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ABSTRACT: The measurement error problem in linear time series regression, with focus on
the impact of error memory, modeled as finite-order MA processes, is considered. Three
prototype models, two bivariate and one univariate ARMA, and ways of handling the prob-
lem by using instrumental variables (IVs) are discussed as examples. One has a bivariate
regression equation that is static, although with dynamics, entering via the memory of
its latent variables. The examples illustrate how ‘structural dynamics’ interacting with
measurement error memory create bias in Ordinary Least Squares (OLS) and illustrate
the potential of IV estimation procedures. Supplementary Monte Carlo simulations are
provided for two of the example models.

KEYWORDS: Errors in variables, ARMA, Error memory, Simultaneity bias, Attenuation,
Monte Carlo.

JEL CLASSIFICATION: C22, C26, C32, C36, C52, C53



INTRODUCTION

Estimation of coefficients in time-series regression models where autoregression and
errors in variables (EIV) jointly occur, is interesting in several contexts. Motivating
examples that involve such variables are: a stock of finished goods or of fixed cap-
ital constructed from cumulated flows, in which case improper measurements may
produce serially correlated errors, and a flow variable, e.g., income and sales, for
which improper periodization of transactions may create serial correlation between
errors which are close in time. Grether and Maddala (1973), Pagano (1974), and
Staudenmayer and Buonaccorsi (2005) consider distributed lag models where errors
in variables and serially correlated disturbances interact.! In the present paper, the
bias of Ordinary Least Squares (OLS) estimators for dynamic equations is considered
in cases where both disturbances and errors may have memory. Further we examine
the potential inconsistency of Instrumental Variables (IV) estimators when lagged
values of the regressors are used as IVs. Like the studies mentioned, the present
paper is concerned with strict time series data, although not with Maximum Likeli-
hood estimation. The main attention is given to applications of IV procedures. Our
approach may therefore be called an ARMA-EIV-IV approach.

It is well known that related problems arise in panel data, and explorations
of IV estimation in pure time-series contexts may give insights relevant for panel
data situations. Relative to time series situations, panel data create additional
possibilities for ensuring consistency in estimation and raise some new problems.
For example, designing IV procedures when there is a ‘two-dimensional’ (unit-time)
variation, across unit and time, requires that unobserved unit-specific heterogeneity,
in the behaviour of the units or in the data measurement process, be handled. The
latter may call for procedures that combine variables in levels and in differences,
using IVs in levels for variables in differences, or doing the opposite, as exemplified
in Bigrn (1996, 2015) and Bigrn and Han (2013).

IV procedures valid for the standard situation in time series regression with
memory-free errors can be modified to handle finite memory, e.¢g. formalized as
moving average (MA) processes, by reducing the IV set. The essence of this re-
duction is to ensure that all remaining IVs ‘get clear of’ the memory of the error
process so that the IVs are uncorrelated with the errors/disturbances (the orthog-
onality condition), while being correlated with the variables for which they serve
(the rank condition). This double claim restricts the admissible signal and noise
memories, which will be exemplified throughout the paper.

To illustrate the potential of the ARMA-EIV-IV approach we will consider three
models, mimicking prototype cases. All models have ‘dynamic elements’, although
with different ‘focus’. Only two have more than one ‘structural variable’ with ob-
servable counterparts. The models can be labeled as follows: The first contains a
bivariate static equation with memory in both error and disturbance (Section 1), the
second is a univariate ARMA model with white noise or MA(1) error (Section 2),

'Maravall and Aigner (1977), Maravall (1979) and Nowak (1993) discuss identification problems for such models.



and the third is an ARMAX model? with an MA(1) error (Section 3). Results from
supplementary simulation experiments will be presented along with the models and
methods.

1 BivARIATE EIV MODEL WITH MEMORY IN ERROR AND DISTURBANCE

Model 1 describes a static time series regression equation with finite memory not
only of the latent regressor &, but also of the measurement error in the regressor ¢;
and of the disturbance v; (which may also include a measurement error in the regres-
sand), equal to N, N, and N, respectively. All variables are assumed (covariance)
stationary. The model is:

Ye=PB& + v E(&)=0, E(&&i—s) =O¢e(s) s=0,1,..., Ng,
(1.1) Ty =& + €, E(v,)=0, E(vtvt_s)zaw(s), s=0,1,...,N,,
& Le Loy, E(e,)=0, E(eer—s) =0,(s) s=0,1,..., N,

where L denotes ‘orthogonal to’.? For simplicity, & is assumed to have zero expec-
tation and hence, that the equation’s intercept is zero. At the moment, we do not
impose any further restrictions on these sets of autocovariances. It follows that

(1.2) Yr = By + v — Per,
E(ytyt—s) = Oyy(s) = 52055(5) + Oyu(s)>
(13) E(ytxt—s) = O-yx(s) - 5055(3)7
E(xtxt—s) = Oga(s) = Ogg(s) + Oee(s)s s=0,1,2,...,

where = denotes ‘equal by definition’. For this model, we consider OLS and IV
estimation.
The plims of the direct and the reverse OLS estimators based on (1.2),

A Yy
1.4 ﬁxOLS — Zt ,
- >, o7
! Yy

B Zt mtyt,

are, when relying on the usual convergence in moments assumptions, see Fuller (1987,
p. 11), respectively:

_ o E(yiz) _ Tyt -
zx(0)
_ N E(y? o
(17) /By(o) _ pllm(ﬁg?LS) _ ( t) _ yy(0) — 6ky(0)7

E(zy:) T 2y(0)

where

2As usual, ARMAX is a shorthand for ARMA augmented with exogenous variables.
31t is assumed that Tee(s) =0 for s> Ng, Tee(s) =0 for s> Ne, and o ) =0 for s> N,.

vo(



k o = zx(0) — 14+ O-GE(O)

0B — —
§£(0) ££(0)

k 0 = yy(O) 1 UU(O)

O B B20¢e0)

The factors k;&]) and k) represent the measurement error bias (simultaneity bias)
of, respectively, the direct and the reverse OLS estimators. In most textbook
expositions of OLS applied to EIV models memory-free errors and disturbances,
N,=N.=0, are assumed.

Allowing for N, >0, N, >0, we next consider estimators using, respectively, z,_,
and y,_, (s>0) as IVs for z, in (1.2):

> Zt YLy s
(1.8) Bty = =,
®) Zt Ty Ty

(19) A]gg) _ Zt YilYi—s '
Y Zt TeYt—s

From (1.3), again relying on usual convergence in moments assumptions, we obtain

ya) E —S 0‘$S —
(1.10)  Bug = plim[BL)] = Wii—s) _ D — Bkl s=0,1,2,.

(xtxt s) O rz(s)
7 C 7R E(yiye—s) _ Tyyis)
(1.11) By = plim[B)(] = = Bk s=0,1,2,...,
o) v E(ziyes) O y(s)
where
o
(1.12) R Oees) 70 = 5 < N,
336) Jgg(s)
(113) ky(s) = Uny(S) =14+ 2vv(s) , 0-55 7é 0= s< Ng
b P0ce(a)

The factors k:;(l and k.,
surement error bias (simultaneity bias) of the respective estimators. Therefore,

which do not exist unless o¢¢(s) # 0, represent the mea-

Ty (5>0) is a valid IV for 2 means : {k, =1 , B (5) =B} <= Oee(s) =0 & 0¢e(5) # 0,
Yi—s (5>0) is a valid IV for z; means : {ky() = l,ﬂy(s =B} = Ouu(s) =0 & 0ge5) # 0,

so that for (1.2)

B%y with N¢ > s > N, 1s consistent for 3.
E%): with Ne > s > N, is consistent for (.

Hence, the memory configuration of the signal, noise and disturbance is essential for
the existence of consistent estimators, and hence for 1dent1ﬁab1hty of 5.

Let 3 be any estimator of B and let 5 denote phrn(ﬂ). The corresponding
ordinary and asymptotic residuals can be written as

(1.14) € =1y — B:xt = B& + v — @(fﬁ‘ﬁt) = (5—3:)& - B:Et + v,
(1.15) er =y — By = BE + vy — B(&te) = (B—0)& — Ber + vy



From (1.10) and (1.11) it follows, in particular, that B\: B\i&) and B: B\%) have
asymptotic residuals that can be written as:

(1~16) Clasit = Yt — @x(s)xt = 5[(1—]@;&9))& - k;é)ﬁt] + v,
(1.17) e[ys}t = Y — ﬁy(s)xt = ﬁ[(l—ky(s))ft - k‘y(s)et] + Vg, § = 0, 1, 2, e

and hence,
e[a:s}t o 5[( z_l )gt _(1) ]
ey — v = Bl(1—k s))5t Fys €l
Combining the latter equatlons with (1.1), we find that the asymptotic residuals
have autocovariances of order 7 given by, respectively,

(118) COV(e[wS]t’ e[.Z’S]t—T) = 52[(1_1{:_1 )20'55(7)—|—]€;é 66(7)]+0vv(7)

(1.19) oV (€gyeier pysi—r) = B2 L(1=y(5)) Oee(r) F Ry () Teetr) T
Therefore, if @:(S
s< N. and s < N,, they produce serially correlated residuals when & is autocorrelated.
This holds even if ¢ and v; are white noise (N, =N,.=0), since then

and B;(‘g) are inconsistent for B, as consequences of, respectively,

COV<€[xs]t? e[a:s]t—‘r) = ﬁQ(l _k;(i))Qaff(T)’
Cov(e[ys]tJ e[ys]th) = B2(1_ky(s))2o-§§(‘r)7

so that the covariances have the same sign as o). Grether and Maddala (1973)
pointed out this implication of autocorrelated 81gnals for asymptotic OLS residuals,
€[z (In our notation), in a static measurement error model. Equations (1.18)-(1.19)
generalize this result to hold for inconsistent IV estimators as well.

Monte Carlo simulation results, with R=100 replications, are given below.* Ta-
ble 1 illustrates the effect of changes in the distribution of the disturbance v, (also
including possible measurement error in the regressand) on the distribution of Bﬁé)

and B%) The table shows the mean (mean), (empirical) standard deviation (stdev),
maximum, minimum (max, min) and the relative root mean square error (relmse).
The range spanned by max and min, the stdev and the relmse of the estimates
are larger the more strongly backdated the IV is and the larger the variance of the
disturbance (error in the regressand). Under the assumptions made in Examples 1.1
and 1.2, including zero memory of the error in the regressor (N, = 0), all IV esti-
mates using x-1Vs, i.e., Bﬁg) for s =1,2,3,4,5, are consistent. Their mean are very

close to the input value in the simulations, 8 = 0.8, i.e., the bias is small, but Eg%)
have large relmse, respectively, 20% (Example 1.1) and 28% (Example 1.2) about
twice the relmse for B%). Turning to the estimates based on y-IVs, we find notable
changes in the results. In Example 1.1, @%) is inconsistent, with mean 0.8343, while

By(s for s = 2,3,4,5 are consistent and have mean close to 0.8 (between 0.790 and
0.802). When in Example 1.2 the memory of the error in y; is increased from N,=1

4The simulations are based on program modules constructed in the Gauss software code. The time series length
used is 200, of which the last T'=100 are used as estimation sample. The author is grateful to Xuehui Han for her
excellent job with the programming of the routines for the Monte Carlo simulations.



to N. =4, only B;(‘g) is consistent, but its relmse is as large as 53%. The point
estimate, 0.8512, however, is not markedly different from those of the inconsistent
estimators, which have much smaller relmse and max-min range.

Table 2illustrates how a changed distribution of the measurement error in the re-
gressor, €;, notably its spread, impacts the distribution of the two sets of estimators.
Relative to Examples 1.1 and 1.2 the memory of the error in the regressor, N, is
increased from 0 to 4, while the error in the regressand (including the disturbance),
N,, is set to 0 throughout. In Example 1.3, var(e) is 1.5, and in Examples 1.4
and 1.5 it is raised to 3.75 and 7.5, respectively. All Eéé) (with s = 1,...,5) are

now consistent, because of the assumed zero memory of vy, while among Bﬁg) only
the one with s=>5 has this property. However, the stdev and relmse of the latter
are substantial, even in the case with the lowest error spread, the latter is as large
as 59%, making its point estimate, 0.88, practically ‘insignificant’. That a ‘weak
IV problem’ arises in this case is confirmed from the last column of Table 3. The
inconsistent estimators Eﬁg) for s = 1,2,3,4 have all much smaller relmse. The

same is true for B%) for s = 1,2,3,4, all of which are consistent. Regarding the
sign of the bias, i.e., the difference between the mean estimates of 5 and the input
value § = 0.8, an interesting result is that for s = 1,2, 3,4, all B; XS) have a negative
bias and all @%) have a positive bias. However, in all cases the bias of @%) changes
its sign when the IV-lag, s, is increased from 4 to 5. For Aﬁg) the bias changes
sign when s is increased from 4 to 5 in Examples 1.3 and 1.5, although not in the
intermediate case, Example 1.4.

Table 1:
Model 1: Simulated IV estimates. Impact of changed v distribution.

B=08, Ne =8, oce(s) = Ne+1—5 (s =0,1,..., N¢). T=100, R=100

[ s=1 s=2 s=3 s=4 s=5

Example 1.1: N, =1, Ne =0, var(§t) = 45, var(v¢) = 0.65, var(e;) = 0.1.
(Gv0(0): Tvu(1)) = (0.625,0.25). o (o) = 0.1
B! }’S) mean | 0.7900 0.7920 0.7898 0.7964 0.8103
stdev 0.0417 0.0508 0.0639 0.0799 0.1579
max 0.9417 0.9688 1.0691 1.1320 1.8715
min 0.6916 0.6758 0.6524 0.6531 0.5343
relmse | 0.0537 0.0643 0.0809 0.0999 0.1978

; gg) mean | 0.8343 0.7904 0.7907 0.7966  0.8021
stdev | 0.0461 0.0506 0.0640 0.0847  0.1269

max | 1.0309 0.9318 0.9969 1.1345 1.2730

min 0.7317 0.6805 0.6472 0.6058  0.4541

relmse | 0.0718 0.0644 0.0809 0.1059 0.1586

Example 1.2: N, =4, Ne =0, var(§;) = 45, var(vs) = 1.5, var(e;) = 0.1.
(U’U’U(O)7 Tvu(1)) Tvv(2)1 Tvu(3)s U'v'u(4)) = (057 0.4,0.3,0.2, 01) Tee(0) = 0.1

E; E’S) mean | 0.8041 0.8039 0.8035 0.8045 0.8194
stdev | 0.0548 0.0637 0.0810 0.1094  0.2252

max | 0.9474 0.9695 1.0028 1.1367 2.3284

min | 0.6513 0.6145 0.5452 0.4000 0.0372

relmse | 0.0687 0.0798 0.1014 0.1369  0.2825

BJS) mean | 0.8699 0.8599 0.8486 0.8336 0.8512

stdev | 0.0561 0.0638 0.0819 0.1136  0.4241
max 0.9974 1.0073 1.0408 1.2138 4.4434
min 0.7359 0.7116  0.6253 0.4598 0.2810
relmse | 0.1121 0.1094 0.1191 0.1480 0.5340




Table 2:
Model 1: Simulated IV estimates. Impact of changed €; spread.

8 =0.8, N§ =38, Oce(s) :N§+l—s, (820,17...,N§). T=100, R=100
[ s=1 s=2 s=3 s=4 s=25

Example 1.3: N, =0, Ne =4, var(§t) = 45, var(vt) = 0.5, var(et) = 1.5.

GUU(O) =0.5. (066(0)7 0’66(1), 0’56(2) 5 0'66(3) 5 0'65(4)) = (05, 0.4, 037 0.27 01)

Aﬁ/s) mean 0.7572 0.7614 0.7705 0.7821  0.8829
stdev 0.0442 0.0547 0.0720 0.1311 0.4674
relmse | 0.0769 0.0837 0.0972 0.1654 0.5933

Aﬁg) mean 0.8012 0.8023 0.8070 0.8085 0.7861
stdev 0.0488 0.0581 0.0789 0.0996  0.5123
relmse | 0.0610 0.0726 0.0990 0.1249  0.6406

Example 1.4: N, =0, Ne =4, var(§) = 45, var(vy) = 0.5, var(et) = 3.75.

UU’U(O) = 0.5. (UEE(O)7 0'55(1)7 0'66<2), O'€€<3> 5 0'66(4>) = (].257 100, 0757 0507 025)

BIV mean | 0.7051 0.7124 0.7277 0.7714  0.7882
stdev 0.0755  0.0956  0.1170 0.1904 0.4237
relmse | 0.1515 0.1621  0.1720 0.2407  0.5298

v mean | 0.8049 0.8027 0.8029 0.8239 0.7175

stdev | 0.0778 0.1017 0.1273 0.2435 0.8519
relmse | 0.0974 0.1272 0.1592 0.3058 1.0698

Example 1.5: Ny, =0, Ne =4, var(§:) = 45, var(vt) = 0.5, var(et) = 7.5.
Oy (0) = 0.5. (a'ee(O)v Tee(1)rTee(2)r Tee(3)» 065(4)) = (2~5’ 2.0,1.5,1.0, 0~5)
1A mean | 0.6360 0.6577 0.6923 0.7523  1.0230

() stdev | 0.0003 0.1115 0.1439 0.2022 1.6571
relmse | 0.2340 0.2259 0.2246 0.2597  2.0901
A; }’S) mean | 0.8160 0.8254 0.8433 0.9130 0.4770

stdev | 0.1592 0.1999 0.2620 0.5341 6.5339
relmse | 0.2000 0.2519 0.3319 0.6824 8.1774

Table 3:
Model 1: Examples 1.3-1.5, autocovariances: x vs. x_s and y_s. T =100, R=100

s=1 s=2 s=3 s=4 s=25
0.8711 0.7449 0.6181 0.4978 0.3822
0.8093 0.6971 0.5869 0.4802 0.3806

0.8701  0.7380 0.6093 0.4832  0.3593
0.7888 0.6839 0.5807 0.4796 0.3786

0.8569  0.7158  0.5793  0.4404 0.3018
0.7348 0.6326 0.5330 0.4319 0.3321
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2 ARMA MODEL WITH WHITE NOISE OR MA MEASUREMENT ERROR

Model 2, unlike Model 1, is explicitly dynamic and has no exogenous variable. It
is a univariate ARMA(1,1)-model for a latent variable y,, observed through y; with,
in its simplest version, a white noise error d;:

Py = Yhe—y + vt + Avq, vl <1,
(2.1) oy =+ 0
E(po) =0, v, ~1ID(0,02), & ~UD(0,03), vy L& L pr, V7.

The observed and latent ‘structural’ variables satisfy, respectively,

(2.2) (1—yL)y, = (1—)\7LL)(5,5 + (1+>\L)1;f,
1+ v+
2. ="y, = il
(2.3) Hy 1—7Lvt v+ 1_,y|_vt—1a



where L denotes the backshift operator. Hence, u; follows a geometric lag distribu-
tion whose first term is ‘free’ and whose remaining terms have a variance that is
(y+A)? times the variance of the first. Since (2.1) and (2.3) imply

Y = O +vi+(7+A) Z£17ivt7i7

y; follows a geometric lag distribution whose first term is ‘free’ and whose remaining
terms have a variances that are (y+\)%02/(02+0?2) times the variance of the first.
Letting vy = vs+Av;_1 denote the model’s MA(1) part, it also follows that

X 0, s=0,
(24) COV(yt—m 5t+vt> { i 0’ g = 17 2, e
while the variance and autocovariances of u; become
T (o) — (1+X2)(275’ 2 s=0,
(25) E(H’t/”bt—s) = O—,u,y,(l) = [’Y(l—i—X ) + )\]0—1” S = 1’

Tty =V V(X)) + Aod, s > 2,

where

YA (v \] _ (v +A)?
1—vL \o, /| 1-9%2°
By combining (2.1) and (2.5) it follows that

X = var {

Uu,u(O) + O—g = <1+X2)O—3 + U?» s =0,
(26) E(ytyt—s) = Uyy(s) - O-Mu(l) == ['}/(1+X2) + )\]0'37 S = ]_7
Tnisy =1 V(14X?) + Aoz, s=2,3,... .

The OLS estimator of v based on (2.2),

cous _ ¥
Ztth—l ’

is inconsistent and from (2.6) we get

moLs) = Tn) _ _ Tunly) Y(1+x?) +
2 o2
w(©)  Tun0)TO5 1424 >

The sign of the inconsistency depends on the AR parameter v, the MA parameter
A and the error variance 0. Therefore, the attenuation® of 5°%° may be off-set by
the memory of v}, provided that A and ~ have equal sign, since we have

_ > A > o?
(2.8) O g
A special case is the familiar result A =03 =0 = 53, =~: strict AR(1) with no
measurement error and white noise disturbance gives consistency of OLS. On the
other hand,

A=—v=w=v, y=v+0& = x> =0, Y1 =0

5Term denoting the tendency of an OLS estimator in a one-regressor EIV model to be biased towards zero.



is a boundary case with respect to attenuation, in the sense that the OLS estimator
is not only biased towards zero, its plim is zero.
Using in (2.2) y,_, (s>2) as IV for y,_,, to obtain

AV PR
) Do Yi-1Yi—s
consistency is ensured, as (2.6) implies
Tyy(s) T ppa(s)

(2.9) Jo = plim[7iY] = = =7, $=2,3,....
) ) Uyy(s—l) Opp(s—1)

This way of using IVs exploits that y;_5 (s>2) is correlated (more or less strongly
depending on v, A and s) with y;_;, and is uncorrelated with (1—~L)d;+(1+AL)v;
regardless of \. It follows from (2.6) that corr(y;_1,v:—s) is smaller the smaller is
and the larger is s. This signalizes that the weaker is the autocorrelation and the
further a y is backdated, the weaker will it be as IV for the current y.

We can generalize (and often increase the model’s realism) by allowing for mem-
ory in the measurement error. Extending ¢; in (2.1) to an MA(1) process gives

Hy =Yg F v+ Avr, |y <1,
(210) Yt = u; + 57& + w(stfl,

E(o) =0, v ~1D(0,07), 0 ~1D(0,035), v Ld;.
It follows that (2.2) is generalized to
(2.11) (1—=7L)y: = (1=~L)(1+9L)6; + (1+AL)v,.
Since then o

Ye = O+ 1+ v+ (Y +A) Do Vs

we obtain, letting v = vy + A\vy_y and 6 = J; + 1d;—; be the model’s two MA(1)
processes,

#0,

(2.12) cov(Yi—s, 07 +0;) {

)

Still (2.5) holds, while (2.6) is generalized to

o) + (14+v*)o2, s=0,
(213) E(ytyt—s) = Oyy(s) = U,u,u(l) + ¢U§> s = 17
T u(s) §=2,3,... .
The resulting generalization of (2.7) and (2.9) is
(o) + Vo B 7(1+X2)+A+w§ .
(o) + (1+92)a3 (1+X2)+(1+¢2)Z—§’ T
(2.14) 7, :(:yﬂ = %y _ (X)) +A 2? s=2,
yy(s—1) Tpp(1) + Y0 7(1+X2)+)\+w3—%
T pupa(s)
s =, s=3,4,... .




This model, with a one-period memory of the disturbance and the measurement
error, ensures consistent IV estimation for s >3, because y,_, is correlated with y,
and is uncorrelated with the composite MA(2) process (1—~L)(1+L)d; + (14+AL) vy
— it gets clear of the memory of the latter process. If s=2and v >0, A > 0, a
negative (positive) asymptotic bias occurs when v is positive (negative), since

o2
_wa_%

V14X FA+P %S

2—7=

Therefore 3(12‘; exemplifies an attenuated IV estimator. For the OLS estimator 79%,
however, the sign of the bias depends on both A and . If v > 0, A > 0 we have the
following generalization of (2.8):°

> A > 2 (% Ug
2.1 Toy—= = |1 _ )
(2.15) Yoy £ > < ( + 9 7) =

Again, attenuation (of OLS) may be counteracted by the MA part of the error
processes. Now, however,

_ Vo,
A==y =y =0, Yy = v+ & + P51 = x> =0, Ty =S 2 o
O-v+o-6(1+1/] )
so that A = —~ represents a boundary case where the strength (and sign) of the

attenuation depends on the MA coefficient of the measurement error, 1.
Tables 4 and 5 contain the expressions for 71y and %2 in the boundary cases

A=0 = ="y —1 + v,
¥=0 = =0+ v,
A==y = =1,

for three combinations of o3 and ¢: 02 =0 represents the no measurement error case
and 1 =0 represents the white noise measurement error case.

Table 6 contains numerical examples based on synthetic data for s = 2,3,4,5 for
six selected parameter constellations. As only one replication is performed in each
case (R=1), these examples are strictly not Monte Carlo simulations. They invite
a few comments: The estimator in Example 2.a, where 3, is free from measurement
error (02 = 0) and v; is white noise (A = 0), is consistent even for s = 2, while
in Examples 2.b-2.f, /7\(15‘)/ is consistent for s = 3,4,5 and inconsistent for s = 2; see
(2.14) and Table 5. This concurs with ‘level shift’ we notice in the estimate sequence
when s increases from 2 to 3.

Model 2 can be generalized further, specifying u, as an ARMA(n, m) process
and extending the measurement error from MA(1) to MA(k). This gives the model

6The boundary case v =0, which makes 3, the sum of two MA(1) processes, y, = vy +0;, and makes ) @
variance-weighted average of the autocorrelation coefficients of v} and &7, pi=X/(14+A?) and pf =1 /(1+v?):
var(vf)p} + var (3o
var(v}) + var(d))

Ty = (v=0).



Model 2: OLS estimator plim: 71y = plim

Table 4:

(:Y\OLS)

i boundary cases

03=0 =0 02>0,1#£0
A=0, o, ooz (1—77)
x2=~2/(1—-~%)] v 2, 2 2 2, 2 2 2
oytos(1=y7)  oy+o5(1+¢7)(1-77)
v=0, by A2 o2 tapa?
(x=2) 1422 o2(14+A2) 402 o2(1+A2) +o2(1+9?)
oe=0) o2 +ad(1+¢7)
Table 5:
Model 2: IV estimator plim for s = 2: ) = plim(ﬁ{%) in boundary cases
02=0 =0 02>0,9#0
A=0, . . oy
*=7%/(1-7%)] 02 + o2(1—2)
7=0, 0 0 0
(x=2)
A=—7v
’ 0 0 0
(x=0)
Table 6:

Model 2: Impact of changed v, and &; distributions.
Artificial data. v =0.8. T=100. R=1

Example

A

P

s { Estimate

2.a

2.b

2.d

2.f

0.0 0.0

0.3

0.3

0.5

0.5

0.8

0.8

0.0

0.5

0.5 0.0

0.10  0.00

0.10

0.10

0.10

0.10

0.10

0.10

0.10 0.10

0.10 0.10

R WN TR WN OB WK R W O W Ol Wi

0.8357
0.8852
0.8961
0.8308

0.8401
0.9429
1.0021
0.9472

0.6634
0.9000
0.8890
0.7476

0.5056
0.5668
0.5738
0.6274

0.6232
1.0457
0.9307
0.6341

0.8770
0.8116
0.7865
0.7579
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pe = (L +of, <1,
fy + 0y
(2.16) E(uo) = 0, p(l) =ml+-+ml"
(L)vy, AL) = 14X\ L4+ Anl™, v, ~ 1ID(0, 02),
5 = v(L)d, (L) = 1+ L+ +ahl*, 6, ~ 1ID(0,02).

It follows that (2.11) and (2.12) are extended to
(2.17) [1=v(Vly = L= (L)L) + ALy,

3
Il

«. ) #0, s=0,1,...,k+n,
2.1 _
(2.18) oV (s 07 +7) { =0, s=k+tntLk+nt2,....
Since y,_ is uncorrelated with [1—y(L)]t(L)d+A(L)v; when s> k+n+1, consistency is
ensured for s in this region. Choosing an IV for y,_; among v, _,,...,¥y,_,_, Vviolates
orthogonality.

3 ARMAX MODEL WITH MA (1) MEASUREMENT ERROR

Model 3 has elements from both Model 1 and Model 2, although contains neither
as special cases. It augments the ARMA(1,1) part of the latent variable y; in (2.10)
by an exogenous, error-ridden regressor with latent part &, to give an ARMAX
mechanism for y;. The latent regressor & is MA(N;), while the measurement errors
in the regressand (including a disturbance in the equation) and the regressor are
both MA(1). Overall, this gives a model with three uncorrelated MA(1) processes:

= Yoy + BE A v+ Mo, E(uo)=0, v ~1ID(0,07), |v]<1,
Yo = py+ 0+ P01, &, ~ 1ID(0, 03),
xy = &+ €+ deq, e ~ 1ID(0, 02),
(3.1)  E(mo) = 0,
Oce(s), S < Ng,
E(E) = 0, E(ftm):{ S
& Loy Loy Lo

From (3.1), after elimination first of u;, next of &, we obtain, respectively,

(3.2) (1=yL)ye = B& + (L+AL)vy + (1=7L)(1+9L)dy,
(3.3) (1=~L)ys = By + w,

where

(3.4) wy = (14+AL)vy — B(14+¢L)e; + (1—~L)(14+1L)6;.
Introducing

(3.5) —_— ﬁft’

which is an ARMA(1, N¢) process, we obtain a generalization of (2.3) that can be
written as

11



1+AL Y+A
(3.6) w, = Br, + 1——7LUt = [, + v, + 1——7I_Ut_1'
Since (3.1) and (3.5) imply
Is|
(3.7) E(TiTi—s) = Orr(s) = Fyli—féo), s=0,41,42,...,
(38) E(:U’tgtfs) =0Oug(s) = BE<Tt€tfs> = 6 Zi:\i—sENg 7i0’§§(|i—s\), SIO, :l:l, :|:2, ceey
it follows that (2.5) is generalized to:

B20,-(0) + [1+ X302, 5=0,
(39)  E(us) =0y = § 1F0mm +HIHD AL s=1,
7862077(0) + 78_1[’7(1+X2)+)‘]012;7 52> 2.

We further find that the observed variables in (3.3) have autocovariances and cross-
autocovarances given by

JNH(0)+(1+w2)U§7 s =0,

(3.10) E(Wi—s) = § Ouuy +1005, s =1,
UMM(3)7 822,3,... s
ogeo)+(1+¢%)0?, s =0,
Oee(1)+ P02 s=1

11 E _ £6(1) € )

(3 ) (mtxt_S) 0'55(3), S = 2, 3, ey Ng,
0, s > Ng,

(3.12) E(yi1-s) = 005 = 5Zi:|@>s|gzvg Voee(i-sh, 5= 0,+1, 42,

and that the (non)orthogonality properties of this equation are

)‘Ug—i_(w_f}/)(jgv § = 1>
(3.13) E(y,_sw;) = —@/JVJ?, s =2,
0, s=3,4,...,
_6(1+¢2)Ue27 Z= O’
(3.14) E(z,_,w,) = —Bo?, z=1,
0, z2=23,....

Since in (3.3) E(y,_jw,) # 0 (s = 1) and E(z,w,) # 0 (z = 0), we once again have
a measurement error bias (simultaneity bias) problem for OLS. Potential IVs for
(Y¢-1,2¢) to handle this are: y;3,9;4,... and 2, 9,74 3,..., 7N, As in Models 1
and 2, strongly backdated y-IVs — and, depending on o¢(s), also strongly backdated
x-IVs — may be weak IVs.

An illustration: Relying on the usual convergence in moments assumptions, we find
that the estimators of v and 3 obtained from (3.3) when instrumenting” (y;_1, ;)
by (y,_, z,_,) have plims

"We in this illustration confine attention to ‘exact identification’ cases, with only one IV allocated to each
instrumented variable.

12



-1

o) =L e ][R

B(SZ)
Since this can be written as
—1

Vo) | _ {’V } J{ E(—stim1) E(y_s2y) } { E(y,_sw,) } |

B(Sz) o4 E(z,_.y1) E(z,_.z,) E(x,_,w,)
it follows in view of (3.13) that
JCON { } §>3 Ne>z>2
Bis2)

v
B
It is essential that oee(s) #0. For (sz) = (21), (22), (23) we for example find that the

inconsistencies of the IV estimators can be expressed as
r 7 - -1

Ty~ | _ | Gun)  Oug) } [—ma? }
| Boy=B| L oweo) oeeytoo? —Ba? |’
- v - 2

Vo2~V | _ | Tun) Oug2) } {—m% }
| Bay=B| | oww oew 0
- v » 2

T3y =T | _ | Tun@ Tug2) } {—@WU& }
| By =B | owe oew 0

where 0,¢(5) and 0,,,(s) are given by (3.8) and (3.9), respectively. Obviously, the
sign and size of v, the MA-coefficient of the measurement error of y, affects the
inconsistency of the estimators of (53,7).

REFERENCES

Bigrn, E. (1996): Panel Data with Measurement Errors. Chapter 10 in: Métyas L. and Sevestre,
P. (eds.): The Econometrics of Panel Data. A Handbook of the Theory with Applications.
Dordrecht: Kluwer.

Bigrn, E. (2015): Panel Data Dynamics with Mis-measured Variables: Modeling and GMM Esti-
mation. Empirical Economics, forthcoming.

Bigrn, E. and Han, X. (2013): Panel Data Models With Dynamics and Measurement Error: GMM
Performance When Autocorrelation and Error Memory Interact — Some Small Sample Evi-
dence. Paper presented at the 19th International Conference on Panel Data, London, July 2013.

Fuller, W.A. (1987): Measurement Error Models. New York: Wiley.

Grether, D.M., and Maddala, G.S. (1973): Errors in Variables and Serially Correlated Distur-
bances in Distributed Lag Models. Fconometrica 41, 255-262.

Maravall, A. (1979): Identification in Dynamic Shock-Error Models. New York: Springer-Verlag.

Maravall, A., and Aigner, D.J. (1977): Identification of the Dynamic Shock-Error Model: The
Case of Dynamic Regression. In Latent Variables in Socio-Economic Models, ed. by D.J.
Aigner and A.S. Goldberger. Amsterdam: North-Holland.

Nowak, E. (1993): The Identification of Multivariate Linear Dynamic Errors-in-Variables Models.
Journal of Econometrics 59, 213-227.

Pagano, M. (1974): Estimation of Models of Autoregressive Signal Plus White Noise. Annals of
Statistics 2, 99-108.

Staudenmayer, J., and Buonaccorsi, J.P. (2005): Measurement Error in Linear Autoregressive Mod-
els. Journal of the American Statistical Association 100, 841-852.

13



	MEMORANDUM
	No 28/2014
	Serially Correlated Measurement Errors  in Time Series Regression: The Potential  of Instrumental Variable Estimators
	Erik Biørn

	Last 10 Memoranda



