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Abstract

This paper provides a microfounded information acquisition technology based on a simple
framework with information search. When searchable information is limited, an agent
encounters increasingly more redundant information in his search for new information.
Redundancy slows down the learning process and generates decreasing returns. Further-
more, as multiple agents search for information from the same source, limited searchabil-
ity leads to covariance as the acquired information becomes increasingly more overlapped
among agents. Using an asymptotic approach, we construct a tractable mapping from
resource (attention) allocations to the precision and the correlation of agents’ information
under varying degrees of searchability of information. We study two economic applica-
tions with endogenous information acquisition using our model: (i) a “beauty contest”

coordination game, and (ii) a noisy rational expectations equilibrium.
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1 Introduction

It is a truism that available information for economic decision making is scarce, and acquir-
ing information is costly and subject to frictions. One such friction could be the scarcity of
cognitive resources such as limited attentional capacity as pointed out by Kahneman (1973).
Alternatively, there can be lack of other types of resources such as time, budget, skills or even
social networks that facilitate collecting useful information. In the presence of these frictions,
available resources should be allocated optimally in searching and processing information to
make a more informed decision. The economic literature often employs a set of assumptions
that allows quantifying the amount of collected information given an input of resources. How-
ever, there has been a scarcity of theoretical justifications to support such assumptions. Our
paper provides a microfoundation for an information acquisition technology in the presence of
impediments to information search, and investigates its implications in economic and financial
decision making.

Our framework on learning under imperfect information searchability is based on the fol-
lowing simple intuition: As an agent keeps searching for new information, it is likely that
he would encounter some overlapping—and therefore redundant—pieces of information from the
past searching activities. The tendency of increasing redundancy results in diminishing returns
to scale in information search, and such concavity of informativeness is more pronounced when
the total amount of potentially observable information (henceforth, “searchable information”)
is more limited. Similarly, multiple agents who search in an identical source of information
would also face increasing redundancy as more information is collected, thus, their acquired
information becomes increasingly more similar. Such commonality of acquired information is
more pronounced when searchable information is more limited.

We formalize the aforementioned intuition by employing an urn model with an asymptotic
approach. Consider drawing balls with replacement from an urn with a finite number of balls;
drawing a ball from an urn with replacement is interpreted as collecting a signal through search.
Because the collected balls are replaced into the urn, the odds of drawing a previously-collected
ball increases each time an agent draws a ball from the urn. In the context of information
acquisition, drawing a previously-collected ball means collecting a redundant (thus uninforma-
tive) signal. Because each new signal becomes increasingly less informative on average due to

redundancy, the expected overall informativeness is concave in the number of collected signals.



Such concavity is more pronounced as searchable information is more limited (or the urn is
smaller). Therefore, the expected precision of acquired information becomes concave in the
input of resources. However, one may find it rather difficult to apply such a result to most of
economic applications because the resulting precision is random and discrete given the input
of resources. Considering the limiting case in which each signal becomes infinitesimally small,
we can study the continuous limit of a precision function under which the law of large numbers
can be applied. This asymptotic approach allows us to obtain a smooth and deterministic func-
tion maps the inputs of resources used into the precision of the information that is eventually
collected by an agent (see Theorem 2.1). The curvature of this asymptotic precision function
decreases with the amount of searchable information, thus a smaller curvature is associated
with a higher efficiency of information search.

We also formalize the case with multiple agents using the same logic; imagine that they
are independently drawing balls from a single urn which is interpreted as a shared source of
information. Because the number of balls in the urn is finite, they tend to gather a more
similar set of balls as they increase the number of drawings from the urn. Furthermore, such
tendency is more pronounced as the number of balls in the urn becomes smaller. In the context
of information acquisition, the shared component of agents’ collected signals grows larger as
more information is acquired by each agent. Consequently, the correlation of their acquired
information increases in the degree of information acquisition, and such tendency is more pro-
nounced when information searchability is lower (Theorem 2.2). This information acquisition
technology developed in our paper provides a framework of endogenizing the “publicity” of
the acquired information; the correlation between different agents’ information is endogenously
determined in terms of the input of resources by each agent as well as searchability of infor-
mation from the source. In the limit case where the number of agents is large, the noise in
each agent’s acquired information can be decomposed into a public component and an idio-
syncratic component where all the components are independent of each other (Corollary 2.1).
This framework provides a microfoundation for popular setups in the literature such as private
signals with imperfect correlations among agents and private signals with both a public and a
private component of noise.

We study two applications of our information acquisition technology. In the first applica-

tion, we study a “beauty contest” coordination game with endogenous information acquisition.



Our setup follows a standard two-period setup in the literature: Agents’ final payoffs depend
on the quadratic distance of actions from an unobserved fundamental value and the average
action. To acquire information prior to taking the actions, agents can allocate their efforts (or
resources) among different information sources to maximize their ex-ante utility. In the recent
debate in the related literature, there are mixed messages about the determinacy (or the possi-
bility of multiple equilibria) for coordination games with endogenous information acquisition.
Hellwig and Veldkamp (2009) find that the endogenous choice of how much public information
to acquire naturally leads to multiple equilibria. In contrast, Myatt and Wallace (2012) assume
an information structure similar to the representation that we obtain in Corollary 2.1 and find
a unique equilibrium. The results of our analysis lie somewhere in between these two papers.
In our setup, the endogenous publicity of the information that is acquired by the agents is
not enough to guarantee a unique equilibrium unless the coordination motive is sufficiently
weak. When the mapping from agents’ effort choices to information is endogenously derived
as in our paper, we show how non-concavities arise that can lead to multiple equilibria. Hence,
the microfoundation provided in our paper is relevant because it leads to qualitatively differ-
ent implications. These implications shed new light on the relation between the information
structure and equilibrium determinacy in coordination games with endogenous information.
We then specialize to a setup with only two information sources. One of them is superior to
the other in the sense that it offers more precise information about the fundamental given the
same level of inputs. On the other hand, because of its lower searchability, the inferior source
provides information that is more correlated among agents. Therefore, if other agents are lean-
ing from this source, it gives more precise information on what the other agents will do. When
the coordination motive is sufficiently strong, there exists an equilibrium in which all agents
choose to focus on the inferior information source. Because less searchable information leads to
more covariance, this equilibrium outcome becomes more “likely” (i.e., it exists on a larger set
of parameters) precisely when the inferior information source becomes more inefficient. This
outcome may not be socially optimal because agents are acting based on information from a
less efficient source. For instance, the inferior information equilibrium is associated with an
average action that is more volatile and less correlated with the fundamental. Our results can
be applied to situations with strategic complementarity such as bank runs, analysts’ herding

behavior, etc. For example, agents may decide to run on a healthy bank based on less accurate



information (e.g., rumors) instead of investigating into more accurate sources of information
because information from a less accurate source is more likely to be correlated due to imperfect
information searchability.

Our second application is in the context of portfolio optimization and financial equilib-
rium. We begin by solving the problem of an investor who allocates his resources to acquire
information on risky assets prior to choosing his portfolio. In a partial equilibrium setup with
exogenous prices, the investor tends to concentrate his resources on the assets with more in-
formation searchability, thereby neglecting other assets. Under-diversification arises naturally
as the investor concentrates his portfolio on a few assets that allow him to exploit private
information best. Furthermore, our results relate the lack of portfolio diversification to the
investors’ availability of resources for information search and are therefore consistent with the
empirical findings that retail investors generally hold highly-concentrated portfolios.

To understand the pricing implications of these forces, we then embed this problem in
a noisy rational expectations equilibrium. In equilibrium, an increase in searchability of in-
formation in one asset always improves liquidity and informational efficiency for this asset.
However, its effect on the other assets crucially depends on the strength of the externality of
information revelation through prices. This is because more searchable information is reflected
faster in asset prices, thereby reducing investors’ incentives to gather costly information on
such assets. Hence, the strength of this information externality determines whether the in-
vestors allocate more or less resources to the other assets and therefore determines the sign of
the “informational spillovers” onto the other assets. If the information externality is strong
(because, for instance, investors devote significant resources to information search and prices
are very informative), then an increase in information searchability in one asset leads to more
information acquisition in the other assets. In turn, this has a positive effect on the liquidity
and the informational efficiency of the other assets—a positive informational spillover. If the
information externality is weak, then the partial equilibrium force dominates and results in an
information crowding out effect. In turn, this effect results in lower liquidity and informational
efficiency for the other assets. These results point to cross market linkages that arise due to
investors’ information choices and may shed light on how different price behaviors (such as

price delay to information) may arise due to different analysts’ coverage in case of small firms.!

!See, for example, Hou and Moskowitz (2005) to review related empirical findings.



In the literature, there have been various formulations that quantify the amount of collected
(or processed) information. One of well-known attempt is rational inattention theory based
on entropy theory. In his seminal paper, Sims (2003) connected information theory to agents’
utility maximization problem using entropy as the measure of information. Due to its practical
usefulness, there have been numerous applications in economics and finance based on such
rational inattention framework.? For example, Peng (2005) shows a financial equilibrium with
information capacity constraints. While the entropy is a convenient and useful measure of
information, it may not reflect relevant features of learning problems such as impediments to
information search in our model. As was pointed by Marschak (1974), entropy is only relevant
to the cost of communicating rather than the cost of searching and collecting information. The
original idea of Shannon (1948) is not meant for information processing in economic contexts.
In that context, the entropy measure is suitable as communicating constraint rather than
information acquisition constraint. Shannon’s second proposition asserts that we can transfer
a signal without errors under certain capacity limit by using an optimal coding scheme. This
optimal coding scheme may not apply to natural languages or economic and financial terms.
Developments in information technology imply that we bear minimum costs of communicating;
however, natural language is far from being an optimal coding scheme. More importantly,
entropy is silent about searching and collecting information. In contrast, our model provides
a microfoundation for measuring information in an environment where information search is
important. Our results complement the existing literature (such as those in rational attention),
and contribute to it by finding further implications that arise from impediments to information
search.

The organization of the paper is as follows. Section 2 develops the framework of information
acquisition under imperfect information searchability. Section 3 studies a coordination game
with complementarities as an example of possible applications. Section 4 studies a portfolio

optimization problem as an example of possible applications. Section 5 concludes.

2See, for example, Veldkamp (2011) for an excellent survey on applications in macroeconomics and finance.



2 Information Search

In this section, we develop our methodology and characterize endogenous information under
imperfect information searchability. We begin by describing the basic setup, then derive the
asymptotic precision function (Theorem 2.1) and the asymptotic covariance function (Theo-
rem 2.2). Then we derive our main result-the joint distribution of agents’ information after
information search (Theorem 2.3). Finally, we provide a public-private decomposition of the

resulting information structure (Corollary 2.1).

2.1 The Setup
2.1.1 Basic signals

Consider an economic agent who is endowed with limited information processing resources
(henceforth, resources) that allow the agent to search necessary information. The agent ac-
quires information using his resources in order to resolve uncertainties that are relevant to his
payoffs. There is a random variable of interest, 6, which follows a normal distribution with
mean # and variance Ty 1. For example, @ could be the payoff of an investment opportunity
such as the liquidation value of a tradable asset. Suppose the underlying source of information
on 6 is given by a set L of basic signals that consists of L € N distinct signals on . Each basic

signal m € {1,2,...,L} in L is given by
s =10+ ¢€", (1)

where €™ ~ i.i.d. N'(0,7.1) is a noise that is independent of §. We refer to 7, as the precision

of the basic signal s™.

2.1.2 Information searchability

We define information search as a process of gathering information by using endowed resources.
We say that information search is easier (or harder) if the same input of resources resolves a
greater (or smaller) amount of uncertainty about the variable of interest. Therefore, “infor-
mation searchability” is defined as the degree of resolution of uncertainty with respect to the

increase in resource input. Assuming that a fixed amount of resource input gives the agent a



signal in Eq. (1), information searchability is inversely related to the possibility of encountering
redundant signals in his search process.

We formalize the idea of information searchability using an urn model. Consider the set of
signals L to be an urn, and the basic signals to be balls in the urn. Imagine that the agent is
sequentially drawing a ball with replacement from the urn. The agent can identify the index
of each signal, thus he knows whether a signal is redundant or not given the set of collected
signals. If the number of balls in the urn is limited, the chance of drawing a ball that is distinct
from the balls drawn in the previous trials would get smaller as the agent draws more balls
from the urn.

The following assumption embeds this idea of impediments to information search by allow-

ing redundancy among acquired signals.
Assumption 2.1. Signals are drawn with replacement from L.

This assumption plays a critical role in our model because it gives a foundation for the
concept of information searchability. The opposite case to this assumption is sampling without
replacement, in which case acquired signals are never redundant. In this case, any increases in
the input of resources would be directly translated into a greater amount of information (or a
greater resolution of uncertainty) regardless of the scale of resource investment. On the other
hand, the assumption of sampling with replacement in Assumption 2.1 makes it impossible to

maintain the constant returns to scale in information search.

2.1.3 Precision function

Because redundant signals are completely uninformative, the informativeness of a set of ac-
quired signals only depends on the distinct signals among them. Let H denote the set of
distinct signals among those acquired by the agent, and let h denote the number of signals in

H. Let S(h) denote the mean of the signals s',s2,...,s" in H as follows:
Sy =~ s =f+1 3 e 2)
“h TR L
meH meH

Notice that S(h) is a sufficient statistic for the signals acquired by the agent. By the standard

Bayesian belief update formula, the precision of the posterior belief about € conditional on



observing the signal S(h) is given by

Var[0|S(h) " = To ooz (3)

precision of prior belief  signal precision

That is, the set of h i.i.d. signals is equivalent to having a single signal with precision that
is h-times higher than that of each individual signal in the set. These observations lead to
the following definition of the precision function given the number of distinct signals that are
collected:

Definition 2.1. The precision function ® : R, — R, s defined by
®(h) = 1.h, (4)

where h is the number of distinct basic signals drawn from L, and 7. is the precision of each
basic signal.

Suppose that [ signals are drawn with replacement from a finite set L which consists of L
distinct signals. We let h denote the (random) number of distinct signals among [ collected

signals. The following lemma derives the expected number of distinct signals E[h].

Lemma 2.1. Suppose that signals are drawn | times from a set of L distinct signals. Then,

the expected number of distinct signals among the collected signals is given by

E[h] =L [1— <1—%>l]. (5)

Proof. A more general proof for this can be found in Stadje (1990). For each m € {1,2,..., L},
we define 2™ to be one if signal s™ is collected eventually, and zero otherwise. Then, it is
immediate that Pr(h™ =1) =1 — (%)l Because h =S¢ _ b, we get

| T I



Notice that E[h] is monotone increasing and concave in [.> That is, by drawing more signals
from the urn, the expected number of distinct signals increases, but it does at a decreasing
rate as more and more signals are being collected. Furthermore, [ﬁ] is monotone increasing
in L. Intuitively, the more independent signals are in the urn, the higher the expected number
of distinct signals for a given number of draws. Hence, the number of signals in L reflects the
easiness of searching information (or the degree of searchability). We explore these ideas in
the next subsection by connecting the precision function with the amount of resources spent

on information collection.

2.1.4 Resources and precision

In this subsection, we introduce a set of assumptions that allow us to study an asymptotic
limit of precision function. To exploit the law of large numbers, we consider the case where
the signals (or balls) in the urn become infinitesimally small so that the number of signals
grows to infinity. That is, information acquisition becomes continuous in the limit rather
than discrete. This continuous limit yields a smooth and deterministic precision function with
desirable properties that can applied to various economic applications with ease.

To acquire necessary information, the agent needs to use his endowed resources. Let ¢ €
(0,00) be the unit of resources required to collect one signal on € (i.e., the cost of one draw
from the urn). We assume that any smaller amount of resources which is less than ¢ cannot
be utilized to acquire a signal. Hence, an input of k£ units of resources would enable the agent
to collect [£] signals.*

If an agent could observe all signals in L, the agent’s posterior precision in (3) would be
7" = 19 + 7. L. Therefore, 7* is the upper bound to an agent’s information precision, which is
regarded as an exogenous feature of the underlying informational environment. As we elaborate
below, we will consider the behavior of the precision function as the cost ¢ becomes small while

leaving 7* unchanged. Accordingly, in the next two assumptions we relate the number and

3The monotonicity and concavity can be easily verified from the following:

P (1) e (1- 1) 0w PP (1 Y s (1- )] <0

Y z] = max{z € Z|z < z}.
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precision of basic signals to the cost c.’
Assumption 2.2. For some L € [0, 00|, the number of basic signals in L is given by L = |£].

Because £ determines the number of signals in L, £ parameterizes the degree of information
searchability. All the collected signals will be distinct (thus informative) in the absence of
impediments to information search (or in case of perfect searchability, i.e., £L = 00). On the
other hand, some of the collected signals may be redundant in the presence of impediments
to information search (or in case of imperfect searchability, i.e., £ < o0), thus the number of

distinct signals can be strictly lower than the number of collected signals.

Assumption 2.3. For some 7 € [0,00), the precision of each basic signal s™ € L equals

Te = TC.

Therefore, the parameter 7 captures the efficiency of each basic signal per unit of cost. For
given values of £ and 7, Assumption 2.2 and Assumption 2.3 imply that the total amount of
information available to the agent is in fact independent of ¢. For example, when the required
input of resources for one signal decreases by half, the number of basic signals available in the
population increases by twice but the precision of each basic signal decreases by half.

We define h(k;c) to be the number of distinct signals drawn from L given an input of &
units of resources when the minimum fraction of resource inputs is set to be c. Then, the

precision function according to Definition 2.1 under Assumption 2.3 is given by
O (h(k; c)) = rch(k;c). (8)

There are two major problems in using the precision function in Eq. (8): First, the precision
of information given an input of k£ units of resources is random because the number of distinct
signals is random. Second, the function is not smooth in k£ because the number of distinct
signals is given by discrete numbers. These shortcomings make the precision function defined
in Eq. (8) unattractive in most economic applications. To resolve these shortcomings, we will

consider the limiting case in which the cost ¢ tends to zero and rely on the following notion:

5This following is a technical assumption which obtains smooth extrapolation of discrete choices. Moscarini

and Smith (2001) provides a similar extrapolation out of number of sampling.
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Definition 2.2. The asymptotic precision function ¢ : R, — R, s defined to be a function
that satisfies the following®

®(h(k;c)) — o(k) a.s. asc— 0. (9)

As we will demonstrate below, the asymptotic precision function ¢(k) in Eq. (9) resolves
both problems in Eq. (8). That is, it becomes deterministic and smooth (i.e., continuous in k

and also infinitely differentiable with respect to k).

2.2 Asymptotic Precision Functions

Here we derive our main result, the asymptotic precision function in the presence of impedi-
ments to information search.

As a benchmark, consider the case of perfect searchability in which signals are drawn from
L without replacement. Since there cannot be redundant signals in this case, the number of
distinct signals drawn from L given an input of resources k such that L%J < L is trivially equal
to the number of collected signals, L%J . Hence, the corresponding precision function is given
by

~ k
D(h(k; ) = 7e| = | =7 [k = g(0)]. (10)
c
where g(c) < c¢. By taking the limit as ¢ goes to zero, it is immediate to obtain the asymptotic

precision in case of perfect information searchability:

o(k) = Tk. (11)

Now, we turn to the case of imperfect information searchability, i.e., signals are drawn from
L with replacement and £ < oo. Using Lemma 2.1, we can derive the expected number of

distinct signals given the resource input & as follows:

L&)
Elh(k;c)] = L%J 1— (1 — ﬁ) . (12)

®One may alternatively state that Pr {lin(l) |<I)(l~1(k, ) — (k)| < oz] =1 for each o > 0.

12



Multiplying by ¢ and taking the limit as ¢ goes to zero in Eq. (12) yields

Elch(k;¢)] — L (1 — exp (—%)) , asc— 0. (13)

Therefore, the expectation of the precision function ®(h(k;c)) becomes smooth in the
limit where ¢ approaches zero. However, it is not clear that the precision function itself
will be a deterministic function: proving this result is a non-trivial task because the number
of collected signals grows large as ¢ approaches zero but so does the number of redundant
signals. Intuitively, proving that uncertainty in cfz(k:; c) disappears as ¢ approaches zero requires
showing that the fraction of redundant signals converges to its expectation, or, more formally,
that ch(k; ¢) can only deviate from E[ch(k; ¢)] in measure zero cases as ¢ approaches zero. This

result is provided the following lemma:

Lemma 2.2. Asc — 0, the difference between ch(k; ¢) and E[ch(k; )] converges to zero almost

surely.

Proof. See Appendix A. n

Because ®(h(k;c)) = rch(k;c), Lemma 2.2 gives the main argument in the proof of the

following theorem.

Theorem 2.1. In case of imperfect information searchability, the asymptotic precision is given

’ e (1o (1)) »

As mentioned above, the asymptotic precision function ¢(k) overcomes the two major
difficulties that exist in case of ®(h(k;c)). First, ¢(k) is a deterministic function in k. Second,
¢(k) is a smooth function in k, i.e., ¢(k) is continuous in k and is also infinitely differentiable
with respect to k. Furthermore, it has the following standard properties that are frequently
assumed in the information economics literature:

(i) Non-negativity: ¢ > 0,
(ii) Monotonicity: d¢/0k > 0,

13



(iii) Concavity: 9%¢/0k? <0,

926/0k2 _
Be/oh = 1/L.

(iv) Curvature: —

The precision increases with more input of resources, but the marginal benefits diminish
in scale. Furthermore, such diminishing marginal benefits are larger with worse information
searchability. These properties fit intuition quite well. As one learns more about one subject,
the probability of encountering redundant materials is going up. He realizes that the collected
materials are overlapping with those that are previously acquired only after searching. The
concavity of the signal precision function is also associated with negatively accelerated learning
curve which has been repeatedly reported in cognitive science and psychology. A large body
of literature with empirical and experimental evidence finds learning data showing a rapid
improvement followed by lesser improvements are best fitted with an exponential function.”

The increasing curvature inverse to £ implies that worse information searchability would
make the asymptotic precision function more concave. On the other hand, as information
searchability improves (i.e., £ — 00), the asymptotic precision function (14) converges to the
linear function in (11) that is obtained when signals are drawn without replacement. This
result is intuitive: as information searchability deteriorates, so does the possibility of drawing
redundant signals. We remark that (14) implies ¢’ (0) = 7, that is, the precision obtained
from the first unit of input only depends on the precision of the underlying information and is
unaffected by information searchability—the very first unit of information cannot be redundant,
regardless of L.

In applications, it is common to specify the information acquisition technology in terms
of a cost function k : ¢ — k(¢) that specifies the amount of resources k that are required
to collect information with precision ¢. In our setup, the asymptotic cost function is readily

obtained as the inverse of the precision function in (14), k() = ¢~ (+), as

k(6) = —Llog (1 - %) | (15)

The cost function k (¢) has the following properties: it is non-negative, monotone decreasing

and concave, with curvature decreasing in the information searchability parameter, £. Note

"See Ritter and Schooler (2001) for surveys on “power law” of learning curve which has been widely observed

in cognitive psychology.
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that k(¢) becomes infinite as ¢ approaches 7L, which represents the upper bound to the

information precision. Finally, we remark that &' (0) = 77!

. Differently from what is often
assumed in applications, the marginal cost of the first unit of information is bounded away
from zero.

Figure 1 provides a graphical illustration of ¢ (k) and k (¢) for different values of the infor-
mation searchability parameter £. The functions are linear in the case of perfect searchability
(£ = o0) while the curvature decreases for larger values of £, the precision function becoming

less concave and the cost function becoming less convex.
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FIGURE 1. Left panel: precision function ¢(k). Right panel: cost function k(¢). Parameter
values: 7 =1 and £ € {1,2,00}.

Finally, we call an information source “superior” to the other source only if it provides
more precise information than the other source given the same level of inputs. We give a more
formal definition of superiority as follows:

Definition 2.3. Information source i is superior to information source j if © is both more

efficient and more searchable, i.e., 0 > 19 and L* > L7 with at least one equality being strict.

A superior information source will always have higher precision given the same level of
inputs, i.e., suppose that i is superior to j, then ¢'(k) > ¢/ (k) for all k¥ > 0. One may imagine
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that a superior source is always preferred to an inferior source, but later in the paper (Section
3) we show that is is not necessarily the case when agents’ actions are strategic complements.

This result builds on the multiple agent framework that we develop next.

2.3 Multiple Agents

In this section, we extend our framework to the case of multiple agents. In particular, we
focus on the covariance of the acquired signals at the given level of information searchability.
The same intuition about drawing balls with replacement from an urn still applies to the
case with multiple agents; when the number of balls in the urn gets smaller, the possibility
of collecting overlapping information among different agents becomes higher. That is, more
severe impediments to information search would induce higher covariance of errors among the
acquired signals across different agents.

Suppose that there are I agents in the economy, and let I denote the set of agents. Adapting
the notation introduced in Section 2.1.3, let H; denote the set of distinct signals acquired by
agent i, and h; denote the number of signals in H;. Let S;(h;) be the mean of the distinct
signals acquired by agent i. Then, S;(h;) and S;(h;) are sufficient statistics for the information

acquired by agent ¢ and j:

1 m
9+EZE , (16)

7

)

meH; meH;
1 1
Si(hy) = 3- > =0+ — > em (17)
J meH,; J meH,;

Therefore, the covariance between S;(h;) and S;(h;) is given by

1 1 1
COU(Si(hi), Sj(h]» = 7_—9 + Cov h,_ Z 6m7 h_ Z e (18)

v meH; J nEHj

Let H;; denote the set of indices of signals that belong to both H; and H;. Then, it is

immediate that

Cov h_z Z €y Z €| = hih‘VaT Z €| = Tehihy (19)

mEHZ- J nGHJ- J mEHi’j
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where h; ; denotes the number of distinct signals in H, ;.

Suppose that agent 7 and j use an amount of resource k; and k;, respectively, when the cost
of each signal is set to be ¢. Denote with h;(k;; ¢) and h(k;; ¢) the resulting number of distinct
signals collected by agent 7 and j and let ﬁiﬁj(ki, kj; c) denote the number of distinct signals
among the commonly collected signals. Of course, for any positive value of ¢, ﬁz(k,, c), ﬁj(ki; c)
and h; ;(ki, k;; ¢) are random, and so is the covariance among the error terms in the signals
Si(hi(ki;c)) and S;(h;(ki;¢)) (see Eq. 19). To restore tractability, we will again consider the

limit in which ¢ goes to zero and rely on the following definition:

Definition 2.4. The asymptotic covariance o;; of the error terms in the signals S;(hy (ki; c))

and S;(h;(ki; c)) satisfies

Bi,j(kia kj§ C)
reh(kis ¢)hy(kj; c))

— 0y a.5. as ¢ — 0. (20)

Using an argument similar to Lemma 2.2, we can show that randomness in cﬁi,j(ki, kj; c)

disappears in the limit in which the cost ¢ tends to zero. We have:

Lemma 2.3. Asc — 0, ciLi,j(k:i, kj; c) converges to a deterministic function in k; and k; almost

surely, i.e.,

cﬁm(k‘i, kj;c) — L (1 — exp (—%)) <1 — exp (—%)) a.s., as ¢ — 0. (21)

Proof. See Appendix A. O

Then, Lemma 2.2 and Lemma 2.3 together with Eq. (19) provide the proof for the following

theorem:

Theorem 2.2. For each agent pair i,j € 1, the asymptotic covariance of the error terms in
the signals S;(hi(k; c)) and S;(hi(ki;c)) satisfies

B 1
L

Notice that the asymptotic covariance o;; is constant and monotone decreasing in 7£. The

Uij

(22)

latter result confirms our initial intuition that worse information searchability would increase

the covariance of acquired information across different agents.
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Finally, using Theorem 2.1 and Theorem 2.2, we can obtain the asymptotic correlation of

the error terms between the two signals given the input of resources k; and £; as follows:

pki, ;) = lim Corr mEZH e fm;{ € Kl—exp< IZ)) (1—eXP( %))]

(23)

N

2.4 Asymptotic Normality

While Theorem 2.1 and Theorem 2.2 show the second moments of the error terms in the
asymptotic signals, the proof of the next theorem derives their joint asymptotic distribution.

We can summarize our results as follows:

Theorem 2.3. For each agent pair i,j € I using input k; and k;, respectively, as c goes to

zero the information acquired by agent i, € 1 is equivalent to the asymptotic signals

Sj(kj) =6+ €, (25)

where €; and €; are jointly normally distributed with mean zero and variance-covariance matric

Y j, where

where the function ¢(-) is as in Eq. (14).
Proof. See Appendix A. O

It is worth mentioning that Theorem 2.3 is proved in the appendix without imposing any
distributional assumption about 6 or €. Therefore, our results in the theorem can be generalized

to broader classes of distributions than the normal distribution.
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2.5 A public-private decomposition of signals’ noise terms

From Theorem 2.3, we can represent each asymptotic signal S;(k;) by decomposing the noise

term ¢; into two parts as follows:
Si(ki) = 0+ p +m, (26)

where y is a common component of noise, and 7; is an idiosyncratic component of noise such
that

I
1
MZTZ% N = € — W (27)

The next corollary provides a characterization of the representation in Eq. (26) for an economy

with a large number of agents.

Corollary 2.1. When the number of agents I goes to infinity, the noise decomposition in
Eq. (26) satisfies the following properties:

(i) i and n; become independent of each other for all i € I,

(it) n; and n; become independent of each other for alli,j € I,

(i1i) The precision of n; approaches TL (exp (k;/L) — 1) for alli € I,
(iv) The precision of u approaches TL.

Proof. See Appendix A. O

Parts (i) and (ii) in the corollary show that the representation in Eq. (26) separates out
the original individual error term in each signal (the ¢;’s in Corollary 2.3) into the sum of one
component that is common across all agents, u, and a truly idiosyncratic component, 7;. By
parts (iii) and (iv) in the corollary, agent i can reduce the idiosyncratic variance of his signal
by increasing the amount of resources k; used for information acquisition. However, agent i
cannot reduce the variance of the common component j, which is determined by the extent of
information searchability.

Corollary 2.1 gives a microfoundation for a signal structure that blends together the two

common assumptions used in the literature, in which the error terms in the signals are typically
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assumed to be either fully private (i.e., purely idiosyncratic noise) or fully public (i.e., purely
public noise). A signal structure with similar properties to ours has been assumed in recent
work by Manzano and Vives (2011) and Myatt and Wallace (2012).

For a given input of resources k;, the public-private nature of a signal can be further

described as follows. The fraction of a signal’s error term variance that is attributed to the

V) ey (), -

Hence, the smaller the searchability parameter £, the more the error terms the signals become

common part is

“public” across agents. This property of the model is intuitive: the smaller the information
content that is available from an information source, the more common the information of the
agents who search from it.

It is worth noting that the precision of 7; in Corollary 2.1 is a convex function of k;. To
intuitively understand this, one could interpret 7; as the error term of a signal on 6 + pu.
Consider the limiting cases in which L is either very large or very small. As £ becomes very
large, 6 + 1 becomes equivalent to 6 because the common component p vanishes. Then, the
precision of n; becomes equivalent to the precision of the error term ¢; in the original signal,
which approaches the linear function 7k; as £ T co. In contrast, as L is very small, the error
term in the original signal is completely dominated by the common noise (see Eq. (28)). In the
limit as £ | 0, the content of the information source becomes akin to a single “small” noisy
signal of the form 6 + 1, which can be learnt with any positive amount of resources spent on
information search. This case corresponds to an extreme form of convexity for the precision
function of n;. Finite values of L correspond to cases between these two extremes. For all
L €(0,00), the precision function of 7; is then strictly convex, with curvature that increases

for lower values of L.

20



3 Application I: Endogenous Information in Coordina-

tion Games

We consider endogenous information choice in a beauty contest coordination game of the type
popularized by Morris and Shin (2002). Our analysis complements the existing literature (e.g.,
Hellwig and Veldkamp (2009) and Myatt and Wallace (2012)) by adopting the information
technology derived in the previous section. Our contribution is twofold. First, we show that
our information acquisition technology leads to qualitatively different implications regarding
the nature of the information structure and the existence of multiple equilibria. Second, we
provide comparative statics on the different equilibria and searchability of information that

are unique to our framework.

3.1 The Setup

There is a continuum of agents indexed by i € [0, 1] who play a simultaneous move game with
the following stages. First, each agent ¢ gathers information, in a way that we specify below,
on an aggregate state variable 6. Second, each agent ¢ chooses an action a; € R that is based
on the information he has observed. Agent i’s payoff depends on how well his action does
at matching the state variable 6 as well as the average action @ = fol apdh. Agent i’s payoff

function is assumed to be quadratic:
uz-:—(1—6)(0—(1%»)2—5(6—@1-)2. (29)

The parameter 6 € [0,1] in Eq. (29) measures the intensity of agents’ coordination motive:
larger values of 0 reflect larger concerns for an agent to choose an action that is as close as
possible to the average action. We assume 6 ~ N (§7 Ty 1). To gather information about 6, each
agent in the model allocates a fixed amount of resources K to J > 1 independent information
sources. Fach information source j € {1, ..., J} is characterized by its own efficiency parameter
77 and searchability parameter £7. Each agent i chooses an allocation of his resources across
information sources k; = (k‘}, ok ) such that ij:g < K. The mapping from resources to
information is based on the information technology derived in the previous section. When

agent ¢ allocates k;f > () resources to information source j, the information obtained through
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this source is equivalent to a signal of the form
si=o+ds  d~N(00(H)), (30)

where the precision function ¢’ (+) is as specified in Eq. (14) in Theorem 2.1,

o o %
g (kf) =T7I[) (1 — exp <—£—’])> )

Vice versa, agent ¢ ignores information source j whenever ki = 0, in which case the signal S;
is pure noise.

The error terms in Eq. (30) are assumed to be independently distributed across information
sources. On the other hand, within each information source, the decomposition in Corollary 2.1

implies that we can write each signal Sij as

Sl =0+ +n], (31)

where ;7 and 77{ are independent for all j and ¢ and

. L . . . . -1

p N (0,(L) )5 N (0, (<RI /L) ¢ (1)) (32)
An interpretation of the setup in this section is that of financial analysts or professional
forecasters issuing their forecasts on some random variable of interest (e.g., earnings per share
on a given stock, a macroeconomic aggregate, a commodity price etc.). In this interpretation,
agent ¢’s action is her forecast, and the average action a is the consensus forecast. Resources
K would be total working hours. Intuitively, an analyst’s payoff depends on the accuracy of
her forecast. However, the reputational damage from a wrong forecast is more severe if the

analyst’s forecast is different from the consensus. The payoff function in Eq. (29) is a second

order approximation of these concerns.

3.2 Equilibrium

In line with the literature, we focus on equilibria in which actions are affine functions of the

signals, that is, in which agent ¢’s action takes the form a; = 7 + ijyij Sij 8 We denote ~; =

8See Myatt and Wallace (2012) for a discussion of sufficient conditions on the strategy space that ensure

this assumption to be without loss of generality.
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(79, ...,7/) and let A be the set of feasible resource allocations, A = {k € R | k' < K}.
The strategy space is I' = A x R7*1. An agent’s strategy is a pair (k,v) € T.
We focus on symmetric equilibria in which all agents play the same strategy. When all

other agents play some strategy (l%, &), agent i’s ex-ante utility from a strategy (k;, ;) equals
E(u;) = =Ly (ki vi) — La (0, 7) (33)

where Lq (k;,v;) and Lo (7;,7) are given in Egs. (B.1)-(B.2) in Appendix B. (Appendix B also
contains the derivation of Eq. (33).) Lj (ki, ;) is the quadratic loss experienced by an agent
when all players play the same strategy. Lo (7;,7) is the quadratic loss experienced by an
agent when he deviates from other players’ strategy. A Symmetric Bayesian Nash Equilibrium

(SBNE or equilibrium, hereafter) is a strategy (l%, &) such that
(1%7 ’AY> € arg min Ll (kza /77,) + L2 (717 ’3/) . (34)
(kiyvi)el’
Since Ly (7;,4) vanishes when agent i plays +; = 4 (and is strictly positive otherwise), a
global minimizer of L; (k;,v;) in Eq. (34) is a payoff mazimizing equilibrium.” In Appendix B
(see Lemma B.1) we show that finding a strategy that minimizes L; (k;, ;) reduces to finding

an allocation of resources among information sources k* that satisfies
k* € G(k 35
arg max G(k), (35)

where we define

owJ (13- (T — 1-0 0 h
Gk) = Xj19; (k) g;(K) ) * exp (k1/L7) ¢pi(k7) ]| 0

The problem in Egs. (35)-(36) is that of finding an allocation of resources that maximizes

agents’ payoffs in a symmetric equilibrium. Because an agents’ local deviation from a sym-
metric strategy profile has no first-order effects on Ls (7;,7) (see Eq. (B.3)), £* in Eq. (35) is
the unique SBNE if G(k) is strictly concave in k.

The objective function G(k) in Eq. (36) has an intuitive interpretation. Fach function

g;(k7) is an (weighted, harmonic) average of the precisions of the error term €/ of the signal in

9We remark that a payoff maximizing equilibrium may not coincide with the first-best if coordination has

no social value. See Colombo, Femminis, and Pavan (2014) for a welfare analysis of information acquisition.
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Eq. (30) and of the idiosyncratic error term 7 in the decomposition in Eq. (31). When agents
do not care about other agents’ actions, forecasting the fundamental 6 is all that matters for
agents’ utility. In this case, G(k) is simply the sum of signals’ precisions (g;(-) = ¢/(-) for
d =0, see Eq. (36)) and k* is the allocation of resources that gives the most precise forecast of
6. Because the precision functions ¢’(-) are concave, G(k) is concave, and thus the equilibrium
unique, if the coordination motive is sufficiently weak.

On the other hand, coordination motives in actions introduce a distortion. When the
coordination motive is strong, agents’ utilities depend crucially on whether their actions deviate
from the average action. In a symmetric equilibrium, the average action equals a = 4° +
47 (0 + 17), and what matters for predicting a is learning about the sums 6 + p/. For
instance, in the extreme case 6 = 1, G(k) is simply the sum of the idiosyncratic precisions
(g9;(k]) = var (nf)_l for § = 1, see Eq. (36) and Eq. (32)) and k* is the allocation of resources
that gives the highest precision on the sums 6 + p/. As explained in Section 2.3.1, learning
about the sums 6 + i/ introduces a source of non-concavity because uncertainty about 6 +
decreases faster than it does for f. A strong enough coordination motive makes the problem
in Eq. (35) non-concave, which can result in multiple equilibria. For instance, an allocation of
resources that constitutes a local (but not global) maximum of G(k) is a SBNE if the cost an
agent incurs when moving away from other agents’ actions deter deviation.

This discussion suggests that the interplay between the coordination motive and the na-
ture of the information is key for information choices and equilibrium uniqueness. The next

propositions analyze this interplay formally.

Proposition 3.1. (SBNE)(i) When the coordination motive is weak, i.e., for § € [0,1/2),

there exists a unique equilibrium. In equilibrium, information acquisition satisfies

L7 log <TJ2/\6(15);(125-;'2(;1'4)\6(16))) for0 < A< 77

(37)
0 for X >1J

for some X\ > 0 that is the unique solution to 231:1]%]‘(/\) =K.
(i1) When the coordination motive is strong, i.e., for 6 € [1/2,1), there may be multiple equi-

libria. An equilibrium allocation of resources is either a local maximum or a critical point of
G (k) = L_,;(k9).
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Proof. See Appendix B. O

Proposition 3.1-(i) confirms the intuition from the previous discussion. The equilibrium
is unique if the coordination motive is not sufficiently strong. In this equilibrium, agents
devote attention to an information source only if this source is sufficiently efficient. As agents
care more about other agents’ actions, agents allocate their resources among a (weakly) lower
, % > 0). If information source j is superior to information
source ¢ according to Definition 2.3, then information source j gets more resources than i. If

number of information sources (i.e.

an information source is superior to all other information sources and has perfect searchability,
it gets all resources.

Proposition 3.1-(ii) reveals the possibility of multiple equilibria when the coordination
motive is sufficiently strong. In such case, an equilibrium allocation of resources may have very
different properties than the ones discussed above. For example, an equilibrium allocation of
resources may favor an inferior information source. The next proposition examines this case

in a simplified environment with only two information sources.
Proposition 3.2. (Inferior information equilibrium when coordination motive is strong)

Assume there are only two information sources, A and B, such that A is superior to B in that
it is relatively more efficient and has perfect searchability (t* > 78 and L* = o). Then:

(i) k* = K is an equilibrium.

(ii) There exists a threshold Ly < 0o such that kB = K is an equilibrium only if LB < Ly.
(iii) There exists a threshold Ls < oo such that, for all L < Lg, kP = K is the payoff

maximizing equilibrium if the coordination motive is sufficiently strong.

Proof. See Appendix B. O

Since information source A has perfect searchability, the nature of this information is purely
private. Then, when k! = K for all agents, an agent’s payoffs only depend on the fundamental
0, and deviating from k! = K is costly because A is a superior to B. Devoting all resources
to this superior technology is therefore an equilibrium.

The necessary condition in Proposition 3.2-(ii) requires that the inferior information source

must be sufficiently public in nature. The intuition is as follows. For k® = K to be an

25



equilibrium, it must be a local maximum of G (k) (Proposition 3.1-(ii)). Instead, as £LZ becomes
large and information source B becomes private in nature, predicting 6 4+ ©? is the same as
predicting 6. Because 74 > 78, agents would be better off in a symmetric equilibrium in which
k> 0.

The intuition for Proposition 3.2-(iii) is the following. If all agents are learning from the
superior information source A, then the average action only depends on 6. Instead, if all agents
are learning from the inferior information source B, then the average action depends on 6+ 1.
For £P < Lg, kP = K gives a more precise source of information about  + p? than k#* = K
does about #. If agents’ concerns about predicting the average action are sufficiently strong,
kP = K is an equilibrium that gives higher payoffs to agents than the =K equilibrium.
(Under the conditions in the proposition, the problem in Egs. (35)-(36) is strictly convex, and
interior equilibria are dominated.)

How strong does the desire for coordination need to be in Proposition 3.2-(iii)? The answer
depends on the parameters of the model, including the searchability parameter £Z. The lower
LB, the less precise a B-signal is about 6. At the same time, lower £” makes a B-signal a
more precise source of information about 6+ ;. The following corollary shows that the second
effect dominates the first one when £? is close to the threshold £g. We have:

Corollary 3.1. (Comparative statics) As LP decreases from the threshold Lg, a less strong

desire for coordination is needed for kB = K to be the payoff mazximizing equilibrium.

Proof. See Appendix B. m

Corollary 3.1 underlies the following surprising result. Since a B-signal’s precision is in-
creasing in £7, then, over a range of values, an even lower precision of the inferior information
source is associated with a larger set of parameters for which agents choose this information
in the payoff maximizing equilibrium. The left panel of Figure 2 provides and illustration.
The figure further shows that the same comparative statics holds when kB = K is a SBNE,
without the further requirement of being the payoff maximizing SBNE.

Equilibrium information choices have implications for aggregate volatility, as illustrated by
the right panel in Figure 2. The aggregate action is perfectly correlated with the fundamental

when resources are fully invested in the superior information. Instead, this correlation is
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significantly lower than one in the inferior information equilibrium because of the common
noise p2. As a result, the volatility of the average action is significantly higher in the kB =K
equilibrium than it is in the =K equilibrium, and this difference is more pronounced for

lower values of the searchability parameter £7.
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FIGURE 2. Left panel: light grey area: k% = K is a SBNE; dark grey area: k% = K is the payoff
maximizing SBNE. Right panel: thick line, op/04: relative volatility of the aggregate action across
kB = K and k* = K equilibria; dashed (dot-dashed) line, pp,o (pa,g): correlation coefficient between
the average action @ and 6 in the kB =K (l%A = K) equilibrium. Parameter values: 7y = M=K=1,

78 = 0.8 in both panels and § = 0.8 in the right panel.

In the interpretation of this model as one of financial analysts or professional forecasters,
the superior information technology could be fundamental analysis, and the inferior informa-
tion source could be information originating from the media (e.g., social media, investors’
online chat rooms, popular business TV shows). Proposition 3.2 and Corollary 3.1 describe
an equilibrium in which analysts gather all their information from the inferior source. In this
equilibrium, the informational content of the consensus forecast is

Varlola] ™' = L

1—corr (0,a)*
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where corr(0,a) denotes the correlation coefficient between 6 and a. Hence, the correlation
coefficients in Figure 2 measure the informational efficiency of the equilibrium outcome. While
the consensus forecast reveals the fundamental perfectly in the = K equilibrium, the

equilibrium outcome informationally inefficient in the kB =K equilibrium.

3.3 Relation to the literature

The analysis in this section relates very closely to Hellwig and Veldkamp (2009) and Myatt and
Wallace (2012). Both papers consider endogenous information acquisition in a beauty contest
coordination game.

A key message in Hellwig and Veldkamp (2009) is that the endogenous choice of public
information generates multiple equilibria. The idea is that a public signal is more valuable
than a private signal because it carries information both about the fundamental and about
what other agents have learned (and, hence, about what other agents will do). However, this
second effect depends on whether the public signal has been acquired by others or not, and
this leads to multiple equilibria.!’

A very different message emerges from Myatt and Wallace (2012), who assume a signal
structure equivalent to Eq. (31) in which costly information acquisition from an information
source reduces the idiosyncratic noise (but not the common noise). In their setup, the equi-
librium is unique. The key difference is that the correlation in public information is bounded
away from zero in Hellwig and Veldkamp (2009), while in Myatt and Wallace (2012) the pub-
licity of a signal depends on agents’ information choices and the first bits of information are
effectively private. As Myatt and Wallace (2012) put it, “this smooths out the first step of the
information acquisition process and eliminates multiple equilibria, even though the informative
signals actually acquired in equilibrium may be relatively public in nature.”

The message from Proposition 3.1 is somewhat intermediate between these two papers. In
our setup, the endogeneity of the signal structure in Eq. (31) leads to non-concavities that are
absent in Myatt and Wallace (2012). The endogenous publicity of signals guarantees a unique

equilibrium only if the coordination motive is sufficiently weak.

10T his result also holds when acquisition of public information is “near continuous,” in which case the value
of information is kinked at the point where other agents have stopped learning from the public source. Hence,

there can be many equilibria (a continuum, in fact).
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4 Application 2: Portfolio Choice and Asset Prices with

Endogenous Information

In this section, we study an example of resource allocations under imperfect information search-
ability in the context of portfolio optimization and financial equilibrium. There is a large
volume of literature on financial equilibrium with endogenous information acquisition (e.g.,
Grossman and Stiglitz (1980), Peress (2004), Peng (2005) , Van Nieuwerburgh and Veldkamp
(2009), Van Nieuwerburgh and Veldkamp (2010) and Mondria (2010)). Our results here com-
plement those in the existing literature by suggesting an alternative mechanism—information
search—that affects investors’ optimal portfolio choice and asset prices.

We have two main goals in this section. The first goal is to study the impact of information
searchability on an agent’s resource allocation and portfolio choice problem. The second goal
is to embed these choices in a noisy rational expectations equilibrium and study the impact of

information searchability on equilibrium prices.

4.1 Optimal Resource Allocation and Portfolio Choice

Consider a competitive investor who wants to allocate his resources optimally in order to
maximize his expected utility from investment in a one-period setup (¢ = 0,1). There are N
risky assets in the economy. Each asset j € {1,2,..., N} pays ¢’ at t = 1, where ¢/ follows
a normal distribution with mean #/ and variance 1/ Tg. Payoffs #7’s are independent of each
other. There also exists a riskless asset whose gross return is normalized to one. We denote p’
to be the price of each risky asset in the market. To focus on the effects of learning from costly
information, we assume that the price of each asset j does not provide any payoff relevant
information. For concreteness, we set each p’ equal to the payoff mean, i.e., p/ = E[#/].11 We
will relax this assumption in the next subsection where we study a noisy rational expectations
equilibrium.

The investor is endowed with an initial wealth wg, and has a CARA utility function such

that u(w,) = _%v exp(—yw, ), where w; is his wealth at t = 1. At ¢ = 0, he acquires information

1One can consider a situation where the trader submits orders given prices posted by competitive risk-neutral
market makers.
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on the risky assets, then forms a portfolio that consists of the risky assets and the riskless asset.
At t =1, he receives the realized payoff of his portfolio.

The investor is also endowed with a total amount of resources K which can be allocated
to gather information about the risky assets. k&’ denotes the amount of resources allocated on
asset j € {1,2,..., N}. An allocation of resources across risky assets is feasible for the investor

if it satisfies the constraint v
Y W <K (38)
j=1

The mapping from resources to information is based on the information technology derived in
Section 2. Here 77 and £7 denote, respectively, the efficiency and searchability parameters for
asset j. By Theorem 2.3, the information collected by the investor for each asset j is equivalent

to a noisy signal on the fundamental value of each asset j,
ST =67 €, (39)

where ¢ follows a normal distribution with mean zero and precision ¢’ (k?) which is defined in

Eq. (14): .
¢ (k) =1L (1 — exp <—%)> :

For a given allocation of resources and signals’ realizations, the agent’s optimal portfolio
choice in asset j = 1,..., N is given by the standard CARA-Gaussian demand, which for
p’ = E (?) equals

| 1) (S5
P (S —p) (@)
Y

For notational convenience, we define 7/ = 77/7; as the normalized signal efficiency. Ex

ante, the investor allocates his resources K while anticipating his asset demand in Eq. (40).

By solving this resource allocation problem, we find:

Proposition 4.1. (Optimal information choice) There exists a unique optimal allocation of

resources for the risky assets such that the optimal allocation k7 is given by
. Lj+7‘—jﬁj i s

L7 log (m) fo< A< 7

K (A) = (41)

0 if A > 77
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where \ is a positive constant. Furthermore, \ decreases in K and increases in L7 for all j
with 779 > ).

Proof. See Appendix C. O]

The allocation of resources in Proposition 4.1 is governed by the endogenously-determined
multiplier A, which is interpreted as the shadow price of the resource constraint. From Eq.
(41) we can deduce the following. First, the resource allocation &k’ on each asset j decreases as
the shadow price A increases. Second, the number of assets that receive a positive allocation
of resources (i.e., &/ > 0) weakly decreases in A. This in turn affects the portfolio choice 27 in
Eq. (40), and results in a portfolio that is more concentrated (resp., diversified) as the shadow
price \ increases (resp., decreases).'?

Proposition 4.1 further demonstrates that the shadow cost A decreases in the investor’s
total amount of resource K, and increases in the searchability of each asset. Therefore, ceteris
paribus, a smaller amount of resources K or an increase in information searchability for some
assets results in the investor’s portfolio being more concentrated.

In the next corollary we further illustrate the comparative statics of changes in searchability

In one asset.

Corollary 4.1. (Attention crowding out) Consider an improvement in information searcha-

bility for an asset to which the investor allocates positive resources. Then: (i) the resources

allocated to the other assets in the portfolio strictly decrease (i.e., % < 0 for any asset r # j
with k™ > 0); and (ii) the resource allocation to the asset with improved searchability strictly
increases (i.e., %= >0).

Corollary 4.1 implies that the investor puts less resources on other assets if one asset
becomes more searchable. This is quite intuitive. If the informational environment for an
asset already in the portfolio becomes richer, information about this asset can be acquired
more efficiently. As a result, the investor will increase attention to it in order to exploit further
private information. This effect naturally crowds out attention on other assets. Therefore, the

portfolio becomes more concentrated.

12Because this setup is one of purely speculative trading, having no private information on an asset implies

that the asset has zero weight in the investor’s portfolio.
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4.2 A Noisy Rational Expectations Equilibrium

What is the impact of information searchability on the cross section of risk premia and liquidity
of risky assets? To answer this question, we embed the resource allocation and portfolio choice
of Section 4.1 in a noisy rational expectations equilibrium framework.

There is a continuum of homogenous investors indexed by i € [0, 1]. Each investor has
CARA utility with risk aversion v and is endowed with an initial wealth wy and an amount
of resources K. In contrast to the model of Section 4.1, equilibrium prices will partially reveal
the investors’ private information. We assume that the supply of each asset j is given by 2/
which follows a normal distribution with mean z* and variance 1/77. The noise in the supply
can arise due to non-informational trades such as liquidity trading (or noise trading) and is
assumed to be independent of all other random variables in the model.

Due to Corollary 2.1, we can represent each signal Sf (i.e., agent i’s signal on asset j) as
follows:

=, (@2
where the common error term p/ and the idiosyncratic error term 7717 are independent for all j
and ¢ and
W~ N (0,(F2) )l N (0,exp (<R/L7) ¢ (K) ).

As in the standard noisy rational expectation equilibrium models of Grossman and Stiglitz
(1980), Hellwig (1980) and Admati (1985), we focus on a linear equilibrium where the price
function is given by an affine function of fundamentals and noise. We summarize the equilib-

rium at the trading stage as follows:

Lemma 4.1. (Financial market equilibrium) There ezists a unique linear equilibrium in which

the price for each asset j € {1,2,..., N} is given by

P=A0+ )~ 32, (43)
where f] and f] are constants.
Proof. See Appendix C. O

Now, we turn to the overall equilibrium of the model. For simplicity, we focus on symmetric

equilibria in which information choices are the same across agents. The ex-ante optimization
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problem of each investor is similar to the one in Proposition 4.1. However, the problem now
involves learning the information that is aggregated and transmitted via the equilibrium prices
in Eq. (43). Investors’ information choices determine how much information asset prices trans-
mit, which in turn influences an investor’s information choices. An equilibrium allocation of
information is a fixed point of this problem. The following proposition shows that a symmetric

equilibrium always exists under some given level of parameter values.

Proposition 4.2. (Overall equilibrium) For sufficiently small 77, there always exists an overall
equilibrium. In equilibrium, there exists a unique constant A such that each agent i allocates

kf on each asset j given A as follows:

L7 log (Aj +1/(A9)* — Bj) ifO< A< N

KO = (44)
0 if A >N,
where
_. o~
N = : ~; (45)
£\ —1. 1 i PiV=1) I
(14 (r7L7)177) (1—|— (Tg + (T7.L7) )Tp>
Y ANy o
J_—Z | X2 "7 | _ (il
A 2<1+%j£j> (77 L) (46)
PN 1 L]
B = (TJEJ) T]Z |:<Tj£]> T]g — m} X (47)
-\ 2
AN
== 7. (48)
: (f%
Proof. See Appendix C. H

We remark that the term 77 in Eq. (48) captures the precision with which price p’ reveals
07 + 1/, the common part of the investors’ information on asset j. In general, information
revelation through prices reduces investors’ incentives to acquire information. This effect is
illustrated by the threshold value M in Eq. (45) which decreases in the precision Tg . Intuitively,
prices must not be too informative for it be optimal to spend resources on private information

acquisition. On the other hand, in the limit case in which 7/ approaches zero and prices
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become very noisy, the equilibrium resource allocation in Proposition 4.2 converges to the one

in Proposition 4.1 with no learning from prices.

Figure 3 shows a numerical example with two risky assets. We illustrate the comparative

statics of increasing the searchability parameter of asset 1 while keeping that of asset 2 at the

initial level.
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FIGURE 3. This figure plots the equilibrium resource allocation {k’};—1 2 (panel (i)) and assets’

equilibrium illiquidity coefficients fg (panel (ii)) as a function of £! for low (left column) and high

2

(right column) values of the investors’ resources K. Parameter values are 7'91 =7 =7v=1, =

=27l =712=2and L% =5.
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Panel (i) in the figure shows how investors change their resource allocations in equilib-
rium. As information on asset 1 becomes more searchable, Corollary 4.1 suggests that the
resource allocation to this asset should increase. However, in equilibrium there is an opposing
force related to the externality of information revelation through prices. As £! increases, the
precision of agents’ information about asset 1 increases (given k' > 0). Keeping information
choices fixed, more precise information is aggregated and partially revealed through the price
p!, thereby reducing the incentives to gather information on asset 1. When this force is suf-
ficiently strong, the partial equilibrium comparative statics of Corollary 4.1 may actually be
reversed. Figure 3 shows that investors’ allocation of resources to asset 1 increases when the
size of total resources K is small whereas it decreases when K is large. Intuitively, a larger
amount of resources spent on information acquisition makes prices more informative and is
associated with a stronger information externality.

Panel (ii) of Figure 3 shows the implications of these information choices for asset prices.
We measure market illiquidity by fJ, which is the price coefficient on noisy supply in Eq. (43)."3
The market becomes more liquid if the investors are more confident about fundamentals of
the traded asset. As the precision of information for asset 1 exogenously increases (i.e., as
L' increases), liquidity for this asset should improve. The top row of panel (ii) confirms
this intuitive result in an equilibrium framework with endogenous information choice. The
bottom row of panel (ii) shows a more interesting result. We remark that since the two assets
are independent, any effect of an increase in £! on asset 2 is only due to its effect on the
information choices. The figure shows how such an “informational spillover” operates on the
illiquidity of asset 2. When the information externality is weak (low K'), the attention crowding
out effect (i.e., k* decreases in £!) results in increased investors’ uncertainty on asset 2. Hence,
the informational spillover on market liquidity for the second asset is negative. The opposite
effect arises when the information externality is strong (high K), and an increase in £' leads to
more resources being allocated to asset 2. In this case, an increase in information searchability

for the first asset results in an improvement in liquidity for both assets.'*

13This illiquidity measure reflects the price sensitivity to changes in the asset’s random supply. This measure

is often used in the finance literature following the seminal paper by Kyle (1985).
HSimilar results hold with respect to the informational efficiency of prices, defined as Var[67|p’] 1. That is,

Var[0*|p']~! increases in £! while Var[0?|p?]~! decreases in £! for lower values of K and increases in £ for
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4.3 Relation to the literature

The empirical evidence shows that investors systematically under-diversify their portfolios.
Furthermore, retail investors are also subject to significant home biases in their portfolio
choices. What causes such under-diversification? The existing literature has suggested various
reasons: (i) informational frictions (e.g., Van Nieuwerburgh and Veldkamp (2009), Van Nieuwer-
burgh and Veldkamp (2010)), (ii) institutional barriers (e.g., Black (1974)), and (iii) behavioral
biases such as familiarity bias (e.g., Portes and Rey (2005)). For example, Van Nieuwerburgh
and Veldkamp (2009) employ the Kreps and Porteus (1978) framework to induce preference for
an early resolution of uncertainty, and this creates benefits of specialization among investors.
Such specialization benefits lead to portfolio concentration.

In our analysis, increased frictions in information search cause more concentrated port-
folios. This result is line with the literature that connects informational frictions to under-
diversification. Unlike the existing literature, however, our paper relates the lack of portfolio
diversification to the investors’ availability of resources for information search. Given that
retail investors are likely to have less resources for information search than institutional in-
vestors, our model predicts higher portfolio concentration among retail investors relative to
institutional investors. This fits the well-documented empirical observation that retail investors
tend to under-diversify their portfolios more than institutional investors.

Our model also predicts that increasing searchability of one asset may crowd out investing
in other assets by taking away investors’ attention. For instance, if assets traded in the home
market have superior information sources for domestic investors, a home bias should arise as a
result of this attention crowding out effect. Therefore, our model contributes to the literature
by suggesting an alternative mechanism of specialization and portfolio concentration.

Finally, our analysis highlights a new channel for liquidity spillovers across assets and
relates the sign of such spillovers to the investors’ endowment of resources. More specifically,
our results suggest the following empirical prediction: that differences in the availability of
information across stocks should be associated with larger cross-sectional differences in liquidity
and informational efficiency when investors’ resources are more limited. Because small stocks
are mostly held by retail investors with smaller resources than institutional investors, these

informational spillovers should be more pronounced for small firms.

higher values of K.
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5 Conclusion

In our paper, we develop a microfounded framework of information acquisition in which search-
able information is limited. Our framework on learning under imperfect information search-
ability is based on a simple intuition: As an agent keeps searching for new information, it is
likely that he would encounter some overlapping pieces of information from the past searching
activities. Furthermore, other agents searching for information from the same source would
face the same difficulty in collecting new information, thus, they are more likely to end up with
similar information in case the amount of searchable information is smaller. We formalize this
idea by employing an urn model where signals are drawn with replacement. This allows us to
develop a framework in which both the concavity of signal precision and the correlation among
signals increase as information becomes less searchable. Using an asymptotic approach, we
construct a tractable mapping from resource allocations to the precision and the correlation
of agents’ acquired information under varying degrees of searchable information.

We study two economic applications with endogenous information acquisition using our
model. Our first application is a “beauty contest” coordination game with endogenous infor-
mation. We find that agents may prefer an inferior information source with less searchable
information due to coordination motives. When the coordination motive is sufficiently strong,
there exists an equilibrium in which all agents choose to focus on the inferior information source.
Because less searchable information leads to more covariance, such equilibrium outcome be-
comes more likely precisely when the inferior information source becomes more inefficient. In
the second application with a multi-asset market, we study a noisy rational expectations equi-
librium model in which investors optimally allocate resources across risky assets. We find that
improved searchability on one asset can crowd out attention on other assets, thereby resulting
in portfolio concentration. Furthermore, such tendency is more pronounced when investors
are more constrained in resources. Our results shed further light on under-diversification phe-
nomena while at the same time having implications for cross-sectional differences in liquidity
across assets.
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Appendix A

Proof of Lemma 2.2: We prove this lemma in a similar fashion as in standard proofs of the strong
law of large numbers.!> The major difference of the proof from the standard case is that samples
of the random variables from the population allow redundancy at varying rates as the number of
samples increases.

Let L denote the number of distinct signals in L, i.e., L = | =]. We also denote [ to be the number
of collected signals from L, i.e., | = L%j For each m € {1,2,...,L}, we define ﬁm(kz, ¢) to be one if

signal s™ is collected eventually, and zero otherwise. Then, we have h(k;c) = an:l h™(k; ¢), and

L
c

AN
B[R (k: ¢)] = Pr(im(kie) = 1) = 1 — <LL1> . (A1)

By Markov’s inequality, we have

AE Dﬁ(k;; ¢) — Elh(k; c)]ﬂ

4

Pr Hcﬁ(k‘; ¢) — E[ch(k; c)]‘ > a} < (A.2)

(0%

We first prove that c2F [

- - 4
h(k;c) — E[h(k; c)]‘ ] converges as ¢ — 0. That is, the r.h.s. would be less

than ‘f% for sufficiently small ¢ for some positive constant M. This will allow us to have the desired
result.

We now drop the arguments in h(k;c) and A" (k;c) for notational convenience throughout this
proof. Observe that

E “h - E[E]H —E [i}ﬂ _4E [53} E [h] 4 6E [?12] E [ﬁr _4E [ﬁr VB [ﬁr. (A.3)

Then, we can obtain the exact expression for Eq. (A.3) by obtaining each element in it separately
as follows:

E h2 — LE :(ﬁm)Q: Y L(L-1E [ﬁmiz"} , (A4)
E h3 — LE :(ﬁm)i*: + @) L(L - 1)E [(ﬁm)%n} Y L(L—1)(L - 2)E [ﬁmiﬂiﬂ] : (A.5)
E h4 — LE :(Bm)‘*: + (;1) L(L - 1)E [(ﬁm)%ﬂ + ;<3>L(L —1)E [(Bm)Q(iﬁﬂ

+ (;1>L(L —1)(L - 2)E [(ﬁm)%ﬂﬁﬂ + L(L - 1)(L - 2)(L — 3)E [i}m/}”ﬁ%y} . (A6)

15See, for example, Billingsley (1979) for the standard proofs of the strong law of large numbers.
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Because (h™)" = A" for all » € N, we have E {(ﬁm)ﬂ =F [ﬁm], E [(}sz)"(ﬁ")q] =F [ﬁml}"},
and F [(i@m)’"(ﬁ”)q(fﬂ)s} =F {ﬁmﬁ”iﬂ] for any r,q,s € N. By substituting Eqgs. (A.4), (A.5) and
(A.6) into Eq. (A.3), we have

E Uh — B[] ’4] — LE [hm} +(3L2 —TL)E [i}mﬁ”] — 6(L2 +2L)E [ﬁmi}"ﬁﬂ
(A7)
+3(L2 —2L)E [ﬁmmiﬂﬁy} :

We denote S to be the set of outcomes from drawing of [ signals from the set L (i.e., the urn).
Then, we have |S| = L' because there are L signals in the set L.' We define A,, to be an event
where signal ¢ is not drawn within [ trials (i.e., T equal to zero). Then, the expectation of the
product between the random variables 2™ and A™ is given by

~ ~ ~ ~ AC AC
B [Wmhr] = Pr(imht = 1) = Pr(A;, 0 A;) = ’m‘;‘“' (A.8)
Using the inclusion—exclusion principle, we obtain!”
=7 |S| — 2|AS, | + |Ag, N AS|
E hmhn — m m n .
] S .
o 2L-1 = (L-2)} 1\ 2\ '
—1- 7 =1-2(1-2) +(1-7).
Therefore, taking the limit of ¢ in Eqgs. (A.1) and (A.10) yields
lim B [hm] —1—exp (—i) , (A.11)
- B 2
lim £ [hmh"] - <1 —exp <—£>) . (A.12)

In a similar fashion as in Eq. (A.10), we obtain the followings using the inclusion—exclusion

principle:
3(L —1)" = 3(L —2) + (L — 3)!
L ’

E [ﬁmi}"ﬁf} = Pr(A™A"RT) =1 — (A.13)

6] A| indicates the cardinality of a set A.
17Suppose that there are finite sets A;, Ag, ..., Ay that belong to a set S. Then, the inclusion—exclusion
principle states that

M
AN A =181 =) [Aml+ D [AmnAnl— > [AnNAnn A+ + (DM N, Al
m=1 1<m<n<M 1<m<n<r<M

(A.9)
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4L —1)' —6(L —2)' +4(L - 3) — (L — 4)!

B i) = Pr(miheio) =1 - . (A14)
Then, taking the limit of ¢ in Egs. (A.13) and (A.14) yields the followings:
I EN)?2
lim 7 [h W } - (1 —exp (—£>> : (A.15)
[T E\?
: mpnprpy| _ v
%E[h A h} (1 eXp( L)) : (A.16)
Multiplying ¢ to Eq. (A.7) and taking the limit of ¢ yields
2
hm AE Dh E[ ]‘ ] =3L%exp (—22:) (1 — exp (—ﬁ)) . (A.17)

Given a positive real number 6, let £ denote 3£2% exp (—%) (1 — exp (—%))2 + 6. Then, there exists
¢ such that ¢*FE [

. ~ 4 _
h — E[h]‘ } < L. Therefore, there exists N > 0 such that for alln > N and n € N

we have
Pr[;fz—;E [hH za] < nfa4. (A.18)
Then, the first Borel-Cantelli lemma implies that
. [nlln;o ‘@ <ﬁ(k; i)) _ ¢(k)‘ < a] _1, (A.19)
or equivalently
Pr [lim (<I> (ks ) - qb(k)‘ <al=1. m (A.20)

Proof of Lemma 2.3: The proof is parallel with Lemma 2.2. Let L to be the number of distinct
signals in L, i.e., L = L |. We also denote I* and I/ to be the number of signals collected by agent

i and j from L, respectively, i.e., I = L%j and I/ = ijj For each m € {1,2,..., L}, we define we
define ?L;”](k;z, ¢) to be one if signal s™ belongs to the group of the commonly collected signals H; ;,

and zero otherwise. We also define A" (k;; ¢) (or B;"(kj, ¢)) to be one if signal s™ is collected by agent
i (or j), and zero otherwise. Then, we have

L L
hij(kiskjse) = Y B (ki ki) = > (ki )Rl (kg c). (A.21)



Because h!"(k;; ¢) and ﬁ;"(kj, ¢) are independent, we get

Elhi j(ki, kj; ¢) Z Pr(h(ki; ¢)h Z Pr(h(ks; c) = 1)Pr(RI(kj; ¢) = 1)

)

We can represent Eq. (A.22) given k; and k; as follows:

(A.22)

kg By
E[ﬁ-(k-k-c)]—[éj 1—(1—1>LCJ 1—(1—1>LCJ (A.23)
1,7 \Viy Fvgs c L%J L%J . .
Multiplying ¢ to Eq. (A.23) and taking the limit of ¢ yields
) ~ k; k;
1111(1) Elch; j(ki kj;c)] = L1 —exp v 1 —exp 7)) (A.24)

We now drop the arguments in l~zi7j(ki, kj;c) and h (k‘z, kj; c) for notational convenience through-
out this proof.
By Markov’s inequality, we have

Pr Hchm - E[cﬁw]‘ > a} <

(A.25)

. 4
We aim to prove Eq. (A.25) by showing that c*E [ hij — E[h”]’ } converges as ¢ — 0. The rest

of the proof of Lemma 2.3 is identical to Lemma 2.2 up to Eq. (A.7).
We denote p1(z), p2(z) and p3(z) to be

p1(z) = (LL_1>Z (A.26)
p2(2) = (LL_2>Z (A.27)
p3(z) = (LE?))Z (A.28)
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Using the inclusion—exclusion principle (which is analogous to Eq. (A.10)), we have'®

B [k = Prvihi, =1) N ~ N A30)
= 1— Pr(RJ = 0) — Pr(R}; = 0) + Pr(hf = 0 ABY; = 0).

Using the inclusion—exclusion principle again, we derive
Pr(h; = 0) = Pr(hi; = 0) = p1(l) + o1 (i) — pr(li +1;). (A.31)
and
Pr(hs =0AhR; =0) = Pr((h" =0V A" =0) A (k! =0V h} = 0))

= 201(L:) (1 — @1(1:))p1(l5) (1 — @1(15)) (A.32)
+ p2(li) + pa(ly) — p2(li)pa(l)).

Substituting Eqs. (A.31) and (A.32) into Eq. (A.30), and taking the limit of ¢ yields

lim 7 [h;@h?]} - (1 — exp <—k£”>>2 <1 — exp <—]‘2>)2 (A.33)

Similarly as in Eq. (A.33), we obtain the expectation of the cross product of three variables ﬁm, B
and h” as follows:

4,J°%,5" %, 4,5 %,5" %,
=1-3[p1(li) + 1(lj) — p1(m +n)]
+3[p1(l) (X = p1(li)p1(5) (1 — p1(l5)) + p2(li) + p2(ly) — w2(li)p2(l5)]
— Ber(1)*(1 = w111 (1) (1 = @1(15))* + 1(L) (1 = p1(1i)) o1 (1) (1 = 1(15)))
+ 6¢02(1:) (1 — p1(li)p2(l) (1 — @1(lj)) + @3(ls) + @3(l;) — @3(li)es(ly)].

[hmh" hm} Pr(Rh hE . = 1)

(A.34)

Taking the limit of ¢ in Eq. (A.34) yields

lim [h%hf]hfj} - (1 — exp (-Z’”))g (1 — exp <—]‘Z‘>>3 (A.35)

181n this case, we use the inclusion—exclusion principle in the following form:

M
UM Al =D Al = > [Amn A+ D) [AnNA N A+ (DM AN A
m=1 1<m<n<M 1<m<n<r<M

(A.29)
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We can repeat the same exercise as in Eq. (A.34) for the expectation of the cross product of four
variables A" h™, h* and hY to obtain the following:

i \ )" ka\\*
251(1) E hnh&h%h%} = <1 — exp <—£)> (1 — exp <—£>> . (A.36)

Then, the rest of the proof is again identical to Lemma 2.2 to finish the proof. W

Proof of Theorem 2.3 Let n = 1/c. With a slight modification of the notation in the main text,
let H! denote the set of distinct signals among those acquired by agent i for a fixed k' and ¢, and
let h!, denote the number of signals in H;. Similarly, denote Hy’ the set of distinct signals among
the overlapping signals acquired by agent 7 and agent j for fixed k' k7 and ¢, and let h:1 denote the
number of signals in Hy bd Further, let L, be the set of signals in the urn when the cost of each draw

is ¢,!? and let L, be the cardinality of L,. Then, let S’ denote the mean of the signals st, s2,. .., shh
in H! as follows:?’
- 1
Si=qr 2 =0+ Y e

meH} meHj,
and let ¢ denote S’ — 0, that is,

» 1

meH},

Outline of the proof. We will prove joint asymptotic normality of E%E% by showing that, as n goes
to infinity,

e LN (0% p P 9% o alla e R (A.38)
a€ € — — 4 —; | for all a, .
v "o (k) o(k) L

The plan of the proof is as follows. As a first step, starting from & E%, we construct two alternative
random variables, €, ¢}, say, whose distribution is unaffected by the randomness in ki, hj, and hy’.
As a second step, we use the CLT to prove asymptotic normality of aen +be), as ¢ goes to zero. As a
third step, we prove that ae’, + bej, converges in probability to a€, + be}, as ¢ goes to zero. The fourth
step combines the previous results and completes the proof.

First step. Let L, be an independent copy of let Ly, that is, a set of L,, signals of the form 6 + ™,
where each €™ is independently and identically distributed to each €™ in the signals in L,,.

Let the random variable zf{j be defined as zﬁ{j = hf{j — {E (hi{j >—| 2 Then, let the set Zf;;j be

defined as follows. If zf{j > 0, let Zﬁ;j be a set of zﬁzj random draws (without replacement) from Hﬁ] .

9n terms of the notation in the main text we have h,, = h(k; 1)y and L, = |nL].
20The signals and error terms s, €™ should also have a n subscript to highlight that the distribution depends
on n (i.e., ¢). We will omit such addltlonal notation in the rest of the proof.

2UT2] = min{z € Z|z > z}.
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If zf{j <0, let Z,igj be a set of
be the null set. Then, let the set H7 be defined as follows:

P { HNZE if 27 >0
i

zﬁ{j ‘ random draws (without replacement) from in If zf{j =0, let Zf{j

HYuzy itz <0’

By construction, the cardinality of HY equals {E ( b ﬂ

Let the random variable 2!, be defined as 2! = h? — {E (hﬁlﬂ — 257 Then, let the set Z! be defined
as follows. If 2/ > 0, let Z! be a set of 2/, random draws (without replacement) from H{N\ H,”’. If
zi <0, let Z¢ be a set of

the null set. Then, let the set H: be defined as follows:
o (N )NZL i 0
HINHP ) U Zi if 2, <0 °

random draws (without replacement) from Ly,. If 2/ = 0, let Z% be

iy
zn’]

By construction, the cardinality of Iﬁ equals [E (hﬁl)] — {E (hi{j )1 Define the random variable €,
as
- 1
CRmE N | SIS B (A.39)
B | 2,
meH}, meH,
By construction, €, is therefore the sample average of {E (h;)] i.i.d. error terms, while ¢ is the
sample average of h;, i.i.d. error terms.
Finally, let the random variable €, be constructed in an equivalent manner to €, but for agent j.

Second step. Let r, = (E (hil)_‘ + [E (h%)—| — {E (hﬁj)—| By construction, aet, + bel, can be written
out as the sum of r,, independent terms as follows:

Tn
a’al + b/é;ll = Z Xnk,
k=1

where a number [E (h;Lﬂ - [E (hﬁl])-‘ of the X,,;. terms are of the form X, = W‘;ﬂ'ﬂek’ a number

FE h% - |E hf{j of the X, terms are of the form X, = #jek and a number |E hf{j
[B(h2)]

) €*. Since F (ek) =0, then E (X,;) = 0.

of the X,,;, terms are of the form X, = <(E(‘;ﬂ 7+ (E(Zj 1

Letting V;2 denote the variance of a€’, + be},, we have

V2= Z Var(X,r)
k=1
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2 2
ai . b - | 2ab hzgﬂ] (A.40)

|3

—+

a® b2 n 2ab
R O R R A O (R R BT O S

for some deterministic functions g;(c), gj(c) and g; j(c) that all vanish as n — oco. Hence, we have

2 b2 ab
lim V2= -2 _ 429 A4l
o Ve =S T o Tz (A-41)

The Lindeberg condition requires that, for all § > 0,

N L
HILI&Z WE (X7’2Lk1{|Xnk|2§Vn}) = 0. (A.42)
k=1 ""

We can write

:

"1 o
> 7B (Xhlx,zovy) = A+ M+ A,
k=1

n

v (7 (jﬂ anE (#)]) , (({Eb(jm)gt{ s })
e (v )]E( ([E&n”wff(im)&] E{[Crmers >W}>
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Using the expression for Vn2 in (A.40) and simplifying, we can write

A = by,
where -
[, ()] -
n E (hi 1]
) [“2“’2 Te] ““b(é(&m)”
and

Furthermore, note that we can write (assuming a # 0)

aek ‘ (E(h"ﬂ V2 ,
7>(5V<:> né‘k‘>:u
‘{E(hm \W« o Var () — 111=7
where we define
k
k €
gk =
Var (€F)
and
6 . E (hi)]? E
h= o @ TE B+ b |

()] e )]

. . 2
i X =t f (o) an
|v*]>7i,

Hence, we can write

Note that lim,, o 7% = co while the distribution of y* is independent of n (y* is a standardized version
of the original signal error term €* in the urn), and therefore Hyk‘ > 'yn] | @ asn T oco. Since a has a

finite limit as n — oo, then lim,, s, )\ = 0. Similar steps show that lim,, )\n = lim, )\n =0, so
that the Lindeberg condition (A.42) is satisfied. Then, the Lindeberg-Feller Central Limit Theorem

implies

L
L; ben 4, n(o,1),

) ) 2 b? b
aE‘lerbEglLN(O, . +2a>.

or, equivalently, that

(k) (k) 7L
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Third step. Note that we can write €, in (A.37) as

5= L i(ziLm E (1hi 2 <= Wen
" Wl h
where we define ie i 5 o
OB S '
We will first prove that & 2 ¢  We need to prove
lim Prob (|&, — €, > a) =0. (A.45)

By Chebyshev’s inequality,

s i
Prob (|€; —’e‘m > a) < W. (A.46)

By the variance decomposition formula,

Var (6, - ) = B [Var (, - 2| B )] + Var [E (& ~ & 1. ki)

n mn ' "n n'“n

Since E <€§L - EM ht hff) = 0, we are left with

E[Var(en—en‘h h’j)] :WE

n)''n

Var( Z € — Z €+ Z e€m — Z em)]

meHi\ HE? meH} meHY meHy

Note that, by construction, HY and HY differ by exactly 24 elements, while H%\Hf{j and ﬁ,’l

elements. Hence, we can write the last expression as

differ by exactly ‘z

)
n

B Var (8, =5 1, 1] = Ton e B (2] + |
= C B Ik~ B ()] =]+ |=¥]
S Bl = (B 0] +2]=]
= B = (B ()| 200 20591
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Vot (] b E()] N
~ e \# et~ 2 e 2 ()]

_ Var(™) Ew%_upqﬁﬂwghwww—m

- [E(R)] [E (h3,)]

where the second line follows from the definition of 2% the third line follows by the triangle inequality,
the fourth line follows from the definition of z;;’, the fifth line from rearranging terms and the last
line uses the following definitions:

i (2%

Wy, = " —
B () + 9i(n) B (h) + gi5(n)

)

for two deterministic functions g; (n) and g; ; (n) that converge to zero as n — oo.
By Lemma 2.2 in the paper, %h; 22, %E (hfl) and therefore w?, “% 1. Since ‘w;‘ is bounded
N | .
from above by the constant (1 —e K 5) , the dominated convergence theorem implies that wj},
converges in the L' norm, that is,

lim E [|w), —1|] =0.

n—o0

By Lemma 2.3 in the paper, %hi{j &3 %E <h§ﬂ> and therefore wf{j 2% 1. Since ‘wi{j is

0 j -1
bounded from above by the constant [(1 —e K/ E) (1 —e ¥/ ﬁ)} , the dominated convergence
theorem implies that w converges in the L' norm, that is,

lim E [|w} —1|] = 0.

n—oo

Var(e™) [E(h)]

Since TG and TEGT have finite limits as n T co, we have shown that

lim Var (éﬁl - E\Z) =0,
n—oo

which completes the proof of (A.45).
’ a.s

Finally, since & %, @ and [E%% Py (which is implied by 1pf 2% L1E (hY) and the

n

_ [BMn) ]

continuous mapping theorem) and ¢, = 7 €, then & Rl € . An identical proof shows that
EfZL N E%,, and therefore
ae, + be), — ae,, + be),. (A.47)

48



Fourth step. By (A.43) and (A.47), Theorem 2 7in Van der Vaart (2000) implies that (A.38) holds.
Hence, by Theorem 29.4 in Billingley (1995), €, and ¢ & are jointly normally distributed. W

Proof of Corollary 2.1: Notice that

and

I 1
Var(u Z Var(e;) % Z Z Cov(ei, €5)

i=1 j#i

I-11
- Y+ I

JF
1, I-11
== k; —.
I¢ (ki) I 7L
Therefore, we have
1 1
Cov(n;, i) = Cov(e;, p) — Var(p = Z _l(ki),

and

and

Var(n;) = Var(e; — pn) = Var(e;) — 2Cov(e;, 1) + Var(p)

B 2\ 4., I-11 1
-(-7)e R T D I

Cov(ni,n;) = Cov(e; — p,ej — p) = Cov(ei, €5) — Cov(e;, p) — Cov(ej, ) + Var(p)
I* 1 1
— 7 k) - 267 (k) + 5 Z‘f’

Therefore, we have the following results in the limit where I tends to infinity:

1 1
Ihjgo Var(n;) = otk 7L foralli el

lim Cov(n;,u) =0, foralliel
I—o0
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(A.49)

(A.50)

(A51)

(A.52)

(A.53)

(A.54)

(A.55)

(A.56)

(A.57)

(A.58)



Ilim Cov(n;,m;) =0, foralli,jel (A.59)
—00

lim Var(u) = ! (A.60)

I—o00 77',6.

Using the definition of ¢(k;) in Theorem 2.1 it is immediate to rearrange the r.h.s. of Eq. (A.57) as
in the statement of Corollary 2.1. W
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Appendix B

Ex-ante utility. Assuming all agents play some strategy (l;‘,’y), the average action equals @ =
A% + 3,47 (0 + ;). Agent i’s ex-ante utility from playing strategy (k;, i) is

E(w)=-(1-08E(6-d)’ -E@-ad)’,

where
E(—a) =E (9 _0 Eﬂfs;)Q
=B ((0-0) (1-277) +0 (1 - 2] _,Y?_Emje;)Q
= (1md) s (0 (1 m) ) e () (1)
and
E(@-a)? = 47 (0 + 1) — %Q_Eﬂgsé)z

B3+
= ( 0=} +9( ﬂj—Eﬂf) + <Eﬂ - )(9 0)+%; (Wj—ﬁ)lﬁj—zﬂzj??;‘)z
( 37— % +9( ﬂj—zﬂf>>2+ (Eﬁj—EﬂDQTe_lﬂL
e5s (50 l) o) () (o () - (),

It is immediate to rearrange terms as in Eq. (33), where we define

L (kiy i) = (1 ) <791 (1-2Ld) + (0 (1-2l) - v?)Q) vl () (qu (H) " - Tij) :

(B.1)
and
Ly (vi,4) =6 |75t (S5 s7,4) 457, (v -4 .1‘+02L’ _nL47) 140 —40) ).
2 Y, Y 1% j=17 g=1\" — 7 il 1% j= ’Y TV
(B.2)
We remark that Eq. (B.2) implies
. . o 0 o -
Loy (7i,4) >0 for v #%; L2 (4,7) = 0; 07<L2 (9:9) = 0. (B.3)
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Lemma B.1. A strategy (l%,’y) is a SBNE only if: (i) 4 satisfies

0 (1 - E]J:ﬁ’]) for =0

o S N (9 .
=7 (k) = A-00;09)  forj=1,..J (B.4)
To+(1—0) 85 _1gn (k™)
where ‘ o
gi(k) = ¢’ (k) [L =6 +dexp (=K' /L7)] (B.5)
and (i) k satisfies Elel%j =K.
(iii) In a payoff mazximizing equilibrium, the equilibrium resource allocation solves
k* € arg max E;-]:lgj(kj) s.t. Ejzlkzzj =K. (B.6)

Proof of part (i). Let 7(k;) € argmin,,) L1 (k;, ;). Fixing k;, it is immediate to verify that
Ly (k;, ;) is strictly convex in ~y; for all § € [0, 1]. Differentiating L; (k;,;) with respect to «; and
solving the system of first-order conditions for -y; gives

Fo (ki) =0 (1 = S/, (k)
(1=8) ;07 (k) [L =8+ dexp (—k7/£7)]

T )% S0 () [L =9 + dexp (b /)

pforj=1,..,J

Note that the expression for 47 in Eq. (B.4) equals 47 (l;:) Then, assume (l%,*?) is a SBNE and
A1 £ A (l%) for some j. Consider an agent deviating locally from 47. First-order effects of deviations
of 7,{ from 47 are zero for Ly (see Eq. (B.3)). Strict convexity of Ly in 7; implies that, if 47 # 57 (l;‘),
then %Ll (l%, ﬁ) # (0. Therefore, there is a profitable deviation, contradicting (12:, ’Ay) being a SBNE.

Proof of part (ii). Assume (l;:,’y) is a SBNE and 23.]:1];‘]- < K. By part (i), it has to be that
y=4 (l;:) Substituting 4 (k;) for ~; into Li (k;,;), we obtain

Ly () = L (7 ) = _(15) Tj—)lzeJ ()
J=19J\""

(B.7)

Inspection of the functions g; in Eq. (B.5) reveals that each g; is strictly increasing for § € [0, 1].
Then, assume (/%, ~ (l%)) is a SBNE and Zlel%j < K. Then, consider agent ¢ deviating locally from k
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by increasing marginally k:f from l;;j. The deviation is feasible, it decreases L; and it has no first-order
effect on Ly (see Eq. (B.3)). Then, because g; is strictly increasing we have dL; (k;) / lej Vi > 0.

Therefore, there exists a profitable deviation, contradicting (l}:, ot (l;:)) being a SBNE. H

Proof of part (iii). Follows trivially by part (ii) and the fact that Ly (ki) in Eq. (B.7) is strictly
decreasing in 7_,g;(k). W

Proof of Proposition 3.1 . By Lemma B.1 and Eq. (B.7), finding £* that minimizes L; is equivalent
to the following problem. Inspection of the functions g; in Eq. (B.5) reveals that each g; is strictly
concave for § € [0,1/2). Therefore, we can convert the problem in Eq. (B.6) to the following dual
problem:

min AK — ST 195 (N,

where g7 (A) is the conjugate function of g;(k7) such that

xp (k7 /L7
g9;(\) = min [ A&7 — ¢ (k) e‘p( i/ )
ki>0 exp (lgj/ﬁj) (1—0)+0

The F.O.C. gives
Je ki /LI
- 7 exp ( / .) o, (B.8)
[(1—0)exp (ki/LT) + 0]
which has a strictly positive solution for k7 if and only if 0 < A < 77, in which case it is immediate
to verify that k7 is as in Eq. (37). Finally, A can be obtained by solving the following equation:

A .

STk (N =K. (B.9)
Notice that Lh.s. is zero when A = oo and infinity when A = 0 and each k7 (\) is strictly decreasing
in A for 0 < A < 77. Therefore, there exists a unique A > 0 that solves for Eq. (B.9) because Lh.s. is
continuous and monotone decreasing in .

We now prove the statements in the proposition regarding uniqueness of equilibrium. By Lemma

B.1, in an equilibrium 4 must satisfy ¥ = 4 (l:;) Therefore, the problem is reduced to whether the

equilibrium resource allocation k is unique. In an equilibrium, local deviations in (k;, ;) starting from
(lAc, v (l%)) must not provide a profitable deviation to an agent. Since an agent’s local deviation from a

symmetric strategy profile has no first-order effect on L (v;,4) (see Eq.(B.3)), an equilibrium resource
allocation must be either a local minimum or a critical point of L (k;) in Eq. (B.7). Equivalently,
an equilibrium resource allocation must be either a local maximum or a critical point of G (k) =
Ejzlgj(kj). For § € [0,1/2) the resource allocation in Eq. (37) is the unique maximizer of G (k).
Since G (k) is strictly concave in k; for § € [0,1/2), the equilibrium resource allocation in Eq. (37)

53



is unique. This completes the proof of part (i) of the proposition. For § € [1/2,1], G (k) fails to be
strictly concave. Then, a global maximizer of G (k) is clearly an equilibrium, but a critical point and
a local maximum of G (k) can also be an equilibrium because the loss term Lg (7;,4) > 0 for ~; # 4.
This completes the proof of part (ii) of the proposition. M

Proof of Proposition 3.2-(i). We want to prove that k4 = K, k¥ = 0 is an equilibrium. By Lemma

B.1 and Eqgs. (B.4), it must be 4° = (1 — 44)0, 44 = % and 4% = 0. Then, consider the

corresponding problem in Eq. (34) using these values for <I§:,”y) . Denote k (a;) = (k* () , kP (o))
where k4 (0;) = (1 - ;) K and kP = o;K. Fixing o; € [0,1] and letting 7; (a;) = argmin,,
Ly (k (i) ,vi) + L2 (74,%) we obtain

$0(a) = (1 -7 (as) = 7P (@)
) (1-8) (9(5) + 79)

= AR 1= 8) + 70) (19 + 63 (1 — ) K) + 6P (i)
e (1-8) (9(5) + 79)

P G = ) + ) (19 + 6A(1 — i) K) + 6P (i)

Substituting these optimal values for ; into the problem leaves

Ls (a) _Ll( ( ) (al)) + Lo (’Yz (az)77)
_ (I =d)m (K1 =)y ' + (2 =61+ i) ¢*(K) + 9 + 5<Z5B(OéiK)).
(GAE) (1 = 8) +79)° (9 + pA((1 — o) K + ¢B (oK)

Straightforward algebra shows that L3 () is strictly increasing in oy if 74 > 75, W

Proof of Proposition 3.2-(ii). By Proposition 3.2-(ii), an equilibrium k must be a local maximum
or a critical point of G (k) = Z‘] _,9j(k!). Equivalently o = 1 must be a local maximum or a critical
point of G, (a), where we deﬁne

Ga (@) = ga((1 — a)K) + gp(aK). (B.10)

That is, for &« = 1 to be an equilibrium it must be

d A 2

L Ga(1) > 0 FE7 > T (eK/ﬁB (1-0)+ 5) . (B.11)
da T

Letting Ly = W, it is immediate to verify that the necessary condition in Eq. (B.11) is

satisfied only if L8 < Ly. W
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Proof of Proposition 3.2-(iii). Define

< B eK/LP
O(L%) = T

It is immediate to verify that G, (a) in Eq. (B.10) is strictly convex in o for all a € [0,1] if
§ € (6(£P),1]. Letting o = arg maX,e(o,1] Ga (@), strict convexity of G, («) implies o € {0, 1}.
Therefore, & = 1 is the unique payoff maximizing SBNE if

K < eK/LP
TB LB " eK/LP (1 —6) +6

Ga (1) > Ga (0) = (B.12)

Notice that the r.h.s. of the second inequality in Eq. (B.12) is increasing in §. As 6 — 1, Eq. (B.12)
holds if L < Lg, where Lg € (0, 00) solves

ﬁﬁ — K/Ls _q
== :
T LS
Hence, for all £ < Lg, Eq. (B.12) holds if § € (6 (EB) , 1], where we define

B
oK/L BB

S(EB) = eK/LB - KA~

Combining these results, a = 1 is the unique payoff maximizing SBNE if £P < Lg and 6 €
(65 (£P),1], where 65 (£P) = max{0 (£P),0 (£P)}.

Proof of Corollary 3.1 For all for all £L? € (00, Lg], we have 5(£B) < 1 and S(EB) < 1, where
the equality holds if and only if £ = Lg. Then, then, we have g (Zs) =1 and dg (ﬁB ) < 1 for all
LB < Lg. The statement in the corollary follows by continuity of &g (EB ), which in turn is implied
by continuity of & (EB) and & (EB). |
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Appendix C

There is a standard formula which computes the certainty equivalence of expected utilities in case of
CARA utilities. (For example, see Dow and Rahi (2003))

Lemma C.2. Suppose A is a symmetric m X m matriz, b is an m-vector, d is a scalar, and w is
an m-dimensional normal variate: w ~ N(0,X), ¥ positive definite. Then, we can find the following
certainty equivalence of expected utilities if (I — 2X.A) is positive definite

E [exp(wTAw 40 w+d)| =|T—25A[ "2 exp %bT(I — 2% A)71%b + d] . (C.1)

Proof of Proposition 4.1. For notational convenience, we denote S = (S, 582,...,5") to be the
vector of all the signals acquired by the trader. The value function for the trader’s optimal portfolio
choice problem conditional on the acquired signals is given by

N
. Q) — _ —_ VRV AV
V(wp; S) = ml,g?%xN E|l—exp | —7 | wo+ 2(0 p)x S (C.2)
J:

where 7 is the unit of holdings of asset j. Then, the demand for each asset j is given by the standard
CARA-Gaussian demand: , ,
i _ El01S7] —p

x = .
yVar[|SI]

By Lemma C.2, the expected utility can be obtained from Egs. (C.2) and (C.3) as follows:

(C.3)

(C.4)

Maximizing Eq. (C.4) under the resource constraint in Eq. (38) is equivalent to the following optimal
resource allocation problem:??

masx > G(k) (C.5)

where G,(k7) = log (Tg + W(kj))

22Notice that other components in Eq. (C.4) are unaffected by the choice of resource allocations than

H;V=1 \/m Using a log-transformation, we get (C.5).
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Notice that each G;(k?) is concave in k7 because ¢/ (k) is concave. Therefore, we can convert
this problem in Eq. (C.5) to the following dual problem:

N
min AK — z; Gi(N) (C.6)
j:

where G%()) is the conjugate function of G;(k?) such that

* — mi J _ J J(LJ
Gi(\) lIglJnZI(l] ()\k log (7'6, + ¢ (k ))) (C.7)
For all each asset j, the optimal allocation k7 given A is

~ Citog [ 78 ir0 < n < 4
k() = &\ 1D (C.8)
0 i A > 7

Finally, A can be obtained by solving the following equation:
N .
d () =K. (C.9)
j=1

Notice that l.h.s. is zero when A\ = oo and infinity when A = 0. Therefore, it is easily verified that
there exists a unique solution for Eq. (C.9) because Lh.s. is continuous and monotone decreasing in
A

Now, we turn to the proof that A decreases in K. Using the implicit function theorem, we get

(L, K (N) - K) oL, K (N) — K)
K dK + B\ d\ =0, (C.10)
which implies that
dA 1

B 1
; N2
Zje]] L <;i£j )
We can similarly prove that X increases in £7 if 77 > X. Using the implicit function theorem, we get

N i N j
a(zjglﬁfj()‘))dﬁj + a(z:jgl)wd)\ =0, (C.12)

which implies that

*j#m:f) 70 (1-7)
(

o log( \+7IL0 L 5ILT) (1449 L) (C.13)

dci aE
o (7i5)
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Eq. (C.13) implies that % >0« F(%j,%jﬁj) > 0, where we define

w+y> ( y(1—x)

Flay) =log <1+y c+y)(I+y)

Notice that F(1,y) = 0 and 0F (2,y)/0z = z/(z + y)? > 0 for all > 0, which imply £ > 0 for all
i that satisfy A < 77 and, therefore, 77/ > 1. This finishes the proof. W

Proof of Corollary 4.1. (i) For any asset r with £ > 0, it is immediate from Eq. (41) that

k" L
= = 0 C.14
PN T (C.14)
By the chain rule, we have
dk™  dk" dX
= 2 0. N C.15
ac = axac =" (C.15)

(ii) This is immediate from the fact that (a) allocation k" for any asset r with a positive allocation

decrease in £/, and (b) the total resource K is fixed. Therefore, the resource allocation in asset j
should increase in £7. W

Proof of Lemma 4.1. We conjecture that the price function of each asset j is given by
P= A0+ W) - 7, (C.16)

where f{ and fg are constants. Then, each investor infer the true value of 67 using the sufficient
statistic

g =00+ pl — 4,
bl
J

2

where fj = =1 Using the Bayes’ theorem, the conditional expectation of each investor ¢ is given by

E[07|S!, 6] = o] S] + B¢,
where

; TgTj

o= (C.17)

(15 + 1) (75 + f572) + 7y,
fii

(1 + i) (7 + fird) +

Bl = (C.18)
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The conditional variance is also given by

- J oy f20d 4
Var[t?|S], &) = it > i (C.19)
( +Tu)(7n+f )+797u

Investor ¢’s demand for each asset j is given by the standard CARA-Gaussian demand:

t yVarlglsi €]

(C.20)
In equilibrium, the aggregate demand for each asset j should be equal to the supply:

/xfdj = 2.

By solving for the price using the above market clearing condition, we confirm that our conjecture in
Eq. (C.16) is indeed true.

j_ Th(r + f270) o1
/i (794—7'“)(7',7 f2 )—1—7'3727 (©21)
PR Lk A R 1S, ) 2

(7'49"‘7'#)(7'77 f2 )+TOTH

f1

2

Because fj , we get the following third-order equation using Egs. (C.21) and (C.22) as follows:

- 7'#(7'77 f2 )

firirh (5 + f3rd 4 )

Because there exists only one real root for the above equation, we get a unique solution for the pair
(1, f3). Therefore, we have a unique linear equilibrium. W

Proof of Proposition 4.2.

To prove the existence of an equilibrium, we first characterize the ex-ante optimization problem
of each investor ¢. Notice that the investor’s resource allocation problem is similar to the proof
of Proposition 4.1 except that prices also reveal private information of other investors. Let P =
(ph,p?%, ..., pv ) denote be the vector of asset prices. Then, the value function for investor i’s optimal
portfolio choice problem conditional on the acquired signals and the prices is given by

Vi(wo; S;, P) = max N El|l—exp| —v | wo+ Z(@j —pj)mj S;, P (C.23)



where :Uf is the unit of holdings of asset j.
By Lemma C.2, we get

1 s (B[07]SL,p7] — p)?
E [Vi(wo; S;, P)|P] = E |—exp | —ywo — = - P (C.24)
0 p YWo 2; Var[HJ]SJ, ] )
N [Var(pd|s?, &) (E[0’|p"] — p7)?
13 “Varfig] TP T _2; vaplp] ) 9P

Therefore, the ex-ante expected utility can be obtained by taking an unconditional expectation on
Eq. (C.25) as follows:?3

N 1
E [Vi(wo: Si, P)] H (Var eﬂysﬂ,gﬂ])E (C.27)

where I' is a constant unaffected by the choice of resource allocations such that

Al g 1N (E[69]¢7] — pl)?
f:[ (Varle’|]) P ‘WO‘zjz; Var[07]¢]] ’ (C.28)

Then, maximizing Eq. (C.27) under the resource constraint in Eq. (38) is equivalent to the fol-
lowing optimal resource allocation problem:

Jnax ZG (k) (C.29)

jlz

where G;(k/) = — log (VQT[9j|Sg’§j]> = log (Tg + gj(kf)) and

gj(kf)=7jﬁj<1— S ) (C.30)

exp(gz) + (T1L) L fr

23Notice that Var[7|€7] and Var[67]S7, £7] are both constants. For Var[67]S7,£7], it is obvious from Eq. (??).
Var[§7|€7] is also a constant because

T

TuTo + (T, + T(.))szTz.

Varlt?|¢7] = (C.26)
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g, (k)

Notice that G;(-) is increasing in k:f because G;(k:i )= e and
095\l
j (kj )
i T/ eXp( 75
g;(k}) = - = 3 > 0. (C.31)
(exwsh) + 212
Furthermore, we have
' K] k!
g’/(kj) _ % exp(zr) 1 2exp(z5) ©32)
Il j o\ ?2 k! e i | .
(exp(fé) + (Tjﬁf)—lffd) exp(z5) + (/L) fim

Then, G;(-) is concave if and only if g;’(kg)(ﬁg + g(kf)) < g}(kf)Q for all kg Since f; has a finite
limit as 77 — 0,>* then Eq. (C.32) implies lim_; g7 (k]) < 0. Because Gj(-) is continuous in 77,
there exists a constant 77 such that G (+) is strictly concave for all 77 < 71. Under this parametric
assumption, we can solve the optimization problem in Eq. (C.29) by solving the following for each
asset j:

G;() = min (A~ 10g (4 + 95 (kD)) ) - (C.33)
Then, a corner solution kf = 0 is optimal whenever the marginal increase in the objective function
of Eq. (C.33) at k! = 0 is non-negative: N

A—=MN >0, (C.34)

where
77

gk _ :
R (1 @) (L () )

)\‘7 = -
75 + g; (k)

(C.35)

Otherwise, the optimal choice of k:zj can be obtained by solving the following equation, which is
the first-order condition from Eq. (C.33), as follows:

2k) : K ‘
i) _9opd i J_
exp (gj ) 2A7 exp <£j> + B’ =0, (C.36)

1<T+ﬂm

Al =2 —
2\ 1+79L0

where

)—vwwlﬁd; (C.37)

24Gee, for example, Hellwig (1980) for the proof.
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(C.38)

J

. oo JU oo e 2J[d
B = (i) ford |0 il - e

Note that letting Tg = ffrg gives the expressions for A,A47 and B’ in the main text.

The quadratic exponential equation in Eq. (C.36) has two solutions, but only one of them is real
whenever A < M, so we have the following unique optimal allocation k] for each asset j given \ as
follows:

L log (Aj +1/(A9)? — BJ') if0< A<\
0 if A >N

k(A = (C.39)

where \ solves

N .
Y KO =K.

Furthermore, the solution is unique because each kf (\) is decreasing in A as in the proof of Proposi-
tion 4.1.
Now, we turn to the proof of existence of equilibrium. Suppose that the equilibrium resource

allocation is given by a vector & = (k',x%,...,x"). Lemma 4.1 shows that there always exists a
A . . j

unique pair of f{ and fj for each asset j given the vector &. Thus, there exists a unique f; = % for
2

each asset j given the vector k. Furthermore, it is obvious from Eq. (43) that fj is continuous in &
because it is continuous in T}; and T,Z which are also continuous in & due to Corollary 2.1.

Let K = {k',k2,.. KNk + k2 + ... + kY = K} be a simplex that includes all the feasible
choices of resource allocations. By Eq. (C.39), it is immediate that there exists a unique mapping that
¥ : K — K that maps the given equilibrium resource allocation to each investor’s individually-optimal
choice. The overall equilibrium exists when the given equilibrium allocation is indeed individually-
optimal optimal, i.e., & = W¥(&). Therefore, the equilibrium existence proof reduces to the proof of
showing the existence of a fixed point for the mapping W(-). Because the optimal choice mapping
U(-) is a continuous mapping from the non-empty, convex and compact set K to K, there exists a
fixed point for the mapping due to Kakutani fixed point theorem. This finishes the proof. W
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