Consumption Shares for Combinations of 0, ; and «;
The plots show the contour lines for investor 2’s expected consumption share w after 50,
200, and 500 years. 0,1 is the volatility of the process for the expected growth rate u as
assumed by investor 1. a, o is the correlation assumed by investor 2 between signal inno-
vations and innovations in u. The expected consumption share is computed as described

in Appendix The parameters are shown in Table The plot ranges are

restricted to the combinations of 0, 1 and a2 satisfying the growth condition for the stock

price in Equation
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Figure A.2: Expected Consumption Shares for Combinations of i; and «;
The plots show the contour lines for investor 2’s expected consumption share w after
50, 200, and 500 years. ji1 is long-run mean of the expected growth rate p as assumed
by investor 1. ayo is the correlation assumed by investor 2 between signal innovations
and innovations in pu. The expected consumption share is computed as described in Ap-

pendix The parameters are shown in Table The plot ranges are re-

stricted to the combinations of i1 and oo satisfying the growth condition for the stock

price in Equation
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Figure A.3: Expected Consumption Shares for Combinations of x; and «; 2
The plots show the contour lines for investor 2’s expected consumption share w after
50, 200, and 500 years. k1 is the speed of mean reversion for the expected growth rate
process assumed by investor 1. a2 is the correlation assumed by investor 2 between
signal innovations and innovations in y. The expected consumption share is computed as

described in Appendix The parameters are shown in Table The plot

ranges are restricted to the combinations of x; and o2 satisfying the growth condition

for the stock price in Equation
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Figure A.4: Expected Consumption Shares for Combinations of ap; and «,
The plots show the contour lines for investor 2’s expected consumption share w after
50, 200, and 500 years. ap 1 is the correlation assumed by investor 1 between dividend
innovations and innovations to the expected growth rate 1. a2 is the correlation assumed
by investor 2 between signal innovations and innovations in p. The expected consumption

share is computed as described in Appendix The parameters are shown in
Table The plot ranges are restricted to the combinations of ap 1 and as 9 satisfying

the growth condition for the stock price in Equation
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Figure A.5: Expected Consumption Shares for Combinations of ¢, ; and ap
The plots show the contour lines for investor 2’s expected consumption share w after
50, 200, and 500 years. ou,1 is the volatility of the process for the expected growth
rate p as assumed by investor 1. apo is the correlation assumed by investor 2 between
dividend innovations and innovations in u. The expected consumption share is computed

as described in Appendix [Appendix A.6] The parameters are shown in Table The plot

ranges are restricted to the combinations of 0,1 and ap 2 satisfying the growth condition

for the stock price in Equation
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Figure A.6: Asset Pricing Moments for Combinations of ¢, ; and o,
The plots show the expected excess return and the return volatility of the stock (corre-
sponding to aggregate wealth) and the two investors’ respective individual wealth levels.
0,1 is the volatility of the process for the expected growth rate p as assumed by investor 1.
s 2 is the correlation assumed by investor 2 between signal innovations and innovations in
. The expected consumption share is computed as described in Appendix [Appendix A.6]
The parameters are shown in Table[A T] The plot ranges are restricted to the combinations
of 0,1 and a2 satisfying the growth condition for the stock price in Equation
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Figure A.7: Asset Pricing Moments for Combinations of fi; and a;
The plots show the expected excess return and the return volatility of the stock (corre-
sponding to aggregate wealth) and the two investors’ respective individual wealth levels.
jt1 is long-run mean of the expected growth rate ;1 as assumed by investor 1. a2 is the
correlation assumed by investor 2 between signal innovations and innovations in u. The

expected consumption share is computed as described in Appendix The

parameters are shown in Table The plot ranges are restricted to the combinations of
jt1 and a2 satisfying the growth condition for the stock price in Equation
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Figure A.8: Asset Pricing Moments for Combinations of x; and «;»
The plots show the expected excess return and the return volatility of the stock (corre-
sponding to aggregate wealth) and the two investors’ respective individual wealth levels. k;
is the speed of mean reversion for the expected growth rate process assumed by investor 1.
s 2 is the correlation assumed by investor 2 between signal innovations and innovations in
w. The expected consumption share is computed as described in Appendix [Appendix A.6]
The parameters are shown in Table[A T] The plot ranges are restricted to the combinations
of k1 and a2 satisfying the growth condition for the stock price in Equation

A5
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Figure A.9: Asset Pricing Moments for Combinations of ap; and o>
The plots show the expected excess return and the return volatility of the stock (corre-
sponding to aggregate wealth) and the two investors’ respective individual wealth levels.
ap, is the correlation assumed by investor 1 between dividend innovations and innova-
tions to the expected growth rate p. a2 is the correlation assumed by investor 2 between
signal innovations and innovations in . The expected consumption share is computed as
described in Appendix The parameters are shown in Table The plot

ranges are restricted to the combinations of ap ;1 and «a, o satisfying the growth condition

for the stock price in Equation
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Figure A.10: Asset Pricing Moments for Combinations of ¢, ; and ap
The plots show the expected excess return and the return volatility of the stock (corre-
sponding to aggregate wealth) and the two investors’ respective individual wealth levels.
0,1 is the volatility of the process for the expected growth rate p as assumed by investor
1. apz is the correlation assumed by investor 2 between dividend innovations and inno-
vations in p. The expected consumption share is computed as described in Appendix [Ap]

The parameters are shown in Table [A71] The plot ranges are restricted to

the combinations of 0,1 and ap satisfying the growth condition for the stock price in

Equation
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