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Abstract

When scheduling a round robin tournament (RRT) a Home-Away-Pattern (HAP)
set defines for each team ¢ and each period p whether 7 plays at home or away in p. So
far the complexity of the decision problem whether a RRT can be arranged based on
a given HAP set or not is open. We give a necessary condition which can be checked
in polynomial time. We conjecture this condition to be sufficient and confirm this by a
computational study.

Keywords: Round robin tournaments, Home-Away-Pattern set feasibility problem

1 Problem Definition

We consider sports leagues having a set T of an even number n = |T'| of teams. The single
round robin tournament (RRT) structure is defined such that each pair of teams meets exactly
once and such that each team plays exactly once per period p € P, |P| = n — 1. Scheduling
a RRT is a hard combinatorial problem as soon as additional constraints such as stadium
availability are to be considered. There are several decomposition schemes based on the idea
to separate the decision about the period when two teams compete and the decision about
the venue where a match of two teams is carried out; see Easton et al. [1], Nemhauser and
Trick [5], and Post and Woeginger [6], for example.

A Home-Away-Pattern (HAP) h; for team i is a string of length n — 1 containing 0 in slot p if
team 7 plays at home in period p (1 otherwise). The collection of HAPs of all teams is called
HAP set. An example for a HAP set for n = 6 teams is provided in table 1.

[team [1[2]3]4]5]
1 01010111
2 1{0(010]1
3 1(170(01(0
4 011111010
5 01011170
6 11141711

Table 1: HAP set forn =6

A HAP set restricts the set of possible matches such that no two teams having the same entry
in slot p can compete in period p. Obviously, there is no guarantee that a random HAP set
h € {0,1}"*(*1) allows one single RRT to be arranged. In the following, a HAP set h is
called feasible if and only if at least one RRT can be scheduled based on h.

We define the HAP set feasibility problem as follows:
Input: A HAP set h € {0,1}»*(»-1),
Question: Is h feasible?

Miyashiro et al. [4] provide necessary condition (1) for HAP sets to be feasible. Let ¢o(T”, D)
and ¢;(T", p) be the number of zeros and ones, respectively, corresponding to a subset 7" C T
of teams and column p.
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A break for team 1 in period p occurs if ¢ plays twice at home or twice away, respectively,
in periods p — 1 and p. As shown in Miyashiro et al. [4] for HAP sets having the minimum
number of breaks necessary condition (1) can be checked in polynomial time and, moreover,
it is conjectured to be sufficient. However, sufficiency is not proven and, therefore, complexity
of HAP set feasibility problem is open so far for arbitrary HAP sets as well as for HAP sets
having the minimum number of breaks.

2 A New Necessary Condition

We formulate an IP model in order to check feasibility of a given HAP set h. Binary variable
Tijp 1, ] €T, j <i,p€P,isequal tolif and only if teams ¢ and j compete in period p

maxz, = E Z in’jm (2)

i€T jeT,j<ipeP

HAP-set-feasibility

s.t. Z Tijp <1 v i:j € T,] <1 (3)
pEP
D Tt D Tp<l VieT,pe P (4)
JeT,j<i jeT,j>i
Lijp <|hip—hjpl Vi,j€T,j<i,pEP (5)
Zijp € {0,1} Vi, jeT,j<i,p€P (6)

Objective function (2) represents the goal to maximize the number of matches while constraints
(3) and (4) assure a single RRT. More precisely, constraint (3) forces each pair of teams to
meet at most once while constraint (4) restricts the number of matches per team and period
to be less than or equal to one. The entry of HAP set Ak corresponding to team ¢ and period
p is denoted by h;,. Then, (5) takes care of the HAP set A such that no pair of teams can
meet in a period where both of them play at home or away, respectively.

Clearly, h is feasible if and only if 2, = —1'—12 Let Z, be the maximum objective value to the
LP-relaxation of HAP-set-feasibility. Then, Zy > zp, and, hence, z;, = (—"21—) is a necessary
n(n—1)

condition for h to be feasible. Furthermore, we can decide whether z, = === or not in
polynomial time, see Garey and Johnson [2].

Theorem 1. Condition zj, = w is strictly stronger than (1).

Proof. First, we show that each HAP set h being infeasible according to condition (1) is

infeasible according to condition z, = K"ZLQ as well. Suppose z, = 3@—”1— We count the

matches between teams in 7" C T in period p as 2{;. Obviously, > P 51{;, — 7=y

Moreover, min (co(T",p), (T, p)) = 2L, and, thus, 3 pmin (co(T", p), c1(T", p)) > (IT’I)
holds.



Second, we consider a HAP set h provided by Matsui and Kashiwabara [3] with n = 14 shown
in table 2. HAP set A fulfills (1) but has 2, = 90 < 91 = 21,

team [1]2]3]4[5[6[7[8]9]10]11]12]13]

1 ojojojof1jrj1f{1joj1|1}]1,0
2 ojojojojfr|rf1jrjojo|j1|1]1
3 o{of{ojoy1y1y141|1y0(0431 |1
4 ojo0j0jo0|1f1j1j141y1470)0]|1
5 ojojofoj1y1y1j1y1y1j1}10¢0
6 ojo|ojo0j0j0f0j0j0f1 ;1|10
7 1{14y1|1(0f0}(0f0j0j1|(1}110
8 1(1(1y1j0(0]J0j0j0j0}|111]1
9 1y1)1{1(0{0(0(0j1j0 |0 |1}1
10 141(1}1j0]0|0}j0j21}212}70(0]1
11 1y1)1|j1(0j0}(0f0j1}1 (11070
12 o|joj1j1jofry1j1y0y0}0,070
13 1y1j0f{1(1|{0}1{1|]0{0|0}0|1
14 1{1,1y0(f1y1|0(0j0|0O|0O)|0]0O

Table 2: Infeasible HAP set for n = 14

Consequently, A is infeasible which is detected by Z, < 1’—(”2;1) but not by (1).
O

Moreover, we conjecture Z, = z, for each A € {0,1}"*(®~1)_ Unfortunately, we can not
provide a formal proof. In order to support the conjecture we have carried out computational
tests for two different classes of HAP sets solving HAP-set-feasibility and the corresponding
LP-relaxation (using Cplex). Given n these classes of HAP sets are generated as follows:

I Each entry is randomly chosen from {0, 1}.

Il For each slot p we randomly choose % teams having 0 in p. The remaining teams have
linp.

Obviously, for HAP sets according to class |l the probability to be feasible is much higher
since identical amounts of zeros and ones in each slot are necessary for a HAP set to be
feasible. We carried out test runs for 10.000 instances for each class and each n € {6,...,30}.
Summarizing the results of the experiments our conjecture is true for each of the 260.000
considered instances.

If Z, = 25, holds for each h € {0,1}"*?=1 then z, = M;ll is not only a necessary but also
a sufficient condition for h to be feasible. Then, the HAP set feasibility problem is solvable in
polynomial time via solving the LP-relaxation of HAP-set-feasibility to optimality.



3 Conclusion

We propose a new necessary condition for HAP sets to be feasible which can be checked
in polynomial time. We proof this condition to be stronger than the well known necessary
condition of Miyashiro et al. [4]. Moreover, we conjecture this condition to be sufficient and
we support this claim by the results of a large-scale computational study.

In the future we aim at providing a formal proof for Z; = z;.
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