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Abstract

We study the impact of research collaborations in coauthorship networks on total research
output. Through the links in the collaboration network researchers create spillovers not only
to their direct coauthors but also to researchers indirectly linked to them. We characterize the
interior equilibrium when multiple agents spend effort in multiple, possibly overlapping projects,
and there are interaction effects in the cost of effort.

Key words:  coauthor networks, economics of science
JEL: C72, D85, D43, L14, 713

1. Introduction

We build a micro-founded model of scientific co-authorship that incorporates and generalizes
previous ones in the literature [cf. e.g. Ballester et al., 2006; Cabrales et al., 2010; Jackson
and Wolinsky, 1996]. We characterize the interior equilibrium when multiple agents spend
effort in multiple, possibly overlapping projects, and there are interaction effects in the cost of
effort. While we assume that the allocation of agents into different projects is exogenous (and
determined by some underlying meeting process), the endogenous choice of efforts makes the
network of positive efforts endogenous, and in this sense we consider an endogenous network
formation model. The equilibrium solution to this model then allows us to study the impact of
individual researchers on total research output.

There exists a growing literature, both empirical and theoretical, on coauthorship networks
including Bosquet and Combes [2013]; Ductor [2011]; Ductor et al. [2013]; Fafchamps et al.
[2010]; Goyal et al. [2006], Newman [2001a,b,c,d, 2004], Konig [2011], Ballester et al. [2006];
Cabrales et al. [2010]; Calvé-Armengol et al. [2009], Azoulay et al. [2010]; Waldinger [2010,
2012] and Konig et al. [2014]; Liu et al. [2011]. In particular, our paper is related to the
recent ones by Baumann [2014] and Salonen [2014], where agents choose time to invest into

bilateral relationships. Our model extends the setups considered in these papers to allow for
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investments into multiple projects involving more than two agents. Moreover, Bimpikis et al.
[2014] analyze firms competing in quantities a la Cournot across different markets with a similar
linear-quadratic payoff specification, and allow firms to choose endogenously the quantitites sold
to each market. In contrast, the efforts invested by the agents in different projects in our model

are strategic complements, and not substitutes as in their paper.

2. Production Function

Assume that there are s = 1,...,p research projects. Let the production function for project s

be given by

Yi(Ges) = Y e +§ SN eiei=> i | +§ > e (1)

ieNs 1€Ns jeEN\{i} 1eNs JEN\{i}

where e;; is the research effort of agent ¢ in project s, N, is the set of agents participating
in project s, «; is the ability/skill of researcher i and 3 is a spillover parameter from comple-
mentarities between the research efforts of coauthors. If efforts are measured in logs then Y
corresponds to a translog production function [cf. Christensen et al., 1973, 1975]. The translog
production function can be viewed as an exact production function, a second order Taylor ap-
proximation to a more general production function or a second order approximation to a CES

production function [cf. Adams, 2006].!

3. Payofts

2 The assumption of a convex

In the following we study two alternative payoff specifications.
separable cost is similar to the model studied in Adams [2006]. The introduction of a quadratic
cost with substitutes or complements, depending on the sign of the parameters ¢, is similar
to Cohen-Cole et al. [2012], and it includes the case of a convex total cost as a special case when
¢s,s =7, and the the case of a convex separable cost when ¢, o = 705 . A theoretical model
with only two activities is studied in Belhaj and Derolan [2014], and an empirical analysis is

provided in Liu [2014].

LA related specification, however, without allowing agents to spend effort across different projects, can be
found in Ballester et al. [2006].
2Table 1 gives an overview of possible extensions and alternative specifications.



3.1. Convex Separable Costs

The payoff of agent i is given by

P
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where ng = |N;| is the number of agents participating in project s, and it holds that ng =

oy dis with &;5 € {0,1} indicating whether ¢ is participating in project s.

Proposition 1. Let the payoff function for each agent i = 1,...,n be given by Equation (2).

Then the unique interior Nash equilibrium effort levels are given by

a
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for each agent i =1,...,n and each project s=1,...,p.

Inserting effort levels from Equation (21) into the production function from Equation (1)

yields
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(4)

The model in this section assumes that efforts invested by an agent across different projects
are independent. This assumption is relaxed in the more general setup analyzed in the following

section.

3.2. Quadratic Costs with Substitutes/Complements

In the following we introduce a cost given by the quadratic form, %Zi’ =1 Gs,5'€isCis 0isis) =

%é;rqbéi, where ¢5 o = ¢g 5, € = (€1, .. ,él-p)T and €;; = e;:0;s. This cost is convex if and



only if the p X p matrix ¢ is positive definite. The case of a quadratic cost includes the case
of a convex total cost as a special case when ¢, o = 7, and the case of a convex separable cost
discussed in Section 3.1 when ¢g o = V05 o

The payoff of agent i is given by

P P
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where ngy = |N;| is the number of agents participating in project s, and it holds that ng =

oy dis with &;5 € {0,1} indicating whether ¢ is participating in project s.

Proposition 2. Let the payoff function for each agent i = 1,...,n be given by Equation (5)
and assume that

(bss’ == 7 lf S/ -
p,  otherwise.
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Further, let @ = (wss)1<s,s'<p, assume that the matriz I, — Q is invertible, and define by
e = (I, — Q) 'u(a). Then, for B small enough, the unique interior Nash equilibrium effort
levels are given by

1
s = ———— |Bes + o — Oisr € + iid; ) 6
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if 0;s = 1 for each agent i = 1,...,n and each project s = 1,...,p. Further, the total effort

spent in project s is given by €.
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Figure 1: The network analyzed in Example 1. The effort levels of the individual agents for each project they
are involved in are indicate next to the nodes.

Inserting Equation (6) into the production function from Equation (1) gives
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We will illustrate the equilibrium characterization of Proposition 2 in several examples that
follow.

Example 1. Consider a network with 2 projects and 3 agents, where in the first project agents 1
and 2 are collaborating and in the second project agents 1 and 3 are collaborating. An illustration

can be found in Figure 1. The payoffs of the agents are given by

B B
T = €11 <Oé1 + 5621 +e21 | ao + gen +ep | ar + 5632 +e32 | as + geu - %6%1 - 16%2 — pe11e12

2
B
T2 = €11 (Oq + 5621 +e91 | o + gen - %631

T3 = €12 <Oé1 + 2632> + €30 (Oé:f. + 2612> - %632-



The first order conditions are given by
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Solving this system of equations directly yields
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€11 = (52 ) ~ 72[)2 ,
1y = — (B—=7)(B+7)(a3f +a1y) + (a8 + a1y)p 7
(82 =7%)% = 72p?
e = ~ LB FDS+ cm)) +Blo 6(a3ﬁ +an)p+ang®
(B
e (5 V(B + ) (1 + 063’)’) + (agﬁ + a1y)p + ag,yp <
2 (2 )2 (8)

Next, we compute the above equilibrium effort levels using the equilibrium characterization in
Equatz’on (6) Note that d = (di)1§i§3 = (2, 1, 1)T, n— (ns)1§3§2 = (2,2)T,

0 = (0is)1<i<3,1<s<2 =

S =
_ o
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Next, we have that
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Figure 2: Equilibrium effort levels for agent 1 with a1 = 0.2, a2 = 0.1, ag = 0.9, p = 0.05 (left panel), p = 0.25
(right panel) and v = 1.

and hence
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Inserting the above expressions into Equation (6) yields exactly the equilibrium effort levels of
Equation (8). An illustration of the equilibrium effort levels for agent 1 with oy = 0.2, ag = 0.1,
az = 0.9, v =1 and two different values of p = 0.05 and p = 0.25 is shown in Figure 2. We
observe that with increasing values of B8 the effort spent by agent 1 on project 2 is increasing
more that the effort spent on project 1. The reason is that with increasing B the complementarity
effects between efforts of collaborating agents become stronger, and this effect is more pronounced
for the collaboration of agent 1 with the more productive agent 3, than with the less productive
agent 2. Moreover, when the cost parameter p is high enough, then agent 1 may even spend less

effort in equilibrium in the project with agent 1 than for higher values of B than for low values

of 5.

Example 2. Consider a network with 2 projects and 4 agents, where in the first project agents
1, 2 and 3 are collaborating while in the second project agents 2 and 4 are collaborating. An

illustration can be found in Figure 3. The payoffs of the agents are given by

Y 2
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Figure 3: The network analyzed in Example 2. The effort levels of the individual agents for each project they

are involved in are indicate next to the nodes.

The first order conditions are given by
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Solving this system of equations directly yields
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Next, we compute the above equilibrium effort levels using the equilibrium characterization in



Equatz’on (6) Note that d = (di)1§i§3 = (1,2, 1, 1)T, n—=— (ns)1§s§2 = (2,2)T,
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Next, we have that
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Inserting the above expressions into Equation (6) yields exactly the equilibrium effort levels of
Equation (9). An example of the equilibrium effort levels for agents 3 and 4 is shown in Figure
4. The figure illustrates that with differently skilled agents, the effort of an agent in one project

might exceed the effort in another project when the complementarity parameter B increases.

Example 3. Consider a network with 3 projects and 3 agents, where in the first project agents
1 and 2 are collaborating, in the second project agents 1 and 3 are collaborating and in the third
project agents 2 and 3 are collaborating. An illustration can be found in Figure 5. The payoffs

of the agents are given by
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Figure 4: Equilibrium effort levels for agents 3 and 4 with p = 0.05, vy =1, a1 = 0.2, a2 = 0.1, a3 = 0.9, s = 0.5
in the left panel, while a; = 0.25, aa = 0.25, az = 0.25, a4 = 0.5 in the right panel.
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Figure 5: The network analyzed in Example 3. The effort levels of the individual agents for each project they
are involved in are indicate next to the nodes.
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The first order conditions are given by
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Solving this system of equations directly yields
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Next, we compute the above equilibrium effort levels using the equilibrium characterization in
Equation (6). Note that d = (d;)1<i<3 = (2,2,2)7, n = (ng)1<s<3 = (2,2,2) 7,

0 = (0is)1<i<3,1<s<3 =
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Figure 6: Total equilibrium effort levels, e1s = >0_, eisdis, for projects 1, 2 and 3 with v = 1, a1 = 0.25,
a2 = 0.5, ag = 0.75 and varying values of 3 in the left panel, and varying values of p in the right panel.
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Next, we have that
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Inserting the above expressions into Equation (6) yields exactly the equilibrium effort levels of
Equation (10). The total equilibrium effort levels for projects 1, 2 and 3 are shown in Figure 6

for varying values of 5 and p.

A more compact characterization of the equilibrium effort levels of Proposition 2 can be
obtained in the special case of complete network [cf. e.g. Salonen, 2014]. Assume that d;s = 1

for all i = 1,...,n. From Equation (25) we then get

P
Z eis’(ﬁs’,séis(sis’ = aiéis + 5 Z ej85j85i87 (11)
s'=1 JEN\{i}
fori = 1,...,nand s = 1,...,p. Let e; = [e1501s,...,ens0ns] be a vector of effort levels
that agents 1,...,n put into project s. Let E = [eq,...,e,] be the n x p matrix with columns

given by e, for s = 1,...,p. Further, denote by w;; s = 6;56;5 for i # j and w5 = 0, and let

12



W, = [wijs]i<ij<n be an n x n matrix with elements w;;, € {0,1} indicating whether agents
i and j are participating in project s. Moreover, we denote by &;s = @;0;s, @5 = (Q1s, ..., Qns)
and let A = [a,. .., ap] be the n X p matrix with columns given by as. Then we can write

Equation (26) in matrix form as follows
E(},’):A—i—ﬂ[Wlel,...,Wpep]. (12)

Note that the n x p matrix [Wyey,..., W,ep] is composed of n x 1 column vectors W e, for

s=1,...,p. We next apply a vectorization to both sides of Equation (12) to obtain®

Wie
Waes
vec(E¢) = vec(A) + . (13)
Wyep
Using the fact that
vee(Ee) = (¢ ® T )vec(E),
and
W161 W1 0--- (S3]
Wae 0 W e
- ? 2l = diag(W)?_ vec(E),
0 :
W,e, 0 o Wy e
we can write Equation (13) as follows
(¢ @ 1,)vec(E) = vec(A) + Bdiag(W)!_,vec(E). (14)

Next, denoting by e = vec(E), W = diag(W;)?_; and a = vec(A), we can write Equation (14)

as
(p®I,)e =a+ fWe. (15)

When the matrix (¢ ® I, + BW)~! is invertible, we then obtain the equilibrium effort levels
given by

e=(¢pI,+ W) la. (16)

An alternative compact form of the equilibrium effort levels can be obtain using the line

3For example, for the 2 x 2 matrix |:Z Z:|, the vectorization is vec(A) = [cf. e.g. Dhrymes, 1984, Chap.

QL o0 e

41.
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Figure 7: (Left panel) The bipartite collaboration network G corresponding to the network shown in Figure 5,
where round circles represent authors, squares represent projects and lines indicate the efforts agents invest into
the different projects. (Right panel) The line graph L(G) associated with the collaboration network G in which
each node represents the effort an author invests into different projects. Solid lines indicate nodes sharing a
project while dashed lines indicate nodes with the same author.

graph® representation of the collaboration network G similar to Bimpikis et al. [2014]. An
example is shown in Figure 7. The network corresponds to the one shown in Figure 5. First
note that the FOC of the effort levels can be written as (see Equation (29) in the proof of
Proposition 2 in Appendix A)

5; P B6; 1
€is0is + 5%723_/) Z €is0is — m Z €js0js = mai@'s-
JEN

s=1
Then, introducing the matrix
p o ifi=jisHtk

Lisje=4 -8 ifi#j,s=k,

0 otherwise,

we can write for the vector e of stacked agent-project effort levels, e;s, the following

1 1
I+—————F>e:—————a,
( B+v—p B+y—rp

where « is a stacked vector with elements «;d;s, so that, when the matrix I + B%v—pr is

invertible, we can write the equilibrium effort levels as follows

— (151 r>1
e = (N
Btvy—p Bty—p

Observe that the matrix I' represents a weighted matrix of the line graph L(G) of the bipartite
collaboration network G, where each link between nodes sharing a project has weight —3, and

each link between nodes sharing an author have weight p.

4Given a graph G, its line graph L(G) is a graph such that each node of L(G) represents an edge of G, and
two nodes of L(G) are adjacent if and only if their corresponding edges share a common endpoint in G [cf. e.g.
West, 2001].
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4. Conclusion

We have analyzed the equilibrium efforts of agents involved in multiple, possibly overlapping
projects. We show that, given an allocation of researchers to different projects, the Nash
equilibrium can be completely characterized.

We have focussed on two particular specifications, the case of convex separable costs (see
Section 3.1) and the case of a quadratic costs with substitutes or complements (see Section 3.2).
The assumption of a convex separable cost is similar to the model studied in Adams [2006].
The introduction of a quadratic cost with substitutes or complements, depending on the sign of
the parameters ¢y, is similar to Cohen-Cole et al. [2012], and it includes the case of a convex
total cost as a special case when ¢4 ¢ = v, and the the case of a convex separable cost when
¢s,s» = V05, For the special case of only two activities, a theoretical model is studied in Belhaj
and Derolan [2014], and an empirical analysis is provided in Liu [2014].

Our analysis can be extended along several directions. First, we can allow the returns of an
agent from participating in a project to be split equally among the participants of the project
similar to the models studied in Jackson and Wolinsky [1996]; Kandel and Lazear [1992]. Second,
instead of a convex cost, we can introduce a time constraint as in Baumann [2014]; Salonen

[2014]. These extensions and the relation to the current setup are summarized in Table 1.
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91

return independent of return decreasing with

number of authors number of authors
convex separable p _ NP 1 ¥ ,2
cost i s=1 ( s 2625) Ois Ti = 2s=1 n_sYS 2Cis 0is
convex total » v =P 2 p 1 7 (NP 2
i = ) o1 YsOis — 5 (D51 €islis) T = 2 s=1 n_SYs‘Sis — 5 (D 5=1 €isdis)

cost

quadratic cost with
substitutes/complements

constraint

— P 1 p — p 1 1 P
[ 25:1 }/8628 ) 2875/21 (z)s,s’eiseis’éisfsis’ T = s=1 n_SY:s(Sis -3 Zs,s’:l ¢s,s’€iseis’6i86is’

=y 0 YVbig st D0 eisbis =1 =y niSstsz's st Y b eislis =1

Table 1: The alternative payoff specifications, m;, for ¢ = 1,...,n analyzed in Section 3. The output Y of project s is given in Equation (1). The
case of convex separable costs is studied in Section 3.1. The case of a quadratic costs with substitutes or complements is studied in Section 3.2.
The case of a quadratic cost includes the case of a convex total cost as a special case when ¢; - = 7, and the case of a convex separable cost when

¢s,s/ = ’Y(Ss,s/-
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Appendix

A. Proofs

Proof of Proposition 1. The first order condition (FOC) wrt e; is given by®

om; (G P19V (G, ey
OmlGre) _ Z (Q - 7€z‘s/> 0is = | as + Z ejs | 0is — Veisdis = 0,

8€i5 8€i5

s'=1 FEN\{i}

where we have used the fact that

S {% tB L jenagy s 18 =5,
des B

0, otherwise.

From Equation (30) we get

o B
€is = — + — €js,

T T ey

for all projects s in which 7 is participating. Further, Equation (18) can be written as
g 5
<1 + =) eis=— Z €is,
v ’Y Y N,

and

@ g
Cis = + €js-
By 6+7j§/$ 7

Summation over i € N, gives

Z €js = ,8+ Z ,an Z €js,

JEN; ]GN ]ENS
and we get
(1-55) S =g D
Js J:
Bty JEN; Bt JEN;
Hence
S = gt Do
JEN; ]GNS
Inserting into Equation (20) yields
%
€is = + Z Q.
B+~ B+ - 5 ) X
"Observe that the second order condition (SOC) is given by L(Ge) = —vd0;s < 0.

19

(17)

(18)

(21)



o

= B+v

This allows us to determine the individual effort e;5 of agent 7 in project s. Denoting by &;
we can write Equation (21) as

Cis = G + ————— R > ay (22)
7 ]ENS

Further, denoting by 8, = % this can be simplified to

eis = i+ Bs Y @ (23)
JENS
From Equation (18) we have that
B Z €js = V€is — Oy,
JEN\{i}

Inserting into the production function from Equation (1) yields

Y;(G):Zeis Oél-i-— Z

iENS JENs\{l}
== Z eis (a; + ve;s)
ZENS
== Z €5 —|—’yew)
ZENS
2
1 ~ 2 ~ ~ > ~
=3 % ai+5szaj - ai+ﬁ52aj
i€ENs FEN FEN,
[ 2
1 o o
= > : IRE
2w | \Ptr o= h —1]€N5+7 B+y -8 —1]€Nsﬁ
(24)
]
Proof of Proposition 2. The first order condition (FOC) wrt. e;, is given by®
om;i(G,e) P (G, es P
8615 Z 8€ZS 515 Z (bs slezs/éls’ == CYZ + ,8 Z 3 5@5—51'5 Z ¢s,s/eis/5is/ = O’
=t FEN\{i} s'=1
(25)

where we have used the fact that

BYS/(G,es/) _ {al+ﬁZ]ENs\{l} ejs, ifs:sl
861’5 B

0, otherwise.

6Observe that the second order condition (SOC) is given by L(Ge) = —¢ss0is < 0.
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From Equation (25) we get
P
Z eis/(ﬁs/,séis(sis/ = aiéis + B Z ej85j85i87
s'=1 JEN\{i}
fori=1,...,nand s=1,...,p. In the following we denote by

- ei57 ifZ GNS,
€is =

0, otherwise.

That is, we define ;5 = §;5¢;5. Then we can write
p
5is Z éis“bs’,s = ai(sis + /8528 Z éj&
s'=1 JEN\{i}
In the following we assume that

v, if s’ =s,
¢ss/ = {

p, otherwise.

Then we obtain from Equation (28) that
P
Yeis + pdis Z €is' = Qi0is + B0is Z €js,
s'#s JENs\ {7}
which can be written as follows
P
(Y= p)éis + pois Y Eiy = ibis + Bois > .
s'=1 JEN\{i}
We can write this as
P
(/8 + Y- p)ézs + péis Z éis/ - aiéis + B(st Z éjs;
s'=1 FENS

and hence

. B+y—p. o P -
Ois€ts = 5 G- #51'5 + B(Sisei-i-a

where we have denoted by

€ts = § €js,

JENS
P
éi_}_ = Z éis.
s=1
Summing over all i € N, yields

_ B+~y—p. 1 P _
Ng€ys =~ €45 — 3 Z ;05 + — Z €i+-
p p iEN Z €N,

21

(27)

(28)



Solving for €44 gives

Cys = > e - > o (31)
B(ns +p v +p gl

1€EN

Next, summation over all projects s involving agent i in Equation (30) yields

ST o R SN
; isC+s = ﬂ ;eiS_E; is T B ; 1S

and denoting by

P
4= s,
s=1
we get
P
. _Brytpldi-1). 1
62‘36 s — 61 Oéldl 32
> diséy 5 73 (32)
Solving for é;4 gives
I5; 1

€ir = 0is€is + a;d;.
" /8+'Y+P(di_1); B4y +pldi— 1)

Summation over all i € N, yields

Z€z+ Zﬂ+’y+pd ) Z5zs'€+s +Zﬂ+fy+pd ) a;d;. (33)

1€EN 1€EN

Inserting Equation (33) into Equation (31) gives

i & pBis L
s = 5@'5’ s’
o Z</3<ns—1>+p—v><ﬁ+w+p<di—1>>3,2 o

i=1

pad;dis
+Z s—1)+p=7)(B+7y+p(di—1))

(34)

- i0is-
ﬁ(ns—1)+p—7;a

In the following we denote by

Dis = pﬁézs
T (Bns =)+ p =B+ +pldi - 1))
ps(a) = patiditis - ! — Zai%-

< (Bns =) +p—=7)(B+y+pldi—1)) Blns—1)+p—v<

i=
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Then we can write Equation (34) as follows
n P
é—i—s - Z Pis Z 5@'s’é+s’ + ,U's(a)
i=1 s'=1
P n
= Z é+s/ Z (Pisfsis’
s'=1 i=1
P
= Z Wss’é+s’ + Ms(a)a

s'=1

where we have denoted by

n
Wss! = § SDis(Sis’-
=1

Further, let € = (€41, ... ,é+p)T and Q = (wsy)1<s,5/<p, then we can write the above equation

in vector-matrix form as
€= Qe+ pla).

That is
(1, - e = p(a).

When the matrix I, — € is invertible, then we can write
€= (I, - ) u(a).

Next, inserting Equation (35) into Equation (32) gives

P
B+v+p(d—1)_ 1
Y dises = 1 g( : )€i+ - Baidia
s=1
so that ,
. p 1
it = 0is€s + a;d;.
T B+ p(di—1) 2 T Bty teldi—1) T
Moreover, note that Equation (30) can be written as
. g . 1 p N
Cis = =———0isCts + ———Q;0js — ————0;5C;+.
(&) ﬁ+7—pzs +s ﬁ+7—p 1Yis ﬁ+7—pzs i+
Inserting Equations (36) and (35) into Equation (37) gives
s B 1
€is = m@'sﬁs + maﬂsis
— pp 5 p €ud:
1S / !
(B+7=p)(B+v+pdi—1) " 4=
- p (5i5aidi.

(B+v—=p)(B+~+p(d —1))
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(35)

(36)

(37)

(38)



Equation (38) can be written as follows

~ 5@'5
€is = 55— | Pes + oy —
s ﬁ+7—p 53 7

p

B+ +p(d;i—1)
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p
<Z 0isr€s + Olidz)] :
s'=1

(39)
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