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1 Household Optimization Problem

The household haves to solve a stochastic optimal control problem, with market and non-
market consumption and hours as controls, and home and market capital as endogenous

state variables. Set up the Lagrangian

L=Ey) B{nC +¢InG,+0In(l - H — BG*— H")
t=0
+)\t[(1 - Tl)th;U + (1 — Tk)’f’th — E - Kt+1 + (1 — 5k>Kt — Ct}

+ulZ(HY)? + (1= 0%)Gy — Gy}

This is a concave programming problem, so the FOCs, together with the additional, bound-
ary ("transversality”) conditions for private physical capital and government bonds are both

necessary and sufficient for an optimum.

To derive the FOCs, first we take the derivative of the Lagrangian w.r.t C (holding all
other variables unchanged) and set it to 0, i.e. Lon = 0. That will result in the following

expression

1
Lo, =0— — =\ 1
Ct —>Ct t ()
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This optimality condition equates marginal utility of consumption to the marginal utility of

wealth.

Now take the derivative of the Lagrangian w.r.t K;,; (holding all other variables unchanged)

and set it to 0, i.e. Lk, , = 0. That will result in the following expression

Y,
Li,,, =0—= M\ = BEX,, |(1 - T’“)aKf“ +(1-6% (2)
t+1

This is the Euler equation, which determines how consumption is allocated across periods.

Now take the derivative of the Lagrangian w.r.t H;",i.e. Lyw = 0 (holding all other variables

unchanged). This will result in the following expression

0
| — H — H; — HY

“ N1 =) —a)gh = F1--a g @)

LH;UZO—>

Now take the derivative of the Lagrangian w.r.t H;", i.e. Lys =0 (holding all other variables

unchanged). This will result in the following expression

0
1 — Hf — H; — Hp

Lpg =0— = mpZe(HY )™ (4)

or
&0 -1 - )

Hy?
OZ(H})o~!

My =

Now take the derivative of the Lagrangian w.r.t G, i.e. Lgn =0 (holding all other variables

unchanged). This will result in the following expression

v OBEG S
Lgy, =0—=p + + 1—069)} = 5
G G T T m, i, g, e = 5)
Note that
0BG e .
= B¢G Z(H? )?1
1— Hf—i—l _ Hf—i—l . Htﬁ-l 5 t+1 Mt+1¢ t( t+1)
Then
Y e _
ﬁ{G 1 * Bthﬁ 1/Lt+1¢Zt(Hig+1)¢ Pk (1 - 0%)} = e (6)
t+

This FOC shows the optimality condition for inter-temporal allocation of health: the house-
hold equates the benefits and costs. The discounted benefit has three parts: First, a higher
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health level tomorrow brings higher utility (the direct effect of health). Second, better health
means less sick time, hence indirectly more time to work and consumption. Thirdly, higher
health means higher undepreciated health level and thus less replenishment is needed to get

back to the old level. The cost is that a larger replenishment was done in the previous period.

2 Representative Firm’s Problem

The profit function is maximized when the derivatives of that function are set to zero.
Therefore, the optimal amount of capital - holding the level of technology A; and labor
input H;" constant - is determined by setting the derivative of the profit function with

respect to K; equal to zero. This derivative is
OéAt<Htw)1_aKta_1 — Ty = 0 (7)

where aA,(H®)'=*K{ ! is the marginal product of capital because it expresses how much
output will increase if capital increases by one unit. The economic interpretation of this
First-Order Condition (FOC) is that in equilibrium, firms will rent capital up to the point
where the benefit of renting an additional unit of capital, which is the marginal product of

capital, equals the rental cost, i.e the interest rate.
re = aA(HP) UK (8)
Now, multiply by K; and rearrange terms. This gives the following relationship:
QA (HHY' KM 'K, =K, or aY, =rkK, 9)
because
QA (H)Y' KA 'K, = aAy(HY)' T KY = oY, (10)

To derive firms’ optimal labor demand, set the derivative of the profit function with respect

to the labor input equal to zero, holding technology and capital constant:
(1—a)A(H) K} —w, =0or w, = (1 —a)A(H) K (11)

In equilibrium, firms will hire labor up to the point where the benefit of hiring an additional

hour of labor services, which is the marginal product of labor, equals the cost, i.e the hourly
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wage rate.

Now multiply both sides of the equation by H;" and rearrange terms to yield
(1—a)A(H) *K}H = wH" or (1—a)Y,=wH/" (12)

Next, it will be shown that in equilibrium, economic profits are zero. Using the results above

one can obtain
Ht = K—Tth—thzu:E—a}/t—(l—Oé)Y;ZO (13)

Indeed, in equilibrium, economic profits are zero.

3 Steady-State Computation
Shutting down all stochasticity, we obtain

1=p[(1- Tk)oz% +1- 0]

1
L
C
0 1 Y
=—(1=™M(1-a)Z
[ hi Byt T TG

6{%—%3@151u¢0ﬂﬁ’1+;41—5@}::ﬂ

Collecting all p terms to the right we obtain

ﬁgzuu—ﬁB@**mmw*—ﬁu—Mﬂ
p B/ g

1= BBy o(ha) T — 51— 9)

¢+ 6%k = k*(h")'



Outline of the steady-state computation procedure: First, from the Euler equation, we can
obtain the capital-to-output ratio k/y, or capital-to-hours ratio, since y/k = (k/h¥)*"1.
Then we impose that in steady-state h* = 1/3, and obtain steady-state capital stock k,
investment ¥ and output y. From market clearing, we obtain steady-state consumption c.
Next, using that steady-state exercise hours hY = 0.02 and the law of motion of health,
we can compute steady-state health status g = (1/89)(h9)?. Setting steady-state sick days
h* = 0.02 in the relationship h* = Bg~¢, we obtain B = h®g¢. Finally, we can find # from

the marginal rate of substitution between consumption and hours worked.

4 Per capita stationary DCE

Since the model in stationary and per capita terms by definition, there is no need to transform
the optimality conditions, i.e X = X, = z,. We obtain the following system of equations

that describe the DCE.

ye = agky (hy')' ™" (14)
v = ¢+ ke — (1= 0"k (15)
1
- = A 16
- = A (16)
o Y1 k
/\t = BEt)\t-l—l (1 — T )OZ + 1-96 (17)
t+1
0 Yt
= M1-H1—-a)= 18
4 g\p—1
t t t
(G e _
5{@ + Bfgtf1 1#t+1¢zt(htg+1)¢ L4 prer1 (1 —6%) o = (20)

5



Gev1 = 1] + (1 = 6%)g

hi = Bg,

i = z(h)*

(22)

(23)

(24)

Therefore, the DCE is summarized by Equations (22)-(32) in the paths of the following 11

variables {y;, cr, g, 1%, 1, ke, B2 Y B Mg, e 152, given the paths of government transfers {t;}

and the exogenously set stationary processes, {as, z:}:°,, whose motion was determined in

the previous subsection.

5 Log-linearized system

Since there is no closed-form general solution for the model, the model is approximated by

log-linearizing the stationary DCE equations, where z; = Inx; — Inx. The log-linearized

system of model equations is as below!
kl%tJrl = y:&t — Cét + (1 - 5’“)/61%,5

Oz—gt+dt+Oé]A€t+(1—Ct>iL;U

—ét = j\t
2 ° 1—7a . 1-7a -
At = Eidi1 + WE%:UH—I - WEJQH
Bi = —&Gt
hv - h® <
hy h;
(= —hi—hp) (= hy —hg—hp)
h9 . . .
+ hi =M+ — hi

(1 —hy —h; —hy)
ﬂt+2t+¢ﬁtg:5\t+@t—ﬁ?

(Y (e 1)g ()P g + AlEg 20BN+ (1 — 69 s

g
FBEg 2 (W) 2y — BEGTE T 20( — 1) (R R, = iy

'Detailed derivations in Appendix 12.4.1-12.4.16

(25)

(26)

(27)



l%t-i-l - (5k;t + (]_ - (5k)l%t (34)

G = 09 + (1= )3, (35)
1 = 3 + ohY (36)

At1 = Paly + €44 (37)
Zy1 = P2t € (38)

6 Auto- and Cross-correlation Functions

The main emphasis in this subsection is on the ACFs and CCFs of labor market variables.
In particular, close attention is paid to cyclical properties of public and private wage rates
and hours. To establish 95% confidence intervals for the theoretical ACFs and CCFs, as
in Gregory and Smith (1991), the simulated time series are used to obtain 1000 ACFs and
CCFs. The mean ACFs and CCFs are computed by averaging across simulations, as well
as the corresponding standard error across simulations. Those moments allow for the lower
and upper bounds for the ACFs confidence intervals to be estimated. The empirical ACFs
and CCFs are then plotted, together with the theoretical ones. If empirical ACFs lie within

the confidence region, this means that the calibrated model fits data well.

Empirical ACFs and CCFs were generated from a Vector Auto-Regressive (VAR) process of
order 1. Since ACFs and CCFs are robust to identifying restrictions (Canova (2007), Ch.7),
the VAR(1) was left unrestricted. However, not all the variables in X are observable. As
proposed by Kim and Pagan (1994), a VAR was estimated using X, model variables on
which data was available, where

!/
it: Y Ct it h%u U)? . (39)

7 Log-linearization

7.1 Linearized Market Clearing

Ct + ktJrl — (1 — (S)kt =Yt (40)



Take natural logarithms from both sides to obtain
ln[ct —|— kt+1 — (1 — 5)kt] = 1n<yt)

Totally differentiate with respect to time to obtain

dln[ct + ktJrl — (1 — (S)kt]
dt

= dIn(y)

Simplify to obtain

[ ! dee | Ak g g dheky
Ct + kt+1 — (]_ — (S)]ft dt ¢ dt k dt k

Pass to log-deviations to obtain

1 o 7 - A

;[th + keik — (1 = 0)kek] = s
Multiply both sides to obtain

e+ /Aft+1k —(1- 5)]%1514: = Yy
Rearrange terms to obtain

khery = yie — cée + (1 — 6)kky

7.2 Linearized Production Function

yr = ag(ke)*(h)'

Take natural logarithms to obtain
Iny, =lna; +alnk + (1 —a)lnhy

Totallt differentiate with respect to time to obtain

dlnyt:dlnat+adlnkt+ ] dlnh}

dt dt o TU-a)—g

Simplify to obtain
Ldy, _ 1da,  adk | (1—a)dhy
ydt adt  kdt hv  dt

Pass to log-deviations to obtain

0= —g +a, + aky + (1 — a)h?

_dy1
dty

(47)

(48)



7.3 Linearized FOC consumption

Ct

Take natural logarithms from both sides to obtain

1
In—=1In)\
Ct
—In¢, =In )\

Totally differentiate with respect to time to obtain

_dlnct _dn )\

dt dt
el dnd
dt ¢ dt A
Pass to log-deviations to obtain
& =\

7.4 Linearized no-arbitrage condition for capital

At = BE N1 {(1 - 7'k>7’1t+1 +1- 5k]

Substitute out the real interest rate with the marginal product of capital
N = BE, {Amu — el g 5’6]
t+1
Take natural logarithms from both sides to obtain
ln )\t = ln Et |:)\t+1(1 — Tk)a% ‘I— 1 — 5k:|
t+1
Totally differentiate with respect to time to obtain
k Yt
d]_n)\t dlnEt|:)\t+1(]_—T )O{ﬁ+1—5:|

dt dt

)\dt_Et{A(l—Tk)a%nLl—é{(l Tagp =0

+>‘(1 — M adyiay _ A1 = M)y dkiy k
k dt y k2 dt k

9

A1 A
dt A\

(58)

(59)

(60)



Pass to log-deviations to obtain

(1 -7 ay ay

5\t = Et{S\tJrl +

Observe that
(1 —T’“)@% +1-0k=1/8

Plug the above expression back to obtain

e I CELa

5\t = L, {S\tJrl + 2 Yer1 — 2

Apply the expectations operator to each term to obtain

B —7Hay p1—7)

~ ~ N o ~
A= B + 2 Eigii1 — 2 yEtkt—l—l

7.5 Linearized Sick Days
h; = By,
Take natural logarithms from both sides to obtain
Inh3 =1In Bg; ¢

Totally differentiate with respect to time to obtain

dinhi _gdlngt
dt dt

Simplify to obtain

dt h*  “dtg
Pass to log-deviations to obtain
iLf = =Gt

7.6 Linearized FOC hours

O(1 — hY — hS — hY)™' = \(1 — T’)as—;
t
Take natural logarithms from both sides to obtain
A1 — hY — b — h®)L = In \(1 — T’)ag—;
t
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Qt+1 -
{(1 — TR)al 41— 5k)k:] [(1 — TRyl 4 — (5’“} k

a6

(65)

(66)

(73)

(74)



Simplify to obtain
—In(1—-h—hi —h)=In\ +1Iny, —Inhy

Totally differentiate with respect to time to obtain

_dh_dh _dln),  diny, dlnhy

(1 —hy —hi—h{) dt dt dt
dhd | dh; | dh¥ w
— = :dln/\t+dlnyt_dlnht

(1—h¥ —hi —h¥) dt dt dt
dhi ps | dhips | dh{ po

SERLCY A A .
di hy " db b Tt b\ 4 oa  fw
T

Pass to log-deviations to obtain

h ot w o

(L—hf—hi—h¥) " (1—hP—hi—hy)"
h9 . A n

+ hi =M+ — hi

(1= hy" = hi = hy?)

7.7 MPL equalization
Hedz (B> = A1 —1h)alt
Take natural logarithms from both sides to obtain

In ez p(hY)?7 = In M\ (1 — Tl)ag—fv
t

Simplify to obtain

Inpg+Inz+ (¢ —1)Inh! =In\, +Iny, —Inhy

Totally differentiate with respect to time to obtain

dinp, dlnz dinh! dlnX;, dlny, dInhY
1 — _
TR 7 @ dl di

+%;+(¢—1)

T G he  dtadty  dt hv

Pass to log-deviations to obtain
ﬂt+ét+(¢—1)ﬁf:5\t+ﬂt—ﬁf
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7.8 Health status dynamic equation

5{%— + 359t+1 Mt+1¢zt( t+1) Nt pa (1= 69} = 1
+

Take natural logarithms from both sides to obtain

v e _
In 5{; + Bﬁgtfl Y1tz (b )0 + e (1= 69)} = Inpy
t+
Totally differentiate with respect to time to obtain

dIn{ %+ B [BEgr s 0z (i) ™ + pen (1= 091} dln g2
dt ot

Simplify to obtain

d{ L2 By [BEGE b (hd )P hpeg1 (1-69)]}
9t+1 1 — t+1 _dlnut

20 4 BulBEg ¢ 1pz(ho)?t + (1 —g9)]

Note that

P4 BulBeg™ s (1= 87)) =

Then
dlIn py

{— + 5Mt+1[359t+1 ¢Zt(h§+1)¢fl + Mt+1(1 - 59)]} = dt

udt

1{ 5¢ dgi1 1

ul g dt g

. +B1€g  2p(h)? T + (1 —M%H

dt

&
e 2p(h) T L g6+ 1)

_ dgt+1 1 e o dhg 1 1 d,LLt 1
g lzp(h9)o T €1 — 1) (poye 1L = U T T
29(h)* ™ = J = Bugg™ " 2p(e = (W) — = i

Pass to log-deviations to obtain

_%Qtﬂ + 8 [gg—f—lqu(hg)(zﬁ—l + (1 _ 59)} fles1 + 6§Q_£_12¢(h9)¢_12t+1

—BEE+ 1)g™ 26 (1) grpr — BEG T 2 — 1)(W)PT Ry =

Rearrange terms to obtain
Ez T BE(E + 1)g 2o (h) }gm
+8 {ﬁg‘g‘lzcﬁ(hg)‘b P (1 59)} fle1
869 20) (W) s — BEG T 20( — 1)(W9)? T By = fu
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7.9 Linearized Private Capital Accumulation
kpor =i + (1 — 65k, (95)

Take natural logarithms from both sides to obtain

Inkyyy = In(if + (1 — 6%)k,) (96)
Totally differentiate with respect to time to obtain
dinky 1 d(i¥ + (1 — 6%)k) (97)
dt 4 (1— 6%k dt
Observe that since i* = §¥k, it follows that i* + (1 — 6*)k = 6%k + (1 — 6*)k = k. Then
dkiy 1 1dikd* k k
—= dt— 98
dt k Rdtd F (1= 0k (98)
Pass to log-deviations to obtain
- ke (1—06M)k -
kt—i—l = Tlf + %kt (99)
Finally, simplify to obtain
keper = 050 4+ (1 — 6"k, (100)
7.10 Linearized Health Accumulation
gre1 =i + (1 = 0%)g, (101)
Take natural logarithms from both sides
Ingi1 =@ +(1—6%)g) (102)
Totally differentiate with respect to time to obtain
dln g1 _ 1 d(i + (1 —69)gy) (103)
dt i9+ (1 —4989)g dt
Observe that since 9 = 0%¢, it follows that i 4+ (1 — 09)g = §9g + (1 — §9)g = g. Then
dgi 1 1dif i g g
—= dt= 104
dt g gdtz’9+i9+(1—59)gt g (104)
Pass to log-deviations to obtain
. 099 1—4%)g.
Gi+1 = —glf + 1=%)g >ggt (105)
g g
Finally, simplify to obtain
Gis1 = 091 + (1 — 0%) g, (106)
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7.11 Health investment equation
i = z(h{)®
Take natural logarithms from both sides to obtain

Ini =Inz + (¢)Inhf

Totally differentiate with respect to time to obtain

dlnij  dlnz gballnhf

dr i@ 0 a

Simplify to obtain
dif 1 dz 1 dhi 1

dtw  dz Ot h
Pass to log-deviations to obtain

i} =2 + ohf

7.12 Linearized Technology Shock Process
Ina =1 —p")Ina+p*na + €

Totally differentiate with respect to time to obtain

dlna;q dlna dlna, def,
— (1= p° a
dt =)=+ dt
datﬂ 1 adat 1 4 a
—_ = _ €
dt a P dt a i1

a a .
where for t = 1 de? | ~ In(e“+1 /e ) = €f, | — €* = €}, since €* =0

Pass to log-deviations to obtain

~ _an a
py1 = P ar + €44

7.13 Linearized Health Stochastic Process

Inziyr =1 —p*)Inz+p°lnz + €,
Totally differentiate with respect to time to obtain

dlnzt+1_(1_ Z>dlnz Ldlnz,  def
at P TP ar dt
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(108)

(109)

(110)

(111)

(112)

(113)

(114)

(115)

(116)
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Simplify to obtain
d2t+1 1 dZt 1 >
itz P )

z z .
where for t =1 dej,; = In(e+1/e”) = €f,, — € = €}, since € = 0.

Pass to log-deviations to obtain

Zt41 = Poir t+ €14 (119)
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