ECOMNZTOR

Make Your Publications Visible.

Todorova, Tamara

Article — Published Version

A Service of

ﬂ I I I Leibniz-Informationszentrum
° Wirtschaft
o B Leibniz Information Centre
h for Economics

The Economic Dynamics of Inflation and

Unemployment

Theoretical Economics Letters

Suggested Citation: Todorova, Tamara (2012) : The Economic Dynamics of Inflation and
Unemployment, Theoretical Economics Letters, ISSN 2162-2086, Scientific Research Publishing,

Wuhan, Vol. 2, Iss. 2, pp. 133-140,
https://doi.org/10.4236/tel.2012.22025

This Version is available at:
https://hdl.handle.net/10419/148369

Standard-Nutzungsbedingungen:

Die Dokumente auf EconStor durfen zu eigenen wissenschaftlichen
Zwecken und zum Privatgebrauch gespeichert und kopiert werden.

Sie dirfen die Dokumente nicht fiir 6ffentliche oder kommerzielle
Zwecke vervielféltigen, 6ffentlich ausstellen, 6ffentlich zugénglich
machen, vertreiben oder anderweitig nutzen.

Sofern die Verfasser die Dokumente unter Open-Content-Lizenzen
(insbesondere CC-Lizenzen) zur Verfiigung gestellt haben sollten,

gelten abweichend von diesen Nutzungsbedingungen die in der dort

genannten Lizenz gewahrten Nutzungsrechte.

WWW.ECONSTOR.EU

Terms of use:

Documents in EconStor may be saved and copied for your personal
and scholarly purposes.

You are not to copy documents for public or commercial purposes, to
exhibit the documents publicly, to make them publicly available on the
internet, or to distribute or otherwise use the documents in public.

If the documents have been made available under an Open Content
Licence (especially Creative Commons Licences), you may exercise
further usage rights as specified in the indicated licence.

Mitglied der

Leibniz-Gemeinschaft ;


https://www.econstor.eu/
https://www.zbw.eu/
http://www.zbw.eu/
https://doi.org/10.4236/tel.2012.22025%0A
https://hdl.handle.net/10419/148369
https://www.econstor.eu/
https://www.leibniz-gemeinschaft.de/

Theoretical Economics Letters, 2012, 2, 133-140

o5 Scientific
doi:10.4236/tel.2012.22025 Published Online May 2012 (http://www.SciRP.org/journal/tel)

#3% Research

The Economic Dynamics of Inflation and Unemployment

Tamara Todorova
Department of Economics, American University in Bulgaria, Blagoevgrad, Bulgaria
Email: ttodorova@aubg.bg

Received November 18, 2011; revised December 21, 2011; accepted January 3, 2012

ABSTRACT

We study the time path of inflation and unemployment using the Blanchard treatment of the relationship between the
two and taking the monetary policy condition into account. We solve the model both in continuous and discrete time
and compare the results. The economic dynamics of inflation and unemployment shows that they fluctuate around their
intertemporal equilibria, inflation around the growth rate of nominal money supply, respectively, and unemployment
around the natural rate of unemployment. However, while the continuous-time case shows uniform and smooth fluctua-
tion for both economic variables, in discrete time their time path is explosive and nonoscillatory. The hysteresis case
shows dynamic stability and convergence for inflation and unemployment to their intertemporal equilibria both in dis-
crete and continuous time. When inflation affects unemployment adversely the time paths of the two, both in discrete
and continuous time, are dynamically unstable.

Keywords: Economic Dynamics; Second-Order Differential Equations; Second-Order Difference equations; Phillips

Curve; Inflation; Unemployment

1. Introduction

The relationship between inflation and unemployment
illustrated by the so called Phillips curve was first dis-
cussed by Phillips [1] in a path-breaking paper titled
“The Relationship between Unemployment and the Rate
of Change of Money Wage Rates in the United Kingdom,
1861-1957.” The standard treatment of the relationship
between inflation and unemployment in dynamics in-
volves the expectations-augmented Philips curve, the
adaptive expectations hypothesis and the monetary pol-
icy condition. Solving the model allows studying the
economic dynamics of the variables treated as functions
of time. Thus, for example, we are able to find the time
path and conditions for dynamic stability of actual infla-
tion as well as of real unemployment. In studying the
relationship between inflation and unemployment econo-
mists such as Phelps [2,3] have found no long-run trade-
off between these two, opposite to what the Phillips
curve implies. In an influential 1968 paper titled “Money-
Wage Dynamics and Labor Market Equilibrium” Phelps
[4] studies the role of adaptive expectations in setting
wages and prices. There he introduces the concept of the
natural rate of unemployment and argues that labor
market equilibrium is independent of the rate of inflation.
This finding renders Keynesian theory of controlling the
long-run rate of unemployment in the economy inef-
fective.

In his book Macroeconomics Blanchard [5] offers an
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alternative treatment of the relationship between inflation
and unemployment. He incorporates in the model the
natural rate of unemployment U, at which the actual
and the expected inflation rates are equal. The rate of
change of the inflation rate p is proportional to the
difference between the actual unemployment rate U

and the natural rate of unemployment U .

The purpose of our paper is to study the economic dy-
namics and time path of inflation and unemployment
from the perspective of Blanchard’s equation of the rela-
tionship between inflation and unemployment. We solve
the model both in continuous and discrete time and
compare the results. We discuss three cases, a simple
model of Blanchard’s equation with the monetary policy
condition taken into account. Then we extend the model
to the hysteresis case, where inflation is adversely af-
fected not only by unemployment but by its rate of
change also. Finally, we solve the model when there is
the opposite effect, that of inflation on unemployment. In
studying the time path of inflation and unemployment we
find that they fluctuate around their intertemporal equi-
libria, inflation around the growth rate of nominal money
supply, respectively, and unemployment around the na-
tural rate of unemployment. However, while the con-
tinuous-time case shows uniform and smooth fluctuation
for both economic variables, in discrete time their time
path is explosive and nonoscillatory. Furthermore, in the
special case when present, not previous, inflation is con-
sidered, the discrete-time solution shows a non-fluctuat-
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134 T. TODOROVA

ing explosive time path. In the hysteresis case the results
are identical and show dynamic stability and conver-
gence for inflation and unemployment to their interterm-
poral equilibria both in discrete and continuous time. In
the case when inflation affects unemployment adversely
the time paths of the two both in discrete and continuous
time are dynamically unstable.

The paper is organized as follows: Section 2 reveals
the standard treatment of the intertemporal relationship
between inflation and unemployment. In Section 3 we
solve an innovative model of this relationship using
Blanchard’s equation. Sections 4 and 5 extend this model
to the hysteresis case and reverse influence case, respect-
tively. Section 6 transforms these continuous-time solu-
tions into discrete-time results. The paper ends with con-
cluding remarks.

2. Inflation and Unemployment: The
Standard Treatment

The standard treatment of the relationship between infla-
tion and unemployment has well been studied by ma-
thematical economists such as Chiang [6], Pemberton
and Rau [7] and Todorova [8]. The original Phillips rela-
tion shows that the rate of inflation is negatively related
to the level of unemployment and positively to the ex-
pected rate of inflation such that

p=a-pU +hn
a,>0,0<h<1

where p=£ is the rate of growth of the price level,

i.e., the inflation rate, U is the rate of unemployment
and m denotes the expected rate of inflation.' Thus the
expectation of higher inflation shapes the behavior of
firms and individuals in a way that stimulates inflation,
indeed (expecting prices to rise, they might decide to buy
more presently). As people expect inflation to go down
(as a result of appropriate government policies, for ex-
ample), this, indeed, brings actual inflation down. This
version of the Phillips relation that accounts for the ex-
pected rate of inflation is called the expectations-aug-
mented Phillips relation. The adaptive expectations hy-
pothesis further shows how inflationary expectations are
formed. The equation

'"The expanded version of the Phillips relation incorporates the growth
rate of money wage W where the rate of inflation is the difference
between the increase in wage and the increase in labor productivity T,
that is, p=w-T . Thus inflation would result only when wage in-
creases faster than productivity. Furthermore, wage growth is nega-
tively related to unemployment and positively to the expected rate of
inflation or W=-4U +hn where U is the rate of unemployment
and m is the expected rate of inflation. If inflationary trends persist
long enough, people start forming further inflationary expectations
which shape their money-wage demands.
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dm i
dt
illustrates that when the actual rate of inflation exceeds

the expected one, this nurtures people’s expectations so

d . . . .
d—7tt>0. In the opposite case, if the actual inflation is

(p-m) 0<j<1

below the expected one, this makes people believe that
inflation would go down so w is reduced. If the pro-
jected and the real inflation turn out to be equal, people
do not expect a change in the level of inflation.

There is also the reverse effect, that of inflation on
unemployment. When inflation is high for too long, this
may discourage people from saving, consequently reduce
aggregate investment and increase the rate of unem-
ployment. We can write

du

dt
or unemployment increases proportionally with real mo-
ney where m is the rate of growth of nominal money.
The expression (M—p) gives the rate of growth of real

money, or the difference between the growth rate of no-
minal money and the rate of inflation

=—k(m-p) k>0

m-p=—-——=r
p m p m/p

where real money is nominal money divided by the av-
erage price level in the economy. The model then be-
comes

p=a-pU+hma B>0,0<h<1

(expectations-augmented Philips relation)

dn . .
—=]J(p- 0<J<1
- J(p-m) 0<]
(adaptive expectations)
du
—=-k(m-p) k>0
o = k(m-p)

(monetary policy)
We solve this model by substituting the first equation
into the second which gives

9 j(a-pu)+ i(h-1)

dt
Differentiating further with respect to time t,
d’n .du . dn
—=—jf—+]j(h-1)—
aw d a (h-1) dt
o du .
and substituting for T we obtain
d’n dn
—=jpk(m-p)+j(h-1)—

where the second equation of the model implies
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T. TODOROVA 135

p:li—t—l-n Substituting this last expression for p
J
we obtain
d’n . 1 dn dn
STk m——"Zix|+j(h-1
dt? Jﬂ[ j dt j i )dt

This is a second-order differential equation in © which
transforms into

d’n . dnm . N
FJF['BKJF J(l—h)]EJr jfkm = jpkm,
or alternatively
"+ B+ j(1=h)]n’+ jBkn = j Bk

Given the properties of second-order differential equa-
tions, we have the following parameters

a =pk+j(1-h) a,=jsk b= jpkm

The coefficients a, and a, are both positive in
view of the signs of the parameters. We find the equili-
brium rate of expected inflation to be the particular inte-
gral

Hence, the intertemporal equilibrium of the expected
rate of inflation is exactly the rate of growth of nominal
money. In order to establish the time path of © we need
to find the characteristic roots of the differential equation
which we can do using the formula

-a, t4/a] —4a,
o= b :

The time path of © would depend on the particular
values of the parameters. Once we find this time path we
might be able to determine that of unemployment U or
the rate of inflation p.

3. Inflation and Unemployment: An
Extended Model

In his book Macroeconomics Blanchard [5] offers an
alternative treatment of the relationship between inflation
and unemployment. He introduces in the model the natu-
ral rate of unemployment U, at which the actual and
the expected inflation rates are equal. The rate of change
of the inflation rate p is proportional to the difference
between the actual unemployment rate U and the na-
tural rate of unemployment U, such that

dp
dt

Therefore, when U >U, , that is, the actual rate of
unemployment exceeds the natural rate, the inflation rate

- aU-U,) a>0

Copyright © 2012 SciRes.

decreases and when U <U_, the inflation rate increases”.
The intuitive logic behind this is that in bad economic
times when many people are laid off, prices tend to fall.
At this point the actual unemployment would exceed the
normal levels. In times of a boom in the business cycle
the rate of actual unemployment would be rather low but
high aggregate demand would push prices up. Blanch-
ard’s equation reveals an important relation as it gives
another way of thinking about the Phillips curve in terms
of the actual and the natural unemployment rates and the
change in the inflation rate. Furthermore, it introduces
the natural rate of unemployment as it relates to the non-
accelerating-inflation rate of unemployment (or NAIRU),
the rate of unemployment required to keep the inflation
rate constant. We solve this alternative model of the rela-
tionship between inflation and unemployment by assum-
ing that U, is constant and that at any given time the
actual unemployment rate U is determined by aggre-
gate demand which, on its own, depends on the real
value of money supply given by nominal money supply
M divided by the average price level p. Thus unem-

. . M
ployment is negatively related to real money supply —
p

according to the relationship
U :;/—ﬂlnM B,y>0
p

We solve by differentiating the first equation
L)

. dt

and the second equation to obtain %

du dinM dlnp
i R

=—ﬂ(m—p)

We assume that the growth rate of nominal money
supply m is constant which could be in accordance
with systematic government planning or monetary policy.
The equation that obtains is identical to the mone-
tary-policy equation introduced in the standard treatment
of the Phillips curve. Combining the two results yields

¢p AU
A L))
d?p .
dt§)+aﬁp=a,6m

which is a second-order differential equation in inflation
rate P . Solving the differential equation, we have

*Professor Blanchard [5] formulates his original equation in discrete
timeas p,—p,=—a(U-U,).
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136 T. TODOROVA

a,=0, a,=af and b=gpfm. Hence, the particular
integral is P, =m and the characteristic equation is

r’+af=0

r,=%Japi
where h=0 and v=./af

Thus the general solution involves complex roots and
takes the form

p(t)=m+e°(Blcost aﬁ+stint1/aﬂ)
=m+ B, costy/af + B, sint\/af

Similar to the standard model we can study the dy-
namic stability of actual inflation. Since h =0, the func-
tion of inflation rate displays uniform fluctuations around
the rate of growth of money supply which gives the equi-
librium level of inflation.” Since the growth rate of
nominal money supply depends on government policies
and changes with those, it is a moving equilibrium. Such
fluctuating time path around the intertemporal equilib-
rium can be graphed as in Figure 1. Although the time
path is not convergent, monetary policy can somewhat
steer inflation and limit it within a tunnel as it fluctuates
around m. Given the premises of the model and the
values of the parameters, a divergent time path and,
therefore, an uncontrollable level of inflation are impos-
sible.

To find the time path of unemployment U as the

next step we express % as

%:@(—Bl sinty/af + B, COStW)

and substitute it into
1dp
a dt

=U, —\/z(—B1 sinty/af +B, cost@)
a
=U, +B\/B/asint\aff —B,[B/a costa

where the constants B, and B, have not been defini-
tized. It follows that, similar to the inflation rate, the
unemployment rate displays regular fluctuations but its
intertemporal equilibrium is the natural rate of unem-
ployment. Since this is the rate at which expected and
actual inflation are equal, we can view intertemporal
equilibrium as the state in which expectations coincide

U=u,-

3The time path of a general complementary function of the type
Y. =e”‘(BI cosvt+ B, sinvt) depends on the sine and cosine functions
as well as on the term e" . Since the period of the trigonometric func-
tions is 2m and their amplitude is 1, their graphs repeat their shapes
every time the expression Vt increases by 2m.
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p(t) h=0

Figure 1. The time path of actual inflation.

with reality. Since again we have h =0, the time path of
unemployment is neither convergent, nor divergent. It
follows, therefore, that with the passage of time actual
unemployment cannot substantially deviate from the na-
tural rate of unemployment.

4. The Blanchard Model: A Hysteresis
System

The equation formulated by Professor Blanchard can be
extended further to the so called hysteresis system. This
version of the model assumes that the rate of change of
the inflation rate is a decreasing function not only of the
level of unemployment, but also of its rate of change.
Thus even the speed with which unemployment increases
will have a favourable effect on price hikes. For example,
very low unemployment that increases rapidly would
affect the inflation rate negatively. The inflation-unem-
ployment model then becomes

@:—a(u —Un)—é‘%

, a,0>0
dt

U=y=pinil fr>0
Substituting for U ,
dp M d M
—=—a|y-fIn—-U_ |-6—| y—-fIn—
dt [y g ) dt[y / p]
and differentiating with respect to t gives a second-
order differential equation in p

d’p

dt?

Again, nominal money supply M is a stationary

value for inflation rate p. Here we have a =pfo,

a, =af and b=qgpfm. Hence, the particular integral is
p. =m and the characteristic roots are

o -a, +./a’ —4a, _—PSEN[257 —4ap

2 2 2

Thus the general solution for inflation depends on the
values of the characteristic roots where if £6° > 4a , we
have real roots such that

+ﬂ5i—$+aﬂp:aﬂm
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p(t)=m+Ae™ +Ae™

Since the constants f& and «f are positive, the
roots (or their real part) turn out to be negative and the
equilibrium is dynamically stable. For the unemployment
rate from the first equation of the model we have

VU ay_ay 1d

dt o ) o dt
which is a first-order differential equation in unemploy-
ment with a constant coefficient and a variable term. For
differential equations with a variable term and a variable
coefficient of the type

Feu(t)y=v()

, the general solution is given by the

g Juat (A+ j veJ”dtdt). Substituting in this

where V(t)#0
formula y(t)=

formula in order to solve the equation,

u(t)=ejf$d‘(A+j[ﬁun—ldp) I5‘"dtj
5 "5t

where u=< and v:gUn—ld—p and transforming
o o o dt
further,
_%y dp
u(t)=U +Ae5—— es'dt
(t)=, =

where by differentiation of the inflation rate we have

B Arer s Are

and, hence,

U(t)=U, +Ae * —lj(Alrlerlt + Aererzt)egtdt

0¢+r)r|t a+érzt
=U, PAe o ——I Are ¢ +Are ° |dt

Alrl eaJr;rll Azr ()z+¢)r2t

,gt
=U, +Ae ? —
a+4r, 0:+5r

The results are consistent with our previous findings.
The natural rate of unemployment again gives the in-
tertemporal equilibrium rate for U . Furthermore, a dy-
namically stable time path for unemployment is possible,
since all exponential terms could tend to zero. The first ex-
ponential term disappears with the passage of time, while

the second and the third disappear when r,,r, < —%.

5. The Effect of Inflation on Unemployment

Let us now consider a version of the extended infla-
tion-unemployment model where there is no hysteresis,
that is, inflation is unaffected by the rate of change of the

Copyright © 2012 SciRes.

unemployment level but, rather, there is the opposite
effect, that of inflation on unemployment. In fact, many
socially oriented economists propose maintaining some
healthy levels of inflation so that to keep unemployment
low. Let us assume that the rate of change of the inflation
rate is a decreasing function of the level of unemploy-
ment but the unemployment rate itself is a decreasing

function of both real money supply M and the infla-
p
tion rate P . An increase in P, increases aggregate de-

mand and, therefore, lowers unemployment. Now the
inflation-unemployment model takes the form

B Lu-U,) a0
dt
Mo
U=y-Bln—-ocp p,y,0>0
p

We can again analyze the time paths of p and U .
Substituting for U ,

dp:—a(;/ ﬂln——ap Uj
p

dt
and differentiating with respect to t
&p_dp
—-aoc—+a, apm
dt? dt Ap=af

Again, nominal money supply M is a stationary
value for inflation rate . Here the parameters are
a8 =—-aoc, a,=aff and b=apfm. Hence, the particu-
lar integral is P =m and the characteristic roots are

-a, +./a’ —4a, _actia’c’ —4ap

2 2

Thus the general solution for inflation would depend
on the values of the characteristic roots. If it happens that
ac’® =4[, we have real roots . If ac’ <4f, then we
obtain complex roots for the time path of inflation. In all
cases, though, we know that this time path is unstable
since the parameters ao and «af are positive and the
real part of the characteristic roots is also positive.
p(t)=m+Ae™ + Ae”

From the expression for the unemployment rate we
obtain

o=

_1dp
" o dt
which again gives the natural rate of unemployment as

the equilibrium rate for U . The general solution for
unemployment by differentiation of the inflation rate is

U=u, —l(Ane"‘ +Are™)
o

and shows a dynamically unstable time path for unem-
ployment.
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138 T. TODOROVA

6. Inflation and Unemployment in Discrete
Time

Consider the equation p,—p,_, =-a(U-U,) formu-
lated by Professor Blanchard in discrete time. It is
equivalent to the first equation in our continuous-time
inflation-unemployment model

i—?:—a(u -U,) a>0

du -
E:—ﬁ(m—p) B>0

We now convert the model in a discrete-time form and
solve for the time path of inflation p. From the first
equation of the model by further differentiation we ob-

2.
tained %:—a%. In discrete time this involves a

second difference of price on the left side, that is,
A? pt = A(Apt ) = A( pt+l - pt)
= ( pl+2 - pl+l)_( pt+l - pt)
= Pz 2P + B
The equation in its discrete form becomes
P2 =2Py + B = _a(UHl _Ut)

where from the second equation of the model we have in
discrete time

U —U; :_ﬂ(m_ pt)

Thus the new model becomes
Bis = 2P+ B =-a (U, -Uy)
Uy, =Y, =-4(m-p,)

Substituting the difference term for unemployment
gives a second-order difference equationin p:
Prs — 2P, +(1+aB) p = apm
The equilibrium value for p is
p= _apm =m
1-2+1+af

This result is consistent with our previous findings.
The complementary function of the second-order differ-
ence equation obtained is of the type

t t
yc:y1+y2:A1b1 +Azb2
where for the characteristic roots we have

by +./a’ —4a, 2+ JA-4(1+ap)

1,2 )

2
:%:m@

Copyright © 2012 SciRes.

which turn out to be complex numbers so the time path
of the inflation rate must involve stepped fluctuation.
Since R =\/g:,/(l+aﬂ) where both @ and S are
positive constants, it must be that R>1. Hence, the
fluctuating path of inflation, given the assumptions of the
model, must be explosive, as shown in Figure 2.

If we assume that the difference for unemployment is
given by U, -U, =-B(m-p,,), that is, the increase
in unemployment depends on inflation in the present, not
in the previous period, the model becomes

Prz = 2P + P = _a(Um _Ut)
Ut+1 _Ut = _ﬂ(m_ pt+1)
Substituting again the difference term for unemploy-
ment results in
Pria —(Z—Qﬂ) Py + P =M
The equilibrium value for p is
affm -
1-2+af-1
Again, the intertemporal equilibrium of inflation is the

growth rate of nominal money supply. The characteristic
roots are

p=

—-a t./a —4a
b1,2: 1 21 2
2-apt\(2-ap) -4
B 2
_2-aft\Jap(af-4)
- 2

By analyzing the roots further we find
b+b,=-a =2-af
bb,=a, =1
and
(1-b)(1-h,)=1—(b +b,)+bpb,
=1-2+af+1=af >0
Since both « and S are positive constants, one

possibility is for both roots to be negative where one is a
fraction. From the second equation we also see that one

ety 4

|

t

>

Figure 2. The discrete time path of actual inflation.
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root is reciprocal of the other. Therefore, we conclude
that

b,b, <0 |b|>1 and |b,|<1

Since the absolute value of one of the roots turns out to
be greater than 1, the time path of inflation is divergent
and nonoscillatory. Such time path is illustrated by Fig-
ure 3.

In the special case of hysteresis the continuous-time
form of the model was

®_ pu-u,)-6% 4550

dt dt

du

E:
We convert the model in a discrete-time form and

solve for the time path of inflation p. From the first
equation of the model by further differentiation we have

2 2,
¢p_ U dY
dt dt dt

In discrete time this involves a second difference of
price on the left side and a second difference of the rate

of unemployment on the right side such that
A? pt = A(Apt) =A( pm - pt)
= ( Pra — pm)_( [ pt)
= Pus -2 P + Py
AU, =A(AU,)=A(U,, -U,)
= (U1+2 _Um)_(um _Ut)
=U,,-2U,, +U,

-p(m-p) >0

The equation in its discrete form becomes

pt+2 -2 pt+l + pt

:—oz(Ut+l —Ut)—5(Ut+2 -2U +Ut)

t+1

where from the second equation of the model we have in
discrete time

Ut+1 _Ut :_ﬁ(m_ pt)
and also

pet) 4

m

»
»

0 t

Figure 3. The discrete time path of actual inflation: present
period.
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Upo =20, +U = B( P~ B1)
Therefore, the equation for inflation becomes
Prr —(2-BS) Py +(1+ B - BS) P, = afm
The equilibrium value for p is
afim .
1-2+p5+1+aff - o

which we have obtained previously. Analyzing the char-
acteristic roots,

b +b, =-a =2- 5
bb, =a, =1+aB- 5

E:

and
(1-b)(1=b,)=1—(b, +b,)+bb,
=1-2+p0+1+aff-Fo=af >0
The last result implies that the characteristic roots can
both be bigger than 1 or smaller than 1. This means that a
convergent time path for inflation is not impossible. The
condition 0<1+af — 06 <1 ensures the dynamic sta-
bility of inflation. If we assume the difference for unem-
ployment to be U, —-U, =-8(m—-p,,), the change in
unemployment depends on current, not on previous, in-
flation. The equation of inflation is still

Pz = 2P + Py
=-a(U,, —Ul)—c')‘(Ul+2 -2U,,, +U1)
where
Uy, —U ==p(m-p.,)
and
Uiy =20, +U = B(Pey = Pr)
Substituting in the first equation,
Doz — (2=~ B5) Pry + (1- B5) b, = apm
The equilibrium value for p is
afm i
1-2+af+po+1- 50
For the characteristic roots we have
b +b,=-a =2-af -5

5:

bb, =a,=1- 45
(1-b)(1=b,)=1—(b, +b,)+bb,
=1-24+af+po+1-po=af>0

The last result again shows that a convergent time path
for inflation is not impossible. However, this depends on
the exact values of the parameters. Furthermore, we see
that 1- 0 could be less than 1, given the positive val-
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ues of the parameters, which also allows for conver-
gence. If the extended inflation-unemployment model in
its continuous-time form is

dr
d—?:—a(U -U,) a>0

w_
dt
we modify the model in a discrete-time form
Pz = 2P + P = _a(Um _Ut)
Uy -U = _ﬂ(m_ pt)_o-( Pt — pt)

Substituting the difference term for unemployment
gives a second-order difference equationin p,

Por —(2+ao) p, +(1+af+ac) p, = afm
The equilibrium value for p is

afm

1-2—ao+l+af+ac

-p(m- p)—ai—i’ B,o>0

p=
For the characteristic roots we have
b+b,=-a=2+ac
bb,=a,=1+af+ac
(1-b)(1-b,) =1—(b, +b,)+bb,
=1-2-ac+l+aff+ac=af >0

Here since 1+ af +aoc cannot be between 0 and 1,
the roots cannot both be fractions. Therefore the time
path of inflation would not be dynamically stable. If a
different assumption is made about unemployment such
as

Uy —Uy ==B(M=p.,) - (P — By)
the equation becomes
P, —(2—af+aoc)p,, +(1+ac) p, =apm
The intertemporal equilibrium for p is

= aﬂm .
p: =M
1-2+af-aoc+1+aoc

For the characteristic roots we have
b+b,=-a =2-af+ac
bb,=a,=1+ac
(l—bl)(l—b2)=l—(b1+b2)+b1b2
=1-2+af—-ac+1l+ac=af >0

Here since 1+ao cannot be between 0 and 1, the
roots cannot both be fractions. Therefore the time path of
inflation would not be dynamically stable again.

Copyright © 2012 SciRes.

7. Conclusions

Studying the economic dynamics of inflation and unem-
ployment we find that their time paths show fluctuation
both in continuous and discrete time. Both inflation and
unemployment fluctuate around their intertemporal equi-
libria, inflation around the growth rate of nominal money
supply, reflecting the monetary policy of the government,
and unemployment around the natural rate of unem-
ployment. However, while the continuous-time case shows
uniform and smooth fluctuation for both economic vari-
ables, in discrete time their time path is explosive and
nonoscillatory. Furthermore, in the special case when
present, not previous, inflation is considered, the dis-
crete-time solution shows a non-fluctuating explosive
time path. In studying the hysteresis case where inflation
is adversely affected not only by unemployment but by
its rate of change also, the results are identical in both
discrete and continuous time. The hysteresis case shows
dynamic stability and convergence for inflation and un-
employment to their intertemporal equilibria. Finally, in
the case when inflation affects unemployment the time
paths of the two both in discrete and continuous time are
dynamically unstable. In all cases the dynamic stability
of inflation and actual unemployment depends on the
specific values of the parameters.
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