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Semiparametric Selection Models with Binary Outcomes

Roger Klein Chan Shen Francis Vella
Rutgers University The University of Texas Georgetown University

MD Anderson Cancer Center

Abstract

This paper addresses the estimation of a semiparametric sample selection index model where both the
selection rule and the outcome variable are binary. Since the marginal effects are often of primary interest
and are difficult to recover in a semiparametric setting, we develop estimators for both the marginal effects
and the underlying model parameters. The marginal effect estimator uses only observations where the
selection probability is above a certain threshold. A key innovation is that this high probability set is
adaptive to the data. The model parameter estimator is a quasi-likelihood estimator based on regular
kernels with bias corrections. We establish their large sample properties and provide simulation evidence
confirming that these estimators perform well in finite samples.



1 Introduction

There is an extensive literature extending the sample selection model of Heckman (1974, 1979) to relax
parametric restrictions.! For example, for models with continuous outcomes Ahn and Powell (1993) allowed
for a nonparametric selection control function whereas more recently Das et al. (2003) allowed for a fully
nonparametric treatment. There are also several papers which investigate the semiparametric treatment
of the related model which features a binary response with a continuous endogenous explanatory variable
(see, for example, Blundell and Powell, 2004 and Rothe, 2009). Despite this, there are relatively few papers
that focus explicitly on the sample selection model with both binary outcomes and a binary selection rule.
Moreover, there is no treatment of the semiparametric estimation of the marginal effects in such a model.
This represents a significant void as important empirical examples exist in many areas of microeconomics.

In the fully parametric setting, both the model parameters and the marginal effects, which are generally
the objects of primary interest, are easily obtainable. However, those are not easily attainable in the case of
the semiparametric index model. The marginal effect is especially difficult to estimate because it cannot be
directly derived from parameter estimates as the error distribution is unknown. The main issue arises from
partial observability in that the outcome is only observed in the selected sample. Consequently, it is difficult
to study the conditional probability of the outcome given that the individual is not selected as there are no
observations available to estimate it. And this conditional probability is essential to estimating the outcome
probability given exogenous variables by Bayes rule. A more complete discussion is provided in Section 3.1.
Some important developments in this area include the work of Chesher (2005), Vytlacil and Yildiz (2007),
and Shaikh and Vytlacil (2011), which discuss identification of the marginal impact of a discrete endogenous
variable. However, detailed estimation of marginal effects has not been addressed for the case of sample
selection.

In this paper we develop semiparametric estimators for both the marginal effects and the index parameters
underlying them. We make no distributional assumptions and allow for a model structure that is more
general than threshold-crossing. Our primary focus is upon the marginal effects as they have not been
addressed in this setting. To deal with the partial observability issue mentioned above, we propose to
estimate the relevant probabilities by focusing on those observations in an estimated high probability set

where the selection probability tends to one. The framework of this approach is developed in pioneering

'For a survey see Vella (1998).



papers of Heckman (1990) and Andrews and Schafgans (1998) for a known high probability set. This set
depends on the tail behavior of the index and error distributions. Therefore, in practice it is important
to study the empirical tail behavior so as to find the appropriate high probability set. In this paper we
characterize the high probability set as one where the probability exceeds a cutoff that approaches one as
the sample size increases. We propose and establish the theoretical properties for an estimator of this cutoff
that depends on the empirical tail behavior. Based on the estimated high probability set, we formulate a
marginal effect estimator and provide the theory for it which takes the estimation of this set into account.
This data-dependent feature of the high probability set underlying the marginal effect estimator poses a
number of theoretical challenges, but is essential in empirical studies.

Estimation of the marginal effects requires estimates of the index parameters. To estimate them, we pro-
pose a likelihood-based procedure employing a double index formulation. Identification issues are explicitly
treated in Newey (2007), although that paper does not address estimation. Our index parameter estimator
employs bias adjustment mechanisms similar to those developed by Klein and Shen (2010) for single index
regression models. We develop an estimator based on regular kernels and show that it has both desirable
theoretical properties and good finite sample performance.? It is possible to develop index parameter es-
timators within various frameworks (see, e.g. Gallant and Nychka ,1987, Klein and Spady, 1993, Ichimura
and Lee, 1991, Lee, 1995, and Klein and Vella, 2009). The estimator for index parameters provided here was
initially developed in an earlier unpublished working paper.? Most recently Escanciano, Jacho-Chavez and
Lewbel (2012) have proposed semiparametric estimators for the index parameters. Their estimator differs
from ours in two main respects. First, to obtain asymptotic normality, we exploit a property of semipara-
metric derivatives (due to Whitney Newey) to control for the bias under regular kernels. Escanciano et. al.
control for the bias using higher order kernels. Second, identification of index parameters here is based on
exclusion restrictions, while Escanciano et. al. provide an alternative identification strategy. As mentioned
above, there are also alternative frameworks for developing estimators for index parameters. However, the
estimation of marginal effects remains unaddressed.

We describe the model in Section 2, and motivate the estimators for the marginal effects and the index
parameters in Section 3. Assumptions and definitions are in Section 4. Section 5 provides a brief proof

strategy, an illustrative example and asymptotic results for the marginal effect estimator. Similarly, the

2There are other alternative methods that control for the bias under regular kernels. For example, Honore and Powell (2005)
employed a jackknife approach where the final estimator is a linear combination of estimators using different windows.
3See http://www.iza.org/conference _files/SPEAC2010/vella_f1653.pdf



proof strategy and asymptotic results for our index parameter estimator are presented in Section 6. We
provide simulation evidence in Section 7 and offer concluding comments in Section 8. The Appendix contains

all proofs.

2 Model

The model we address in this paper is a semiparametric variant on the Heckman (1974, 1979) selection

model where the outcome of interest is binary. More explicitly:

i = I{g(XBo,€) >0} (1)

Yo = I{h(Zmg,u)> 0}, (2)

where Y7 is only observed for the subsample for which Y5 = 1. Here I{.} is an indicator function; X and
Z are vectors of exogenous variables where Z includes at least one absolutely continuous element excluded
from X; € and u are error terms with a non-zero correlation; g(.) and h(.) are unknown functions. While
the estimator for the index parameters is developed for a model of the above generality, large sample theory
for the marginal effect requires us to characterize individuals with high selection probabilities. To this end,
we assume h(Zmg,u) = Zmg —u.* As in most semiparametric models the parameters are identified up to

location and scale. Writing

XBy = bi(Xq1+X2b10)+caa=bVio+a

Zmg = ba(Z1+ Za02) + c2 = baVog + c2,

the 963 are identified, while the b7s and ¢/s are not identified. We refer to V19 and Vg as indices and assume

that the model satisfies the following index restrictions:

Pr(Yi=di, Yo =ds|X,Z) = Pr(Y1=di,Ys=d2|Vr0,V20) (3)
Pr(YQZdQ‘X7Z) = PI(YQng‘Vgo) (4)
Pr(Yi=di|X,Z) = Pr(Yy=di|Vip). (5)

*Since the error distribution is unknown, this threshold-crossing model is unchanged if we replace Zmo with any monotonic
function of it.



We note that the above conditions hold if the errors are independent of X and Z. We impose this

index structure, as opposed to a nonparametric one, to improve the performance of the estimators.

3 Motivation

3.1 Marginal Effects

The marginal effect of interest is the change in Pr (Y} = 1|X) = Pr(Y; = 1|Vi9) due to a change in one of the
explanatory X-variables. To motivate this marginal effect, let Y5 denote whether or not an individual decides
to have a diagnostic test for a particular genetic disease and let Y7 denote whether or not an individual has
that disease. We would like to know how a change in one of the X-variables affects the probability of having
the disease for the entire population and not just the subgroup that received the diagnostic test. In the fully
parametric case (e.g., bivariate probit with selection) the probability of having the disease Pr (Y; = 1|Vig)
is a known function, and the corresponding marginal effect of interest can be directly calculated once the
parameters of the model are estimated.

Now consider the semiparametric case where the functional form of this probability function is not known.

Under index restrictions, the probability of interest can be written as

Pr (Yl = 1‘V10) = Pr (Yl = 1‘V10, VQO)
= Pr(Y1 =1Y2 =1, Vi, Vao) P2

+Pr (Y1 = 11Y2 =0, Vig, Vao) (1 — P),

where Py = Pr (Ya = 1|Vig, Vao) = Pr (Y2 = 1|Va). We can recover the first argument on the right-hand side
semiparametrically. The question then becomes how to recover the second part: Pr (Y7 = 1|Ya = 0, Vig, Vao) (1 — P).
In general, this is not estimable because we do not observe Y; (genetic disease) when Y2 = 0 (no testing).
However, if P» = 1 this second term disappears and we can estimate the marginal effect of interest based on
only the first term. In an approach related to that of Heckman (1990) and Andrews and Schafgans (1998,
hereafter referred to as A&S), we estimate the marginal effect by using only those observations for which

the selection probability P, is high. With NV as the full sample size, Fyy as the distribution function for the



selection error u, Yo = I {Vay > u}, and a > 0, the high probability set is defined as
{Ugo : Fy (UQ()) >1-— N_a} .

The probability of being in this high probability set is given by P, = Pr(Vay > F(jl (1-N"%) =
1 -Gy (FU_ ! (1-N *“)), where Gy is the distribution function for the selection index Vay. For example,
when the index has a standard Weibull distribution Gy = 1 — exp(—wvy), and the error follows a Weibull
distribution Fyy = 1 — exp(—u€),c > 1, P, = exp(— [— ln(N*a)]l/C). As the error tails become thinner rela-
tive to the index tail (c increases), P, increases. This example demonstrates that the appropriate value of
a depends on the thickness of the index tail relative to that of the error. As these tails are unknown, we
propose a data dependent value for a and establish its asymptotic properties.

Assume that we are interested in the marginal impact of a particular exogenous variable X, ceteris
paribus. If we write the vector of exogenous variables as: X = [X [m},Xm], we are basically studying the
impact of moving X,, from a fixed baseline level z,,;, to a fixed evaluation level x,., keeping all other
exogenous variables fixed at x[,. Define the corresponding baseline and evaluation levels for the outcome
equation index as:

b = v (@), Tp) and ve = 0 (L{p), Tyne) (6)

where v (z) is the index value at @ = (2[y,), Tm) -

Employing the definitions above, let (, () = Pr(Y; = 1|Vip = ) and define the true marginal effect as:

ME = ¢y (ve) — Co(vb). (7)

When X, is discrete, the above definition is natural. When X, is continuous, it is also possible to define
a marginal impact as a derivative. However, in applications we are more often than not more interested
in measuring the impact of a discrete change than that of an infinitesimal change. For example, suppose
that X, denotes income and that income is continuous. Then we might want to know the impact of a 10%
increase in income beyond a base level (e.g. median income). We also note that the marginal effect estimator
for discrete changes converges to the truth faster than derivatives. Therefore we use the above definition of
a marginal effect for examining perturbations in both discrete and continuous variables.

To motivate the marginal effect estimator, notice that a traditional semiparametric estimator for the



probability of interest would have the following form without sample selection

DoV — _ Z {NhYIJ U—Vly)/h]}
priv =ty =)= Zj{Nh Vlj)/h]}

where the sums are nonparametric kernel estimates with K a regular symmetric kernel and h a window
parameter.

The estimator ¢ (), as in (D1) of Section 4, differs from this estimated probability in two respects. First,
as we only observe Y1 when Y2 = 1, we need to have Y5; in both the numerator and the denominator so as to
select observations for which Y2 = 1. This introduces sample selection bias that we eliminate (asymptotically)
by adding the smooth high probability indicator 5}-. The definition of the S-function is in (D3) of Section 4

with a discussion of it at the end of that section. Further, we provide an illustrative example in Section 5.2.

3.2 Index Parameters

While the proposed marginal effect estimator is the primary focus, it depends on estimated index parameters.
The index parameter estimators are obtained by maximizing a quasi or estimated likelihood. The true

likelihood has the following form

N
Z Z i(dy,d2) In (P; (dy,de;0)),
1=1 d1 <d2

where

Y(d d ) I{Yli:dl,y'gi:dg} for d2:1
U1, 42 -
I{Yéz = dg} for d2 =0

Pi (dl,dQ; 9) = Pr (}/i(dl,dz) = 1|VZ (9) = V; (9))

Here V; (0) = (Vi; (0),Va; (A))'. In practice, we do not have the true P; and need to estimate it (P;). The
properties of our index parameter estimator depend on how these likelihood probabilities are estimated.
We employ regular kernels and several bias-reducing mechanisms to ensure that the estimator has desirable
large sample properties and also performs well in finite samples.

To motivate these mechanisms we show below that the gradient to the quasi-likelihood is a product of

terms, one of which is the derivative of the probability function, Vgpi(dl, da; 0p), where 0y denotes the true



parameter value. Subject to some issues that we address below, the key to our bias reduction mechanisms

is the result due to Whitney Newey (see Klein and Shen, 2010, Theorem 0) that:

E (VoPi(dy,d2:00) | Vi (60)) = 0. (8)

It can be shown that we need to trim on the basis of estimated indices to take advantage of Newey’s
result. Accordingly, we develop a two stage estimation strategy. In the first stage, we estimate the index
with trimming based on the continuous exogenous variables. We then trim observations on the basis of this
estimated index in the second stage. This type of argument poses two problems which we solve. First, the
consistency argument requires that estimated probability functions converge uniformly in the parameters to
the corresponding true functions. When trimming is based on an estimated indices, the rate at which the
density denominators vanish is only controlled in a neighborhood of the true parameter values. We solve
this problem by using adjusted probabilities so as to control the rate at which density denominators vanish
away from the truth. We set the adjustment so that it vanishes slowly when parameters are evaluated away
from the truth but vanishes rapidly at the truth. The second problem is that we must be able to replace
estimated probability derivatives with the corresponding true ones if we want to use Newey’s result as a
bias reducing mechanism. Here, we employ an adjustment to ensure that it is asymptotically valid to treat

estimated probability derivatives as known.

4 Assumptions and Definitions

Here we provide the assumptions and definitions that we employ to establish the asymptotic properties for

the estimators.

A1l. The observations are i.i.d. from the model in (1)-(2), where the matrices X and Z have full rank
with probability 1. For the marginal effects estimator, we restrict the function h to have the additively

separable form given following (2).

A2. The vector of the true parameter values (619, 020) lies in the interior of a compact parameter space,

O.

A3. The indices V7 and V» each contains at least one absolutely continuous exogenous variable. Further,



V5 contains at least one absolutely continuous variable that does not enter V; in any form. The model

satisfies index restrictions as in (3-5).

A4. Let gyy (v1, v2|y1,y2) be the conditional density for the indices. Letting VPgy |y be any of the partials
or cross partials of gy |y up to order p, with VOgV|Y = gy|y, assume gy |y > 0 on all fixed compact
subsets of the support for the indices, and V¥ gy )y, % (Vp gv‘y), and a‘g—ge (Vp gv‘y) are bounded for

p=0,1,2,3,4.

A5. Let Fy be the marginal distribution for the selection error, Gy, the marginal distribution function
for the selection index, and Gy, (v2]v) the conditional distribution of va|Vy = v. With agn defined
in (D4) below, characterize the high probability set as {vy : P» = Fyy(va) > 1 — N~%N}. Assume: (a)

For all t5 > t; > T sufficiently large,

Gy, (t2) — Gy (t1) > Ful(te) — Fu(t)

Gy vy (12|0) — Gy, (t2]0) > Fy(ta) — Fu(t).

(b) The marginal density for the selection index gy, (v2), is decreasing in the tail. With gy, (v,) =

I—FU('Uu)

O(N %) where ¢ is a small positive number, and H (v,) T=Gvo (o)
2 u

= % as the hazard for Va:

H(vy)N—90N.

A6. Let gy,|v; (v2|v) be the density for V2 conditioned on Vi = . For all ¢ > T sufficiently large, assume

that O (gy, (£)) > O (gvy 1, (£]0)) -

A7. Assume Pr(Y; = dq|Ys = da, V4 = vy, Vo = v2) has up to four bounded derivatives with respect to vy

at v.

A8. Assume (a) Pr(Y; = d1]Y2 = 1) > 0, Pr(Yz = d2) > 0 and with gx as the joint density for X,
supg [In [P; (d1,da; 0)]| gx is integrable. Further, (b) supy E [In® [P; (dy, da; 0)]] is finite.

The first three assumptions are standard in index models. Assumption (A4) provides required smoothness
conditions for determining the order of the bias for density estimators. As is well known in the literature
(see e.g. Khan and Tamer (2010)), tail conditions are needed to develop the large sample distribution of
these types of estimators. These conditions are provided in (A5a). Notice that the error and index supports

can be finite provided these tail conditions hold. For example, when the error has a bounded support that



is a subset of that for the index, this assumption holds. However, when the index support is a subset of
that for the error, this assumption will not hold. In Section 5.2, we illustrate the problem that results when
these conditions do not hold.

Assumption (Abb) is required for the trimming arguments. Let v; be a value of the selection index such
that the selection probability Ps(ve) = Fy(vy) > 1 — N~® for vy > v;. Let v, be a value of the selection
index such that gy, (v2) > N~* for v < v,. To avoid a conflict in these conditions, we need to guarantee

that v; < v,. This inequality will hold provided that
1—Fy(v,) <1—Fy(vy)=N"%.

Dividing both sides by 1 — Gy, (v,) and noting that gy, (v,) = N7* = [1 — Gy, (vy)] H(vy), where H is the

hazard function for V5, it suffices that

1- FU(Uu) < N
1-Gyw(vu) 1—Gyy(vy)

= H(v,)N~(e79),

Assumptions (A6-7) are used to derive the order of the bias in estimating the marginal effect components.
For purposes of establishing consistency irrespective of whether the X’s are bounded, Assumption (A8a)

implies that the following expected log-likelihood is bounded and continuous in 6:
N
L) =) H{Viel,} > Yi(dy,dp) In(P; (dy,dp; 0)).
=1 d1<ds

while (A8b) is useful for obtaining consistency for the case in which several of the explanatory variables
are unbounded. In addition to the above assumptions, we also need a number of definitions for densities,

probability functions and estimators. These are given below.

D1. The estimator for marginal effects. Define:

> wi Vi K (0= Vi) [hs] Ya39,
3w K (0= Vaj) [hs] Ya;5;

i

where K is a regular symmetric kernel, window hy; = O(N~273),% ¢ is a small positive number,

> Throughout the window is set to be o(V)N ™", where (V) is the standard devation of the index in the kernel. The order
of the window needs to be N™" were r < .2. To simplify the form of other expressions that depend on this window, we set
r=.2-—3e.

10



which is set to be 0.01 in the Monte Carlo simulations; and S’j is a smoothed trimming function on an

estimated high probability set that depends on a (see (D3-4)).

D2. Expectation and Density Components. For k£ = 1,2, and d = 0, 1, define:

N vy-dg 1-d,
. Y31 = Vi) % e — i
tr; di, h) = J K J
fr (tk; di, h) ; NF [ - }
D3. The S-function. With b > 0, define S(7,z) = 7 (w, gy, (v2)) T (),
0, zeR1l ={z : 2 < 0}
T(x) = 1—expﬁ, xeR2={x:0<x < b}
1, zeR3 = {x : x > b}
1 N~
= =F — / <.2
e DI e ) I AT S

The integer k is set to ensure that S is as many times differentiable as is needed at © = 0. The T'(x)

is adapted from A&S.

D4. True and estimated high probability parameters aony and a. Let S; = S(7 (w, gv;, (v25)) , (a, Paj))where

1 _1P2> “ln (N“)]

sla ) = |n

To define the estimator corresponding to S;, let

P > ﬁyﬁKT [(Vaj — Vai) /hr]
DY ~ie K1 (Vo — Vai) [hr]

where K7 a normal twicing kernel (Newey, Hsieh and Robins, 2004) and hy = O(N~1). Next, in the

notation of (D2), define the density estimator:

to — Vaj
ho

N
N 2 A 1
gva(ta) = fa (ta;dz = 1, h2) + fo (t2:da = 0,ha) =y Vi K ),
—

with window he = O(N _'2). When the value t; is replaced by the observation Vji, the above averages

are taken over the (N — 1) observations for which j # i. Referring to (D3), define the estimated

11



S-function as:
N N—¢ N
Sj ES(TJ (w,gvg),m(a,Paj)),w lnNaZsz(VQi)/N'

Further, for k = 1,2, let:

ey Ixmg b () - S ke 8K [0~ Vig) b
B2 (8) = 28 B ($10) = S (o= va

2
Suppressing j subscripts, assume 1[9?(9521)\17) < 1 and is an increasing function of N~¢ for a sufficiently

large N. Further, for p below a positive finite bound p |, % = O,(N~2%). Then for & > 0,

A={a:0< ¢ <a<.4—¢c} and we define:5

— 2 2
— : 1—2a+ [E (S)
agN = ar%erjlln hsN 6@ -1
- 42 5
2 (5))
& = argmin |h,N172TeL X 7o
aeA Es <SQ‘7>

where hs = O(N~273¢) from (D1).

D5. Unadjusted Probabilities and Densities. Let o be the standard deviation for Vi, kK = 1, 2. For

the Yo—model, and employing (D2), let

1
Pr(Ya; = do|Vai = to) = fa (ta2;da, hun) / Y fo (t2;da, ) ,
da=0

where hy, = O(N~"™™), rp, = G—}re.

p o . —2ap ¢ [E(S)? .
In the definition of agn, substitute N for ES%0) Then, for N large:

4 —¢€
1+p

Replacing p with its upper bound yields the lower bound for a with ¢’ = ‘14;;. The upper bound follows as p becomes small.

12



For the Yi-model, conditioned on Y5 = 1, let:

1
Pr(Yiu=di|[Yoi=1,Vi=t) = f(t;d1,hic hac)/ Z £ (t;dy, hic, hac)
d1=0
: YV (- ,) Yy

tdy hies hoe) =
f(7 1,71 2) ]z; NhlchQC

t1 — Vi, to — Vaj
K
( hlc ) ( hQC )7

where hic = O(N7"¢), hge = O(N7"¢), 1. = g}re. The joint probability estimator is then given as:

Py(dy,da; 0) = Pr (Y1, = di|Y2; = 1, V; = 1) 13;(3/21 = da|Va; = t2).

Let gy, (t1) be the marginal density for V; at ¢; and the corresponding estimate:

1 t1 — V1j
K

N
gvi(t1) = fi (tisdi = 1, ha) + fi (t1;d1 = 0, k) = Z
=1

where h; = O(N~2).When the value #;, is replaced by the observation Vjj, the above averages are

taken over the (N — 1) observations for which j # i.”

D6. Interior Index Trimming. Let VkU and VkL be upper and lower sample quantiles for the indices:

Vi = Vi (0), k = 1,2. Define smooth interior trimming functions as

Tr(te) = {1 + exp (IH(N) [VkL B tkD} R

* [1 + exp (1H(N) [tk - V’fUD] h

D7. Adjusted Semiparametric Probability Functions. Referring to (D5), let gor(d2) be a lower

sample quantile for fg (Va;dz), and ¢r(dy) a lower sample quantile for f (V;dy). Then, define the

adjusted estimates as

f3 (ta;da, hen) = fa(t2;da, hum) + Do(71, Gor(d2))

with AQ(%], (ng(dz)) = N_Tm/2 [1 — 71 (t2)] (jQL(d2)

"It can easily be shown that all estimators with windows depending on population standard deviations are asymptotically

the same as those based on sample standard deviations. For notational simplicity, we employ population standard deviations
throughout.

13



F*(t;dy, e, hoe) = f (t5dy, hae, hae) + A(71,Gr(dr))

with A(77,4r(d1)) = N2 [1— % (t1) 71 (t2)] dr(dr),

where Ay, hi. and hg. are defined as in (D5). Adjusted probabilities are now given as:

—

Pr (Yoi = do|Vai = to) = f3 (ta; da, b Z 3 (t2; da, hum

Pr(Yi=diYai = 1,Vi=1t) = f*(t;dy, hac, hac)/ > f (tdy, hae, ha)

Pr (Yi(dy,ds) = 1|V; (6) = v; ()
Pr (Yii = dy|Ya; = do, V; = £) x D1 (Ya; = da|Vas = t) .

B} (dy, da; 6)

D8. Optimal Semiparametric Probability Functions. Referring to (D5), let
8 (tarda) = fo (taida, ho)s O (tidr) = f (tda, Mo, hao)

where h, = O(N~/%) and hy, = O(N~'/%), hyy = O(N~1/5). Then, define

1/3\1“0 (}/2, = dQH/QZ = t2) = t2ad2 Z f2 t2ad2)

Pr’(Yi=di[Ys =1Vi=t) = f°(t;d1)/ Z 2 (t:dy)

d1=0
Po(di,dp;0) = Pr’ (Yi(dy,ds) = 1|V; (6) = v; (6))

—~0 0
Pr (Y1, = di|Ya; = do, Vi = t) * Pr (Yo; = da|Vay = t2) .

D9. The Initial Estimator for Index Parameters. Define the initial or first stage estimator as

0 = argmaxL (6),
0
Lo = ZI{Xcle\II b S Yildi,da) 1n(}(d1,d2;9)).
d1<ds
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Let
0i (dv,da; 0) = VoPi(dy, da; 0)/ Pi(dy, da; 0)

With X¢; as a vector of the continuous variable in X;, ¢r, as a vector of lower sample quantiles for

Xei, and Gug as a vector of upper sample quantiles for X, define U, as:
U, = {2 4re <z < {qust-

Define a gradient correction as:

( ) ZI{Xclﬁ‘I’x} Z [ (dl,dz, )—P{’ (dl,dg;@*ﬂ& (dl,dQ;é>,

d1<d2

With H (91) as the estimated Hessian matrices from ﬁ, the adjusted initial estimator estimator is

i1 (8r) " Cx (01)

D10. The Final Estimator for Index Parameters. With V; = Xy; + Xgié?, 41 as a vector of lower

defined as

[wa )l
~ Q
Il
[wayy

sample quantiles for the Vi’ s, and Q. as the corresponding vector of upper sample quantiles, define
v, as:

N

\IIUE{’U:qALv <’U<(jUU}.

Define the second stage estimator as follows:

= argmaxL* (0).
0

i*) = ZI{VG\I/ b Y Yidi,da) 1n(}*(d1,d2;9)).

d1<dsg

Let
8; (dy,do;0) = Vo Pr(dy, dy; 0)/ P (dy, do3 0),

15



and define P° (dy,d;0) as in (D8). Then, define a gradient correction as:

N

CV (é*) = ZI{ViE\iJU} Z [Pz* (dl,dz;é*) — pio (dl,dg;é*)] 8: (dl,dg;é*) .
i=1 d1<dz

With H* (@*) as the estimated Hessian matrix from L* above, the adjusted final estimator is defined

as

As mentioned in Section 3.1, the S-function in (D3) plays an important role in the marginal effect
estimation by smoothly restricting observations to a high probability set and at the same time ensuring
that density denominators are not too small. Assumption (A5) ensures that there is no conflict in these
restrictions, which is further illustrated in Section 5.2. By restricting observations in this manner, we affect
both the bias and the variance of the estimator. For example, if the high probability set parameter is set too
high, the bias will be small but the variance will be large due to the small "effective" sample size. Similarly,
if the high probability parameter is too small, then there will be a substantial bias in the estimator. The
moment conditions in (D4) reflect the bias-variance trade-off in estimating the marginal effect. From Lemmas

34,

bias? O(hsN1722) [E(S)]2
o ()= iy Y

var

To maximize the rate at which the mean-squared error tends to zero, the order of the bias squared and
the variance are usually set to be the same. However, to ensure normality we require that the bias squared

vanishes slightly faster than the variance. This requirement generates the moment condition in (D4).

5 Marginal Effect Estimators

5.1 Proof Strategy

Before providing theorems on consistency and normality, we discuss the proof strategy for the marginal effect
estimator. To facilitate the discussion, we begin with the following simplified (and infeasible) estimator:
S { YK (0= Vi) b} (v258))

T = T S ) | (10
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which differs from the original estimator (D1) in that it depends on a known high probability parameter, an
S-function that depends on a known semiparametric probability function, and a denominator which is the
population expectation corresponding to the denominator of the original estimator. Our strategy is to first
analyze the infeasible estimator and then establish its relation to the original estimator. In the Appendix, we

establish the orders of the squared bias (Lemma 3) and the variance (Lemma 4) for the simplified estimator:
Bias® [y (v,a)] = O [b3 (v,a)];  Var[y(v,a)] = O [vn(0,a)].
To balance the bias/variance trade-off, we could set agn such that
b3 (0, a0n) = vn (T, agn).

Then, with by and Ox as estimators for the bias and variance functions, we could set a to satisfy:

8?\/ (l_)v d) = @N(,l_% d)
However, to establish asymptotic normality, we actually set agy such that the square bias vanishes at a rate
close to but slightly faster than the variance and similarly for a.
With estimated and true high probability parameters set as above, we show that it suffices to analyze

the simplified, infeasible estimator by showing that:
1/vn (D, aon) [7 (B,a0n) — ¢ (0,8)| = 0p(1).

It is then possible to establish asymptotic results for the marginal effect estimator. The proofs are in the
Appendix.
We note that unlike the index case, the proof of asymptotic normality for the marginal effect estimator

is not based on v/ N-asymptotics. Employing the characterization above, we show that

ME — ME
ST 4 2o N(0, 1),

=~

Vn

where with Vjy interpreted as a deterministic variance sequence, Vy — Vi 2.0. The convergence rate for
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the marginal effect estimator is given by the order of v/Vy and is not known a priori. It depends in part on
tail properties of the index and error distributions in the selection equation. Consequently, proofs are quite
different than in the case of v/ N-asymptotics. Nevertheless, as in A & S, the limiting standard normal result
makes it possible to conduct inference as usual. We provide an illustrative example in which we determines

the convergence rate below.

5.2 Illustrative Example

In this subsection, we provide an illustrative example to show the importance of the tail assumptions and their
implications. When these assumptions hold, we will determine the high probability set and the convergence
rate for the marginal effect estimator. For this example, let £y and Gy, be the following Weibull distribution

functions for the selection error and index, respectively:
Fy (u) =1 —exp(—u°); Gry(v2) =1 — exp(—v2). (11)

The theory depends on being able to control for density denominators while still having a sufficiently large
number of observations in the high probability set. To ensure that estimated selection probabilities converge

to the truth, we trim observations to ensure that:
v, (v2) = exp (—v2) > N™° & vy < eln(N). (12)
On the other hand, to be in the high probability set, we select those observations for which
Py=1—exp(—v§) >1—N"% vy > [aln(N)]¥° (13)

If error tails are fatter than index tails (¢ < 1), (12) and (13) cannot hold simultaneously. In this case, for
a large N the set of vy values satisfying (12) and (13) will be empty.

If ¢ > 1, then index tails will be fatter than error tails as we have assumed. In this case for a large IV,
there will be a set with positive probability (calculated below) on which both conditions hold. For this case,
we proceed to find the high probability set and the rate of convergence for the estimator. Assuming for

simplicity that selection and outcome indices are independent, from (D4), the high probability set parameter,
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agn, satisfies:

—2agN 2
In (hsljr\lfjvz ). 1](11N N ([E(Sl] ) . (14)

Notice that the second left-hand term converges to zero from the proposition below. Then, with hy = N 2732,
aogn satisfies:

.8—26—2a0N—>0.

Therefore, in large samples, agy = .4 — €. Further, it immediately follows from the proposition below that

the convergence rate of the marginal effect estimator will be

Nhs [E(S))*

O E(S7) =0 (\/Nhs exp[(—aon In N)l/c> :

Proposition 1 % = O(exp[— (aIn N)l/c])'

Proof. We establish the order [ggg%]; by bounding the S-function for large N. We begin by bounding the

T—component of the S-function that controls density denominators. Since T is an increasing function of the

index density, gy, (v2), suppressing the w argument of the T function, with any 0 < 6 < 1, we have:

T(gv2) T(gve) * Hgva > (1 = 0)w} + 7(gv2) * I{gve < (1 —d)w}

< Hove > (1 =6dw} +7(gve = (1 - 0)w),

where T (gy2 = (1 — 6)w) vanishes exponentially fast. For the lower bound on T :

7(g9v2) T(gv2) * H{gve > (1 + d)w} + 7(gv2) * 1L{gvs < (1 + 0)w}

> 7(gva = (1+d)w)H{gv2 > (1 +0)w},

where T (gve2 = (1 + §)w) converges exponentially to 1. It now follows from the definition of S in (D3-4) and
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(12-13) that:

ST < S=7(gv2)T(X) < 87,
ST = tlgva=(1+0w) grs> (1+ 0wl {X > b}

_ ﬂwp4LMWH{MMN+Wk§%g—mm+®M}
St = Ugva> (1- OwHL{X >0} +7 (g2 = (1 - )w)

= 1{lem N < Vo < —In(1 = 8)w} +7(gva = (1 - 6)w).

Recall (11),when ¢ > 1,

B(57) = [V (14 )] 7 (gvs = (14 0)w)
7] = [ ] i 0
E(ST) = e N (1 _ )+t 7 (gya = (1 d)w)
B((st)’] = [em M — (=8| [1+ 27 (gva = (1= )w)] + 7% (gva = (1 = 0)w).

Since T (gy2 = (1 + 0)w) and 7 (gy2 = (1 — 0)w) converge exponentially fast to 1 and 0 respectively and since

[aln N]Y/¢

(1—0)w converges to 0 faster than does e~ , each of the above expectations has order O(exp[— (aln N)Y)).

[E(sT)]
<52> < B

2

it follows that [E(S)? = O(exp[— (aln N)l/c]). [ |

Therefore, as EE[(S+]2 S [B(S B(S2) —

5.3 Asymptotic Results

Theorem 1 (Consistency). Refer to (6), select the high probability set as in (D4), and assume that
NhE(S|V1 =0) — o0

as N increases. Then, under A1-4,A5(b),A6-7,
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Theorem 2 (Normality). Refer to (6) and (7), let

~

Vv = Var(y(ve,aon)) + Var(y(vb, agn))
C(@.a) [1=C0.8)] X K20 iy) /h) S5
Nh,E2 (sw) 32 (v)

where 17077*(7(77, aon)) =

Then under A1-7,

ME — ME
S 4 2N, 1).

=

Vn
6 Index Parameter Estimators

6.1 Proof Strategy

To provide an overview of the theoretical arguments, we note that the consistency argument is rather
standard except that we need to accommodate the bias controls used in the normality arguments. The main
challenge is in the proof for normality. As discussed earlier and as shown below, we employ a two-stage
construction in order to exploit Newey’s result on probability derivatives for controlling the bias. In the first
stage, we trim on continuous X'’s and obtain parameter estimates by maximizing the quasi-likelihood in
(D9) and then make a bias correction. In the second stage, with trimming now based on the estimated index
and with probabilities "adjusted" to ensure consistency (by controlling density denominators away from the
truth), we maximize the quasi-likelihood in (D10). From standard Taylor series arguments, with H (67) as

the Hessian to the objective function at an intermediate point, the estimator 0" satisfies:
VN (07— 00) == (0) VN[44 B
where

A* = fZI{VE\I/ } Z dl,dg i(dl,dg;eo)]gz (dl,dg;eg)
d1<d2

&
I

NZI{Ve\II } Z |: dl,dg,eo) i* (dl,dg;eo) 8: (dl,dg;go)
d1<d2

5; (d1,d2;0) = VoPy(di,do;0)/ Py (dy,do; ).
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While it is relatively straight forward to analyze the Hessian and A* components, the B* component
involves bias issues. We deal with this problem by employing a bias correction that effectively enables us to
replace this component with one with desirable bias properties. Employing the correction factor in (D10),

our final estimator is

We show that it has the following convenient form:
VN (87— 80) = —f (67) " VN [A" + B°] +0,(1)
where with ]5{’ as an estimated probability function based on an optimal window,

N
R 1 . . ok
BO = NZ VG\I/ } Z [Pz (dl,dg;eg) —PZ-O (dl,dg;go) (51 (dl,dg;eo).

To analyze vV N (90 — 90> , from standard uniform convergence arguments, the Hessian component con-
verges to a fixed matrix. To analyze the A* component above, we employ Lemma 2.17 in Pakes and Pollard

(1989) to deal with the indicator on an estimated set and a mean-square convergence argument to deal with

Ak

(5 We show that with §; = Vngi(dl, da; 90)/Pi(d1, do; 90),

Z[{VG\I/ } Z dl,dz i(dl,dQ;GO)] 62+0p(].)
d1<d2
For the B° component, employing convergence rates for estimated indicators, probabilities and probability

derivatives, we show that:

72]{‘/6‘1’ } Z [ dl,dg,eo) Z-O (dl,dg;eo) 51'—1—017(1).

d1<d2

We show that the expression on the right-hand-side is asymptotically equivalent to a U-statistic with ex-
pectation 0. This follows from Newey’s result which ensures that E [§;|V] = 0. From standard projection
arguments we are able to show that this U-statistic vanishes in probability. Asymptotic normality then

follows. Consistency is relatively easy to establish. Detailed proofs are in the Appendix.
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6.2 Asymptotic Results

In the theorems below, we note that the consistency holds under much weaker window conditions than does
normality.
Theorem 3 (Consistency). Assume that each index satisfies the identifying assumptions required for

single index models.® Then, under (A1-4,8),

*

02 00,0 L 0,0 2 0,.

Theorem 4 (Normality). With L (0) as the limiting likelihood of L* (f) defined in (D10) and with H
as its Hessian matrix, define Hy = E'H (0p) . Then under (A1-4,8):

VN[0 - 6o & 27N (0, — ).

7 Simulation Evidence

In this section, we consider the finite sample performance of the estimator in four different models. These
differ according to: i) whether or not the model is threshold-crossing; and ii) whether the continuous variables
and errors follow a Normal or Weibull distribution. The first two models we consider have threshold-crossing

structures. The first model (TNorm design) has normal errors and is given as

i = I{\/§(X1+X3)>e}

Yo = I{\/ﬁ(XQ—Xg) >u},
where Y] is observed when Y3 = 1. The errors and the continuous X7s (X1, X5) are generated as

U,XQ ~ N(O,l)
€ = 2u+z, z ~ N(0,1)

X, = X2+2Z1, z21 ~ N(O,l),

8See, for example, Ichimura (1993) or Klein and Spady (1993).
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and rescaled to each have variance one, while X3 is a binary variable with a probability of .5 on each of
its support points, {-1,1}. Notice that the indices have a standard deviation of 2. For the second index,
this ensures that the index has fatter tails than the error, which is theoretically needed in estimating the
marginal effect.

In a second model (TWeibull design), the selection error is non-normal while the model structure stays
the same. The error u follows a Weibull (1,1.5) distribution giving a right tail probability of exp(—u!-5).
We set X5 to follow Weibull (1,1) distribution so that the tail comparison condition is satisfied. As stated
above, all the variables and errors are rescaled to have zero mean and variance one.

In the third (NTNorm design) and fourth (NTWeibull design) models, the Y7 equation has the following

non-threshold-crossing structure:
Yi :I{X1+X3 > s [1+(X1 +X3)2/4} e},

where the variables are generated as in the previous models. Note that s is chosen to ensure the right-hand-
side of the inequality is rescaled to have variance one as above. Similar to the first two models above, here
the third and fourth models differ according to whether Normal or Weibull distributions are employed.

For all models we set N = 2000 and conduct 1000 replications. We compare the finite sample performance
of the semiparametric marginal effect estimator with the bivariate probit counterpart. We also compare
the parameter estimates upon which these marginal effects are based. Finally, we provide results for the
estimation of the high probability set. Notice that there is an infinite number of marginal effects because
there is an infinite number of base levels and evaluation levels. Here we report the marginal effect of moving
X1 from its median level to one unit above while keeping the binary variable X3 at zero. Finally, we set

b = 0.01, with b as a parameter in the definition of the high probability trimming function 7" in (D3).
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Table 1. Estimation of Marginal Effects

Truth Bivariate Probit Semiparametric

TNorm 0.33 mean 0.34 0.32
std 0.03 0.05

RMSE 0.03 0.05

TWeibull 0.29 mean 0.37 0.31
std 0.06 0.06

RMSE 0.09 0.07

NTNorm 0.47  mean 0.36 0.48
std 0.08 0.05

RMSE 0.13 0.05

NTWeibull  0.43 mean 0.47 0.48
std 0.17 0.06

RMSE 0.18 0.08

With results for the marginal effects shown in Table 1, overall the semiparametric estimator performs
well in all designs with a small bias and standard deviation. In contrast, the bivariate probit counterpart
does not perform well outside of the TNorm design where bivariate probit is correct. In the TNorm case,
where bivariate probit is the correct specification, it does indeed have a small bias and standard deviation
and performs better than the semiparametric method. In the TWeibull case, the semiparametric method
shows significant advantage in terms of the bias. The bias of the semiparametric marginal effect estimator
is .02, while the bivariate probit counterpart has a bias of .08, which is almost 30% of the truth (.29).
When we move onto the non-threshold-crossing designs, we continue to see the semiparametric estimator
performing significantly better. In the NTNorm case, the semiparametric estimator has both smaller bias (
.01 vs .11) and smaller standard deviation (.05 vs .08). In the NTWeibull case, the semiparametric estimator
still performs much better than the bivariate probit in terms of both bias and variance, resulting in a much
smaller RMSE (.08 vs .18). Most of the advantage comes from the standard deviation (.06 vs .17). We have
also explored the sensitivity of the results to the point at which the marginal effect was calculated and found
that a larger sample size is needed for the marginal effects estimator to perform well when we evaluate it

further away from the center of the distribution.
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Table 2. Estimation of Index Parameters

Bivariate Probit Semiparametric
Outcome Selection Outcome Selection

Coef(X1) Coef(X3) Ratiog; Coef(X2) Coef(X3) Ratioga Ratiog;  Ratioss

TNorm
mean 1.01 1.02 1.01 1.00 -1.00 -1.00 0.98 -1.02
std 0.07 0.13 0.11 0.05 0.04 0.03 0.07 0.04
RMSE 0.07 0.13 0.11 0.05 0.04 0.03 0.07 0.04

TWeibull
mean 1.20 1.20 1.00 1.02 -1.06 -1.05 0.94 -1.04
std 0.09 0.23 0.16 0.06 0.04 0.04 0.06 0.04
RMSE 0.22 0.30 0.16 0.06 0.08 0.06 0.09 0.06

NTNorm
mean 0.96 -1.02
median 1.07 1.13 1.04 1.00 -1.00 -1.00 0.97 -1.02
std 0.05 0.04
MAD 0.11 0.14 0.08 0.03 0.03 0.02 0.04 0.03
RMSE 0.06 0.04

NTWeibull
mean 0.93 -1.04
median 1.51 1.46 0.95 1.03 -1.04 -1.05 0.93 -1.04
std 0.05 0.04
MAD 0.52 0.47 0.08 0.05 0.06 0.05 0.07 0.04
RMSE 0.08 0.06
We provide the index parameter estimation results in Table 2. For semiparametric estimation, the
parameters are identified up to location and scale, hence we report Ratio;»,lzzgg}cgi’ ; in the outcome equation

and Ratiogo= igi;gg%

in the selection equation. Notice that for the non-threshold-crossing designs, we report
the median and median absolute deviation (MAD) for the bivariate probit estimators because there were a

number of replications where bivariate probit performed extremely poorly. The semiparametric estimator,
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however, does not have this issue, hence we report not only the median and MAD but also the mean, standard
deviation, and RMSE. For the parametric case, we also report ratios to facilitate direct comparisons with the
semiparametric method. For the selection equation, over all designs, both parametric and semiparametric
estimators perform quite well. Regarding the outcome equation, the semiparametric estimator performed
better in all designs and usually by a substantial amount in terms of MAD or RMSE.

We also investigated using higher order kernels for estimating index parameters as an alternative to
the bias controls implemented here.? Due to convergence problems, we found it necessary to examine this
estimator on a two-dimensional grid, which was quite time-consuming. Accordingly, we only examined 100
replications for each design (at which point the estimator seemed quite stable). For the selection equation,
the RMSEs were similar with the exception of the TWeibull design. For this design and for all designs
pertaining to the outcome equation, the RMSEs under higher order kernels were more than twice as large
as that under regular kernels.

Lastly, we provide the estimation results for the high probability set parameters. The means of a
with standard deviations in parentheses are as follows: .32(.004), .29(.005), .29(.004), .29(.005) for TNorm,
TWeibull, NTNorm, NTWeibull, respectively. While the variances for all of the estimates are quite small,
it is difficult to evaluate the performance of the estimator without knowing agy. Accordingly, we examined
the performance of the estimator for the following example where the error and index densities have the
following Weibull form:

1 — Fy(u) = exp(—u™); 1 — Gy, (v) = exp(—v™),
with ¢, = 1.5 and ¢, = 1 so that the index tails are fatter than those of the selection error. It can be shown
that by setting b = 0 the moment condition is approximately equivalent to

2+ (aONlnN)i_l agn = .8 — 2¢.

Since agy depends on the sample size, we examined three different sample sizes: N = 500, 1000,and
2000. At each of these sample sizes, we solved the above equation for agy and conducted a Monte Carlo

experiment with 100 replications to evaluate the performance of & at the base level of the index.

9Tn our Monte Carlo studies, the higher order kernel we use is the twicing kernel for both index parameter estimation and
estimation of the high probability set parameter.
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Table 3. Estimation of High Probability Parameter

Sample Size agy  |Bias| Standard Deviation RMSE

500 0.279  0.037 0.027 0.046
1000 0.280 0.025 0.025 0.035
2000 0.283 0.019 0.009 0.020

Table 3 shows the results. The bias, standard deviation and RMSE are standardized by the truth agy.
It shows that the estimator & performs very well in terms of absolute bias, standard deviation and RMSE. It
also confirms that the absolute bias, standard deviation and RMSE all decline as the sample size increases.

As expected, agy increases slowly as the sample size increases.

8 Conclusions

This paper studies the binary outcome model with sample selection in a semiparametric framework. As
marginal effects are often of primary interest in this type of model, we propose a semiparametric marginal
effect estimator. This marginal effect estimator is based on observations in a high probability set where the
selection probabilities are above a cutoff. We propose an estimator for this cutoff and establish its large
sample properties. Based on that, we establish the large sample properties for our marginal effect estimator,
which takes into account that the cutoff and the selection probability are estimated. In a Monte Carlo study
we find that our marginal effect estimator based on the estimated high probability set performs quite well
in finite samples.

This marginal effect estimator is developed under an index framework so as to achieve good performance
in finite samples. Accordingly, it depends on an estimator for index parameters. In this paper, we propose
an index parameter estimator based on regular kernels with bias control mechanisms and show that the
estimator is consistent and asymptotically distributed as normal. While retaining these desirable large sample

properties, the Monte Carlo results show that this estimator performs very well in finite samples.
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9 Appendix

9.1 Main Results
9.1.1 Marginal Effect

Proof of Theorem 1. By Lemma 10,
Cn(0) [C(0,8) = o ()] = Cw(@)1(5,a0n) + 0,(1).

Lemma 3 characterizes the order of the bias of the estimator. Recalling the definition of the high probability
parameter in (D4), the bias in the estimator vanishes. From Lemma 4, the reciprocal of the estimator

variance has the following order:
NhsE (S[5)? /E (S*3) > NhsE (S|v),

which completes the proof as NhsE (S|v) tends to co as N increases.

Proof of Theorem 2. By definition, ME — ME = [&(UG, a) — Co(ve)} - [é(vb, a) — Co(vb)| . We begin
by showing that the covariance between these two components vanishes. Notice that ((7,a) — C,(7) is close
to (7, apn) from Lemma 10, which we can write as a sample average > _ +t; (0). The covariance is then of
the form E [tj (ve)ty (vb)]. For j # k, from independence and the vanishing bias of the expectation of each
term, this expectation vanishes. For j = k, the kernel function ensures that this expectation also vanishes
faster than N—1/2 as Vi; cannot be close to both ve and vb. Therefore, the variance is the sum of the
variances of vy(ve, agy) and y(vb, agn).

To provide the normality argument without assuming that the marginal effect components have variances
of the same order, we consider several cases. First, if O(Var(vy(ve,aon))) > O(Var(y(vb,aon))), then with

V = Var(y(ve,aon)) + Var(y(vb, aon)),

1
)
( V' Var(y(ve, GON))>

= O(Cn(ve)).

e
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Therefore, the characterization results in Lemma 10 apply to yield

ME — ME

7 = 0(Ox(we) [& (ve, aon) — Co (ve, aON)} +0p(1).

Asymptotic normality now follows from Lemma 9(b). A symmetric argument holds for the case where

O(Var(yy(ve,aon))) < O(Var(yy(vb,apn))). For the case where O(Var(vyy(ve,aon))) = O(Var(vyy(ve, agn)),

an argument similar to that in the proof of Lemma 9(b) shows that the relevant Lindeberg condition holds.
ME-ME @

Therefore, .~ Z~N(0,1). Employing similar arguments as in Lemma 9(a), it can be shown that

% 2, 0. Hence the theorem follows.

9.1.2 Index Parameters

Proof of Theorem 3. We provide the proof for 9*, with the arguments for the other estimators being
very similar. Lemma 11 proves that we can replace the ]51* with P in the objective function I:*(H), and
obtain L*(f) satisfying

sgp L*(0) — L*(0)| 2 0.

From Lemma 12,

sup [L*(0)] = EL(O)]] = 0.

To complete the argument, we must show that F [L(0)] is uniquely maximized at 6y. From standard
arguments, g is a maximum, and the only issue is one of uniqueness. With 6* as any potential maximizer,
it can be shown that any candidate for a maximum must give correct probabilities for all three cells:

(Y1=1,Y,=1),(Y1=0,Y2=1), and Y5 = 0. It then follows that for the Y5 = 0 cell:
Pr(Yy = 0]V, (05)) = Pr(Ya = 0|X) = Pr(Ya = 0|V (02)).
Under identifying conditions for single index models, 05 = €. For the (Y7 =1,Ys = 1) cell:

PI’(Yl = 1‘Y2 = 1, V1 (QT) ,V2 (9;)) PI‘(YQ = 1“/2 (9;)) =

PI‘(Yl = 1|Y2 = 1, V1 (910) 5 Vé (920)) Pr(Yé = 1|‘/2 (920))
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Since 65 = Oy0:
Pr(Y1 = 1Yz = 1,V1 (b10) , V2 (020)) = Pr(Y1 = 1Yo = 1, V1 (1) , V2 (620)).
Solving the first probability function for V; (619), for some function Y we have:
Vi (010) = Y(V1 (1), V2 (020))-

holding for X in some set. Since V5 contains a continuous variable that does not affect V7, differentiating
both sides with respect to this variable yields 0 = V,,, Y. Therefore, T must only be a function of the first

index and is equal to Vi (010). Identification now follows from conditions that identify single index models.

Proof of Theorem 4. From a Taylor expansion, the second stage estimator has the following form:
N
A% « * A% ~O A
(9 - 90) — i (0%)” Z Z [ (di,do) — P (dv, da; 80)| 67 (dv, do: 60) I{V; (91) e,
i=1 d1<dy
where T is an intermediate point. Using the notation in Lemma 15, the above can be written as
(0"~ 00) = 117 (67) " (4" - B").

Referring to (D10), we begin by simplifying the adjustment factor by showing that:
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From the definition of 87 in (D10) and employing the result above:

VN (90 - 90) - VN (?)O — o+ H* (07) ' Cy (90)) +0,(1)

= —H* (07) 7 VN (A" = B°) + 0,(1),

where

N
1 o A0\
NZ > [ (d1,d2; o) — i(d1;d2§90)] 6; (d1,da;00) I{V; (91) €Wy}
i=1dy<d
From Lemma 15a, vV N [A* — Aj] = 0p(1). From Lemma 16, vV NB° = 0,,(1). The theorem now follows.

9.2 Intermediate Lemmas

This section provides three types of lemmas: 1) basic lemmas required by all estimators, 2) lemmas required
to analyze the marginal effects estimator, and 3) lemmas relevant for the index estimator.

9.2.1 Basic Lemmas

Referring to (D5) and with an arbitrary small positive number ¢ and k = 1,2, define

VkN(h) = {’Ug : ak(dk) + hlf& < < bk(dk) — hlfe} (15)

Vn(h) = {v : ac (di) + h' ™% < v < be (dgy) — K5} (16)

If the conditional density gy, |y, (vk|Yx = di) has compact support, interpret [ax(dz2), bi(dz)] as that support.
Similarly, if the conditional density gy |y (v|Y1 = di, Y2 = d2) is compact, interpret [ack(dy), ber(dr)] as the
corresponding support. When these supports are unbounded, we let Vj,x and Vy approach all of R! and R?

respectively, as N increases.

We begin with two basic lemmas on uniform and pointwise convergence rates. As the proofs of these
lemmas are standard in the literature (see, for example Bhattacharya (1967) for a discussion of density
estimators and derivatives and an extension in Klein (1993) ), they are not provided here but are available

upon request.
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Lemma 1. Uniform Convergence. For 1 any p!" differentiable function of 6, let Vg (1) be the
p'" partial derivative of ¢ with respect to 6, V9 () = 1. Let fa, f, and gvy ,be the estimators in (D5) with
respective probability limits fa , f and gy,; let gy, be the estimator in (D4) with probability limit gy, . Denote
m as the kernel order, where m = 1 for regular kernels and m = 2 for twicing kernels. Then, under Al-4,

for 6 in a compact set), the following rates hold for p = 0, 1, 2:

1
. P : 2m :
a) : St.llig V (f (tk, dk, h)) fk tk; dk, ’ = <m1n [h s \/th+1:|> with thVkNUL)
A 1
. P . _ P . _ : 2m :
b) stuep Vo (f (t;dy,da, h)) Vo (f (t; dl,dg,h»‘ =0, <m1n [h i +2}) with teVn(h).

A

If sup |Ai; (0) — Ayj (9)’ = Op(N7t) for j =1,2 and itnnggj (0) > N~% for s < t, then
t,@ ’

Ay (0) Ay (0)
/12;' (9) A2j (9)

¢) : sup

= Op(N~(=9)),
t,0

Lemma 2. Pointwise Convergence. Using the same notation as above in Lemma 1, under Al-4

a) : ‘ <f (s dy, )) b (fr (te; di, b) ‘ = <min [hma WD
b) ‘Vg (f(t§d1>d2,h)> - Vy(f (t;d17d2ah))‘ =0y <min {h2m7\/]vlhw]> :

If | Ay () — Ay (9)) = 0,(N~*) for j = 1,2 and Ag; (6) > N—* for s < ¢, then

9.2.2 Marginal Effects Lemmas

Lemma 3. Under A1-4,A5(b),A6-7, with {, () = Pr(Y; = 1|V} = 0) and v = (7, a) as in (10),
[E (vn)| < By = O(N"“E(S)/E(S]v)).

Proof. With P» = Pr(Yy = 1|V2) and puy(V1,Va) = E[Y1— (o (0) Y2 =d,V1, V3], and v, as the
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numerator of 7y :

Bl = BGom(a K [(0- Vi) /1] )P

= //M(T_) + hsz,v2) K (2)SPag(v + hsz, v2)dzdvs.

Using a Taylor series expansion,

B (70)] < \ [ (@0 Pa8g(0, )i

+ |RES].

Note that pq(0,v2) P2 + po(v,v2) (1 — P2) = E[Y1 — (y(v) |[Vi = v, V2] = 0, hence for the first term on the

right-hand side,

)/NI(U)UQ)PQSQ(%UQ)CZUZ

= ‘/MO(U,UQ) (1 — P) Sg(v,v2)dvy

<0 <N‘“ / Sg(@,vg)dm)

= 0 (N_agvl(@)/kggvgv1(1)2|17)dv2>
— O(N"E(S|)).

The second term on the right-hand side (JRES]) is a residual term from the Taylor series expansion. Under
A4,A7, it is O (h2E(S)) . Therefore, combining those two terms, the slowest rate would be |E (y4)| =
O(N~%E(S)) since O(h?) < O (N~%) and O(E(S|v)) < O(E(S)) from (A6).

Lemma 4. Under (A1-4,A5b,A6-7) for v defined in Lemma 3 and agy defined in (D4),

1

—==0(Cn(v)).
= 0(CN()
_\ _ VNhE(S]5)
where Cn () = JE) 2
Proof. For agy set as in (D4), (‘fa(q?(];])\?) — 0; hence

Var(y) = O <E<[Y1 — o (@) K*[(v — VA1) /hs] Y252>)

Nh2(E(S|Vi =) g, (v)
- 0 <E(K2 (v — VA1) /hs] $?)
NhZ(E(S|Vi =%))* )~
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Letting z = (Vi — ©) /hs, the result follows from a Taylor series expansion about hs = 0.

Lemma 5. Recall (D3), let

Tio = T(w(bo),gv, (Vi (60)))
Ay = [A (9) —w (00)}
Agi = [AVQ (V% <9>) —gv, (Vo (90))}

Then, under (A1-4) there exists 6 > 0 and a large number K such that:
Ti = Tio + Tio * Op (N_6> +op |:N_K6:| ,

where each o, term is uniform in s.

Proof. From a Taylor series expansion in w <9) and gy, (Vgi (é)) about w (Ap) and gy, (Va; (6o)) :
%i:TiofTio(lfTio)Na [A11+A21]+ (17)

To complete the proof, we will show that there exists § > 0 such that N*Ay; is o, (N ~9) uniformly in i.
Since A1; depends on the difference between a sample average of density estimators and the expectation of
the true density, it can be shown that this term converges in probability, uniformly in ¢, to zero faster than
Ao;. Suppose we stop the Taylor series expansion at K, the remainder term is o, [(N *5)K] uniformly in ¢
from Lemma 1 under (A1-4). Therefore, 7; = 70 + Ti0 * 0p (N*‘s) +op [N*K‘S].

To establish the uniform convergence of N“As; upon which the above argument depends, note that
N%Ag; = N [ﬁvg (V2i (é>> — 9v; (Vm (9))} + N® [QVQ (V2i (9>) —gv, (Vai (90))} :

With gy, depending on a window hy = O(N~2), from Lemma 1, gy, (Vgi (9)) — g, (ng (9)) = 0,(N~3)
uniformly. Hence as as o < .2 in (D3), we can find § > 0 such that the first term is of order N~%. Since

gv, has bounded first derivatives under (A4), the second term vanishes faster than the first under a Taylor
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series argument and an index parameter estimator 0 that satisfies {@ — 00] = Op(N =9,
Lemma 6 below provides a result needed to obtain the convergence rate of a — agn.

Lemma 6. Let

N—Z(a—.4+€)

)
2
—
S
~—

I

Mi(a) = E(S)?

5
~
N
Il

E(S2[0).

NICICIEC i
@ By (52/9) — My(a) = o (v) 1)
L/ A\12
and cy(a) [;42((2)] —%;EZ; = 0O, (N_5> (19)

Here, we provide the proof for (18); the proof of (19) is very similar. Recall the definition of & in (D4),

~ A\ 72
2 (9)]
CN((AI>A<A> = N*2(a*~4+5) * h;lN*(1*2a+8)
Ey 32’17
= N 2at.8-2 O(N.2+3sf(1f2a+s))

= 0(1) (20)

because hs = O(N~273) from (D1). The term in (18) can be written as

| 2 (3)] (Mg(&) _ B (320)) o (M2<&> — B (5%)) o

Ma(a)
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Ms(a)—E2(52|v)

Hence it suffices to determine the order of () . Recalling (D3), it is equal to

(B2 (217,20, Bo)] [0) = Ba (82 |7,0(a, Pu)| 0) |

\ [Mg(d) — By (S?[r,2(a, P))] !@)]
Ms(a) ’

Ma(a)

To show the first term in (22) is O,(N~%) with § > 0, notice that

S2 (7, 2(a, Py)] — S2 [%,a:(&, Pa)} = 7272 (x(a, Py)) — #2772 (:z:(d, Pa))

= 72 [TQ (z(a, Py)) — T? (x(&’ p"“)ﬂ

We start by showing Ey [Ta|7] /Ma(a) = O, (N79). From a Taylor series expansion in B,

m—1 ~ k
T2 (w(a, Pa)) — T(x(a, P2) = > 72" (wla, P) |22 |
Hm ~ Pa - P "

(22)

where [T2]I(m) is the mth derivative of the function 72 w.r.t. z, and P; is an intermediate point. Then,

noting that trimming keeps the density for Vs at o bounded away from 0 (D3), Fy [T4|7] /Ma(d) = O, (N79)

if
N 1 p P k B
~ ai % UV — U ~ —
A, = ZNT’? [T2]/(k) (z(a, Pa)) - P2-2 Ky < I )/MQ(a)hT =0, (N 6)
=1 7
N m _
1 m A P!M — Pz v —; R B
A, = ZNT? [TQ],( ) (x(a, P;;)) 1_ P; Ky ( Iy > /Ms(a)hr| = O (N 6) .
=1 7

For Ay, setting k = 1 for expositional purposes,'? the term will be bounded above by

~ N

Py — Py (1)) n 1 . v — vy .

—a 2 ) ' Py — 7 % 2T (x(d, Py)) K- M. :
sup ( 1_ b, >T (z(a, Pai)) *;:1 i * 2T (x(a, Po)) 2( I )/ 2(a)hr

(23)

0Higher order derivatives of the T-function are bounded and keep z in the R2 region same as does the original T-function in

(D3). Moreover, higher order terms converge faster to 0 than lower order terms.
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where T"™) is the mt" derivative of T w.r.t. z. The sup component has order:

T (pai - P2i)

inf N—@
a

sup
i,0

The numerator is O, (N _(4_5/)> from Lemma 1 because Pai is based on a twicing kernel with window
hy = N—! with 7; constraining the density denominator to be larger than O(N—¢"). The denominator is
0 (N*('4*5))from (D4). As e — &’ > 0 there exists § such that the sup component will have order of N9,

Turning our attention to the second component of (23), it is bounded above by

‘Zz]L %TiT(CIZ(a, Pyi) Ko (@f;}z> /hr — E(tT(2(a, P»))|v) E(rT(z(a, P,))|v)
P Ms(a) '

su
op Ms(a)

For the first term, denote a* as the value for a such that this term takes on its supremum. Under
a twicing kernel, from Lemma 1 it follows that with Ay = O(N~1), the numerator is O(N~4). For the
denominator, referring to (D3), notice that the S? function is bounded below by an indicator function set
to be zero when x is in either R1 or R2, and one when z is in R3. Hence Mz(a) is bounded below by the
conditional expectation of that indicator function, which is a probability that is of order N~% as the tail
of vy|7 is fatter than the error tail. Therefore, My(a) > O(N~%) > O(N—(479)) (see D4). Therefore, there
exists 0 < ¢ < ¢ such that

SN wriT(wla, Pa)K (52 /hr = B(rT (a(a, P2)) o)

sup Vh(a) = Op(N 7). (24)

Hence it suffices to show that sup%‘&?))lﬁ) = O(1). Referring to (D3), notice that

E(rT(x(a, Py))[0) _ 1 Pr(R2[o) + Pr(R3|0)

Ma(a) = e Pr(R2[0) + Pr(R3|D)
where
-
clT = FE |:]. — exXp M’R2,'U:|

E

C2

k 2
—T
(1 — exp M) ‘RZ,’I_}
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The above ratio converges to some constant irrespective of which of the regional probabilities converges
faster to zero. For the remainder term A,,, it vanishes faster than N9 for a sufficiently large value of m.
Turning to Ey [T5|7] /M2(a), from the expansion in Lemma 5 whose order K is set sufficiently large,
N _
vV — V;

By [Ts|v] /Ma(a) = o, (N—%)ZTzTQ(x(a,Pzi))&( " )/Mz<a>hT
i=1

As T?(x(a, Py;)) < T(z(a, Pa;)), it follows from (24) and the subsequent discussion that the second compo-
nent is O,(1), which establishes the order for this component. Employing a very similar argument, there
exists § > 0 such that By [Tc|o] /Ma(a) = Op(N~°).

To complete the argument, we need to provide the order for the second term in (22). For this term:

sup | Ma(a) — Ba (52 [ wla, P2)) o)
Ma(a)

My(a) — Bo (S? [, z(a, P2)] [0) <
Ms(a) a

Notice that the Fy is a twicing kernel and has an estimated density at v that converges to a positive

N—4
M>(a)

value. Then, from Lemma 1, with window hy = O(N 1), the expression above is O( ). From above,
My(a) = O(N~(472)). Then, there exists 0 < § < ¢ for which the result follows.

Lemma 7. Referring to Lemma 6, define

z(a) = N~
R(2(a)) = 314

20 = z(aon), 2 = z (@), 2T = 2 (a™).

Then, under (A1-5) there exists 0 > 0 such that |@d — aon| = 0p (N75) .

Proof. From Lemma 6 and a Taylor series expansion, there exists § > 0 such that

= cn(a)R(2(a) + O, (N_é)

= cn (aon) R (2 (aon)) + Op (Ni(s) B

In(N)en (27) 2R (27) + 2T R (21)] [a — aon] -

42



L aN12
Recall (20), notice that ¢y (a) [E2(S)]) = cn (agn) R (2 (aon)) and is bounded away from zero by defini-
2
tion (D4). Therefore,
O, (N79)
In(N)eny (2H)R(2H) + 2T R (21)

[a — aon] =

Since R = % in (D4) is increasing, 2t R’ (1) > 0; hence

@ — aon] = O, (N—5/ In(N)en (1) R (z+)> :

Suppose a < agy (the argument when @ > agy is the same), then @ < a™ < agy, and 29 < 21 < 2. Since
R is increasing, R(z0) < R(z%) < R(Z2). Therefore, cy (20) R (20) < en (217) R(21) < ey (2) R(2) . Both the
upper and lower bounds are bounded away from zero. The proof now follows.

Lemma 8. Expectations of Kernel Products. Let {€1;e2j¢3;} be i.i.d. over j with each depending
on an index, V5;. Throughout this lemma and its proof, all expectations are conditioned on V5; and hold
uniformly in j. For expositional purposes, we suppress the conditioning notation. Assume the following

properties:

where v = 1,2,3. Set hf’” = O(Mlhv) and denote &, = Zj]\il €+j, then
E{ei] [z [s)'} = 0 (ni77) 0 (n37°) 0 (n3)).
Proof. From the Cauchy—Schwarz inequality,

E{[Elr [52]8 [Eg]t} < {E[§1]4r}1/4 {E[€2]4S}1/4 {E[Eg]%}l/?.

It suffices to order one of the three terms, hence we can study a general term: F [£]? with general h and
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p. This general term has g types of terms, with kth (k = 1,...,q) type:

(N

1 1
qukZ"'ZW%l” i)
k

where i1 + ... +i = qand j; # - # jp.

From the i.i.d. property of the €’s, the expectation of this term is given as

1 it in
eI R G
Suppose we study a term F {sﬂ , where 1 <t < k. There are two types of expectations: single power of ¢
and multiple powers of ¢. For the single power case, from property (a):

E [e} — O(h?) for iy = 1.

Jt

For the multiple power case, from property (b):

) 1 (i—1)
E |:€;i:| =0 ([h} ) for i; > 1.

There are different combinations of 41, - - -, i for a given ¢ and k. To order ﬁE [szﬂ - K [E;Z }, we
next need to find the combination that yields the slowest convergence rate. One observation we make here
is that the slowest term is the one with the least number of single power ¢’s.

When k < 4, the slowest term would have no single power of € in it (see below for an example). Therefore,

from property (b) the convergence rate will be

1
O (=)17").
(Gr™)
When k > %, the slowest term would include at least one single power ¢ in it, hence from property (a)

and (b) the rate will be:
1
2p\2k—q - \q—k
o ((n) )o((Mh) )

To illustrate our proof strategy, suppose ¢ is an even number (the case for an odd number is very similar),
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for example ¢ = 6. If we denote the type by the powers of the elements, for example 1122 would mean the

1.1 .2 2 : )
€5,€5,€55€;5, term, then we have the following table:

[k Slowest Type Rate ]
s O [(3)7]

2 33 O ()%

3 222 O [(12)%]

T T R (AR R

5 11112 O [(R*)*(55)]
| 6 111111 O [(r)°] |

Hence the rate would be

o(idalr)-o (i)

It can be shown that this same expression holds for all smaller k. For k = 2 + 1, the slowest term would

have two single power ¢’s and the rest would be squared terms, e.g.,

1

WE[sjl]E[sz]E [52»] - B [62 } ;

J3

hence the rate would be

e (0 2) =0 (o)

This same expression holds for all larger k.

We now need to find the k" term with the slowest convergence rate. Set h optimally, i.e. h* = O(Lh)
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and substitute it in each term above, we have

O ((h*)1+) = O ( (h%)%=2*)  when k < &,
O ( (h2)%=a(h)1=k) = O(h27) when k > §.

Hence the slowest convergence rate is O(h?P?). The lemma follows.

Lemma 9. Define

1
E (Y8 (1,2(a, Py)) |0) = Z m [(D—Vij) [h] Y2;5(7j, x(a, Payj)).
J

Then under (A1-7) with vy = v(9, aon),

E(S|Vi=10) gy (0) - E (Y25 (%vf”(&’ Pa)) Iﬁ) P

E (st (%,az(d, Pa)) |z7>
B : ——10 4 7N,
Var(vy)

Proof. Since for any random variable Xy, Xy — 1iff (1/Xy) - 1, the result in (a) is equivalent to:

BslVi=oian®) o | o008 (Ra@R))l) ,
|

E (Y25 (%,g;(a, Pa)) @) E(S[Vi =) gv, (0)

- E(S|Vi =) g1, (v) - E (3’25 (ﬁfﬂ(&fa)) “7> P
1 E(S|V1 = 1) gy, (0) o

Notice that the last result above holds iff:

(811 = ) g1 (0) — B (¥2S (v, x(aon, P2)) [0)|
B (SIVi = 0) g (0)
B (28 (r,2(aon, P) o) — B (v2S (7.2(a, 2)) [0)]

and —— 0.

E(S|V1 =0) g1, (0)

0

The above terms are very similar to (22) in Lemma 6 and the argument for their convergence is very
similar to that in the proof of Lemma 6. The first term converges to zero by a pointwise convergence argu-

ment using the properties of the S-function and the fact that the conditional expectation of Yo approaches
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1 on the high probability set .Employing a Taylor series argument and utilizing the result from Lemma 7, it
can be shown that under (A4-5) the second term goes to zero in probability.
To prove (b), let E[S|v] = E [S|Vi = v], and define:

o = (Y15 — Go (0)] K [(0 — Vi) /hs] Y2;5;
07 hsE (S|77) % (’D)

Since Df“%g))]% is uniformly bounded in j, from Lemma 4:
1

EE[S%] _
hs (B[S[0)” | Y

N
Var (Z 70]) = O
=1

The Lindberg Condition for normality requires that for every € > 0 :

N

1
% X;E [V(Q)jl {ng > 523?\/}] — 0.
1=

Substituting for S?V, it suffices to show that:

1 i1 (15) %
E[52‘@]E 1{iK2 (6;:/1)52>0[NE [SQW]]} o

To establish the above limit, it will be useful to bound E [S%|7] from below. Recall from the proof of
the proposition in Section 5.2 that:

S >T (gvz = (1 + 5)&)) 1{gv2 > (1 + 5)&)}1 {X > b}

For the second indicator, from the definition of X in (D4):
HX >b}=1{Fy(Vo) >1— N_GONe_b} =1 {V2 > F(jl (1 _ N—9oN —b)}

For the first indicator, define vy such that gyo (vy) = (1 + 0)w}. Then, from the monotonicity assumption

on gy in its tail,(Abb) it follows that

Hgve > (1 + 0w}t = H{Vz2 <wu}
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To bound S from below, it will suffice to characterize a lower bound on vyr. From (A5):

1- R
1-Fylw) H (vy) N™%N = 1 — Fyy (vy) < g, (vp) N~%N
1-— GV2 (UU)

<~ Fy(vy)>1—(14+§wN %N

= vy > F;t(1—(1+§wN )

Therefore

S Z T (gVQ == (]. + 5)0.)) {F[}l (1 — N_QONe_b) < ‘/2 < F(}l (1 _ (1 + 5)WN—QON)}

and hence
E(S2[3) > 72 (gys = (1 + §)w) Pr [Fgl (1 - N’aONe’b) < Vo< Ft (1= (14 8)wNn) y@}
From the tail assumption in (Aba) on the conditional distribution of V5 given V; = 7,

Pr Ayt (1= N7ove™) < Vy < By (1= (14 6)wN ) [
Gy (7' (1= (14 6)wN ") |5) — Gy (Fyy (1 - N’“ONe’b) 1)

> (1= (1 N T0N) = (1= N7oNe) = NN [ - (14 dw| = O (N0)

Since 7 (gy2 = (1 4+ §)w) approaches 1 as N increases, for N sufficiently large, we have established a

lower bound of O (N~%n) for E(S?%|v). Now the Lindeberg condition becomes:

1 K2 < )52
L=0O(N")E — 0.
K2 (* Vl) §2 > hyO [N'-o0v] }
Since K? ( ) S? is uniformly bounded and since hyN'~%N — oo, the indicator above will be zero

for N sufficiently large and the proof will follow.

Lemma 10. For notational simplicity, we denote Cy = C (v) as in Lemma 4. Then, under (A1-7)

C |€(8,d) = ¢o ()| = Onyo + 0p(1).
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Proof. Letting 19j = (Ylj — (o (17)) }/ng [(77 — Vlj) /hs] /hs,

O [¢(2,8) = 6o ()] = O

C Zj %ﬁJS (i—j?x(&p&j)) Zj %ﬁjS(Tj,$(a0N,P2j))
pr— N = = —_ — —
E (Y25 (#,2(a, B)) o) E (S|Vi = 0) g1 (0)
[ X v [S(fjvx(@vﬁaj))—;q(ﬁ7x(a0N7P2j))] B
_ E(YaS(#,2(a,Pa))|v)
= OUnN

Z]_ %ﬁjs(ﬂ;—j;p(am\hpgj)) % E(YgS(‘f‘j,x(d,paj))‘5)*E(S‘V1:'D)9V1 (6)
E(S[Vi=0)gv, (0) E(Y2S(#,2(a,Pa))[v)

where P; = Pr(Y2; = 1|V3;). From Lemma 9,

> 5958 (15, (aon, P2j))
M3(aon)
B (28 (#5,2(a, Poy) ) 0) = B (S]Vi = 0) g1, (0)

E (YQS <+j, (@, Paj)) |@)

N

Therefore, we may ignore the product of these two terms and study

> w9 [5 (%j,x(d, Paj)) - S(TjaSU(GONasz))}
E (Y28 (#,w(a, Pug) ) [0)

Cn

From Lemma 9(a), we can multiply it with % and study
- 1

>~ {S <%j,x(d, ]%)) - S(Tij(aON;PZj))}

O B (SVi = 0) g0, (0)

It remains to be shown that

Zj %ﬁj [S (%j,x(&, paj)) ) (Tj?x(GON’ PQj))} P.0. (25)
E (S|Vi =) gv, ()

Cn
To study S (?, z(a, Pa)> —S(r,z(aon, P2)) = 7T (:U(&, Pa)> — 71T (z(apn, P2)) , we use Taylor expansion

on both 7 and T (d, Pa) In doing these expansions, we are evaluating all indices at 0y to simplify the

exposition. It is relatively straight forward to account for the estimation of the index parameters using a
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further Taylor series expansion in 6 and the fact that (9 — 90) is O (N -1/ 2) .

e . or . or .
@, 0n) = T(@,9v) + %(w —w)+ @(g% —gv,) + ...
- T da T oz

T (a(@, ) = T (alaon, P2)) + G50 (6= ao) + 55 (Pu = Po) + .

Recalling Lemma 5, with the expansion going far enough the remainder terms can be ignored. Substi-

tuting the above series into (25), denote €2 = §v,; — g, it suffices to study:

or; — T; Bz; (1
) 119 {6ngJ QJ} [ax] apzjj (Paj — Paj)
E (S|V1 =) gy, (v)

Cn

This term is representative in the sense that an analysis of it will make it clear that the same argument

holds for the other terms.

_ q[oT | Puj—Py
5 0 lomi1 = m)Ney) (G |

O E(SVi =) 90, (0)

To show that the above term converges in probability to zero, we show that the expectation of its square

converges to zero. There are two types of elements in it:

ng
1 — ng

2
} (Squared Term)

Cc% oT;
9;7j(1 — ;)N
N2E? (S|Vi = v) g3, (v) ; { i = TN S

and

{9imi(1 = ri)Nozy §5 | Bugh |}

o2
N2E%(S|Vi = 9) g¢, (0 ZZ { oT; [parp%]}

. az=
j i V(1 = 75)N 25z, | 1Py,

(Cross-product Term)

It can be shown that the expectation of the squared terms converge to zero much faster than the
expectation of the cross-product terms and require a much simpler argument. Accordingly, in what follows
we analyze the cross-product terms.

Recall (D5) and denote gy,; = 2(112:0 fa (ta; da, hun), write

Paj — ng |: €15 :| |:9V2j:| _ A szj
= = where g1, = (P '-Pg') .
1— Py L= Poj | | Gvaj ! YT gwg
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From a Taylor series expansion in g‘}

L)
27

we have

Iai _ g _ Vai —9vaj
Gvaj GVaj

As Vi =9V

o and the following terms converges to zero, in the following proof we consider the leading
2

term, which is equal to 1. Define ﬁaj [i] by removing from Paj its dependence on ith observation. Similarly,
define Py; [j],2144],E1;[4], E2:[4] and &9;[i]. As the terms involving the removed observations converge to zero

very fast, it suffices to study

N2, {191'7'1'(1 — Ti)E2i[]] gfi [15111[3]2” }
E2(S|Vi =) g (v) E {ﬁjfj(l - Tj)52j[i]g% [fﬂiﬂ }
_ N2aC2, EL{0:0;| X} E{7i7 82i[5]82;[i]E1i[5]81, [1]| X }
E2(S[Vi = 0) g2, (0) (155 (1) * S 2L

Notice that E {0;9;| X} = E {0;9;]V'}. Employing a similar argument as in Lemma 3, we have E {0;9;|V'} to
be uniformly of the order O(N ~2%). From Lemma 8, E {7;7;22;[§]2;[i]21:[j]z1;[i]|V } is uniformly of the order
O(hhhd) = O(N~12). As Oy (v) = YNEESE) ang 0(E(S]7)) < O(E(S)), we have €% = O(XIEEEy _

E(S2[v) E(S?|7)
O(N?—¢) by (D4). Further, (11_—7};'211)(11__7;;]) * %gfz = O(Nza)%g—fi, hence we can study

NZQO(NZafe)O(NfQ(zf1.2)0(N2a)

B2 (S|Vi = 0) g, ()

aT; 9T}
E { I, Wj}

E? (S|Vi = 0) g¢, (0)

p{ 35|
. . 3 J
Because a < 0.2,a < 0.4 — ¢, it remains to be shown that BEVi—09, @

Notice that g—g is zero except in region R2 in (D3), while T is zero except in region R2 and R3, we have

— O(N2a+2a—1.2—€)

= O(1) to complete the proof.

aT; 0T
L { ox; ij} . C1 PI‘(RQ) 2
E2(S|Vi=0)g¢ (v)  \caPr(R2)+ c3Pr(R3)
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where

61:{
E

02 =

1 n —
¢ = E <Y2K {” & )|R3].

aT; 9T}
oz Bacj

» B2(S|Vi=0)g3, (0)

Therefore O(1). The proof now follows.

9.2.3 Index Lemmas

The next lemma proves that the estimated second-stage objective function L (0) is uniformly close to a
more tractable objective function L* (6) that does not depend on estimated functions. To define L* (9), we

require additional notation. Let ¢} (d1) be a lower sample quantile for f(V () ;di) where:
f(V(0);d1) =Pr (Y1 =di|Ya = 1) gyjyvi=a,,vo=1 (V (0))

Refer to (D7) and define conditional components of adjusted probabilities as:

fftd) = ftdi) + A(rr(t), q1.(0,d1))
1
Pr(t;d) = f*(td1)/ Y f*(tid)

d1=0

For the marginal components of adjusted probabilities, let ¢3; (d2) be a lower sample quantile for
f2 (V5 (0) ; da) where:
f2 (V2 (0) ;d2) = Pr(Yz = d2) gv, (V2 (0)) -

Then, define:
f3 (t2;d2) = fa(ta, d2) + Aa(71(t2), 45.(0, d2))

1
Py (ty;da) = f3(tasda)/ Y f3 (t2;da) .

da=0
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The adjusted probability function is then given as:
P (d1,dy;0) = PE(Vi(0); di) Py (Vai(6); d2) -

In the lemmas below, it will also be useful to provide a separate analysis depending on the set in which
the index vector lies. To this end, denote gy|y;—q,,v,—1 as the density for V' conditioned on Y7 = d; and
Y2 = 1. and gy, y,—d, as the density for V2 conditioned on Y2 = da, Referring to (D7), assume that there
exists a set of index values, 8. with complement B* such that: (a) For v = (v1,v2) € B* all of these densities
exceed N9, 6* < r./2 and (b) Pr(VeB) = O(N?),§ > 0. The class of densities for which these conditions
hold is very wide.

Lemma 11. Let L* (§) = Y, Lf and L* () = 3, L} where from (D10)

Ly = I{Viel,} > Yi(di,dy)In | B} (dy,dp;0)
d1<d2

Ly = I{VieQy} Y Yi(di,dp) I[P (dy,dp; 0)].
d1<dz
Then, assuming (A1-4)

Sup IL* 0) = > I{XieBN}Li| = 0p(1).

Proof. First we show sup%ﬂ:* (0) — L*(8) | = op(1). Since %HA}* (0) — L*(0) | < D1 + Do, where
0

Dy = }VZE [H{Tie} ~ 14, [P (ds, d3;0)]
Dy = de;l n (P (da,d3;0) /P (d,d336) )|

it suffices to show that each of the above terms uniformly converges in probability to zero. For D;:

Di < S supln [P (d, da; 0) ]%Z S |H{Vied ) — I{Vioew,)

di<dy Y i d1<ds

For the first factor of Dy, define P (V;(6); d1) and P5 (V2;(6); d2) as the probability limit of Pr (Y1, = di|Ya = do, V; = 1)
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and Pr (Ya; = da|Va; = t3) holding A’s fixed, then

P (dy,d2;0) = P7(Vi(0); d1) Py (Vai(0); dz2)

C

As the analysis for P and P35 components is identical, here we consider the former.

PY1=1,Ya=1)g(V|Y1 =1,Y2 = 1) + A(7;(t),q}(0,1))
g(VIY2 = 1)Pr(Ya = 1) + 35 o A(71(t), g5 (60,1))

inf P(Y1=1,Y2=1)g(V|Y1 =1,Y2=1)+ A(71(t), ¢} (0,1)),

Pl (Vi(0);dr) =

[

min teBY,0
. glf GP(YI =LY =1)g(V|Y1=1,Ya =1)+ A(71(t),q;(6,1))
> il
Suepg(VlYé =1)Pr(Ya = 1) +sup > o A(7s(t), g5 (0,1))
t,
min | inf A(77(t),q;(6,1)), inf P(Y1=1,Yo=1)g(V|Y1 =1,Y>=1)
> teB N ,0 teBR,0

suepg(V|Y2 =1)Pr(Ya = 1) +sup >y _o A(7s(t), g5 (0,1))
t,
From the definition of B,

inf P(Y;=1,Ys=1)g(V|Y1 =1,Yy =1) > N /2
teBY,,0

and from the definition of A(7(¢), ¢} (6,1) :

inf A(r7(t),q5(0,1)) > N7Te/?
ot A(rr(t),a.(0,1) >

From Assumption (A4) and the definition of A we have both suepg(V]Yg =1)Pr(Y2 =1) and sup 2(111:0 A(Tr(t),q5(0,1;
bounded. It follows that sup, ; [In [P} (V;(6); d1)]| = O, [In (]t\}”/Q)] = Op(In N). From Klein (1993, Lemmas
1-2), there exists a € > 0 such that the indicator difference converges much faster than o, (N~¢), which
completes the argument for D;.

Lemma 11 will now follow by showing uniform convergence for Dy on B% and on By. Similar to the

analysis for Dj,it will suffice to analyze the P’ —components of Djy. To this end, let

Dac(B5) = 1 30 3 H{XieBi} | [Br (Vi0)sn) /2 (ViGo):n)] |

1 d1<d2
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and define Dy, (By) analogously for X;eBy. We then need to show that Dy, (B7}) and Da. (By) con-
verge in probability to 0, uniformly in 6. Beginning with Dy, (B};), from a Taylor series expansion of
In (P* (Vi(0); d1)> about P (V;(0);d;), uniform convergence in probability to 0 follows from Lemma 1. For
Dac (Bn),

P* * 1 *

sup Do (By) < | sup S | [ (Vi(®)sda) /P2 (Vi(0): )| [N ZI{Xie%N}] .
6 XieBN.0 f 2 7

Similar to the analysis for Dq, it can be shown that the first component increases at a In N rate, while

from Lemma 1 the second term converges to zero at a rate given by N raised to a negative power. Hence

Slglp%IL* (0) = L (0) | = op(1).

Now we show sup|L* (0) — >, I {X;eB%} Li| = 0,(1) to complete the proof. Note that
0

Sup | ZI{V O0)eW} > I{Vi(0)eBN}Yi (di, d2) In [P} (di, dp; 0)

d1<da

< Sup—z > H{XeBn} I[P (di,dy; 0)]|
i di1<da
< sup |In[P](d1,d2;0) sup—z Z I{X;eBn}.

X;eBN,0 i dy<do

The first term above explodes slower than O,(In V) as above. From the conditions on By, the second term

decreases at a rate given by NV raised to a negative power. The result then follows.

To establish consistency for the proposed estimator, we will need to show that the objective function
underlying the estimator is uniformly close to one that is continuous and that is uniquely maximized at 6.

Lemma 12. Under (Al-4, A8), let:

Li = I{VioeW,} Y Y (dy,d2)n [P (dy,d; 0)]
d1<d2

and recall the definition of L} in Lemma 11. Then,

sgp;[ ‘ZI{Xie%*N} L-E[> L] =
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[>" L;] is a bounded and continuous function of 6.1,

and E
[L¥ — L;] | = 0p(1). Note that:

Proof. First we show supz| > I {X;eB%
0

RAAOTNN

ci

P35 (Vai(0); do)
‘ln Py

In P —In P;| <

Following the same strategy as in Lemma 11, as arguments for P} and Py components are identical, here

we consider the former.

P(Y1=1,Y2=1)g(V|Y1=1,Y2=1)+A(7(t),q4} (6,1))

g(V[Ya=1) Pr(Yo=1)+33 _o A(71(t),q5 (6,1))

i Lo Vi)idy) |
P g(V]Yz=1) Pr(Y2=1)
P(Y1 1,Y2=1)g(V|Y1=1,Y2=1)
A( ( )7(][,(07 1)) )’

n (1 T PMi= Y= Dg(VYi=1,Y5 = 1)
Si—o A(T1(t),q5(0,1))
+m0+m%%=wmé=n>w

As the arguments for these terms are identical, here we consider the first term. From a Taylor series

: : A(‘I-I (t)qu (971))
expansion in pr-—y 5, =3y Ay 21y, =1) about zero

1

X A (8),a% (0,1)) +
In <1 + A(Tl(t)7 qL(e’ 1)) ) ’ = 1+(P(Y1:17Y2i1t)9?‘];|Y11:1aY2:1)) )
PY1=1Y,=1)g(VIY1=1,Y2 =1) A(rr(t),43.(6,1))
* [P(Y1=1,Y2=1)g(v|Y1=1,Y2=1>}

Alr 0.1
V= 1}52 (1)) ((I‘L/(\Yli)LYQ:l) converges to 0. Hence supN] Y I{X;eB3}

where + indicates an intermediate point. On B7,, ol

op(1). From Lemma 1,
1 i} .
sup | S I{XieBy}Li— E [E :I{XieSBN}L,-] | = 0,(1).

Now we show supN |E D I{X;eBy} Li] — E[> Li]| = 0,(1) to complete the proof. From the definition of

YTf there is only one unbounded X with non-zero true coefficient, then this dominance condition is not required as we are

trimming on the true index.
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Ll < | Y In[Pi(dy,dy;0)]
d1<d>
< Z sup |In [P; (d1, d2; 0)]|
d1<d2 o

which is bounded under (AS).

Y
= sgp]if ’E [Z I{XzfsBN} Lz}

= sup |E[I{X;eBn} L]
0

From Cauchy-Schwarz,

Sl;P |E[I{X;eBn}Li)| < V|E[I {XieBnt], /Slalp |E[LF]|

The first term converges to 0, while the second is bounded under (A8). Hence sup+ [>- I {X;eBy} Lf — E [ L;]| =
0
op(1). Lastly, from (A8), E [+ > L;] is a bounded and continuous function of 6.

Lemma 13. Initial Index Estimator. Recall the definition of P;(dy,dy;6) in (D5) and that

0i (dv,da;0) = Vo Pi(dy, do; 0)/ Pi(dy, do; 6).
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Define:

Then, under (Al-4),

Proof. For (a), with ¢; =

then

=~
M) =

I
2|~

.
Il
—
.
5
IA
.

=
M) =

==
M=

Y; (dv,d2) —

s
Il
-

<

fin
SN
)

2

s
Il
-

<

firy
QU

2

Il
—
Q.

1=1 d1<d2

}/;J (d17d2) -

A

S)

S
Il
—

AP

Il
Y

.
Il
—

[Yi (d1,dg) —
[ (dy,da;00) —

[ (d1,d2;00) —

Pi (dl, dg; 90) an

P, (dy, d2; 00)] 6; (d, da; 0o) T{X;e W, }
P; (dy,d2;60)] 9; (d1,da; 00) I{X;eV, }
P; (dy, da; 90)] 6; (dy, da; 00) T{ X;€¥,}

P (dy, dy; 90)] 8; (du, d2; 00) I{ XieV, }.

VN[A— Ag] = o,(1)
VN [B = Bo] = 0,(1)

-0 =0, (%)

d 81 = 81 (dl, dg; 00), define

(65— 0] H{xiew, s

1ixeb,) — I{Xie\I/w}} 5;

§- 5 5-

.
Il
—

: :I{Xie\ilz} - I{Xie\I!m}} [Si - 51} :

At + Aaz+ Aas = 0p(1) = A — Ag = 0,(1).

Below we prove that these A— terms are op(1).
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To analyze A 41, referring to (D5) the following notation is convenient:

fie = ftdihaehae), Gie =Y f(tidi, e ha), Pie = fie/ i
dy

fim = fa(t2;da,h), Gim = Zf2 (to;da, h), Pon = fim/Gim-
do

Then, recalling the definitions of 51 and 9;, let

0; (d,da;00) = VoPi(di,da;00)/Pi(dy,d; 00) (26)
= vapic/pic + vepzm/ﬁ)zm = Sic + 8im-

di (d1,d2;600) = V¢Pic/Pic + VoPim/Pim = dic + dim.-

As the arguments for d;.and §;,, are similar, with §;. having a slower convergence rate, it suffices to provide

the argument for

Asre = —— Z i [Gie — 0| I{Xiew, ).

To deal with the estimated denominators of d;. , by definition

A

(bic — 0ic) ficGic = ({ficveﬁlic — Qz‘cvefz‘c] — 5icfz‘c§z‘c>

5icficgic = fz’cvegic - gicvefic
Therefore,

~ ~ icv Aic - icv Aic - 6@'0 icYic
((51'0 - 5ic)ficgic = R <|:f "9 g 9f ] f g ) i (27)
(f'ic - fic)v.gzc (fzc fzc)(VQZc - ngc) + ...+

(fic (VGQic - v@.gzc — Gic v@fzc - v@fic) > +
i (flc - fic)vgic + (fzc - fzc)(vgzc - ng) + ..+ |

where all of the terms either involve the difference between estimated and true functions such as fi. (Vogic — Vagic)

or cross-product differences such as (f; — fi)(Vg — V§). Employing (27), Cauchy-Schwarz, and Lemma, 2,
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it can be shown that:

1 N A ficgic
Apie = Ve ;51 [5@ - 5ic] [ficgic] [I{X;e¥,} + 0p(1) (28)

Next, substituting (27) into the simplified form of A 41., in (28) we obtain a collection of terms involving the
difference between estimated and true functions. Employing Cauchy-Schwarz and Lemma 2, we may ignore
terms involving cross product terms such as ( fi— fi)(Vg—Vg). From a mean-square convergence argument
similar to that in Klein and Shen (2010, Lemma 8), it can be shown that we may also ignore terms that
depend on linear combinations of the difference between estimated and true functions as for example the
first two components in (27).

For A 49, recall from (D9)

\i/mE{JZ:(jLI<CC<de}

write it as a function of ¢ :

A

\Ijx = qlx(‘j) = {SC : QLm <z < (jU{L‘}

Then, with gp as a vector of true quantiles, vV NAy = 0,(1) if

sup — 30 H{XieW, (@)} = HXieWe (o)} e = 0,(1)

|q_QO‘<§

for all £ = 0(1).!2 The result then follows from Pakes and Pollard (1989, Lemma 2.17, p. 1037).

Turning to A 43, and letting

V() = a(d) U V(o). (29)

we have:

L21f uniformity holds for a € A for all ¢ = o(1), then uniformity holds over o, (1) neighborhoods of a.
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0i — 0| < Az1As

N
[Aaz| < \;N;&I H{Xi€eW(q)} — I{XieWa(qo)  I{XieW3(q))}

A31 ]1/2

>0 U XieWa (@)} — H{Xiewa ()} /N ] (30)

|q_QO‘<E

1/2
Az = [ sup ZI{Xie\II;(q)}Q<[3im—5im]2+ [Sic—aicm /N] , (31)

Az = op(N _%+E). For Ass, the convergence rate is determined by the Sic term. It then follows from
Lemma 1 that |Aszs|* = O,(N~¢), ¢ > 2/9. The result (a) follows.
To prove (b), let PP =P (di1,d2;00) — P; (dy,ds;6p) and define:

N

1 L 11
A = — Pz_Pz 51_51IX1\IJz
B1 \/N; i I {XieW,}

1 s 17 .
Apy = m;_a_a _I{Xie\Ilm}—I{Xie\Ilgc}} 5;

1 L 0 <
Aps = ﬁZ_B—PZ _I{Xl-e\Ilm}—I{Xie\Ilz}} {51-—51}

@
Il
—

Similar to (a), it now suffices to show that each of these terms is op(1).

To analyze Apy, recall the definitions of P, and P; and notice that

Because of its slower convergence rate it suffices to analyze the term involving P, [Pw — Pic} . Recalling the
characterization of &; and §; in (26) it also suffices to analyze the component involving Sic—Bic. Accordingly,

we analyze:

Apic = \/1N ZZ; |:pic - Pic] [Sic - 514 I{X;eV, };
By definition
[pi - Pic] Gic = (fic — GicPic) (32)
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Employing the decomposition in (27), Cauchy-Schwarz, and Lemma 2:

ABlc =

-

N £ A2
N Z (ch - ch) (810 - 520) [flcgm] I{X'LE\II:D} + Op(l)
=1

ficgz?c

Employing an argument similar to that for A{,, from(32), (27),Cauchy-Schwarz, and Lemma 2, Ag;. =

op(1).

Turning to Apo, it suffices to analyze:

1 XK. - X
Apop = i Z} [P - PZ-C] [I{Xie\IJx} — I{Xie\IJx}] T{X;eW,(4) U Wy(qo))d;

From Cauchy-Schwarz and the definition of the set ¥* in (29)

~ 2
SUPly g, < it & | e — Pre] H{XieW3 ()0

|AB26| < \/N R 2
SN Xl ) - [{Xiew, )]

(33)

For the first term under the square-root, from the definition of P, = fic /Gicy (32), and Lemma 2, it can be

shown that it is bounded above by:

N 2
. 1 . -
sup — |:<ch — gicPic) g:| I{Xzelllx(q)}éf + 0p(N 1/2.)

1
lo—aol<€ i3 N ic
From Lemma 2, this term is O, (N _84?) In an analysis almost identical to that for Ag; in (31), the second
component of (33) is Op(N~¢) ,c¢ > 2/3, from which it now follows that Apgs. = 0,(1).!* Employing an
analysis very similar to that for Apgs, it can be shown Aps converges in probability to 0 at a rate faster than
that for Apy. Part (b) now follows.

For (c), from a standard Taylor series expansion and results (a-b) above:
o7 —00] = 7 [A— B = 7 (A~ B +0,(N ), 34

where H is the estimated Hessian to the first-stage likelihood. Using Lemma 1 and recalling the windows

Y From Klein (1993, LemmasA1-2), the second component is actually o,(N /2=,

lemmas, we are emphasizing here that a much slower convergence rate suffices.

To facilitate the analysis in subsequent
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defined in (D5), it follows that H = O,(1). Since v/NAq converges in distribution to a normal random

variable, Ay = O,(1/v/N), the proof will now follow from the convergence rate for By. Recalling that:

A~ ~

Pi_PiEPimPic_HmPic: [Rm_Rm} pzc“‘sz [pic_Pic:|7

it suffices to examine:
N
1 ~
Boe=~. [PC - PC} 5, 1{X;eW, ). (35)

N 4
=1

Recalling that []516 — Pic} Gic = (fic — GicPic) , from Cauchy-Schwarz and Lemma 2:

By, =

=2~

[P P} Gic 5. (dy, do; 00) I{XseWy} + 0p(1) (36)

p Jic

1
N

7

[(fic = GicP; )]Ai(Sz' (d1,da; 00) I{X;e¥,} + 0p(1).

1 1c

[
M=

From Cauchy-Schwarz and Lemma 2, it can be shown that By, = Op(N _ﬁ) Part (c) now follows.

The second stage estimator requires that trimming be based on an estimated index, and the theory
requires that this index converge sufficiently fast to the true index. As the initial index in Lemma 13 does
not satisfy the required rate condition, Lemma 14 below makes a bias correction to the initial estimator and
shows that the resulting correction significantly increases the convergence rate. We will find that this rate
is sufficient for our purposes.

Lemma 14. The Initial Bias-Corrected Estimator. Let:

ND
I

3\

ZZ[ (d1, da; 0o) — i (d, d; 00)| 8 (dr, dos 0 ) T{Xie0}

=1 di <d2

and recall the definition of @? in (D9). Then, under (Al-4),

a) : BY=0,(N"1/3)

b) : (0] —0o) = Op(N"3).
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Proof. For part (a), employing an analysis very similar to in Lemma 13b, it can be easily shown that:
N
Z Z |: dl,dg,eo) i(dl,dg;eo) 0; (dl,dg;eg) I{XiE\I/z}—{—Op(N_l/Q).
i=1 dy <da

Employing the same argument in (36), the rate of convergence basically comes from P? (dy, da;0p) —
P (dy, da; fp) , which is Op(N~1/3).

Turning to (b), Employing Lemma 13a-b, we have
(él - 90) = —H (07) 7" [Ao — Bo] + 0p(N71/?),

where 67 is an intermediate point. To simplify the adjustment to this estimator, referring to (D10) we will

show below:

A /a1 4 N A 1 -
A=H (01) Cx (91) —H(0%) 7 Cx (o) = 0, (N71/3).
Rewriting the above expression, A = Aj + Ay, where

A~

i () [ (0%) - (91)} }H (o) Cx (1)

py = A7) [Ex (b)) -C

Ay

To study Aj, note that Lemma 13 gives a convergence rate for 6y — 6t Then, using a Taylor series
expansion on {I:I (0+) - H (@Iﬂ and Lemmas 1, it can be shown that {I:I (9+) —H (91” and C <91)
converge to zero sufficiently fast that A; = o,(N~1/3).

For As, Taylor expand the second component to obtain

Ao = (07)7 (VC) (81 -05),

where VC' is evaluated at an intermediate point. The first component is Op(1) from Lemma 1; the

second component is Op(

Ay = 0, (N"1/3) |

ﬁ) from Lemma 1; and the third component is O, (hz), hence we have
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From the definition of 87 in (D9) and employing the result above:
~0 Y S + —1 A . S + —1 0
(e,feo) - (01—90+H(0 ) 0(90)) +0p(1) = —H (67) " (Ag — BY) + 0,(1),

Since H (9*) converges to a positive definite matrix, and Ag = Op,(N -1/ 2), the proof then follows from part

().

Lemma 15 provides a characterization for the gradient components of the second stage estimator, which
are in turn used to obtain its convergence rate.

Lemma 15. The Second Stage Estimator. Define
57 (. do: 0) = Vo Py (d, dy;0)/ P (d  d: 6)
and let:

A [Y; (dr, d3) = P (d, da; 00)] 3; (d, das 00) I{V; (07 ) e}

Il
2|~

-
Il
—
2
S
IN
2

2

[Yi (d1,d2) — P; (d1,d2;00)] 6; (d1, d2; 0o) I{V;e¥,}

s
O *
M
2=
-
S
IN
QL

2

%
Il
==
M) =

[ (d1,d2;00) — i(d17d2§00)] 5; (du, do; 00) I{V; (9;) ey}

s
Il
-

d

=
QU

<d2

X

i
=
M=

[P (da, da; 00) — P (da, da; 00)] 6 (d, das 00) I{VieW, }.
d1<d2

I
—

A

Then, under A1-4 and recalling the definition of the second stage estimator, 0"

a) : VN[A* — A% = 0,(1)
b) : VN[B* — B =o0,(1)

0 |07 = 0] =0, (N
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Proof. For (a), with ¢; =

Then

*

Al

*

A2

*
Als

Y; (dy,ds) — P; (dy, da; 60) and 8; = b, (dy, d2; 6g), define
1 N [~
= ﬁ ;62' _51' — (51} I{Viﬁ\I/v};
o 1 N [ ~0 ~
= = ;5 v, (91) eW,) — I{Vie\Ilv}] 5;
N
= \/% > |1V (9?) eb,) — I{Vielllv}] [8;‘ - 51} .

Al + Al + Al = 0p(1) = A

@
I
_.

— A% = 0,(1).

Using a strategy very similar to Lemma 13, we can prove that these A terms are op(1).

To prove (b),
p@'* (dla d2a 90) -

The proof is very similar to that in Lemma 13.

notice that for V;eW,, ]51* — ]52 goes to zero at an exponential rate.

Api

Aps

Ap3

o 8- 5

.
—_

-
Il

M=11=

-
I
—

Let Pf —P;

P; (dy,da;0p) and define:

| [67 - o] r{view.)

' :I{V( )6\11 } - I{VieW, }}

M‘z

1t

Pr = R [1{vi (07) eb} - I{View,}] |5}

51} .

Finally, using a similar Taylor series argument and proof

strategy as in Lemma 13, part (c) follows from (a) and (b).

Lemma 16 below provides the key required result to prove asymptotic normality for the final adjusted

estimator.

Lemma 16. Assuming (Al1-4),

where

VNB® = 0,(1),

N
Z Z [P (d,d33 00) — P, (dr, das00) | 37 (dy, s 0) 1V (97) e, }.
i—1 di<d>
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Proof. Using a similar strategy as for Lemma 15b, we can show v/N (B° — Bg) = 0,(1), where

N
- Z Z |: dl, d27 00) z' (dl, d2; 00)] 5z (dl, dg; 90) I{WE\PU}.
i=1 di<d>

Next, note that:

P? = P = Pi P = PanPo = [Py — Pan| P+ P [ P = P

where for notational simplicity we have suppressed the fact that every probability function depends on
(di1,da2;0p) . Here, we provide the analysis for the last term as it converges to zero slower than the first. In

other words, we study

lei [Pan (B~ )] 61 (s, dos00) I{VieWw, } = U + 0, (1),

[Q? (t2; d2)

5id,d;9 I‘/;\I’v
gc(tz;dﬁ} (1. do; 00) I{VieW, }

i (d1,d;00) I{V;eW, }
Je (t2; d2)

N
= Z [(fco (to; da) — g2 (t2; d2) Pic)Pim} [

Notice that from Newey’s result (8), E[d;|Vi] = 0, which implies that the expectation of U is 0. It then

follows from standard projection arguments that the U-statistic vanishes in probability.
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