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Abstract

This paper examines a general class of inferential problems in semiparametric
and nonparametric models defined by conditional moment restrictions. We con-
struct tests for the hypothesis that at least one element of the identified set satisfies
a conjectured (Banach space) “equality” and/or (a Banach lattice) “inequality” con-
straint. Our procedure is applicable to identified and partially identified models, and
is shown to control the level, and under some conditions the size, asymptotically uni-
formly in an appropriate class of distributions. The critical values are obtained by
building a strong approximation to the statistic and then bootstrapping a (conser-
vatively) relaxed form of the statistic. Sufficient conditions are provided, including
strong approximations using Koltchinskii’s coupling.

Leading important special cases encompassed by the framework we study in-
clude: (i) Tests of shape restrictions for infinite dimensional parameters; (ii) Confi-
dence regions for functionals that impose shape restrictions on the underlying pa-
rameter; (iii) Inference for functionals in semiparametric and nonparametric models
defined by conditional moment (in)equalities; and (iv) Uniform inference in possibly

nonlinear and severely ill-posed problems.

KEYWORDS: Shape restrictions, inference on functionals, conditional moment
(in)equality restrictions, instrumental variables, nonparametric and semiparametric

models, Banach space, Banach lattice, Koltchinskii coupling.
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1 Introduction

Nonparametric constraints, often called shape restrictions, have played a central role
in economics as both testable implications of classical theory and sufficient conditions
for obtaining informative counterfactual predictions (Topkis, 1998). A long tradition
in applied and theoretical econometrics has as a result studied shape restrictions, their
ability to aid in identification, estimation, and inference, and the possibility of testing for
their validity (Matzkin, 1994). The canonical example of this interplay between theory
and practice is undoubtedly consumer demand analysis, where theoretical predictions
such as Slutsky symmetry have been extensively tested for and exploited in estimation
(Hausman and Newey, 1995; Blundell et al., 2012). The empirical analysis of shape
restrictions, however, goes well beyond this important application with recent examples
including studies into the monotonicity of the state price density (Jackwerth, 2000; Ait-
Sahalia and Duarte, 2003), the presence of ramp-up and start-up costs (Wolak, 2007;
Reguant, 2014), and the existence of complementarities in demand (Gentzkow, 2007)

and organizational design (Athey and Stern, 1998; Kretschmer et al., 2012).

Despite the importance of nonparametric constraints, their theoretical study has
focused on a limited set of models and restrictions — a limitation that has resulted
in practitioners often facing parametric modeling as their sole option. In this paper,
we address this gap in the literature by developing a framework for testing general
shape restrictions and exploiting them for inference in a widespread class of conditional
moment restriction models. Specifically, we study nonparametric constraints in settings

where the parameter of interest 0y € © satisfies J conditional moment restrictions
EP[pj(Xi790)’Zi,j] =0for1l S i < j (1)

with p, : R% x © — R possibly non-smooth functions, X; € R%, Zi, € R%, and P
denoting the distribution of (Xj, {Zm}le). As shown by Ai and Chen (2007, 2012), un-
der appropriate choices of the parameter space and moment restrictions, this model
encompasses parametric (Hansen, 1982), semiparametric (Ai and Chen, 2003), and
nonparametric (Newey and Powell, 2003) specifications, as well as panel data appli-
cations (Chamberlain, 1992) and the study of plug-in functionals. By incorporating
nuisance parameters into the definition of the parameter space, it is in fact also possi-
ble to view conditional moment (in)equality models as a special case of the specifica-
tion we study. For example, the restriction Ep[p(X;,6)|Z;] < 0 may be rewritten as
Ep[p(X;,0) + XN(Zi)|Z;] = 0 for some unknown positive function A, which fits (1) with
0 = (0, )\) and X subject to the constraint A\(Z;) > 0; see Example 2.4 below.

While in multiple applications identification of 6y € O is straightforward to establish,
there also exist specifications of the model we examine for which identification can be

uncertain (Canay et al., 2013; Chen et al., 2014). In order for our framework to be



robust to a possible lack of identification, we therefore define the identified set
Oo(P)={0 €O : Ep[p,(X;,0)|Z;;] =0for1 <3< T} (2)

and employ it as the basis of our statistical analysis. Formally, for a set R of parameters

satisfying a conjectured restriction, we develop a test for the hypothesis
HQZ@Q(P)QR#@ le@o(P)ﬁRz(Z); (3)

i.e. we device a test of whether at least one element of the identified set satisfies the
posited constraints. In an identified model, a test of (3) is thus equivalent to a test of
whether 60 satisfies the hypothesized constraint. The set R, for example, may constitute
the set of functions satisfying a conjectured shape restriction, in which case a test of
(3) corresponds to a test of the validity of such shape restriction. Alternatively, the
set R may consist of the functions that satisfy an assumed shape restriction and for
which a functional of interest takes a prescribed value — in which case test of inversion
of (3) yields a confidence region for the value of the desired functional that imposes the

assumed shape restriction on the underlying parameter.

The wide class of hypotheses with which we are concerned necessitates the sets R to
be sufficiently general, yet be endowed with enough structure to ensure a fruitful asymp-
totic analysis. An important insight of this paper is that this simultaneous flexibility
and structure is possessed by sets defined by “equality” restrictions on Banach space
valued maps, and “inequality” restrictions on Abstract M (AM) space valued maps (an
AM space is a Banach lattice whose norm obeys a particular condition).! We illustrate
the generality granted by these sets by showing they enable us to employ tests of (3)
to: (i) Conduct inference on the level of a demand function while imposing a Slutsky
constraint; (ii) Construct a confidence interval in a regression discontinuity design where
the conditional mean is known to be monotone in a neighborhood of, but not necessarily
at, the discontinuity point; (iii) Test for the presence of complementarities in demand;
and (iv) Conduct inference in semiparametric conditional moment (in)equality models.
Additionally, while we do not pursue further examples in detail for conciseness, we note
such sets R also allow for tests of homogeneity, supermodularity, and economies of scale

or scope, as well as for inference on functionals of the identified set.

As our test statistic, we employ the minimum of a suitable criterion function over
parameters satisfying the hypothesized restriction — an approach sometimes referred to
as a sieve generalized method of moments J-test. Under appropriate conditions, we
show that the distribution of the proposed statistic can be approximated by the law of
the projection of a Gaussian process onto the image of the local parameter space under

a linear map. In settings where the local parameter space is asymptotically linear and

Due to their uncommon use in econometrics, we overview AM spaces in Appendix A.



the model is identified, the derived approximation can reduce to a standard chi-squared
distribution as in Hansen (1982). However, in the presence of “binding” shape restric-
tions the local parameter space is often not asymptotically linear resulting in non-pivotal
and potentially unreliable pointwise (in P) asymptotic approximations (Andrews, 2000,
2001). We address these challenges by projecting a bootstrapped version of the relevant
Gaussian process into the image of an appropriate sample analogue of the local param-
eter space under an estimated linear map. Specifically, we establish that the resulting
critical values provide asymptotic size control uniformly over a class of underlying dis-
tributions P. In addition, we characterize a set of alternatives for which the proposed
test possesses nontrivial local power. While aspects of our analysis are specific to the
conditional moment restriction model, the role of the local parameter space is solely
dictated by the set R. As such, we expect the insights of our arguments to be applicable

to the study of shape restrictions in alternative models as well.

The literature on nonparametric shape restrictions in econometrics has classically fo-
cused on testing whether conditional mean regressions satisfy the restrictions implied by
consumer demand theory; see Lewbel (1995), Haag et al. (2009), and references therein.
The related problem of studying monotone conditional mean regressions has also gar-
nered widespread attention — recent advances on this problem includes Chetverikov
(2012) and Chatterjee et al. (2013). Chernozhukov et al. (2009) propose generic meth-
ods, based on rearrangement and/or projection operators, that convert function esti-
mators and confidence bands into monotone estimators and confidence bands, provably
delivering finite-sample improvements; see Evdokimov (2010) for an application in the
context of structural heterogeneity models. Additional work concerning monotonicity
constraints includes Beare and Schmidt (2014) who test the monotonicity of the pric-
ing kernel, Chetverikov and Wilhelm (2014) who study estimation of a nonparametric
instrumental variable regression under monotonicity constraints, and Armstrong (2015)
who develops minimax rate optimal one sided tests in a Gaussian regression discon-
tinuity design. In related work, Freyberger and Horowitz (2012) examine the role of
monotonicity and concavity or convexity constraints in a nonparametric instrumental
variable regression with discrete instruments and endogenous variables. Our paper also
contributes to a literature studying semiparametric and nonparametric models under
partial identification (Manski, 2003). Examples of such work include Chen et al. (2011a),
Chernozhukov et al. (2013), Hong (2011), Santos (2012), and Tao (2014) for conditional

moment restriction models, and Chen et al. (2011b) for the maximum likelihood setting.

The remainder of the paper is organized as follows. In Section 2 we formally define
the sets of restrictions we study and discuss examples that fall within their scope. In
turn, in Section 3 we introduce our test statistic and basic notation that we employ
throughout the paper. Section 4 obtains a rate of convergence for set estimators in

conditional moment restriction models that we require for our subsequent analysis. Our



main results are contained in Sections 5 and 6, which respectively characterize and
estimate the asymptotic distribution of our test statistic. Finally, Section 7 presents
a brief simulation study, while Section 8 concludes. All mathematical derivations are
included in a series of appendices; see in particular Appendix A for an overview of AM

spaces and an outline of how Appendices B through H are organized.

2 The Hypothesis

In this section, we formally introduce the set of null hypotheses we examine as well as

motivating examples that fall within their scope.

2.1 The Restriction Set

The defining elements determining the generality of the hypotheses allowed for in (3) are
the choice of parameter space © and the set of restrictions embodied by R. In imposing
restrictions on both © and R we aim to allow for as general a framework as possible while
simultaneously ensuring enough structure for a fruitful asymptotic analysis. To this end,
we require the parameter space © to be a subset of a Banach space B, and consider
sets R that are defined through “equality” and “inequality” restrictions. Specifically,
for known maps Tr and T, we impose that the set R be of the form

R={0€B:Tp(0) =0and Te(d) <0} . (4)

In order to allow for hypotheses that potentially concern global properties of #, such
as shape restrictions, the maps Tp : B — F and YT : B — G are also assumed to take
values on general Banach spaces F and G respectively. While no further structure on
F is needed for testing “equality” restrictions, the analysis of “inequality” restrictions
necessitates that G be equipped with a partial ordering — i.e. that “<” be well defined
in (4). We thus impose the following requirements on O, and the maps Y and Yg:

Assumption 2.1. (i) © C B, where B is a Banach space with metric || - ||g.

Assumption 2.2. (i) Yrp:B — F and Y : B — G, where F is a Banach space with
metric || - |r, and G is an AM space with order unit 1g and metric || - ||a; (i) The
maps Yp : B = F and Tg : B — G are continuous under || - ||B.

Assumption 2.1 formalizes the requirement that the parameter space © be a subset
of a Banach space B. In turn, Assumption 2.2(i) similarly imposes that T take values
in a Banach space F, while the map Y is required to take values in an AM space G —

since AM spaces are not often used in econometrics, we provide an overview in Appendix



A. Heuristically, the essential implications of Assumption 2.2(i) for G are that: (i) G
is a vector space equipped with a partial order relationship “<”; (ii) The partial order
“<” and the vector space operations interact in the same manner they do on R;? and
(iii) The order unit 1g € G is an element such that for any § € G there exists a scalar
A > 0 satisfying |0] < Alg; see Remark 2.1 for an example. Finally, we note that in
Assumption 2.2(ii) the maps T and Y are required to be continuous, which ensures
that the set R is closed in B. Since the choice of maps T and Yq is dictated by the
hypothesis of interest, verifying Assumption 2.2(ii) is often accomplished by restricting

B to have a sufficiently “strong” norm that ensures continuity.

Remark 2.1. In applications we will often work with the space of continuous functions
with bounded derivatives. Formally, for a set A C R%, a function f : A — R, a vector

of positive integers o = (a,...,aq), and |a] = Zle a; we denote

olal

Daf<a0) :W (a,) —ao .
1 9 d a=a

(5)
For a nonnegative integer m, we may then define the space C™(A) to be given by
C™(A) ={f: D*f is continuous and bounded on A for all |a] < m} , (6)

which we endow with the metric || f[lim,co = max|q|<m SuPsea [Df(a)|. The space C°(A)
with norm || f||p,co — which we denote C(A) and |||« for simplicity — is then an AM space.
In particular, equipping C(A) with the ordering f; < fo if and only if fi(a) < fa(a) for

all @ € A implies the constant function 1(a) =1 for all a € A is an order unit. m

2.2 Motivating Examples

In order to illustrate the relevance of the introduced framework, we next discuss a
number of applications based on well known models. For conciseness, we keep the

discussion brief and revisit these examples in more detail in Appendix F.

We draw our first example from a long-standing literature aiming to replace para-

metric assumptions with shape restrictions implied by economic theory (Matzkin, 1994).

Example 2.1. (Shape Restricted Demand). Blundell et al. (2012) examine a semi-
parametric model for gasoline demand, in which quantity demanded @); given price F;,

income Y;, and demographic characteristics W; € R% is assumed to satisfy

Qi = go(P;,Y:) + Wi+ U; . (7)

2For example, if 6; < 02, then 01 + 03 < 02 + 03 for any 03 € G.




The authors propose a kernel estimator for the function gg : Ri — R under the as-
sumption E[U;|P;,Y;, W;] = 0 and the hypothesis that gy obeys the Slutsky restriction

0 0
— — <0.
8pgo(p, y) + g90(p, y) aygo(p, y) <0 (8)

While in their application Blundell et al. (2012) find imposing (8) to be empirically
important, their asymptotic framework assumes (8) holds strictly and thus implies the
constrained an unconstrained estimators are asymptotically equivalent. In contrast, our

results will enable us to test, for example, for (po,yo) € Ri and ¢y € R the hypothesis

Hy : go(po,yo) = co H; : go(po, yo) # co 9)

employing an asymptotic analysis that is able to capture the finite sample importance
of imposing the Slutsky restriction. To map this problem into our framework, we set
B =CYR%) xR¥™, J =1, Z; = (P,Y;,W;), Xi = (Qi,Z;) and p(X;,0) = Q; —
g(P;,W;) — W/~ for any 0 = (g,7v) € B. Letting F = R and defining Yrp : B — F by
Yr(0) = g(po,yo) — co for any O € B enables us to test (9), while the Slutsky restriction
can be imposed by setting G = C(R?) and defining Yz : B — G to be given by

T(6)(p.y) = ;pg@, v) + (b, y)aayg(p, ) (10)

for any § € B. Alternatively, we may also conduct inference on deadweight loss as
considered in Blundell et al. (2012) building on Hausman and Newey (1995), or allow
for endogeneity and quantile restrictions on U; as pursued by Blundell et al. (2013). m

Our next example builds on Example 2.1 by illustrating how to exploit shape re-

strictions in a regression discontinuity (RD) setting; see also Armstrong (2015).°

Example 2.2. (Monotonic RD). We consider a sharp design in which treatment is
assigned whenever a forcing variable R; € R is above a threshold which we normalize
to zero. For an outcome variable Y; and a treatment indicator D; = 1{R; > 0}, Hahn

et al. (2001) showed the average treatment effect 7y at zero is identified by
To:lgﬁ)lE[K|Ri:r]—13%E[lﬁ\R¢:r] . (11)

In a number of applications it is additionally reasonable to assume E[Y;|R; = r| is
monotonic in a neighborhood of, but not necessarily at, zero. Such restriction is natural,
for instance, in Lee et al. (2004) where R; is the democratic vote share and Y is a measure
of how liberal the elected official’s voting record is, or in Black et al. (2007) where R; and

Y; are respectively measures of predicted and actual collected unemployment benefits.

3We thank Pat Kline for suggesting this example.



In order to illustrate the applicability of our framework to this setting, we suppose we

wish to impose monotonicity of E[Y;|R =r] on r € [-1,0) and r € [0, 1] while testing
Hy:79=0 Hy:719#0. (12)

To this end, we let B = C1([-1,0]) x C'([0,1]), X; = (Yi, Ri, D;), Z; = (R;, D;), and
for 7 =1set p(x,0) =y — g—(r)(1 — d) — g+ (r)d which yields the restriction

ElY; — g-(Ri)(1 — D;) — g+ (Ri) Di| Ri, D] = 0 (13)

for any 0 = (g—,g+) € B. The functions g_ and g4 are then respectively identified by
E[Y;|R; = r] for r € [-1,0) and r € [0, 1], and hence we may test (12) by setting F = R
and Tr(0) = g+ (0) — g_(0) for any @ = (g_,g+) € B.* In turn, monotonicity can be
imposed by setting G = C([—1,0]) x C([0, 1]) and letting T¢(0) = (—g¢", —g’,) for any
0 = (g—,9+) € B. A similar construction can also be applied in fuzzy RD designs or the
regression kink design studied in Card et al. (2012) and Calonico et al. (2014). m

While Examples 2.1 and 2.2 concern imposing shape restriction to conduct inference
on functionals, in certain applications interest instead lies on the shape restriction itself.
The following example is based on a model originally employed by Gentzkow (2007) in

examining whether print and online newspapers are substitutes or complements.

Example 2.3. (Complementarities). Suppose an agent can buy at most one each
of two goods j € {1,2}, and let a = (a1,a2) € {(0,0),(1,0),(0,1),(1,1)} denote the

possible bundles to be purchased. We consider a random utility model
2
Ula, Ziyei) = Y _(Wino + €i5)1{a; = 1} + 6o (Yi)1{a1 = 1, a5 = 1} (14)
7=1

where Z; = (W;,Y;) are observed covariates, Y; € R% can be a subvector of W; € R%v,
S0 € C(R%) is an unknown function, and ¢; = (€1, €i,2) follows a parametric distribution
G(-|ag) with ag € R%; see Fox and Lazzati (2014) for identification results. In (14),
5o € C(R%) determines whether the goods are complements or substitutes and we may

consider, for example, a test of the hypothesis that they are always substitutes
Hy : 6o(y) <0 for all y Hj : 0p(y) > 0 for some y . (15)

In this instance, B = R2?%w¥da x C(R%), and for any 6 = (71,72, ®,) € B we map
(15) into our framework by letting G = C(R%), Y (#) = J, and imposing no equality

“Here, with some abuse of notation, we identify g € C([~1,0]) with the function E[V;|R; = r] on
€ [-1,0) by letting g—(0) = lim,4o E[Yi|R; = r] which exists by assumption.



restrictions. For observed choices A; the conditional moment restrictions are then

P(A; = (1,0)|Z;)

= /1{WZ~'71 +e1 >0, Wiy +8(Y;) +e2 <0, Wiy + €1 > W/ + ea}dG(ela)  (16)
and, exploiting §(Y;) < 0 under the null hypothesis, the two additional conditions

P(4i = (0,0)12) = [ 1{er £ Wi, e < - Wia}dG(cla) (17)
P(A; = (1,1)|Z;) = /1{61 +0(Y:) > =Wy, e2+6(Y;) > —W/y}dG(ela)  (18)

so that in this model J = 3. An analogous approach may also be employed to conduct

inference on interaction effects in discrete games as in De Paula and Tang (2012). m

The introduced framework can also be employed to study semiparametric specifi-
cations in conditional moment (in)equality models — thus complementing a literature
that, with the notable exception of Chernozhukov et al. (2013), has been largely para-
metric (Andrews and Shi, 2013). Our final example illustrates such an application in
the context of a study of hospital referrals by Ho and Pakes (2014).

Example 2.4. (Testing Parameter Components in Moment (In)Equalities).
We consider the problem of estimating how an insurer assigns patients to hospital within
its network H. Suppose each observation ¢ consists of two individuals j € {1, 2} of similar
characteristics for whom we know the hospital H;; € H to which they were referred,
as well as the cost of treatment P;;(h) and the distance D;;j(h) to any hospital h € H.

Under certain assumptions, Ho and Pakes (2014) then derive the moment restriction
2
E[> {n0(Pij(Hij) = Pij(Hiy)) + go(Dij (Hij)) — go(Dij(Hig))} Zi] <0 (19)
j=1

where 79 € R denotes the insurer’s sensitivity to price, go : R4+ — R is an unknown
monotonically increasing function reflecting a preference for referring patients to nearby
hospitals, Z; € R is an appropriate instrument, and j' = {1,2}\ {j}.° Employing our

proposed framework we may, for example, test for some ¢y € R the null hypothesis

Hy:vw=co Hi:vw#co (20)

without imposing parametric restrictions on gy but instead requiring it to be monotone.

®In other words, j' =2 when j = 1, and j/ = 1 when j = 2.



To this end, let X; = ({{P;;(h), Dij(h)}hen, Hij}?zl, Z;), and define the function

2

U(Xi,7,9) = Y _{7(Pyj(Hij) = Pij(Hiy)) + g(Dij (Hij)) — 9(Dij(Higr))} (21)
j=1

for any (v,9) € R x C'(R,). The moment restriction in (19) can then be rewritten as
E[(Xi,70, 90) + Mo(Zi)|Zi] = 0 (22)

for some unknown function Ao satisfying Ag(Z;) > 0. Thus, (19) may be viewed as a
conditional moment restriction model with parameter space B = R x C'(R4 ) x £*°(R%)
in which p(x,0) = ¥(x,v,9) + A(z) for any 8 = (v,9,A) € B. The monotonicity
restriction on g and positivity requirement on A can in turn be imposed by setting
G = °(R;) x £*(R%) and T¢(0) = —(¢’,\), while the null hypothesis in (20) may
be tested by letting F = R and defining Yr(6) = v — ¢o for any 0 = (v,9,\) € B. An
analogous construction can similarly be applied to extend conditional moment inequality
models with parametric specifications to semiparametric or nonparametric ones;’ see

Ciliberto and Tamer (2009), Pakes (2010) and references therein. m

3 Basic Setup

Having formally stated the hypotheses we consider, we next develop a test statistic and

introduce basic notation and assumptions that will be employed throughout the paper.

3.1 Test Statistic

We test the null hypothesis in (3) by employing a sieve-GMM statistic that may be
viewed as a generalization of the overidentification test of Sargan (1958) and Hansen
(1982). Specifically, for the instrument Z; , of the 7" moment restriction, we consider a
set of transformations {qkm}:g1 and let qu’fjj (2)) = (q1,ny(2))s - -+, Qhn,my(2)) - Setting
Zi = (Zi;,.--,Z 7)" to equal the vector of all instruments, k, = 237:1 kn,, the total
number of transformations, ¢, (z) = (qﬁ?l’l(zl)’, A qinjj(zj)’)’ the vector of all trans-
formations, and p(z,0) = (p1(z,0),...,p7(x,0)) the vector of all generalized residuals,
we then construct for each 6 € © the k, x 1 vector of scaled sample moments

1 n

1 Ekn kn
T 2 X0 ey (Z) = 2= 3 o (X001 (Zi) 0y (X000, (Zig)'Y
i=1 =1
(23)

S Alternatively, through test inversion we may employ the framework of this example to construct
confidence regions for functionals of a semi or non-parametric identified set (Romano and Shaikh, 2008).

10



where for partitioned vectors a and b, a * b denotes their Khatri-Rao product” — i.e. the
vector in (23) consists of the scaled sample averages of the product of each generalized
residual p,(X;,0) with the transformations of its respective instrument Z; ;. Clearly, if
(23) is evaluated at a parameter 0 in the identified set ©¢(P), then its mean will be zero.
As noted by Newey (1985), however, for any fixed dimension k,, the expectation of (23)
may still be zero even if 6 ¢ ©¢(P). For this reason, we conduct an asymptotic analysis
in which k, diverges to infinity, and note the choice of transformations {qkm}’,j’gl is

allowed to depend on n to accommodate the use of splines or wavelets.

Intuitively, we test (3) by examining whether there is a parameter § € O satisfying

the hypothesized restrictions and such that (23) has mean zero. To this end, for any

r > 2, vector a = (a(l), ..,a DY and d x d positive definite matrix A we define
d .
lallax = [[Aall, lall; =" 1o, (24)
i=1

with the usual modification ||a||oe = max;<;<g|a¥|. For any possibly random k, x &y,

positive definite matrix f]n, we then construct a function @, : © - R4 by

=l—= Zp Xi,0) x a3 (Z)lls,, . - (25)

Heuristically, the criterion @, should diverge to infinity when evaluated at any 6 ¢ ©¢(P)
and remain “stable” when evaluated at a § € Oy(P). We therefore employ the minimum
of @y, over R to examine whether there exists a 6 that simultaneously makes @,, “stable”

(0 € ©¢(P)) and satisfies the conjectured restriction (6 € R). Formally, we employ

I,(R) = OegifﬂR Qn(0) , (26)

where ©,,NR is a sieve for ©NR —i.e. ©, NR is a finite dimensional subset of ©N R that
grows dense in © N R. Since the choice of ©,,N R depends on ON R, we leave it unspecified
though note common choices include flexible finite dimensional specifications, such as

splines, polynomials, wavelets, and neural networks; see (Chen, 2007).

3.2 Notation and Assumptions
3.2.1 Notation

Before stating our next set of assumptions, we introduce basic notation that we employ

throughout the paper. For conciseness, we let V; = (X/, Z!)" and succinctly refer to the

"For partitioned vectors a = (aj,...,a’s) and b= (b},...,a7), axb= (a1 ®@b1),..., (a7 @bs)").
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set of P € P satisfying the null hypothesis in (3) by employing the notation
Py={PeP:0g(P)NR#0D}. (27)

We also view any d x d matrix A as a map from R? to R?, and note that when R? is

equipped with the norm || - ||, it induces on A the operator norm || - ||, given by
[Allo, = sup [ Aall, . (28)
acR:||all,=1

For instance, ||A||o,1 corresponds to the largest maximum absolute value column sum of

A, and ||A||o2 corresponds to the square root of the largest eigenvalue of A’A.

Our analysis relies heavily on empirical process theory, and we therefore borrow ex-
tensively from the literature’s notation (van der Vaart and Wellner, 1996). In particular,

for any function f of V; we for brevity sometimes write its expectation as
Pf=Ep[f(Vi))] . (29)

In turn, we denote the empirical process evaluated at a function f by G, pf —i.e. set

1 n
Gupf=—= ;{fw;) ~ Pf}. (30)

We will often need to evaluate the empirical process at functions generated by the maps

0 — p,(-,0) and the sieve ©,, N R, and for convenience we therefore define the set
Fo={p,(-,0):0€O©,NRand 1 <)< J}. (31)

The “size” of F, plays a crucial role, and we control it through the bracketing integral

é
TG Fu |- 112) = /0 1+ 1og Nyy(e, F 1 - 1 )de (32)

where Njj(e, P, || - [|12) is the smallest number of brackets of size ¢ (under |- [|z2)
required to cover F,,.° Finally, we let W, p denote the isonormal process on L?D - ie.

W, p is a Gaussian process satisfying for all f, g € L%, E[W,, pf] = E[W,, pg] = 0 and

E[W,, pfW, pgl = Ep[(f(Vi) — Ep[f(Vi)])(9(Vi) — Ep[g(Vi)])] - (33)

It will prove useful to denote the vector subspace generated by the sieve ©,, N R by

B,, = span{©, N R}, (34)

8An € bracket under || - HL% is a set of the form {f € F,, : L(v) < f(v) < U(v)} with ||[U — LHL% < €.
Here, as usual, the L% spaces are defined by LL = {f : HfHL‘}D < 0o} where ||f|\‘i% = Ep[|f|9).
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where span{C'} denotes the closure under || - ||g of the linear span of any set C' C B.
Since B,, will further be assumed to be finite dimensional, all well defined norms on it
will be equivalent in the sense that they generate the same topology. Hence, if B, is a
subspace of two different Banach spaces (A1, ||-||a,) and (Aa,| - ||a,), then the modulus

of continuity of || - ||a, with respect to || - ||a,, which we denote by

b
Sn(A1,Ag) = sup 161l ,
beB, [10]A,

(35)

will be finite for any n though possibly diverging to infinity with the dimension of B,,.
For example, if B, C L%, then S,(L%,L%¥) < 1, while S,,(L¥,L%) is the smallest
constant such that ||b]|pe < HbHL% x Sp(L¥, L3%) for all b € B,,.

3.2.2 Assumptions

The following assumptions introduce a basic structure we employ throughout the paper.
Assumption 3.1. (i) {V;}2, is an i.i.d. sequence with V; ~ P € P.

Assumption 3.2. (i) For all 1 < j < J, supj<j<p, , SUPpep ||@hnyllLs < By with
B, > 1; (ii) The largest eigenvalue of Ep[q,]i?j](ZZ-J)qz:}’J(Zm)’] is bounded uniformly in
1<y9< T, n, and P € P; (iii) The dimension of B, is finite for any n.

Assumption 3.3. The classes F,: (i) Are closed under || - HL% ; (1) Have envelope F),
with suppep Ep[F2(VA)] < 00; (iii) Satisfy suppep Jy(IFall P - l2) < T

Assumption 3.4. (i) For each P € P there is a X,(P) > 0 with |2, — X0 (P)lor =
op(1) uniformly in P € P; (ii) The matrices X, (P) are invertible for all n and P € P;
(i5) | Zn(P)|los and | Zn(P) " or are uniformly bounded in n and P € P.

Assumption 3.1 imposes that the sample {V;}? ; be i.i.d. with P belonging to a
set of distributions P over which our results will hold uniformly. In Assumption 3.2(i)
we require the functions {qknJ}Zg to be bounded by a constant B,, possibly diverging
to infinity with the sample size. Hence, Assumption 3.2(i) accommodates both trans-
formations that are uniformly bounded in n, such as trigonometric series, and those
with diverging bound, such as b-splines, wavelets, and orthogonal polynomials (after or-
thonormalization). The bound on eigenvalues imposed in Assumption 3.2(ii) guarantees
that {qx.n,, fL”:]l are Bessel sequences uniformly in n, while Assumption 3.2(iii) formalizes
that the sieve ©,, N R be finite dimensional. In turn, Assumption 3.3 controls the “size”
of the class F,,, which is crucial in studying the induced empirical process. We note that
the entropy integral is allowed to diverge with the sample size and thus accommodates
non-compact parameter spaces © as in Chen and Pouzo (2012). Alternatively, if the
class F = (J,2 | Fy, is restricted to be Donsker, then Assumptions 3.3(ii)-(iii) can hold
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with uniformly bounded J,, and || £, || L3 Finally, Assumption 3.4 imposes requirements
on the weighting matrix ¥, — namely, that it converge to an invertible matrix X,,(P)
possibly depending on P. Assumption 3.4 can of course be automatically satisfied under

nonstochastic weights.

4 Rate of Convergence

As a preliminary step towards approximating the finite sample distribution of ,,(R), we
first aim to characterize the asymptotic behavior of the minimizers of ), on ©, N R.

Specifically, for any sequence 7, | 0 we study the probability limit of the set

@nﬂRz{Ge@nﬁR:\}ﬁQn(e)< inf

1
hS OEGHOR%Qn(a) +Tnt (36)

which constitutes the set of exact (7, = 0) or near (7, > 0) minimizers of @,. We
study the general case with 7,, | 0 because results for both exact and near minimizers
are needed in our analysis. In particular, the set of exact and near minimizers will be

employed to respectively characterize and estimate the distribution of I,,(R).

While it is natural to view Og(P) N R as the candidate probability limit for ©,NR,

it is in fact more fruitful to instead consider ©,, N R as consistent for the sets’
_ : kn
Oon(P)N R =arg min |Eplp(Xi,0) * gy (Z)]]- - (37)

Heuristically, O, (P) N R is the set of minimizers of a population version of @,, where
the number of moments k,, has been fixed and the parameter space has been set to
©, N R (instead of ©® N R). As we will show, a suitable rate of convergence towards
Oon(P) N R suffices for establishing size control, and can in fact be obtained under

weaker requirements than those needed for convergence towards O (P) N R.

Following the literature on set estimation in finite dimensional settings (Chernozhukov
et al., 2007; Beresteanu and Molinari, 2008; Kaido and Santos, 2014), we study set con-

sistency under the Hausdorff metric. In particular, for any sets A and B we define
d (A, B, ) = sup inf la—b] (38)
acA beB
dp(A, B, |- ) = max{ d 5(A, B | - ), d (B, A || - )} . (39)

which respectively constitute the directed Hausdorff distance and the Hausdorff distance

under the metric ||-||. In contrast to finite dimensional problems, however, in the present

9 Assumptions 3.3(i) and 3.3(iii) respectively imply F, is closed and totally bounded under || - HL2P
and hence compact. It follows that the minimum in (37) is attained and @¢,(P) N R is well defined.
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setting we emphasize the metric under which the Hausdorff distance is computed due

to its importance in determining a rate of convergence; see also Santos (2011).

4.1 Consistency

We establish the consistency of ©, N R under the following additional assumption:
Assumption 4.1. (i) suppcp, infoco,nr || Ep[p(Xi, 0)*q£"(Zi)]HT < ¢y for some ¢, ) O;
(ii) Let (Qon(P) N R) = {0 € ©, N R : d 11({6},00n(P) N R, || - ||8) < ¢} and set

Sn(e) = inf Ry 1EP[p(Xi,0) * a5 (Z:)) I (40)

in
PePg 0€(0,NR)\(Qon(P)N

for any e > 0. Then {¢, + k%/r\/log(kn)Jan/\/ﬁ} = 0(Sn(€)) for any e > 0.

Assumption 4.1(i) requires that the sieve ©,, N R be such that the infimum

inf [|Ep[p(X;,0) * ¢ (Z; 41

nt 1 Eplp(Xi,0) < gt (Z))], (41)
converges to zero uniformly over P € Py. Heuristically, since for any P € P the infimum
in (41) over the entire parameter space equals zero (Og(P) N R # (), Assumption 4.1(i)
can be interpreted as demanding that the sieve ©,, N R provide a suitable approximation
to ©® N R. In turn, the parameter S, (¢) introduced in Assumption 4.1(ii) measures how

“well separated” the infimum in (41) is (see (40)), while the quantity

1/r
kn \/lo\g/(ﬁkn)Jan (42)

represents the rate at which the scaled criterion @, //n converges to its population

analogue; see Lemma B.2. Thus, Assumption 4.1(ii) imposes that the rate at which “well
separatedness” is lost (Sy,(€) J 0) be slower than the rate at which Q,,/+/n converges to
its population counterpart — a condition originally imposed in estimation problems with
non compact parameter spaces by Chen and Pouzo (2012) who also discuss sufficient

conditions for it; see Remark 4.1.

Given the introduced assumption, Lemma 4.1 establishes the consistency of 6, NR.

Lemma 4.1. Let Assumptions 5.1, 5.2(i), 3.3, 3.4, and 4.1 hold. (i) If the sequence
{mn} satisfies T, = 0(Sn(€)) for all € > 0, then it follows that uniformly in P € Py

46,0 R,00,(P)NR, |- [|B) = 0,(1) - (43)

1/r /
(ii) Moreover, if in addition {1,} is such that (k" lo\g/(gn)J"B” + () = o(m,), then

liminf inf P(6p,(P)NRCO,NR)=1. (44)

n—oo PePy
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The first claim of Lemma 4.1 shows that, provided 7, | 0 sufficiently fast, 6, NRis
contained in arbitrary neighborhoods of O, (P) N R with probability approaching one.
This conclusion will be of use when characterizing the distribution of ,,(R). In turn, the
second claim of Lemma 4.1 establishes that, provided 7, | 0 slowly enough, ¢, (P) N R
is contained in ©,, N R with probability approaching one. This second conclusion will be

of use when employing ©,, N R to construct an estimator of the distribution of I, (R).

Remark 4.1. Under Assumption 3.2(ii), it is possible to show there is a C' < co with

sy s (e | PP P 0) % @t (Z]]
J
¢ inf Ep|(E XiQZi2l§45
: X@d@mf{%@o(p)m)e{;{ Pl(Eploy (X0, 0)|Z:))} 3} 5 (45)

see Lemma C.5. Therefore, if the problem is ill-posed and the sieve ©,, N R grows dense
in ©N R, result (45) implies that S,,(€) = o(1) for all € > 0 as in Chen and Pouzo (2012).
In contrast, Newey and Powell (2003) address the ill-posed inverse problem by imposing
compactness of the parameter space. Analogously, in our setting it is possible to show

that if © N R is compact and {qkn]}Z’;]1 are suitable dense, then

lim inf inf Eplp(Xi,0) * ¢"(Z)|» > 0 46
it o e oy 1EPIP(X0) a4 (Z0)] (46)
for any P € Py. Hence, under compactness of © N R, it is possible for liminf S, (€¢) > 0,
in which case Assumption 4.1(ii) follows from 4.1(i) and ki/rw/log(kn)Ban =o(y/n). m

4.2 Convergence Rate

The consistency result in Lemma 4.1 enables us to derive a rate of convergence by
exploiting the local behavior of the population criterion function in a neighborhood of
O©on(P)NR. We do not study a rate convergence under the original norm ||-||g, however,

but instead introduce a potentially weaker norm we denote by || - || &.

Heuristically, the need to introduce || - ||g arises from the “strength” of || - ||g being
determined by the requirement that the maps Yz : B — F and YT¢ : B — G be contin-
uous under || - ||g; recall Assumption 2.2(ii). On the other hand, in approximating the

distribution of I,,(R) we must also rely on a metric under which the empirical process

is stochastically equicontinuous — a purpose for which || - || is often “too strong” with
its use leading to overly stringent assumptions. Thus, while || - ||B ensures continuity
of the maps T and YT, we employ a weaker norm || - ||g to guarantee the stochastic

equicontinuity of the empirical process — here “E” stands for equicontinuity. The follow-
ing assumption formally introduces || - ||g and enables us to obtain a rate of convergence

under the induced Hausdorff distance.
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Assumption 4.2. (i) For a Banach Space E with norm || - ||g satisfying B,, C E for

all n, there is an € > 0 and sequence {v,}°; with v,;' = O(1) such that
v d ({60}, 00u(P) N R, |- 1) < {|Eplp(X:.0) * i (ZD)]ll: + O(Ga)}

forall P € Py and 6 € (O, (P)NR)*={0€6,NR: ZH({G}, O (P)NR,|-|B) < €}.

Intuitively, Assumption 4.2 may be interpreted as a generalization of a classical lo-

cal identification condition. In particular, the parameter v, !

measures the strength of
identification, with large/small values of v, ! indicating how quickly/slowly the crite-
rion grows as 6 moves away from the set of minimizers g, (P) N R. The strength of
identification, however, may decrease with n for at least two reasons. First, in ill-posed
problems v, ! decreases with the dimension of the sieve, reflecting that local identifica-
tion is attained in finite dimensional subspaces but not on the entire parameter space.
Second, the strength of identification is affected by the choice of norm || - ||, employed
in the construction of @,,. While the norms || - ||, are equivalent on any fixed finite di-
mensional space, their modulus of continuity can decrease with the number of moments

which in turn affects v, !; see Remark 4.2.

The following Theorem exploits Assumption 4.2 to obtain a rate of convergence.

Theorem 4.1. Let Assumptions 5.1, 3.2(i), 3.5, 3./, 4.1, and 4.2 hold, and let

ken!"\/10g (k) Jn By
Ry =vpd NG

+ Gt - (47)
(1) If {T,} satisfies 7, = o(Sp(€)) for any € > 0, then it follows that uniformly in P € Py

(00N R, On(P)N R, || - |8) = Op(Ru + vara) - (48)

1/r /
1) Moreover, if in addition P /108 (kn) Jn Bn + (n) = o(m), then uniformly in P € Py
Jn

di(0n N R,00,(P) N R, |- |8) = Op(Ru + vaTa) - (49)

Together, Lemma 4.1 and Theorem 4.1 establish the consistency (in || - ||g) and rate
of convergence (in || - ||g) of the set estimator ©,, N R. While we exploit these results
in our forthcoming analysis, it is important to emphasize that in specific applications
alternative assumptions that are better suited for the particular structure of the model
may be preferable. In this regard, we note that Assumptions 4.1 and 4.2 are not needed
in our analysis beyond their role in delivering consistency and a rate of convergence
result through Lemma 4.1 and Theorem 4.1 respectively. In particular, if an alternative
rate of convergence R, is derived under different assumptions, then such a result can

still be combined with our forthcoming analysis to establish the validity of the proposed
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inferential methods — i.e. our inference results remain valid if Assumptions 4.1 and 4.2
are instead replaced with a high level condition that ©, N R be consistent (in || - ||B)

with an appropriate rate of convergence R,, (in | - ||g)-

Remark 4.2. In models in which O, (P)NR is a singleton, Assumption 4.2 is analogous
to a standard local identification condition (Chen et al., 2014). In particular, suppose
{bj}g’;l is a basis for B,, and for each 1 < j < j, and 6 € (O¢,(P) N R) define

, 0
A%,L(e) = EEP[P(Xi, 0+ 7bj) * 4" ()] 7=0 o0

and set Ap,(0) = [AD)(0),..., AP (6)]. Further let o : B, — R/ be such that

b= ]Znaj(b) X bj s (51)
j=1

for any b € By, and a(b) = (a1(b), ..., a5, (b)) . If the smallest singular value of Ap,,(6)
is bounded from below by some ¢,, > 0 uniformly in § € (©¢,(P) N R)* and P € Py,
then it is straightforward to show Assumption 4.2 holds with v, = 9, ! x k" and

the norm ||b||g = ||a(b)||2 — a norm that is closely related to || - HL% when BC 2. m

5 Strong Approximation

In this section, we exploit the rate of convergence derived in Theorem 4.1 to obtain a
strong approximation to the proposed test statistic I,,(R). We proceed in two steps.
First, we construct a preliminary local approximation involving the norm of a Gaus-
sian process with an unknown “drift”. Second, we refine the initial approximation by

linearizing the “drift” while accommodating possibly severely ill-posed problems.

5.1 Local Approximation

The first strong approximation to our test statistic relies on the following assumptions:

Assumption 5.1. (i) supscr, Gn pfa — W, pfat |, = op(an) uniformly in P € P,

where {an}22, is some known bounded sequence.
Assumption 5.2. (i) There exist k, > 0 and K, < oo such that for alln, P € P, and
all 61,02 € ©,, N R we have that Ep[||p(Xi,01) — p(X;,02)[13] < K2]|01 — ba][5"

Assumption 5.3. (i) k" 10g(kn) By suppep Jj)(Rn’, Fa, -l z2,) = olan); (i) v/nln =

o(an); (i) Hin — X0 (P)loyr = op(an{krl/r\/log(kn)Ban}_l) uniformly in P € P.
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Assumption 5.1(i) requires that the empirical process G, p be approximated by an
isonormal Gaussian process W,, p uniformly in P € P. Intuitively, Assumption 5.1(i)
replaces the traditional requirement of convergence in distribution by a strong approxi-
mation, which is required to handle the asymptotically non-Donsker setting that arises
naturally in our case and other related problems; see Chernozhukov et al. (2013) for
further discussion. The sequence {a, }7° ; in Assumption 5.1(i) denotes a bound on the
rate of convergence of the coupling to the empirical process, which will in turn character-
ize the rate of convergence of our strong approximation to I,,(R). We provide sufficient
conditions for verifying Assumption 5.1(i) based on Koltchinskii (1994)’s coupling in
Corollary G.1 in Appendix E. These results could be of independent interest. Alterna-
tively, Assumption 5.1(i) can be verified by employing methods based on Rio (1994)’s
coupling or Yurinskii (1977)’s couplings; see e.g., Chernozhukov et al. (2013). Assump-
tion 5.2(i) is a Hélder continuity condition on the map p(-, X;) : ©, N R — {L%}7
with respect to the norm || - |g, and thus ensures that W,, p fgk" is equicontinuous with
respect to the index 6 under || - ||g for fixed n. However, this process gradually looses
its equicontinuity property as n diverges infinity due to the addition of moments and
increasing complexity of the class F,,. Hence, Assumption 5.3(i) demands that the || ||g-
rate of convergence (R,) be sufficiently fast to overcome the loss of equicontinuity at a
rate no slower than a, (as in Assumption 5.1(i)). Finally, Assumption 5.3(ii) ensures
the test statistic is asymptotically properly centered under the null hypothesis, while

Assumption 5.3(iii) controls the rate of convergence of the weighting matrix.

Together, the results of Section 4 and Assumptions 5.1, 5.2, and 5.3 enable us to

obtain a strong approximation to the test statistic I,,(R). To this end, we define

Va0, ={_ cB, 0+ co,nRand H%Hng}, (52)

vn Vn Vn

which for any § € ©,,N R constitutes the collection of local deviations from 6 that remain
in the constrained sieve ©, N R. Thus the local parameter space V,,(6,¢) is indexed by
6 which runs over ©,, N R and parameterized by deviations h//n from 6; this follows
previous uses in Chernozhukov et al. (2007) and Santos (2007). The normalization
by /n plays no particular role here, since ¢ can grow and merely visually emphasizes
localization. By Theorem 4.1, it then follows that in studying I,,(R) we need not consider
the infimum over the entire sieve (see (26)) but may instead examine the infimum over

local deviations to ©g,(P) N R — i.e. the infimum over parameters

(60, %) € (O0n(P) N\ R, Vi(60, ) (53)

with the neighborhood V;, (0, ¢,) shrinking at an appropriate rate (R, = o(¢,)). In
turn, Assumptions 5.1, 5.2, and 5.3 control the relevant stochastic processes over the

localized space (53) and allow us to characterize the distribution of I,,(R).
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The following Lemma formalizes the preceding discussion.

Lemma 5.1. Let Assumptions 3.1, 3.2(i), 3.3, 3.4, 4.1, 4.2, 5.1, 5.2, and 5.3 hold. It
then follows that for any sequence {£,} satisfying R, = o({,) and k}«/r log(ky) B, x
SUppcp J[}(K?pr}—n, | - HL%) = o(ay), we have uniformly in P € Py that

. . h
I(R) inf inf |[Wa,pp(-, 60)xan" +VnPp(-, 90+%)*q7’§” 12 (P)r+0p(an)

00€O0n (P)NR %GVn(Go,Zn)

Lemma 5.1 establishes our first strong approximation and further characterizes the
rate of convergence to be no slower than a, (as in Assumption 5.1). Thus, for a con-
sistent coupling we only require that Assumptions 5.1 and 5.3 hold with {a,}?°; a
bounded sequence. In certain applications, however, successful estimation of critical
values will additionally require us to impose that a, be logarithmic or double logarith-
mic; see Section 6.3. We further note that for the conclusion of Lemma 5.1 to hold,
the neighborhoods V,,(0, ¢,,) must shrink at a rate ¢, satisfying two conditions. First,
£, must decrease to zero slowly enough to ensure the infimum over the entire sieve is
indeed equivalent to the infimum over the localized space (R, = o(¢,)). Second, ¢,
must decrease to zero sufficiently fast to overcome the gradual loss of equicontinuity
of the isonormal process W,, p — notice W,, p is evaluated at p(-,6p) * qli” in place of
p(-,00 + h/\/n) * ¢"». The existence of a sequence ¢, satisfying these requirements is
guaranteed by Assumption 5.3(i). However, as we next discuss, the approximation in

Lemma 5.1 must be further refined before it can be exploited for inference.

5.2 Drift Linearization

A challenge arising from Lemma 5.1, is the need for a tractable expression for the term

\%) wgh(Z)] | (54)

which we refer to as the local “drift” of the isonormal process. Typically, the drift is

approximated by a linear function of the local parameter h by requiring an appropriate
form of differentiability of the moment functions. In this section, we build on this

approach by requiring differentiability of the maps mp,: © N R — L?D defined by

mp,(0)(Zi,;) = Eplp)(Xi,0)|Zi;] - (55)

In the same manner that a norm ||-||g was needed to ensure stochastic equicontinuity
of the empirical process, we now introduce a final norm || - [|1, to deliver differentiability

of the maps mp, — here “L” stands for linearization. Thus, || -||g is employed to ensure
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smoothness of the maps Tr and Y, || - ||[g guarantees the stochastic equicontinuity of

Gp,p, and || - ||, delivers the smoothness of the maps mp,. Formally, we impose:

Assumption 5.4. For a Banach space L with norm || - || and B,, C L for all n, there
are K, < oo, My, < 00, € > 0 such that for all 1 < 3 < J, n € N, P € Py, and
01 € (Oon(P) N RS, there is a linear Vmp,(01) : B — L% satisfying for all h € By:
(i) [lmp,; (61 + h) = mp,(01) = Vmp,(01)[hlllr2, < KnlhlLllhle; (@) [Vmp,(601)h] -
Vmp,(00)[hlll 2, < Km0y — bollLllblle; and (i) [|[Vmp,(60)[R]l p2, < Miml|h]

E-

Heuristically, Assumption 5.4(i) simply demands that the functions mp,: © N R —
L% be locally well approximated under || - || 12, by linear maps Vmp, : B — L%,. More-
over, the approximation error is required to be controlled by the product of the || - ||g
and | - || norms; see Remark 5.1 for a leading example. We emphasize, however, that
Assumption 5.4(i) does not require the generalized residuals p,(Xj, ) : © R — R them-
selves to be differentiable, and thus accommodates models such as the nonparametric
quantile IV regression of Chernozhukov and Hansen (2005). In addition, we note that
whenever p,(X;, ) is linear in 6, such as in the nonparametric IV regression of Newey
and Powell (2003), Assumption 5.4(i) is automatically satisfied with K, = 0. Finally,
Assumptions 5.4(ii) and 5.4(iii) respectively require the derivatives Vmp,(6) : B — L%
to be Lipschitz continuous in 6 with respect to || - ||, and norm bounded uniformly on
0 € ©p,(P)N R and P € Py. The latter two assumptions are not required for the
purposes of refining the strong approximation of Lemma 5.1, but will be needed for the

study of our inferential procedure in Section 6.

Given Assumption 5.4, we next aim to approximate the local drift in Lemma 5.1

(see (54)) by a linear map D, p(6p) : B, — R*" pointwise defined by
Do, p(60)[h] = Ep[Vimp(80)[P](Z:) * 4" (Z:)] - (56)

where Vmp(0o)[h](Z;) = (Vmp1(00)[h](Zi1),...,Vmpg(600)[h](Z; 7)) . Regrettably, it
is well understood that, particularly in severely ill-posed problems, the rate of conver-
gence may be too slow for I, p(fy) to approximate the drift uniformly over the local
parameter space in nonlinear models (Chen and Pouzo, 2009; Chen and Reiss, 2011).
However, while such a complication can present important challenges when employing
the asymptotic distribution of estimators for inference, severely ill-posed problems can
still be accommodated in our setting. Specifically, instead of considering the entire lo-
cal parameter space, as in Lemma 5.1, we may restrict attention to an infimum over
the subset of the local parameter space for which an approximation of the drift by
Dy, p(6p) is indeed warranted. The resulting bound for I,,(R) is potentially conservative
in nonlinear models when the rate of convergence R,, is not sufficiently fast, but remains

asymptotically equivalent to I,,(R) in the remaining settings.
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Figure 1: Local Drift Linearization

Our next theorem characterizes the properties of the described strong approximation.
It is helpful to note here that the notation S, (A1, Ag) is defined in Section 3.2.1 as the

modulus of continuity (on B,,) between the norms on two spaces A; and Aj (see (35)).

Theorem 5.1. Let Assumptions 3.1, 3.2, 3.3, 3.4, .1, 4.2, 5.1, 5.2, 5.3, and 5.4 (i)
hold. (i) Then, for any sequence {£,} satisfying Knf? x S,(L,E) = o(annfé) and
bl "\/10g(kn) B % suppep J) (05, Fs ||+ | 12) = o(an) it follows that

I, p(R) < inf inf W, pp(-,00) * ¢ + Dy p(00) 1] |lss,. (P + 0p(an)
P )_OOEQéS(P)ﬂRLE\l/S(Go,Zn)H po(bo)*a (b0l ]”E"(P)’ opln)

/n
uniformly in P € Py. (ii) Moreover, if in addition K, R? x Sp(L,E) = o(ann_%), then
the sequence {{,} may be chosen so that uniformly in P € Py

I, p(R) = inf inf W, pp(-, 0 kn LD, p(6)[h ., )
’P( ) aoeGéB(P)ﬂR%GXI/S(GO,én)H ,PP( 0)*% " 7P( O)[ ]”EH(P)’ +Op(a)

The conclusion of Theorem 5.1 can be readily understood through Figure 1, which
illustrates the special case in which J =1, k, = 2, B,, = R, and V,,(6p, +o0) = R. In
this context, the Gaussian process W,, pp(-,0p)* ¢k is simply a bivariate normal random
variable in R? that we denote by W for conciseness. In turn, the drift is a surface on R?
that is approximately linear (equal to D, p(fp)[h]) in a neighborhood of zero. According
to Lemma 5.1, I,,(R) is then asymptotically equivalent to the distance between W and
the surface representing the drift. Intuitively, Theorem 5.1(i) then bounds I,,(R) by
the distance between W and the restriction of the drift surface to the region where it

is linear — a bound that may be equal to or strictly larger than I,(R) as illustrated
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by the realizations W; and Wy respectively. However, if the rate of convergence R,
is sufficiently fast or p(Xj;,#) is linear in 6 (K,, = 0), then Theorem 5.1(ii) establishes
I,(R) is in fact asymptotically equivalent to the derived bound — i.e. the realizations of
W behave in the manner of Wy and not that of Ws.

Remark 5.1. In an important class of models studied by Newey and Powell (2003),
B C L% and the generalized residual function p(X;,6) has the structure

p(Xi,0) = p(Xi,0(V3)) (57)

for a known map 5 : R% x R — R. Suppose p(X;,-) : R — R is differentiable for all
X; with derivative denoted Vyp(X;,-) and satisfying for some L, < oo

(Vop(Xi,ur) — Vop(Xi,ug)| < Linlur — ual (58)
It is then straightforward to verify that Assumptions 5.4(i)-(ii) hold with K, = Ly,

4(iii) is satisfied provided
Vop(Xi,00(V;)) is bounded uniformly in (X;,V;), 0y € Opn(P)N R, and P € Py. m

l-le =" HL?D, and | - |lL = [ - [[zgr, while Assumption 5

6 Bootstrap Inference

The results of Section 5 establish a strong approximation to our test statistic and thus
provide us with a candidate distribution whose quantiles may be employed to conduct
valid inference. In this section, we develop an estimator for the approximating distribu-

tion derived in Section 5 and study its corresponding critical values.

6.1 Bootstrap Statistic

Theorem 5.1 indicates a valid inferential procedure can be constructed by comparing

the test statistic I,,(R) to the quantiles of the distribution of the random variable

Unp(R)= _ inf inf |[Wa,pp(, 60) * 45" +Dn,p(00) 1]l (p)r - (59)

00€Oon(P)NR %eVn(Qo,En)

In particular, as a result of Theorem 5.1(i), we may expect that employing the quantiles
of Uy, p(R) as critical values for I,,(R) can control asymptotic size even in severely ill-
posed nonlinear problems. Moreover, as a result of Theorem 5.1(ii), we may further
expect the asymptotic size of the resulting test to equal its significance level at least in

linear problems (K, = 0) or when the rate of convergence (R,,) is sufficiently fast.

In what follows, we construct an estimator of the distribution of U,, p(R) by replacing

the population parameters in (59) with suitable sample analogues. To this end, we note
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that by Theorem 4.1 and Assumption 3.4(i), the set Og,(P) N R and weighting matrix
Y, (P) may be estimated by O, N R and 3, respectively. Thus, in mimicking (59), we
only additionally require sample analogues W,, for the isonormal process W, p, Dn(Q)
for the derivative I, p(8), and V;,(6, £,) for the local parameter space V;,(6,£,). Given
such analogues we may then approximate the distribution of U, p(R) by that of

Up(R)= inf inf HWnP(, 0) qﬁn + Dn(‘g)[h]”f}n,r : (60)

. .
0€6,NR ﬁevn(e,ﬁn)

In the next two sections, we first propose standard estimators for the isonormal process
W, p and derivative D, p(6), and subsequently address the more challenging task of

constructing an appropriate sample analogue for the local parameter space V,,(0,£,,).

6.1.1 The Basics

We approximate the law of the isonormal process W,, p by relying on the multiplier
bootstrap (Ledoux and Talagrand, 1988). Specifically, for an i.i.d. sample {w;} ; with

w; following a standard normal distribution and independent of {V;}" | we set
. 1 &
Waf = 7= > el (Vi) = > f(Vi)} (61)
i=1

for any function f € L%. Since {w;}", are standard normal random variables drawn
independently of {V;}7_,, it follows that conditionally on {V;}?_; the law of W,, f is also

Gaussian, has mean zero, and in addition satisfies for any f and g (compare to (33))

n

B ftagl (V] = = SO (0A) — - S0 VD 0h) — - S a() - (62)
j=1 j=1

=1

Hence, W,, can be simply viewed as a Gaussian process whose covariance kernel equals

the sample analogue of the unknown covariance kernel of W, p.

In order to estimate the derivative D, p(#) we for concreteness adopt a construction
that is applicable to nondifferentiable generalized residuals p(X;,) : © N R — RY.

Specifically, we employ a local difference of the empirical process by setting

D, (6)[1] i

= D000+ )~ p(Xin6) # (20 (63)
=1

for any 0 € ©, N R and h € B,; see also Hong et al. (2010) for a related study on
numerical derivatives. We note, however, that while we adopt the estimator in (63) due
to its general applicability, alternative approaches may be preferable in models where

the generalized residual p(X;, ) is actually differentiable in 6; see Remark 6.1.
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Remark 6.1. In settings in which the generalized residual p(X;, 6) is pathwise partially
differentiable in 6 P-almost surely, we may instead define D, (0)[h] to be

Ba(O)H] = > Vop(X:, O]+ (Z:) (64)
=1

where Vygp(z,0)[h] = a%p(:r,@ + 7h)|;=0. It is worth noting that, when applicable,
employing (64) in place of (63) is preferable because the former is linear in A, and thus

the resulting bootstrap statistic U, (R) (as in (60)) is simpler to compute. m

6.1.2 The Local Parameter Space

The remaining component we require to obtain a bootstrap approximation is a suitable
sample analogue for the local parameter space. We next develop such a sample analogue,
which may be of independent interest as it is more broadly applicable to hypothesis test-
ing problems concerning general equality and inequality restrictions in settings beyond

the conditional moment restriction model; see Appendix E for the relevant results.

6.1.2.1 Related Assumptions

The construction of an approximation to the local parameter space first requires us to

impose additional conditions on the sieve ©,, N R and the restriction maps Y and Yq.

Assumption 6.1. (i) For some K, < 0o, ||h||g < Kp|lh||B for all n, h € B,,; (ii) For
some € > 0, Jpep, {0 € Bn : 7[{({9}, O (P)NR,| - ||B) <€} C Oy for all n.

Assumption 6.2. There exist K, < 0o, My < 0o, and € > 0 such that for alln, P € Py,
0o € Oon(P)N R, and 01,62 € {6 € B, : 7H({0},@0n(P) NR,||-||B) < ¢€}: (i) There is
a linear map VY¢(01) : B — G satisfying || T (01) — Ta(02) — VYa(61)[01 — 02]llc <
Kol — 02|l (1) [VYa(01) — VTa(00)]lo < Kqll01 — bolls; (i) [VYa(01)]lo < M,

Assumption 6.1(i) imposes that the norm || - || be weakly stronger than the norm
| - || uniformly on the sieve ©,, N R.!Y We note that even though the local parameter
space V,(0,¢) is determined by the || - ||[g norm (see (52)), Assumption 6.1(i) implies
restricting the norm || - || instead can deliver a subset of V,,(6,¢). In turn, Assumption
6.1(ii) demands that ©g, (P)N R be contained in the interior of ©,, uniformly in P € P.
We emphasize, however, that such a requirement does not rule out binding parameter
space restrictions. Instead, Assumption 6.1(ii) simply requires that all such restrictions

be explicitly stated through the set R; see Remarks 6.2 and 6.3. Finally, Assumption

Y8ince By, is finite dimensional, there always exists a constant K, such that ||h||g < Kn||h|s for all
h € B,. Thus, the main content of Assumption of 6.1(i) is that Kp does not depend on n.
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6.2 imposes that T : B — G be Fréchet differentiable in a neighborhood of g, (P)NR
with locally Lipschitz continuous and norm bounded derivative VY () : B — G.

In order to introduce analogous requirements for the map Tr : B — F we first define

F, =span{ | J Tr()}, (65)
0B,

where recall for any set C, span{C'} denotes the closure of the linear span of C' —1i.e. F,
denotes the closed linear span of the range of Y : B;, = F. In addition, for any linear
map I' : B — F we denote its null space by N(I') = {h € B : T'(h) = 0}. Given these

definitions, we next impose the following requirements on YTz and its relation to Yg:

Assumption 6.3. There exist Ky < 0o, My < oo, and € > 0 such that for alln, P € Py,
By € Oon(P) R, and 61,05 € {0 € B : d y({0},000(P) N R, || - |B) < ¢}: (i) There is
a linear map VY p(01) : B — F satisfying || Yp(6h) — Yr(b2) — VY E(01)[01 — 0o]|lp <
Kp1 = 02|l (i) IVYR(01) — VY F(00)llo < Kpll61 — bolls: (1) |VYR(O1)]0 < My
(w) VY (61) : B, — Fy, admits a right inverse VY p(61) with K¢||VYp(01) " |lo < Mj.

Assumption 6.4. Either (i) Yr : B — F is linear, or (ii) There are constants € > 0,
K4 < oo such that for every P € Py, n, and 0y € Op,(P) N R there exists a hy €
B, NN (VT £(60)) satisfying Y(60) + VT a(00)lho] < —elg and [holls < Ku.

Assumptions 6.3 and 6.4 mark an important difference between hypotheses in which
T is linear and those in which Y g is nonlinear — in fact, in the former case Assumptions
6.3 and 6.4 are always satisfied. This distinction reflects that when Y r is linear its impact
on the local parameter space is known and hence need not be estimated. In contrast,
when Yp is nonlinear its role in determining the local parameter space depends on
the point of evaluation §y € O, (P) N R and is as a result unknown.'! In particular,
we note that while Assumptions 6.3(i)-(iii) impose smoothness conditions analogous
to those required of Y, Assumption 6.3(iv) additionally demands that the derivative
VYr(0): B, — F,, posses a norm bounded right inverse for all # in a neighborhood of
Oon(P)NR. Existence of a right inverse is equivalent to the surjectivity of the derivative
VYr(0) : B, — F, and hence amounts to the classical rank condition (Newey and
McFadden, 1994). In turn, the requirement that the right inverse’s operator norm be
uniformly bounded is imposed for simplicity.'? Finally, Assumption 6.4(ii) specifies the
relation between Y and Y when the former is nonlinear. Heuristically, Assumption
6.4(ii) requires the existence of a local perturbation to §y € g, (P)N R that relaxes the

“active” inequality constraints without a first order effect on the equality restriction.

"For linear Y, the requirement Yr(0 + h/y/n) = 0 is equivalent to Yr(h) = 0 for any 6 € R. In
contrast, if Tr is nonlinear, then the set of h € B,, for which Y (0 + h/y/n) = 0 can depend on 6§ € R.

12Recall for a linear map T : B,, — F,,, its right inverse is a map I' ™ : F,, — B, such that IT=(h)=h
for any h € B,,. The right inverse I'” need not be unique if I" is not bijective, in which case Assumption
6.3(iv) is satisfied as long as it holds for some right inverse of VY (0) : B, — F,,.
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Remark 6.2. Certain parameter space restrictions can be incorporated through the
map Y¢g : B — G. Newey and Powell (2003), for example, address estimation in ill-
posed inverse problems by requiring the parameter space © to be compact. In our present
context, and assuming X; € R for notational simplicity, their smoothness requirements

correspond to setting B to be the Hilbert space with inner product

(01,02)5 = Z/{V“)I VY05 ()} (1 + 22)d (66)

i<J

for some integer J > 0 and § > 1/2, and letting © = {# € B : ||0||g < B}. It is then
straightforward to incorporate this restriction through the map Y : B — R by letting
G = R and defining Y (0) = ||0||4 — B2. Moreover, given these definitions, Assumption
6.2 is satisfied with VY (0)[h] = 2(0,h)B, Ky =2, and M, =B. m

Remark 6.3. The consistency result of Lemma 4.1 and Assumption 6.1(ii) together
imply that the minimum of @,(0) over ©, N R is attained on the interior of ©,, N R
relative to B,, N R. Therefore, if the restriction set R is convex and @, (f) is convex in
0 and well defined on B, N R (rather than ©,, N R), then it follows that

_ En (73]
LR =, nt - Zp Xi,0)+ 4 (Z)ls, , + op(an) (67)

uniformly in P € P( — i.e. the constraint § € ©,, can be omitted in computing I,(R). m

6.1.2.2 Construction and Intuition

Given the introduced assumptions, we next construct a sample analogue for the local
parameter space V,, (0, ¢,) of an element 6y € Og,(P) N R. To this end, we note that
by Assumption 6.1(ii) V,, (0o, ¥,) is asymptotically determined solely by the equality
and inequality constraints. Thus, the construction of a suitable sample analogue for
Vi (6o, £y,) intuitively only requires estimating the impact on the local parameter space
that is induced by the maps T and T — a goal we accomplish by examining the impact

such constraints have on the local parameter space of a corresponding 6, € ©,NR.

In order to account for the role inequality constraints play in determining the local
parameter space, we conservatively estimate “binding” sets in analogy to what is done

in the partially identified literature.'® Specifically, for a sequence {r,}>2; we define

{feB Tc<e+}>s<re<e> Krnufnglc»

133ee Chernozhukov et al. (2007), Galichon and Henry (2009), Linton et al. (2010), and Andrews and
Soares (2010).

Gn(0) = (—rnla)}, (68)
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Figure 2: Approximating Impact of Inequality Constraints

‘/;7, (90: +OO)

G (6)

N

0o

where recall 1g is the order unit in the AM space G, g1 V g2 represents the (lattice)
supremum of any two elements g1, g2 € G, and K, is as in Assumption 6.2. Figure 2
illustrates the construction in the case in which X; € R, B is the set of continuous func-
tions of X;, and we aim to test whether 0y(x) < 0 for all x € R.. In this setting, assuming
no equality constraints for simplicity, the local parameter space for 8y corresponds to
the set of perturbations h/y/n such that 6y + h/+/n remains negative — i.e. any function
h/\/n € B, in the shaded region of the left panel of Figure 2.'* For an estimator 0,, of
0y, the set Gn(én) in turn consists of perturbations h//n to 0,, such that 6, + h/\/n
is not “too close” to the zero function to accommodate the estimation uncertainty in
0, — i.e. any function h/y/n € B, in the shaded region of the right panel of Figure
2. Intuitively, as 6,, converges to 6y the set Gn(én) is thus asymptotically contained in,
i.e. smaller than, the local parameter space of 6y which delivers size control. Unlike
Figure 2, however, in settings for which Y is nonlinear we must further account for the

curvature of Y which motivates the presence of the term Kyry||h/v/n|Blg in (68).

While employing G, () allows us to address the role inequality constraints play on
the local parameter space of a 0y € O, (P) N R, we account for equality constraints by
examining their impact on the local parameter space of a corresponding 6, € 6, N R.
Specifically, for a researcher chosen £, | 0 we define V,,(6,£,) (as utilized in (60)) by

A h h h h
Va(0.6) ={== € Bu: == € Gu(0), Tr(0+—=) =0 and | —=ls <t} . (69)

NG NG Vi Vi
Thus, in contrast to V,,(6,£,) (as in (52)), the set V,,(0,4,): (i) Replaces the requirement
Ye(@+ h/y/n) <0 by h/\/n € G,(0), (ii) Retains the constraint Tr(0 + h/y/n) = 0,

“Mathematically, B = G, Y is the identity map, K, = 0 since Y¢ is linear, the order unit 1g is
the function with constant value 1, and 61 V 05 is the pointwise (in z) maximum of the functions 61, 6-.

28



Figure 3: Approximating Impact of Equality Constraints

)

‘/n (9(): +OC)

{6:Tr(0) = 0}

Vn (92, +00)

and (iii) Substitutes the || - |[g norm constraint by [|h/y/n||B < ¢,. Figure 3 illustrates
how (ii) and (iii) allow us to account for the impact of equality constraints in the special
case of no inequality constraints, B = R?, and F = R. In this instance, the constraint
Yr(0) = 0 corresponds to a curve on R? (left panel), and similarly so does the local
parameter space V,,(6, +-00) for any § € R? (right panel). Since all curves V,, (6, +oc) pass
through zero, we note that all local parameter spaces are “similar” in a neighborhood
of the origin. However, for nonlinear Y the size of the neighborhood of the origin in
which V;,(6,, +00) is “close” to V;,(6p, +00) crucially depends on both the distance of
0, to B and the curvature of T (compare V,(f1,400) and Vj,(f2,+0c) in Figure 3).
Heuristically, the set Vn(ém ¢,,) thus estimates the role equality constraints play on the
local parameter space of 8y by restricting attention to the expanding neighborhood of
the origin in which the local parameter space of 6,, resembles that of 6y. In this regard,
it is crucial that the neighborhood be defined with respect to the norm under which T g

is smooth (|| - [[B) rather than the potentially weaker norms || - ||g or || - |1

Remark 6.4. In instances where the constraints Yp : B - F and T : B — G are
both linear, controlling the norm || - ||g is no longer necessary as the “curvature” of Yp
and T¢ is known. As a result, it is possible to instead set V, (0,¢,) to equal
Va(0,6,) = {1 € Bt X c Gu(0), Tr(0+ ") = 0and | s<tu}: (70)
={— P — —)=0and |— ;
n y*n \/ﬁ n \/ﬁ n 9 F \/ﬁ \/ﬁ E > tn )
i.e. to weaken the constraint ||h/y/n|lg < ¢, in (69) to ||h/v/nllg < £,. Controlling
the norm | - ||g, however, may still be necessary in order to ensure that D, (0)[h] is a
consistent estimator for D, p(6)[h] uniformly in h/\/n € Vi, (6, £,). ®
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6.2 Bootstrap Approximation

Having introduced the substitutes for the isonormal process W,, p, the derivative D,, p(6),
and the local parameter space V,,(0,4,), we next study the bootstrap statistic Un(R)

(as in (60)). To this end, we impose the following additional Assumptions:

Assumption 6.5. (i) supscz, W, fqfn — Wflﬂpqufﬁﬂr = op(ay) uniformly in P € P

for W;,P an isonormal Gaussian process that is independent of {V;}I;.

Assumption 6.6. (i) For any ¢ > 0, 7, = 0(Sy(€)); (ii) The sequences ly, T, satisfy
1/r K s o

kn \/log(kn)ansgppep J ("N (vn )7, F, ||||L§,) = o(an), Kmﬁn(ﬁn—{—Rn—i—VnTnz X

Sn(L,E) = o(ap,n™2), and £,y + {Rp + vpTn} X Sp(B,E))1I{K; > 0} = o(apn™2);
(iit) The sequence ry, satisfies limsup,, . 1{Ky > 0}, /r, < 1/2 and (Ry + vpTyn) X

Sn(B,E) = o(ry); (i) Either Ky = Kg =0 or (Ry + vpTn) X Sp(B,E) = o(1).

Assumption 6.5 demands that the multiplier bootstrap process W,, be coupled with
an isonormal process W:L p that is independent of the data {V;}!' ;. Intuitively, this
condition requires that the multiplier bootstrap, which is automatically consistent for
Donsker classes, still be valid in the present non-Donsker setting. Moreover, in accord
with our requirements on the empirical process, Assumption 6.5 demands a coupling rate
faster than a,, (see Assumption 5.1). We provide sufficient conditions for Assumption
6.5 in Appendix H that may be of independent interest; see Theorem H.1. In turn,
Assumption 6.6 collects the necessary bandwidth rate requirements, which we discuss
in more detail in Section 6.2.2. Assumption 6.6(i) in particular demands that 7, | 0
sufficiently fast to guarantee the one sided Hausdorff convergence of ©,,NR. We note this
condition is satisfied by setting 7,, = 0, which we recommend unless partial identification
is of particular concern. Similarly, Assumption 6.6(ii) requires ¢, | 0 sufficiently fast
to ensure that D, ()[h] is uniformly consistent over 6 € ©,, N R and h/\/n € V,(0,4,),
and that both the intuitions behind Figures 1 and 3 are indeed valid. The latter two
requirements on ¢, are respectively automatically satisfied by linear models (K, = 0)
or linear restrictions (Ky = 0). Assumption 6.6(iii) specifies the requirements on 7,
which amount to r, not decreasing to zero faster than the || - ||g-rate of convergence.
Finally, Assumption 6.6(iv) guarantees the directed Hausdorff consistency of 6,NR
under || - || in nonlinear problems, thus allowing V;,(6,, £,) to properly account for the

impact of the curvatures of Tr and T on the local parameter space; recall Figure 3.

Given the stated assumptions, the following theorem establishes an unconditional

coupling of (7n(R) that provides the basis for our subsequent inference results.

Theorem 6.1. Let Assumptions 2.1(i), 2.2(i), 3.1, 3.2, 3.3, 3.4, 4.1, 5.1, 5.2, 5.3(i),
5.5(1i), 5.4, 6.1, 6.2, 6.3, 0.4, 6.5, and 6.6 hold. Then, uniformly in P € Py

Un(R) 2 o inf Wy pp(,0) g + Dop(O) ], (). + 0p(an) -
) 96@0n(P)ﬂR%eVn(0,2szn)H pP(0) P(O)Hs,(p)r + oplan)
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Theorem 6.1 shows that with unconditional probability tending to one uniformly on
P € Py our bootstrap statistic is bounded from below by a random variable that is
independent of the data. The significance of this result lies in that the lower bound
is equal in distribution to the upper bound for I,,(R) derived in Theorem 5.1(i), and
moreover that the rate of both couplings are controlled by a,. Thus, Theorems 5.1(i)
and 6.1 provide the basis for establishing that comparing I,,(R) to the quantiles of U, (R)
conditional on the data provides asymptotic size control — a claim we formalize in Section
6.3. Before establishing such a result, however, we first examine whether the conclusion
of Theorem 6.1 can be strengthened to hold with equality rather than inequality — i.e.
whether an analogue to Theorem 5.1(ii) is available. Unfortunately, as is well understood
from the moment inequalities literature, such a uniform coupling is not possible when
inequality constraints are present. As we next show, however, Theorem 6.1 can be
strengthened to hold with equality under conditions similar to those of Theorem 5.1(ii)

in the important case of hypotheses concerning only equality restrictions.

6.2.1 Special Case: No Inequality Constraints

In this section we focus on the special yet important case in which the hypothesis of
interest concerns solely equality restrictions. Such a setting encompasses, for example,
the construction of confidence regions for functionals of the parameter 6y without im-
posing shape restrictions; see e.g. Horowitz (2007), Gagliardini and Scaillet (2012), and

Chen and Pouzo (2015) among others. Formally, we temporarily assume R equals

R={0€B:YTp(0) =0} . (71)

Under this extra structure the formulation of the test and bootstrap statistics remain
largely unchanged, with the exception that the set Vn(H, ¢,,) simplifies to
Vn(‘g ) gn) = {

h h
cB,: TF(Q + ) =0 and ||7n”B < gn} (72)

h

vn vn Vn

(compare to (69)). Since these specifications are a special case of our general frame-
work, Theorem 6.1 continues to apply.'” In fact, as the following Theorem shows, the
conclusion of Theorem 6.1 can be strengthened under the additional structure afforded

by (71) and conditions analogous to those imposed in Theorem 5.1(ii).

Theorem 6.2. Let Assumptions 2.1(i), 2.2(i), 3.1, 3.2, 3.3, 3.4, 4.1, 5.1, 5.2, 5.3, 5.4,
6.1, 6.3, 6.5, 6.6(i)-(ii) hold, the set R satisfy (71), and (Rp~+vnTn) X Sn(B, E) = o(¢,,).

15To see (71) and (72) are a special case of (4) and (69) respectively, let G = R, T (0) = —1 for all
6 € B, and then note {# € B: T¢(0) <0} = B and G, (0) = B, for all § and r,,.
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(i) If 7, satisfies (k:rll/rx/log(k:n)Jan/\/ﬁ+ Cn) = o(m), then uniformly in P € Py

U.(R)=  inf inf W pp(-,0) % ¢k» + D, p(0)[h »+op(an) .
(R) t()EG)%(P)OR%EVH(W%)H pp(0)*q PO, ) + oplan)

(i) If ©Oon(P)N R = {0on(P)} and £, (P) = {Varp{p(Xi,90n(P))qﬁ”(Zi)}}_% for every
P € Py and in addition r = 2, then for ¢, = dim{B,, NN (VY r(0on(P)))} we have

A 1
Un(R) = {Xlgn—cn}i + op(an) ,
uniformly in P € Pg, where Xj 1s a d-degrees of freedom chi-squared random variable.

Besides assuming a lack of inequality constraints, Theorem 6.2 demands that the
rate of convergence R, satisfy R,S,(B,E) = o(f,). In view of Assumption 6.6(ii) the
latter requirement can be understood as imposing that either T and p(Xj;, -) are linear
in 6 (Ky = K,, = 0), or the rate of convergence R,, is sufficiently fast — conditions that
may rule out severely ill-posed nonlinear problems as also demanded in Theorem 5.1(ii).
Given these requirements, and provided 7, | 0 slowly enough to ensure the Hausdorff
convergence of ©,NR, Theorem 6.2(i) strengthens the conclusion of Theorem 6.1 to hold
with equality rather than inequality. Moreover, the random variable to which Un(R)
is coupled by Theorem 6.2(i) shares the same distribution as the random variable to
which I,,(R) is coupled by Theorem 5.1(ii). Thus, Theorems 5.1(ii) and 6.2(i) together
provide us with the basis for establishing that the asymptotic size of the proposed test
can equal its significance level. In turn, Theorem 6.2(ii) shows that whenever g, (P)NR
is a singleton, r and ¥, (P) may be chosen so that the coupled random variable has a

pivotal distribution — a result that enables the use of analytical critical values.

Remark 6.5. Under suitable conditions Theorem 6.2(ii) can be generalized to show

Gu(F) =, W pp0) 5 ak = vl o+ oplan) . (73)
uniformly in P € Py for V,, p(#) a vector subspace of R¥» possibly depending on P
and 0 € ©¢,(P) N R. Theorem 6.2(ii) can then be seen to follow from (73) by setting
Oon(P) N R = {0pn(P)} and r = 2. However, in general the characterization in (73) is
not pivotal and thus does not offer an advantage over Theorem 6.2(i). In this regard,
we note that setting r = 2 is important to ensure pivotality as projections onto linear

subspaces may not admit linear selectors otherwise (Deutsch, 1982). m

6.2.2 Discussion: Bandwidths

In constructing our bootstrap approximation we have introduced three bandwidth pa-

rameters: T, 1, and £,. While these bandwidths are necessary for a successful boot-
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strap approximation in the most general setting, there are fortunately a number of
applications in which not all three bandwidths are required. With the aim of provid-
ing guidance on their selection, we therefore next revisit the role of 7,,, 7., and £, and

discuss instances in which these bandwidths may be ignored in computation.

The bandwidth 7;,, was first introduced in Section 4 in the construction of the set
estimator ©,, N R. Its principal requirement is that it converge to zero sufficiently fast in
order to guarantee the directed Hausdorff consistency of ©,NR. Since directed Hausdorff
consistency is equivalent to Hausdorff consistency when ©g,(P) N R is a singleton, 7,
should therefore always be set to zero in models that are known to be identified; e.g. in
Examples 2.1, 2.2, and 2.3. In settings where ©¢,(P) N R is not a singleton, however,
T, must also decrease to zero sufficiently slowly if we additionally desire 6, N R to be
Hausdorff consistent for Oy, (P)NR. The latter stronger form of consistency can lead to
a more powerful test when O, (P) N R is not a singleton, as illustrated by a comparison
of Theorems 6.1 and 6.2(i). Nonetheless, even in partially identified settings it may be
preferable to set 7, to zero to simplify implementation — this is the approach implicitly

pursued by Bugni et al. (2014), for example, in a related problem.

Allowing for inequality restrictions lead us to introduce the bandwidth 7, in the
construction of the sample analogue to the local parameter space. Specifically, the
role of r, is to account for the impact of inequality constraints on the local parameter
space and is thus unnecessary in settings where only equality restrictions are present
—e.g. in Section 6.2.1. In this regard, the bandwidth r, may be viewed as analogous
to the inequality selection approach pursued in the moment inequalities literature. In
particular, its principal requirement is that it decrease to zero sufficiently slowly with
overly “aggressive” choices of r,, potentially causing size distortions. As in the moment
inequalities literature, however, we may always set r, = +00 which corresponds to the
“least favorable” local parameter space of an element 6 € ©,, N R satisfying T¢(0) =0

—i.e. all inequalities bind.

The final bandwidth £,,, which to the best of our knowledge does not have a precedent
in the literature, plays three distinct roles. First, it ensures that the estimated derivative
D,,(8)[h] is consistent for D, p(6)[A] uniformly in h/\/n € V;,(6,£,). Second, £, restricts
the local parameter space to the regions where a linear approximation to the drift of
the Gaussian process is indeed warranted — recall Theorem 5.1 and Figure 1. Third, it
accounts for the potential nonlinearity of T and Y by limiting the estimated local
parameter space to areas where it asymptotically resembles the true local parameter
space — recall Figures 2 and 3. As a result, the requirements on ¢,, weaken in applications
where the challenges it is meant to address are not present — for instance, when the
generalized residual p(Xj,-) and/or the constraints Yr and T are linear, as can be

seen by evaluating Assumption 6.6(ii)-(iii) when K,,, K¢, or K, are zero.

In certain applications, it is moreover possible to show the bandwidth ¢, is unneces-
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sary by arguing that the constraint |h/\/n|g < £, (as in (69)) is asymptotically slack.

The following Lemma, for example, provides sufficient conditions for this occurrence.

Lemma 6.1. Suppose for some € > 0 it follows that ||h||g < vp||Dy, p(8)[h]|, for all
0 € (09, (P)NR)¢, P € Py, and h € /n{B,, N R — 0}. If in addition

BuOIA] ~Bup @l _, 1y (o

sup sup h
0€(Oon (P)NR)E he\/ﬁ{BnﬁR—e}:H%HBEEn 12]|&

uniformly in P € Py, Assumptions 3.1, 3.2(i), 3.5, 3.4, 4.1, 6.5, 6.6(i) hold, and
Sn(B,E)R,, = o(ly,), then it follows that uniformly in P € Py

Un(R) = inf inf  [Wap(-,0) * gy +Da(0)[h]]l5,, , + oplan) - (75)

0€6,NR %eVn(9,+oo)

Heuristically, Lemma 6.1 establishes the constraint ||h/\/n|B < ¢, is asymptotically
not binding provided £, | 0 sufficiently slowly (S, (B, E)R, = 0(¢,)).!° In order for 4,
to simultaneous satisfy such a requirement and Assumption 6.6(ii)-(iii), however, it must
be that either the rate of convergence R,, is adequately fast, or that both the generalized
residual and the equality constraint are linear. Thus, while it may be possible to set

£, to be infinite in applications such as Examples 2.1-2.4, the bandwidth ¢,, can remain

necessary in severely ill-posed nonlinear problems; see Appendix F.

6.3 Critical Values

The conclusions of Theorem 5.1 and Theorems 6.1 and 6.2 respectively provide us with
an approximation and an estimator for the distribution of our test statistic. In this
section, we conclude our main results by formally establishing the properties of a test
that rejects the null hypothesis whenever I,,(R) is larger than the appropriate quantile

of our bootstrap approximation. To this end, we therefore define

cni—-o(P) =inf{u: P(I,(R) <u) >1—a} (76)

éni—aq =inf{u: P(U,(R) <u |{Vi}iL;) >1—a}; (77)
i.e. ¢p,1—q denotes the 1 — a quantile of I,,(R), while ¢, -, denotes the corresponding
quantile of the bootstrap statistic conditional on the sample.

We additionally impose the following two final Assumptions:

Assumption 6.7. There exists a 6 > 0 such that for alle > 0 and all & € [a—6, a+9] it
follows that suppep, P(cni-a(P)—¢€ < I(R) < eni—a(P)+e€) < on(eNl)+o(1), where

16Follovving Remark 6.4, if the constraints Y7 and Y¢ are linear, then it suffices that R, = o({x).
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the concentration parameter o, is smaller than the coupling rate parameter, namely

on < a,;l.

Assumption 6.8. (i) There exists a v, > 0 and maps 7, p, : Op N R — RFns such
o 1 .

that sup pep supgce, nr{EP((Erlpy)(Xi, 0)1Ziy) — any’ (Ziy) T, py(0))°]}2 = O(ka ) for

all 1 <3< J; (11) The eigenvalues of Ep[qffjj(Zi,])qﬁfyj(Zi,J)’] are bounded away from

zero uniformly in 1 <)< J,neN, and P € P.

It is well known that uniform consistent estimation of an approximating distribution
is not sufficient for establishing asymptotic size control; see, e.g. Romano and Shaikh
(2012). Intuitively, in order to get good size control, when critical values are estimated
with noise, the approximate distribution must be suitably continuous at the quantile
of interest uniformly in P € Pg. Assumption 6.7 imposes precisely this requirement,
allowing the modulus of continuity, captured here by the concentration parameter g, to
deteriorate with the sample size provided that g, < a, ! — that is the loss of continuity
must occurs at a rate slower than the coupling rate o(a,) of Theorems 5.1, 6.1, and
6.2. We refer the reader to Chernozhukov et al. (2013, 2014) for further discussion
and motivation of conditions of this type, called anti-concentration conditions there.'”
Note that in some typical cases, the rate of concentration is g, = 1 with r = 2 and
on ~ V1ogk, with r = co, which means that the condition on the coupling rate o(ay,)
arising from imposing Assumption 6.7 are mild in these cases and are expected to be mild
in others. In turn, Assumption 6.8 imposes sufficient conditions for studying the power
of the proposed test. In particular, Assumption 6.8(i) demands that the transformations
{anJ}Zijl be able to approximate conditional moments given Z; , and thus be capable
of detecting violations of the null hypothesis. Finally, Assumption 6.8(ii) enables us to

characterize the set of local distributions against which the test is consistent.

Theorem 6.3 exploits our previous results and the introduced assumptions to char-

acterize the asymptotic size and power properties of our test.
Theorem 6.3. Let the conditions imposed in Theorem 5.1(i) and Theorem 6.1 hold.

(i) If in addition Assumption 6.7 is satisfied, then we can conclude that

limsup sup P(I(R) > épi-a) < a .
n—oo  PePy

(i) If Assumption 6.7 and the conditions of Theorem 6.2(i) hold and R,, = o({y,), then

limsup sup |[P(I,(R) > éni—a) — | =0.

n—oo PePy

(iii) Let P1o(M) = {P € P : infoconr{3, | Eplpy(Xi 0)|Zi)ll12} > Mrn} for

17 Alternatively, Assumption 6.7 can be dispensed by adding a fixed constant 7 > 0 to the critical
value, i.e. using ¢n,1—o + 7 as the critical value; this approach is not satisfactory, since 7 is arbitrary
and there is no adequate theory for setting this.
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Y = \/knlog(ky)Bndn//n + kn 2. If in addition Assumption 6.8 holds, then

liminfliminf  inf  P(L,(R) > éni-a)=1.
Mtoo n—oo PEPy (M)

The first claim of Theorem 6.3 exploits Theorems 5.1(i) and 6.1 to show that the pro-
posed test delivers asymptotic size control. In turn, Theorem 6.3(ii) leverages Theorems
5.1(ii) and 6.2(ii) to conclude that the asymptotic size of the proposed test can equal
its significance level when no inequality constraints are present and either the model is
linear or the rate of convergence R, is sufficiently fast. Under the latter structure it is
also possible to obtain the same conclusion employing analytical critical by exploiting
Theorem 6.2(ii); see Remark 6.6. Finally, Theorem 6.3(iii) characterizes local sequences

P, € P\ Py for which our test has nontrivial local power.

Remark 6.6. When ©,(P)NR is a singleton {6y, (P)} for all P € Py, Theorem 6.2(ii)
provides conditions under which the bootstrap statistic is in fact coupled to the square
root of a chi-squared random variable. For x3__ (d) the 1 — a quantile of a chi-squared

random variable with d degrees of freedom it is then possible to show that

limsup sup |P(I2(R) > xi_o(kn —cn)) —al =0 (78)

n—oo PePy
where recall ¢, = dim{B,, " N (VY r(0on(P)))}. As in Theorem 6.3(ii), however, we
emphasize such a conclusion does not apply to nonlinear problems in which the rate of

convergence is not sufficiently fast, or to hypotheses involving inequality restrictions. m

Remark 6.7. In the conditional moment inequalities literature, certain test statistics
have been shown to converge in probability to zero when all inequalities are “slack”
(Linton et al., 2010). It is worth noting that an analogous problem, which could po-
tentially conflict with Assumption 6.7, is not automatically present in our setting. In

particular, we observe that since V,(0y,¢,) C B,,, Lemma 5.1 implies

h
. . e n
L,(R) > 9eeolf(§a)m-zhlergn |Wo,pp(:,600) * g™ + v/nPp(-, 00 + ﬁ) * ¢y |52, (P) - + Op(an)
(79)

and that under regularity conditions the right hand side of (79) is non-degenerate when

dim{B,,} < k,; see also our simulations of a test of monotonicity in Section 7. m

7 Simulation Evidence

We examine the finite sample performance of the proposed test through a simulation

study based on the nonparametric instrumental variable model
Yi = 00(Xi) + € , (80)
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where 6y is an unknown function and Eple;|Z;] = 0 for an observable instrument Z;. In
order to illustrate the different applications of our framework, we study both a test of
a shape restriction and a test on a functional of 8y that imposes a shape restriction to
sharpen inference. Specifically, we examine the performance of a test of whether 6 is
monotone, and of a test that imposes monotonicity to conduct inference on the value
of 6y at a point. These applications are closely related to Examples 2.1 and 2.2 and we

refer the reader to their discussion in Appendix F for implementation details.

7.1 Design

We consider a design in which random variables (X}, Z}, ¢;) € R? follow the distribution

X7 0 1 05 03
z: |~N|lo|,]05 1 o0 : (81)
€ 0 03 0 1

~

and (X;, Z;) € R? are generated according to X; = ®(X}) and Z; = ®(Z}) for ® the
c.d.f. of a standard normal random variable. The dependent variable Y; is in turn

created according to (80) with the structural function 6y following the specification

bo(x) = o{1 — 20(X =2

)} (82)

for different choices of o. For all positive values of o, the function 6 is monotonically
decreasing and satisfies 65(0.5) = 0. Moreover, we also note y(x) ~ 0 for values of o
close to zero and 0y(z) =~ ¢(0)(1 — 2z) for values of o close to one and ¢ the derivative
of ®.!% Thus, by varying o in (82) we can examine the performance of our tests under
different “strengths” of monotonicity. All the reported results are based on five thousand

replications of samples {(Y;, X;, Z;)}I_; consisting of five hundred observations each.

As a sieve we employ b-Splines {pj,n};":l of order three with continuous derivatives
and either one or no knots, which results in a dimension j, equal to four or three
respectively. Since b-Splines of order three have piecewise linear derivatives, monotonic-
ity constraints are simple to implement as we only require to check the value of the
derivative at j, — 1 points. The instrument transformations {Qk,n}]lzll are also chosen
to be b-Splines of order three with continuous derivatives and either three, five, or ten
knots placed at the population quantiles. These parameter choices correspond to a total
number of moments k, equal to six, eight, or thirteen. The test statistic I,,(R) is then
implemented with » = 2, and )3 equal to the optimal GMM weighting matrix computed

with a two stage least squares estimator constrained to satisfy the null hypothesis as

8Formally, 6o(x) converges to the 0 and ¢(0)(1 — 2z) as o approaches 0 and oo respectively. We find
numerically, however, that 0y(x) is very close to ¢(0)(1 — 2x) for all z € [0, 1] for o as small as one.
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a first stage. Under these specifications, calculating I,,(R) simply requires solving two

quadratic programming problems with linear constraints.

Obtaining critical values further requires us to compute the quantiles of U,,(R) con-
ditional on the data, which we simulate employing two hundred bootstrap samples in
each replication. For the bandwidth choices, we set 7, to zero which, despite being po-
tentially conservative under partial identification, is both sufficient for size control and
computationally simpler to implement. In turn, we explore data driven choices for the
parameters 7, and £,. Specifically, setting p» (z) = (p1n(x),...,pjn(z)) and letting
Z, ~ N(0,(A,2,A)~1) with A, = s i (Xi)q" (Z;)', we select r,, by solving

¢ = P(|Ip"Zr||1,00 < 1) (83)

for different choices of ¢, € {0.05,0.95}. Heuristically, r, is thus the ¢/ quantile of
an estimate of the asymptotic distribution of the || - ||1,0c norm of the unconstrained
minimizer of @, under fixed values for j, and k,. We therefore interpret ¢, = 0.05 as
an “aggressive” choice for r, and ¢, = 0.95 as a “conservative” one. Finally, for Z; a
kn X jn random matrix drawn from an estimate of the asymptotic distribution of A,

under fixed j, and k, asymptotics, we select £, by solving'’

q = P( sup | Ze

<1 84
BERn || o0 <L 5.2 =1 54

for different values of ¢, € {0.05,0.95}; see Remark 7.1 for the rationale behinds this
choice. In concordance to the choice of r,, here ¢4 = 0.05 also corresponds to the

“aggressive” choice of ¢, and g, = 0.95 to the “conservative” one.

Remark 7.1. In the hypothesis testing problems of this section, the norm constraint
Ipi’'B/v/nl|B < £, in the definition of V;,(6,4,) can be replaced by ||8//nll2 < €n; see
Remark 6.4 and the discussion of Example 2.2 in Appendix F. The latter constraint,
however, is in turn implied by ||3/v/n||co < /v Jn, which is computationally simpler to
implement as it is equivalent to 25, linear constraints on 8. Moreover, when Tz and Y
are linear, the sole role of £, is to ensure D,,(6)[A] is uniformly consistent for D, p(6)[h]

— recall Section 6.2.2. In the present context, such convergence is implied by

1 <& A ,
sup I > av(Zoplr(Z:)' B — Eplay(Zplr (Z:) Bllls,, » = oplan) » (85)
6€Rjn:||%”oogen =1

which motivates using (84) to study the sensitivity of our tests to the choice of /,,. m
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Table 1: Monotonicity Test - Empirical Size

o=1

Fn =6 kn =8 k, = 13
Jn Qe qr 10% 5% 1% 10% 5% 1% 10% 5% 1%
3 5% 5% 0.084 0.044 0.010 0.087 0.042 0.009 0.095 0.046 0.009
3 5% 95% 0.060 0.030 0.006 0.068 0.033 0.007 0.079 0.037 0.008
3 95% 5% 0.083 0.043 0.010 0.086 0.042 0.009 0.095 0.046 0.009
3 95% 95% 0.060 0.030 0.006 0.068 0.033 0.007 0.079 0.037 0.008
4 5% 5% 0.048 0.023 0.004 0.055 0.028 0.005 0.070 0.032  0.006
4 5% 95% 0.047 0.023 0.004 0.055 0.027 0.005 0.069 0.031 0.006
4 95% 5% 0.047 0.023 0.004 0.055 0.027 0.005 0.070 0.032  0.006
4 95% 95% 0.047 0.023 0.004 0.055 0.027 0.005 0.069 0.031 0.006

o=0.1

kn =6 kn =8 kn, = 13
Jn qe qr 10% 5% 1% 10% 5% 1% 10% 5% 1%
3 5% 5% 0.081 0.041 0.010 0.087 0.041 0.009 0.095 0.043 0.010
3 5% 95% 0.075 0.036 0.008 0.081 0.038 0.009 0.090 0.042 0.010
3 95% 5% 0.081 0.041 0.010 0.087 0.041 0.009 0.095 0.043 0.010
3 95% 95% 0.075 0.036 0.008 0.081 0.038 0.009 0.090 0.042 0.010
4 5% 5% 0.068 0.034 0.007 0.076  0.037 0.009 0.086 0.040 0.009
4 5% 95% 0.068 0.034 0.007 0.076 0.037 0.009 0.086  0.039 0.009
4 95% 5% 0.067 0.033 0.007 0.076 0.037 0.009 0.086 0.040 0.009
4 95% 95% 0.067 0.033 0.007 0.075 0.037 0.009 0.086 0.039 0.009

o =0.01

kn =6 k, =8 k, = 13
In qe qr 10% 5% 1% 10% 5% 1% 10% 5% 1%
3 5% 5% 0.102 0.050 0.012 0.102 0.052 0.012 0.109 0.053 0.011
3 5% 95% 0.100 0.049 0.012 0.100 0.050 0.012 0.107 0.052 0.011
3 95% 5% 0.102 0.050 0.012 0.102 0.052 0.012 0.109 0.053 0.011
3 95% 95% 0.100 0.049 0.012 0.100 0.050 0.012 0.107 0.052 0.011
4 5% 5% 0.099 0.049 0.011 0.100 0.049 0.013 0.103 0.052 0.011
4 5% 95% 0.099 0.049 0.011 0.100 0.049 0.013 0.103 0.052 0.011
4 95% 5% 0.099 0.048 0.011 0.100 0.049 0.013 0.103 0.052 0.011
4 95% 95% 0.098 0.048 0.011 0.100 0.049 0.013 0.103 0.052 0.011

7.2 Results

We begin by first examining the performance of our inferential framework when applied
to test whether the structural function 6y is monotonically decreasing. Table 1 reports
the empirical size control of the resulting test under the different parameter choices.
The test delivers good size control across specifications, though as expected can be
undersized when the 6 is “strongly” monotonic (¢ = 1). The empirical rejection rates
are insensitive to the value of gy, which suggests the asymptotics of Lemma 6.1 are
applicable and the bandwidth /,, is not needed to ensure size control. In contrast, the
empirical rejection rates are more responsive to the value of ¢, though the “aggressive”

choice of ¢, = 0.05 is still able to deliver adequate size control even in the least favorable

19The £,, solving (84) is simply the reciprocal of the ¢i" quantile of SUPgeRin ||g] o0 <1 1ZeB]l5,, 2, Which
we approximate using a sample of two hundred draws of Z,.
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Figure 4: Monotonicity Test - Empirical Power
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configuration (¢ = 0.01). Finally, we note increasing the dimension of the sieve (j,) can
lead the test to be undersized, while increasing the number of moments (k,) brings the

empirical size of the test closer to its nominal level.

In order to study the power of the test that 6y is monotonically decreasing, we
consider deviations from the constant zero function (¢ = 0). Specifically, we examine

the rejection probabilities of the test when the data is generated according to

for different positive values of §. Figure 4 depicts the power function of a 5% nominal
level test implemented with j, = 3, ¢ = ¢, = 0.05, and different number of moments
kp. For the violation of decreasing monotonicity considered in (86), the test with fewer
moments appears to be more powerful indicating the first few moments are the ones
detecting the deviation from monotonicity. More generally, however, we expect the

power ranking for the choices of k;,, to depend on the alternative under consideration.

Table 2: Level Test - Empirical Size

kn =06 kn =38 kn =13

o o 10% 5% 1% 10% 5% 1% 10% 5% 1%

1 3 0106 0.051 0.010 0.105 0.054 0.012 0.107 0.056 0.012

1 4 0.072 0.034 0.006 0.074 0.036 0.008 0.078 0.038 0.008
0.1 3 0106 0.052 0.010 0.106 0.055 0.013 0.107 0.055 0.011
0.1 4 0.073 0.034 0.006 0.075 0.035 0.008 0.076  0.038 0.008
0.01 3 0.106 0.052 0.010 0.105 0.054 0.012 0.107 0.056 0.011
0.01 4 0.073 0.034 0.006 0.074 0.036 0.008 0.077 0.038 0.008
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Table 3: Level Test Imposing Monotonicity - Empirical Size

o=1

Fn =6 kn =8 k, = 13
Jn Qe qr 10% 5% 1% 10% 5% 1% 10% 5% 1%
3 5% 5% 0.077 0.037 0.008 0.082 0.041 0.007 0.092 0.043 0.008
3 5% 95% 0.053 0.026 0.005 0.061 0.030 0.005 0.075 0.033  0.008
3 95% 5% 0.077 0.037 0.008 0.082 0.041 0.007 0.092 0.043 0.008
3 95% 95% 0.053 0.026 0.005 0.061 0.030 0.005 0.075 0.033  0.008
4 5% 5% 0.055 0.026 0.006 0.063 0.029 0.006 0.073 0.033  0.008
4 5% 95% 0.055 0.026 0.006 0.063 0.029 0.006 0.073 0.033 0.008
4 95% 5% 0.055 0.026 0.006 0.063 0.029 0.006 0.073 0.033  0.008
4 95% 95% 0.055 0.026 0.006 0.063 0.029 0.006 0.073 0.033 0.008

o=0.1

kn =6 kn =8 kn, = 13
Jn qe qr 10% 5% 1% 10% 5% 1% 10% 5% 1%
3 5% 5% 0.078 0.038 0.008 0.084 0.042 0.009 0.090 0.044 0.009
3 5% 95% 0.072 0.035 0.007 0.079 0.037 0.008 0.085 0.040 0.009
3 95% 5% 0.078 0.038 0.008 0.084 0.042 0.008 0.090 0.044 0.009
3 95% 95% 0.072 0.034 0.007 0.079 0.037 0.008 0.085 0.040 0.009
4 5% 5% 0.068 0.034 0.008 0.075 0.037 0.008 0.084 0.039 0.009
4 5% 95% 0.068 0.034 0.008 0.075 0.037 0.008 0.084 0.039 0.009
4 95% 5% 0.067 0.033 0.008 0.075 0.037 0.008 0.084 0.039 0.009
4 95% 95% 0.067 0.033 0.008 0.075 0.037 0.008 0.084 0.039 0.009

o =0.01

kn =6 k, =8 k, = 13
In qe qr 10% 5% 1% 10% 5% 1% 10% 5% 1%
3 5% 5% 0.102 0.053 0.012 0.106 0.054 0.013 0.109 0.054 0.011
3 5% 95% 0.100 0.051 0.011 0.104 0.053 0.012 0.107 0.053 0.011
3 95% 5% 0.102 0.053 0.012 0.106 0.054 0.013 0.109 0.054 0.011
3 95% 95% 0.100 0.051 0.011 0.104 0.053 0.012 0.107 0.053 0.011
4 5% 5% 0.101 0.051 0.011 0.103  0.049 0.012 0.106 0.052 0.011
4 5% 95% 0.101 0.051 0.011 0.103 0.049 0.012 0.106 0.052 0.011
4 95% 5% 0.101 0.051 0.011 0.102  0.049 0.012 0.106 0.052 0.011
4 95% 95% 0.101 0.051 0.011 0.102  0.049 0.012 0.106 0.052 0.011

Next, we apply our inferential framework to conduct inference on the value of the
structural function 6y at the point x = 0.5 — recall that for all values of o in (82),
00(0.5) = 0. First, we examine the size control of a test that does not impose mono-
tonicity, so that the set R consists of all functions 6 satisfying 6(0.5) = 0. For such a
hypothesis, 7, is unnecessary and we therefore examine the quality of the chi-squared
approximation of Theorem 6.2(ii) and Remark 6.6. The empirical size of the corre-
sponding test are summarized in Table 2, which shows adequate size control and an

insensitivity to the “degree” of monotonicity (o) of the structural function.

In addition, we also examine the size of a test that conducts inference on the level
of 0y at the point z = 0.5 while imposing the monotonicity of 6y — i.e. the set R

consists of monotonically decreasing functions satisfying 6(0.5) = 0. Table 3 reports the
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Figure 5: Level Test - Empirical Power
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empirical size of the corresponding test under different parameter values. The results are

qualitatively similar to those corresponding to the test of monotonicity summarized in

Table 1. Namely, (i) All parameter choices yield adequate size control; (ii) The test can

be undersized in the strongly monotonic specifications (o = 1); (iii) Empirical rejection

rates are insensitive to the bandwidth ¢,; and (iv) Both the “conservative” (g, = 0.95)

and “aggressive” (g, = 0.05) choices for r,, yield good size control.

Finally, we compare the power of the test that imposes monotonicity with the power

of the test that does not. To this end, we consider data generated according to

x—0.5

Y; = o{1 — 28(
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so that the structural function is still monotonically decreasing but satisfies 6(0.5) = §
instead of the tested null hypothesis 6y(0.5) = 0. We implement the tests with j,, = 3,
and g = ¢, = 0.05 since such specification yields empirical size closest to the nominal
level of the test (rather than being undersized). The corresponding power curves are
depicted for different values of instruments (k,,) and degree of monotonicity (o) in Fig-
ure 5. The power gains of imposing monotonicity are substantial, even when the true
structural function is “strongly” monotonic (o = 1). This evidence is consistent with
our earlier claims of our framework being able to capture the strong finite-sample gains
from imposing monotonicity. At the nearly constant specification (o = 0.01), the power
of the test that imposes monotonicity improves while the power of the test that does
not remains constant. As a result, the power differences between both tests are further

accentuated at o = 0.01.

8 Conclusion

In this paper, we have developed an inferential framework for testing “equality” and
“inequality” constraints in models defined by conditional moment restrictions. Notably,
the obtained results are sufficiently general to enable us to test for shape restrictions or to
impose them when conducting inference. While our results focus on conditional moment
restriction models, the insights developed for accounting for nonlinear local parameter
spaces are more generally applicable to other settings. As such, we believe our theoretical
analysis will be useful in the study of nonparametric constraints in complementary

contexts such as likelihood based models.
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APPENDIX A - Notation and AM Spaces

For ease of reference, in this Appendix we collect the notation employed throughout
the paper, briefly review AM spaces and their basic properties, and provide a description
of the organization of the remaining Appendices. We begin with Table 4 below, which
contains the norms and mathematical notation used. In turn, Table 5 presents the

sequences utilized in the text as well as the location of their introduction.

Table 4: List of norms, spaces, and notation.

as<b a < Mb for some constant M that is universal in the proof.
I 1lze, For a measure P and function f, ||f||(£qp = [|f|4dP.
-l For a vector a = (aV,....a®) [la]i = K, [a@]".
Il 1or For a k x k matrix A, ||Allo,r = supjq),—1 | Aal,.
B Il llg For a set G and_’a map f: G — R, the norm || f||g = supyeg | f(9)]-
w( | -|)  Forsets A, B, dy(A,B,||-|) = supaeéinfbeg lla — b||;
di (- -[])  Forsets A, B, du(A, B, || - [|) = max{du (A, B, || - ), du (B, A, || - [])}-
Njj(6,G,1 - l)  The e bracketing numbers for a class G under || - .
J))(6,G, || -1I) The entropy integral Jj;(6,G, || - [|) = fg{l +log Ny (€, G, || - ||)}1/2de.
Sn(A, B) The modulus of continuity of norms on normed spaces A and B.

Table 5: List of sequences.

G, A bound on the rate of convergence of the coupling results.

B, A bound on the sup norm of {gx,}. Introduced in Assumption 3.2(i).
Sp(€) How “well separated” the minimum is. Introduced in Assumption 4.1(ii).

Jn A bound on the entropy of F,. Introduced in Assumption 3.3(iii).

kn The number of moments employed.

R,  Convergence rate of ©, N R with 7, = o(n_%). Introduced in Theorem 4.1.

7o A sequence defining ©,, N R. Introduced in equation (36).

Un Controls the strength of identification. Introduced in Assumption 4.2.

(n A bound on the population minimum. Introduced in Assumption 4.1(i).

Since AM spaces are not often employed in econometrics, we next provide a brief
introduction that highlights the properties we need for our analysis. The definitions
and results presented here can be found in Chapters 8 and 9 of Aliprantis and Border
(2006), and we refer the reader to said reference for a more detailed exposition. Before

proceeding, we first recall the definitions of a partially ordered set and a lattice:

Definition A.1. A partially ordered set (G, >) is a set G with a partial order relation-
ship > defined on it — i.e. > is a transitive (z > y and y > z implies x > z), reflexive

(z > x), and antisymmetric (z > y implies the negation of y > z) relation. m
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Definition A.2. A lattice is a partially ordered set (G, >) such that any pair z,y € G
has a least upper bound (denoted = V y) and a greatest lower bound (denoted z Ay). m

Whenever G is both a vector space and a lattice, it is possible to define objects that
depend on both the vector space and lattice operations. In particular, for x € G the

positive part x1, the negative part z~, and the absolute value |x| are defined by

zt=xzVvo0 x= =(—z)VO0 lz| =z V (—z) . (A.1)

In addition, it is natural to demand that the order relation > interact with the algebraic

operations of the vector space in a manner analogous to that of R —i.e. to expect

x >y implies x + z > y + z for each z € G (A.2)

x >y implies ax > ay foreach 0 < a € R . (A.3)

A complete normed vector space that shares these familiar properties of R under a given

order relation > is referred to as a Banach lattice. Formally, we define:

Definition A.3. A Banach space G with norm || - ||g is a Banach lattice if (i) G is a
lattice under >, (ii) ||z||e < ||yl when |z| <|y|, (iii) (A.2) and (A.3) hold. m

An AM space, is then simply a Banach lattice in which the norm || - ||g is such
that the maximum of the norms of two positive elements is equal to the norm of the
maximums of the two elements — e.g. L¥ under pointwise ordering. The norm having

such property is called the M-norm.

Definition A.4. A Banach lattice G is called an AM space if for any elements 0 <
z,y € G it follows that ||z V y||lc = max{||z|a, ||y]|c}. =

In certain Banach lattices there may exist an element 1q > 0 called an order unit
such that for any = € G there exists a 0 < A € R for which |z| < A1g — for example, in

R the vector (1,...,1)" is an order unit. The order unit 1g can be used to define
|z]|oo = {inf A > 0: |z| < Alg}, (A.4)

which is easy to see constitutes a norm on the original Banach lattice G. In principle,
the norm || - ||oc need not be related to the original norm || - || with which G was
endowed. Fortunately, however, if G is an AM space, then the original norm || - ||
and the norm | - ||~ are equivalent in the sense that they generate the same topology
(Aliprantis and Border, 2006, page 358). Hence, without loss of generality we refer to
G as an AM space with unit 1g if these conditions are satisfied: (i) G is an AM space,
(ii) 1@ is an order unit in G, and (iii) The norm of G equals || - || (as in (A.4)).
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We conclude Appendix A by outlining the organization of the remaining Appendices.

APPENDIX B: Contains the proofs of the results in Section 4 concerning consistency of

the set estimator (Lemma 4.1) and its rates of convergence (Theorem 4.1). m

APPENDIX C: Develops the proofs for the results in Section 5, including the preliminary

local approximation (Lemma 5.1) and the final drift linearization (Theorem 5.1). m

ApPPENDIX D: Contains the proofs for all results in Section 6, including the lower bound
for the bootstrap statistic (Theorem 6.1), conditions under which the lower bound cou-
pling is “sharp” (Theorem 6.2), and the analysis of the test that compares the proposed
test statistic to the quantiles of the bootstrap distribution (Theorem 6.3). m

ApPPENDIX E: Develops the auxiliary results concerning the approximation of the local
parameter space. These results depend on the characterization of R only, and thus may
be of independent interest as they are broadly applicable to hypotheses testing problems

similarly concerned with examining equality and inequality restrictions. m

APPENDIX F: Provides additional details concerning the implementation of our test
and the implications of our Assumptions in the context of the motivating examples

introduced in Section 2.2. m

ApPPENDIX G: Derives primitive conditions for verifying the coupling requirements of
Assumption 5.1. The results employ the Hungarian construction in Koltchinskii (1994)

and may be of independent interest. m

ApPPENDIX H: Provides primitive conditions for the validity of the Gaussian multiplier
bootstrap as imposed in Assumption 6.5. These results more generally provide suffi-
cient conditions for the Gaussian multiplier bootstrap to be consistent for the law of
the empirical process over expanding classes JF,, and may be of independent interest.
The arguments in this Appendix can also be employed to obtain alternative sufficient

conditions for Assumption 5.1 that complement those in Appendix G. m

APPENDIX B - Proofs for Section 4

PrROOF OF LEMMA 4.1: First fix € > 0 and notice that by definition of 6, N R we have

P(d 500 N R,O0n(P) N R, || - |B) > ¢)

< P inf L on0) < int

1
0€(0,NR)\(Oon(P)NR)* \/ﬁ 0€6,NR \/ﬁQ ( ) + 7 ) ( )

for all n and all P € Py. Moreover, setting Q,, p(0) = ||[v/nEp[p(X;,0) x ¢k (Z,)]

Yn,r?
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it then follows from Lemmas B.2 and B.3, and Markov’s inequality that

1 _
inf —Q,.p(0
QE(GnOR){?Gon(P)OR)S \/HQ p(0)

kl/r\/log )In B
< f 0 O B.2
_GE(GHﬂR)i?Qon(P)ﬂR) \FQ n(0) + (B.2)

uniformly in P € Pg. In addition, by similar arguments we obtain uniformly in P € Py

' 1 k!"\/10g (k) T Bn
GegifﬁR%Qn( ) < OeenmR anP( )+Op( Jn )

A kY™ Nog (k) J By, kY™ og (k) J By,
< [Snllor x Go + O “’j%) )= 0y(Gu + Voj(ﬁ> ). (B3)

)

where the second inequality results from Assumption 4.1(i) and the equality follows from

Lemma B.3. For conciseness set 1, = ({, + 7, + k,ll/rx/log(kn)Jan/\/ﬁ). Then note
that combining results (B.1), (B.2), and (B.3) we can conclude that

lim sup sup P(jH(én NR,Ou(P)NR, | |B) >e€)

n—oo  PePy
< limsuplimsup sup P inf —Qnp(0) < Mn,). (B4
Mtoo n—oo PEPy (9€(®nﬂR)\(90n( P)NR)e \f nP(0) n) - (B4)
Next note that for any a € R¥» we have ||a, = ||2; ' Sphall, < HXA)ngo,rHaHin .. (provided
31 exists). Thus, by Assumption 4.1(ii) and Lemma B.3 we obtain for any M < oo

1 =
limsup sup P inf _— 0) < Mn,
n—)oop Pelg0 (ee(gnﬂR)\(eon(P)ﬂR)g \/ﬁQn,P( ) < Mnp)

< limsup sup P(Sp(e) < |3, o, M) =0 (B.5)
n—oo  PePg

which together with (B.4) establishes the first claim of the Lemma.

In order to establish (44), we employ the definition of ©,,N R to obtain for all P € Py

P(©p,(PYNRCO,NR)>P( sup

oD mR\f Qn(0) <) . (B.6)

Therefore, setting d,, = k,lz/r\/log(k:n)Jan/\/ﬁ, exploiting Lemmas B.2 and B.3, and
the definition of g, (P) N R we then obtain uniformly in P € Py that

sup —=Qn(0) < sup
0cOon(P)NR VL 9€O0n (P mR\f

< 3 ] . kn . — . X
> ||En||om X Geg}mR 1 Ep[p(X:,0) * qn (Z)ll» + Op((sn) Op(Cn + 0n) (B.7)

—=Qn,p(0) + Op(dn)
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Hence, (44) follows from results (B.6), (B.7) and 7,,/(6,, + () — 00. B

PROOF OF THEOREM 4.1: To begin, we first define the event A, = A,1 N A2 where

An1 = {0, N R C (Qpn(P) N R)}
Any = {371 exists and max{||Z; o, |Znllor} < B}, (B.8)

where recall (Op,(P)NR)*={0 € 0,NR: jH({G}, O©on(P)NR,|-|B) < €}. Moreover,
note that for any € > 0 and B sufficiently large, Lemmas 4.1 and B.3 imply

limsup sup P(Af)=0. (B.9)

n—oo PePy

Hence, for ;! = Vn{k%/r«/log(kn)Jan/\/ﬁ + 7, + (n} we obtain for any M that

limsup sup P d 5(On N R, O0n(P) N R, || - &) > 2)

n—oo PecPy
—limsup sup P d (0,0 R, 00n(P) R, || - [) > 2 A,) (B.10)

n—oo  PePy

by result (B.9). Next, for each P € Py, partition (©¢,(P) N R)\ (Oon(P) N R) into
Sni(P) = {0 € (Gon(P)NR) : 27 < 1, d ({6}, ©0n(P) N R, |- |m) < 27} . (B.11)

Since ©, "R C (©0n(P) N R)¢ with probability tending to one uniformly in P € Py by
(B.9), it follows from the definition of ©,, N R and result (B.10) that

lim sup sup P(nnjH(@n NR,00,(P)NR,| &) > 2")
n—oo PcPy

1 1
< limsup su P( inf —Q,0) < inf —Q,0) +7,; An). (B.12
< n_)ooppegojg (Hesn’j(P) \/ﬁQ (0) <, inf —=Qn(0) ) - (B.12)

In addition, letting Qnp(0) = [[V/nEp[p(Xi,0) * ¢i"(Zi)lls, ..,
Lemma B.2, and the definition of ¢, in Assumption 4.1(i) that under the event A,

we obtain from (B.8),

1 1 - A

inf — f) < inf — 0 by Znp < B{Z . (B.13

oel p r@n0) = il @ pO) + [ Enllor X Zp < BiZnp + G}t (B13)
Therefore, exploiting result (B.12) and that (B.13) holds under A,, we can conclude

limsup sup P(n, d 1(n N R.O0u(P) N R, | - ) > 2™)
n—oo PePy
= 1
< limsup su P( inf —Qn0) <B{Z,p+(}+7n; Ay). (B.14
m sup PGIQO];; (aesw-(p) Tn (0) < B{ } ). (B.14)

Further note that for any a € R*, |la|, = £, Snall, < 3 llallg, , < Blalls, ,
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under the event A,,. Therefore, Lemma B.2 implies that under the event A,

f n - n
eesl,?] (P) \f @n(6) = 9esm(P) fQ r(0) ol
>B'x inf ||Ep[p(Xi,0) ¢ (Z)]|lr — B x Znp . (B.15)
QESTLJ‘(P)

Moreover, since ¢, < (n,v,) "1, definition (B.11) implies that for j sufficiently large

9(i—1) 2(i—2)

0eSy,;(P) TnVn TInVn

vl x infd u({6},000(P)N R, |- li) — O(Ga) >

n

. (B.16)

Thus, Sp,;(P) C (00, (P) N R)¢, Assumption 4.2, and (B.16) imply for j large that

inf || Ep[p(Xi,0) x4y (Z:)]llr >

. (B.17)
0€S, ;(P) MnlUn

Hence, we can conclude from results (B.14), (B.15), and (B.17) that we must have

lim sup lim sup sup P(nnzH((:)n NR,00,(P)NR,|-|g)>2M)
Mtoo n—oo PePy

1 2( i=2)
B ThVn

< limsup limsup sup Z ) <2BZ, p+ B¢, + )

M1too n—o0 P6P0]>M

1 20-2)
< lim sup lim sup sup Z ) <2BZ,p), (B.18)

= (
Mtoo n—oo PePy >M 4B TinVn

where in the final inequality we exploited that the definition of 7, implies (n,v,)~! > 7,
and (n,vn) " > ¢,. Therefore, Z Z,p € Ry, Lemma B.2, and Markov’s inequality yield

1 926-2)

832( NnVn ) < Znp)

lim sup lim sup sup Z P(
Mtoo n—oo PePyg

j>M
1/r
k' +/log(ky)JnB
< lim sup lim sup E 9=i x nnfn 08 (kn)Jn B =0, (B.19)
Mfoo n—voo S Vv

where in the final result we used 7,v, < \/ﬁ/k:}l/r\/log(kn)Jan, and that Z;’il 277 <
oo. Hence, the first claim of the Theorem follows from (B.18) and (B.19).

To establish the second claim, define the event A,3 = {G¢,(P)NR C 6, NR}. Since
jH(GOn(P) NR,0,NR,|-|g) =0 whenever A,3 occurs, we obtain from Lemma 4.1

lim sup limsup sup P(1,dg (0, N R, 00, (P)NR,| - |g) > 2M)
Mtoo m—oo PePyg

= lim sup lim sup sup P(nnjg(én NR, 00, (P)NR,|-|g)>2")=0 (B.20)
M*too n—oo  PePg
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due to result (48). Therefore, the second claim of the Theorem follows from (B.20). m

Lemma B.1. Let Assumption 3.2(i) hold, and define the class of functions
GOn ={f(®)qun,y(2)  f € Fn, 1<9< T, and 1 <k < ky ) (B.21)
Then, it follows that N{j(€,Gn, || - ||L%) < kn X Njj(€/Bn, Fu, || - ||L2P) for all P € P.

PrROOF: Note that by Assumption 3.2(i) we have suppep [kl < By for all 1 <
)< Jand 1<k <k, and define q,j,n’](zj) = Ghng (%) Hkn,y(25) = 0t and g, (7)) =
Qs (2) H@im,;(29) <O} I {[fi1 P, fiupPl}i is a collection of brackets for F,, with

/(fi,u,P — fiip)?dP < € (B.22)
for all 7, then it follows that the following collection of brackets covers the class G,

(g, firp + Qo s Fiu,Ps Gy fit P+ gy Fiu Pl Yiky - (B.23)

Moreover, since |qyn | = q,':,n’ 3~ Yoy by construction, we also obtain from (B.22) that

(af, fiwpr + Qo firp — @G firp — G, fim,p)*dP
b 7.7 9 7j b 7‘7 b ?.]

= /(fi,u,P - fi,l7P)2|Qk,n,]‘2dP < GQBEL . (B'24)

Since there are k, x Njj(€, Fn, || - ||L%) brackets in (B.23), we can conclude from (B.24)

€
Nij(€,Gn, ||+ llz,) < kn X N[}(Fn,fn, I 1z2) (B.25)

for all P € P, which establishes the claim of the Lemma. ®

Lemma B.2. Let Qup(8) = |ViBplp(Xe,0) * ¢ (Z)]ls, . and Assumptions 3.1,
3.2(i), 3.3(ii)-(iii) hold. Then, for each P € P there are random Z, p € Ry with

1 ~ .
%’Qn(e) - Qn,P(e)’ < HERHO,T X Zn,P ) (B26)

for all 6 € ©, N R and in addition suppcp Ep[Z, p] = O(ki/rx/log(kn)Jan/\/ﬁ).

PROOF: Let G, = {f(®)qrn,(2) : f € Fp, 1 <3< T and 1 <k < k,,}. Note that
by Assumption 3.2(i), suppep [|qknllLy < Bp forall 1 < 3 < J and 1 < k < ky).
Hence, letting F,, be the envelope for F,, as in Assumption 3.3(ii), it follows that
Gn(v) = BpF,(v) is an envelope for G, satisfying suppep Ep[G2 (V)] < co. Thus,

sup Ep[sup |Gn,pgl] < sup J))([Gnllr2: Gn, | - lI12) - (B.27)
PeP 9€Gn PeP
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by Theorem 2.14.2 in van der Vaart and Wellner (1996). Moreover, also notice that
Lemma B.1, the change of variables u = ¢/B,, and B,, > 1 imply

IGn HLz
sup J)(1Gull G| I13) < sup [ [T 10800 N €/ B o 1)
PeP PeP Jo

< (1+ V/log(kn))Bn x Isjlellr)’ JH(HFnHL%aFna I- ||L§3) = O(V/1og(kn)BnJn) , (B.28)

where the final equality follows from Assumption 3.3(iii). Next define Z, p € Ry by

1/r

kn
Zn P = X sup (Grn Pg B.29
Vi geg n‘ | (5:29)

and note (B.27) and (B.28) imply suppcp Ep[Z,.pP] 1/T\/log )BnJn//n) as
desired. Since we also have that |G, pp(:,0) * qﬁ””r < k;n/ X 8Up,eg, |Gn,pg| for all

f € ©,, N R by definition of G,, we can in turn conclude by direct calculation

[nlo.r

() — Qn,P(0)| < X ”Gn,Pp('ae) * qunHT < ”271”077“ X Znp, (B.30)

1
which establishes the claim of the Lemma. m

Lemma B.3. If Assumption 3./ holds, then there exists a constant B < oo such that

2L exists and max{||Sp o |25 lor} < B) =1 . (B.31)

n

liminf inf P(3
n—oo PcP

PROOF: First note that by Assumption 3.4(iii) there exists a B < oo such that

_ B
sup sup max{[[ S (P) o, [Zn(P) " Hlor} < 5 - (B.32)
n>1 PeP

Next, let I, denote the k, X k,, identity matrix and for each P € P rewrite f]n as

271 = En(P){In - En(P)i%En(P) - Zn)} : (B’?’S)

By Theorem 2.9 in Kress (1999), the matrix {,— X, (P) (X, (P)—%,)} is invertible and
the operator norm of its inverse is bounded by two when X, (P) " (2, (P)—£,)} < 1/2.
Since by Assumption 3.4(ii) and the equality in (B.33) it follows that 3, is invertible if
and only if {I,, — £, (P)"1(2,(P) — £,)} is invertible, we obtain that

P(3;1 exists and [|{I, — £, (P)"H(Zn(P) = )} Howr < 2)

> P(ISu(P) ™ En = Sa(PDllor < 5) > PUIS ~ Sa(Pllor < 5) . (B34)

=)

where we exploited ||2,(P)" (2, — Z0(P)lor < 1Z0(P) Horl|En — Zn(P)|lo, and
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(B.32). Hence, since [|2,(P)|o, < B/2 for all P € P and n, (B.33) and (B.34) yield

1

P(2; Y exists and || o < B) > P(I|20 — Zn(P)|lor < =)

(B.35)
Finally, since |2, ]lor < B/2 + |20 — Zn(P)]lo, by (B.32), result (B.35) implies that

l%niior.}flyelg P(3, 1 exists and max{|| 2, |lo.r |25 Hlort < B)

. B 1
e B Bl .
2 liminf inf P(|[% = Za(P)lor <min{Z, z}) =1, (B.36)

where the equality, and hence the Lemma, follows from Assumption 3.4(i). m

Lemma B.4. Ifa € R, then |al|z < d(%_%)ﬂ“HaHr for any 7,r € [2,00].

PROOF: The case r < 7 trivially follows from ||al|; < ||al|, for all @ € R®. For the case

r>r,let a= (a(l), ... ,a(d))' and note that by Holder’s inequality we can obtain that

d d
lallf = 3 oD = 3" {1a® x 1)
i=1 =1
d . ~ g d r ~ d . ~ -
< (D (aOH)F 1T = 3 @y (B37)
=1 =1 =1

Thus, the claim of the Lemma for » > 7 follows from taking the 1/7 power in (B.37). m

APPENDIX C - Proofs for Section 5

PROOF OF LEMMA 5.1: First note that the existence of the required sequence {/,} is
guaranteed by Assumption 5.3(i). Next, for 7, = o(ay,) let 6, € ©, N R satisfy

Qn(0n) < 0t Qn(0) + (C.1)

Applying Theorem 4.1 with 7,, = n,,/y/n and noting 7, = o(k}/ "/y/n), then yields that
d ({00}, 00u(P) N R. | - 1) = Op(Ro) (C.2)

uniformly in P € Py. Hence, defining for each P € Pg the shrinking neighborhood
(Oon(P) N RY" = {0 € ©, N R : d (6, 000(P) N R, |- |18) < £u}, we obtain

I,(R) = inf n(6 n C.3
(B)=_oint - Qu(0) +oplan) (€3)
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uniformly in P € Py due to Ry, = 0(¢n), mn = o(an), and results (C.1) and (C.2).
Defining

Q5 p(0) = W, pp(-,0) % gpm +VnPp(-,0) x gy 5., , (C4)

we also obtain from Assumption 5.1 and Lemmas B.3 and C.1 that uniformly in P € Py

inf n(0) — inf 0 (6
sc@oiinryn O~ peon hnmyn Irop )
< jHE ||07“ X fsup HGTL Pfqn 7Wn Pfqn ||7‘ - Op(an) . (05)
€Fn

Similarly, exploiting Lemmas B.3 and C.1 together with Lemma C.2 and /¢,, satisfying
k}l/qﬂ«/log(k‘n)Bn X SUppcp J[](fzp, Fos |l - ||L§,) = o(ay) by hypothesis yields

h
inf HWn,PP(aOO‘i‘*)*Qan +\/F”Pp(700+

inf . n"
0€O0n (P)NR eV, (60,6n) Vn \f) " lls;, »
h
_ inf inf W, * g+ P O 4+ ——) x fbn . to,(ay
" 60€Oum (P )OR%GVn(GO’én)H pp(+00) = g +/nPp(-, 0 \/ﬁ) @5, + op(an)
(C.6)

uniformly in P € Py. Thus, the Lemma follows from results (C.3), (C.5), and (C.6)
together with Lemma C.3. m

PROOF OF THEOREM 5.1: First we note that Assumption 4.1(i) implies

sup sup  ||[VnPp(-,00) * ¢ |l < vVnp (C.7)
PePg 0p€eOon (P)NR

Therefore, Lemma B.4, result (C.7), and the law of iterated expectations yield that for
all P € Py, 6y € Op,(P)N R, and h/\/n € V,,(0y,¢,) we must have

IVaP(-. 60+ f;ﬂ x g — Dy p(00) (1]l

< |V/a{Pp(- 0 + %) e g — Pp(-0) + g5} — Dy p(@0)Rlll2 + Vit - (C.8)

Moreover, Lemma C.5 and the maps mp, : B,, — L% satisfying Assumption 5.4(i) imply

T FEn,

DS (Vlme (0 + =) = mry(60)} = Ve, (o) 1] )

=1 k=1
< E_Z CollVin{m, (B0 + =) = m (60) = Vi (00 =1
< 3 R xmx I x 1L ()
= 2 ot I s
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for some constant Cy < oo and all P € Py, 6y € O¢,(P) N R, and h/\/n € V, (6o, Ly).
Therefore, by results (C.8) and (C.9), and the definition of S, (L, E) in (35) we get

h
sup sup sup  ||VnPp(-, 00 + —=) * gi" — Dn,p(60)[A]
PEP) 8)€@0n(P)NR LV, (60.0) Vn

<VICo K x /i x 12 x Spy(L,E) + v/né, = o(a,) (C.10)

due to K02 x S,(L,E) = o(ann_%) by hypothesis and v/n¢, = o(ay,) by Assumption
s . 1

5.3(ii). Next, note that since kn/T\/log(kn)B? X SUPpep JH(EZP,}"n, Il - ||L§3) = o(ay),

Assumption 5.3(i) implies there is a sequence /,, satisfying the conditions of Lemma 5.1

and £, = o(/,). Therefore, applying Lemma 5.1 we obtain that

h
I,(R) = inf inf W, * n"Jr Ppo(-, 0p+—=)% n” )rtoplan
(R) = hEOmPINR 2 eV, )H pp(+,00)%q" ++/nPp(-, b0 \/ﬁ) a5, (p).r+0p(an)
(C.11)
Moreover, since £, = o(gn) implies Vn(G,Zn) C Vp(6,4,) for all § € ©,, N R, we have
inf inf W, pp(-,00) * ¢i* + v/nPp(-,0 —l—i)* Fa |
906@0"(P)QR%€V71(90,Z”) n,PpP qn P\ Yo NG an I=,.(P),r
h
< inf inf W, -, 00) * fbn+ nPp(-, 00 + —) x I;n
. 906@0n(P)ﬁR%EVn(00,€n)H pp(+,00) * q VnPp(-, b \/ﬁ) @ Is.(P)
= inf inf W, pp(-,00) * ¢¥ + Dy, p(0)[h ~+opla,)  (C.12
906@0n(P)ﬂR \thVn(Qo, )H ’Pp( 0) q ’P( )[ ]Hzn(P)v P( ) ( )

uniformly in P € Py, with the final equality following from (C.10), Assumption 3.4(iii)
and Lemma C.1. Thus, the first claim of the Theorem follows from (C.11) and (C.12),
while the second follows by noting that if K,,R? x S,(L,E) = o(annfé), then we may
set £, to simultaneously satisfy the conditions of Lemma 5.1 and K,,/2 x S,,(L,E) =
o(annfé), which obviates the need to introduce £, in (C.11) and (C.12). m

Lemma C.1. IfA is a set, A: A - RF, B: A = R*, and W is a k x k matriz, then
inf A » — inf B - < . AN - B o
it IWAQ) = it [WBO) L] < [ o % sup [ A0) = BV
PROOF: Fix n > 0, and let A\, € A satisfy [|[WA(X)||r < infyep |[WA(N)|» + 7. Then,

inf [WBA)|» — inf [WAN)- < [[WBQa)llr = [WARG) | +n
€A A€A

< [[W{B(Aa) = AQa)HIr + 1 < [Wlop x Sup [AN) = BWl- +n (C.13)

where the second result follows from the triangle inequality, and the final result from
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Wl < |[[W/lox|v]lr for any v € R*. In turn, by identical manipulations we also have
inf [[WAX)|r — inf [WBA)[lr < [Wlos x sup [|AQA) = BA)[l- +7.  (C.14)
€A AEA AEA

Thus, since i was arbitrary, the Lemma follows from results (C.13) and (C.14). m

Lemma C.2. Let Assumptions 3.2(i), 3.4, and 5.2(i) hold. If 6, | 0 is such that
k" 10g(kn) Bn X suppep J1(6", o, || - Ir2,) = olan), then uniformly in P € P:

h
sup sup [W,pp(-, 00 + —=) * gir — Wy pp(-, 0p) * qgn”imr = op(an) -
Qoe@on(P)ﬁR %Evn(eo,lsn) \/ﬁ

PROOF: Since ||qkn,llLey < By forall1 <3< J and 1 <k < ky, by Assumption 3.2(i),
Assumption 5.2(i) yields for any P € P, 6 € ©, N R, and h/\/n € V,(6,,) that

h 2 2 22 1
%) — p(Xi, 0) 1265, (Zi)] < KanH%”
Next, define the class of functions G, = {f(2)qxn,(2) for some f € F,, 1 < 5 <
J and 1 <k <k, ,}, and note that (C.15) implies that for all 1 <y < 7 and P € P

Ep[|lp(X;,0 + o < K2B25. . (C.15)

h
o o max  [Wy ppy(-,00 + —=)qkny = Wn,ppy (-, 00) G,y
80€O0n (P)NR %Evnwo,én) 1<k<kn,, " J \/ﬁ n.J n J n,)

< sup W, pg1 — W, pga| . (C.16)
91,92€9n1||91—92HL%SKanfszp

Hence, since ||Snall, < [|Sallorllallr < ||§A]n||o7rk,11/T||a|]OO for any a € R*, (C.16) yields

h
sup sup  [Wopp(, 00 + —=) * a5 — Wo pp(-00) x4y |15,
00€Oon (P)NR %evn(go,gn) \/ﬁ

S ||2n||o,rk}ll/r X sup ‘Wn,Pgl - Wn,PQQ‘ . (017)
91:92€Gn:ll91 =92l 2, <K,Bn6,"

Moreover, Corollary 2.2.8 in van der Vaart and Wellner (1996) implies that

sup Ep| sup Wy, pg1 — Wy, pgal]
K
PEP 91.9:€Gnill91-92ll 12 <KpBndn”

K,Bnén?
< sup Co/ \/logNH(e/Q,gn, I llz2)de  (C.18)
PeP 0
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for some Cy < 0o. In turn, Lemma B.1 and the change of variables u = ¢/2B,, yields

K,Bndn
sup/ \/logN[] €/2,Gn, || - [| 2, )de

PeP Jo

K Bndn?

< sup v/log(kn) | 1+ 108 Niy(e/2Bn, Fo, | - [12,)de

PeP

K60 /2
< sup 2 log(k:n)Bn/ ’ \/1 +log Njj(u, F, || - (|22 )du . (C.19)
PeP 0 r

However, since Njj(e, Fy, || - || 2 ) is a decreasing function of €, we can also conclude

Kp6,," /2
su 1+ log Nyj(u, Fa, || - du
sp [ il Ny B i)

K,
< max{ 1} X Sllp Jﬂ(dn s Fns H HL2 (0'20)

by definition of Jj;(d, F, || - HL%). Therefore, the Lemma follows from (C.17), || %, [0, =
Op(1) by Lemma B.3, and Markov’s inequality combined with results (C.18), (C.19),

(C.20), and k' \/1og(kn) B X suppep J (05, Fu, || - | 12) = 0(an) by hypothesis. m

Lemma C.3. Let Assumptions 3.2(i), 3.3(ii), 3.4, 4.1(i), and 5.3(ii)-(iii) hold. For
any sequence 0, J 0 it then follows that uniformly in P € Py we have

h
inf inf Wy pp(-,00) % gy + VnPp(-,00 + —=) % q5" )
00€@0n (PR eV, (60,6 n)H PP+, 00) * qi* +/nPp(-, 0 \/ﬁ) s, P,
h
= inf inf ||W,,pp(-,00) * gk +VnPp(-, 00 + —=) * g |l¢ . +oplan
= socorp )”R%EVn(GO,Jn)H pp(,00) * g +v/nPp(-, 0o \/ﬁ) @ N, -+ oplan)

PRrROOF: First note that by Assumptions 3.4(ii) there exists a constant Cp < oo such
that max{|| S (P)|lor, |1 Zn(P) " lor} < Cp for all n and P € P. Thus, we obtain

h
HWmPp( )*Qn +\/>Pp< 904—7)*(]”””2”7,

vn

- h
<{ColIZn = Zn(P)loyr + W pp(-, 00) * g + v/nPp(-, 00 + %) * @5 |5, (P).r
(C.21)

by the triangle inequality. Moreover, since 0 € V,,(6g, 0,,) for all 6y, we also have that

h
inf inf vvn . 0n) *x an + nP . 0 + )« an .
< (Cy X inf n P kn L (C.22
< Cy QOGG(IJI:(P)MRHW pp(-00) * gk +/nPp(-,00) * ¢k, . (C.22)
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Hence, Lemma C.4, Markov’s inequality, and Assumptions 4.1(i) and 5.3(ii) establish

inf W, pp(-,00) * g + v/nPp(-,00) * g2 ||,

00€BOon(P)NR
< sup [[Wopp(, 0) % qi" |l + o(1) = Op(kp/"\/10g(kn) BnJn)  (C.23)
€O,NR

uniformly in P € Py. Therefore, (C.21), (C.22), (C.23), and Assumption 5.3(iii) imply

h
inf inf W, s« @ + /nPp(-, 00 + * nn
00€€0n (P)NR eV, (60.5,) Wi, pp(-, 00) * gim + v/nPp(-, 00 \F) @ lls,,
h
< inf inf W, sqtn +/nP 0o+ % nn ++0p(an
_eoeeo,L(P)mR%EVnwo’én)H pp(-,00) % gt ++/nPp(-, 0 —\/ﬁ) a5 |3, Py +0p(an)
(C.24)

uniformly in P € Py. The reverse inequality to (C.24) follows by identical arguments
but relying on Lemma B.3 implying |30, = Op(1) and |20 = O,(1) uniformly
in P € P rather than on max{||<,,(P)|lo., [ Zn(P) or} < Co. m

Lemma C.4. If Assumptions 3.2(i) and 3.3(ii)-(iii) hold, then for some Ky > 0,

sup Ep| sup |[|[W,.pp(-,0) * ¢&||,] < Kok \/1og(kn)BnJn
PepP 0€ORNR

PROOF: Define the class G, = {f(x)qrn,(2) : f € Fp, 1 <3< T, and 1 < k < ky ),
and note [|a||, < d"/"||a||s for any a € R implies that for any P € P we have

Ep[ sup [[W, pp(-,0) * g5, < k”’”EP[sup (W, pgl]
0c©,NR 9€Gn

< BB Wopgol] +C1 [ \flog N (/2G| Iz )de} . (C:25)
0

where the final inequality holds for any g9 € G,, and some C7 < oo by Corollary 2.2.8 in
van der Vaart and Wellner (1996). Next, let G,,(v) = B, F,,(v) for F,, as in Assumption
3.3(ii) and note Assumption 3.2(i) implies G,, is an envelope for G,,. Thus [—-G,,, G,] is

a bracket of size 2||G,,|| 12, covering Gy, and hence the change of variables u = € /2 yields

| o2 6l T e

2(|Gnll 2
:2/ e \/1+logN[](u Gno ||+ 22 )du < Ca/log(kn)BpJn , (C.26)
0

where the final inequality holds for some Cy < oo by result (B.28) and Npj(u, Gn, || - || 2 )
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being decreasing in u. Furthermore, since Ep[|W,, pgo|] < ||gol| 2 < |Gl L2, we have

1Gnll 2
EPHWn,PgOH < ”GHHL% < /0 r \/1 —|—10gNH(U, Gn, H : HL%)du . (C27)

Thus, the claim of the Lemma follows from (C.25), (C.26), and (C.27). m

Lemma C.5. Let Assumption 5.2(ii) hold. It then follows that there exists a constant
C < oo such that for all P € P, n>1,1<3<J, and functions f € L% we have

kn,]

Y (fethng)ia < CEp(Bp(f (V)| Ziy))?] - (C.28)
k=1

PROOF: Let L%(Z; ;) denote the subspace of L% consisting of functions depending on
Z; , only, and set 2(N) = {{er )2, s e € R and H{Ck}Hﬁ(N) < 0o}, where ||{ck}H?2(N) =
>, c2. For any sequence {cj} € ¢*(N), then define the map Jp,, , : (2(N) — L%(Z;,) by

k’"«’]

']Pﬂ,]{ck}(z) = chQk,n,](z> . (029)
k=1

Clearly, the maps Jp,, : £2(N) — L%(Z; ;) are linear, and moreover we note that by
Assumption 3.2(ii) there exists a constant C' < oo such that the largest eigenvalue of
Ep[qf;?j](Zl"])qﬁ:lj](zijj)/] is bounded by C for alln > 1 and P € P. Therefore, we obtain

sup sup || Jpn |2 =supsup  sup  ||Jpn{ck}3e (Z:)
PeP n>1 PePnz>1{c,}:>°, c2=1 P\“iyg

kn,] o0

= supsup  sup EP[(Z k. (Zig)? < sup CY c2=C (C.30)
PePn>1{c}:37, cf=1 k=1 {a}:Xraq=1 =1

which implies Jp, , is continuous. Next, define Jp, , - L%(Z;,) — 2(N) to be given by

. (C.31)

; o0 (9 hn)12(z,,) ik <kn,
Ipn9 = {ax(9) i ax(g) = { ™/ Lp(Zi,s) J

0 it k> ky,

and note Jp, . is the adjoint of Jpy, ;. Therefore, since ||Jpn,llo = ||/p,, ,llo by Theorem
6.5.1 in Luenberger (1969), we obtain for any P € P, n > 1, and g € L%(Z; )

kn,;
2 _ 2 2 2 o 2 2
Z<gan,n7]>L§D(zm) = ||J1*3,n,gg||g2(N) < ||J]*3,n,j||o||gHL%3(Zi,]) = ||JP,n,]||0||gHL%D(Zi,]) .

k=1
(C.32)
Therefore, since Eplf (V)i (Zi))] = EplEplf(Vi)|Zs auny(Zi,)] for amy f € L,
setting ¢(Z; ;) = Ep[f(Vi)|Z;,] in (C.32) and exploiting (C.30) yields the Lemma. m
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APPENDIX D - Proofs for Section 6

PRrROOF OF THEOREM 6.1: First note that Lemma D.1 implies that uniformly in P € Py

Uu(R)= inf inf  [[W5 pp(-.0) % & + Do p(®)llln, () + 0plan) - (D.1)

0€6,NR %evn(e,en)

Thus, we may select 0, € ©,, N R and ﬁn/\/ﬁ € Vn(én, ¢y,) so that uniformly in P € Py
Un(R) = W}, pp(-, 0n) % ai" + Dn p(0n) (]I, (). + 0plan) - (D.2)

To proceed, note that by Assumptions 5.3(i) and 6.6(ii)-(iv) we may select a §,, so that
0,Sn(B,E) = o(ry), H{Ky V Kg > 0}6,5,(B,E) = o(1), Ry, + vnT = 0(0p), and

b % Sp(B,E)L{K} > 0} = o(a,n"?) (D.3)

Knbnly x Sp(L,E) = o(ann"?) (D.4)

k" \/og(kn) By, % sup Ji1(6n°, Fo, || - [112) = o(an) - (D.5)
PcP

Next, notice that Theorem 4.1 implies that there exist 0, € Og,(P) N R such that

~

”Qn - QOnHE = Op(Rn + UnTn) (D'6)

uniformly in P € Py. Further note that since ||gxn,llze < By for all 1 < k < ky; by
Assumption 3.2(i), we obtain from Assumption 5.2(i), result (D.6) and R+ 7 = 0(dy)
that with probability tending to one uniformly in P € Py we have

A 2K
Ep[llp(Xi,05) = p(Xi, Oon) 1305 5 (Zi5)] < BRK00™ . (D.7)

Hence, letting G, = {f(2)qrn,(2)) : f € Fn, 1 <3< T, and 1 < k < ky,}, we obtain
from ||,,(P)||o, being uniformly bounded by Assumption 3.4(iii), results (C.18)-(C.20),
Markov’s inequality, and d,, satisfying (D.5) that uniformly in P € P

W3 oo, 0n) * g — Wi pp(-, f0n) * a7 |5, (p).r

< NS (P) o Thy/” sup (W3, pg1 — W3 pga| = op(an) . (D.8)
9179269715”91—92”,;%) <BnK,6,"

Similarly, since 6, € (©0n(P)N R)¢ with probability tending to one uniformly in P € Py

by Lemma 4.1, we can exploit Lemma D.3 to obtain for some C' < oo that

HDH,P(GOn)[iLn] - Dn,P(én)[ﬁn]HEn(P),r < Hzn(P)Ho,r X CKmHén - 90n||LHBHE +Op(an)
< NEn(P) oy X CKpKpSn(L,E)oplny/n + op(an) = op(an) (D.9)
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where the second inequality follows from ||hy,//7llB < o due to hy//n € V(0. 0y,
|halle < Kpllhn|ls by Assumption 6.1(i), and Ry, + vnmm = 0(6,). In turn, the final
result in (D.9) is implied by (D.4) and ||3,(P)|lo, being uniformly bounded due to
Assumption 3.4(iii). Next, we note that (D.6) and R,, + vn 7, = 0(J,,) imply

||én - HOnHB = Op(én X SH(B’E)) (DlO)

uniformly in P € Py. Thus, since 6,S5,(B,E)1{K;V K, > 0} = o(1), §,5,(B,E) =
o(ry), and limsup,,_, . ¢, /rn1{K, > 0} < 1/2 by Assumption 6.6(iii), we obtain

o > (My0,S,(B,E) + K,0282(B,E)) V 2(£y, + 6,5,(B, E))1{K, > 0} (D.11)

for n sufficiently large. Hence, applying Theorem E.1 and exploiting Assumption 6.1(ii),
and ||h||g < Kpllh|l for all h € B,, and P € P by Assumption 6.1(i), we obtain that
there is an M < oo for which with probability tending to one uniformly in P € Py

iLn hO

mf 12 = D < M (6 + 6,Su(BE)I{K, > 0} . (D.12)
R0 cvr (Bom2Kptn) VI VT d

Jn

In particular, it follows from Assumption 6.6(ii) and (D.3) that we may find a hq,/\/n €
Vi (Oon, 2Kply,) such that ||ho, — iLnHB = op(ay) uniformly in P € Py, and hence As-
sumption 3.4(iii), Lemma D.3, and ||h||g < Kp|lh||B by Assumption 6.1(i) yield

||Dn,P(00n)[iln] - Dn,P(HOn)[hOn]HEn(P),r < ||Zn(P)||0,r X CMmHil - hOnHE = Op(an)
(D.13)
uniformly in P € Py. Therefore, combining results (D.2), (D.8), (D.9), and (D.13)
together with 6y, € O, (P) N R and ho,/v/n € V,(0on, 2Kply,) imply

Un(R) = ”W:L,Pp(" Bon) * sz" + Dn,p(6on ) [hon] HEn(P),r + op(an)

> inf inf W pp(-0) * 5 + Dy p(6) Ml p)r + 0plan) (D.14)

0€6o,(P)NR %GVn(GQKbEn)

uniformly in P € Py, thus establishing the claim of the Theorem. m

PROOF OF THEOREM 6.2: First set G =R, T(0) = —1 for all § € B, and note that
R={0eB:Tp0)=0}={0€B:Tp(f) =0and Tg(0) <0} . (D.15)

Moreover, also note Assumption 6.2 is automatically satisfied with K, = M, = 0 and
VY¢(0)[h] = 0 for all 0, h € B, while Assumption 6.4 holds with hg = 0 and € = —1.
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Similarly, since K, = 0, definition (68) implies G, (6) = B, for all # € B, and hence

— €B,: —= € GyH), + —) = n — </,

h h
= eEB,:Tr(0+—)=0and |—|B < ¥¢,}. (D.16
~ (- PO+ o) =0and [ Slln < 6) . (D.16)
Furthermore, since (D.16) holds for any r,, we may set r,, so Assumption 6.6(iii) holds.

Thus, it follows that we may apply Theorem 6.1 to obtain uniformly in P € Py

U.(R)> inf inf W pp(-,0) * ¢ + D, p(0)[h -+ op(an) .
(R) QEGOR(P)OR}GWMKMII pP(,0) xq PO, p)r + 0p(an)

(D.17)

Next, note that since (k,l/rw/log(k:n)Jan/\/ﬁ + ¢n) = o(7,) by hypothesis, we have

C € = ,
hnnl>l£fp1£fo PO, (P)NRCO,NR)=1 (D.18)
by Lemma 4.1(ii). For notational simplicity define ;! = S,,(B, E), and then note that
Ih|lB < ¢, for any h € B,, satisfying ||h|lg < nnl,. Thus, we obtain by definitions of
Vi(6,0) and V,,(6,¢) that for any P € P and 6 € ©,, N R we have

Vi (0, mb) = {f :9+;ﬁ€®nﬁRandH;ﬁHE§nn£n}
{\FGB TR0+ ;ﬁ):Oand H;ﬁllBéﬁn}an(é’,ﬁn). (D.19)

Therefore, Lemma D.1 and results (D.18) and (D.19) imply that uniformly in P € Py

Un R) < inf inf W - 0) x ﬁn—i—Dn +op(an) .
( ) Ge@on(P)ﬂRTGVn(gmngn) H 7Pp( ) q 7P( )[ ]”Zn p( )
(D.20)

Furthermore, we also note that the definition of S,,(B, E) and Assumption 6.1(i) yield
[h[|B < Sn(B,E) x [[h]|g < (B, E) x K|h[ls (D.21)

for any h € B,, which implies S,,(B,E) > 1/K}, and thus 7, = O(1). Hence, since
RnSn(B,E) = o(¢,,), we have R,, = o(€yny A £y). Similarly, Assumption 6.6(ii) implies
k‘rlz/r log(kn)Bn suppep J[](g’:f V (lnnn)™ s Fon || - HL%,) = o(an) and K (63 V £2n) %
S,(LE) = o(ann_%). Thus, applying Lemma D.4 with ¢, = ¢, and ¢, = Ly, yields

. inf [[W pp(-,0) * @y + Dop(6)[h
scOamtPIOR L eirtouany | PO PO)]5,p

= inf inf W L 0) % ¢" + D, p(O)[h +o,(a,) (D.22
oM s [P0 0) 2 DOl + ) (D2
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uniformly in P € Py. Hence, results (D.17), (D.20), and (D.22) allow us to conclude

Un(R) = inf inf W pp(-,0) * ¢ + D, p(0)[h »+op(an
()= gy 8 I 0) <+ B Ol 1+ ol

(D.23)
uniformly in P € Py, which establishes the first claim of the Theorem.

In order to establish the second claim of the Theorem, we first define the set

h h
No(6,0) = (= € B, : VYr(B)h] = 0 and |—=|[g < £} . D.24
(0.0= (S € B, VIrOh = 0and | I-fm <6} (D20
Next, note that since ©¢,(P) N R = {0y, (P)}, Theorem 4.1 yields uniformly in P € Py

dg(©n N R, 00,(P), ]| - ||g) = 7}1(@” NR,00n(P), |- lg) = Op(Ry + vn1) . (D.25)

Furthermore, since (R, +v,7,) X Sp(B, E) = o(¢,,), Assumptions 5.3(i) and 6.6(ii) imply
there is a ¢, | 0 satisfying (D.3)-(D.5), Ry, + vn7n = 0(d,), and

80 X Su(B,E) = o(f,) . (D.26)

Moreover, identical arguments to those employed in (D.8), (D.9), and (D.10) yield

sup  |Wy; pp(-,0) % @i — Wi, pp(-, 00n(P)) * g5 |2,y = 0p(an) (D.27)
0€6,NR
sup sup  [[Dy,p(0)[h] — Dn,p(0on(P))[A]lls,p)r = oplan) (D.28)
0€6,NR %evn(e,zn)
sup [|0 — Oon(P)|[B X {Sn(B,E)} ! = 0,(6,) (D.29)
9€6,NR

uniformly in P € Py. Therefore, we can conclude from Lemma D.1 and results (D.27)
and (D.28) that we may select a 6,, € ©,, N R so that uniformly in P € Py

A~

Un(R)=  inf W} pp(-0n) * 4y + D, p(6) [Bllss, (P + 0p(an)

TV (B )

= b W (- 60u(P)) % & + D (Bon(P)Rll sy + 0p(an) . (D.30)

D€V (0n tn)

We next proceed by establishing upper and lower bounds for the right hand side of
(D.30). To this end, note that by (D.30), we may select a hy,//1 € Viy(Op, £y) so that

Un(R) = W, pp(-+ 0n(P)) * 4" + D, p(00n (P)) [funlllss, (P + 0p(an) (D.31)

uniformly in P € Py. Also observe that the final equality in (D.19), result (D.29), and
Lemma E.1 (see (E.29)) imply that there exist M < oo and hy,/v/n in Ny (6on(P),26,)
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such that with probability tending to one uniformly in P € Py we have

Hﬁ - %HB <M x en(én + dn X Sn(B7E))1{Kf > O} : <D'32)

Thus, we obtain from (D.32), ||2n—hnlle < Kollhin—hin||B, |Zn(P) |0, being uniformly
bounded by Assumption 3.4(iii), and Lemma D.3 that uniformly in P € P,

HDH,P(GOn(P))[ﬁln] - DmP(aOn(P))[ﬁln]HEn(P),r < ||2n(P)”o,r X CMmHilln - illnHE
S (U + 0p X Sp(B,E))Vnl{Kf > 0} + op(an) = op(an) , (D.33)

where the final equality follows by (D.26) and ¢2v/n1{K; > 0} = o(a,) by Assumption
6.6(ii). Hence, (D.31), (D.33), and hyy/v/n € Ny (0on(P), 2¢,) yield uniformly in P € Pg

Un(R) = W, pp(-+ 80n(P)) * 4" + D, p (800 (P) [hn] |5, (), + 0p(an)

> inf IW?, po(-, Bon(P)) * 4" + D, p (8o (P)) [Plls:, (). + 0p(an) -

%ENn(HOn(P),QZn)

(D.34)

To establish an upper bound for (D.30), let hun/v/n € Nu(Oon(P), €n/2) satisfy

inf W5, pp (-, Bon(P)) * g5 + D, p (o (P)) 1] |5, ().
L eN, (00n (P),2)

vn 2
= [[W3, pp (-, Bon(P)) g5 + D, p (B0 (P) [Trun][I5s, (P + 0p(an)  (D-35)

uniformly in P € Py. Next note that by Lemma E.1 (see (E.30)), the final equality in
(D.19), and (D.29) we may pick a hun/v/n € Vi(6n, ,) such that for some M < oo

iLun iLun
- <M n\tn n n ’ .
I NG \/ﬁHB < M x Ly (by 4 6, x Sp(B, E))1{K; > 0} (D.36)

with probability tending to one uniformly in P € Py. Therefore, exploiting Lemma
D.3, [|£n(P)||o,r being uniformly bounded by Assumption 3.4(iii), result (D.36), and
HiLun — BunHE < KbHiLun — iLunHB implies that uniformly in P € Py

HDn,P(GOn(P))[ﬁun] - Dn,P(QOn(P))[Eun]HEn(P),r < ||En(P)||0,r X CMmHilun - EunHE
S Uy + 0p X Sp(B,E))Vnl{Kf > 0} + op(an) = op(an) , (D.37)

where in the final equality we exploited (21{K; > 0} = o(a,n~'/2) by Assumption
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6.6(il) and 6,, satisfying (D.26). Hence, we conclude uniformly in P € P that

U (R) < ||Wn pP(+ 0on(P)) * qui" "’]D)n,P(HOn(P))[Bun]||Zn(P),r + op(an)

= . (1£1f () L W3, po(:; Oon(P)) * gkn + D, p(Bon (P)) [B]|5,.(P).r + 0plan)
Vm ENn 0o (P), )

(D.38)

where the inequality follows from (D.30) and hyy/v/n € Vii(6y, £,), while the equality is
implied by results (D.35) and (D.37).

Finally, we obtain from results (D.34) and (D.38) together with Lemma D.5(i) that

OB =, dn W ol Bon ) £+ Do (P s,y + ()
(D.39)

uniformly in P € Py. Setting V,, p = {v = £,,(P)D,, p(Oon(P))[h] for some h € B, N
N (VY r(0on(P)))}, then note that V,, p is a vector subspace of R¥* by linearity of
Dy, p(fon(P)) and its dimension for n sufficiently large is equal to ¢, = dim{B, N
N (VY (00,(P)))} by Lemma D.5(ii) and 3, (P) being full rank by Assumption 3.4(iii).
Letting Z, € RF» denote a standard normal random variable, we then obtain from
r =2, %,(P) = {Varp{p(Xi, Oon(P)) g (Z;)}}~ 2, and (D.39) that uniformly in P € Py

. ' 1
Un(R) = UEI%/lfP |Zn, — vll2 + 0p(an) = {Xlgn—cn}z + op(an) , (D.40)

where the final equality follows by observing that the projection of Z,, onto V,, p can be

written as IIpZ, for some k, X k, idempotent matrix IIp of rank ¢,. m

PRrROOF OF LEMMA 6.1: First, let 0, €0, NRand h, € Vn(én, +00) be such that

inf inf Hwnp(, 0) * qli” + DH(Q) Wlls
0€6,NR feVn(O +00) "

= HWnP(a én) * qqli“ + Dn(én)[ﬁn]nzmr +o(a,) . (D.41)

Then note that in order to establish the claim of the Lemma it suffices to show that

limsup sup P<”THB >0,)=0. (D.42)

n—oo PePy

To this end, observe that since 0 € Vn(ﬁ, +o0) for all § € ©,, N R, we obtain from the
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triangle inequality, | > llo »(1) by Lemma B.3 and Assumption 6.5 that

D5 (@)l » < IWap(:,60) % g5 + D (Bn) n]lls,,, + IWap(-, 00) * a7 s,

) nP (s én) * anHr +o(a,) < 2”E HOTHWn PP 0 ) * Qﬁn”r + Op(an)
(D.43)

uniformly in P € P. Hence, since ©,NR C O, NR almost surely, we obtain from result
(D.43), |20 ]lor = Op(1), and Lemma C.4 together with Markov’s inequality

<2Snllog X sup Wi pp(-,0) * ¢ ||, + 0p(an) = Op(ky"\/log(kn)BnJn) (D.44)

0€0,NR

uniformly in P € P. Moreover, note that since ©,, N R C (6,(P)NR)¢ with probability
tending to one uniformly in Py by Lemma 4.1, and h,, /\/n € Vn(én, +00) implies h, €
V{B, N R —0,} we obtain from the first hypothesis of the Lemma that

limsup sup P/, < ||—
msp sup P(t < |7 )
= limsup sup P({, < H*IIB and || hnlg < Vi |[Dn,p () [ 1)

n—oo  PePy

m%
3

< limsup sup P(f, < | =5 and ||hn|g < 20, [|Dp(0n)[hn]ll;) .  (D.45)
n—oo  PePy \/ﬁ

where the inequality follows from (74). Hence, results (D.44) and (D.45), the definitions

of $;,(B,E) and R,,, and S,,(B,E)R,, = o(¢,,) by hypothesis yield

hn,
limsup sup P4, < HTHB)

n—oo PePy

< limsup sup P(ly < 2°=8,(B, E)[Dn(0n)[hall) =0, (D.46)

n—oo  PePy vn
which establishes (D.42) and hence the claim of the Lemma. m

PRrROOF OF THEOREM 6.3: We establish the first claim by appealing to the first claim of
Lemma D.6. To this end, we note condition (D.97) holds by Assumption 6.7 and define

*p(R)=  inf inf W pp(-,0) * ¢k + D, p(0)[R »y (D47
pR) 96@0"(P)QR%EV"(672K,)£")H ,P:O( ) *q r0)] }”En(pL ( )

which is independent of {V;}!' ; by Assumption 6.5. Moreover, Theorem 6.1 yields

Un(R) > U} p(R) + op(an) (D.48)
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uniformly in P € Py, while Assumption 6.6(ii) implies K,,(2Kpl5)? x Sp(L,E) =
o(ann_%) and k:,lq/rx/log(k:n)Bn x suppep J[((2Kpln) ", Fu, || - ||L§)) = o(ay,), and hence

In(R) < inf inf W, pp(-, )45+ D, p(0) h][I5s, (P r +0p(an) (D-49)

0€00n (P)NR %EVTL(GQK,,KH)

uniformly in P € Py by Theorem 5.1(i). Since the right hand side of (D.49) shares the
same distribution as U} p(R), the first claim of the Theorem holds by Lemma D.6(i).

For the second claim of the Theorem we first note that Theorem 6.2(i) yields that
Un(R) = U3 p(R) + 0p(a) (D.50)

uniformly in P € Pg. Furthermore, as already argued 2K¢, satisfies the conditions of

Theorem 5.1(i) by Assumption 6.6(ii) while R,, = o(¢;,) in addition implies that

I,(R)= inf inf W, pp(-,0)%¢" +D,, p(0)[h +op(an) (D.51
(1) eeeon(P)mR%EVn(e,szm” PP(,0)*q PO[Ns,p)+oplan) (D.51)

uniformly in P € Py (see (C.12) and subsequent discussion). Hence, since the right
hand side of (D.51) shares the same distribution as U} p(R) and condition (D.97) of
Lemma D.6 holds by Assumption 6.7, the second claim of the Theorem follows from
results (D.50) and (D.51), and Lemma D.6(ii).

In order to establish the final claim of the Theorem, we next note that since (:)nﬂR -
O, NR and 0 € Vn(G,Bn) for all 6 € ©, N R it follows from Assumption 6.5 and
|20l = Op(1) uniformly in P € P by Lemma B.3 that we must have

lim sup sup P(Up(R) > Mk \/1og(kn)BnJyn)

n—oo PecP

< limsup sup P( sup ||Wn,Pp('a 0) x QE” ||zn r > Mk}/r V10g(kn) B Jn)
n—oo PeP  0€O©,NR '

= lim sup sup P( sup HWZ,PP(': 9) * qzn”i r > Mk}m/r \% log(kn)Ban) . (D'52)
n—oo PEP  0€O,NR "

Therefore, (D.52), Markov’s inequality, and Lemmas B.3 and C.4 allow us to conclude

lim sup lim sup sup P(U,(R) > MkL/"\/log(kn)BnJy) =0 . (D.53)
Mtoo n—oo PeP

We thus obtain from the definition of ¢, 1_q, result (D.53), and Markov’s inequality

lim sup lim sup sup P(¢p 11— > Mk}l/rx/log(k:n)Ban)
Mtoo  n—oo PeP

= lim sup lim sup sup P(P(Up(R) > Mkp+\/10g(kn)BnJn|{Vi}1y) > @) = 0. (D.54)
Mtoo  n—oo PeP

Next observe that ||al, < \|§A];1||07,,Ha\|2n , for any a € R*, and hence by Lemma B.2 we

66



obtain for some Z,, p € R satisfying suppcp Ep[Z,,p] = O(k,lL/T\/log(kn)Jan/\/ﬁ)

Ln(R) > v/n|[ S, o0 ponf [|Ep[p(Xi,0) « gy (Z)]l - VillEallosZap - (D.55)
Moreover, assuming without loss of generality that 7, p,(6)’ qﬁf‘jj is the ||| 2, projection

of Eplp,(Xi,0)|Z;,] onto the span of qﬁf}’](Zi7j), we obtain by Lemma B.4 that

) kn (7.
gl NEP[P(Xi, 6) % g (Z0)]lr

1 1

1
5 ? 2 kn,
> J bk 2€eglfm{§:llEP 4 (Zi)an's’ (Zig) 1y O)l2} - (D.56)

Thus, since the eigenvalues of Ep [qfﬁf (Ziyj)qffj] (Z;,)'] are uniformly bounded away from

zero by Assumption 6.8(ii), we can conclude from result (D.56) that

1 1
eegifm% IEp[p(Xi,0) * ap* (Z)]llr 2 ki he glme{Z anJ Ton, )HL%}
Ly iy
= 961323{; 1Eplp)(Xi,0)| Ziglll 2} — ka2 Koky " (D.57)

where the second inequality must hold for some Ky < oo by Assumption 6.8(i) and
©, N R C ©N R. Hence, results (D.55) and (D.57) imply that for M > K and some
€0 > 0 it follows that for any P € Py, (M) we must have

In(R) > |15 |oreo M b " \/1og (k) Jn By — Vil Sl Zn.p - (D.58)
Thus, since (D.58) holds for all P € Py, (M) with M > Ky, Py, (M) C P implies that

inf  P(I,(R) > én1-a)

PePlyn(M)
> e P(oM S Gk 08 ) B > o+ VSl 2 )
1,n

2 nf P(eoM |5 loa ks 10g(kn) JuBr > éni—a + Vi Enllos Zap) - (D.59)

In particular, since: (i) max{||,]lor, X5 o} = Op(1) uniformly in P € P by Lemma
B.3, (i) Z,p = Op(kyll/ry/log(k:n)Jan/\/ﬁ) uniformly in P € P by Markov’s inequality

and suppep Ep[Zn.p] = Ok \/1og(kn)BnJn//n) by Lemma B.2, and (iii) én1_a =
(k‘}/r\/log(kn)Jan) uniformly in P € P by result (D.53), it follows from (D.59) that

liminfliminf  inf  P(I,(R) > éni-a) =1, (D.60)

M*too n—00 PePi (M)

which establishes the final claim of the Theorem. m
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Lemma D.1. Let Assumptions 3.1, 3.2(i)-(ii), 3.3, 3.4, 4.1, 5.1, 5.2(i), 5.3(iii), 5.4(i),
6.1, 6.5, and 6.6(i)-(ii) hold. It then follows that uniformly in P € Py we have

Un(R) = inf inf W}, pp(-,0) % i + D, p(0) [P, () + 0p(an) - (D-61)

0€6,NR %effn(e,en)

PROOF: For an arbitrary € > 0, observe that Lemma 4.1 and Assumption 6.6(i) imply

. . . A C £ — ) ]
llnlgg.}fpléllgop(@nmR_ (Oon(P)NR)2) =1 (D.62)

Furthermore, for any 6 € ©, R and h/v/n € V,,(6,£,) note that Yg(d+h/y/n) < 0 and

YTr(0 + h//n) = 0 by definition of V;,(6,£,). Thus, 0 + h/\/n € R for any € ©, N R

and h/v/n € Vy,(0,4,), and hence result (D.62) and Assumption 6.1(ii) yield

e h . ho .
hgr_l)gfplgff)o PO+ N €0,NRforall e6,NR and N e Vn(0,0,))
~ h A
€0, forall § € ©,NR and 7 e V,(0,¢,)) =1 (D.63)

= liminf inf P(6+ N

n—oo PePy
due to ||h/y/n||B < €, | 0 for any h/\/n € V,,(6, £,). Therefore, results (D.62) and (D.63)
together with Assumption 6.6(ii) and Lemma D.2 yield that uniformly in P € Py
(D.64)

sup sup D (8)[h] — D, p(8)[A]lr = 0p(an) -

A L
0€O,NR LcVr(0.02)

Moreover, since ©, "R C ©,, N R almost surely, we also have from Assumption 6.5 that

sup HWnP(, 0) * qz" - W:L,Pp('? 9) * q’;nHT

0c6,NR
< J x fSU}) HanQfL” - WZ,prﬁ"Hr = Op(an) (D'65)
€fn

uniformly in P € P. Therefore, since |2, o = Op(1) uniformly in P € P by Lemma
B.3, we obtain from results (D.64) and (D.65) and Lemma C.1 that uniformly in P € Py
IW3, po(-,0) * g +Du p(O)[H]l5, . + 0p(an) . (D-66)

Un(R) = inf inf
0€6nNR %evn(e,zn)

Next, note that by Assumption 3.4(iii) there exists a constant Cy < oo such that
15 (P) "o < Cp for all n and P € P. Thus, we obtain that

W5 po(-,0) * a5 + Do p(B) (A5, ,
< A{ColIEn = Za(P)lor + LW}, pp(-,6) 4 + Do, p(O) [, (p),r  (D-67)
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for any 8 € ©, "R, h € B,, and P € P. In particular, since 0 € Vn(Q,En) for any
6 € ©, N R, Assumptions 3.4(iii), 5.3(iii), Markov’s inequality, and Lemma C.4 yield

Hin — Xn(P)lloy x  inf , inf ||WZ,PP('7 0) * qﬁn + Dn,P(Q)[h]”z}n r
6EONNR L€V (6,61) :
<Sn = Sa(P)]loy x sup W5 pp(-,0) % qi" |55, (p)r = 0plan) (D.68)
0cO,NR

uniformly in P € P. It then follows from (D.67) and (D.68) that uniformly in P € P

inf inf W2 pp(-,0) % ¢ + Dy p(0)[H]]ls,
0E0LNR L=V (0,61) h

< nfnf W5 pp(+0) * g + Dy p(O) [l (p) s + 0plan) - (D.69)

0€6,NR %emwn)

The reverse inequality to (D.69) can be obtained by identical arguments and exploiting
max{||i?n||o7r, ||ZA];1HO,T} = Op(1) uniformly in P € P by Lemma B.3. The claim of the
Lemma then follows from (D.66) and (D.69) (and its reverse inequality). m

Lemma D.2. Let Assumptions 3.2(i)-(ii), 5.1, 5.2(i), 5.4(i), 6.1(i) hold, and define

h h h

If ¢, | O satisfies kqll/rx/log(kn)Bn X SUppcp J[](Ezp,]-'n, Il - HL%) = o(ay,) and K% x
Sn(LLE) = o(ann_%), then there is an € > 0 such that uniformly in P € P

sup  sup  [Du(®)[h] - Dy p(@)[R]ll; = oplan) - (D.71)
0€(©0n(P)NR)* LeD, (0)

PROOF: By definition of the set D, (6), we have 8 +h/\/n € ©, N R for any § € ©,, N R,
h/\/n € D,(0). Therefore, since |h/\/n|g < £, for all h/\/n € D, (0) we obtain that

. h
sup  sup [ Du(0)[h] — Vn{Pp(, 0+ —=) x gy — Pp(-,0) * g5}
0€OLNR %GDH(Q) \/ﬁ

< sup IGn.pp(,61) % @i" — G pp(-,02) % g ||, . (D.72)
6179269nmR3H91—92”B§£n

Further note that Assumptions 3.2(i), 5.2(i), and 6.1(i) additionally imply that

2 2
sup sup Epl[|p(Xi, 01) — p(Xi, 92)“%%%@,](2%‘,])] < BfLKﬁKbH”@nH” .
PEP 60,,02€0,NR:||01—02||B<{(n
(D.73)

Next, let G, = {f(2)qrn,(2) : f € Fu,1 <3< T and 1 <k < ky,}, and then observe

69



that Assumption 5.1, result (D.73) and ||v||, < kil

V|0 for any v € RFn yield
sup

G, pp(-,601) 4" — G pp(-,02) a7 |
91792€®nmR5”91_92HB§2n
< 2Tk % sup Wi, g1 — Wi pga| + 0p(an) (D.74)
91792€Qn1||91—92||L%§BnKpK:pZZ’J

uniformly in P € P. Therefore, from results (C.18)-(C.20), Markov’s inequality, and

1/r K .

n A/ 10g(kn) By X suppep J[1(6n”, Fus || - ||L§3) = o(ay) by hypothesis, we conclude
. h

sup  sup  [Da(0)[h]—vA{Pp(- 0+

0€O,,NR %EDn(G)

%)*QQ"*PP('ﬁ)*Qﬁ"}IIr = op(an) (D.75)

uniformly in P € P. Moreover, setting € > 0 sufficiently small for Assumption 5.4(i)
hold, we then conclude from Lemmas B.4 and C.5, and Assumption 5

A(i) that

h
sup sup  ||Vr{Pp(-,0 + —=) * g5~ — Pp(-,0) * g5~} — Dy p(0)[1]]|
QE(QOH( )ﬁR) Dn(g) \/ﬁ

A ﬂ\v

sup

h h
sup {(VCIKn, xvnx|—=|g x||—=lr} (D.76)
0€(@0n(PINR)* LD, (6) vn vn
for some C' < oo. Therefore, since ||h|lg < Kp||h|g for all h € B, and P € P by
Assumption 6.1(i), we conclude from K,,¢2 x S,(L,E) = o(a,n"2) that

h
sup sup  [[Vn{Pp(-,0+ —=) % g5 — Pp(-,0) % g5~} — D p(O)[A]» = o(an)
0€(@on (P)NR)* e Dy (6) vn

(D.77)
uniformly in P € P. Hence, the Lemma follows from results (

D.75) and (D.77). m
Lemma D.3. Let Assumptions 3.2(ii) and 5.4 hold. Then there is an € > 0 and C' < oo

such that for alln, P € P, 6y € Op,(P) N R, 01 € (O0,(P) N R), and ho,h1 € B
D, £ (00)[ho] — Dp,p(61)[M]llr < C{Mu|lho — h1llg + Kmllfo — 01]|Llh1 &}

PRrROOF: We first note that by Lemmas B.4 and C.5 there is a constant Cy < co with
J
D, p(60) [ho) =D, p(61) [Pa] | < D CollVmp,(60)[ho] = Vimp,(61)[h][172 }2 . (D.78)

J=1

Moreover, since (hg — h1) € By, we can also conclude from Assumption 5.4(iii) that

IVmp,(60)[ho — Ml 2, < M X [lho — hi||e

(D.79)
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Similarly, letting € > 0 be such that Assumption 5.4(ii) holds, we further obtain
IVmp,(00)[ha] — Vmp,(01)[ha]l 2, < Konl[61 = OollLllha[|e (D.80)

due 6 € (09, (P) N R)°. Thus, the Lemma follows from (D.78)-(D.80). m

Lemma D.4. Let Assumptions 3.1, 3.2, 3.8, 3.4, 4.1, 4.2, , 9.2, 5.8, 5.4(i), 6.5
hold. If ¢y, €, satisfy ks log(ky) By suppep JH(KH” Y Eﬁ”,fn, || HLz ) =o(an), Rn
ol N y), and K (62 V 12)S,(L,E) = o(annfé), then uniformly in P € Py
inf inf Wi, 0) % ¢k» + D, p(0)[h ,
ol 0 IPpp(0) a4 DOl o,
= inf inf W pp(-,0) % gk» + D, p(0)[h »toplay) . (D.81
= oy 0, 70+ o @l 1+ olon) - (DY
PRrOOF: For notational simplicity, for any f: ©, N R — R*» and ¢ € R, define
Top(f,0)= __ inf inf — |[f(0) + Dnp(O)[Pllz.cp).r - (D.82)

0€Bon (P)NR SV, (6,0)

Next, note that since W,, p and Wfl p have the same law for every P, it follows that

P(| T, p(W;, pp * " €n) = T,p (W pp g, 0n)| > )
= P(|T,p(Wapp 43", bn) = To.p(Wa,pp+ g5 £n)] > €)  (D.83)

for any € > 0. However, by Lemma 5.1 we also have uniformly in P € Py that

I,(R)= inf inf W, pp(-, 0)xgkn Po(-, 0+ n n
(R) ee%lﬁp)m%eﬁwn)\\ Pp(+ 0)xqy"4+/nPp( \/ﬁ)*qn 15 (P),r+0p(an)
= inf inf W, pp(-,0) % 5" + D p(0)[Blll2, () + 0plan) , (D.84)

6€00n(P)NR %evn(a,en)

where the second equality follows from (C.10), K,,¢2 x S, (L, E) = o(ann_%) by hypoth-
esis, and Lemma C.1. Hence, since the same arguments in (D.84) apply if we employ l,
in place of ¢y, it follows from (D.82) and (D.84) that uniformly in P € Py

Tn,P(Wn,PP * Qf;",fn) = In(R) + Op(l) = Tn,P(Wn,PP * (Jﬁ"agn) + Op(an) . (D.85)

Thus, the claim of the Lemma follows from (D.83) and (D.85). m

Lemma D.5. Let Assumptions 2.1, 2.2(i), 3.2, 3.3(ii)-(iii), 3.4 (ii)-(iii), 1.2, 5.4(i)-
(i), 6.1, and 6.3 hold, ©pn(P) N R = {0pn(P)}, R satisfy (71), and define the set

e B, VTH0) h

No(0,0) = ] =0 ana HjﬁuBse}.
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Further assume that £, | 0 satisfies Kinl2S, (L, E) = o(1), (21{K; > 0} = o(nf%), and
RnSn(B,E) =o(¢y,). (i) It then follows that uniformly in P € Py we have

inf W3 pp(-, Bon (P)) % @i + D p(Bon(P)) 115, (p)
TeNn(e(m( ),ln)
f W* 5p(-, Oon (P Fn D, p(0gn(P))[h . ) .
heBmN(lvrsz(OOn( W3, po(s 0on(P)) * @™ + Dy p(Oon(P)) [R5, (p),r + 0p(an)

(ii) Forn large, Dy, p(80n(P)) : BunN (VY £(80,(P))) — R is injective for all P € Py.
ProoF: To begin, select ilmp/\/?l € Np(0on(P), £y,) so that uniformly in P € Py

. inf W5, po(:, 00n(P)) * @i + Dn,p(6on(P)) [l 5, (P
€N (Bon (P).n)

&
= [1W;, pp(: 00n(P)) * 41" + D, p (B0 (P) [, Pl 5Py, + 0p(1) - (D-86)

Further note that for L, (0o, (P),2¢,) as defined in (E.27), Lemma E.1 (see (E.30))
implies that there exists a hy p/v/n € Ly (0on(P), 2¢,) for which for n sufficiently large

~ ~

hin,p
o f

for some M < oo. Moreover, since Y r(0pn(P) + hn p/v/n) = 0 and R satisfies (71), it
follows that 6, (P) + iLn p/v/n € B, N R. Thus, we obtain from Assumption 6.1 and
|hn.p/v/nllB < 20, that for n sufficiently large we have for all P € Py that

Dls < M x 21{K; > 0} (D.87)

hn,P

Vn
In particular, we obtain 8o, (P) + hn.p/v/n € (©0n(P) N R)¢ for n sufficiently large, and
thus from Assumption 4.2 and O, (P) N R = {0y, (P)} we can conclude that

€ Vo (Bon(P), 2Kty,) - (D.88)

1252 s < w1 Eplpl X O (P) + 252 i (2] + 0()
< B (PN + o 8,1 B) + O} . (D59
where the second equality in (D.89) holds by result (C.10). Moreover, also note that
]D)QPE"’P]D)GPB 21{K; >0 D.90
D, (Bon ))[\/ﬁ]— n,P(Bon ( ))[\/ﬁ]HTN {K; >0} (D.90)

by Lemma D.3, Assumption 6.1(i), and result (D.87). Thus, combining results (D.87),
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(D.89), and (D.90) together with v,,;! = O(1) by Assumption 4.2 we obtain that

L1l < vl IDnp (on (P22 + 2 (B

i NG 7R

7 So(LE) + 1{K; > 0}) + ¢} (D.91)

for all P € Pgy for n sufficiently large. Also note that iLmP satisfying (D.86) and
0 € Ny(6on(P),¥y) imply together with [|X,,(P)||o, being bounded uniformly in P by
Assumption 3.4(ii), Lemma C.4, and Markov’s inequality that uniformly in P € Py

1D Bon (P)) o, P15 0.0
< 2 Wo (-, B0 (P)) * 6" 15, (). + 0p(1) = Op(kY"™\/Iog (k) Budi) . (D.92)

Hence, employing the definition of R, (see (47)) and that v, /v/n < R, we can conclude
from Assumption 3.4(iii) and results (D.91) and (D.92) that uniformly in P € Py

A~

hn,P
NG

where the second equality follows from K,,(2S,(L,E) = o(1) and 21{K; > 0} =
o(n_%) by hypothesis. Therefore, since R,,S,(B, E) = o(£,,) we obtain ||k, p/v/n|lB =
op(€y,) and hence with probability tending to one uniformly in P € Py

Op(Ru{l + KnlaSu(L,E) + Vli1{K; > 0}}) = Op(Rn) ,  (D.93)

. inf W5, po(:, 00n(P)) * @i + Dr.p(60n(P)) [l (P
e N (Bon (P) L)

Vn
= 0 O0n(P) # 6+ D Oon (PRl - (D99
ﬁ n\V0n n

However, since D, p(6o,(P)) : B, — RF» is linear, the function being minimized in

(D.94) is convex. As a result, it follows that whenever (D.94) holds, we must also have

n N i(Ielf (P)e )||t n,Pp('760n(1 )) *qﬁ;” _ Dn,P(éOn(l ))[h]HZn(P)
vn n\Von wn
— N N (IHIIf( ) )H “n,Pp(-,eOn(P)) *qk" + Dn,P(éo’ll(] ))[h]”zn( )77, y <D95)
Vn n(Oon (P),+o0 v P

and hence the first claim of the Lemma follows from the definition of N, (6, ¢y,).

We establish the second claim of the Lemma by contradiction. Suppose there exists a
subsequence {n;}22; of {n}p2, and sequence {P;}52; C P such that Dy p; (6on, (F})) :
B, N N(VYE(Oon, (FP)))) — R*" is not injective, and then note the linearity of the
map Dy, p, (0on, (P;)) implies there exists a hf, € By, NN (VY p(fon, (F;))) such that
Ihe,/vnillB = 1 and Dy, p,(0on, (P5))[hy,] = 0. Then observe that ¢n hy /\/nj €

n](HOn]( ’5),{n;), and that as a result (D.91) also holds with £,y /\/n; in place of
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ilm p/+/n. Therefore, since Dy, p. (0on, (P;))[hy,.] =0 we can conclude that

nj
nj H \/@HE ~ an{ n](\/T—JSng (Lv E) + 1{Kf > O}) + Cn]} - O(Rn]) (D96)

where the final equality follows by exploiting the definition of R, and the fact that
K 28,(LE) = o(1) and £21{K; > 0} = o(n_%). However, result (D.96) and
|he,/vnlle < Killhi/vnlB = 1 by Assumption 6.1(i) imply £,, = O(R,,), which
contradicts R, S, (B, E) = o(£,,) due to {S,(B,E)}~! > 1/K; by (D.21), and hence the

second claim of the Lemma follows. m

Lemma D.6. Suppose there exists a 6 > 0 such that for all e > 0 and & € [ — 0, a + 6]

Psulra) P(cn1-a(P) — e < I(R) < cn1-a(P)+e) <a,'(enl)+o(1) . (D.97)

(i) If I.(R) < U, p(R) + 0p(a,) and U,(R) > U, p(R) + op(an) uniformly in P € Po
for some U} p(R) independent to {V;};_y and equal in distribution to Uy p(R), then

limsup sup P(I,(R) > épi—a) < . (D.98)

n—oo PePy

(ii) If I,(R) = Uy, p(R) +0p(a;') and U,(R) = » p(R) +op(ay') uniformly in P € Py
for some U}; p(R) independent to {V;}7_; and equal in distribution to Uy, p(R), then

limsup sup |P(In(R) > éni—a) — | =0. (D.99)
n—oo PePy

PRrooOF: For the first claim, note that by hypothesis there exists a positive sequence b,
such that b, = o(a,) and in addition we have uniformly in P € P that

A

In(R) < Un.p(R) + 0p(bn) Un(R) > U p(R) + 0p(by) - (D.100)

Next, observe that by Markov’s inequality and result (D.100) we can conclude that

limsup sup P(P(U} p(R) > Un(R) + bal {Vi}1y) > €)
n—oo  PePy

~

1
< limsup sup —P (U, p(R) > Uy(R) +b,) =0 . (D.101)

n—oo PPy €

Thus, it follows from (D.101) that there exists some sequence 7, | 0 such that the event

2, (P) = {{Vi} | PU; p(R) > Un(R) + bl{Vi}izy) < ) (D.102)
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satisfies P(Q,(P)¢) = o(1) uniformly in P € Py. Hence, for any ¢ € R we obtain that

P(Un(R) < t{Viyi)1{{Vi}1) € Qu(P)}
< P(Un(R) <t and U} p(R) < Un(R) + bul{Vi}iy) + 1
< P(USp(R) < t+by) + 1, (D.103)

where the final inequality exploited that Uy p(R) is independent of {V;}7 ;. Next, define
Ini-o(P) =inf{u: P(U,p(R) <u)>1—a} (D.104)

and note that by evaluating (D.103) at ¢ = ¢, 1 we obtain that €2, (P) implies é,1-o+
by > gni—a—n,(P). Therefore, P(2,(P)¢) = o(1) uniformly in P € Py yields

liminf inf P(gn1-a-n.(P) < én1-a(P) +bn) 2 liminf inf P({Vi}i, € QW (P)) =1.
(D.105)

Furthermore, arguing as in (D.103) it follows that for some sequence 7, = o(1) we have
Cn,1—a—iin (P) < Gni-a—n, (P) + b, . (D.106)

Thus, exploiting (D.105), (D.106), condition (D.97), and b,, = o(a,), we conclude that

limsup sup P(I,(R) > ¢p1-o) < limsup sup P(L,(R) > gn,i—a—n, (P) — by)

n—oo PePy n—oo PePy

<limsup sup P(I,(R) > cpi—a—i, (P) —2b,) =1—0a . (D.107)

n—oo PePy

The proof of the second claim follows arguments similar to those already employed
and hence we keep the exposition more concise. Moreover, we further note that since
the first part of the Lemma implies (D.97) holds, it suffices to show that

liminf inf P(I,(R) > épi1-a) > « . (D.108)

n—oo PePg

First, note that we may now set the sequence b,, so that b, = o(a,,) and in addition

A~

I,(R) = Up,p(R) + 0p(bn) Un(R) = Uy, p(R) + 0p(bn) (D.109)

uniformly in P € Py. Moreover, arguing as in (D.101) implies that P(|U,(R) —
o p(R)| > bu[{Vi}i1) = 0p(n,) uniformly in P € Py for some 7, | 0, and therefore
liminf inf P(éni-a < @ni—atn,(P)+bp) =1 (D.110)

n—oo PePy

by Lemma 11 in Chernozhukov et al. (2013). Furthermore, by analogous arguments and
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again relying on Lemma 11 in Chernozhukov et al. (2013) we can also conclude that

An,1—o+n, (P) < Cnl—atin (P)+bn (D.111)

for some 7, = o(1). Therefore, combining results (D.110) and (D.111) we obtain

liminf inf P(I,(R) > ¢y1-q) > liminf inf P(I,(R) > ¢ni—atn. (P) + bn)

n—oo PePy n—oo PePy

> liminf 1nf P( n(R) > cpi—a+i, (P)+2b,) =1—a, (D.112)

n—oo P&

where the final equality follows from condition (D.97). m

APPENDIX E - Local Parameter Space

In this Appendix, we develop analytical results analyzing the approximation rate of
the local parameter spaces. The main result of this Appendix is Theorem E.1, which

plays an instrumental role in the proof of the results of Section 6.

Theorem E.1. Let Assumptions 2.1(i), 2.2(i), 6.2, 6.3, and 6.4 hold, {€y,0n, n}72
satisfy €y 1 0, 6,1{K; >0} L0, rp, > (My0y, + K462) V 2(€y, + 6,)1{ K, > 0}, and define

Go(0) = {} B, To(0 + %) < (Ya(0) - Kyl fHBl@ (crle))  (B)
h h

An(0) = {7 € By T € Gul0), Tr(0+ ) =0 and HWHB <0} (E.2)

T.(0) = {7 €B,:Yp(0+ ;ﬁ) =0, Y+ ;ﬁ) <0 and H\;%HB <20} (E.3)

Then it follows that there exists a M < oo, € > 0, and ng < oo such that for all n > nyg,
PeP, b€ Bp,(P)NR, and 0, € (O, (P) N R)E satisfying ||0p — 01|l < 6, we have

h1
sup inf H———HB<M><€ (b + 6n)1{K; >0} . (E.4)
MLe A, (61) w4 ETn(60) Vi yn

Jn

PRrROOF: Throughout, let € be such that Assumptions 6.2 and 6.3 hold, set ¢ = €/2, and
for any 6 > 0 let N, p(0) = {0 € B, : jH({H},@On(P) NR,|-|B) < €}. For ease of

exposition, we next break up the proof intro four distinct steps.

STEP 1: (Decompose h/+/n). For any P € P, 0y € Oy, (P)N R, and h € B,, set
htto = VY 1r(0p) VY r(60)[R] pNoo = b — htoo | (E.5)

where recall VY r(6y)~ : F,, — B,, denotes the right inverse of VY r(6p) : B, — F,,.
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Further note that h\oo € N’ (VY p(6p)) since VY #(0g) VY (6p)~ = I implies that
VY (00)[N%] = VY r(0)[h] — VY E(00)VYE(00) VY R(0)[h] =0, (E.6)

by definition of A% in (E.5). Next, observe that if 6; € (©¢,(P) N R)¢ and h/\/n € B,
satisfies ||h/+/n|lB < ¢, and Yp(0; + h/\/n) = 0, then 6, + h/\/n € N, p(é) for n
sufficiently large, and hence by Assumption 6.3(i) and Yr(61) = 0 due to ; € ©, N R
IVTr@) e = (O + =) = Tr(0r) = VY@ ==le < Kyl - (E7)
FOVIEe = Trlon+ 22 F(01 rOIEle < Bl ools - (5

Therefore, Assumption 6.3(ii), result (E.7), ||0g — 01||B < 0n, and ||h/v/n|B < ¢, imply

HWFwo)[jﬁmF
< [V r(60) - mwononjﬁu]a 4 Kfujﬁu% < Kjla(On+0r) . (ES)

Moreover, since VY p(6) : F,, = B,, satisfies Assumption 6.3(iv), we also have that

Ky||htoo|lg = K|V p(00) VY (00)[R]||B
< K¢V F(00) oIV Y r(00)[R]lp < M|V YR (00)[A]lr . (E.9)

Further note that if K¢ = 0, then (E.5) and (E.8) imply that h*% = 0. Thus, combining
results (E.8) and (E.9) to handle the case Ky > 0 we conclude that for any P € P,
0y € Oon(P) N R, 61 € (Opn(P) N R) satistying [|0p — 01|l < 0, and any h/\/n € B,
such that Yp(0; + h/y/n) =0 and ||h/\/n||B < ¢, we have the norm bound

ht-0

II\/ﬁ

B < Mply (6, + £n)1{E; >0} . (E.10)

STEP 2: (Inequality Constraints). In what follows, it is convenient to define the set

h h h
Sn(eo,el) = { €B,: Tg(e() + 7) <0, TF(91 + %) =0, and ||%”B < fn} .

h
vn NG
(E.11)
Then note ry, > (My6, + K;62) V 2(¢, + 6,)1{K, > 0} and Lemma E.2 imply that
An(61) € Sy, (60, 61) (E.12)

for n sufficiently large, all P € P, 6y € ©¢,(P) N R, and 0; € (Op,(P) N R)° satisfying
|00 —01||B < 0. The proof will proceed by verifying (F.4) holds with Sy, (6p, 01 ) in place
of A,(01). In particular, if Yp : B — F is linear, then Yr(0y) = Yr(01) and (E.12)
implies A, (61) C Sn(0o,01) C T, (6p), which establishes (E.4) for the case Ky = 0.
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For the rest of the proof we therefore assume K; > 0. We further note that Lemma
E.3 implies that for any 7, | 0, there is a sufficiently large n and constant 1 < C' < oo
(independent of 7,) such that for all P € P and 6y € ©¢,(P) N R there exists a
hoon/v/ € Bn NN (VTE(6p)) such that for any h/y/n € B, for which there exists a
h/\/n € Sp(bo,0:) satisfying ||(h — h)/v/n||B < 1. the following inequalities hold

h@o, il h90 n

SRV L v

Tg(e() + || < Cnp . (E.13)

STEP 3: (Equality Constraints). The results in this step allow us to address the chal-
lenge that h/v/n € S, (0o, 01) satisfies Tr(01 + h/+/n) = 0 but not necessarily Y ¢ (6 +
h/y/n) = 0. To this end, let R(VYr(0y)" VY r(6y)) denote the range of the operator
VYr(6p)"VYr(6) : B, — B, and define the vector subspaces

B, = B, N N(VTr(0)) B," = R(VYr(60) VIr(b),  (E.14)
which note are closed due to B,, being finite dimensional by Assumption 3.2(iii). More-
over, since hVoo € Bﬁfgo by (E.6), the definitions in (E.5) and (E.14) imply that
B, = Bﬁfgo + B#O. Furthermore, since VY r(00)VY r(6p)~ = I, we also have

VYr(0o) VYE(Oo)[h] =h (E.15)

for any h € Bp®, and thus that Ba® N By% = {0}. Since B, = Ba® + By, it then
follows that B, = BB
observe that By, oo BLGO = {0} further implies the restricted map VY r(6p) : B# o
F,, is in fact bijective, and by (E.15) its inverse is VX p(6p)” : F, — B#)O.

—1i.e. the decomposition in (E.5) is unique. Moreover, we

We next note Assumption 6.3(i) implies that for all n and P € P, T is Fréchet
differentiable at all # € B, such that |0 —6y||g < € for some 6y € O¢,(P)NR. Therefore,
applying Lemma E.5 with Ay = Bﬁfgo, A, = qu{go and Ko = Ky VvV My Vv My/Ky
vields that for any P € P, 6y € Opn(P) N R and W% € BY® satisfying ||\ [|p <
{€/2 A (2Ko)~2 A 1}2, there exists a h*(hVo0) e B#O such that

Tr (0 + Voo + *(BN%0)) = 0 [* (RN ) || g < 22| N0 ||% (E.16)

In addition, note that for any P € P, 6y € O, (P) N R, 61 € (©p,(P) N R)® and any
h/\/n € By, such that Tp(0; + h/y/n) = 0 and |h/\/n|B < €5, result (E.10), the
decomposition in (E.5), and d,, | 0 (since Ky > 0), £, | 0 imply that for n large

hN J_g

== B+ || N B <26, (E.17)

\/*HB_H\/*

Thus, for hg,, € Bﬁfeo as in (E.13), C' > 1, and results (E.16) and (E.17) imply that
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for n sufficiently large we must have for all P € P, 6y € ©¢,(P) N R, 6, € ©, N R with
160 — 61]|B < 9, and h//n € B,, satisfying T (61 + h/y/n) = 0 that

hoon  hV% hoon  hV%
YTr(0g+ —2 + + (R 0 E.18
(Bo+ G2+~ + W (G2 + ) = (E.18)
* heo, hN 292
| (—~= n + 7 — )8 — 16K5C*(62 +n3) <0 . (E.19)

Step 4: (Build Approximation). In order to exploit Steps 2 and 3, we now set 7, to
M = 32(My + C2K3)l (b + 0y) - (E.20)

In addition, for any P € P, 0y € Op,(P) N R, 61 € ©,, N R satisfying ||0y — 01|l < 0n,
and any h/\/n € Sy (0o, 01), we let BNo be as in (E.5) and define

i _ heo,n hN‘gO I h*(hgoyn n hN‘90

Vi oJno n v /n
From Steps 2 and 3 it then follows that for n sufficiently large (independent of P € P,
0y € @()n(P) NR, 06 € 0,NR with H90 — 91”]3 < 4, or h/\/ﬁ € Sn(eo,gl)) we have

). (E.21)

Y r (6o + ;ﬁ) ~0. (E.22)

Moreover, from results (E.19) and (E.20) we also obtain that for n sufficiently large

hoon WMo
NIV
Thus, h = BN + hteo | (E.10), (E.20), (E.21) and (E.23) imply ||(h—h—hgy )/ vllB <
N, for n sufficiently large, and exploiting (E.13) with h = (h — hoyn)/ /1) yields

3
M 16C K < Jna . (E23)

1P ( B < 16C2KG (4 +117) <

Ya(6o + ) <0. (E.24)
Furthermore, since ||hg, /1|8 < Cnp, by (E.13), results (E.10), (E.19), and ||h/y/n|B <
¢y, for any h/\/n € S, (6p,61) imply by (E.20) and £, | 0, 6, | 0 that

h90, hNg hteo

< Cnp + 16(12K0 (2 +n2) + Mfzn(én + én) +4, <20, (E.25)

9’
s < =2 1lB + [

NG ||B -

Hi
NG

for n sufficiently large. Therefore, we conclude from (E.22), (E.24), and (E.25) that
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h/\/n € To(bp). Similarly, (E.10), (E.13), (E.19), and (E.20) yield for some M < oo

90, * h90,
NG THB_H\fH Hh(\f \/~)HB+H\/~”

< Cnn + 1602K§(€i + nn) + Mfgn(gn + 6n) < an(fn + 511) ) (E'26)

which establishes the (E.4) for the case Kf > 0. m

Lemma E.1. Let Assumptions 2.1(i), 2.2(i), 6.3 hold, {{y,6,}52 1 be given and define

Lo(0,0) = {\hf € By Tr(+ ;ﬁ) 0 and ||\%||B <0 (E.27)
Noy(0,0) = {jﬁ £B,: VTF(H)[\;%] ~ 0 and ||\;%||B <0 (E.28)

If €, 1 0, 6,1{K¢ >0} | 0, then there are M < oo, ng < 0o, and € > 0 such that for all
n>ng, P €P, 0y € Op,(P)NR and 61 € (Opn(P)NR)" with ||01 — Ol < 0pn, we have

h
sup . inf |— lB <M x £,(€y + 6,)1{K; >0} (E.29)
€L (01,6n) L €N (80,260) \F NG
. h o h
sup ~inf |—= — —=lB <M x £,,(€y, + 6,)1{Ks >0} . (E.30)

%ENn(907€n) %ELH(9172£W«) \/ﬁ \/ﬁ

PROOF: The proof exploits manipulations similar to those employed in Theorem E.1.
First, let € be such that Assumption 6.3 holds, set ¢ = €/2 and note that for any
01 € (Bon(P)NR)C and ||h/\/n||B < ¢, we have 71{({91+h/\/ﬁ}, O (P)NR,||-|lB) < €
for n sufficiently large. In particular, if Ky = 0, then Assumptions 6.3(i)-(ii) yield

) = VR[] = Vel B ®ay
Thus, Ly, (01,¢) = Ly(60,¢) = Nyp(01,¢) = N,(0o,¢) and hence both (E.29) and (E.30)

automatically hold. In what follows, we therefore assume Ky > 0.

TF((91 + ] = TF(H() +

Next, for each h € B, P € P, and 6 € (O, (P) N R)® we decompose h according to
hto = VYr(0)"VYR(0)[R] Vo =p—nto (E.32)

where recall VY ()~ : F, — B, denotes the right inverse of VY r(0) : B, — F,.
Next, note that result (E.10) implies that for n sufficiently large, we have for any P € P,
0o € Oon(P)N R, 61 € (Opn(P)N R) satisfying |6y — 01|l < 6, and h/\/n € L, (61,¢,)

h™-%

H\f

1B < Ml (b + 6,)1{K; > 0} . (E.33)
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Furthermore, note that for any h/\/n € Ly(61,£,) and n sufficiently large B™N% /\/n
satisfies VY p(0o)[hN%] = 0 by (E.6) and ||V //nlls < 20, by (E.17), and thus

WNoo /\/n € Nn(8o,2¢,). In particular, it follows that for any P € P, 6y € Ogn(P) N R,
and 01 € (O, (P) N R)¢ with ||#g — 01||B < 0, we must have that

S L (ALY
sup - 1n — — sup B
et denutinze) VI VI bcn 0 \f v
= sup H n(ln +0n)1{K; >0}, (E.34)
eLn 917 f

f

where the first inequality follows from A% /\/n € N, (6o, 2(,), the equality from (E.32),
and the second inequality is implied by (E.33). Thus, (E.29) follows.

In order to establish (E.30) when Ky > 0 note that for any h//n € Ny(6o,y),
VY r(bo)[h//n] =0, |00 — 61|l < 0, and Assumption 6.3(ii) imply that

h h
VY r(61 F=|VYr(61 VY r(0 F < Kiopl, . E.35
IV k( )[\f]ll IV k( )[\f] ( )[\/ﬁ]ll ! (E.35)
Therefore, from definition (E.32), Assumption 6.3(iv) and result (E.35) we can conclude
I o = IV (00) T 00) L < M6 (E:36)
B = r(0h r(0h B < nkn . :
ND ND d

Moreover, identical arguments to those employed in establishing (E.16) (with 6; in place
of fy) imply that for sufficiently large n it follows that for all P € P, 6y € ©¢,(P) N R,
and h/\/n € Ny,(0o, £,) there is a h*(KNo1 /\/n) such that for some Ky < 0o

3N, BN 1Ny 1Ny

NG +h(—=)) =0 1P (—= NG s < 2K§|—= NG I -

Since £y, 0, | 0, it follows that M¢d,.4, + 2K (0, + Mfénﬁn)z < ¢, for n sufficiently
large. Therefore, ||hVo1 //n|lg < £, + ||h19 /\/n||B, (E.36) and (E.37) imply that for n
sufficiently large, we have for all P € P, 6y € ©¢,,(P) N R and h/\/n € Ny,(0, ) that

Tr(6h + (E.37)

) - h*(ihNgl
NG NG

Hence, for n sufficiently large we can conclude from result (E.38) that for all P € P,

) € Ln(61,20,) . (E.38)
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0o € Oon(P) N R, and 0; € ©, N R with ||#y — 01| < 6, we have that

sup L P T B Ly S LAY
~ - — ——|IB > - — B
LN (B0t )%ewl,zm L WOVS S vn
< h*hNgl < M, 8, + 2K2(0, + M5, 0.)% (E.39
< swp I ()8} < Myladn + 2K2 (6, + Myoout,)? (E.39)

{H g+ IR (— =
fENn 007£n \/> \/ﬁ
where the final inequality holds by (E.36), (E.37) and ||V /\/n|s < €, + M6,

Thus, (E.30) follows from (F.39), which establishes the claim of the Lemma. m

Lemma E.2. Let Assumptions 2.1(i), 2.2(i), and 0.2 hold, and £y, ] 0 be given. Then,
there exist ng < oo and € > 0 such that for all n > ng, P € P, 6y € ©¢,(P) N R, and
01 € B,, satisfying jH({Ol}, O (P)NR,| - |IB) < € it follows that

h

(=B, To(br+ =) < <Ta<el>—Kgru}HBlmv(—rlG), and H}HB <1,}

\/>
{f €B,: Yoty + \hf) <0 and ”\F”B <0,} . (E.40)

fO?“ any r > {Mg”go — 91”]3 + KgHHO — (91”123} V 2{&1 + ”90 — 91‘|B}1{Kg > 0}.

PROOF: Let € > 0 be such that Assumption 6.2 holds, set € = €/2, and for notational
simplicity let N, p(0) = {0 € B,, : EH({H},@()”(P) NR,|-|B) <d} for any 6 > 0.
Then note that for any 6; € N, p(€) and ||h/\/n|B < ¢, we have 6; + h/\/n € N, p(€)
for n sufficiently large. Therefore, by Assumption 6.2(ii) we obtain that

a6 + ;r) ~Ta(ly) - v*rawmjﬁwe < Kgujﬁrr% S (B4

Similarly, Assumption 6.2(ii) implies that if 6y € ©¢,(P) N R and 6, € Ny, p(e€), then

IV a(60)[ =

\/ﬁ} — VTq(61)]

LAY
N

<[[VTa(0) = VYa(01)loll—= HB < Kyll6o - (E.42)

01 llsl < |

for any h/y/n € B,,. Hence, since Y (6p) < 0 due to 6y € ©,, N R we can conclude that

Tabo + )+ (Te(6r) — Yoty + 1))

/i /i
< (Yoo + \’}) ~Yalbo)} + {Ta(br) — Ya(r + jﬁn
< Kyl IHB{2HTHB + 160 — 018} LG , (E.43)

by (E.41), (E.42), and Lemma E.4. Also note for any 6y € O, (P)NR, ;1 € N, p(c) and
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h/v/n € By, with ||h/v/n|lB < £, we have 8p+h/\/n € N, p(€) and 01 +h/\/n € N, p(€)
for n sufficiently large. Therefore, Assumptions 6.2(i), 6.2(iii), and Lemma E.4 yield

h

h h
T —) < VYq(l + —=)[00 — 1] + K160 — 01| B1c

i i
< (Myllfo — Oullm + Kol — i1 . (E4d)

Tg(e() + ) — Tg(91 +

Hence, (E.43) and (E.44) yield for r > {M,||6o — 01|l + K460 — 01115} V 2{€ + ||60 —
6|8} 1{ Ky > 0}, 6y € ©0n(P)N R, 61 € Ny p(e), ||h/v/n|lB < £y, and n large

h h

TG(GO + %) < Tg(el + f) (K TH \fHB — Tg(el))lg ANrlg
—Ya(tr + %) —(Yalty) - Kyr] f||B>1G V(erlg)  (E45)

where the equality follows from (—a) V (=b) = —(a A b) by Theorem 8.6 in Aliprantis
and Border (2006). Thus, since a; < ag and by < by implies a1 A by < ag A by in G by
Corollary 8.7 in Aliprantis and Border (2006), (E.45) implies that for n sufficiently large
and any 6y € O, (P) N R, 61 € N, p(e) and h/y/n € By, satistying ||h/v/n|B < ¢, and

Tob) + %) < (Yo(0) — Kyrl| =

we must have Y (0g 4+ h/y/n) <0, which verifies (E.40) indeed holds. m

HBlG) (-rlg) (E.46)

Lemma E.3. If Assumptions 2.1(i), 2.2(i), 6.2, 6.4(ii) hold, and n, | 0, £, | 0, then
there is a ng (depending on np,¢,) and a C < oo (independent of Ny, ty) such that for
alln > ng, P € P, and 0y € Op,(P) N R there is hgyn/v/1 € B, NN (VY p(6y)) with

P By | Ao
NN Vi

for all h/\/n € By, for which there is a h/\/n € By, satisfying ||h//n — h//n|B < 1,
|h/v/nllB < £, and the inequality Y (0o + h/y/n) < 0.

Te(bo + B < Cnp (E.47)

PROOF: By Assumption 6.4(ii) there are e > 0 and K; < oo such that for every P € P,
n, and 6y € O¢,(P) N R there exists a 7190,71 € B, NN (VYr(b)) satisfying

YTa(0o) + VT(;(HO)[EQO’H] < —€lg (E.48)

and | \hgy B < Kq4. Moreover, for any h/y/n € By, such that ||h/yv/n|B < £,, Assump-
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tion 6.2(i), Lemma E.4 and K 02 < My¢, for n sufficiently large yield

Tally + 1) < Ye(60) +vra<eo>[jﬁ1 +Kgujﬁu%31c;

vn
< Tg(eg) + {HVTG(QO)HOETL + Kgfi}l(; < Tg(eg) + QMQEnIG . (E.49)
Hence, (E.48) and (E.49) imply for any h/v/n € B, with ||h/y/n||B < ¢, we must have

Tg(go + ;ﬁ) + VTg(eg)[fL907n] < {2Mg€n — 6}1(; . (E.50)

Next, we let Cy > 8My/e and aim to show (E.47) holds with C' = CyK, by setting
h@g,n
vn

To this end, we first note that if 6y € O, (P) N R, h/y/n € B, satisfies |h/\/n|B < n
and Y (g + h/y/n) < 0, and h/y/n € B, is such that ||h/\/n — h/\/n||B < 1, then
definition (E.51) implies that ||y + (hg,n+h)/v/n—b0||B = o(1). Therefore, Assumption
6.2(i), Lemma E.4, and ||(h — h)/\/n||B < 7. together allow us to conclude

= Connhogn - (E.51)

Ya(bo + h\%ﬁ + \hf)
grc<eo+jﬁ>+vrc<eo+jﬁ>[h%"+(hgﬁh)wﬂfg(n S )
< Yoo+ }>+vrc<eo+ })[hf}w{sz || "f I3+ 2Mym e, (E52)

where the final result follows from Assumption 6.2(iii) and 2K,n2 < Myn, for n suffi-
ciently large. Similarly, Assumption 6.2(ii) and Lemma E.4 yield

TTaln + M) < TTon) ) 4 |V Te( + }) V(0|2 [pl
< VG002 + Kbl 2 1 (£.53)

Hence, combining results (E.52) and (E.53), ||hgy.n/v7llB < CoKanp due to [|hg, nllB <
Ky, and 0, | 0, £, | 0, we obtain that for n sufficiently large we have

hﬁ +\’}> Te(60 + }HWG(%)[}L\H}

In addition, since Con,, | 0, we have Con,, < 1 eventually, and hence T (6p+h/+/n) <0

Te(600 + |+ 4AMyle . (B54)
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2Myt,, < €/2 for n sufficiently large due to £, | 0 and result (E.50) imply that

h _
YTa(bo + %) + COUnVTG(QO)[hQOJI]

h ~
< Conn{Ya (0o + %) + VYq(00)[hoyn]} < Comi2Myln — e}la < —

Conne
—1
9 G
(E.55)

Thus, we can conclude from results (E.51),(E.54) and (E.55), and Cy > 8M, /e that

hogn = h
'r 0 0, o
G(0+\/ﬁ+\/ﬁ

for n sufficiently large, which establishes the claim of the Lemma. m

)< My~ Dypae <o, (E.56)

Lemma E.4. If A is an AM space with norm || - ||a and unit 1o, and a1,a2 € A, then
it follows that a1 < as + C1a for any ai,as € A satisfying ||a1 — az||a < C.

PROOF: Since A is an AM space with unit 1o we have that |ja; — az2||a < C implies

|ar — aa] < C1a, and hence the claim follows trivially from a; — az < |a; — az|. ®

Lemma E.5. Let A and C be Banach spaces with norms ||-||a and ||-||c, A = A1 DAy
and F : A — C. Suppose F(ag) =0 and that there are eg > 0 and Ky < 0o such that:
(i) F: A — C is Fréchet differentiable at all a € Be,(ap) ={a € A : |la—aol|la < €0}
(ii) |F(a+h) — F(a) — VF(a)[h]|lc < Ko||hl|4 for all a,a+ h € By, (ag).
(i1i) ||[VF(a1) — VF(a2)llo < Kollar — az2||a for all ai,as € Be,(ap).
(iv) VF(ap): A — C has |[VF(ap)l|lo < Ko.
(v) VF(ap) : Ay — C is bijective and |[VF(ag) |, < Kp.
Then, for all hy € Ay with ||hy||la < {9 A (4K3)™t A1} there is a unique hi(hi) € As
with F(ag + h1 + h3(h1)) = 0. In addition, hi(hy) satisfies ||h*(h1)||a < 4KZ||h1||a for
arbitrary Ay, and ||h*(h)||a < 2KZ||h1]|A when Ay = N(VF(ap)).

PRrROOF: We closely follow the arguments in the proof of Theorems 4.B in Zeidler (1985).
First, we define g : A; x Ay — C pointwise for any h1 € A1 and he € As by

g(hl, hg) = VF(CLo)[hQ] — F(CLO + h1 + hz) . (E57)
Since VF'(ap) : A2 — C is bijective by hypothesis, F'(ag + hi + h2) = 0 if and only if
hy = VF(ao) g(h1, h)] . (E.58)

Letting T}, : Aa — Ay be given by T}, (h2) = VF(ag) [g(h1, ha)], we see from (E.58)
that the desired h3(h;) must be a fixed point of T},. Next, define the set

Mo = {ha € Ay : [|hof[a < do} (E.59)

85



for 6o = ¢ A (4K2)™' A1, and consider an arbitrary hy € Ay with ||hi]|a < &3. Notice
that then ag+h1+ha € Be,(ap) for any he € My and hence g is differentiable with respect
to hg with derivative Vog(hi, he) = VF(ag) — VF(ag + h1 + h). Thus, if hy, ho € Mo,
then Proposition 7.3.2 in Luenberger (1969) implies that

lg(h1, ha) — g(h1,h2)|lc < sup. IVag(h1, ha + 7(ha — ha))llo]lh2 — holla

o<r<
= sup IVF(ao) — VF(ag + hi + hy + 7(ha — h2))|lo||h2 — ha|la
<7<
1 ~
< _ E.60
< 2K0||h2 halla (E.60)

where the final inequality follows by Condition (iii) and 63 < dy < (4K2)~. Moreover,

[V F(ao)[he] — VF(ao + hi)[he]lc

[[h2]la
4K,

< [[VF(ao) = VF(ao + h)lollhzlla < Kollhillallhzlla < (E.61)

by Condition (iv) and ||hy]|a < dp < (4K3Z)~!. Similarly, for any hy € My we have

[h2]la
4K,

HF(CLO + h1 + hg) — F(ao + hl) — VF(CL[) + hl)[hQ]HC < KloQHi < (E62)

due to ag + h1 € Be,(ag) and Condition (ii). In turn, since F(agp) = 0 by hypothesis,
Condition (iii), ||h1]|a < 03 and dp < (4K2)~! yield that

0
1F (ao+h1)llc = |1 F(ao+h1)—F(ao)llc < Kollhil[a+IIVF(ao)llollh1]la < 2720 - (E.63)

Hence, by (E.57) and (E.61)-(E.63) we obtain for any hy € My and hy with ||h1]ja < 03

lhalla 60 _ b

hi,h < .
||9( 1, 2)”0_ 2K, 2K, = Ko

(E.64)

Thus, since |[VF(ag)~ ||, < Ko by Condition (v), result (E.64) implies T}, : My —

Moy, and (E.60) yields |Th, (h2) — Th, (h2)|la < 27 ha — holla for any hg, hy € M.
By Theorem 1.1.1.A in Zeidler (1985) we then conclude T}, has a unique fixed point
h5(hi1) € My, and the first claim of the Lemma follows from (E.57) and (E.58).

Next, we note that since h5(h) is a fixed point of T}, , we can conclude that

1h3(h1)lla = [Ty (h3(h1)l| A < [[Thy (h3(h1)) = Ty (0)l[a + Thy (0)l[& - (E.65)

Thus, since (E.60) and ||[VF(ag) !, < Ko imply that ||Ty, (h%(h1)) — Tp, (0)||a <
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27| h%(h1)]| A, it follows from result (E.65) and T, (0) = =V F(ag) ' F(ao + h1) that

1
SIrz(h)lla < 1T (0)]la < KollF'(ao + )l
< Ko{Kollhula + IVF(ao)llollh1]la} < 2KG|halla . (E.66)
where in the second inequality we exploited |V F(ao)™!|, < Ko, in the third inequality

we used (E.63) and in the final inequality we exploited ||h1]|a < 1. While the estimate
in (E.66) applies for generic A1, we note that if in addition Ay = N (VF(agp)), then

1 *
Slha(hy)lla < [T, (0)]|a = KollF'(ao + M)lc = K§lhalla (E.67)

due to F(ap) = 0 and VF(ag)[h1] = 0, and thus the final claim of the Lemma follows. m

APPENDIX F - Motivating Examples Details

In this Appendix, we revisit Examples 2.2, 2.1, 2.3, and 2.4 in order to illustrate our
results. We focus in particular in deriving explicit expressions for the test and bootstrap
statistics I,(R) and U,(R), clarifying the role of the norms |- ||g, || - |1, and || - ||, as

well as computing the rate requirements imposed by our Assumptions.
Discussion of Example 2.1

Since in this example we require gg to be continuously differentiable to evaluate the
Slutsky restriction, it is natural to set the Banach space B to equal B = C! (Ra_) x R,
Further recall that in this instance Z; = (P;, Y;, W), X; = (Q4, Z;), and

p(Xi,0) = Qi — g(P;,Y;) — Win (F.1)

for any (g,7) = 6 € B. For simplicity, we assume the support of (P;,Y;) under P is

bounded uniformly in P € P and for some Cjy < co set the parameter space © to be

O ={(g9,0) € B :|gll2,00 < Co and [|7]]2 < Co} , (F.2)

which is compact under the norm [|0||B = [|g]/1,00 V ||7]|2 — for calculations with non-
compact © see Examples 2.3 and 2.4 below. In order to approximate the function gg we
utilize linear sieves {pj,n}gnzl and let pZL"(PZ,Y;) = (pin(P,Ys), .- pjun(FP,Y:)) . For
T :R% — R% a bounded transformation we then set ¢*»(Z;) = (T(W;), pir (P, Y;)")
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as our instruments so that k, = j, + d,,. Therefore, I,,(R) is here equivalent to

In(R) = in || Z{Qz (P, Ya)' B = Wi (Zolls,

s.t. (1) Y]l V [[p2 Bll2,00 < Co, (i) P (po, y0)'B = co,
(iii) aappi;" (. y)' B+ pir (p, y)’ﬁ;yp%" (p,y)B<0,  (F.3)

where constraint (i) imposes that (pl'3,~) € ©, restriction (i) corresponds to Y (6) =
0, and (iii) enforces the Slutsky constraint Y (#) < 0.

Whenever {pjn}j" , are chosen to be a tensor product of b-Splines or local polyno-
mials it follows that sup, Hpn (p,¥)ll2 < VJn and hence Assumption 3.2(i) holds with
By, < V/jn since T(W;) was assumed bounded (Belloni et al., 2015). Moreover, we note
Assumption 3.3(ii) holds if suppep Ep[[|Wil|3 + Q3] < oo, while Assumption 3.3(iii) is
satisfied with J, = O(1) by Theorem 2.7.1 in van der Vaart and Wellner (1996). By

Remark 4.2, it also follows that if the eigenvalues of the matrix
Eplay (Z:)(W}, plr (P, 7)) (F.4)

are bounded from above and away from zero uniformly in P € P, then Assumption
1.2(ii) is satisfied with v, = jo/* "

expect (go,70) to be identified, we set 7,, = 0 and thus under the no-bias condition of

and [0 = suppep gl 2 + [7ll2. Since we

Assumption 5.3(ii) Theorem 4.1 yields a rate of convergence under || - ||g equal to

Jn\/108(jn)

We refer to Corollary G.1 for verifying Assumption 5.1 and also note that Assumption
5.2 is satisfied with x, = 1 and K72 = 2(1 4 suppcp Ep[[|W]|3]) by (F.1) and definition

Ry = (F.5)

of || - ||g. In turn, we note that since F,, is an Euclidean class, we also have
ISDUII)’ JH(,R'TH]:TH H ’ ||L%,) S V JnRn IOg(n) (F6)
€

and thus B, < v/j, and result (F.5) imply that Assumption 5.3(i) holds provided that
2+1/T log?(n) = o(an\/n). Since equation (F.1) implies that in this model

mp(0)(Zi) = Ep|QilZi] — g(P:,Yi) = Wi, (F.7)

we also observe that Assumption 5.4 holds with Vmp(0)[h|(Z;) = —g(F;,Y;) — W/~ for
any (g,7) =h € B, K, =0, and M, = 1 + suppcp Ep[|Wi|2]-
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With regards to the bootstrap statistic, we let (8,4) be a minimizer of (F.3) and

W,p(-, 0) % gfn = — Zwl{ i (P, Y3)' B = WiA) g (Z:)
%Z Py, Y;)B = WiA)gy (%)}, (F.8)

where recall {w;}!" ; is an i.i.d. sample of standard normal random variables that are
independent of the data {Q;, P;,Y;, W;}_,. Since in this model the moment conditions

are linear in 6, in this case the numerical derivative in (63) simply reduces to

n

Ba@)[1] =~ S ke (i, RYB + Win)al (2) (£.9)

=1

for any h = (pir’8,~) € B,,. We also note that result (F.7) similarly implies that

Do, p(60)[h] = —Ep[(p} (Y, P2)' B + Wiv)an" (Z:)] (F.10)

for h = (p}'B,~) € B,. Moreover, since the requirement that the eigenvalues of (F.4)

be bounded away from zero and infinity implies that similarly the eigenvalues of
Ep[plr (Y, P)plr (Yi, Bi)'] (F.11)

are bounded away from zero and infinity uniformly in P € P, it follows that ||h||g =<
I7ll2 + 118]|2 for any (pi’B,~) € B,. We therefore obtain from (F.9) and (F.10) that

~

sSup ||]D)n(é)[h] - Dn,PwO)[h]HT
[hlle<1

S II*Z%” P (P Ya)') = Bplay(Z:) (W, ol (P Yi) oz - (F.12)

Thus, since supy,, , || 2 (0, 9)]l2 < V/jn we conclude by standard arguments and Theorem
6.1 in Tropp (2012) (Bernstein’s inequality for matrices) that uniformly in P € P

55 Jn/10g(jin)
sup Dy (0)[h] — Dn,p(60)[A]llr = Op(——=—) - (F.13)
Ihlls<1 vn
We next note that given the definitions of || - ||g and || - ||B, Assumption 6.1(i) is

trivially satisfied with K, = 2. Furthermore, since in this example G = C(R%r)7 we
obtain by defining for any (g1, 6;) € B the map VY(#;) : B — G according to

V(01 [h](p.y) = aigm 9+ 0o, y)ai/g(p, v+ 9(, y)a‘zgl (hy)  (F.14)
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for any (g,v) = h € B, that Assumptions 6.2(i)-(ii) hold with K, = 2. Similarly, ex-
ploiting (F.14) and the definition of © in (F.2) it also follows that Assumption 6.2(iii)
is satisfied with My, = 1 4+ 2Cp. In turn, we observe that since Yp : B — F is lin-
ear (with F = R), Assumption 6.4 is automatically satisfied, while Assumption 6.3
holds with Ky = 0 and My = 1. Sufficient conditions for Assumption 6.5 are given
by Theorem H.1, and we note the preceding discussion implies Assumption 6.6(ii)
imposes jrlfl/ "log?(n)¢, = o(ay,) while Assumptions 6.6(iii)-(iv) respectively demand
g2 log(jn) = o(nr2) and j2log(j,) = o(n) because S,(B,E) < jf’/2 (Newey, 1997).
These rate requirements are compatible with setting ¢,, to satisfy R,S,(B,E) = o({y),
and hence result (F.13), v, =< j,l/ 2-1/ " and the eigenvalues of (F.4) being bounded
away from zero imply that the conditions of Lemma 6.1 are satisfied. Therefore, the

bandwidth #,, is unnecessary — i.e. we may set £, = +o0o — and hence Un(R) becomes

Un(R) = H%) [Wap(-,0) % g5 + Dn(0)[(m, )" B)lls;, o st (1) pIr (po, 90)'B =0,

(
R Jn! R Jn!
(i) Yo+ L) < (T(d) - 20,2 L

where constraints (i) and (ii) correspond to Yr(f + h/y/n) = 0 and h/\/n € Gn(0)
in definition (69). It is worth noting that if constraints (i) and (ii) in (F.15) are re-

l1,00) V (=rp1lg) , (F.15)

placed by more demanding restrictions, then the test would continue to control size.

For computational simplicity, it may hence be preferable to replace constraint (ii) with

.3/2
Tn]n/

vn

1/3 in
1oo S g *|1Bllz by suppep [lpABll 2, =< 1|82 and
Sn(BE) < j,?;/ 2, Finally, we observe that in a model with endogeneity the arguments

Gn!
~ oo
T
a0+ Jn

) < (Ta(d) -2 18ll2) V (=rnla) (F.16)

where we have exploited that ||p%’ 3|

would remain similar, except the rate of convergence R, would be slower leading to

different requirements on 7,; see Chen and Christensen (2013) for the optimal R,,. m

Discussion of Example 2.2

In the monotonic regression discontinuity example the Banach space B was set to
equal B = C1([-1,0]) x C*(]0,1]) while (g_, g+) = 6o € B satisfied the restriction

BlY; — g-(Ri)(1 — D;) — g4+ (Ri)Di|R;, Di] = 0 . (F.17)

For the parameter space ©® we may for instance set © to be a Cy-ball in B, so that

0 ={(91,92) € B: ||g1ll1,00 V [|g2]l1,00 < Co} (F.18)

for Cy sufficiently large to ensure (g—,¢g+) € ©. In turn, we employ linear sieves
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{p- Jn} ", and {p+3n} | for C1([—1,0]) and C([0,1]) respectively and set the vec-
tor of instruments g¢tr (Rz,Di) = ((1 — D;)p™ " (Ri), Dip’" (R;)') where kn, = 2jpn,
p7_”n =(p-1ms--rP—jnm), and pi[‘vn = (P 1ms-- s Ptjum) - Thus, I,(R) becomes

I,(R) = inf | \FZ{Y = D)™ (Ri)' B1 = Dipt (Ri) Ba el (Ri, Di)lls,

(B1,62)
st (1) 7, (0) 81 — pI,(0) Ba = 0, (i) V™81 >0, (iii) Vp/rl B2 >0 (F.19)

where constraint (i) corresponds to Y (0) = 0, constraints (ii) and (iii) impose T¢(6) <
0, and the restriction (p]_”mﬁl, in 'n02) € © can be ignored by Remark 6.3.

For concreteness, suppose {p_,j,n}g’;l and {p+7j7n}§11 are orthonormalized b-splines,
in which case the constant B,, of Assumption 3.2(i) satisfies B, < /Jn. Moreover, we
note that Theorem 2.7.1 in van der Vaart and Wellner (1996) implies the sequence J,,
of Assumption 3.3(iii) satisfies J,, = O(1). In turn, provided that the eigenvalues of

Eplgy" (Ry, Di)gy" (Ri, Dy)') (F.20)

are bounded from above and away from zero uniformly in P € P, Remark 4.2 implies

Assumption 4.2 holds with v, < 31/2 Lr

when using for any (g1,92) = 6 € B the
norm [|6||g = suppep [|91ll 2, + suppep [|92(/12, - We further note that since (g-,g+) is
identified we may set 7, = 0 and hence, under the no bias condition of Assumption

5.3(ii), we obtain from Theorem 4.1 a rate of convergence under || - ||g equal to

Jn/10g(jn)

We conjecture the above rate is suboptimal in that it does not exploit the linearity of the

Ry = (F.21)

moment condition in #, and employing the arguments in Belloni et al. (2015) it should

be possible to derive the refined rate R,, = \/jn log(jn)/+/n at least for the case r = 2.

Sufficient conditions for Assumption 5.1 are provided by Corollary G.1, while we

observe Assumption 5.2 holds with x, = 1 by linearity of the moment condition and

definition of || - ||g. Furthermore, since F,, is an Euclidean class, we further obtain
sup ) (Ro Fo |- 1) S V7R log(m) (F.22
PeP

and hence under the bound B,, < /j, and R, < jn/10g(jn)/v/n by (F.21), Assumption
5.3(i) reduces to jnH/r log?(n) = o(a,/n). In turn, we note that
mp(0)(Zi) = Ep[Y; — g1(Ri)(1 — Di) — g2(Ri) Ds| Ry, D] (F.23)

is linear for any (gi1,¢2) € B, and hence Assumptions 5.4(i)-(ii) hold with K, = 0,
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while Assumption 5.4(iii) is satisfied with M, = 1. Similarly, if we metrize the product
topology on B = C1([=1,0]) x C1([0,1]) by 0]l = g1ll1.00 V llg2]11.00 for any (g1,g2) =
0 € B, then Assumption 6.1(i) holds with K} = 2, Assumptions 6.2 and 6.3 are satisfied
with Ky = Ky = 0 and My, = 1 and My = 2, and Assumption 6.4 holds by linearity of
Y. Therefore, for any (g1,92) = 6 € B the set G,,(0) becomes

. . V J;nn a /ﬁ
6.0)= | N IR + TR0 > Tgi(a) A Ya € [-1,0] }
vn vn Vga(a) + % > Vga(a) Ay Va € [0,1]

(F.24)
where we exploited 1g = (10([,1,0]), ]-C([O,l])) for 10([,170}) and 10([0’1}) respectively the

constant functions equal to one on [—1,0] and [0, 1].

With regards to other elements needed to construct the bootstrap statistic, we next
let (31, B2) be a minimizer of (F.19) and for § = (p]_";lﬁbpflnﬁg) note that

Wap(0) = dfr = = > i (Vi — (1= D (Be) By — Dz (ReY Bl (R, D)
— 3G = (1= D (Ry) i — D (Ry) o)l (Ry, D)} (F-25)

Since the moment condition is linear in 6, there is no need to employ a numerical

derivative to estimate D, p(fp) and hence following Remark 6.1 we just set
=—= Z{ 1-— Ri)'B1 + Dip’t, (R;) B2 }akn (Ry, D;) (F.26)

for any h = (pj_"fnﬁl, pﬁ'nﬁg). Analogously, in this instance D, _p(6p) : B, — R equals

Dy, p(00)[h] = —Ep[{(1 — Dy)p’ ,(R:) b1 + Dip’t, (Ri) B2 ol (R, D)) (F.27)

for any h = (pj”' B, p n! ‘nB2). Provided the eigenvalues of (I.20) are bounded from

1/2—-1/r

above and away from zero, and recalling v, =< jn , it is then straightforward to

show ||h||g < vp||Dn,p(0)[A]||, for any h € B,,. Moreover, by direct calculation

sup D (8)[1] — Dn,p(60) (A |

Irlle<1

1 n
<l > a(Ri, Di)gi (Ri, D;)' — Eplay™ (Ri, D)™ (R, Di)' o2 (F.28)

and hence from Theorem 6.1 in Tropp (2012) we can conclude that uniformly in P € Py

sup_[[D,(0)1] ~ Do p b0l = Op(22Y L)) (F.20)

[rle<1
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In particular, (74) holds provided j2/271/7\/10g(jn) = o(y/n), and by Lemma 6.1 and
Remark 6.4 it follows that the bandwidth ¢, can be ignored if it is possible to set
¢y, } 0 such that R, = o(f,). The additional requirements on ¢,, are dictated by

Assumption 6.6, which here become j,ll/rx/log(jn)\/jinsuppep I Uy Fos -1 £2,) = olan).

: 1 —
Since we have shown jn/r\/log(]n)\/ﬁsuppep TRy Fas | [l £2,) = o(an), we conclude
R, = o(¢,) is feasible, and hence in this example we may employ

Vn<e,+oo>={<p]jfl, Vf

Thus, combining (F.24), (F.25), (F.26), and (F.30), the bootstrap statistic becomes

) € Gul0) : 9, (0) By — P2, (0 B2 = 0f . (F.30)

Un(R) = inf 1Wap(-,0) % a5 + Do () (07 81, P08,
1,P2

B
B P Be
Vo loyn

Finally, we note that Theorem H.1 provides sufficient conditions for Assumption 6.5,

while using the bound S,,(B,E) < j?/z from Newey (1997) and (F.21) implies Assump-

tion 6.6(iii) is satisfied provided j> log(n) = o(nr2). =

st. (i) ( ) € Gu(B), (i) p™,(0) 1 — p7",(0) B2 =0 . (F.31)

Discussion of Example 2.3

Recall that in this application the parameter 6 consists of a finite dimensional com-
ponent (71,72, a) € R?*»*de and a nonparametric function 6 € C(R%). For notational
simplicity, we let (y1,72,a) = 7 € R% with d = 2d, + d, and define the function

Ml(Zia 0)

= /1{W¢/’Yl +e1 >0, Wi +0(Y;) +ea <0, Wini +e1 > Wiye + e2}dGe|a)
which constitutes the part of (16) that depends on #. Similarly, we further define
Ms(Z;,0) = /1{61 < Wi, ea < =W/ }dG(e|a) (F.32)

Ms(Z;,0) = /1{61 +0(Y;) > =Wy, ea+0(Y;) > =Wy dG(e|a) , (F.33)

which correspond to the moment conditions in (17) and (18). For A; the observed bundle

purchased by agent i let X; = (A;, Z;), and then note that the generalized residuals are

p3(Xi,0) = {4 = (1,1)} — M5(Z;,0) . (F.34)
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so that p(X;,0) = (p1(Xi,0), p2(Xi,0), p3(X;,0)) for a total of J = 3 restrictions.

In this instance, B = R x C(Rdy ) and for illustrative purposes we select a non-
compact parameter space by setting © = B. For {pj,n}gnzl a sequence of linear sieves in
C(R%) and pi* (y) = (p1.0(Y), - - -, Pjun(y)) We then let ©,, be given by

0, = {(m,0) e R x C(R%) : ||n||]z < Cp and & = p/*’§ for some ||8]]2 < C,} (F.35)

for some constant Cy < oo and sequence {Cp}>°, satisfying C,, 1 oco. In turn, for

1<3< T welet {qkm}ﬁgg denote a sequence of transformations of Z; = (W;,Y;), and
recall g (2) = (4,75 (2)', 005" (2), 45" (2)') where g (2) = (@1ny(2); -+ Qb g (2))
and k,, = ky 1 +kp2+k, 3. We note, however, that since the conditioning variable is the
same for all three moment conditions, in this instance we may in fact let q,ﬁ?l’l = qi?f =
qi?f —i.e. employ the same transformation of Z; for all three moment conditions. Thus,

given the above specifications, the test statistic I,(R) is equivalent to

_ N , it o ||
In(R) = (;r}ﬁf)l\/ﬁ; p(Xi, (7,7 B)) * 4" |55,
st. (i) pi'B <0, (il) [|7]l2 < Co, (iii) [|Bll2 < Cr , (F.36)

where constraint (i) corresponds to Y (f) < 0, while constraints (ii) and (iii) impose
that (ﬂ,p%"/ﬁ) = 0 € 0,. The latter two restrictions are standard sieve compactness

conditions imposed in (even parametric) nonconvex estimation problems.

Next, let M(Z;,0) = (M1(Z;,0), Ma(Z;,6), M3(Z;,0)) which we will assume to be
differentiable, with VM (Z;,0) denoting the derivative with respect to 7, and

V(;M(Zl,e) = QM(Zi,Q—FTe(;) (F37)

B or 7=0

for es € B equal to (0, 1C(Rdy)) and 1omay) the constant function that equals one

everywhere. For || - || the Frobenius norm of a matrix, we further define
Fr(z) =sup ||V M(z,0)|Fr Fs(z) =sup ||VsM(z,0)|2 , (F.38)
0cO 0co
and then observe that by the mean value theorem and the Cauchy-Schwarz inequality

|M,(Zi, (w1, 0l B1)) — My(Zs, (w2, ply' B2))|
< Fro(Zy)|lm — mall2 + F5(Z)|lplr (Vi) (B1 — B2)l2
< A{F(Zi) + 1Pl (V)2 F5(Zi) Iy — mall2 + 1181 — Ball2} (F.39)

for any 1 < 5 < J. Defining Fy ,(z) = {Fx(Z;) + i (Y)||2F5(Z;)} and assuming that

94



suppep Ep[Fr(Z:)?) < oo, F3(z) is bounded uniformly in 2, and that the matrix
Ep[plr (Yi)pir (V)] (F.40)

has eigenvalues bounded away from zero and infinity uniformly in n and P € P, it then
follows that suppcp |]F9’n||L§) < Vjn. Therefore, by result (F.39) and Theorem 2.7.11

in van der Vaart and Wellner (1996) we can conclude that

) S (C”E/T”)M . (F.41)

sup Npj(€, P, [l - 2
PeP
Hence, since [ log(M /u)du = alog(M/a) + a and Cp\/jn T 00, result (F.41) yields

o Cain
sup J[](n,fn,u-n%)g/ {1+ jin log(=22) 112,
PeP 0 €

S Vi [ 1o e = i x ftos Y2 4 gy - (Ra2)

In particular, since F'(X;) = 1 is an envelope for F,, we obtain by setting n = 1 in
(F.42) that Assumption 3.3(iii) holds with .J,, </, log(Chjn).

We next study the rate of convergence under the assumption that the model is
identified and hence set 7, = 0 — sufficient conditions for identification are provided
by Fox and Lazzati (2014). For any (m,0) = 6 € B, we then define the norm ||6||g =
|72 + suppep H‘SHpr and note that since the eigenvalues of Ep[pl (Y;)plr (Y;)'] were
assumed to be bounded away from zero and infinity, Remark 4.2 implies that Assumption

4.2 holds with v, < ,1/ 21/ provided that the smallest singular value of the matrix

[<q a5 (Zi) * Ve M(Z;,0) )] (F.43)

ko (Z:) % N s M (Zi, 0)ph (V:)'

is bounded away from zero uniformly in 6 € (©¢,(P) N R)¢, n, and P € Py. Therefore,
assuming ||q, .|| Ly is uniformly bounded in k, n, 3, and P € P for simplicity, we obtain

that under Assumption 5.3(ii) the rate R,, delivered by Theorem 4.1 becomes

kinjn log(kn) x log(Chjn)

Rn: ’
NG

(F.44)

1/2—1/r

where we exploited v, < k and that as previously argued J,, < v/ log(Cpjn).

Corollary G.1 provides sufficient conditions for verifying Assumption 5.1, while the

definition of M (Z;, ), equation (F.38), the mean value theorem, and the Cauchy Schwarz
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inequality imply for any 6; = (ﬂl,p%"’ﬂl) € 0, and 0y = (7['2,]?%"/62) € O, that

Epllp(X;. 61) — p(Xi, 02) 3] = Ep[l|M(Zi, 01) — M (Z;, 62)]13)
< 6Bp[Fr(Z)?||my — a3 + F5(Z:)* (pl (V) (B1 — B2))*) S 101 — O2]lf ,  (F.45)
where in the final inequality we exploited that suppep Ep[Fr(Z;)?] < oo and Fj(z) is

uniformly bounded by hypothesis. Hence, we conclude from (F.45) that Assumption 5.2
holds with x, = 1, and combining (F.42) and (F.44) we obtain that

nkal " Yog () log*(Cogn) _
\/ﬁ - n

implies Assumption 5.3(i) holds. Unlike in Examples 2.1 and 2.2, however, p(X;,0)

(F.46)

is nonlinear in # and hence Assumption 5.4 is harder to verify. To this end, recall
mp,(0) = Ep[p,(X;,0)|Z;], and for any (7,0) = h € B define

Vi, (0)[h] = Vo M,(Z;, 0)7 + VsM,(Z;,0)5(Y;) | (F.47)

which we note satisfies Assumption 5.4(iii) with My, = suppep [|Frllz2 + [|Fsllo- Next,
we suppose that for any 61,602 € (0, (P) N R)¢ with 6; = (m1,01) and 02 = (w2, d2)

IVaM(Z;i,6h) — VaM(Z;,02)||F < Gr(Z;)||m1 — m2ll2 + G501 — 02|00
Vs M (Z;,6h) — VsM(Z;, 02)]]2 < Gs{||m1 — mall2 + [|01 — d2loc } (F.48)

for some functions G satisfying suppep Ep[Gx(Z;)?] < 0o and a constant G5 < oo — a
sufficient conditions is that M (Z;,#) be twice continuously differentiable with respect to
0 and that such derivatives be uniformly bounded. Exploiting results (F.47) and (F.48),
we then obtain by the mean value theorem that for any (7,d) =h € B

lmp, (0 +h) —mp,(0) = Vmp,(0)[h]l 2
< limllz + sup 1612} x {(Gs + sup |Gl 2 7ll2 + G5 < [|6]loc} - (F.49)
PcP pPeP

Therefore, setting K, = Gs+suppcp |G|l 12, we conclude that Assumption 5.4(i) holds
with the norm |0, = ||7||2 + ||0]|ec for any (7,d) = 6 € B. Identical arguments as in
(F.49) further verify Assumption 5.4(ii) for the same choice of K, and || - ||. Because
|- | in fact metrizes the product topology in B, in this example we actually have B = L
and || - || = || - ||. Moreover, since the smallest eigenvalue of Ep[pir (Y;)pir (V;)'] was
assumed to be bounded away from zero uniformly in P € P, we also obtain that

Su(B.E) = So(LE) < sup WP Ol < o (F.50)

serin |15l
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where the final inequality applies when {p;, n} " , are Fourier, Spline, or Wavelet series
since then sup, I8 ()ll2 < v/Jn (Belloni et al., 2015; Chen and Christensen, 2013). If
{pj,n};il are polynomial series instead, then (F.49) holds with j, in place of /7.

Now turning to the construction of the bootstrap statistic, we let (7, B) be a mini-
mizer of (F.36), and setting 6 = (#, pi"'3) we then define

Wop(-,0) g5 = fzwz{p Xi,0) * gy (Zi) — *Zp X;,0) xqi"(Z;)}  (F.51)

for p(X;,0) as defined in (F.34). Since p(Xj;,#) is differentiable in # we do not employ

a numerical derivative, but instead follow Remark 6.1 and set for any (7,0) = h € B,

Dy, (0)[h] = - Z{v M(Z;, )7 + VsM(Zi,0)6(Y:)} = ¢k (Z:) . (F.52)
=1

Next, we note that Assumption 6.1(i) holds with K}, = 1, while linearity of T¢ implies
Assumptions 6.2(i)-(ii) hold with K, = 0, while Assumption 6.2(iii) is satisfied with
Mg, =1 by direct calculation. In turn, since no equality restrictions are present in this

problem, Assumptions 6.3 and 6.4 are not needed — formally they are automatically
satisfied by setting F = R and letting Tr(0) = 0 for all # € B. Thus, here we have

P (y)'8
NG

T o'
N

Gn(0) = {( )eB,: < max{0, —p’" (y)' 3 — 1y} for all y} . (F.53)

Hence, since Ky = Ky = 0, according to Remark 6.4 we may set Vn(é, /y,) to equal

Vi (,0,) = {TGB \hf Gn(én)andH\;%HESEn}. (F.54)

Finally, we observe that Theorem H.1 provides sufficient conditions for Assumption 6.5,
while Assumption 6.6(i) is automatically satisfied since 7, = 0. Moreover, exploiting
results (F.42), (F.44), and (F.50), it follows that Assumption 6.6(ii) reduces to

U X {(Gnn) YV Gk log(ky,) log( n]n = o(an) (F.55)

and Assumption 6.6(iii)-(iv) are satisfied whenever j,,\/ky log(ky) log(Crijn) = o(y/nry).
Furthermore, since the eigenvalues of (F.40) have been assumed to be bounded away

from zero and infinity, it follows that ||h||g = ||7||2 V |||z uniformly in (x,pl'8) = h €
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B,, and n. Therefore, from results (F.53) and (F.54), the bootstrap statistic equals

Un(R) = inf [Wup(:,0) * i + Du(®) (. 2Bl

Jn !/ . .
st ) P < (0, <l (05— b Yo ) Il v 180 < Vi . (F50

Alternatively, under slightly stronger requirements, it is possible to appeal to Lemma
6.1 to conclude that the bandwidth ¢, is unnecessary — i.e. the second constraint in

Jn/

(F.56) can be ignored. To this end, we note that for any (m,py" 3) = h € B,,, we have

D, p(0)[h] = Ep[{VxM(Z;,0)m + VsM(Zi, 0)pin (Y;)' 8} * ¢ (Z;)] . (F.57)

11 11
Since v, < k2 7, |lalla < k2 "|la||, for any a € R¥* and we assumed the smallest

singular value of (F.43) and the largest eigenvalue of (F.40) are respectively bounded
away from zero and infinity uniformly in 6 € (G, (P) N R), n, and P € Py, we obtain

12lle < valDn,p(0)[A]]] (F.58)

for any 6 € (©¢,(P)N R)¢, P € Py, and h € B,,. In order to verify (74), we define the
class Gs,, = {g : g(2) = VgM](z,G)qk7n7](z)p%”(y)’ﬁ for some 6 € O, [|fll2 <1, 1<
J < Jn, 1 <k < kp,and1 <y < J}. Since sup, Hp%"(y)]h < VJn, as exploited in
(F.50), and ||gxnyllzes was assumed to be uniformly bounded, it follows from (I7.38)
that Fj5/jn Ko is an envelope for Gs ,, for Ky sufficiently large. Therefore, it follows that

Ep[ sup |Gngl] S Jy(I1VinF5Koll 12, G || - Il12.) (F.59)

gegé,n

by Theorem 2.14.2 in van der Vaart and Wellner (1996). Furthermore, exploiting once
again that sup, || P (@)|l2 < v/n and condition (F.48) we can conclude

Vs M,y(Zi, 01) Qe (Z)pim (V) Br — Vs My(Zi, 02) Q. ,(Zi) i (Y3)' Bal
SIEslloo P (B = B2)lloo + {llm1 — mall2 + 1123 (B1 — B2)lloo HIPI Ballo
S VinllBr = Ballz + dn{llmi — mall2 + (|81 — Bell2} - (F.60)

for any 0, = (Wl,p,j@”’ﬂl) and 0y = (ﬂg,pﬁf"'ﬂg). Thus, result (F.60), Theorem 2.7.11
in van der Vaart and Wellner (1996), and arguing as in (F.41) and (F.42) implies
SUp pep J[}(||mF5||L%,Qg,n, || - ||L2P) = O(jnlog(Cpnjn)). Similarly, if we define G, =
{9 : 9(2) = Pjn(Y)n(2)VaM,(2,0)7 for some 1 < j < jp, 1 < k < kp,1 <5 <

J, 0 € ©, and ||7||2 < 1}, then by analogous arguments we can conclude

sup EP[ sup |GngH = O(]n 10g(0n]n)) . (F'61)
PeP gegw,n
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Thus, employing the above results together with Markov’s inequality finally implies that

sup  sup  [|Dn(6)[R] — Dy, p(O)[R]]r
0€O0, heB,:||h||g=1

Vkn Vknjnlog(Crjin)
< x { sup |Gpg|+ sup |G,g|} =0 . (F.62
\/ﬁ {gegﬂ,n ’ ‘ 9EGsn ’ ‘} p( \/ﬁ ) ( )

Exploiting (F.58) and (F.62), it then follows that the conditions of Lemma 6.1 are
satisfied and constraint (ii) in (F.56) can be ignored if #,, can be chosen to simultaneously

satisfy Assumption 6.6 and ¢,, = o(R,,). These requirements are met provided that

knjgﬂ log(ky,) 10g2 (Cnjin)
vn

which represents a strengthening of (IF.46) — note strengthening (F.46) to (F.63) poten-

= o(ay) , (F.63)

tially makes Assumption 5.3(ii) less tenable. Hence, under (F.63) we may set

Un(R) = inf 1Wap(-,0) * gy + Du(9)[(m ol B)l5,

(
P (y)'B
S

i.e. the second constraint in (F.56) may be ignored when computing the bootstrap

s.t < max{0, —p’*(y)'B —r,} for all y , (F.64)

critical values. m

Discussion of Example 2.4

An observation i in this example was assumed to consist of an instrument Z; € R%
and a pair of individuals j € {1, 2} for whom we observe the hospital H;; in the network
‘H that they were referred to, as well as for all hospitals h € H the cost of treatment
P;;(h) and distance to hospital D;;(h). Ho and Pakes (2014) then derive

2
E[> {n0(Pyj(Hij) = Pijr(Hiy)) + go(Dij (Hij)) — go(Dij (Hijr)) Y Zi) <0 (F.65)
j=1
where 79 € R, go : R+ — R4 is an unknown monotonic function, and j' = {1,2} \ {j}.
For notational simplicity, we let X; = ({{F;;(h), Di;j(h) }rhen, Hij}?:p Z;) and define
2
U(Xi,7,9) = > _{(Py(Hi) — Piy(Hijr)) + g(Dij(Hy)) — g(Dij(Higr)} . (F.66)
j=1

In addition, we assume that the supports of D;;(H;;) and D;;(H;;) are contained in a

bounded set uniformly in P € P and j € {1,2}, which we normalize to [0,1]. Finally,
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recall that in this example g is the parameter of interest, and that we aim to test
H() Y = Co H1 et 75 Co (F67)

employing the moment restriction (F.65) while imposing monotonicity of go : R — R.
ploying p g y ot g + +

In order to map this problem into our framework, we follow the discussion of Example

2.4 in the main text — see equations (21)-(22) — and rewrite restriction (F.65) as
E[(Xi, 70, 90)1Zi] + Mo(Zi) =0, (F.68)

for a function A\ satisfying Ag(Z;) > 0. We further define the Hilbert space L2U by

1
I =40 0 S Rl < oo for 13 = [ Paja (F.0)

and note C1([0,1]) C L%. The parameter in this example is thus 6y = (70, go, Ao) Which
we view as an element of B = R x C!([0,1]) x £*(R%), and set as the residual

p(Xi, 0) = v(Xi, v, 9) + MZi) (F.70)

for any 0 = (,g,A). The hypothesis in (F.67) can then be tested by letting F = R
and Yp(f) =~ — ¢p for any # € B, and imposing the monotonicity constraint on g and
positivity restriction on A by setting G = £>°([0,1]) x £*(R%) and Yg(0) = —(¢',\)
for any 6 € B. Finally, as in Example 2.3 we utilize a noncompact parameter space and
let ® = B, which together with the preceding discussion verifies the general structure

of our framework imposed in Assumptions 2.1 and 2.2.

To build the test statistic I,(R), we let {Ak,n}ﬁ’;l denote a triangular array of
partitions of R%, and set ¢r(2) = (1{z € A1,n},...,1{z € Ag,»}). For ease of
computation, it is convenient to also employ {1{z € Ak,n}}zil as a sieve for £>°(R%)

and thus for a sequence C,, 1 oo we approximate /*°(R%) by the set
A = {X € (®(R%) : X = ¢"'x for some || < Cp} . (F.71)

In turn, for {pj,n}§i1 a triangular array of orthonormal functions in L? such as b-splines

or wavelets, and pi' (u) = (p1.n(u),. .. ,Djn.n(w)) we let the sieve for B be given by

On ={(7,9,)) €B:g=p"B, [Blla < Cn, A€ A} . (F.72)
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Given the stated parameter choices, the test statistic I,,(R) is then equivalent to

In(R)ZwﬂéfﬂH ZP i (o B m) x4y (Zi)ls,

st. (i) |B]l2 € Cn, (i) v = co, (iil) Vp/r'B >0, (iv) 7 >0, (F.73)

where restriction (i) imposes that § € ©,, and the requirement |[7|2 < C, can be
ignored as argued in Remark 6.3, and restrictions (ii) and (iii)-(iv) respectively enforce
the equality (Yr(0) = 0) and inequality (Y (0) < 0) constraints. While we introduce
(F.73) due to its link to our general formulation in (26), it is actually more convenient
to work with a profiled version of I,,(R). Specifically, the choice of sieve A, enables us

to easily profile the optimal 7 € R*» in (F.73) for any given choice of (v, 8) leading to

Yin,T

RIS B N
I(R) = inf |{ ﬁ;wmmm B) * ¢k (Z;)

st. () |1Blla < Cn, (i) v = co, (iil) VpI/B >0 . (F.74)

The ability to profile out the nuisance parameter A\ grants this problem an additional
structure that enables us to weaken some of our assumptions. In particular, the rate
of convergence of the minimizers of I,,(R) in (F.74) is better studied through direct

arguments rather than a reliance on Theorem 4.1. To this end, let

Con(P)NR={(7,9) : (7,9, \) € Opn(P) N R for some A € (*(R%)}
T,NR={(7,9):(7,9,\) € ©,NR for some \ € /*°(R%)} (F.75)

denote the profiled set g, (P) N R and profiled sieve ©,, N R. For each (v,9) €T, N R
we then denote the corresponding population and sample profiled A by

kn

A9 (2) = = 1z € A HEP[V(Xi v, 9)|Z; € Apa] A0} (F.76)
k=1
kn

A9) () = — Z 1{z e Ak,n}{Z?ZI HZ;i € Appn}v(Xi,7,9)

. AO) F.77
Pt 2im1 H{Zi € A} ) (B-77)

and observe that G, (P)NR = {(v,g, A flp)) (7v,9) € Ton(P)NR}. Therefore, defining

Pr(v,9) = I{—= Zw 07:9) %4y (Z)}VOlg, , (F.78)
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we can then construct a set estimator for the profiled identified set I'y,, (P)N R by setting

[N R={(7,9) €ThNR: Puly,g) < gl Qn(6) + 7} (F.79)

for some 7, | 0. Next, we note that the collection of transformations {Qk,n}£i1 is

orthogonal in L2P, yet not orthonormal. In order to normalize them, we suppose that

1
— = inf f P(Z;€ Agp) < P(Z:. c A F
En Jyelp 1<11?<k: (Zi € Apn) = ;16111), 1<Sl::1§pkn (Zi € App) (F.80)

which implies ||gg || 2 =< kn 1/2 uniformly in P € P, 1 < k <k, and n. Following the

discussion of Examples 2.1, 2.2, and 2.3 we further impose the condition

d1((1:9).Toa(P) N R - 2+ 11 122)

Defining G, = {¥(x,7, 9)qkn(2) : (7,9) €'y N R, 1 <k < k,}, next suppose that
lgll7; = Eplg*(Dij(Hij))) < Eplg®(Dij(Hij))] (F.82)

uniformly in g € L%, j € {1,2}, and P € P. If in addition EP[P2 (Hij) + PZ%(H”/)]
is bounded uniformly in P € P and j € {1,2}, then G, has an envelope G,, satisfying
SUppcp HGnHL% < €. Arguing as in (F.42) it is then possible to show

sup Ji(Cn, Gn, || - lI22,) S Cn/nlog(kn) , (F.83)
PeP

and hence letting 75n7p(’y,g) = ||VnEp[Y(Xi,7,9) * qun(ZZ)] Y, OHEn,r for any (v,9) €
R x L%, we obtain by Theorem 2.14.2 in van der Vaart and Wellner (1996) that

Sup  |Pu(7,9) = Pup(7,9)| = Op(k/"Cr/ i log(kn)) (F.84)

(7,9)€ETnNR

uniformly in P € P since ||2,]lo, = Op(1) uniformly in P € P by Lemma B.3. Under
(F.81) and (F.84) the proof of Theorem 4.1 applies without changes, and therefore under

the no-bias condition of Assumption 5.3(ii) we obtain uniformly in P € P

- kncn jn log(kn) -1
AR T (P) AR o - lzg) = Op(F V285 4 ) - (P89)
Moreover, it also follows from (F.82) that for any (1, g1), (72,92) € I', N R we have

sup I — Al ez < llgr — gallrz, - (F.86)
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In addition, by standard arguments — see e.g. Lemmas 2.2.9 and 2.2.10 in van der Vaart
and Wellner (1996) — it also follows from (F.80) that uniformly in P € P we have

1 Z”: Zi € Apn} 1= 0y kn log(k‘n)) 7 (F87)

1§k§}1§n n — P(Z; € Ay p) vn

while under (F.83) Theorem 2.14.2 in van der Vaart and Wellner (1996) implies that

sup |2 37 F(X0) - Eplf ()] = 0p(CYInio8lin)

piAEp3 NG ). (F.88)

Thus, combining (F.80), (F.87), (F.88) with the definitions in (F.76) and (F.77) yields

ap  sup AL~ A0D = 0y(EnCovFn Vi loglhn)y g

(7,9)€ELnNR PEP Vn
Hence, setting [|0]|s = [|7ll2 + [lgllz2, + suppep |\l L2, for any (v,9,A) = 0 € B, and
OnNR={(7,9.A)"") : (v,9) eTnN R}, (F.90)

we finally obtain from ©g,(P)NR = {(v, g, )\g}g)) : (7,9) € Ton(P)N R}, results (F.85),
(F.86), and (F.89) that uniformly in P € P we have that

knCh \/(kn V jin) log(kn)
vn

1
-7

(00N R, On(P)NR, | - |lg) = Op Yk ) . (F91)

. . . 1-1
For the rest of the following discussion, we thus let v, = k, " and set R,, to equal

\/ﬁ )

Ra (F.92)

compare to result (48) in the main text.

With regards to Section 5, we refer to Corollary G.1 for sufficient conditions for
Assumption 5.1, while Assumption 5.2 is satisfied with x, = 1 and some K, < oo since
10lle = lI7ll2 + llgll 2, +suppep [[All 2, for any (7,9, A) = 6 € B and we assumed (F.82)

holds. Moreover, from (F.72) and arguing as in (F.42) we calculate

. Ch
Sup IO Fos |- Ml22) S Vin Vv kn(nlog(q) +n) (F.93)
S

which together with (F.92) implies that a sufficient conditions for Assumption 5.3(i) is

1
Fu' " (ju V k) Cy log(n)

NG =o(ap) - (F.94)
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In turn, we note the definitions of ¥(Xj;,~, g) and p(X;,0) in (F.66) and (F.70) imply
Vmp(0)[h] = Ep[(Xi, v, 9)|Zi] + AM(Zi) (F.95)

and hence Assumption 5.4(i)-(ii) holds with K, = 0, while Assumption 5.4(iii) is sat-
isfied for some M,, < oo since we assumed that Ep [PlQJ(HZ]) + P;].(Hij/)] is bounded
uniformly in P € P and imposed condition (F.82).

Turning to the construction of the bootstrap statistic, we first recall that any 6 €
O, N R is of the form 6 = (v, g, AL g)) for some (v, g) € I'y N R — see (F.90). Therefore,

Wap(-,0)  gi = fzw@{ (Xir7,9) + A9 (Z0) * alr (2)
30X 0) < () VO (F.96)
j=1

for any (v,g,\) = 0 € ©,, N R. Next, also note that for any § € B and h = (7,9, \),
definitions (F.66) and (F.70) imply that the estimator D, (#)[h] (as in (63)) is equal to

= % > {v(Xi,7,9) + MZi)} = 4 (Zi) - (F.97)
=1

We further observe that if we metrize the topology on B = R x C1([0,1]) x £*°(R%)
V [A||oc for any 8 = (v,9,A) € B, then Assumption 6.1(i)
holds with K; = 3. In turn, we also note that since Yg : B — £°([0,1]) x £*°(R%)
is linear and continuous, Assumptions 6.2(i)-(iii) are satisfied with K, = 0, some finite
Mg, and VY¢(0)[h] = —(¢',\) for any § € B and h = (7, g, A). Similarly, since Tp :
B — R is affine and VY (6)[h] = v for any 6 € B and h = (v, g, ), Assumption 6.4 is
automatically satisfied, while Assumption 6.3 holds with Ky = 0 and M; = 1.

Writing each 6 € ©, N R in the form 0 = (4,3, q"'#), we then finally obtain that

Un(R)= inf inf [[Wyp(-,0) % gk +Dn(0)[(v, p2r'B, a5 m)llg,
0€6,NR (7,8,7) ™

st ()9 =0 ) 75 200 ra =)
@) 08 (=) ||Lﬁ||1,oov||%nooszn (7.95)

where constraint (i) corresponds to Y p(6 + h/y/n) = 0, the restrictions in (i) and (iii)
impose h/\/n € G, (0), and the constraint in (iv) demand ||k/v/n|B < £, — compare to
the definition of V;,(6,4,) in (69). As in Section 7, constraint (iii) reduces to a finite

number of linear constraints when employing orthonormalized b-Splines of Order 3 as
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the basis {pj,n};-’;l. Moreover, under such a choice of sieve we further have

P Bllnoe S %1812 (F.99)

(see Newey (1997)) and thus exploiting || 5|2 < j}/ 2” Bl it may be preferable for easy
of computation to replace the constraint Hp%"’BHLOO < /nty, in (F.98) by the more

conservative but linear constraints ||| < v/1n/j2.

We refer to Theorem H.1 for sufficient conditions for Assumption 6.5 to hold, and

focus on the rate requirements imposed by Assumption 6.6. To this end, we first observe

knt n!
sip el o Na e (F.100)
reRkn SUPpep ||qn” 7THL§3 reRbn [|7ll2/VEn

where in the second inequality we exploited (F.80) implies that suppep || 7| 2 <
| 7|l2/vkn, and the final inequality follows from ||¢i"'7||cc = ||7|lcc due to {Ak,n}’gll
being a partition of R%. Hence, results (F.99) and (F.100) together imply that

S.(B,E) < 32 v kL2 (F.101)

We think it advisable to set 7, = 0 which automatically satisfies Assumption 6.6 and is
simpler to implement, though we note that in contrast to Examples 2.1, 2.2, and 2.3 such
a choice may lead to a loss of power. We further note that the rate of convergence derived
in (F.92) and the bound in (F.101) imply Assumption 6.6(iii) is satisfied provided

knConn/ (i V) 10g (k) (G V et ?)
vn

Finally, we note (F.93) implies the conditions imposed on ¢,, by Assumption 6.6 become

=o(ry) . (F.102)

(kY™ (i V Ken) log(Kn) log(Ch) = o(ay,) - (F.103)

In parallel to Examples 2.1, 2.2, and 2.3 it may be possible to establish under additional
conditions that the bandwidth /,, is not necessary — i.e. that constraint (iv) may be
dropped in (F.100). Unfortunately, such a conclusion cannot be reached by applying
Lemma 6.1 due to a failure of the condition ||h|lg < vy||Dy p(00)[R]|, for all 6y €

(Oon(P)N R) and h € /n{B,, N R — 0}, which is required by Lemma 6.1. m

APPENDIX G - Uniform Coupling Results

In this Appendix we develop uniform coupling results for empirical processes that
help verify Assumption 5.1 in specific applications. The results are based on the Hungar-

ian construction of Massart (1989) and Koltchinskii (1994), and are stated in a notation
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that abstracts from the rest of the paper due to the potential independent interest of
the results. Thus, in this Appendix we consider V € R% as a generic random variable
distributed according to P € P and denote its support under P by Q(P) C R.

The rates obtained through a Hungarian construction crucially depend on the abil-
ity of the functions inducing the empirical process to be approximated by a suitable
Haar basis. Here, we follow Koltchinskii (1994) and control the relevant approximation
errors through primitive conditions stated in terms of the integral modulus of continu-
ity. Specifically, for A the Lebesgue measure and a function f : R% — R, the integral
modulus of continuity of f is the function w(f,-, P) : Ry — R4 given by

w(f,h,P)= sup (/ (flo+s)— f(v)*1{v+s¢c Q(P)}d)\(v))% . (G.1)
Isll<h JQ(P)

Intuitively, the integral modulus of continuity quantifies the “smoothness” of a function

f by examining the difference between f and its own translation. For Lipschitz function

f, it is straightforward to show for instance that w(f, h, P) < h. In contrast indicator

functions such as f(v) = 1{v < t} typically satisfy w(f, h, P) < h'/2.

The uniform coupling result will established under the following Assumptions:

Assumption G.1. (i) For all P € P, P < X\ and Q(P) is compact; (ii) The densities
dP/dX satisfy sup pep SUPyeq(p) %(v) < 0o and infpep inf,cq(p) %(v) > 0.

Assumption G.2. (i) For each P € P there is a continuously differentiable bijection
Tp : [0,1]% — Q(P); (ii) The Jacobian JTp : [0,1]% — R and derivative T} : [0, 1]% —
Q(P) satisfy inf pep inf,¢[g )0, [JTp(v)] > 0 and sup pep sup,cp1jev [|[JTp (V)02 < 00

Assumption G.3. The classes of functions Fy satisfy: (i) suppep supser, @w(f, h, P) <
on(h) for some ¢y, : Ry — Ry satisfying ¢, (Ch) < C*op(h) for all n, C > 0, and
some £ > 0; and (ii) suppep supser, ||fllLes < Kpn for some K;, > 0.

In Assumption G.1 we impose that V' ~ P be continuously distributed for all P € P,
with uniformly (in P) bounded supports and densities bounded from above and away
from zero. Assumption G.2 requires that the support of V under each P be “smooth”
in the sense that it may be seen as a differentiable transformation of the unit square.
Together, Assumptions G.1 and G.2 enable us to construct partitions of Q(P) such that
the diameter of each set in the partition is controlled uniformly in P; see Lemma G.1.
As a result, the approximation error by the Haar bases implied by each partition can be
controlled uniformly by the integral modulus of continuity; see Lemma G.2. Together
with Assumption G.3, which imposes conditions on the integral modulus of continuity of
Fp, uniformly in P, we can obtain a uniform coupling result through Koltchinskii (1994).
We note that the homogeneity condition on ¢, in Assumption G.3(i) is not necessary,

but imposed to simplify the expression for the bound.
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The following theorem provides us with the foundation for verifying Assumption 5.1.

Theorem G.1. Let Assumptions G.1-G.3 hold, {V;}2, be i.i.d. with V; ~ P € P and
for any 6, | 0 let Ny, = suppep Njj(0n, Fn, || - ||L2 )5 Jn = suppep J))(0n, Fn, || HL2 ), and

[logy 1]

W= ( 221 (27 )

t\.’)\»—A

(G.2)

If Ny, 1 00, then there exist processes {W,, p}o, such that uniformly in P € P we have

1Gn,p — Wy, pl 7,

K, log(nNy,) n Kn\/log(nNn) log(n)Sy, J. K,

BRI Vn Ut

) - (G.3)

Theorem G.1 is a mild modification of the results in Koltchinskii (1994). Intuitively,
the proof of Theorem G.1 relies on a coupling of the empirical process on a sequence
of grids of cardinality V,, and relying on equicontinuity of both the empirical and
isonormal processes to obtain a coupling on /. The conclusion of Theorem G.1 applies
to any choice of grid accuracy J,. In order to obtain the best rate that Theorem G.1 can
deliver, however, the sequence d,, must be chosen to balance the terms in (G.3) and thus
depends on the metric entropy of the class F,,. The following Corollary illustrates the use
of Theorem G.1 by establishing a coupling result for Euclidean classes. We emphasize,
however, that different metric entropy assumptions on F,, lead to alternative optimal

choices of é,, in Theorem G.1 and thus also to differing coupling rates.

Corollary G.1. Let Assumption 5.1, 3.2(i), G.1, G.2 hold, and supscr, || fllLs be
bounded uniformly in n and P € P. If suppcp supycr, maxy @ (fqkny h, P) < Aph?
for some vy € (0,1], suppep Njj(€, Fa, || - HL%) < (D/e)in for some jn 1 00 and D < oo,
and log(k,) = O(jn), then it follows that uniformly in P € P we have

A Jn +jn10g(Bnn)

kn _ kn — 1/r
||Gn,Pfqn Wa.pfan, I Op(kn By, log(Bpkyn){ /e Jn

1 -

Below, we include the proofs of Theorem G.1, Corollary G.1, and auxiliary results.

PROOF OF THEOREM G.1: Let {A;(P)} be a sequence of partitions of Q(P) as in Lemma
G.1, and Bp,; the o-algebra generated by A;(P). By Lemma G.2 and Assumption G.3,

[logy n]

sup sup ( 2; 2 Ep[(f(V) — Eplf(V)|Bp))?)?

[logy n] i
< Oy Z 22 (274 )2 = 1S, (G.4)

-
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for some constant Cy > 0, and for S, as defined in (G.2). Next, let Fp,, 5, C F, denote

a finite 0,,-net of F,, with respect to || - HL%. Since N (e, Fp, || - ||L33) < Nyj(e, Fos Il - Hsz),
it follows from the definition of IV,, that we may choose Fp, 5, so that

sup card(Fpp,s,) < sup Npj(0n, Fo, || - [12,) = Nn - (G.5)
PeP PeP r
By Theorem 3.5 in Koltchinskii (1994), (G.4) and (G.5), it follows that for each n > 1

there exists an isonormal process W, p, such that for all 7 > 0, 72 > 0

n
sup P(K\FIIGn,p —WoplFpns, = m+ vmyime(CiSy + 1))
Pe n

< Npe O 4pe=@2m2 - (G.6)

for some Cy > 0. Since N,, T oo, (G.6) implies for any £ > 0 there are C5 > 0, Cy > 0
sufficiently large, such that setting 71 = C3log(N,,) and 1o = Cslog(n) yields

log(nN,,) + +/log(N,,) log(n)S,
sup P(||Gn,p — W pll 75, 5. > Cakn X g(nNn) 8(Na)log(m)Sny (g7
PcP Vn

Next, note that by definition of Fp,, s,, there exists a I', p : F, — Fpns, such that
SUppep SUP e, [If — anprL?D < 0p. Let D(e, Fp, || - HL?D) denote the e-packing number
for F,, under || - HL%’ and note D(e, Fp, || - ”pr) < Ny(&, Fus || - HL%). Therefore, by
Corollary 2.2.8 in van der Vaart and Wellner (1996) we can conclude that

sup Ep[|Wy, p — Wy, pol'y pl|7,]
PcP

On
Ssup [\ flog De T[Tz )de < sup Ty (0. Fosl - lzz) = Jn - (G:8)
PeP Jo PeP

Similarly, employing Lemma 3.4.2 in van der Vaart and Wellner (1996) yields that

sup Ep([|Gp,p — Gp,p o I'n pl|7,]
PeP
I OBns Fus ||+ 22) K I K.
< s Fs || - 1 P =J,(1+ 2= )
N]glégJu(fS Ty 1+ [l22,)( + sup 5/ ) = JIu +5%\/ﬁ) (G.9)

Therefore, combining results (G.7), (G.8), and (G.9) together with the decomposition

|Gn,p — Wh,pll7,
S ||Gn,P - Wn,P

|Fpns, TIGnp—Gnpolnplz, +[[Wnp—Wppolyplz, ,
(G.10)

establishes the claim of the Theorem by Markov’s inequality. m
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PrROOF OF COROLLARY G.1: Define the class G, = {fqxn, : forsome f € F,, 1 <
1< Jand 1 <k< kw}, and note that Lemma B.1 implies that for any d,, | 0

DB
On

Sup N{J (G G |- 12) < Ko X U NG/ B Frs | - l2,) < ko x (Bt (GL11)
PeP PeP

Similarly, exploiting (G.11), 6, | 0 and [’ log(M/u)du = alog(M/a) + a we conclude

sup A (60 Gu |- 1) / {los(kn) + julos(Z ")} e
< (VIoglkn) + /) /0 log( 2% )de £ (Viog(hn) + /i) x B, Jog(5") . (G-12)

In turn, note that for S,, as defined in (G.2), we obtain from ¢, (h) = A,h" that

[logy n]
{Z 2 x ot 2 W2 S A, x b (G.13)

Finally, we also note that supscg, || fllzes < Bn due to Assumption 3.2(i) and f € F,
being uniformly bounded by hypothesis. Therefore, setting d,, = \/7,/+/n in (G.11) and
(G.12), and exploiting ||al, < d/"||a||« for any a € R? we obtain that

sup HGn,Pfqﬁn - mefq?]i" I
fEFn

AnIn in log(Byn
< R G = W plls, = Op(h/ B log(Buyn) {22l 4 BB (g

uniformly in P € P by Theorem G.1. m

Lemma G.1. Let Bp denote the completion of the Borel oc—algebra on Q(P) with respect
to P. If Assumptions G.1(i)-(ii) and G.2(i)-(ii) hold, then for each P € P there exists
a sequence {A;(P)} of partitions of the probability space (Q(P),Bp, P) such that:

(i) Ai(P) = {Aip(P): k=0,...,2" =1}, A;(P) € Bp and Dgo(P) = Q(P).

(i) Aix(P) = Ajp121(P) U Ai+1,2k+1(P) and Ay 12k (P) N Ajy1 k41 (P) = 0 for any

integers k=0,...2" —1 and i > 0.
(iii) P(Aiy196(P)) = P(Aiy12k41(P)) =271 for k=0, e 2t —1,4>0.
(iv) SUppep MaXozpeai—1 SWPuea,u(p) [0 = ¥/l = O27%).

(v) Bp equals the completion with respect to P of the o-algebra generated by | J;>q Ai(P).
PRrROOF: Let A denote the Borel o-algebra on [0, 1]%, and for any A € A define
Qp(A) = P(Tr(4)) , (G.15)

where Tp(A) € Bp due to Tp' being measurable. Moreover, Qp([0,1]%) = 1 due to Tp

being surjective, and @QQp is o-additive due to Tp being injective. Hence, we conclude
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Qp defined by (G.15) is a probability measure on ([0, 1]%, A). In addition, for A the

Lebesgue measure, we obtain from Theorem 3.7.1 in Bogachev (2007) that

Qe = Prpa) = [ e = [ Far@ @@ (619

where |JTp(a)| denotes the Jacobian of Tp at any point a € [0,1]%. Hence, Qp has

density with respect to Lebesgue measure given by gp(a) = %(TP(G)NJ Tp(a)| for any

a € [0,1]%. Next, let a = (a1,...,aq,)" € [0,1]% and define for any ¢ € [0, 1]

Qprla€ A:a <t)

Gt =" 0

(G.17)

for any set A € A and 1 <[ <d,. Further let m(i) =7 — L%j X dy —1i.e. m(i) equals i
modulo d, — and setting Ago(P) = [0,1]% inductively define the partitions (of [0,1]%)

Ait126(P) = {a € Aj(P) : Gugig), p(amn] Ain(P)) < 5}
Aip1ok41(P) = A1 (P)\ Aig1 0 (P) (G.18)

DN | =

for 0 < k < 2° — 1. For cl(A;1(P)) the closure of A;;(P), we then note that by

construction each A; (P) is a hyper-rectangle in [0, 1]% — i.e. it is of the general form

dy
(A (P)) = [ [ ik (P wi 5 (P)] - (G.19)

J=1

Moreover, since gp is positive everywhere on [0, 1]% by Assumptions G.1(ii) and G.2(ii),
it follows that for any i > 0,0 < k <2 —1 and 1 < j < d,, we have

liv1,2k,5(P) = li g ;(P)

wi g i (P)if 7 Fm(i+ 1
Ui+1,2k,j(P):{ kg (P) 1.5 7 m( ) N

oy . (G.20)
solves G (i+1),p(Ui+1,2k,i (P)|Aip(P)) = 3 if j =m(i + 1)

Similarly, since Az‘+1,2k+1(P) = Alk(P) \ AHL%(P), it additionally follows that

lik,j(P)if j # m(i+1)

L . (G.21)
Uit1,2k,(P) if j =m(i +1)

Uig1,2k41,5(P) = i (P)  liz1ok1,5(P) = {

Since QP(CI(AH»LZIC(P))) = QP(AiJ’,l’Qk(P)) by Qp < A, (Gl?) and (GQO) yield

Qr(Ais126(P)) = Qp(a € Ajj(P) : am(is1) < Uig1,2km(ir1)(P))
= Gu(it1),P (i1 26,m(i+1) (P)|Ai s (P)Qp(A; 1 (P))

= SQr(Aiu(P) (G.22)
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Therefore, since A@k(P) = Ai+1,2k(P)UAi+1,2k+1 (P), it follows that QP(AH_LQk_H(P)) =
%QP(AM(P)) for 0 < k < 2' — 1 as well. In particular, Qp(Ago(P)) = 1 implies that

Qr(Aik(P)) = (G.23)

for any integers i > 1 and 0 < k < 2¢ — 1. Moreover, we note that result (G.16) and
Assumptions G.1(ii) and G.2(ii) together imply that the densities gp of Qp satisfy

0 < inf inf a) < sup su a) < oo, G.24

PEP aclo1]ds gp(a) PGI; ae[o,gdu gp(a) ( )

and therefore Qp(A) < A(A) uniformly in A € A and P € P. Hence, since by (G.20)
ui+172k,j(P) = ui,/w(P) and li+1,2k7j(P) = li,]ﬁj(P) for all j # m(i + 1), we obtain

(ig1,26,m(i+1) (P) = lig1,26,m(i+1) (P)) _ H?L(Uz‘ﬂ,%g( ) — lit1,2k,(P))
(Uz',k,m(i+1)(P) - li,k,m(i+1)(P)) H;ivzl(ul,k,](P) - zk,]( ))

_ AMAj1,26(P)) _ Qp(Aiy121(P)) 1
AAi(P)) Qr(Air(P)) 2

(G.25)

uniformly in P € P, i > 0, and 0 < k < 2 — 1 by results (G.23) and (G.24). Moreover,
by identical arguments but using (G.21) instead of (G.20) we conclude

i m(i P)—1; m(s l 1
(i1 264 1,m(+1) (P) = liv1,2641,m(4+1) (P)) - = (G.26)

(Wi o (i4+1) (P) = L g m(ir1) (P)) 2

also uniformly in P € P, 4 > 0 and 0 < k < 2¢ — 1. Thus, since (ig1,25,5(P) —

liv1,2k,5(P)) = (Wig1,2k41,5(P)—=liv1,2k+1,5(P)) = (Wi (P) =l ;(P)) for all j # m(i+1),
and ug;(P) —loo;(P) =1 for all 1 < j < d, we obtain from m(i) =i — L%J X dy,
results (G.25) and (G.26), and proceeding inductively that

(i (P) = L j(P)) < 27 (G.27)

uniformly in P€ P,i>0,0<k <2 —1,and 1 < j < d,. Thus, result (G.27) yields

sup max sup  [la —d[|2
PeP OSkS2'=1 g ore X, L (P)
<sup max max \/dy X (u;;k(P) =1 ;jx(P)) = O(Q_div) . (G.28)

PeP 0<k<2i—1 1<j<dy

We next obtain the desired sequence of partitions {A;(P)} of (2(P), Bp, P) by con-
structing them from the partition {A;;(P)} of [0,1]%. To this end, set

A (P) = Tp(A; 1(P)) (G.29)
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for all i > 0 and 0 < k < 2° — 1. Note that {A;(P)} satisfies conditions (i) and (ii)
due to Tp ! being a measurable map, Tp being bijective, and result (G.18). In addition,
{A;(P)} satisfies condition (iii) since by definition (G.15) and result (G.23):

P(Aix(P)) = P(Tp(Aix(P))) = Qp(Ain(P)) =27", (G.30)

for all 0 < k < 2¢—1. Moreover, by Assumption G.2(ii), sup pcp suP,eio,1)4 | Tp(@)]lo2 <

oo, and hence by the mean value theorem we can conclude that

sup max  sup  [w—vlh=swp max s [Th(a) - Te(d)]s
PeP OSkSQZflvﬂ)/eAi,k(P) pPep 0<k<2'—1 a,a’EAiyk(P)
< sup  max sup  la—d'[l2 = O(Q_ﬁ) , (G.31)

PcP OSkSZ’fl a,a’EAi,k(P)

by result (G.28), which verifies that {A;(P)} satisfies condition (iv). Also note that to
verify {A;(P)} satisfies condition (v) it suffices to show that |J;q Ai(P) generates the
Borel o-algebra on Q(P). To this end, we first aim to show that

A=o(JAi(P)), (G.32)

i>0

where for a collection of sets C, o(C) denotes the o-algebra generated by C. For any
closed set A € A, then define D;(P) to be given by

Dyi(P) = U Air(P) . (G.33)
kAl,k(P)ﬂA7£@

Notice that since {A;(P)} is a partition of [0,1]%, A C D;(P) for all i > 0 and hence
A C (V>0 Di(P). Moreover, if ag € A, then A° being open and (G.28) imply ag ¢ D;(P)
for i sugﬁciently large. Hence, A°N ((;>q Di(P)) = 0 and therefore A =(";5, Di(P). It
follows that if A is closed, then A € O’(Ui>0 A;(P)), which implies A C O'(Oi>0 Ay(P)).
On the other hand, since Azk(P) is Borelifor alli>0and 0 < k <2t —1, W(;also have

o (Ui Ai(P)) € A, and hence (G.33) follows. To conclude, we then note that

o(|J 2:(P)) = o(|J Tr(Ai(P)) = To(o(|J Ai(P)) = To(A) . (G.34)

i>0 i>0 i>0

by Corollary 1.2.9 in Bogachev (2007). However, Tp and Tp ! being continuous implies
Tp(A) equals the Borel o-algebra in Q(P), and therefore (G.34) implies {A;(P)} satisfies

condition (v) establishing the Lemma. m

Lemma G.2. Let {A;(P)} be as in Lemma G.1, and Bp; denote the o-algebra generated
by A;(P). If Assumptions G.1(i)-(ii) and G.2(i)-(ii) hold, then there are constants
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Ko > 0, K1 > 0 such that for all P € P and any f satisfying f € L?D for allP e P:

Ep[(f(V) = Ep[f(V)|Bpa))?] < Ko x @*(f, K1 x 270, P) .

PROOF: Since A;(P) is a partition of Q(P) and P(A;x(P)) = 27 for all i > 0 and
0 <k <2 —1, we may express Ep[f(V)|Bp,] as an element of L%J by

201

Erl(V)fBr] =2 3 10 € 2uu(P) / PL).  (G39)

Hence, result (G.35), P(A;x(P)) = 27" for all i > 0 and 0 < k < 2° — 1 together
with A;(P) being a partition of Q(P), and applying Holder’s inequality to the term
(f(v) = f(0)1{v € Q(P)} x 1{v € A; x,(P)} we obtain that

Ep[(f(V)— Ep[f(V)|Bp))?*

261
_i D 7))2 v
—Z/ (F(0) Q/Amp)f( )AP(5)*dP(v)

201

21 ~ ~\\2
~ 3 / " / 10 = @)1 € P)YPE) AP

2 —1

< opue) [ / ~ J@)1{v € QP)}APE)AP()

/ (f(v) — f(9))*1{v € Q(P)}dP(3)dP(v) . (G.36)

= Jau@ Jaue

Let D; = suppep maxg<y<oi—j diam{A; ;(P)}, where diam{A;(P)} is the diameter
of A; (P). Further note that by Lemma G.1(iv), D; = O(27ﬁ) and hence we have

AM{s € R% : ||s| < D;}) < M;27% for some M; > 0 and A the Lebesgue measure.
Noting that suppep sup,ca(p) 5 de 3 (v) < 0o by Assumption G.1(ii), and doing the change

of variables s = v — ¥ we then obtain that for some constant My > 0

Ep[(f(V) — Ep[f(V)|Bp,])?]
2i_1

< M, Z % / " / —F(@0)21{v € Q(P)}aA(B)dA W)
< MyM; sup Z /A @) TP+ s cAPID) . (637

IslI<Di =g

Next observe that @(f, h, P) is decreasing in h. Hence, since {A; x(P) : k=0...2° -1}
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is a partition of Q(P), and D; < K12_i for some K7 > 0 by Lemma G.1(iv), we obtain
Ep[(f(V) = Ep[f(V)|Br:))*] < MyMy x w*(f, K1 x 277, P) (G.38)

by (G.37). Setting Ko = My x M; in (G.38) establishes the claim of the Lemma. m

APPENDIX H - Multiplier Bootstrap Results

In this Appendix, we develop results that enable us to provide sufficient conditions
for verifying that Assumption 6.5 is satisfied. The results in this Appendix may be of
independent interest, as they extend the validity of the multiplier bootstrap to suitable
non-Donsker classes. In particular, applying Theorem H.1 below to the case i n(2) =1
and k, = 1 for all n yields the consistency of the multiplier bootstrap for the law of the

standard empirical process indexed by a expanding classes JF,, of functions.

Our analysis requires the classes F,, be sufficiently “smooth” in that they satisfy:

Assumption H.1. For each P € P and n there exists a {pjn,p};2, C L} such that: (i)
{Pjn,pt;2, is orthonormal in L% and Ipjm.pllLes is uniformly bounded in j,n € N and
P € P; (ii) For any Jn T 00 and, pz:P(v) = (p1n,p(v),...,Pjpnp()) the eigenvalues
of Ep[(¢k(Z)) pZL’:P(VZ-))(qu"(ZZ-) @p)'p(Vi))'] are bounded uniformly in n and P € P;
(iit) For some M, T oo and vy, > 3/2 we have for all P € P the inclusion

M,
j%

Fo CLF = pinp@)B;: {8132, satisfies 8] < ="} . (H.1)
7j=1

Assumption H.1(i) demands the existence of orthonormal and bounded functions
{pj7n7p};?i1 in L% that provide suitable approximations to the class F,, in the sense
imposed in Assumption H.1(iii). Crucially, we emphasize that the array {p;n p}72; need
not be known as it is merely employed in the theoretical construction of the bootstrap
coupling, and not in the computation of the multiplier bootstrap process W,,. In certain
applications, however, such as when p is linear in 6 and linear sieves are employed as
O, the functions {pj,n,p}]o-‘;l may be set to equal a rotation of the sieve.?’ It is also
worth pointing out that, as in Appendix G, the concept of “smoothness” employed does
not necessitate that p be differentiable in its arguments. Finally, Assumption H.1(ii)
constrains the eigenvalues of Ep[(¢~"(Z;) pifp(\/}))(q’n“”(Zi) pﬁﬁP(Vi))’] to be bounded
from above. This requirement may be dispensed with, allowing the largest eigenvalues to
diverge with n, at the cost of slowing the rate of convergence of the Gaussian multiplier

bootstrap W, to the corresponding isonormal process W;‘Z p-

20Concretely, if ©,, = {f = pir'y : for some v € R/} and X = (Y, W') with Y € R and p(X,0) =
Y — (W), then a candidate choice for p/»*!(v) are the orthonormalized functions (y, pi* (w)’)’.

114



As we next show, Assumption H.1 provides a sufficient condition for verifying As-

sumption 6.5. In the following, recall F,, is the envelope of F,, (as in Assumption 3.3(ii)).

Theorem H.1. Let Assumptions 5.1, 5.2(i), 3.3(ii), H.1 hold, and {w;}}_, be i.i.d. with
wi ~ N(0,1) independent of {V;}I—y. Then, for any j, T oo with jnkylog(jnkn)Bn =
o(n) there is an isonormal Wy, p independent of {Vi}_y satisfying uniformly in P € P

sup W, faim — Wi pfann|l»
f€Fn

1
+r
n

=

1 . 3 NN
suppep || Full 2 Bika " (jnlog(kn)) i (10g(jn)® kY™ By, M,+\/log(kn)
= Up + —3/2 )
jgp /

=

n

The rate of convergence derived in Theorem H.1 depends on the selected sequence
Jn T o0, which should be chosen optimally to deliver the best possible implied rate.
Heuristically, the proof of Theorem H.1 proceeds in two steps. First, we construct a
multivariate normal random variable WE plgin @ pZ:P) € R/"F that is coupled with
W, (¢ ® pZ:P) € RI ¥ and then exploit the linearity of W, to obtain a suitable
coupling on the subspace S, p = span{q» ® p‘ﬁjp}. Second, we employ Assumption
H.1(iii) to show that a successful coupling on S,, p leads to the desired construction since
Fr is well approximated by {p;n, p};?‘;l. We note that the rate obtained in Theorem H.1

may be improved upon whenever the smallest eigenvalues of the matrices

Epl(¢(Z:) ® pl p(Vi) (a5 (Z:) @ pl p(Vi))'] (H.2)

are bounded away from zero uniformly in n and P € P; see Remark 8.1. Additionally,
while we do not pursue it here for conciseness, it is also worth noting that the outlined
heuristics can alsp be employed to verify Assumption 5.1 by coupling G, (g ® pf[fp)
to W,, p(¢i @ p’") through standard results (Yurinskii, 1977).

Remark 8.1. Under the additional requirement that the eigenvalues of (H.2) be bounded

away from zero uniformly in n and P € P, Theorem H.1 can be modified to establish

sup [[W,, fgkn — W5 pfakn |,
fEFn

i+l .
 suppep [[Fullpg Bukid "7 jnlog(kn)\/10g(jn) k" B, M,,/Tog(kn) i3
- p( \/ﬁ + jgp,g,/z ) . ( . )

Given the assumed orthonormality of the array {p;n» p}32;, the rate obtained in (H.3)
is thus more appropriate when considering the multiplier bootstrap for the standard
empirical process —i.e. qrn(z) =1 and k, = 1 for all n — since the smallest eigenvalue

of the matrices in (H.2) then equals one. m
Below, we include the proof of Theorem H.1 and the necessary auxiliary results.
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Proor or THEOREM H.1: We proceed by exploiting Lemma H.1 to couple W,, on a

finite dimensional subspace, and showing that such a result suffices for controlling both

W,, and W* n.pon Fp. Tothisend, let S, p = = span{q" ®p p} and note that Lemma H.1

and 7, 1 oo satisfying j,k, log(jnkn)Bn = o(n) by hypothesw imply that there exists a
(1)

linear isonormal process Wn, p on Sy p such that uniformly in P € P we have

n 1 n n
sup W (8Dl p) gl — W (B0 ) gl
|B]l2<suppcp HFnIIL%

41
p

PN

_O(Suppep | F HLQB k7 (jn log(kn)) 7 (1og(jin)) ) (A

- P
n

N

For any closed linear subspace A of L%, let Proj{f|A} denote the || - || L2, Projection
of f onto A and set At = {f € L% : f = g — Proj{g|A} for some g € L%} —ie. At
denotes the orthocomplement of A in L%;. Assuming the underlying probability space is
suitably enlarged to carry a linear isonormal process Wg}a on Sﬂ;’ p independent of WSL

and {V;} |, we then define the isonormal process W ,, on L% pointwise by

Wy pf = WL (Proj{/fISn.p}) + W (Proj{ /IS p}) - (FL5)

Next, set P, p = span{pjnp} and note that since Proj{f|P, p} = B(f )’pjn for some
B(f) € R/, the orthonormality of {pj, p} ", imposed in Assumption H.1(i) implies
1Bz < Ifllz2, < [[Fullzz, by Assumption 3.3(ii). Since (Proj{f|Pn,r})drn, € Sp,p

P

forany f e F,, 1 <3< Jand 1 <k <k,, (H4) and (H.5) imply uniformly in P € P

fsup W, (Proj{ f|P,,p}) g5 % p(Proj{ fIPnp bt |-
EFn
< sup W (8Dl p) gl — W (B0 ) gl |
|8]l2<suppcp HFnIILz
l 1 3 1
suppep || Fr HL2B ki T (G log(kn)) 2 (log(jin)) 3
= 0y ; ). (H6)
n

Next, define the set of sequences B, = {{0; i " |Bj| < My/j7}, and note that

sup Wy, p(Proj{f|Py p})as" I

fe€Fn

oo
1
<k oup B R IWZ,p(Qk,n,JJ; Bipjn.p)l (H.7)
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by Assumption H.1(iii). Moreover, also note that for any {8;}, {53;} € B, we have that

{EP[qz,n,j(Zm)(Z(B — B1)pjn,p (V) I}'? S By ZIBJ Bil (H.8)

by Assumptions 3.2(i) and H.1(i). Hence, since W} , is sub-Gaussian with respect to
I| - ||L§)7 defining G, = {f € L% : f = qny Zijn Bjpjm,p for some 1 < 3 < J and 1 <
k < kn,,{B;} € B,} we obtain from Corollary 2.2.8 in van der Vaart and Wellner (1996)

Belsup [V pll S [\l N (e Gul[ -3 e

an

B Myjn 777V
</ V108 (kN (¢/ o Bus || - o) de . (H.9)

where the final inequality holds for ||5|ls, = E =, 18j| by (H.8) and noting that since
{pjn,p} are uniformly bounded by Assumption H.1(i), G, has envelope G,, satisfying
||Gn||L§3 S BaMy s J77 B Mnj;(%_l). Furthermore, note that Lemma H.2,
the change of variables u = €j,” ! /By My, and vy, > 3/2 additionally yield

Bu My, 777
/ \/Iog(k: N(E/Bnaan ” ’ ||41))d6

2wt 4 B, M, /log(k
/{1 0" T o aagu < BeMevioetha) )

et (’yp - 1) UJn ~ jgp—3/2

Therefore, we conclude by results (H.7), (H.9), (H.10), and Markov’s inequality that

1/r
) B, My +\/log(ky)
sup (W5, p (Proj{ B p})at | = Oy Lty loglin
fe€Fn Jn”

). (H.11)

In order to obtain an analogous result to (H.11) for W, we similarly note that
3 . i kn
sup |[Wn(Proj{f|P; p})a" -
feFn

(o.]
) )
< k" sup max  max [Walgn, > Bipsnp)l - (H12)
B3¢ . =

Moreover, since {w; }7* ; is independent of {V;}?_;, we also obtain from Assumption 3.2(i)
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and {pjn,p};>j, being uniformly bounded in j,n and P € P by Assumption H.1(i) that

E[{WH(Qk,n,] Z ﬁjpj,n,P) - Wn(‘]k:,n,j Z ijjm,P)}QHW}?:l]

J2in J2jn
1 . .
< Y Amas(Zia) Y (85 = Bpinp (VDY S BILY 16— Bl . (H.13)
i=1 JZin Jzin

Hence, since W, is Gaussian conditional on {Vi}i—,, applying Corollary 2.2.8 in van der
Vaart and Wellner (1996) and arguing as in (H.9) and (H.10) implies

B, My +\/log(ky)

E Vi . (H.14
[{Bf?gzsn 1592 1§r}c1§al}c<n ; (ki ;;n Fipinp)INVikim] 5 132 (H.14)

Thus, results (H.12) and (H.14) together with Markov’s inequality allow us to conclude

k" B, M, ~/log (kn
sup (W, (Proj{ B4 pPak [, = 0y Dot oslh)y) gy 45
In

fe€Fn

uniformly in P € P. Hence, the claim of the Theorem follows from noting that the
linearity of W,, and W p and f = Proj{f[P, p} + Proj{f|]P’7ll7P} together imply that

sup ||W, fgkn —W pfain||, < sup W, (Proj{ f|Pn,p })gim =W p(Proj{ f|Pyp})ai"|Ir

fe€Fn

+ sup W, (Proj{ f[P7. »})ar "||r+fSll}> IW?, p(Proj{ f|P pHan" |-, (H.16)
E n 6 n

which in conjunction with results (H.6), (H.11), and (H.15) conclude the proof. m

Lemma H.1. Let Assumptions 3.1, 3.2(i), H.1(i)-(ii) hold, and {w;}}~, be i.i.d. with
wi ~ N(0,1) independent of {Vi}? . If jnknlog(jnkn)Bn = o(n), then uniformly in P

3 1
0 in n -D B2k4 In log ]{Z 1 log In 1
sup  [Wo (05 8)ak — Wi p (0 8) k" [l = Op( Un log(kn)) 7 (08 (jn))1 )
182<Da "

for W7 p a linear isonormal process on S, p = span{p 'p ® qkn} independent of {Vi}1,.

PROOF: For notational simplicity, let d,, = j,ky, set TZ"P(U) =q¢(2)® %"P(v), and
1 n
= > e, (Viyrin, (Vi)' Sn(P) = Ep[rin(Viras(Vi)') . (HA7)

Letting 74, p(v) denote the d coordinate of 7%, (v) further note that IranpllLs < Bn
since ||pjn,pllss is uniformly bounded by Assumption H.1(ii) and ||gkn llLee < By by
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Assumption 3.2(i). Therefore, if for every M > 0 and P € P we define the event
Anp(M) = {I155/2(P) = /2 (P)op < M B} (H.18)
for Ry, = {juknlog(jnkn)B2/n}'/4, then Assumption H.1(ii) and Lemma H.3 yield

lim inf lim inf 1nf P{Vitie, € App(M))=1. (H.19)

M1Too n—00

Next, let Ny, € R follow a standard normal distribution and be independent
of {(ws, Vi)}; (defined on the same suitably enlarged probability space). Further let
{ﬁd}jll denote eigenvectors of %, (P), {;\d}g’;l represent the corresponding (possibly

zero) eigenvalues and define the random variable Z, p € R% to be given by

uW(n
Zl/dx d\&dp + Zydx (UING,) - (H.20)

d:Ag#£0 d:\g=0

Then note that since W, (TZ"P) ~ N(0,%,(P)) conditional on {V;}?_,, and N, is inde-

pendent of {(w;, V;)}!'1, Zy, p is Gaussian conditional on {V;}7_;. Furthermore,

E[Zy,pZr, pl{ViYii] = Y vaty = L, (H.21)

by direct calculation for Iy, the d,, x d, identity matrix, and hence Z, p ~ N(0,14,)
conditional on {V;}I"; almost surely in {V;}? ; and is thus independent of {V;}I ;.
Moreover, we also note that by Theorem 3.6.1 in Bogachev (1998) and Wn(rzfp) ~
N(0,%,(P)) conditional on {V;}"_,, it follows that W, (e dn '») belongs to the range of
3,(P) : R% — R% almost surely in {(w;, i)}, Therefore since {Dg : Ag # 0}4 i
spans the range of fln(P), we conclude from (H.20) that for any v € R% we must have

VISP =+ Y 00 Wa(rinp)) = W (y/rin,) . (H.22)
d:A\g#0

Analogously, we also define for any v € R% the isonormal process W7 pon Sy p by

*

np(Y Tn "p) = VEY2(P)Znp | (H.23)

which is trivially independent of { V} ', due to the independence of Z,, p. Hence, letting
ex € RF denote the vector whose i" coordinate equals 1{i = k}, and 1{A4,, p(M)} be
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an indicator for whether the event {V;}!' ; € A, p(M) occurs, we obtain that

sup [ Wa(plpB)ak — Wi p(0)"p8) i [l 1{ An,p(M)}

1Bll2<Dn

<kYTx sup  max |(ep @ B) (SY2(P) — SY2(P)Zy p1{Anp(M)} . (H.24)
18ll2< Dy, 1<k<kn

Defining T), = {1,...,kn} x {8 € R% : ||B]|2 < Dy}, next set for any (k,8) =t € T,
Wi,p(t) = |(ex @ B) (S3/2(P) = £/ 2(P))Zn,p[H{An,p(M)} (H.25)

and observe that conditional on {V;}7,, W, p(t) is sub-Gaussian under d,(f,t) =
|(2 1/2( P)— 271—/2(P))(61~€ ® B — e, @ B)|2 for any t = (k,3) and t = (k, 8). Moreover, by
standard arguments and definition (H.18), we obtain that under A, p(M)

&1/2 _ y1/2 ) )
1277 (P) — Xy (P)||O72Dn)]n <k, x (M)Jﬂ . (H.26)

€ €

N(e, Ty, dp) < kp X (

Therefore, noting that sup, jer, dn(t,t,) < 2MD,R,, under the event An p(M), we
obtain from Corollary 2.2.8 in van der Vaart and Wellner (1996) and (H.26) that

Elsup [W,, p(8)[[{Vi} ey / VIog (N (e T dn) e

teTn

2M D, R,
e MDyR, 1
5/ {log(kn)—i'jnlog(f)}%de. (H.27)
0

Hence, exploiting (H.27) and the change of variables u = ¢/M D, R,, we can conclude

E[sup [Wnp(t)[{Vi}iz]

teTn

2
1
< MDan/ {log(kn) + jn log(—)}%du S MDyR, x \/log(kn) + jn . (H.28)
0 u

Next, for notational simplicity let 6, = k,ll/ "Dy Rn+/log(ky,) + jn, and then note that
results (H.24), (H.25), and (H.28) together with Markov’s inequality yield

P( sup W (plrpB)ain — Wi p(olpB)ah |l > M?6,; Ay p(M))
||/B||2SD7L
1/r

< P(ky/" sup (W, p(t)] > M?6,) < Ep[——

1T, M2, [SHP (W, p(OI{Vitiz]] S

EE\H
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Therefore, combining results (H.19) and (H.29), we can finally conclude that

limsuplimsup sup P( sup [W,, (p"h8)gf" — Wi (9l pB8)akm |l» > M25,)
Mtoo n—oo PeP 18ll2<Dn,

1
S limsup limsup sup{— + P({Vi}iL, ¢ A, p(M))} =0, (H.30)
Mtoo  n—oo PeP M

which establishes the claim of the Lemma given the definitions of d,, and R,,. m

Lemma H.2. Let B, = {{B;}52; : 8; < My/j7*} for some jn T oo, M, > 0, and

Yp > 1, and define the metric |||, =3 ;5. |Bj|. For any € > 0 it then follows that
n

2M, 1 4 M,
")+ 1=, V O} x log(—,— +1) .

I N ny || ° S AN — 1)
0og (GB H ||€1) {(6(%0_1) In €

PROOF: For any {f3;} € B, and integer k > (j, —1) we first obtain the standard estimate

- <. M, o0 E—(r—1)
Dol Y = SMn/ u‘”ﬂdu:Mnipl. (H.31)
j=k+1 i k (o= 1)

For any a € R, let [a] denote the smallest integer larger than a, and further define

2M, 1

Jn(€) = ((W)FW V(jn—1). (H.32)

Then note that (IH.31) implies that for any {8;} € B, we have > . .. 15| < €/2.
Hence, letting A, (e) = {{5;} € B, : B; =0 for all j > jy(€)}, we obtain

N(& B, [ - [ley) < N(e/2, An(e), [l - lle)

‘ M, M 4M, - )
_7n n . 71\ (57 (6)—jn) VO
<]q N(€/2a[ j,ypvj,yp]a’ |) < ([];{/JE-D y (H33)

where the product should be understood to equal one if j*(¢) = j, — 1. Thus, the claim
of the Lemma follows from the bound [a] < a+ 1 and results (H.32) and (H.33). m

Lemma H.3. Let Assumption 3.1 hold, {fdm,p}j’;l be a triangular array of functions
fdnp: R% — R, and define f:fnp(v) = (finp),. s fa,mp()) as well as

. 1 &
Sn(P) = Eplfp(Vi) fyp (Vi)' S(P)= =3 (Ve (V)
i=1
If sup1<g<a, | fanpllrs < Cy for all P € P, the eigenvalues of ¥, (P) are bounded
uniformly in n and P € P, and d,, log(d,,)Cy, = o(n), then it follows that

- dp log(d,,)C>
lim sup lim sup sup P(||SY2(P) — SV2(P)|,2 > M{mg?(l)cn}lﬂl) =0.

M*too n—oo  PeP
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PROOF: Set K so that ||X,(P)|lo2 < Ko for all n and P € P, and then note that

4,03 | Ko
n n

IS5V S (Vi) = Zn(P)} o < (H34)

almost surely for all P € P since each entry of the matrix fgj}g(%) fdzp(VZ-)’ is bounded

n

by C2. Similarly, exploiting || fnd@j(%) fg’}g(%)’ o2 < d,,C? almost surely we obtain

12 Bp 2 (VT (Vi) — Sa(P)F o

d,.C?’Ky K?
M_i_io_ (H.35)
n

1 1
< B (V)L (V) Yoz + — I35 (P)lo2 < -

Thus, employing results (H.34) and (H.35), together with d, log(d,)C,, = o(n), we
obtain from Theorem 6.1 in Tropp (2012) (Bernstein’s inequality for matrices) that

N dnl dn Cn
lim sup lim sup sup P(||2,(P) — £ (P)]lo2 > M&)
Mtoo n—oo PEP Vn
M?d,log(d,)C? n
<Ii li dn — " =0. (H.36
< IETSCEP im sup exp{ on (dnC2 + Ko) (Ko + M)} ( )

Since 3,(P) > 0 and %,,(P) > 0, Theorem X.1.1 in Bhatia (1997) in turn implies that
&1/2 _ y1/2 & _ 1/2
1327 (P) = 2/ 5(P)lo2 < [2n(P) = 2n(P)lo5 (H.37)

almost surely, and hence the claim of the Lemma follows from (H.36) and (H.37). m
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