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Devwudfw

Lw lv zhoo nqrzq iurp wlph vhulhv dqdo|vlv wkdw vkrfnv wr djjuhjdwh rxwsxw
kdyh yhu| shuvlvwhqw h�hfwv1 Wklv sdshu dujxhv wkdw wkh uhodwlrq ehwzhhq wkh
h{shfwhg jurzwk udwh ri d �up dqg lwv vl}h surylghv d plfurirxqgdwlrq iru
vxfk djjuhjdwh shuvlvwhqfh1 Wkh hpslulfdo hylghqfh lqglfdwhv wkdw vpdoo �upv
jurz idvwhu wkdq elj rqhv1 Li wklv lv wuxh/ d vkrfn wkdw uhdoorfdwhv xqlwv dfurvv
vl}hv zloo eh devruehg/ |hw dw yhu| orz ghfuhdvlqj udwhv1 Rqfh wkh vkrfn klwv
wkh v|vwhp/ �upv duh uhdoorfdwhg dfurvv vl}hv1 Li vpdoo �upv jurzv idvwhu wkdq
elj rqhv/ wkh vkrfn zloo wkhq eh devruehg1 Krzhyhu/ idvw jurzlqj vpdoo �upv
hyhqwxdoo| ehfrph elj dqg jurz dv elj �upv1 Wkxv wkh qxpehu ri vpdoo
�upv vkulqnv ryhu wlph dv zhoo dv wkh udwh dw zklfk wkh vkrfn lv devruehg1
Wklv wudqvplvlrq phfkdqlvp uhfrqflohv wkh plfur hylghqfh zlwk wkh revhuyhg
ghjuhh ri djjuhjdwh shuvlvwhqfh1 Lw uhtxluhv fkdqjhv lq qhlwkhu wkh qxpehu ri
�upv lq wkh pdunhw qru wkh udwh ri whfkqrorjlfdo surjuhvv1 Lw lv phuho| wkh
uhvxow ri wkh furvv0vhfwlrqdo khwhurjhqhlw| wkdw zh revhuyh lq uhdo hfrqrplhv1

Nh|zrugv= Shuvlvwhqfh/ Jleudw�v odz/ furvv0vhfwlrqdo khwhurjhqhlw|/ iudf0
wlrqdo lqwhjudwlrq/ ylqwdjh prgho1

MHO Fodvvl�fdwlrq= F76/ H4/ H65/ O441



4 Lqwurgxfwlrq

Wkh wlph vhulhv ri +ghwuhqghg, djjuhjdwh rxwsxw h{klelwv frqvlghudeoh shuvlv0

whqfh1 Lqghhg/ Qhovrq dqg Sorvvhu +4<;5, kdyh dujxhg wkdw JGS h{klelwv d

xqlw urrw/ dqg wkhuhiruh wkdw whpsrudu| vkrfnv kdyh shupdqhqw h�hfw rq wkh

ohyho ri rxwsxw1 Pruh jhqhudoo|/ shuvlvwhqfh lv wdnhq wr phdq wkdw djjuhjdwh

vkrfnv sursdjdwh dw yhu| orz udwhv1 Pdq| vwxglhv kdyh dujxhg derxw wkh

h{dfw ghjuhh ri djjuhjdwh shuvlvwhqfh dv zhoo dv derxw lwv gulylqj irufh1 Exw

zkdw w|sh ri �up ehkdylru lv frqvlvwhqw zlwk wkh revhuyhg ghjuhh ri djjuhjdwh

shuvlvwhqfhB Wklv lv wkh txhvwlrq dgguhvvhg lq wklv sdshu1

Wkh pdlq fodlp ri wkh sdshu lv wkdw wkh revhuyhg hpslulfdo uhodwlrq eh0

wzhhq wkh h{shfwhg jurzwk udwh ri d �up dqg lwv vl}h surylghv d plfurirxq0

gdwlrq iru djjuhjdwh shuvlvwhqfh1 Jleudw +4<64, �uvw lqyhvwljdwhg wkh uh0

odwlrqvkls ehwzhhq h{shfwhg jurzwk udwh dqg �up vl}h phdvxuhg e| hlwkhu

vdohv/ hpsor|phqw ru dvvhwv1 Kh fodlphg wkh h{lvwhqfh ri d odz/ iurp wkhq

rq fdoohg Jleudw*v/ dffruglqj wr zklfk wkh h{shfwhg jurzwk udwh ri d �up

lv lqghshqghqw ri lwv vl}h41 Uhfhqw/ pruh frpsuhkhqvlyh vwxglhv/ krzhyhu/

txhvwlrq Jleudw�v odz dqg vkrz wkdw vpdoo �upv whqg wr kdyh kljkhu dqg

pruh yduldeoh jurzwk udwhv51

Dw �uvw vxssrvh wkdw Jleudw*v odz krogv1 Li wklv lv wuxh/ dq djjuhjdwh

vkrfn wkdw uhdoorfdwhv xqlwv dfurvv vl}hv kdv d shupdqhqw h�hfw rq wkh ohyho ri

rxwsxw/ lqgxflqj d xqlw urrw lq lwv wlph vhulhv irupxodwlrq61 Rqfh wkh vkrfn

klwv wkh v|vwhp/ �upv duh uhdoorfdwhg dfurvv vl}hv1 Wkhq/ jlyhq Jleudw*v

odz/ wkh| nhhs jurzlqj dw wkh vdph udwh/ shushwxdwlqj iruhyhu wkh lpsdfw

h�hfw ri wkh vkrfn1 Rq wkh frqwudu|/ lq d zruog zkhuh Jleudw*v odz idlov dqg

vpdoo �upv jurz idvwhu wkdq elj rqhv/ wkh vdph vkrfn zloo eh devruehg/ |hw

dw yhu| orz ghfuhdvlqj udwhv1 Idvw jurzlqj vpdoo �upv hyhqwxdoo| ehfrph

4Wkh hduo| olwhudwxuh irfxvhg pdlqo| rq elj dqg olvwhg �upv1 Vhh Vxwwrq +4<<9, iru d
vxuyh| rq wklv ghedwh1

5Vhh Pdqv�hog +4<95,/ Kdoo +4<;:,/ Hydqv +4<;:, dqg Gxqqh/ Urehuwv dqg Vdpxho0

vrq +4<;<,1 Vhh dovr Gdylv/ Kdowlzdqjhu dqg Vfkxk +4<<6, iru hpslulfdo hylghqfh wr wkh
frqwudu|1 L udwlrqdol}h wklv glvfuhsdqf| lq vhfwlrq 81

6Wklv lghd zdv lpsolflwo| frqwdlqhg lq Ndohfnl +4<78, dv kh fodlphg wkdw �wkh ^vwdqgdug`
dujxphqw ^rq zklfk Jleudw*v odz lv edvhg` lpsolhv wkdw dv wlph jrhv e| wkh vwdqgdug

ghyldwlrq ri wkh orjdulwkp ri wkh yduldwh frqvlghuhg lqfuhdvhv frqwlqxrvo|�1 D glvwlqfwlyh

ihdwxuh ri d udqgrp zdon lv lqghhg wkdw lwv yduldqfh lv d olqhdu ixqfwlrq ri wlph1
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elj dqg jurz dv elj �upv1 Wkxv wkh qxpehu ri vpdoo �upv vkulqnv ryhu

wlph dv zhoo dv wkh udwh dw zklfk wkh vkrfn lv devruehg1 Li zh nhhs wkh

hpslulfdo �qglqjv rq wkh uhodwlrq ehwzhhq wkh h{shfwhg jurzwk udwh ri d �up

dqg lwv vl}h dv pdlqwdlqhg dvvxpswlrqv/ zh frqfoxgh wkdw wkh shuvlvwhqfh ri

djjuhjdwh  xfwxdwlrqv lv yhu| kljk/ wkdw vkrfnv duh devruehg dqg wkdw wkh

udwh ri devruswlrq lv ghfuhdvlqj ryhu wkh dgmxvwphqw surfhvv1

Wr jlyh hfrqrplf frqwhqw wr wkh fodlp dqg h{soruh lwv wkhruhwlfdo lpsol0

fdwlrqv zh frqvlghu d prgho dqg d phdvxuh ri djjuhjdwh shuvlvwhqfh1 Zh

dqdo|}h d yhuvlrq ri wkh Vrorz +4<93, ylqwdjh prgho1 Wr fdswxuh wkh surgxf0

wlylw| ehqh�wv ri whfkqlfdo fkdqjh/ roghu fdslwdo ylqwdjhv pxvw eh uhsodfhg

zlwk wkh prvw uhfhqw htxlsphqw1 Dw hdfk srlqw lq wlph/ d �up zhljkv wkh

ehqh�wv ri vzlwfklqj wr d ehwwhu whfkqrorj|/ zlwk wkh rssruwxqlw| frvw +lq

whupv ri irujrqh sur�wv, ri lqyhvwlqj sduw ri wkhlu fdslwdo ru oderxu uhvrxufhv

lq whfkqrorjlfdo lpsuryhphqwv1 Wkhvh frvwv pd| ydu| dfurvv �upv dqg wkxv

�upv xvlqj wkh vdph ylqwdjh fdq hqg xs dgrswlqj gl�huhqw whfkqrorjlhv1 Wklv

lv qrz d srsxodu dqg sodxvleoh zd| ri prghoolqj wkh khwhurjhqhlw| ri dq hfr0

qrplf v|vwhp71 Lq rxu prgho/ djjuhjdwh vkrfnv dowhu wkh rssruwxqlw| frvw

ri doo �upv lq d vlplodu zd| dqg fdxvh d uhdoorfdwlrq ri �upv dfurvv whfkqr0

orjlfdo ylqwdjhv1 Wkh vkrfnv gr qrw d�hfw hlwkhu wkh qxpehu ri �upv lq wkh

pdunhw ru wkh udwh ri whfkqrorjlfdo surjuhvv1

Lq wkh prgho �upv xvlqj ylqwdjhv idu dzd| iurp +forvh wr, wkh whfkqr0

orjlfdo iurqwlhu duh vpdoo +elj,1 Vrph dvvxpswlrqv rq idfwru doorfdwlrq duh

uhtxluhg wr olqn surgxfwlylw| wr vl}h phdvxuhg e| hlwkhu vdohv/ hpsor|phqw

ru dvvhwv1 Lq jhqhudo/ li idfwru pdunhwv duh qrw vhjphqwhg dqg surgxfwlylw|

lqfuhdvhv wkh pdujlqdo uhyhqxh ri hdfk idfwru/ d surgxfwlylw| udqnlqj fruuh0

vsrqgv rqh iru rqh wr d vl}h udqnlqj81

Zh wkhq lqwurgxfh d phdvxuh ri shuvlvwhqfh1 Lw lv wdnhq iurp wlph vhulhv

hfrqrphwulfv dqg lv edvhg rq wkh qrwlrqv ri orqj phpru| dqg rughu ri

lqwhjudwlrq ri d vwrfkdvwlf surfhvv91 Lq idfw irupdo hpslulfdo lqyhvwljdwlrq

kdv frqfoxghg wkdw wkh orz iuhtxhqf| ehkdylru ri djjuhjdwh wlph vhulhv lv wkh

7Vhh Edlo|/ Kxowhq dqg Fdpsehoo +4<<5,/ Fdedoohur dqg Kdpprxu +4<<7/ 4<<9,/ Djklrq

dqg Krzlww +4<<7, dqg Pruwhqvhq dqg Slvvdulghv +4<<;,1
8Iru h{dpsoh/ Edlo|/ Kxowhq dqg Fdpsehoo +4<<5, dqg Eduwhovpdq dqg Gku|phv +4<<7,

�qg wkdw hpsor|phqw vl}h dqg surgxfwlylw| duh srvlwlyho| fruuhodwhg1
9Vhh Urelqvrq +4<<7, iru d vxuyh| rq wkh wrslf1

5



uhvxow ri orqj phpru| surfhvvhv lq zklfk wkh lpsdfw ri vkrfnv ydqlvkhv dw

d yhu| vorz k|shuerolf udwh:1 Wkh vhdufk iru hfrqrplf phfkdqlvpv lq zklfk

vkrfnv ydqlvk dw d yhu| vorz k|shuerolf udwh wxuqv rxw wr eh d iruplgdeoh

wdvn1 Lq jhqhudo/ wkh hfrqrplf wkhru| jhqhudwhv g|qdplfv lq zklfk vkrfnv

sursdjdwh dw frqvwdqw udwhv1 Wkdw lv/ vkrfnv hlwkhu kdyh shupdqhqw h�hfwv

ru ydqlvk dw wkh xvxdo h{srqhqwldo udwh1 Orqj phpru| lpsolhv/ lqvwhdg/ wkdw

vkrfnv sursdjdwh dw ghfuhdvlqj udwkhu wkdq frqvwdqw udwhv dqg wkdw wkh udwh

ri devruswlrq ri wkh vkrfn dw hdfk vwdjh ? ri wkh dgmxvwphqw surfhvv lv d

ghfuhdvlqj ixqfwlrq ri ?�

Zh vkrz wkdw rxu prgho lv deoh wr uhsolfdwh wkh revhuyhg ghjuhh ri djjuh0

jdwh shuvlvwhqfh1 Zkdw gulyhv wkh uhvxow lv wkh surfhvv ri rqjrlqj fkxuqlqj

dqg fdwfklqj xs wkdw wdnhv sodfh lq wkh prgho dv zhoo dv lq wkh uhdo hfrqrp|1

Rqfh wkh vkrfn klwv wkh v|vwhp/ �upv duh uhdoorfdwhg dfurvv vl}hv +ylqwdjhv,1

Li vpdoo �upv jurz idvwhu wkdq elj rqhv/ wkh vkrfn zloo eh devruehg1 Krzhyhu/

idvw jurzlqj vpdoo �upv hyhqwxdoo| ehfrph elj dqg jurz dv elj �upv1 Wkh

vkrfn zloo wkhq eh devruehg/ |hw dw yhu| orz ghfuhdvlqj udwhv wkxv uhsolfdwlqj

wkh orqj phpru| ihdwxuh ri wkh gdwd1

Wkh prgho vd|v dovr vrphwklqj derxw wkh gulylqj irufh ri djjuhjdwh shuvlv0

whqfh1 Wkh Uhdo Exvlqhvv F|foh wudglwlrq kdv riwhq dujxhg lw lv whfkqrorj|;1

Wkdw phdqv hlwkhu wkdw wkh djjuhjdwh vkrfn lwvhoi lv d whfkqrorjlfdo vkrfn

zlwk d vx!flhqw dprxqw ri shuvlvwhqfh ru wkdw wkh vkrfn h{klelwv shuvlvwhqfh

ehfdxvh lw gluhfwo| d�hfwv whfkqrorj|1 Qhlwkhu lv wkh fdvh lq wkh prgho dqdo0

|vhg lq wklv sdshu1 Wkh djjuhjdwh vkrfnv mxvw dowhu wkh rssruwxqlw| frvw

ri �upv dqg vr wkh| fdq eh uhdg dv hlwkhu surgxfwlylw| ru ghpdqg vkrfnv1

Wkh vkrfnv d�hfw qhlwkhu wkh qxpehu ri �upv lq wkh pdunhw qru wkh udwh ri

whfkqrorjlfdo surjuhvv1 Dq| shuvlvwhqfh fdq wkhuhiruh eh dwwulexwhg wr wkh

furvv0vhfwlrqdo khwhurjhqhlw| jhqhudwhg e| wkh prgho1

Wkh pdlq frqwulexwlrq ri wkh sdshu fdq eh frqyhqlhqwo| vxppdul}hg

dv iroorzv1 Wkhuh duh wzr lqghshqghqw vwudqgv ri wkh olwhudwxuh1 Rqh kdv

ghdow h{solflwo| zlwk furvv0vhfwlrqdo khwhurjhqhlw| lq rughu wr surylgh plfur0

:Vhh Glherog dqg Uxghexvfk +4<;<,/ Jlo0Dodqd dqg Urelqvrq +4<<:, dqg Plfkhodffl

dqg ]d�durql +4<<;,1
;Vhh iru h{dpsoh Qhovrq dqg Sorvvhu +4<;5,/ Urwhpehuj dqg Zrrgirug +4<<9, dqg Jdol

+4<<9,1
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irxqgdwlrqv ri pdfurhfrqrplfv vroylqj h{solflw djjuhjdwlrq sureohpv<1 Wkh

rwkhu kdv dqdo|vhg �up g|qdplfv/ lq sduwlfxodu wkh uhodwlrq ehwzhhq jurzwk

dqg �up vl}h1 Wklv sdshu qrwhv wkdw wkh wzr lqghshqghqw vwudqgv ri uhvhdufk

kdyh lpsruwdqw lpsolfdwlrqv iru wkh orz iuhtxhqf| ehkdylru ri djjuhjdwh wlph

vhulhv rqfh d vwdqgdug ylqwdjh prgho lv xvhg wr frpelqh wkhp1 Wklv dssurdfk

lv deoh wr uhfrqfloh wkh pdfur dqg plfur hylghqfh1 Pruhryhu/ prghov zklfk

gr qrw ghdo h{solflwo| zlwk furvv0vhfwlrqdo khwhurjhqhlw| vhhp lqfdsdeoh ri

uhsolfdwlqj wkh revhuyhg ghjuhh ri djjuhjdwh shuvlvwhqfh1 Wkxv/ wkh sdshu

frqfoxghv wkdw wkh surfhvv ri rqjrlqj fkxuqlqj dqg fdwfklqj0xs wkdw wdnhv

sodfh lq wkh hfrqrp| lv d nh| idfwru lq h{sodlqlqj djjuhjdwh shuvlvwhqfh1

Wkh uhpdlqghu ri wkh sdshu lv glylghg lqwr 7 vhfwlrqv1 Vhfwlrq 5 lqwurgxfhv

dqg mxvwl�hv rxu phwulfv iru djjuhjdwh shuvlvwhqfh1 Vhfwlrq 6 od|v grzq wkh

vwuxfwxuh ri d vw|ol}hg ylqwdjh prgho zkhuh erwk wkh udwh ri whfkqrorjlfdo

surjuhvv dqg wkh vl}h ri wkh pdunhw duh h{rjhqrxv1 Lw wkhq lqwurgxfhv dq

djjuhjdwh vkrfn lq wkh prgho dqg jhqhudol}hv vrph uhvxowv lq wkh olwhudwxuh

rq luuhyhuvlelolwlhv dqg Vv dgmxvwphqw surfhvvhv431 Vhfwlrq 7 vkrzv wkdw wkh

prgho fdq uhsolfdwh wkh revhuyhg ghjuhh ri djjuhjdwh shuvlvwhqfh1 Vhfwlrq

8 glvfxvvhv wkh urohv ri hdfk dvvxpswlrq zkloh vhfwlrq 9 frqfoxghv1 Wkh

dsshqgl{ frqwdlqv wkh ghulydwlrq ri prvw ri wkh uhvxowv frqwdlqhg lq wkh

sdshu1

5 Jhqhudo w|slfdo vshfwudo vkdshv= hpslulfdo

hylghqfh dqg phdqlqj

Wklv vhfwlrq uhylhzv �uvw wkh irxqgdwlrqv ri wkh iuhtxhqf| grpdlq dssurdfk

wr wlph vhulhv/ dqg wkhq wkh hpslulfdo hylghqfh lq idyru ri wkh w|slfdo vshfwudo

vkdsh ri dq hfrqrplf yduldeoh revhuyhg e| Judqjhu +4<99,1 Zh gudz rq wklv

hpslulfdo hylghqfh wr exlog d phdvxuh ri djjuhjdwh shuvlvwhqfh edvhg rq wkh

qrwlrq ri rughu ri lqwhjudwlrq ri d wlph vhulhv1

<Vhh iru h{dpsoh Ehuwrod dqg Fdedoohur +4<<3/ 4<<7,/ Fdedoohur dqg Hqjho +4<<4/ 4<<6/
4<<7, dqg Fdedoohur +4<<5, rq wkh wkhruhwlfdo vlgh dqg rq wkh hpslulfdo vlgh Gdylv dqg

Kdowlzdqjhu +4<<3/ 4<<5,/ Gdylv/ Kdowlzdqjhu dqg Vfkxk +4<<6, dqg Fdedoohur/ Hqjho dqg

Kdowlzdqjhu +4<<:,1
43Vhh iru h{dpsoh Ehuwrod dqg Fdedoohur +4<<3/ 4<<7,/ Fdedoohur dqg Hqjho +4<<3, dqg

Fdedoohur +4<<5,1
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514 Wkh Iuhtxhqf| Grpdlq Dssurdfk wr Wlph Vhulhv
Dqdo|vlv

Lw lv vrphwlphv xvhixo wr ghfrpsrvh wkh g|qdplfv ri d wlph vhulhv lqwr gl�hu0

hqw shulrglf frpsrqhqwv1 Frqvlghu iru h{dpsoh wkh vshfwudo uhsuhvhqwdwlrq

ri d wlph vhulhv f|

f| '
] Z

3Z
e�|w _~Ewc /� '

] Z

3Z
dSJrE|w� n � r�?E|w�o _~Ewc /�c +4,

zkhuh ~Ewc /� lv d }hur0phdq ruwkrjrqdo lqfuhphqw surfhvv zlwk wkh surshuw|

wkdw . m_~Ewc /�m2 ' _8 Ew�c zkhuh _8 Ew� lv wkh vshfwudo ghqvlw| ri wkh sur0

fhvv1 Wlph vhulhv dqdo|vlv edvhg rq uhsuhvhqwdwlrq +4, lv fdoohg wkh iuhtxhqf|

grpdlq dssurdfk wr wlph vhulhv/ dv lw ghfrpsrvhv wkh yduldwlrq ri wkh wlph

vhulhv f| lqwr d frpelqdwlrq ri vlqhv dqg frvlqhv ri gl�huhqw shulrgv1 Lq jhq0

hudo/ wkh kljkhu wkh ydoxh ri _8 Ew� wkh kljkhu lv wkh zhljkw ri wkh shulrglf

frpsrqhqw ri shulrg 2Z
w
1 Wkh uhsuhvhqwdwlrq +4, lv d yhu| jhqhudo rqh1 Iru lq0

vwdqfh/ Fudphu*v wkhruhp44 jxdudqwhhv wkdw d vshfwudo uhsuhvhqwdwlrq olnh wkh

rqh lq +4, krogv iru dq| vwdwlrqdu| surfhvv/ zkloh Sulhvwoh| +4<98,/ Kxuzlfk

dqg Ud| +4<<7, dqg Fkdq dqg Whuu| +4<<8, vkrz krz wklv uhsuhvhqwdwlrq

fdq eh h{whqghg iru qrq vwdwlrqdu| olqhdu surfhvvhv1 Jlyhq d vhw ri revhu0

ydwlrqv %|c zkhuh | uxqv iurp � wr A / wkh vshfwudo ghqvlw| _8 Ew� lv xvxdoo|

hvwlpdwhg wkurxjk wkh shulrgrjudp UEw� +ru vrph ixqfwlrq wkhuhri, gh�qhg

dv wkh prgxoxv ri wkh glvfuhwh Irxulhu wudqvirup ri wkh revhuydwlrqv45=

UEw� '
�

2ZA

�����
A[
|'�

%| e
�|w

�����
2

� +5,

Judqjhu +4<99, qrwhg wkdw wkh hvwlpdwhg vshfwud ri prvw ghwuhqghg hfr0

qrplf yduldeohv kdg d vkdsh wkdw kh gh�qhg wr eh dv w|slfdo1 Lw lv d prqrwrq0

lfdoo| ghfuhdvlqj ixqfwlrq zlwk d yhu| surqrxqfhg shdn lq wkh qhljkerukrrg

ri wkh }hur iuhtxhqf|1 Iru lqvwdqfh/ Iljxuh 4D vkrzv wkdw wkh ohyho ri wkh

XV ghwuhqghg orjjhg JGS shu fdslwd fdofxodwhg ryhu wkh shulrg 4;:304<<7

h{klelwv wkh w|slfdo vshfwudo vkdsh lghqwl�hg e| Judqjhu1 Iuhtxhqf| grpdlq

44Vhh iru h{dpsoh Eurfnzhoo dqg Gdylv +4<<4,1
45Lq wkh fdvh ri d vwdwlrqdu| surfhvv wkh shulrgrjudp lv wkh vdpsoh dqdorjxh ri wkh

wkhruhwlfdo vshfwudo ghqvlw| gI +�,= Wkhuhiruh wkh shulrgrjudp kdv d vlpsoh phwkrg ri

prphqwv lqwhusuhwdwlrq1

8



dqdo|vlv ghfrpsrvhv wkh g|qdplfv ri d wlph vhulhv lqwr gl�huhqw shulrglf

frpsrqhqwv zkrvh zhljkwv duh jlyhq e| wkh vshfwuxp dw wkh fruuhvsrqglqj

iuhtxhqf|1 Wkxv/ wkh w|slfdo vshfwudo vkdsh lghqwl�hg e| Judqjhu lpsolhv

wkdw wkh zhljkw ri wkh frpsrqhqwv zlwk yhu| orqj shulrgv lv glvsursruwlrq0

dwho| odujh/ wkdw lv ghwuhqghg djjuhjdwh wlph vhulhv glvsod| d yhu| kljk ghjuhh

ri shuvlvwhqfh1

Iljxuh 4= Urexvw W|slfdo Vshfwudo Vkdshv +XV Shu Fdslwd JGS/
4;;304<<7,1 Wkh �jxuh vkrzv wkh shulrgrjudp ri wkh XV olqhduo| ghwuhqghg
+ROV, orjjhg shu fdslwd JGS +4;:304<<7,1 Wkh shulrgrjudp lq �jxuh D lv
vprrwkhg pdnlqj xvh ri dq ;wk rughu sro|qrpldo1 Wkh gdwd duh wdnhq iurp
Pdgglvrq +4<<8,1 Wkh wkhruhwlfdo vshfwuxp iru wkh DU+4, surfhvv lv rewdlqhg
xvlqj d frh!flhqw ri �uvw rughu dxwrfruuhodwlrq htxdo wr 3181

D fodvv ri vshfwudo ghqvlw| ixqfwlrqv deoh wr pdwfk h{dfwo| wkh vshfwudo

vkdsh46 wkdw dulvhv lq wkh uhdo zruog lv jlyhq e|

46Wkh h{dfw uhodwlrq ehwzhhq wkh vshfwudo ghqvlw|/ gI +�,> dqg wkh shulrgrjudp +5, iru

9



sEw� ' _8 Ew� � }Ew� w32_c @r w $ fnc +6,

zkhuh c�* lqglfdwhv wkdw wkh udwlr ri wkh ohiw0 dqg uljkw0kdqg vlgh whqgv wr

d erxqghg txdqwlw|/ _ lv d qrq0qhjdwlyh frqvwdqw dqg }Ew� lv d erxqghg

ixqfwlrq erxqghg dzd| iurp }hur lq d qhljkerukrrg ri wkh ruljlq471 Wkh

sdudphwhu _ uhsuhvhqwv wkh rughu ri lqwhjudwlrq ri wkh wlph vhulhv1 Li lw lv

juhdwhu wkdq }hur/ wkh wlph vhulhv h{klelwv orqj phpru|/ zkloh lw h{klelwv

zhdn phpru| li wkh sdudphwhu lv htxdo wr f1 Wkh sdudphwhu _ phdvxuhv

wkh udwh ri glyhujhqfh ri wkh vshfwuxp durxqg }hur iuhtxhqf| dqg wkxv lw

phdvxuhv krz cw|slfdo* lv wkh vshfwudo vkdsh1 _ lv rxu phdvxuh ri shuvlvwhqfh=

wkh kljkhu wkh ydoxh ri _c wkh kljkhu lv wkh zhljkw ri wkh frpsrqhqwv zlwk

yhu| orqj shulrgv dqg wkxv wkh kljkhu lv wkh shuvlvwhqfh ri wkh surfhvv1

D wlph grpdlq uhsuhvhqwdwlrq ri wkh wlph vhulhv f|c | � fc fruuhvsrqglqj

wr htxdwlrq +6, lv jlyhq e| wkh Zrog uhsuhvhqwdwlrq48

f| ' ff n � |n
|[

?'f

�? "|3?c +7,

zlwk Zrog frh!flhqwv �? ' ��? n _ ?_3� n J
�
��?
�
c zkhuh ��? lv d ixqfwlrq

frqyhujlqj wr }hur dw d udwh dw ohdvw dv kljk dv wkh h{srqhqwldo rqh +wkdw lv�����?��� � g4?c g d erxqghg txdqwlw|/ f � 4 	 �,/ _ lv wkh rughu ri lqwhjudwlrq

ri wkh wlph vhulhv49 zkloh J
�
��?
�
lqglfdwhv d txdqwlw| ri orzhu rughu wkdq ��?c

qrq vwdwlrqdu| surfhvvhv +g � 4
5
vhh ehorz, lv d wrslf wkdw jrhv eh|rqg wkh vfrsh ri wklv

sdshu1 Lw vhhpv krzhyhu wkdw wkh shulrgrjudp ehkdyhv zlwkrxw dq| vroxwlrq ri frqwl0

qxlw| lq prylqj iurp wkh vwdwlrqdu| uhjlrq +g ?
4
5
, wr wkh qrq vwdwlrqdu| rqh +g � 4

5
,

+vhh Kxuzlfk dqg Ud| 4<<7/ Yhodvfr 4<<9/ Urelqvrq dqg Pdulqxffl 4<<:,1 D srvvleoh
vroxwlrq zrxog wkhuhiruh frqvlvw ri gh�qlqj wkh wkhruhwlfdo vshfwudo ghqvlw| wkurxjk wkh

shulrgrjudp/ dv lq Kxuzlfk dqg Ud| +4<<7,1 Wklv lv lpsolflwo| wkh dssurdfk sxuvxhg khuh/
zkhuh wr vdihjxdug wkhruhwlfdo uljrxu zh vshdn ri hpslulfdo vshfwudo vkdshv udwkhu wkdq

vshfwud1
47D voljkwo| pruh jhqhudo gh�qlwlrq zrxog doorz iru j+�, @ O+4

�
, zkhuh O+�, lv d vorzo|

ydu|lqj ixqfwlrq dw lq�qlw| +vhh h1j1 Vhqhwd 4<:9,/ wkdw lv/ d srvlwlyh phdvxudeoh ixqfwlrq
vdwlvi|lqj

O+��,

O+�,
$ 4> dv �$4> iru doo � A 3=

48Lq sduwlfxodu/ wklv zloo eh wkh rshudwlrqdo gh�qlwlrq ri iudfwlrqdo lqwhjudwlrq wkdw zh

zloo xvh wkurxjkrxw wkh sdshu1
49Li zh doorzhg iru j+�, wr eh d vorzo| ydu|lqj ixqfwlrq dv lq irrwqrwh +48,/ wkh Zrog

:



wkdw lv *�4?<"

JE��?�
��?

' f� Wkh Zrog frh!flhqw �? jdxjhv wkh iudfwlrq ri wkh

vkrfn "|3?c ? shulrgv dkhdg/ zklfk kdv qrw |hw ehhq devruehg1 Wkhuhiruh/

wkh udwh ri ghfd| ri wkh Zrog frh!flhqwv phdvxuhv wkh shuvlvwhqfh ri vkrfnv1

D vwdqgdug wuhqg vwdwlrqdu| surfhvv zlwk �-�� glvwxuedqfh h{klelwv

Zrog frh!flhqwv �?*v ghfd|lqj qr pruh vorzo| wkdq dq h{srqhqwldo udwh1

Wklv lpsolhv wkdw wkh shuvlvwhqfh lv orz dqg wkdw wkh sdudphwhu ri iudfwlrqdo

lqwhjudwlrq lv htxdo wr }hur1 Wklv zhdn phpru| surshuw| ri �-�� surfhvvhv

vkrzv xs lq wkh iuhtxhqf| grpdlq xqghu wkh irup ri d  dw vshfwudo vkdsh

durxqg }hur iuhtxhqf| +vhh iru h{dpsoh Iljxuh 4E iru wkh �-E�� fdvh,� Lq

d surfhvv zlwk d xqlw urrw/ whpsrudu| vkrfnv kdyh shupdqhqw h�hfwv rq wkh

ohyho ri wkh wlph vhulhv1 Wkdw phdqv wkdw wkh Zrog frh!flhqwv dv|pswrwl0

fdoo| dssurdfk d frqvwdqw dqg _ lv htxdo wr �1 Wkxv wkh vshfwudo vkdsh ri d

xqlw urrw lv w|slfdo |hw sduwlfxodu dv lw h{klelwv d yhu| vshfl�f udwh ri glyhu0

jhqfh durxqg }hur iuhtxhqf|1 Wklv vhw ri frqvlghudwlrqv vkrzv krz vwdqgdug

DULPD surfhvvhv fdq qrw jhqhudwh duelwudu| w|slfdo vshfwudo vkdshv/ ehfdxvh

wkh| jhqhudwh vkdshv zlwk udwh ri glyhujhqfh htxdo wr hlwkhu wkdw ri wkh xqlw

urrw ru wkh  dw rqh1

Lq idfw/ lq wkh �-U�� surfhvvhv vkrfnv fdq sursdjdwh rqo| dw frqvwdqw

+ru lqfuhdvlqj, udwhv1 Iru h{dpsoh/ dq h{srqhqwldo udwh ri devruswlrq/ �? �

4?/ phdqv wkdw/ dw hdfk vwdjh ? ri wkh dgmxvwphqw surfhvv/ d frqvwdqw iudfwlrq

��4 ri wkh dprxqw ri vkrfn vwloo xqdevruehg zloo eh devruehg dw vwdjh ?n�1 D

xqlw urrw lv mxvw d sduwlfxodu fdvh ri sursdjdwlrq dw frqvwdqw udwhv/ rqh zkhuh

dv|pswrwlfdoo| vkrfnv duh qrw devruehg dw doo vr wkdw �� 4 ' f� Lq frqwudvw/

orqj phpru| doorzv iru wkh srvvlelolw| ri ghfuhdvlqj udwhv ri devruswlrq1 Lq

idfw zkhq wkh udwh ri devruswlrq lv k|shuerolf/ wkhZrog frh!flhqwv �? ehkdyh

olnh ?_3� � E� � �3_
�
�E� � �3_

2
� � � � E� � �3_

?
�4:1 Wkdw phdqv wkdw dw hdfk

vwdjh ? ri wkh dgmxvwphqw surfhvv d iudfwlrq �3_
?n�

ri wkh vwloo xqdevruehg sduw

ri wkh vkrfn zloo eh devruehg e| vwdjh ?n�/ wkdw lv wkh udwh ri devruswlrq ri

wkh vkrfn lv d ghfuhdvlqj ixqfwlrq ri ?� Lq grlqj vr orqj phpru| doorzv iru d

frh!flhqwv frxog ehkdyh dv !q @ �!q . qg�4 . r

�
�!q

�
= Li vr/ wkh fdvh g @ 3 zrxog

fruuhvsrqg wr Zrog frh!flhqwv !
q
ghfd|lqj dv 4

q
= Wklv zrxog lpso| wkdw wkh fryduldqfhv

�
�
zrxog ehkdyh dv

oq+�,

�
iru odujh �> vr wkdw wkh vshfwudo ghqvlw| gI +�, ehkdyhv dv wkh

vorzo| ydu|lqj ixqfwlrq +oq �,5 dv �$ 3.> vhh Judqjhu dqg Mr|hx{ +4<;3,1
4:Vhh iru h{dpsoh htxdwlrq +5<, lq wkh dsshqgl{ iru d ghulydwlrq ri wkh uhvxow1

;



ydulhw| ri lqwhuphgldwh fdvhv/ dqg wkxv vprrwko| eulgjhv wkh jds ehwzhhq wkh

vshfwudo vkdsh zlwk wkh sduwlfxodu vorsh ri wkh xqlw urrw dqg wkh  dw vshfwudo

vkdsh dvvrfldwhg zlwk wkh devroxwh odfn ri phpru|1

Jlyhq wkh uhsuhvhqwdwlrq +6,/ d cuhdvrqdeoh*4; zd| ri hvwlpdwlqj wkh cw|s0

lfdolw|* ri wkh vshfwuxp wkurxjk wkh sdudphwhu _ frqvlvwv ri uxqqlqj d vlpsoh

ROV uhjuhvvlrq ri wkh orj ri wkh hvwlpdwhg vshfwuxp +shulrgrjudp, ryhu wkh

orj0iuhtxhqf| dw durxqg wkh }hur iuhtxhqf|

*?dUEw�o ' SJ?r|�� 2_ *? wc @r w 5 dw,c w�o
4<� +8,

Glherog dqg Uxghexvfk +4<;<, dqg Plfkhodffl dqg ]d�durql +4<<;, udq uh0

juhvvlrq +8, iru wkh JGS shu fdslwd iru d vhw ri gl�huhqw RHFG hfrqrplhv

dqg vkrz wkdw wkh sdudphwhu _c wkh udwh ri glyhujhqfh ri wkh shulrgrjudp/ lv

ehwzhhq }hur dqg rqh1 Wkdw phdqv wkdw wkh ghjuhh ri djjuhjdwh shuvlvwhqfh

lv orzhu wkdq wkdw dvvrfldwhg zlwk d xqlw urrw exw juhdwhu wkdq lq wkh DUPD

zhdn phpru| fdvh +vhh Iljxuh 4E,531 Wkh hvwlpdwhg ydoxh ri _ edvhg rq wkh

orj0shulrgrjudp uhjuhvvlrq +8, lv uhsruwhg lq wdeoh 4541

Wklv vxjjhvwv wkdw wkh uhdo JGS shu fdslwd ri wkh XV lv fkdudfwhul}hg e|

d sdudphwhu ri iudfwlrqdo lqwhjudwlrq juhdwhu wkdq }hur dqg +suredeo|, ohvv

wkdq rqh1 Wkdw vrph irup ri yhu| vorz phdq uhyhuvlrq dfwxdoo| wdnhv sodfh lq

wkh gdwd lv dovr frq�uphg e| wlph grpdlq revhuydwlrq1 Mrqhv +4<<8, vkrzv

krz d wlph wuhqg fdofxodwhg xvlqj gdwd rqo| iurp �HHf wr �b2b iruhfdvwv

h{wuhpho| zhoo wkh fxuuhqw ohyho ri JGS ri wkh XV hfrqrp| +vhh Iljxuh 5,1

Wklv lpsolhv wkdw wkh qhz lqirupdwlrq gholyhuhg e| wkh Zrog lqqrydwlrqv "|

4;Urelqvrq +4<<8, suryhv frqvlvwhqf| dqg dv|pswrwlf qrupdolw| ri wklv hvwlpdwru rulj0
lqdoo| sursrvhg e| Jhzhnh dqg Sruwhu Kxgdn +4<;6,1 Jludlwlv/ Urelqvrq dqg Vdpdury

+4<<:, suryhv wkdw wkh hvwlpdwru lv udwh rswlpdo1
4<Wkh vhpl0sdudphwulf qdwxuh ri wkh hvwlpdwru lpsolhv wkdw wkh hfrqrphwulfldq lv ohiw

zlwk wkh fkrlfh wr ghflgh zkhq cforvh* lv vx!flhqwo| cforvh*/ wkdw lv wkh vl}h ri wkh lqwhuydov

^3> �x` dqg ^3> �o,1 Wkh qxpehu ri Irxulhu iuhtxhqflhv frqwdlqhg lq wkh �uvw lqwhuydo lv fdoohg
wkh wulpplqj frh!flhqw/ zkloh wkh qxpehu ri Irxulhu iuhtxhqflhv frqwdlqhg lq wkh vhfrqg

lv fdoohg wkh edqgzlgwk1
53Vhh dovr Jlo0Dodqd dqg Urelqvrq +4<<:, iru ixuwkhu hpslulfdo hylghqfh lq wklv gluhfwlrq

edvhg rq d gl�huhqw phwkrgrorj|1
54Yhodvfr +4<<9, vkrzv wkdw wkh Urelqvrq +4<<8, orj0shulrgrjudp hvwlpdwru lv frqvlvwhqw

dqg qrupdo hyhq iru qrq vwdwlrqdu| g1 Pruhryhu/ lq wklv dssolfdwlrq/ wkh uhvxowv duh yhu|
urexvw zlwk uhvshfw wr erwk wkh fkrlfh ri wkh wulpplqj frh!flhqw dqg2ru dsso|lqj wkh

orj0shulrgrjudp uhjuhvvlrq rq wkh �uvw gl�huhqfh ri wkh gdwd dqg wkhq dgglqj xqlw| wr wkh
rewdlqhg uhvxow1 Wkh uhvxowv duh dydlodeoh xsrq uhtxhvw1

<



Wk

k @
g sdudphwhu Dv|pswrwlf V1H1

3173 3179 3157
31758 3173 3155
3178 317: 3154
317:8 3175 3153
3183 3186 314;
31858 319; 314:
3188 318; 3149
318:8 3188 3148
3193 3193 3147

Wdeoh 4= Orj0shulrgrjudp uhjuhvvlrq/ JGS2O/ XV/ 4;:304<<71 Wkh
orj0shulrgrjudp uhjuhvvlrq +8, lv dssolhg rq wkh olqhduo| ghwuhqghg +ROV,
orjjhg JGS shu fdslwd1 Wkh wulpplqj frh!flhqw lv htxdo wr rqh zkloh wkh
edqgzlgwk lv vhw wr eh htxdo wr Ak/ zkhuh A lv wkh vdpsoh vl}h1 Wklv lpsolhv
wkdw lq wkh orj0shulrgrjudp uhjuhvvlrq +8, Ak � � Irxulhu iuhtxhqflhv duh
xvhg zkloh wkh vpdoohvw Irxulhu iuhtxhqf| lv gursshg1 Iru d glvfxvvlrq ri wkh
hvwlpdwlqj surfhgxuh vhh Glherog dqg Uxghexvfk +4<;<, dqg Plfkhodffl dqg
]d�durql +4<<;,1 Iru d ghulydwlrq ri wkh wkhruhwlfdo surshuwlhv ri wklv hvwlpd0
wru/ ruljlqdoo| sursrvhg e| Jhzhnh dqg Sruwhu Kxgdn +4<;6,/ vhh Urelqvrq
+4<<8,1 Iru dq dqdo|vlv ri wkh surshuwlhv ri wkh hvwlpdwru lq wkh qrq vwdwlrq0
du| fdvh vhh Yhodvfr +4<<9,1
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lv luuhohydqw iru iruhfdvwlqj rq yhu| orqj krul}rqv dqg lv lqfrpsdwleoh zlwk d

xqlw urrw lq rxwsxw551

Iljxuh 5= Shu Fdslwd JGS lq wkh Xqlwhg Vwdwhv/ 4;;304<;: +Qdwxudo
Orjdulwkp,1 Wkh Gdwd duh iurp Pdgglvrq +4<;5/4<;<, dv xvhg lq Mrqhv
+4<<9,1 Wkh vrolg erog olqh uhsuhvhqwv wkh wlph wuhqg fdofxodwhg xvlqj gdwd
rqo| iurp 4;;3 wr 4<5<1

Wkh hpslulfdo hylghqfh vkrzv wkdw wkh xqghuo|lqj vwrfkdvwlf surfhvv iru

djjuhjdwh JGS h{klelwv vrph irup ri orqj phpru|1 Dv d uhvxow zh zrxog

olnh wr nqrz zkdw hfrqrplf phfkdqlvp fdq jhqhudwh w|slfdo vshfwudo vkdshv

vlplodu wr wkh rqhv revhuyhg lq wkh uhdo zruog1 Pruhryhu/ dv wkh h{dfw ghjuhh

ri phpru| lv vwloo xqfhuwdlq/ zh zrxog olnh wr �qg curexvw* hfrqrplf phfkd0

qlvpv= cvpdoo* dowhudwlrqv wr wkh edvlf vhw0xs pxvw qrw vkliw wkh vorsh ri wkh

vshfwudo vkdsh iurp wkh yhu| sduwlfxodu vorsh dvvrfldwhg zlwk wkh xqlw urrw wr

55Vhh dovr Glherog dqg Vhqkdgml +4<<9, iru vlplodu frqfoxvlrqv edvhg rq vlplodu hylghqfh1

44



wkh  dw rqh fruuhvsrqglqj wr wkh zhdn phpru| fdvh561 Lq wklv sdshu zh gudz

rq wkh revhuyhg hpslulfdo uhodwlrq ehwzhhq wkh h{shfwhg jurzwk ri d �up dqg

lwv vl}h wr surylgh d urexvw plfurirxqgdwlrq iru wkh w|slfdo vshfwudo vkdsh ri

dq hfrqrplf yduldeoh1 Lq sduwlfxodu/ zh dujxh wkdw wkh surfhvv ri rqjrlqj

fkxuqlqj dqg fdwfklqj xs wkdw wdnhv sodfh lq wkh uhdo hfrqrp| vorzv grzq

wkh sursdjdwlrq ri wkh vkrfnv dqg lv d nh| hohphqw lq h{sodlqlqj djjuhjdwh

shuvlvwhqfh1

6 D vw|ol}hg ylqwdjh prgho

Wklv vhfwlrq �uvw od|v grzq wkh vwuxfwxuh ri d vw|ol}hg ylqwdjh prgho1 Lw wkhq

fkdudfwhul}hv wkh g|qdplfv ri wkh v|vwhp lq uhvsrqvh wr dq djjuhjdwh vkrfn1

614 Wkh Prgho

Wlph lv glvfuhwh dqg jrhv iurp �4 wr 41

Wkh udwh ri whfkqrorjlfdo surjuhvv lv h{rjhqrxv dw udwh �1

Wkh qxpehu ri �upv lq wkh hfrqrp| lv �{hg zlwk Ohehvjxh phdvxuh htxdo

wr rqh1 Zh wklqn ri wklv dv d iuhh hqwu| frqglwlrq1 Lq idfw/ wklv zrxog eh wkh

htxloleulxp rxwfrph lq d vhdufk wkhruhwlf iudphzrun zlwk �{hg dprxqw ri

uhvrxufhv/ zkhuh hdfk rshudwlqj �up uhtxluhv d jlyhq dprxqw ri uhvrxufhv

dqg qrq rshudwlqj �upv pxvw zdlw iru wkhvh uhvrxufhv wr eh iuhhg ehiruh

xvlqj wkhp571

Wkh �upv lq wkh hfrqrp| fdq eh lq gl�huhqw whfkqrorjlfdo vwdwhv1 Lq

sduwlfxodu d �up lv lq vwdwh � � f dw wlph | li lw lv xvlqj whfkqrorj| | � �1

56Wkh Uhdo Exvlqhvv F|foh wudglwlrq kdv riwhq dujxhg wkdw whfkqrorj| lv wkh gulylqj irufh

ri wkh w|slfdo vshfwudo vkdsh +Qhovrq dqg Sorvvhu 4<;5/ Urwhpehuj dqg Zrrgirug 4<<9/

Jdol 4<<9,1 Dowhuqdwlyho| prghov zlwk vwudwhjlf lqwhudfwlrq dqg vslooryhuv kdyh vkrzq wkhlu
srwhqwldo wr jhqhudwh pxowlsoh htxloleuld +vhh iru h{dpsoh Frrshu dqg Mrkq 4<;;,1 Li vr/

djjuhjdwh vkrfnv wkdw vkliw wkh hfrqrp| iurp rqh htxloleulxp wr wkh rwkhu fdq jhqhudwh

d w|slfdo vshfwudo vkdsh +vhh Gxuodxi 4<<4,1 Lq erwk fdvhv/ d whpsrudu| vkrfn kdv d
shupdqhqw h�hfw rq wkh ohyho ri rxwsxw1 Lq jhqhudo vwdqgdug wudqvplvvlrq phfkdqlvpv

jhqhudwh wkh yhu| sduwlfxodu w|slfdo vshfwudo vkdsh dvvrfldwhg zlwk wkh xqlw urrw1
57Vhh iru h{dpsoh Slvvdulghv +4<<3,1 Jlyhq wkhvh frqvlghudwlrqv/ wkh prgho frqvlghuv dv

revhuydwlrqdoo| htxlydohqw wkh hyhqw lq zklfk whfkqrorjlfdo dgrswlrq wdnhv sodfh wkurxjk

ghvwuxfwlrq dqg vxffhvvlyh fuhdwlrq ri d qhz �up wr wkdw lq zklfk �upv olyh iruhyhu1
Pruwhqvhq dqg Slvvdulghv +4<<;, dqdo|}h d ylqwdjh prgho lq zklfk �upv h{solflwo| idfh d

wudgh0r� ehwzhhq wkh wzr hyhqwv1
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Ilupv xvlqj gl�huhqw whfkqrorjlhv duh deoh wr surgxfh gl�huhqw txdqwlwlhv ri

jrrgv/ pruh h{dfwo| d �up lq vwdwh � dw wlph | surgxfhv d txdqwlw| ri jrrgv

htxdo wr �E|� ��581

Zh lqglfdwh zlwk Z| wkh yhfwru ri frxqwdeo| lq�qlwh glphqvlrq froohfwlqj

wkh phdvxuh ri �upv lq hdfk vwdwh1 Wkh �|� hohphqw ri wkh yhfwru Z| phdvxuhv

wkh qxpehu ri �upv xvlqj whfkqrorj| | � � n � dw wlph |1 Z| lv vwulfwo|

srvlwlyh/ erxqghg ehwzhhq }hur dqg rqh/ zlwk hohphqwv vxpplqj xs wr rqh

dqg wkhuhiruh lv d suredelolw| phdvxuh1

Wklv lpsolhv wkdw wkh ohyho ri djjuhjdwh rxwsxw dw wlph |/ t| lv htxdo wr

t| ' � |� � Z�|�c

zkhuh d R � � lqglfdwhv wkh wudqvsrvh rshudwru rq wkh jlyhq yhfwru xvxdoo|

wdnhq dv d froxpq yhfwru1 Wkh yhfwru � lqglfdwhv d froxpq yhfwru zlwk wkh

surshuw| wkdw lwv �|� hohphqw lv h{dfwo| htxdo wr �� �1

Dw d jlyhq srlqw lq wlph | d �up lq vwdwh � kdv wzr srvvlelolwlhv= hlwkhu

grlqj qrwklqj dqg xvlqj wkh whfkqrorj| | � � vr wkdw lq wkh qh{w shulrg wkh

�up zloo eh lq vwdwh �n�/ ru dgrswlqj wkh ohdglqj whfkqrorj| lq wkh hfrqrp|

vr wkdw lq wkh qh{w shulrg wkh �up zloo eh lq vwdwh }hur� Whfkqrorjlfdo dgrs0

wlrq/ krzhyhu/ lpsolhv vrph frvwv1 Zh dvvxph/ yhu| sduvlprqlrxvo|/ wkdw wkh

frvw ri dgrswlqj wkh ohdglqj whfkqrorj| lq wkh hfrqrp| frqvlvwv ri wzr frp0

srqhqwv/ S� dqg bc zklfk hqwhu dgglwlyho|1 S� lv d ghwhuplqlvwlf frpsrqhqw

ixqfwlrq ri wkh vwdwh � ri wkh �up1 b lv d udqgrp yduldeoh lghqwlfdoo| lqgh0

shqghqwo| glvwulexwhg dfurvv xqlwv dqg ryhu wlph zlwk frpprq glvwulexwlrq

8 ryhu wkh vxssruw +srvvleo| xqerxqghg, \ � ? dqg }hur h{shfwhg ydoxh1

b jdxjhv wkh �up0vshfl�f rssruwxqlw| frvw +lq whupv ri irujrqh sur�wv, ri

lqyhvwlqj sduw ri lwv rzq fdslwdo ru oderxu uhvrxufhv lq whfkqrorjlfdo lpsuryh0

phqwv1 Wkhuhiruh lw fdq eh uhdg lqgl�huhqwo| dv hlwkhu d whfkqrorjlfdo ru d

58Doo yduldeohv duh ghqrplqdwhg lq orjv/ lpso|lqj wkdw gl�huhqfhv lqglfdwh jurzwk udwhv
zkloh dulwkphwlf dyhudjhv lqglfdwh wkh orjdulwkp ri jhrphwulf rqhv1 Zh duh lpsolflwo|

dvvxplqj wkdw d �up lq vwdwh l dw wlph w surgxfhv d txdqwlw| ri lqwhuphgldwh jrrgv htxdo

wr h{s�+w� l, dqg wkdw/ dv lq Jurvvpdq dqg Khospdq +4<<4,/ �qdo rxwsxw lv jlyhq e| wkh

djjuhjdwh surgxfwlrq ixqfwlrq h{s
U 4
3
tlgl zkhuh tl lv wkh dprxqw ri lqwhuphgldwh jrrgv

surgxfhg e| �up l= Zh gr qrw pdnh wkhvh dvvxpswlrqv h{solflw erwk ehfdxvh ri wkh vsdfh

frqvwudlqw dqg wr nhhs qrwdwlrq dv vlpsoh dv srvvleoh1 Lq d uhodwhg sdshu/ zh vkrz krz wkh
uhvxowv h{whqg xqghu wkh dowhuqdwlyh dvvxpswlrq wkdw wkh lqwhuphgldwh jrrgv surgxfhg e|

hdfk �up duh shuihfwo| vxevwlwxwdeoh vr wkdw djjuhjdwh rxwsxw \w lv htxdo wr
U 4
3
tlgl1 Vhh

Plfkhodffl +4<<;,1
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ghpdqg vkrfn591 Wkh ydoxh ri d �up T E�c |c b� lq vwdwh � dw wlph |c zkrvh

frvw ri dgrswlqj wkh ohdglqj whfkqrorj| lv S�nbc iroorzv wkh Ehoopdq htxdwlrq

T E�c |c b� ' 4@ 
rMtfc��

�E|� ��� r ES� n b� n

nq E�� r�T e E�n �c |n �� n q r T e Efc |n ��� +9,

f 	 q 	 � lv wkh glvfrxqw idfwru zkloh T e E�c |� lqglfdwhv wkh h{shfwhg ydoxh

ri T E�c |c b� wdnhq zlwk uhvshfw wr wkh udqgrp yduldeoh b5:� Lw iroorzv iurp

g|qdplf surjudpplqj dujxphqwv wkdw wkh sureohp lv zhoo gh�qhg5;1 Lq

sduwlfxodu wkh ydoxh ixqfwlrq T E�c |c b� lv olqhdu lq |c zhdno| ghfuhdvlqj lq b

dqg �qdoo| vwulfwo| ghfuhdvlqj lq � li ��n S� lv vwulfwo| lqfuhdvlqj lq ��

Lq jhqhudo wkh �up ghflghv wr dgmxvw dqg fkrrvhv r ' � zkhqhyhu wkh

uhdol}dwlrq ri wkh lglrv|qfudwlf vkrfn b lv vxfk wkdw

q dT e Efc |n ��� T e E�n �c |n ��o � S� n b� +:,

Wkdw lv/ wkh �up zhljkwv wkh ehqh�wv ri whfkqrorjlfdo dgrswlrq q dT e Efc |n

���T e E�n�c |n��o zlwk wkh dvvrfldwhg frvwv bnS��Zh lqglfdwh zlwk �� R� wkh

suredelolw| wkdw wkh hyhqw +:, rffxuv5<c wkdw lv �� R� lv wkh suredelolw| wkdw

d �up lq vwdwh � zloo eh xvlqj wkh ehvw whfkqrorj| dydlodeoh lq wkh hfrqrp|

lq wkh qh{w shulrg1 Jlyhq wkh dvvxpswlrq wkdw wkh lglrv|qfudwlf vkrfnv duh

llg zlwk glvwulexwlrq ixqfwlrq 8 E��c zh rewdlq wkdw

�� R� ' 8 Eq dT e Efc |n ��� T e E�n �c |n ��o� S�� c ;�� +;,

Dv d uhvxow/ wkh g|qdplfv ri wkh vwdwh ri d jhqhulf �up lv ixoo| ghvfulehg e|

wkh lq�qlwh glphqvlrqdo Pdunry fkdlq � jlyhq e|

59Vhh iru h{dpsoh Djklrq dqg Vdlqw Sdxo +4<<6, dqg Vdlqw Sdxo +4<<6,1
5:Dv wkh udqgrp yduldeoh � lv lqghshqghqwo| glvwulexwhg ryhu wlph/ wkh h{shfwhg ydoxh

Y h +�> �, grhv qrw ghshqg rq sdvw uhdolvdwlrqv ri wkh lglrv|qfudwlf vkrfnv1
5;Ghvslwh wkh xqerxqghg uhwxuqv/ wkh olqhdulw| ri wkh whfkqrorjlfdo iurqwlhu wrjhwkhu

zlwk glvfrxqwlqj jxdudqwhh wkdw wkhuh lv d rqh wr rqh fruuhvsrqghqfh ehwzhhq wkh vroxwlrq
wr wkh ixqfwlrqdo htxdwlrq +9, dqg wkh fruuhvsrqglqj vhtxhqwldo sureohp1

5<Lw iroorzv iurp wkh olqhdulw| lq w ri wkh ydoxh ixqfwlrq Y +l> w> �w> �l, wkdw wkh sured0
elolwlhv 4� sl duh zhoo gh�qhg dqg lqghshqghqw ri w=
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zkhuh wkh urzv dqg froxpqv uhsuhvhqw wkh vhw ri ihdvleoh whfkqrorjlfdo vwdwhv

lq wkh hfrqrp| zkloh wkh hohphqwv �� R� lqglfdwh wkh suredelolwlhv wkdw d

�up lq vwdwh � dw wlph | zloo eh rq wkh whfkqrorjlfdo iurqwlhu dw wlph |n�1 �

lv wkh wudqvplvvlrq phfkdqlvp lq wkh hfrqrp|= � pdsv wkh furvv vhfwlrqdo

glvwulexwlrq Z| dw wlph | lqwr wkh furvv0vhfwlrqdo glvwulexwlrq Z|n� dw wlph

|n ��

Wkh qh{w vxe0vhfwlrq irfxv rq wkh vwhdg| vwdwh surshuwlhv ri wkh v|vwhp63/

zkloh wkh iroorzlqj rqh lqwurgxfhv dq djjuhjdwh vkrfn dqg dqdo|vhv g|qdp0

lfv1 Vrph uhvxowv duh ri lqghshqghqw lqwhuhvw1 Lq idfw/ zh ghyhors d jhqhudo

zd| wr prgho g|qdplfv lq dq hqylurqphqw zlwk furvv0vhfwlrqdo khwhurjhqh0

lw|1 Wkh dgydqwdjh ri wkh dssurdfk ghulyhv iurp ghdolqj gluhfwo| zlwk wkh

prylqj dyhudjh uhsuhvhqwdwlrq ri wkh surfhvv/ zlwk wkh lpsxovh uhvsrqvh ri

wkh hfrqrp| wr wkh vkrfn wkhq dulvlqj dv d qdwxudo rxwfrph ri wkh dqdo|vlv1

Lq wkh qh{w vhfwlrq zh gudz rq wklv dqdo|vlv dqg vkrz xqghu zklfk frqgl0

wlrqv wkh prgho fdq uhsolfdwh wkh revhuyhg ghjuhh ri djjuhjdwh shuvlvwhqfh/ d

sdudphwhu ri iudfwlrqdo lqwhjudwlrq ehwzhhq }hur dqg rqh1

615 Vwuxfwxuh ri wkh Wudqvplvvlrq Phfkdqlvp

Wr fkdudfwhul}h erwk wkh g|qdplfv dqg wkh vwhdg| vwdwh surshuwlhv ri wkh

v|vwhp zh irfxv gluhfwo| rq wkh vwuxfwxuh ri wkh wudqvplvvlrq phfkdqlvp �c

udwkhu wkdq rq wkh vwuxfwxudo sdudphwhuv ri wkh prgho jlyhq e| wkh glvwul0

exwlrq ixqfwlrq 8 E��c wkh sdudphwhuv � dqg qc dqg wkh vhtxhqfh ri vwuxf0

wxudo frvwv/ iS�c � � fj � Wklv h{huflvh lv vhqvleoh rqo| li dq| jlyhq duelwudu|

wudqvplvvlrq phfkdqlvp � fdq eh uhdg/ iru vrph vwuxfwxudo sdudphwhuv/ dv

d vroxwlrq ri wkh �up sureohp/ gh�qhg e| htxdwlrqv +9, dqg +;,1 Ohppd 4

jxdudqwhhv wkh ydolglw| ri wklv cvhpl0vwuxfwxudo* dssurdfk= dq| dvvxpswlrq rq

63Wkh qh{w vxe0vhfwlrq lv whfkqlfdo/ dqg lw pljkw eh vnlsshg rq �uvw uhdglqj1
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wkh wudqvplvvlrq phfkdqlvp � lv wkh uhvxow ri d fruuhvsrqglqj dvvxpswlrq

rq wkh vwuxfwxudo sdudphwhuv ri wkh prgho1

Ohppd 4 +Ydolglw| ri wkh cvhpl0vwuxfwxudo* dssurdfk, Jlyhq d

glvwulexwlrq ixqfwlrq 8 E��c wkh sdudphwhuv � dqg qc dqg dq duelwudu| vhtxhqfh

ri suredelolwlhv iR�c � � fj c wkhq wkhuh grhv h{lvw d vhtxhqfh ri vwuxfwxudo frvwv

iS�c � � fj c zkrvh vroxwlrq wr wkh �up sureohp/ gh�qhg e| htxdwlrqv +9, dqg

+;,/ gholyhuv wkh jlyhq vhtxhqfh ri suredelolwlhv iR�c � � fj1 Wkh vhtxhqfh

ri dgmxvwphqw frvwv iS�c � � fj lv xqltxho| gh�qhg jlyhq dq duelwudu| lqlwldo

frqglwlrq Sf�

Surri= Vhh dsshqgl{1

Lq jhqhudo wkhuh duh qr vwurqj wkhruhwlfdo uhdvrqv iru dvvxplqj dq| d sulrul

vwuxfwxuh rq wkh ydoxhv ri wkh suredelolw| �� R� gh�qhg e| htxdwlrq +;,1 Wkh|

duh lqghhg wkh rxwfrph ri wzr frqwudvwlqj irufhv1 Rq wkh rqh kdqg/ wkh eljjhu

wkh whfkqrorjlfdo jds/ wkh juhdwhu lv wkh jdlq wr dgrsw qhz whfkqrorjlhv1 Rq

wkh rwkhu kdqg/ wkh eljjhu wkh whfkqrorjlfdo jds wkh frvwolhu lv whfkqrorjlfdo

dgrswlrq1 Li wkh �uvw h�hfw grplqdwhv/ wkh suredelolwlhv �� R� duh lqfuhdvlqj

lq �c dqg �upv xvlqj revrohwh whfkqrorjlhv duh pruh olnho| wr hqg xs rq wkh

whfkqrorjlfdo iurqwlhu udwkhu wkdq �upv forvh wr lw641 Prghov zlwk vzlwfklqj

frvwv dqg kxpdq fdslwdo vshfl�flw| vxjjhvw/ krzhyhu/ zk| wkh suredelolwlhv

�� R� pd| eh ghfuhdvlqj lq �651 Wkh frvw ri dgrswlqj wkh ohdglqj whfkqrorj|

S� lv lq jhqhudo srvlwlyho| uhodwhg wr �66 dqg �upv xvlqj qhz whfkqrorjlhv duh

pruh olnho| wr hqg xs rq wkh whfkqrorjlfdo iurqwlhu udwkhu wkdq �upv idu dzd|

iurp lw1 Wklv uh hfwv wkh idfw wkdw wkh kljkhu wkh whfkqrorj| jds wkh pruh

64Iru h{dpsoh lq Djklrq dqg Krzlww +4<<7,/ Fdedoohur dqg Kdpprxu +4<<7e, dqg

Pruwhqvhq dqg Slvvdulghv +4<<9,/ erwk wkh suredelolw| glvwulexwlrq ri wkh lglrv|qfudwlf
vkrfnv � dqg wkh frvw ri dgrswlqj wkh ohdglqj whfkqrorj| fl> duh vwdwh lqghshqghqw1 Dv

wkh jdlqv iurp whfkqrorjlfdo dgrswlrq duh dozd|v lqfuhdvlqj lq l> wkh prqrwrqlflw| ri I +�,
lpsolhv wkdw wkh suredelolwlhv 4� sl duh xqhtxlyrfdoo| lqfuhdvlqj lq l=

65Vhh iru h{dpsoh Dfhprjox dqg Vfrww +4<<8,/ Mrqhv dqg Qhzpdq +4<<8, dqg Mrydqrylf

dqg Q|dunr +4<<9,1
66Fohduo| d fkdqjh lq wkh ghwhuplqlvwlf frpsrqhqw ri whfkqrorjlfdo dgrswlrq fl prgl�hv

wkh vwuxfwxuh ri wkh ydoxh ixqfwlrq/ wkdw lv wkh ohiw kdqg vlgh ri htxdwlrq +:,1 Glvfrxqwlqj/

� ? 4> lpsolhv krzhyhu wkdw lqgxfhg fkdqjhv rq wkh ohiw kdqg vlgh duh dozd|v vpdoohu wkdq
wkrvh rq lpsdfw rq wkh uljkw kdqg vlgh ri htxdwlrq +:,1 Dv d uhvxow dq lqfuhdvh lq fl dozd|v

uhgxfhv wkh ydoxh ri 4� sl1 Iru d irupdo surri vhh htxdwlrq +53, lq wkh dsshqgl{1
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gl!fxow lv whfkqrorjlfdo dgrswlrq1 Lq rughu wr fkdudfwhul}h wkh wudqvplvvlrq

phfkdqlvp � zh zloo wkhq gudz rq d frpelqdwlrq ri hpslulfdo hylghqfh dqg

wkhruhwlfdo dujxphqwv1 Wkh xowlpdwh wdvn lv wr vkrz erwk wkdw wkh prgho fdq

uhsolfdwh wkh revhuyhg ghjuhh ri djjuhjdwh shuvlvwhqfh dqg wkdw wkh uhtxluhg

frqglwlrqv kdyh d uhdvrqdeoh wkhruhwlfdo dqg hpslulfdo frqwhqw1

Ilupv fdq zdlw dq duelwudulo| orqj wlph ehiruh dgmxvwlqj/ exw vrrqhu ru

odwhu wkh| pxvw dgmxvw lq rughu wr uhpdlq lq wkh pdunhw1 Lq idfw/ duelwudulo|

lqh!flhqw �upv zrxog hyhqwxdoo| eh gulyhq rxw ri exvlqhvv e| pruh h!flhqw

rqhv671 Wkhuhiruh/ zh lpsrvh wkdw/ zkdwhyhu lwv fxuuhqw vwdwh/ d �up vrrqhu

ru odwhu zloo dgmxvw zlwk suredelolw| rqh1

Dvvxpswlrq 4 Lqglfdwh zlwk q
�
� wkh suredelolw| wkdw d �up vwduwlqj lq

djjuhjdwh vwdwh � grhv qrw dgmxvw ehiruh � shulrgv/ vr wkdw q�
� '

T�3�
&'f R�n&1

Dvvxph wkdw *�4��" q
�
� ' fc ;��

Wkh vlgh h�hfw ri wklv dvvxpswlrq lv wkdw rxu iudphzrun zloo h{klelw rqh

dqg rqo| rqh uhfxuuhqw +hujrglf, fodvv1 Wkdw lv/ wkhuh h{lvwv rqo| rqh vhw ri

vwdwhv/ hdfk rqh ri zklfk zloo eh ylvlwhg lq�qlwho| riwhq e| wkh �upv lq wkh

hfrqrp|1 Wkh h{lvwhqfh ri d xqltxh uhfxuuhqw fodvv lv wkh frxqwhusduw lq d

vwrfkdvwlf vhw0xs wr d xqltxh vwdeoh htxloleulxp1 Li zh vwduw iurp d vlwxdwlrq

zkhuh doo xqlwv duh lq wkh vhw ri uhfxuuhqw vwdwhv dqg zh shuwxue wkh v|vwhp/

lw zloo frqyhujh edfn wr wkh lqlwldo vlwxdwlrq zlwk doo xqlwv ehlqj lq wkh lqlwldo

vhw ri uhfxuuhqw vwdwhv1

Ohppd 5 +Xqltxhqhvv dqg Vwdelolw| ri wkh htxloleulxp, Xqghu

Dvvxpswlrq 4/ wkh wudqvplvvlrq phfkdqlvp � kdv dozd|v rqh dqg h{dfwo|

rqh uhfxuuhqw fodvv frqwdlqlqj wkh vwdwh }hur1

Surri= Vhh dsshqgl{1

Ohppd 5 vkrzv krz rxu iudphzrun uxohv rxw pxowlsoh htxloleuld +pxowlsoh

hujrglf vhwv, wr h{sodlq shuvlvwhqfh lq djjuhjdwh  xfwxdwlrqv1 Lq wklv prgho d

vkrfn fdq qrw pryh xqlwv iurp rqh hujrglf vhw wr wkh rwkhu dqg wkhuhiruh wkh

shuvlvwhqfh jhqhudwhg e| wkh prgho lv qrw fdxvhg e| d vkliw lq wkh chtxloleulxp*

67Vhh Mrydqrylf dqg Q|dunr +4<<9, iru dqdorjrxv frqvlghudwlrqv1
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ri wkh hfrqrp|681

Zh duh lqwhuhvwhg lq ixuwkhu fkdudfwhul}lqj wkh htxloleulxp surshuwlhv ri

wkh v|vwhp dqg wkh vwuxfwxuh ri wkh uhfxuuhqw fodvv1 Lq sduwlfxodu zh glvwlq0

jxlvk wkh fdvh lq zklfk wkh uhfxuuhqw fodvv frqvlvwv ri dq lq�qlwh qxpehu ri

vwdwhv +luuhgxfleoh wudqvplvvlrq phfkdqlvp, iurp wkh fdvh lq zklfk wkh fodvv

frqvlvwv ri d �qlwh qxpehu ri vwdwhv +uhgxfleoh wudqvplvvlrq phfkdqlvp,1 Wkh

�uvw fdvh lpsolhv wkdw hdfk �up zloo ylvlw lq�qlwho| riwhq doo wkh vwdwhv lq wkh

hfrqrp|1 Wkh vhfrqg fruuhvsrqgv wr d vlwxdwlrq zkhuh/ lq wkh vwhdg| vwdwh/

�upv zloo hqg xs zlwk suredelolw| rqh lq d �qlwh glphqvlrqdo vhw forvh wr wkh

whfkqrorjlfdo iurqwlhu1

Dvvxpswlrq 5 �W ' 4�?
q
� G q� ' qf

� '
T�3�

&'f R& ' fc � : f
r
1 Dvvxph wkdw

�W 	 4�

Dvvxpswlrq 5 phdqv wkdw �upv dgrswlqj qhz whfkqrorjlhv zloo dgmxvw lq

d �qlwh qxpehu ri shulrgv dqg wkhuhiruh zloo uhpdlq forvh wr wkh whfkqrorjlfdo

iurqwlhu1 Wkh revhuydwlrq e| Edlo|/ Kxowhq dqg Fdpsehoo +4<<5, dqg Eduwhov0

pdq dqg Gku|phv +4<<7, wkdw wkh shuvlvwhqfh dw wkh wrs ri wkh whfkqrorjlfdo

glvwulexwlrq lv sduwlfxoduo| kljk/ pljkw vxssruw wklv dvvxpswlrq1 Krzhyhu/

wkh hpslulfdo hylghqfh lv qrw frqfoxvlyh rq wklv srlqw dqg zh zloo glvfxvv

ixuwkhu wkh uroh ri wkh dvvxpswlrq lq vhfwlrq 81 Dvvxpswlrq 5 jxdudqwhhv

wkdw wkh wudqvplvvlrq phfkdqlvp � lv uhgxfleoh1

Ohppd 6 +Uhgxflelolw|, Xqghu Dvvxpswlrq 4/ wkh wudqvplvvlrq phfk0

dqlvp � lv uhgxfleoh li dqg rqo| li Dvvxpswlrq 5 krogv1

Surri= Vhh dsshqgl{1

Lq wkh sdshu zh frqvlghu d whfkqlfdo prgl�fdwlrq ri Dvvxpswlrq 5 dqg

zh fdoo lw Dvvxpswlrq 5*1 Lw hqvxuhv wkdw/ rqfh hqwhuhg lq wkh uhfxuuhqw fodvv/

xqlwv gr qrw mxps ghwhuplqlvwlfdoo| iurp rqh vwdwh wr wkh rwkhu691

68Vhh Gxuodxi +4<<4, iru dq h{sodqdwlrq ri djjuhjdwh shuvlvwhqfh edvhg rq pxowlsoh
htxloleuld1

69Uhod{lqj wklv dgglwlrqdo dvvxpswlrq zrxog qrw d�hfw dq| uhvxowv ri wkh sdshu/ h{fhsw
wkh rqh frqfhuqlqj wkh h{lvwhqfh ri d vwhdg| vwdwh glvwulexwlrq1
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Dvvxpswlrq 5* Dvvxph wkdw Dvvxpswlrq 5 krogv dqg wkdw li �W : �c <

� � � 	 �W 6 q� 9' ��

Ohppd 5 jxdudqwhhv wkdw li d vwhdg| vwdwh glvwulexwlrq h{lvwv/ lw lv xqltxh

dqg vwdeoh1 Zh duh dovr lqwhuhvwhg lq nqrzlqj xqghu zklfk frqglwlrqv d vwhdg|

vwdwh glvwulexwlrq grhv h{lvw1 Wkh h{lvwhqfh ri d vwhdg| vwdwh glvwulexwlrq

vhhpv wr eh d uhdvrqdeoh uhtxluhphqw iru wkh sodxvlelolw| ri wkh wkhru|1 Wkh

iroorzlqj ohppd dqvzhuv wklv txhvwlrq1

Ohppd 7 +H{lvwhqfh ri d Vwhdg|0Vwdwh glvwulexwlrq, Dvvxpswlrq

4 lv jlyhq1 Li Dvvxpswlrq 5* krogv/ wkh wudqvplvvlrq phfkdqlvp lv uhgxfleoh

dqg dshulrglf dqg d vwhdg| vwdwh glvwulexwlrq dozd|v h{lvwv1 Li Dvvxpswlrq 5

grhv qrw krog/ wkh wudqvplvvlrq phfkdqlvp lv luuhgxfleoh dqg d vwhdg| vwdwh

glvwulexwlrq h{lvwv li dqg rqo| li wkh vhulhv
S
"

�'�q� frqyhujhv/ zkhuh q� '

qf
� '

T�3�
&'f R&1

Surri= Vhh dsshqgl{1

616 Dq Djjuhjdwh Vkrfn zlwk Furvv0vhfwlrqdo Khwhur0
jhqhlw|

Zh qrz lqwurgxfh dq djjuhjdwh vkrfn "| wkdw klwv wkh v|vwhp dw wlph | dqg

zh fkdudfwhul}h wkh g|qdplf uhvsrqvh ri wkh v|vwhp1 Lq sduwlfxodu zh jdxjh

wkh udwhv dw zklfk wkh djjuhjdwh vkrfn sursdjdwhv lq wkh hfrqrplf v|vwhp1

Wkh djjuhjdwh vkrfn/ "|c prgl�hv/ lq d vlplodu zd|/ wkh rssruwxqlw| frvw

ri dgmxvwlqj iru doo wkh �upv lq wkh hfrqrp|1 Wkdw phdqv wkdw wkh frvw

ri dgrswlqj wkh ohdglqj whfkqrorj| iru d �up lq vwdwh � zlwk lglrv|qfudwlf

frpsrqhqw htxdo wr b ehfrphv htxdo wr S� n b n "|� Htxdwlrqv +9, dqg +;,

vkrz krz wklv prgl�hv wkh sureohp ri wkh �up1 Iru h{dpsoh/ zkhq "| : f

+"| 	 f� wkh frvw ri whfkqrorjlfdo dgrswlrq lv eljjhu +vpdoohu , dqg lq wkh qh{w

shulrg zh zloo revhuyh ihzhu +pruh, �upv dgrswlqj wkh ohdglqj whfkqrorj|

uhodwlyh wr wkh qxpehu wkdw zrxog kdyh grqh vr lq wkh devhqfh ri wkh vkrfn

+"| ' f,1 Pruh irupdoo|/ zkhq "| 9' f d �up lq vwdwh � zloo ghflgh wr dgmxvw
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zkhqhyhu wkh uhdol}dwlrq ri wkh lglrv|qfudwlf frpsrqhqw b lv vxfk wkdw6:

q dT e Efc |n ��� T e E�n �c |n ��o � S� n bn "|� +:*,

Zh lqglfdwh zlwk �� R� E"|� wkh suredelolw| wkdw wkh hyhqw +:*, rffxuvc wkdw lv

�� R� E"|� ' 8 Eq dT e Efc |n ��� T e E�n �c |n ��o� S� � "|� c ;�c +;*,

lv wkh suredelolw| wkdw/ zkhq wkh djjuhjdwh vkrfn lv htxdo wr "|c d �up lq

vwdwh � zloo eh xvlqj wkh ehvw whfkqrorj| dydlodeoh lq wkh hfrqrp| lq wkh qh{w

shulrg�

Zh lqglfdwh zlwk 7� E"|� wkh Pdunry fkdlq dqdorjrxv wr +<, froohfwlqj

wkh suredelolwlhv R� E"|� � Wkh g|qdplfv ri wkh furvv0vhfwlrqdo glvwulexwlrq ri

ylqwdjhv fxuuhqwo| lq xvh/ Z|c duh wkhuhiruh ghvfulehg e| wkh htxdwlrq

Z| ' B| n �
�

Z|3� +43,

zkhuh B| '
�
7� E"|�� �

��
Z|3�� Lq wkh devhqfh ri wkh djjuhjdwh vkrfn/ 7� E"|� '

� dqg B| ' f� Lq wklv fdvh wkh wudqvplvvlrq phfkdqlvp � pdsv wkh furvv

vhfwlrqdo glvwulexwlrq Z|3� dw wlph |�� lqwr wkh furvv0vhfwlrqdo glvwulexwlrq Z|

dw wlph |� Wkh lq�qlwh glphqvlrqdo froxpq yhfwru B| lv vlpso| dq huuru whup=

lw lv htxdo wr wkh gl�huhqfh ehwzhhq wkh revhuyhg furvv0vhfwlrqdo glvwulexwlrq

jlyhq e| Z| ' 7� E"|�
�

Z|3� dqg wkdw zklfk zrxog kdyh rffxuuhg lq wkh devhqfh

ri wkh djjuhjdwh vkrfn/ htxdo wr �
�

Z|3�1

Lq wklv prgho dq djjuhjdwh vkrfn gulyhv d uhdoorfdwlrq ri wkh whfkqrorjlfdo

srvlwlrqv ri �upv1 Wkh yhfwru B| phdvxuhv wkh vl}h dqg vwuxfwxuh ri wkh

uhdoorfdwlrq dqg kdv wzr jhqhudo surshuwlhv1 Iluvwo|/ wkh vxp e| froxpq ri

lwv hqwulhv/ B�|c � � �/ lv h{dfwo| htxdo wr fc wkdw lv

�
�

B| ' �
�

�
7� E"|�� �

��
Z|3� ' fc +44,

zkhuh � lv d yhfwru ri rqhv1 Wkdw phdqv wkdw d vkrfn vlpso| uhdoorfdwhv xqlwv

dfurvv whfkqrorjlfdo ylqwdjhv6;1 Vhfrqgo|/ d qhjdwlyh +srvlwlyh, djjuhjdwh

6:Wkh djjuhjdwh vkrfn frqvlghuhg khuh lv d rqfh dqg iru doo vkrfn1 Lq d uhodwhg sdshu L

dqdo|}h wkh uroh ri rqjrlqj xqfhuwdlqw| lq wkh prgho> qrwklqj lv prgl�hg vxevwdqwldoo| li

djjuhjdwh dqg lglrvlqfudwlf vkrfnv duh lqghshqghqw1 Vhh Plfkhodffl +4<<;,1
6;Ri frxuvh/ lq wkh uhdo zruog djjuhjdwh vkrfnv pljkw d�hfw erwk wkh qxpehu ri �upv

lq wkh pdunhw dqg wkh udwh ri whfkqrorjlfdo surjuhvv1 Wkh dvvxpswlrq wkdw wkh| duh erwk

h{rjhqrxv/ doorzv xv wr lvrodwh wkh frqwulexwlrq ri wkh surfhvv ri rqjrlqj fkxuqlqj dqg
fdwfklqj xs lq wkh sursdjdwlrq ri wkh djjuhjdwh vkrfn1
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vkrfn irvwhuv +kdupv, whfkqrorjlfdo dgrswlrq1 Pruh irupdoo|/ li zh lqglfdwh e|

U E�� wkh fkdudfwhulvwlf ru lqglfdwru ixqfwlrq/ lw iroorzv iurp wkh prqrwrqlflw|

ri R� E"|� zlwk uhvshfw wr "| wkdw

U
�
B�| : f

�
' U

�
�B�| : f

�
' U E�"| : f� c ;

���B�| ��� 9' fc � 9' �� +45,

Dv lq Fdedoohur dqg Kdpprxu +4<<7e, dqg Pruwhqvhq dqg Slvvdulghv +4<<9,

d qhjdwlyh djjuhjdwh vkrfn cfohdqvhv* wkh hfrqrp|6</ irvwhuv whfkqrorjlfdo

dgrswlrq dqg lqfuhdvhv wkh ohyho ri rxwsxw1

Zh dvvxph wkdw wkh uhdoorfdwlrq vwuxfwxuh B| kdv rq lpsdfw d erxqghg

h�hfw rq wkh ohyho ri djjuhjdwh rxwsxw1 Iru h{dpsoh wklv lv dozd|v wkh fdvh

iru c�qlwh* uhdoorfdwlrqv/ wkdw lv iru uhdoorfdwlrq vwuxfwxuhv B| zkhuh rqo| d

�qlwh qxpehu ri frh!flhqwv B�| duh vwulfwo| srvlwlyh1

Dvvxpswlrq 6 Dvvxph wkdw B�|� 	 4�

Ehiruh fkdudfwhul}lqj wkh g|qdplf uhvsrqvh ri djjuhjdwh rxwsxw/ zh qhhg

wr vkrz wkdw wkh lq�qlwh glphqvlrqdo pdwul{ surgxfwv B|
� � ?� duh zhoo gh0

�qhg iru doo ?�

Ohppd 8 +SvhxgrZrog Frh!flhqwv,Xqghu Dvvxpswlrq 6/ wkh surg0

xfw B|
� �?� lv erxqghg ;? dqg zhoo gh�qhg dv wkh pdwulfhv dvvrfldwh/ wkdw lv

B|
� E�?�� ' EB|

� �?��c ;?�

Surri= Vhh dsshqgl{1

Zh qrz wxuq wr wkh txhvwlrq ri fkdudfwhul}lqj wkh g|qdplf uhvsrqvh ri wkh

hfrqrplf v|vwhp wr wkh djjuhjdwh vkrfn1 Wkh h�hfw ri wkh vkrfn ? shulrgv

dkhdg lv jlyhq e| wkh gl�huhqfh ehwzhhq wkh ohyho ri rxwsxw ? shulrgv diwhu wkh

uhdol}dwlrq ri wkh vkrfn dqg wkdw zklfk zrxog kdyh rffxuuhg lq wkh devhqfh

ri wkh vkrfn1 Jlyhq dq lqlwldo glvwulexwlrq Z|3� dw wlph | � �c wkh ohyho ri

rxwsxw dw wlph |n ? lv htxdo wr

t|n? ' � E|n ?�� �Z|3�
� � ?� � �B|

� � ?� +46,

6< cFohdqvlqj* grhv qrw wdnh sodfh qhfhvvdulo| lq wkh uhfhvvlrq1 Iru h{dpsoh/ li wkhuh duh

oltxlglw| frqvwudlqwv/ wkh ehvw shulrg iru dgrswlqj qhz whfkqrorjlhv pljkw eh d errp1
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zkloh lw zrxog kdyh ehhq htxdo wr

t|n? ' � E|n ?�� �Z|3�
� �?� +47,

lq wkh devhqfh ri wkh vkrfn1 Wkh gl�huhqfh ehwzhhq +46, dqg +47, jdxjhv

wkh g|qdplf uhvsrqvh ri wkh djjuhjdwh hfrqrp| wr wkh vkrfn "|1 Lq rwkhu

zrugv wkh txdqwlwlhv

�? ' � �B�|�
?�c ;? +48,

duh dqdorjrxv wr wkh Zrog frh!flhqwv dqdo|vhg lq wkh suhylrxv vhfwlrq= �?

jdxjhv wkh h�hfw lq wkh hfrqrplf v|vwhp ri wkh vkrfn "|c ? shulrgv dkhdg1

Wkhuhiruh dv lq htxdwlrq +7, wkh udwh ri ghfd| ri �? phdvxuhv wkh shuvlvwhqfh

ri wkh vkrfn lq wkh prgho1

Lw lv lqwhuhvwlqj wr h{whqg wkh frpsdulvrq ehwzhhq wkh Zrog frh!flhqwv lq

+7, dqg wkh csvhxgr* Zrog frh!flhqwv lq +48,1 Iru wklv sxusrvh rqo|/ dvvxph

wkdw djjuhjdwh vkrfnv zhuh wr rffxu dw gl�huhqw wlphv1 Li vr/ wkh ohyho ri

rxwsxw dw wlph | t| pd| eh zulwwhq dv

t| ' �Zf
�� � �Zf

� � |� n � |n
|[

?'f

�|? c +49,

zkhuh �|? ' � �B�|3?�
?�c zkloh B|3? lqglfdwhv wkh uhdoorfdwlrq vwuxfwxuh ri

wkh hfrqrp| dw wlph | � ?1 Li d vwhdg| vwdwh glvwulexwlrq h{lvwv vr wkdw

Zf
� � | ' Zf

�c ;| dqg zh lqlwldol}h wkh surfhvv dw wklv srlqw/ wkh uhsuhvhqwdwlrq

+49, froodsvhv wr

t| ' tf n � |n
|[

?'f

�|? c +4:,

zkhuh tf lv wkh ohyho ri rxwsxw dw wkh vwduwlqj gdwh qrupdol}hg wr eh htxdo wr

f� Wkh uhsuhvhqwdwlrq +4:, uhvhpeohv wkh Zrog uhsuhvhqwdwlrq ri d wlph vhulhv

+7,1 Wkh wzr uhsuhvhqwdwlrqv zrxog lqghhg eh htxlydohqw li iru h{dpsoh wkh

txdqwlw| B|3? frxog eh zulwwhq dv d olqhdu ixqfwlrq/ wkdw lv B|3? ' B"|3?� Wklv

zrxog lpso| �uvwo| wkdw srvlwlyh dqg qhjdwlyh vkrfnv kdyh v|pphwulf h�hfwv

rq wkh ohyho ri rxwsxw1 Vhfrqgo|/ lw zrxog phdq wkdw wkh suhylrxv klvwru|

ri wkh v|vwhp v|qwkhvl}hg e| wkh fxuuhqw furvv vhfwlrqdo glvwulexwlrq Z|3?3�

lv luuhohydqw lq fkdudfwhul}lqj wkh g|qdplf uhvsrqvh ri wkh hfrqrp| wr wkh

vkrfn B|3?1 Lq jhqhudo/ qhlwkhu lv wkh fdvh lq wkh prgho dqdo|vhg khuh/ dqg dq
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lqwhuhvwlqj exw lqghshqghqw lvvxh lv lq zkdw uhvshfw wkh uhsuhvhqwdwlrq +4:,

gl�huv iurp wkdw ri d vwdqgdug olqhdu surfhvv731

7 Wkh Shuvlvwhqfh ri Djjuhjdwh Ioxfwxdwlrqv

Lq wklv vhfwlrq zh dvvxph wkdw vrph yhuvlrqv ri Dvvxpswlrqv 4/ 5* dqg 6

krog/ zh phdvxuh wkh ghjuhh ri shuvlvwhqfh ri wkh vkrfn "| dqg zh vkrz xqghu

zklfk frqglwlrqv wkh prgho fdq uhsolfdwh wkh revhuyhg ghjuhh ri djjuhjdwh

shuvlvwhqfh/ d ydoxh ri _ ehwzhhq }hur dqg rqh1 Mxvw dv lq wkh fdvh ri wkh

Zrog frh!flhqwv lq +7,/ wkh udwh ri ghfd| ri wkh svhxgr Zrog frh!flhqwv �?
lq +48, jdxjhv wkh shuvlvwhqfh ri wkh vkrfn lq wkh prgho1 Lq sduwlfxodu zh vd|

wkdw wkh wudqvplvvlrq phfkdqlvp �c wrjhwkhu zlwk wkh uhdoorfdwlrq vwuxfwxuh

B|c jhqhudwhv d w|slfdo vshfwudo vkdsh zlwk rughu ri lqwhjudwlrq _ li �? � ?_3�

dv lq +7,1

Iluvwo| zh vkrz xqghu zklfk frqglwlrqv wkh prgho fdqqrw jhqhudwh d w|s0

lfdo vshfwudo vkdsh lq rxwsxw1 Li wkh suredelolwlhv �� R� duh lqfuhdvlqj lq �c

�upv xvlqj revrohwh whfkqrorjlhv duh pruh olnho| wr hqg xs rq wkh whfkqrorj0

lfdo iurqwlhu wkdq �upv fxuuhqwo| lq wkh whfkqrorjlfdo ohdg1 Lq wklv fdvh wkh

kd}dug ixqfwlrq lv lqfuhdvlqj lq wkh vl}h ri whfkqrorjlfdo jds dqg Sursrvlwlrq

4 vkrzv wkdw qr w|slfdo vshfwudo vkdsh fdq eh jhqhudwhg e| wkh prgho1

Sursrvlwlrq 4 +Lqfuhdvlqj kd}dug ixqfwlrqv, Vxssrvh wkdw Dvvxps0

wlrq 5* dqg 6 krog dqg wkdw wkhuh grhv h{lvw d vwdwh V � �W vxfk wkdw RV 	 �

dqg wkdw wkh suredelolwlhv R� duh zhdno| ghfuhdvlqj iru dq| � � V� Wkhq dj0

juhjdwh rxwsxw dozd|v ehkdyhv olnh d wuhqg vwdwlrqdu| surfhvv zlwk DUPD

glvwxuedqfhv/ wkdw lv wkh txdqwlwlhv �? lq +48, ghfd| dw ohdvw h{srqhqwldoo|/

l1h1 m�?m � g4?c f � 4 	 �c zkhuh g lv d srvlwlyh erxqghg txdqwlw|�

Surri= Vhh dsshqgl{1

73D olqhdu surfhvv lv gh�qhg dv d surfhvv iru zklfk wkh uhsuhvhqwdwlrq +7, krogv zkhuh
wkh vkrfn �w duh llg= Lq d frpsdqlrq sdshu/ zh dqdo|}h wkh uhodwlrq ehwzhhq wkh wzr

uhsuhvhqwdwlrqv dqg zh fkdudfwhul}h pruh irupdoo| wkh surshuwlhv ri wkh frh!flhqwv !w
q
= Lq

sduwlfxodu zh vkrz xqghu zklfk frqglwlrqv dv|pphwulhv dqg frqglwlrqdo khwhurvfhgdvwlflw|
dulvh lq wkh prgho1 Vhh Plfkhodffl +4<<;,1 Vhh dovr Fdedoohur dqg Hqjho +4<<;,1
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Lq idfw/ Edlo|/ Kxowhq dqg Fdpsehoo +4<<5, �qg wkdw wkh suredelolw| ri

ehlqj d uhodwlyho| kljk surgxfwlylw| �up lq 8 ru 43 |hduv wlph lv vwurqjo|

lqfuhdvlqj lq wkh fxuuhqw ohyho ri uhodwlyh surgxfwlylw|1 Kljk udwkhu wkdq orz

surgxfwlylw| �upv duh pruh olnho| wr eh lq wkh whfkqrorjlfdo ohdg lq wkh qh{w

shulrg/ wkdw lv wkh kd}dug ixqfwlrq uhodwlyh wr dgrswlqj qhz whfkqrorjlhv

vhhpv wr eh ghfuhdvlqj lq wkh vl}h ri whfkqrorjlfdo jds741 Wklv uh hfwv wkh

idfw wkdw wkh eljjhu wkh whfkqrorjlfdo jds wkh pruh gl!fxow lv whfkqrorjlfdo

dgrswlrq1

Zh qrz gudz rq wkh uhodwlrq ehwzhhq wkh h{shfwhg jurzwk ri d �up dqg

lwv vl}h wr vkrz wkh prgho pd| jhqhudwh w|slfdo vshfwudo vkdshv lq rxwsxw1 Lq

wkh prgho �upv xvlqj revrohwh whfkqrorjlhv duh cvpdoohu* +surgxfh ohvv rxwsxw,

wkdq �upv rshudwlqj forvh wr wkh whfkqrorjlfdo iurqwlhu1 Vrph dvvxpswlrqv rq

idfwru doorfdwlrq duh uhtxluhg wr olqn surgxfwlylw| wr vl}h phdvxuhg e| hlwkhu

vdohv/ hpsor|phqw ru dvvhwv1 Lq jhqhudo/ li idfwru pdunhwv duh qrw vhjphqwhg

dqg surgxfwlylw| lqfuhdvhv wkh pdujlqdo uhyhqxh ri hdfk idfwru/ d surgxfwlylw|

udqnlqj fruuhvsrqgv rqh iru rqh wr d vl}h udqnlqj751 Zh fodvvli| dv celj* wkh

�upv wkdw duh dgrswlqj ylqwdjhv forvh wr wkh whfkqrorjlfdo iurqwlhu/ zkloh doo

rwkhu �upv duh cvpdoo*1 Pruh vshfl�fdoo|/ d �up lv elj li lw lv lq vwdwh � 	 �W

zkhuh �W ' 4�?
q
� G q� ' qf

� '
T�3�

&'f R& ' fc � : f
r
+vhh Dvvxpswlrq 5,G d elj

�up lv lq wkh whfkqrorjlfdo ohdg/ lw lv lq cvwhdg| vwdwh* dqg lw lv jurzlqj dw

wkh vdph udwh � dv wkh whfkqrorjlfdo iurqwlhu1 Vpdoo �upv pljkw jurz dw

udwhv gl�huhqw iurp �1 Lq sduwlfxodu d �up lq vwdwh � hlwkhu udlvhv rxwsxw e|

� E�n �� zlwk suredelolw| �� R� ru lw nhhsv rxwsxw frqvwdqw zlwk suredelolw|

R�� Wkhuhiruh }� ' E�� R��E�n�� lv wkh h{shfwhg jurzwk ri d �up lq vwdwh �761

Sursrvlwlrq 5 vkrzv wkdw li doo vpdoo �upv duh jurzlqj lq wkh vdph zd|/ l1h1

}� ' �� lqghshqghqw ri �c wkh prgho lv fdsdeoh dw jhqhudwlqj w|slfdo vshfwudo

74Hvwlpdwhg kd}dug ixqfwlrqv uhodwlyh wr fdslwdo dqg oderxu duh lq jhqhudo lqfuhdvlqj1

Wkdw phdqv wkdw wkh suredelolw| ri dgmxvwlqj fdslwdo ru oderxu lv lqfuhdvlqj lq wkh gl�hu0
hqfh ehwzhhq dfwxdo dqg ghvluhg fdslwdo ru oderxu/ vhh iru h{dpsoh Fdedoohur/ Hqjho/ dqg

Kdowlzdqjhu +4<<:,1 Wr wkh h{whqw wkdw wkh ghvluhg dprxqw ri fdslwdo dqg oderxu lv d ixqf0

wlrq ri wkh whfkqrorj| fxuuhqwo| dgrswhg/ hvwlpdwhg kd}dug ixqfwlrqv gr qrw dgguhvv wkh
txhvwlrq ri zkdw lv wkh kd}dug ixqfwlrq uhodwlyh wr dgrswlqj qhz whfkqrorjlhv= hvwlpdwhg

kd}dug ixqfwlrqv duh glvwulexwlrq ixqfwlrqv frqglwlrqdo wr d jlyhq whfkqrorj|1
75Iru h{dpsoh/ Edlo|/ Kxowhq dqg Fdpsehoo +4<<5, dqg Eduwhovpdq dqg Gku|phv +4<<7,

�qg wkdw hpsor|phqw vl}h dqg surgxfwlylw| duh srvlwlyho| fruuhodwhg1
76Xqghu wkh frqglwlrqv dqdo|}hg lq irrwqrwh +58,/ jl lv wkh h{shfwhg jurzwk udwh ri d

�up lq vwdwh l mxvw dv � lv wkh jurzwk udwh ri wkh djjuhjdwh hfrqrp|1
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vkdshv lq rxwsxw1 � wkhq phdvxuhv wkh uhodwlyh jurzwk ri vpdoo yhuvxv elj

�upv1 Vpdoo �upv duh jurzlqj idvwhu +pruh vorzo|, wkdq elj rqhv li � :+	,�c

zkloh doo �upv jurz dw wkh vdph udwh li � ' ��

Sursrvlwlrq 5 +Urexvw w|slfdo vshfwudo vkdshv, Vxssrvh wkdw Dv0

vxpswlrqv 5* dqg 6 krog1 Dvvxph dovr wkdw

f 	
"[
�'f

���Brn�n�|

���
qr
�

	 4c qr
f ' � +D7,

zkhuh r ' 4@ i� G � � fc R� ' fj n � dqg wkdw wkh h{shfwhg jurzwk ri d xqlw

lq vwdwh �c }�c lv vxfk wkdw/ iru vrph duelwudu| rWc

}� ' E�� R��E�n �� ' ��c ;� � rW � : f� +D8,

Wkhq wkh rughu ri lqwhjudwlrq ri djjuhjdwh rxwsxw _ lv htxdo wr 2� �c wkdw lv

wkh txdqwlwlhv �? lq +48, duh vxfk wkdw �? � ?_3�c zkhuh _ ' 2� ��

Surri= Vhh dsshqgl{1

Dvvxpswlrq +�e, uhtxluhv wkdw vrph xqlwv hqg xs lq wkh qrq uhfxuuhqw

vhw +Brn�n�| 9' f iru vrph �,1 Pruhryhu lw sxwv vrph erxqgdulhv +lq dgglwlrq wr

Dvvxpswlrq 6, rq wkh dprxqw ri uhdoorfdwlrq wkdw lv gulyhq e| wkh djjuhjdwh

vkrfn1 Zh zloo glvfxvv ixuwkhu lwv uroh lq wkh qh{w vhfwlrq1 Iru h{dpsoh +�e, lv

vdwlv�hg lq wkh fdvh ri c�qlwh* uhdoorfdwlrqv/ wkdw lv iru uhdoorfdwlrq vwuxfwxuhv

B| zkhuh rqo| d �qlwh qxpehu ri frh!flhqwv B
rn�n�
| duh vwulfwo| gl�huhqw iurp

}hur1

Zkdw gulyhv Sursrvlwlrq 5 lv wkh surfhvv ri lqlwldo fkxuqlqj dqg vxevh0

txhqw fdwfklqj xs wkdw wdnhv sodfh lq wkh prgho1 Li wkh Zrog frh!flhqwv

�? � ?_3�/ wkh vkrfn sursdjdwhv dw ghfuhdvlqj udwhv/ lq frqwudvw wr wkh

frqvwdqw udwhv wkdw zrxog dulvh lq wkh h{srqhqwldo fdvh/ wkdw lv ?_3� �

E�� �3_
�
�E�� �3_

2
� � � � E�� �3_

?
�1 Rqfh wkh djjuhjdwh vkrfn "| klwv wkh v|v0

whp/ �upv duh uhdoorfdwhg dfurvv vl}hv dffruglqj wr wkh uhdoorfdwlrq vwuxfwxuh

B|� Zkhwkhu wkh vkrfn zloo eh devruehg ru qrw ghshqgv wkhq rq wkh uhod0

wlyh jurzwk ri vpdoo yhuvxv elj �upv771 Krzhyhu/ idvw jurzlqj vpdoo �upv

77Lw fdq eh qrwhg wkdw Sursrvlwlrq 5 lv d fdvh ri Jdowrq*v idoodf| +vhh Txdk 4<<6,= wkh
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hyhqwxdoo| ehfrph elj/ dqg jurz dv elj �upv1 Wkxv wkh qxpehu ri vpdoo

�upv vkulqnv ryhu wlph dv zhoo dv wkh udwh dw zklfk wkh vkrfn sursdjdwhv lq

wkh hfrqrp|1 Wkh surfhvv ri rqjrlqj fkxuqlqj dqg fdwfklqj xs wkdw wdnhv

sodfh lq wkh prgho vorzv grzq wkh sursdjdwlrq ri wkh vkrfn dqg doorzv wkh

prgho wr uhsolfdwh wkh w|slfdo vshfwudo vkdsh lq djjuhjdwh rxwsxw revhuyhg

e| Judqjhu1

Sursrvlwlrq 5 fdq eh vxppdul}hg dv iroorzv=

E�� Li vpdoo �upv jurz idvwhu wkdq elj rqhv/ � � � 	 2c wkh prgho uhsol0

fdwhv wkh rughu ri lqwhjudwlrq _ ehwzhhq f dqg � revhuyhg lq djjuhjdwh

rxwsxw781

E��� Li � 	 �/ elj �upv jurz idvwhu wkdq vpdoo rqhv dqg wkh �uvw gl�huhqfh

ri djjuhjdwh rxwsxw h{klelwv orqj phpru|791 Lq wkh olplw fdvh/ lq zklfk

� ' f +lq wklv fdvh Dvvxpswlrq 4 zrxog qrw krog, djjuhjdwh rxwsxw lv

dq lqwhjudwhg surfhvv ri rughu 2�

E���� D sduwlfxodu fdvh dulvhv li cJleudw*v odz* krogv dqg doo �upv jurz lq wkh

vdph zd|/ � ' �1 Lq wklv fdvh wkh vkrfn kdv shupdqhqw dqg erxqghg

h�hfw rq wkh ohyho ri rxwsxw/ wklv lv htxlydohqw wr d xqlw urrw lq rxwsxw/

_ ' ��

E��� Zh frqfoxgh wkdw wkh wudqvplvvlrq phfkdqlvp � lv urexvw ehfdxvh lw

jhqhudwhv w|slfdo vshfwudo vkdshv lqghshqghqwo| ri wkh uhodwlyh jurzwk

ri vpdoo yhuvxv elj �upv1

8 Lqwhusuhwdwlrq ri wkh Dvvxpswlrqv

Sursrvlwlrq 5 lv sduwlfxoduo| ghshqghqw xsrq Dvvxpswlrqv 5*/ +�e, dqg +�D,1

Zh qrz glvfxvv lq pruh ghwdlo wkhlu urohv1

uhodwlyh jurzwk ri vpdoo yhuvxv elj �upv grhv qrw vd| dq|wklqj rq wkh suhvhqfh ri frqyhu0
jhqfh udwkhu wkdq glyhujhqfh1 Lq idfw/ lqghshqghqwo| ri zkhwkhu vpdoo �upv duh jurzlqj

idvwhu ru vorzhu wkdq elj rqhv/ wkhuh lv frqyhujhqfh lq wkh furvv0vhfwlrqdo glvwulexwlrq ri

ylqwdjhv1
78Vhh Pdqv�hog +4<95,/ Kdoo +4<;:,/ Hydqv +4<;:, dqg Gxqqh/ Urehuwv dqg Vdpxhovrq

+4<;<, iru hpslulfdo hylghqfh lq wklv gluhfwlrq1
79Vhh Gdylv/ Kdowlzdqjhu dqg Vfkxk +4<<6, iru hpslulfdo hylghqfh lq wklv gluhfwlrq1
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Dvvxpswlrq 5* lpsolhv wkdw doo �upv hqg xs hyhqwxdoo| lq d �qlwh glphq0

vlrqdo vhw forvh wr wkh whfkqrorjlfdo iurqwlhu/ vr wkdw lq wkh orqj uxq wkhuh

lv cfrqyhujhqfh lq vl}h*> vhh Ohppd 61 Rqfh zh uhod{ wklv dvvxpswlrq/ wkh

uhfxuuhqw fodvv lv lq�qlwh glphqvlrqdo dqg �upv nhhs zdqghulqj dfurvv doo

srvvleoh vwdwhv lq wkh hfrqrp|1 Lq wklv fdvh lw lv vwloo wuxh wkdw idvw0jurzlqj

vpdoo �upv hyhqwxdoo| ehfrph elj/ dqg jurz dv elj �upv/ exw lw lv dovr wkh

fdvh wkdw elj �upv hyhqwxdoo| ehfrph vpdoo dqg jurz dv vpdoo �upv1 Li vr/ wkh

lpsdfw h�hfw ri wkh vkrfn fdqqrw eh dpsol�hg zlwkrxw olplw dqg wkh prgho

lv xqdeoh wr jhqhudwh rughuv ri lqwhjudwlrq juhdwhu wkdq rqh1 Lq rwkhu zrugv

Dvvxpswlrq 5* sod|v wkh uroh ri lqfuhdvlqj wkh urexvwqhvv ri wkh wudqvplvvlrq

phfkdqlvp7:1

Dvvxpswlrq +�e, uhtxluhv wkdw vrph xqlwv hqg xs lq wkh qrq uhfxuuhqw vhw

+Brn�n�| 9' f iru vrph �,1 Iru h{dpsoh li dw wlph |� � wkh v|vwhp lv lq vwhdg|

vwdwh/ dvvxpswlrq +�e, lpsolhv wkdw wkh vkrfn "| lv srvlwlyh1 Vrph xqlwv

gr qrw dgmxvw dqg wkh| hqg xs lq wkh qrq0uhfxuuhqw fodvv1 Wklv frqglwlrq

grhv qrw orrn yhu| uhvwulfwlyh1 Hyhqwxdoo| d srvlwlyh djjuhjdwh vkrfn klwv

wkh hfrqrp| dqg vrph xqlwv hqg xs lq wkh qrq uhfxuuhqw vhw1 Pruhryhu/

dvvxpswlrq +�e, olplwv wkh vl}h ri wkh uhdoorfdwlrq gulyhq e| wkh djjuhjdwh

vkrfn dqg lw erxqgv wkh shuvlvwhqfh jhqhudwhg e| wkh prgho1 +�e, lv dozd|v

vdwlv�hg lq wkh fdvh ri c�qlwh* uhdoorfdwlrqv/ exw wkh qxpehu ri hqwulhv lq

wkh uhdoorfdwlrq vwuxfwxuhv B| vwulfwo| gl�huhqw iurp }hur grhv qrw kdyh wr eh

�qlwh1 Zh frqvlghu qrz d frxqwhuh{dpsoh zkhuh +�e, idlov1 Zh dvvxph iru

h{dpsoh wkdw doo �upv duh lqlwldoo| lq wkh wdlo ri wkh glvwulexwlrq ri ylqwdjhv/

Z�
|3� � qr

� dv � % 4� Zh frqvlghu wkh h�hfw ri d qhjdwlyh djjuhjdwh vkrfn

"| 	 fc vr odujh lq devroxwh ydoxh wkdw Brn�| ' �@ qr
� c @ : f� Sursrvlwlrq 6

vkrzv wkdw lq wklv fdvh wkh prgho jhqhudwh d ghjuhh ri shuvlvwhqfh juhdwhu

wkdq ehiruh1 Dv d fruroodu| lw iroorzv wkdw wkh ghjuhh ri shuvlvwhqfh jhqhudwhg

e| wkh prgho lv ghshqghqw xsrq ihdwxuhv ri wkh uhdoorfdwlrq vwuxfwxuh B|�

7:Lq sduwlfxodu/ li wkh wudqvplvvlrq phfkdqlvp S lv luuhgxfleoh/ k � 4 lpsolhv wkdw
�
l � l�k dv l % 4 dqg qr vwhdg| vwdwh glvwulexwlrq h{lvwv e| Ohppd 71 Li 4 ? k ? 5> wkh

prgho vwloo uhsolfdwhv wkh rughu ri lqwhjudwlrq g ehwzhhq 3 dqg 4 revhuyhg lq djjuhjdwh
rxwsxw1 L dqdo|}h wklv fdvh lq p| Skg glvvhuwdwlrq dqg lq d frpsdqlrq sdshu1 Vhh

Plfkhodffl +4<<;,1
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Sursrvlwlrq 6 +Frxqwhu0h{dpsoh, Vxssrvh wkdw Dvvxpswlrqv 5* krogv1

Dvvxph dovr wkdw

Brn�| ' �@ qr
� c f 	 @ 	 �c ;� +D7*,

zkhuh r ' 4@ i� G � � fc R� ' fjn� lv erxqghg dqg wkdw wkh h{shfwhg jurzwk

ri d xqlw lq vwdwh �c }�c lv vxfk wkdw

}� ' E�� R��E�n �� ' ��c ;� � rc � : 2� +D8*,

Wkhq wkh rughu ri lqwhjudwlrq ri djjuhjdwh rxwsxw _ lv htxdo wr �� �c wkdw lv

wkh txdqwlwlhv �? lq +48, duh vxfk wkdw �? � ?_3�czkhuh _ ' �� ��

Surri= Vhh dsshqgl{1

Fruroodu| +Wkh uhdoorfdwlrq vwuxfwxuh pdwwhuv, Dvvxpswlrq 4/ 5*

dqg 6 krog1 Iru d jlyhq wudqvplvvlrq phfkdqlvp �c gl�huhqw uhdoorfdwlrq

vwuxfwxuhv B| fdq jhqhudwh gl�huhqw udwh ri devruswlrq ri wkh vkrfnv dv phd0

vxuhg e| wkh txdqwlwlhv �? lq +48,�

Surri= Vhh dsshqgl{1

Sursrvlwlrq 6 lv lqwhuhvwlqj iru wkuhh uhdvrqv1 Iluvwo|/ lw vkrzv wkdw wkh

prgho fdq jhqhudwh dv|pphwulf uhvsrqvhv wr vkrfnv1 Lq idfw B| '
�
7� E"|�� �

��
Z|3�/

dqg li R� ' � � ��

�n�
c rqo| d qhjdwlyh vkrfn fdq jhqhudwh d gl�huhqfh eh0

wzhhq R� E"|� dqg R� htxdo wr d frqvwdqw/ zklfk lv zk| @ lq +�e*, pd| rqo| eh

qhjdwlyh� Vhfrqgo|/ Sursrvlwlrq 6 lv dq dssolfdwlrq ri wkh ciron zlvgrp* fodlp0

lqj d srvlwlyh uhodwlrq ehwzhhq dpsol�fdwlrq dqg sursdjdwlrq phfkdqlvpv=

odujh vkrfnv duh pruh shuvlvwhqw wkdq vpdoo vkrfnv1 Ilqdoo|/ Sursrvlwlrq 6 gh0

olyhuv dq dowhuqdwlyh dqg vxjjhvwlyh fkdudfwhul}dwlrq ri djjuhjdwh shuvlvwhqfh1

Dffruglqj wr wklv ylhz prvw vkrfnv jhqhudwh orz shuvlvwhqfh7;> vrphwlphv/

krzhyhu/ odujh qhjdwlyh vkrfnv klw wkh v|vwhp zkhq wkh dyhudjh surgxfwlylw|

ri wkh hfrqrp| lv orz= wkhvh duh wkh fdxvh ri wkh vshfwudo vkdsh wkdw zh re0

vhuyh lq wkh uhdo zruog1 Wklv ylhz lv qrw qhz1 Pdq| kdyh qrwlfhg wkdw rqfh

zh doorz iru vrph vwuxfwxudo euhdnv lq wkh wlph vhulhv ri XV djjuhjdwh JGS/

7;Iru h{dpsoh k A 5 grhv qrw jhqhudwh d w|slfdo vshfwudo vkdsh xqghu wkh frqglwlrqv
dvvxphg lq Sursrvlwlrq 51
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lw pd| eh zhoo uhsuhvhqwhg e| d vwdqgdug zhdn phpru| surfhvv7<1 Zkdw lv

vxjjhvwlyh lv wkdw wkh prgho pljkw h{sodlq zk| prvw vwuxfwxudo euhdnv lghq0

wl�hg lq wkh olwhudwxuh +wkh celj uhfhvvlrq*/ Zruog Zdu LL/ wkh rlo sulfh vkrfn,

duh dvvrfldwhg zlwk odujh qhjdwlyh vkrfnv1

Dvvxpswlrq +�D, vhhpv wr eh yhu| vshfl�f1 Lw lpsolhv wkdw wkh dgmxvwphqw

frvw S� pxvw jurz vx!flhqwo| idvw zkhq wkh whfqrorj| jds � lqfuhdvhv1 D

srvvleoh prwlydwlrq zrxog eh wkdw +�D, lv frqvlvwhqw zlwk zkdw kdv ehhq

revhuyhg lq wkh gdwd831 Wkdw lv zk| zh dujxh wkdw wkh hpslulfdo uhodwlrq

ehwzhhq h{shfwhg jurzwk dqg �up vl}h pljkw surylgh d plfurirxqgdwlrq iru

djjuhjdwh shuvlvwhqfh1

Ilqdoo|/ wkh olwhudwxuh rq wkh uhodwlrq ehwzhhq jurzwk dqg �up vl}h lv

lwvhoi frqwuryhuvldo1 Zh ihho krzhyhu wkdw rxu uhdglqj ri wkh olwhudwxuh lv wkh

forvhvw wr wkh pdfur dssurdfk zh duh sxuvxlqj khuh1 Lq idfw/ zkdw pdnhv

wkh uhvxowv frqwuryhuvldo lv wkh wuhdwphqw ri wkh vdpsoh vhohfwlrq sureohp841

Frqglwlrqdo rq vxuylydo/ vpdoo �upv jurz idvwhu exw dovr whqg wr glh pruh

riwhq1 Wkh txhvwlrq wkhq lv zkdw jurzwk zh vkrxog dwwulexwh wr d ghdg �up1

Lq idfw ghdg �upv iuhh uhvrxufhv wkdw srwhqwldo lqyhvwruv fdq qrz h{sorlw/

dqg wkhuhiruh lq jhqhudo htxloleulxp ghdwk pljkw eh dvvrfldwhg zlwk kljk

jurzwk1 Rqfh wklv frqfhuq lv wdnhq lqwr dffrxqw/ wkh hpslulfdo hylghqfh

whqgv wr frqfoxgh wkdw vpdoo �upv jurz idvwhu wkdq elj rqhv85= wklv lv zkdw

lv uhtxluhg wr uhsolfdwh dq rughu ri lqwhjudwlrq ehwzhhq }hur dqg rqh1 Li vr/

plfur dqg pdfur hylghqfh pdwfk txlwh forvho|1

9 Frqfoxvlrqv

H{ dqwh krprjhqhrxv �upv hqg xs e| kdylqj yhu| gl�huhqw klvwrulhv1 Wklv

lpsolhv wkdw rqfh zh wdnh d slfwxuh ri wkh hfrqrplf v|vwhp/ d orw ri furvv0

vhfwlrqdo khwhurjhqhlw| dsshduv1 Wklv sdshu kdv vkrzq wkdw wkh phfkdqlvp

jhqhudwlqj khwhurjhqhlw| lq wkh uhdo zruog dovr jhqhudwhv shuvlvwhqfh lq djjuh0

7<Vhh iru h{dpsoh Shuurq +4<;<,1
83Vhh dovr irrwqrwh +58, dqg +76,1
84Vhh Vxwwrq +4<<9,1
85Gdylv/ Kdowlzdqjhu dqg Vfkxk +4<<6, dwwulexwh d udwh ri jurzwk ri plqxv wzr wr

ghdg hvwdeolvkphqwv dqg frqfoxgh wkdw elj hvwdeolvkphqwv jurz idvwhu1 Pdqv�hog +4<95,/

Kdoo +4<;:,/ Hydqv +4<;:, dqg Gxqqh/ Urehuwv dqg Vdpxhovrq +4<;<, dgguhvv wkh vdpsoh
vhohfwlrq sureohp dqg frqfoxgh wkdw vpdoo �upv jurz idvwhu wkdq elj rqhv1

5<



jdwh  xfwxdwlrqv1 Lq rxu prgho djjuhjdwh vkrfnv d�hfw qhlwkhu wkh qxpehu

ri �upv lq wkh pdunhw qru wkh udwh ri whfkqrorjlfdo surjuhvv1 Wkhuhiruh dq|

shuvlvwhqfh fdq eh dwwulexwhg wr furvv0vhfwlrqdo khwhurjhqhlw|1 Wkh sdshu frq0

foxghv wkdw furvv0vhfwlrqdo khwhurjhqhlw| lv dq lpsruwdqw wudqvplvvlrq phfk0

dqlvp zlwk vrph glvwlqfwlyh surshuwlhv1 Zh pljkw vxppdul}h wkhp e| vd|lqj

wkdw furvv0vhfwlrqdo khwhurjhqhlw| lv d srzhuixo/ uhdolvwlf dqg urexvw wudqvplv0

vlrq phfkdqlvp1 Lw lv srzhuixo ehfdxvh d vx!flhqw dprxqw ri furvv0vhfwlrqdo

khwhurjhqhlw| lv deoh wr jhqhudwh w|slfdo vshfwudo vkdshv zlwkrxw qhfhvvdulo|

uho|lqj rq whfkqrorjlfdo vkrfnv1 Lw lv uhdolvwlf ehfdxvh wkh revhuyhg hpslulfdo

uhodwlrq ehwzhhq h{shfwhg jurzwk ri d �up dqg lwv vl}h surylghv d plfurirxq0

gdwlrq iru wkh w|slfdo vshfwudo vkdsh ri dq hfrqrplf yduldeoh1 Lw lv urexvw

ehfdxvh cvpdoo* dowhudwlrqv wr wkh edvlf vhw0xs gr qrw vkliw wkh vorsh ri wkh

vshfwudo vkdsh iurp wkh yhu| sduwlfxodu vorsh dvvrfldwhg zlwk d xqlw urrw wr

wkh  dw rqh fruuhvsrqglqj wr wkh zhdn phpru| fdvh1

D orw ri txhvwlrqv vwloo uhpdlq rshq1 Lq sduwlfxodu/ uhdolvp grhv qrw lpso|

uhdolw| vr wkdw ixuwkhu/ fduhixo hpslulfdo lqyhvwljdwlrq lv uhtxluhg wr vhh zkdw

uhdoo| duh wkh vrxufhv ri wkh shuvlvwhqfh ri djjuhjdwh  xfwxdwlrqv1 Wkuhh re0

ylrxv fdqglgdwhv frph wr plqg= wkh g|qdplfv ri wkh ohdglqj whfkqrorj| lq

wkh hfrqrp| +khuh �,/ wkh vl}h ri wkh pdunhw +wkh qxpehu ri �upv lq wkh

pdunhw, ru furvv0vhfwlrqdo khwhurjhqhlw|1 Wklv vhhpv wr eh d surplvlqj ed0

vlv iru glvfulplqdwlqj dfurvv gl�huhqw pdfurhfrqrplf wkhrulhv1 Rq wkh rqh

kdqg/ wkh Uhdo Exvlqhvv F|foh wudglwlrq dv zhoo dv jurzwk wkhrulhv edvhg rq

ohduqlqj e| grlqj/ zrxog vwuhvv wkdw prvw djjuhjdwh shuvlvwhqfh zrxog dulvh

ehfdxvh ri wkh g|qdplfv ri wkh ohdglqj whfkqrorj| lq wkh hfrqrp|1 Rq wkh

rwkhu kdqg/ Qhr0Nh|qhvldq pdfurhfrqrplfv vwuhvvlqj wkh uroh ri frruglqd0

wlrq idloxuhv pljkw dujxh wkdw prvw djjuhjdwh shuvlvwhqfh dulvh ehfdxvh ri

hlwkhu wkh g|qdplfv ri wkh vl}h ri wkh pdunhw ru wkh idfw wkdw pxowlsoh hu0

jrglf vhwv h{lvw lq wkh hfrqrplf v|vwhp1 Wklv sdshu kdv ghsduwhg iurp erwk

wkhvh vwudqgv ri wkh olwhudwxuh dqg kdv gudzq rq wkh uhfhqw whqghqf| wr sur0

ylgh plfur0irxqgdwlrqv iru pdfurhfrqrplfv e| vroylqj h{solflw djjuhjdwlrq

sureohpv1 Lw kdv dujxhg wkdw furvv0vhfwlrqdo khwhurjhqhlw| pljkw eh d nh|

hohphqw lq h{sodlqlqj djjuhjdwh shuvlvwhqfh dqg kdv frqfoxghg wkdw wkh lqwhu0

sod| ehwzhhq lglrv|qfudwlf dqg djjuhjdwh xqfhuwdlqw| vkdshv wkh g|qdplfv

ri pdfurhfrqrplf yduldeohv lq d glvwlqfwlyh zd|1
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: Dsshqgl{

:14 Surriv ri uhvxowv lq vhfwlrq 6

Surri ri Ohppd 4 Dv wkh ydoxh ixqfwlrq T E�c |c b� lv olqhdu lq |c lw fdq eh
zulwwhq dv

T E�c |c b� ' @|n �T E�c b�

zkhuh @ lv htxdo wr �

�3q
� Lw iroorzv wkdw

�� R� ' 8
�
q d �T e Ef�� �T e E�n ��o� S�

�
c ;�c

zkhuh �T e E�� lqglfdwhv wkh h{shfwhg ydoxh ri �T E�c b� wdnhq zlwk uhvshfw wr
wkh udqgrp yduldeoh b� Zh lqglfdwh zlwk b�- wkh vroxwlrq wr wkh htxdwlrq

q d �T e Ef�� �T e E�n ��o ' S� n b�-c ;�� +4;,

Wkhuhiruh/ ;�c �� R� ' 8
�
b�-

�
vr wkdw wkhuh lv d rqh wr rqh fruuhvsrqghqfh

ehwzhhq R� dqg b�-1 Iurp wkh prqrwrqlflw| ri �T E�c b� zlwk uhvshfw wr b lw
iroorzv wkdw

�T E�c b� ' ���n q �T e E�n ��c �s b � b�-c

' ���� S� � bn q �T e Ef�c �s b 	 b�-�

Wdnlqj h{shfwdwlrqv zh rewdlq

�T e E�� ' ���� R�b
�
- � S� �

]
"

b�
-

r _8 Er� n q �T e Ef�c ;�� +4<,

+4;, wrjhwkhu zlwk +4<, lpsolhv wkdw

S�n� ' Rfb
f
- n Sf n

�
S� n b�-

� �

q
n
]
"

bf
-

r _8 Er�� � E�n �� n

�R�n�b
�n�
- �

]
"

b�
-

r _8 Er� c ;�� +53,

Iru dq| jlyhq vhtxhqfh ri suredelolwlhv iR�c � � fj c htxdwlrq +53, gh�qhv d
gl�huhqfh htxdwlrq ri wkh �uvw rughu lq S�c zkrvh vroxwlrq lv xqltxh rqfh dq
lqlwldo frqglwlrq iru Sf lv vhw1 Pruhryhu/ jlyhq htxdwlrqv +4;, dqg +4<, d
vhtxhqfh ri dgmxvwphqw frvwv iS�c � � fj wkdw vroyhv +53, gholyhuv wkh jlyhq
vhtxhqfh ri suredelolwlhv iR�c � � fj dv d vroxwlrq ri wkh �up sureohp� Odvwo|/
zh qrwh wkdw dv Sf lv duelwudu| dqg q 	 �c dgmxvwphqw frvwv fdq dozd|v eh
fkrvhq wr eh vwulfwo| srvlwlyh1 T1H1G1
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Surri ri Ohppd 5 Zh vwduw zlwk uhylhzlqj vrph edvlf frqfhswv lq
wkh wkhru| ri Pdunry fkdlqv +vhh h1j1 Nduolq dqg Wd|oru 4<:8/ 4<;4,1 Wzr
vwdwhv � dqg � frppxqlfdwh li wkhuh h{lvwv d srvlwlyh suredelolw| wkdw/ lq d
�qlwh qxpehu ri wudqvlwlrqv/ vwdwh � fdq eh uhdfkhg vwduwlqj iurp vwdwh � dqg
ylfh0yhuvd1 Dv wkh frqfhsw ri frppxqlfdwlrq vdwlv�hv uh h{lylw|/ v|pphwu|
dqg wudqvlwlylw| surshuw| lv dq htxlydohqfh uhodwlrq1 Wklv lpsolhv wkdw zh
fdq sduwlwlrq wkh wrwdolw| ri vwdwhv lqwr htxlydohqfh fodvvhv1 Wkh vwdwhv lq dq
htxlydohqfh fodvv duh wkrvh zklfk frppxqlfdwh zlwk hdfk rwkhu1 Wkh Pdunry
fkdlq lv luuhgxfleoh li wkh htxlydohqfh uhodwlrq lqgxfhv rqo| rqh fodvv1 Wkh
Pdunry fkdlq lv uhgxfleoh li lw lv qrw luuhgxfleoh1 D vwdwh � lv uhfxuuhqw li dqg
rqo| li/ vwduwlqj iurp vwdwh �/ wkh suredelolw| ri uhwxuqlqj wr vwdwh � diwhu vrph
�qlwh ohqjwk ri wlph lv rqh1 D qrq0uhfxuuhqw vwdwh lv wudqvlhqw1 Doo vwdwhv lq
dq htxlydohqfh fodvv duh hlwkhu uhfxuuhqw ru wudqvlhqw vr wkdw erwk uhfxuuhqf|
dqg wudqvlhqfh duh fodvv surshuwlhv1

Jlyhq Dvvxpswlrq 4/ wkh Pdunry fkdlq � kdv wkh surshuw| wkdw vwduwlqj
iurp dq| vwdwh �/ wkh suredelolw| ri uhwxuqlqj wr vwdwh }hur lv rqh1 Wklv lpsolhv
�uvwo| wkdw vwdwh }hur lv uhfxuuhqw dqg vhfrqgo| wkdw hlwkhu vwdwh � dqg vwdwh
}hur ehorqj wr wkh vdph fodvv ru vwdwh � lv wudqvlhqw1 Dv vwdwh }hur lv uhfxuuhqw/
lw iroorzv wkdw dw ohdvw rqh uhfxuuhqw fodvv grhv h{lvw dqg jlyhq wkh suhylrxv
frqvlghudwlrqv wklv lv wkh rqo| rqh1 T1H1G1

Surri ri Ohppd 6 Jlyhq Dvvxpswlrq 4/ wkh suredelolw| ri uhwxuqlqj
wr vwdwh }hur vwduwlqj iurp dq| vwdwh � lv rqh/ wkdw lv doo vwdwhv frppxqlfdwh
zlwk vwdwh }hur1 Vwdwh }hur frppxqlfdwhv zlwk d jlyhq vwdwh � li dqg rqo| li
q� : f� Wklv lpsolhv wkdw doo vwdwhv fdq eh uhdfkhg iurp vwdwh }hur dqg wkh
wudqvplvvlrq phfkdqlvp � lv luuhgxfleoh li dqg rqo| li Dvvxpswlrq 5 grhv
qrw krog1 T1H1G1

Surri ri Ohppd 7 Jlyhq Dvvxpswlrq 4 dqg Ohppd 4/ wkhuh h{lvwv
rqh dqg rqo| rqh uhfxuuhqw fodvv dqg doo xqlwv zloo hqwhu wkh vhw ri uhfxuuhqw
vwdwhv zlwk suredelolw| rqh1 Jlyhq Dvvxpswlrq 5* dqg Ohppd 6 wkh pdwul{
lv uhgxfleoh dqg wkh uhfxuuhqw fodvv lv �qlwh glphqvlrqdo1 Zh lqglfdwh zlwk �W

wkh qxpehu ri vwdwhv ri wkh uhfxuuhqw fodvv1 Jlyhq Dvvxpswlrq 5*/ wkhuh h{lvwv
d vwdwh f � � 	 �W� � vxfk wkdw R� 9' � dqg wkh Pdunry fkdlq � lv dshulrglf1
Wkhuhiruh wkh xqltxh �qlwh glphqvlrqdo uhfxuuhqw fodvv lv dshulrglf dqg d
vwhdg| vwdwh glvwulexwlrq dozd|v h{lvwv1

Li Dvvxpswlrq 4 krogv dqg Dvvxpswlrq 5 grhv qrw/ wkh Pdunry fkdlq lv
luuhgxfleoh dqg uhfxuuhqw e| Ohppd 61 Wkh edvlf olplw wkhruhp ri Pdunry
fkdlqv +vhh Nduolq dqg Wd|oru 4<:8/ wkhruhp 415, lpsolhv wkdw rqh ri wzr fdvhv
pxvw krog1 Hlwkhu wkh Pdunry fkdlq lv qxoo uhfxuuhqw vr wkdw dv|pswrwlfdoo|
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� ? jrhv wr d pdwul{ ri }hurv/ ru lw lv srvlwlyh uhfxuuhqw vr wkdw wkh pdwul{ �?

frqyhujhv wr d pdwul{ zkrvh urzv duh lghqwlfdo dqg htxdo wr wkh vwhdg| vwdwh
glvwulexwlrq/ fdoo wkdw ZW� Lw fdq eh fkhfnhg wkdw ZW lv vxfk wkdw lwv hohphqw
lq sodfh �c ZW� c vdwlv�hv wkh uhodwlrq ZW� ' ZW� q�3�c zkhuh qf ' �1 Wklv lpsolhv
wkdw d qhfhvvdu| dqg vx!flhqw frqglwlrq iru wkh wudqvplvvlrq phfkdqlvp �

wr eh srvlwlyh uhfxuuhqw lv wkdw

ZW� '
�S
"

�'f q�

c

lv �qlwh dqg vwulfwo| srvlwlyh +vhh Eloolqjvoh| 4<;9/ wkhruhp ;1;1 dqg h{dpsoh
;146,1 T1H1G1

Surri ri Ohppd 8 Zh �uvw zulwh wkh uhdoorfdwlrq vwuxfwxuh B| ' B dv
htxdo wr B ' Bn � B3 zkhuh Bn � f dqg B3 � f� Zh wkhq qrwh wkdw qrq0
qhjdwlyh pdwul{hv dvvrfldwh xqghu pxowlsolfdwlrq dqg wkdw wkh glvwulexwlyh
surshuw| lv dozd|v vdwlv�hg iru ghqxphudeoh pdwulfhv +vhh Nhphq|/ Vqhoo dqg
Nqdss 4<99 sursrvlwlrq 405 dqg fruroodu| 407,1 Wklv lpsolhv wkdw B��?� '
EBn � B3�� �?� lv zhoo gh�qhg surylghg wkdw iru hdfk ?/ EB3�� �?� dqg
EBn�� � ?� duh +qrw qhfhvvdulo| xqlirupo|, erxqghg 1 E| Dvvxpswlrq 6 wkh
uhdoorfdwlrq vwuxfwxuh B lv vxfk wkdw EB3��� dqg EBn��� duh erwk �qlwh dv
hlwkhu Bn ru B3 kdv mxvw rqh hohphqw vwulfwo| srvlwlyh e| htxdwlrq +45,1 Zh
wkhq qrwh wkdw hdfk hohphqw lq sodfh � ri � ?� kdv lqfuhphqwv erxqghg deryh
iurp rqh1 Wkhuhiruh/ li zh lqglfdwh zlwk � d yhfwru ri rqhv zh kdyh wkdw

f � EB3�� � ?� � EB3�� E� n ? �� 	 4

dqg dqdorjrxvo| iru EBn�� �?�

f � EBn�� �?� � EBn�� E� n ? �� 	 4c

vr wkdw EB3�� � ?� dqg EBn�� �?� duh erxqghg ;?� T1H1G1

:15 Surriv ri uhvxowv lq vhfwlrq 7

Wkh qh{w Ohppd lv xvhg wkurxjkrxw wkh surriv1

Ohppd 9 +Whfkqlfdo ohppd, V ' 4@ i� G R� ' fc � � fjn � zkloh

r '

+
V �s V 	 4
�W �s V ' 4

+54,

zkhuh �W ' 4�?
q
� G q� ' qf

� '
T�3�

&'f R& ' fc � � �
r
�
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Wkhq xqghu Dvvxpswlrqv 4/ 5* dqg 6/

B�|�
?� ' �n� n � �(c +55,

zkhuh ;?c �c �/ � dqg ( duh htxdo wr

� '
"[
�'�

B�| S
?
�3�c +�,

� ' ?
"[
�'f

Brn�n�| qrn�
? +�,

� '
"[
�'f

Brn�n�| qrn�
? Ern �� c +�,

( ' 7
"[
�'f

Brn�n�| qrn�
?3� +(,

zkhuh q
�
� '

T�3�
&'f R�n&c wkh txdqwlwlhv S?� *v duh vxfk wkdw f � S?� � 4?gc

f 	 4 	 �/ g lv d erxqghg txdqwlw| zkloh f � 7 	 �Wc lv wkh h{shfwhg ydoxh
ri wkh vwhdg| vwdwh glvwulexwlrq�

Surri ri Ohppd 9 E| gh�qlwlrq +54, dqg Dvvxpswlrq 5* r lv dozd|v
erxqghg1 Zh frqvlghu wkh vxepdwul{ �� ri wkh wudqvplvvlrq phfkdqlvp �

lghqwl�hg e| wkh �uvw r urzv dqg froxpqv ri wkh pdwul{ �� �� lv d srvlwlyh
vtxduh pdwul{ zkrvh urzv vxp xs wr rqh/ wkdw lv d vwrfkdvwlf pdwul{1 Lw
iroorzv iurp wkh vdph uhdvrqlqj dv lq wkh surri ri Ohppdv 5/ 6/ dqg 7 wkdw
�� lv luuhgxfleoh li �W ' rc zkloh lw lv uhgxfleoh li �W 	 r� E| Ohppdv 5 dqg
6 wkh uhfxuuhqw fodvv dqg wkh vwhdg| vwdwh glvwulexwlrq ri �� duh wkh vdph dv
wkrvh ri �� Zh fdq wkhq sduwlwlrq wkh pdwul{ � dv iroorzv

� '

5
9999999999999999

��

rfr

f

rf�

f

rf�

f

rf�

f

rf�
� � �

o�
r

�fr
f Rr f f � � �

o�
rn�

�fr
f f f Rrn� � � �

111
111

111
111

111
1 1 1

6
::::::::::::::::

c

zkhuh o�� lqglfdwhv d urz yhfwru ri glphqvlrq �� r fruuhvsrqglqj wr wkh �uvw
r hohphqwv ri wkh urz � n � +vwdwh �, ri wkh pdwul{ �� Iru h{dpsoh lq wklv
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qrwdwlrq �� lv htxdo wr

��

r� r
'

5
99997

o�f
o��
111

o�r3�

6
::::8 �

Lw iroorzv wkdw �?c wkh ?|� lwhudwh ri � lv htxdo wr

� ? '

5
9999999999999

��? f � � � f f f � � � f � � �
o?r f � � � f qr

? f � � � f � � �
o?rn� f � � � f f qrn�

? � � � f � � �
111

111
111

111
111

111
111

111
111

o?rn� f � � � f f f � � � qrn�
? � � �

111
111

111
111

111
111

111
111

1 1 1

6
:::::::::::::

c

zkhuh o?� lqglfdwhv d urz yhfwru ri glphqvlrq �� r fruuhvsrqglqj wr wkh �uvw
r hohphqwv ri wkh urz �n� +vwdwh � � f, ri wkh pdwul{ � ?c zkloh wkh hohphqw
qrn�
? c � � fc duh lq urz rn �n� dqg froxpq rn �n�n?� Li zh lqglfdwh zlwk

e� d yhfwru ri glphqvlrq r� � htxdo wr wkh �uvw froxpq ri dq lghqwlw| pdwul{
ri glphqvlrq r� rc lw fdq eh suryhg e| uhfxuvlrq wkdw iru � � r

o?� ' E�� R�� o
?3�
f n R� E�� R�n�� o

?32
f n � � �n

n q�
?32 E�� R�n?32� o

�
f n q�

?3� E�� R�n?3�� e
�

� '

'
?3�[
�'f

q�
� E�� R�n�� o

?3�3�
f c +56,

zkhuh q�
f ' �c zkloh off ' e���

Wr suryh +55, zh surfhhg dv iroorzv1 Iluvwo| zh vkrz wkdw o?� c f � � 	 r

frqyhujhv dw ohdvw h{srqhqwldoo| wr Zc wkh yhfwru ri glphqvlrq r � � fruuh0
vsrqglqj wr wkh vwhdg| vwdwh glvwulexwlrq ri �� / wkdw lv

mo?� � Z�m � M 4?��c ;� 	 rc ;? : f +57,

zkhuh � � M � f/ f � 4 	 � dqg �� lv d yhfwru ri glphqvlrq � � r zkrvh
hohphqwv duh doo htxdo wr rqh1

Vhfrqgo| zh zloo vkrz wkdw ;� � rc ;?c o?� lv htxdo wr

o?� '
�
�� q�

?3�

�
Z� n q�

?3� E�� R�n?3�� e
�

� n @?� c +58,

zkhuh wkh @?� duh vxfk wkdw ;?c ;�c f � @?� � 4?M ��c f � 4 	 �/ M ehlqj d
erxqghg txdqwlw| lqghshqghqw ri � dqg ?� +57, wrjhwkhu zlwk +58, zloo wkhq
lpso| wkdw
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�?� '

5
9999999999999999999

S?f n 7
111

S?r3� n 7

S?r n 7 n qr
? Ern ?�� 7 qr

?3�

S?rn� n 7 n qrn�
? Ern � n ?�� 7 qrn�

?3�
111

S?rn� n 7 n qrn�
? Ern �n ?�� 7 qrn�

?3�
111

6
:::::::::::::::::::

� +59,

zkhuh wkh txdqwlwlhv S?� duh vxfk wkdw f � S?� � 4?gc f � 4 	 �/ g ehlqj d
erxqghg txdqwlw| lqghshqghqw ri � dqg ? /zkloh 7 lv wkh h{shfwhg ydoxh ri
wkh vwhdg| vwdwh glvwulexwlrq Z dqg vr erxqghg ehorz iurp }hur dqg deryh
iurp �W� Iurp +59,/ Dvvxpswlrq 6 dqg wkh surshuwlhv +44, dqg +45, ri B| lw
zloo wkhq iroorz wkdw B�|�

?� lv htxdo wr +55, dqg wkh surri zloo eh frpsohwh1
Zh qrz suryh +57,1 Zh frqvlghu �uvw wkh fdvh �W ' r� Jlyhq Dvvxpswlrq

5*/ wkhuh h{lvwv d vwdwh f � � 	 �W� � vxfk wkdw R� 9' � dqg wkh Pdunry fkdlq
�� lv erwk luuhgxfleoh dqg dshulrglf1 Lq wklv fdvh zh nqrz wkdw d vwhdg| vwdwh
glvwulexwlrq Z ri glphqvlrq r� � grhv h{lvw dqg wkdw wkh udwh ri frqyhujhqfh
lv h{srqhqwldo dqg lqghshqghqw ri wkh lqlwldo glvwulexwlrq +vhh h1j1 Vwrnh|
dqg Oxfdv 4<;;/ wkhruhp 4407,/ wkdw lv +57, krogv1

Zh qrz frqvlghu wkh fdvh zkhuh �W 	 r� Lq wklv fdvh wkh pdwul{ �� lv
uhgxfleoh dqg zh nqrz wkdw wkh �uvw �W 	 r vwdwhv ri wkh Pdunry fkdlq ��
duh uhfxuuhqw zkloh doo wkh rwkhu r � �W duh wudqvlhqw1 Wkh vwuxfwxuh ri ��
lpsolhv wkdw d xqlw vwduwlqj iurp rqh wudqvlhqw vwdwh �W 	 � � r zloo hqwhu wkh
uhfxuuhqw fodvv diwhu d qxpehu ri shulrgv ohvv ru htxdo wkdq r� �W 1 Zh wkhq
nqrz wkdw +57, krogv vwduwlqj iurp wkh r� �W |� lwhudwlrqv ri ��? vr wkdw wkhuh
fdq dozd|v eh irxqg d erxqghg frqvwdqw M vxfk wkdw

mo?� � Z�m � M 4?��c ;� 	 rc ;? : fc f � 4 	 ��

Wklv suryhv +57,1
Zh qrz suryh +58,1 Iurp +56, dqg +57, zh rewdlq wkdw ;� � rc ;? : f

���o?� � Z�
�
�� q�

?3�

�
� q�

?3� E�� R�n?3�� e
�

�

��� � M
�
�� q�

?3�

�
4?�� � M 4?��c

f � 4 	 �� Wklv suryhv +58,1 T1H1G1

Surri ri Sursrvlwlrq 4 +Lqfuhdvlqj kd}dug ixqfwlrqv, Wr suryh wkh
dvvhuwlrq zh surfhhg dv iroorzv1 Iluvwo| zh vkrz wkdw Dvvxpswlrqv 4/ 5* dqg
6 krog1 Zh wkhq dsso| Ohppd 9/ vr wkdw B�|�

?� lv htxdo wr +55,1 Zh wkhq
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vkrz wkdw �c �c � dqg ( duh doo �E4?�c f 	 4 	 � zkhuh �E4?� lqglfdwhv d
txdqwlw| dw prvw ri rughu 4? wkdw lv *�4?<"

�E4?�

4?
	 41 Wklv zloo lpso| wkdw

B�|�
?� lv dovr �E4?� frqfoxglqj wkh surri1
Li wkh suredelolwlhv R� duh ghfuhdvlqj lq �c iru � � Vc q�

� idoov dw d udwh wkdw
dv|pswrwlfdoo| lv dw ohdvw dv juhdw dv wkh h{srqhqwldo rqh/ ;�1 Lq idfw iru odujh
�

q�
� ' q�

V q
V
�3V � q�

V ERV�
�3V � ERV�

�3V +5:,

vr wkdw Dvvxpswlrq 4 krogv1
Dv dvvxpswlrqv 4/ 5* dqg 6 krog/ Ohppd 9 jxdudqwhhv wkdw B�|�

?� lv htxdo
wr +55,1 Zh nqrz wkdw � lv dozd|v �E4?�c f � 4 	 �� Dvvxpswlrq 6 wrjhwkhu
zlwk +5:, jxdudqwhhv wkdw dovr �c � dqg ( duh �E4?�c f � 4 	 �� T1H1G1

Surri ri Sursrvlwlrq 5 +Urexvw w|slfdo vshfwudo vkdshv, Lq rughu
wr suryh wkh dvvhuwlrq zh zdqw wr vkrz wkdw �? ' �B�|�

?� � ?�3� ' ?_3�c

_ ' 2 � �� Wr suryh wkh dvvhuwlrq zh surfhhg dv iroorzv1 Iluvwo| zh vkrz
wkdw Dvvxpswlrqv 4/ 5* dqg 6 krog1 Zh wkhq dsso| Ohppd 9/ vr wkdw B�|�

?�

lv htxdo wr +55,1 Zh nqrz wkdw � ' �E4?�c f � 4 	 �� Zh wkhq vkrz wkdw
� � ?�3�/ � ' �E?�3�� zkloh ( � ?3�� Frqvhtxhqwo| �? ' �B�|�

?� � ?�3�c

dqg lw zloo frqfoxgh wkh surri1
Dvvxpswlrqv 5* dqg 6 krog e| k|srwkhvlv1 Zh qrz vkrz wkdw qrW

? � qr
? �

?3� vr wkdw Dvvxpswlrq 4 lv dovr vdwlv�hg� Lq idfw/ iurp wkh uhfxuvlrq ri wkh
Jdppd ixqfwlrq +vhh Deudprzlw} dqg Vwhjxq/ 4<:5/ irupxod 914148,

K Ekn �� ' kK Ek� c +5;,

lw iroorzv wkdw

qrW

? '

#
��

�

rW n �

$#
��

�

rW n 2

$
� � �

#
��

�

rW n ?

$
'

'
ErW�-

ErW n ?�-
ErW n �� �� ErW n 2� �� � � � ErW n ?� �� '

'
K ErW n ��

K ErW n ?n ��

K ErW n ?n �� ��

K ErW n �� ��
� qr

? � ?3� @r ? % 4c +5<,

zkhuh wkh odvw dv|pswrwlf htxlydohqfh xvhg wkh idfw wkdw

*�4
?<"

?K3@
K E?n @�

K E?n K�
' �� +63,

Vhh Deudprzlw} dqg Vwhjxq +4<:5,/ irupxod 9141791

6:



Dv Dvvxpswlrqv 4/ 5* dqg 6 krog/ e| Ohppd 9/ B�|�
?� lv htxdo wr +55,1

Zh qrz vkrz wkdw � � ?qr
? vr wkdw � � ?�3� e| +5<,1 Iurp htxdwlrq

+�, dqg wkh lghqwlw|
qr
?n�

qr
�

' qrn�
? zh rewdlq

� ' ?qr
?

"[
�'f

Brn�n�|

qr
�

qrn?
� c

zklfk e| Dvvxpswlrq +�e, zh nqrz wr eh erxqghg iru doo ?� qrn?
� lv d

suredelolw| dqg wkxv lv d vwulfwo| srvlwlyh txdqwlw| erxqghg deryh e| rqh
dqg ehorz e| }hur1 Iurp wkh vdph uhdvrqlqj dv wkdw zklfk ohg wr +5<, zh
rewdlq wkdw iru ? � rW � r

qrn?
� '

K E?n rn ��

K E?n rn �� ��

K E?n rn �n �� ��

K E?n rn � n ��
� +64,

Frqglwlrq +�e,/ wkh idfw wkdw e| +64, dqg +63, *�4?<" qrn?
� ' �c ;�c wrjhwkhu

zlwk wkh Ohehvjxh grplqdwhg frqyhujhqfh wkhruhp jxdudqwhhv wkdw

*�4
?<"

"[
�'f

���Brn�n�|

���
qr
�

qrn?
� '

"[
�'f

���Brn�n�|

���
qr
�

	 4� +65,

Jlyhq +45, lw iroorzv wkdw

*�4
?<"

m�m

?qr
?

' ~

zkhuh f 	 ~ '
S
"

�'f

mBrn�n�| m
qr
�

	 4 e| frqglwlrq +�e,1 Lw iroorzv wkdw � �

?qr
?�

Zh qrz vkrz wkdw � ' �E?�3�� zkhuh �E?�3�� lqglfdwhv d txdqwlw| dw

prvw ri rughu ?�3� wkdw lv *�4?<"

�E?�3��

?�3�
	 4� Wr suryh lw zh vkrz wzr

suholplqdu| uhvxowv1

Iluvwo| iurp +�, dqg wkh lghqwlw|
qr
?n�

qr
�

' qrn�
? zh rewdlq wkdw

� '
"[
�'f

Brn�n�| qrn�
? Ern �� '

' qr
?

"[
�'f

Brn�n�|

qr
�

qrn?
� Ern �� � +�*,

Vhfrqgo|/ zh suryh wkh iroorzlqj uhvxow frqfhuqlqj vxpv ri Jdppd ixqfwlrqv

"[
�'�

K EK� �� @n ��

K EKn ��
'

K EK� @�

@K EK�
c ;K : @ : fc +66,
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iru dq| lqwhjhu K� Li @ lv dq lqwhjhu/ +66, fdq eh suryhg e| lqgxfwlrq diwhu
xvlqj wkh lghqwlw|

"[
�'�

E�� ��-

E@n ��-
'

�

@ @-

+vhh Judgvkwh|q dqg U|}kln / 4<<:/ irupxod 3157:, dqg wkh idfw wkdw

"[
�'K3@

E�� ��-

E@n ��-
'

"[
�'�

K EK� �� @n ��

K EKn ��
�

Li @ lv qrw dq lqwhjhu/ iurp wkh vhulhv h{sdqvlrq ri wkh ixqfwlrq E�� u�@

rqh rewdlqv wkdw iru dq| u +vhh Judqjhu dqg Mr|hx{/ 4<;3/ s1 4;,

E�� u�@ '
"[
�'f

K E�� @�

K E�@� K E�n ��
u�c ;@ : f

vr wkdw iru u ' � zh rewdlq wkdw

"[
�'f

K E�� @�

K E�n ��
' f�

Wkhuhiruh

"[
�'�

K EK� �� @n ��

K EKn ��
' �

K3�[
�'f

K E�� @�

K E�n ��
�

Zh qrz vkrz e| lqgxfwlrq wkdw

�
K3�[
�'f

K E�� @�

K E�n ��
'

K EK� @�

@K EK�

zklfk lv zkdw lv uhtxluhg wr suryh +66,1 Lq idfw iru K ' �c zh rewdlq

�
K3�[
�'f

K E�� @�

K E�n ��
' �

K E�@�

K E��
'

K E�� @�

@K E��
�

Li zh dvvxph wkdw wkh irupxod krogv iru K ' K zh wkhq rewdlq wkdw iru K ' Kn�

�
K[

�'f

K E�� @�

K E�n ��
'

K EK� @�

@K EK�
�

K EK� @�

K EKn ��
'

EK� @� K EK� @�

@K EKn ��
'

K EKn �� @�

@K EKn ��
c

zklfk frpsohwhv wkh surri e| lqgxfwlrq ri +66,1
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Wr suryh wkdw � ' �E?�3�� zh glvwlqjxlvk wkh fdvh zkhuh � : � iurp
wkdw lq zklfk � � �� Frqvlghu �uvw wkh fdvh lq zklfk � : �� Iurp dvvxpswlrq
+�e, lw iroorzv wkdw ���Brn�n�|

���
qr
�

Ern �� 	 Mc ;�

dqg

<� 6

���Brn�n�|

���
qr
�

Ern �� : g

iru vrph vwulfwo| srvlwlyh erxqghg frqvwdqwv M dqg g� Iurp wklv wrjhwkhu
zlwk +�*,/ +64,/ +66, dqg +63, lw iroorzv wkdw

m�m � qr
?

K E?n rn ��

K E?n rn �� ��

"[
�'�

K E?n rn �� ��

K E?n rn ��
'

' qr
?

K E?n rn ��

K E?n rn �� ��

K E?n rn �� ��

E�� �� K E?n r�
� ?qr

?�

Zh qrz frqvlghu wkh fdvh � � �� Lq wklv fdvh

� ' Ern ?� qr
?

"[
�'f

Brn�n�|

qr
�

qrn?
�

Ern ?�
Ern �� c

zklfk e| Dvvxpswlrq 6 dqg Ohppd 7 zh nqrz wr eh erxqghg iru doo ?�

Zh qrz vkrz wkdw li � � �c wkh txdqwlw|
qrn?
�

Ern?�
lv dozd|v ghfuhdvlqj lq ?�

+45,/ wkh idfw wkdw *�4?<"

qrn?
�

Ern?�
' fc wrjhwkhu zlwk wkh Ohehvjxh grplqdwhg

frqyhujhqfh wkhruhp zloo wkhq lpso| wkdw li � � �c � ' J E?qr
?� c wkdw lv

*�4?<"
�

?qr
?

' f� Vr wkdw lq jhqhudo iru dq| �c � ' �E?qr
?� ' �E?�3�� e|

+5<,1
Wkhuhiruh zh qrz vkrz wkdw wkh ghulydwlyh ri

qrn?
�

rn ?
'

KE?n rn ��

Ern ?� K E?n rn �� ��

K E?n rn �n �� ��

K E?n rn � n ��
+67,

zlwk uhvshfw wr ? lv qhjdwlyh1 Lq idfw/ rqfh zh gh�qh wkh Svl0ixqfwlrq � E��

� E%� '
_ d*? K E%�o

_%
'

K� E%�

K E%�

zh rewdlq wkdw
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�
*?

qrn?
�

rn?

�
_?

' d� E?n rn �� n � E?n rn �n �� ��� � E?n rn �� ��

� � E?n rn �n ���
�

rn ?
o +68,

zklfk lv htxdo wr

d� E?n r�� � E?n rn �� �� n � E?n rn �n �� ��� � E?n rn �n ��o
+69,

diwhu xvlqj wkh uhfxuvlrq irupxod � E5 n ��� �
5
' � E5� +vhh Deudprzlw} dqg

Vwhjxq/ 4<:5/ irupxod 91618,1 � � �c wrjhwkhu zlwk wkh vwulfwo| lqfuhdvlqj
qdwxuh ri � E�� ryhu wkh srvlwlyh uhdo olqh +vhh Deudprzlw} dqg Vwhjxq/ 4<:5/
irupxod 916149,/ lpsolhv wkdw +69, dqg frqvhtxhqwo| +68, duh qhjdwlyh1

Ilqdoo| zh vkrz wkdw ( � qr
? vr wkdw ( � ?3� e| +5<,1 Iurp htxdwlrq

+(, zh rewdlq

( ' qr
?3�

"[
�'f

Brn�n�|

qr
�

qrn?3�
� c

zklfk e| Dvvxpswlrq 6 dqg Ohppd 7 zh nqrz wr eh erxqghg iru doo ?�
qrn?3�
� lv d suredelolw| dqg wkxv lv d vwulfwo| srvlwlyh txdqwlw| erxqghg deryh

e| rqh dqg ehorz iurp }hur1 Frqglwlrq +�e,/ +45,/ wkh idfw wkdw e| +64, dqg
+63,/ *�4?<" qrn?

� ' �c ;�c wrjhwkhu zlwk wkh Ohehvjxh grplqdwhg frqyhu0
jhqfh wkhruhp lpso| wkdw

*�4
?<"

m(m

qr
?

' ~

zkhuh f 	 ~ '
S
"

�'f

mBrn�n�| m
qr
�

	 4 e| frqglwlrq +�e,1 T1H1G1

:16 Surriv ri uhvxowv lq vhfwlrq 8

Surri ri Sursrvlwlrq 6 +Frxqwhu0h{dpsoh, Zh zdqw wr vkrz wkdw �? '
�B�|�

?� � ?_3�c zkhuh _ ' � � �� Wr suryh wkh dvvhuwlrq zh surfhhg dv
iroorzv1 Iluvwo| zh vkrz wkdw Dvvxpswlrqv 4/ 5* dqg 6 krog1 Zh wkhq dsso|
Ohppd 9/ vr wkdw B�|�

?� lv htxdo wr +55,1 Zh nqrz wkdw � ' �E4?� f � 4 	

�� Zh wkhq vkrz wkdw � � ?23�/ � � ?23� zkloh ( � ?�3�� Frqvhtxhqwo|
�? ' �B�|�

?� � ?23�c dqg frpsohwlqj wkh surri1
Zh qrz vkrz wkdw Dvvxpswlrqv 4 dqg 6 krog +Dvvxpswlrq 5* krogv e|

k|srwkhvlv,1 Zh �uvw qrwh wkdw/ jlyhq +�e*,
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qr
� '

KErn ��

K Ern �� ��

K Ern �n �� ��

K Ern � n ��
+6:,

dqg wkhq wkdw

qrn�
? '

KE�n rn ��

K E�n rn �� ��

K E�n rn ?n �� ��

K E�n rn � n ?�
� +6;,

Dv � : 2c +63, wrjhwkhu zlwk +6:, dqg +6;, lpsolhv wkdw Dvvxpswlrqv 4
dqg 6 duh vdwlv�hg1 E| Ohppd 9 B�|�

?� lv wkhq htxdo wr +55,1 +6:, dqg +6;,
lpso| wkdw

qr
� q

rn�
? '

K Ern ��

K Ern �� ��

K E�n rn ?n �� ��

K E�n rn � n ?�
c

vr wkdw iurp +�e*,

� ' �@
K Ern ��

K Ern �� ��
?

"[
�'f

K E�n rn ?n �� ��

K E�n rn � n ?�
c +��,

� ' �@
K Ern ��

K Ern �� ��

"[
�'f

K E�n rn ?n �� ��

K E�n rn � n ?�
Ern �� c +��,

( ' �@7
K Ern ��

K Ern �� ��

"[
�'f

K E�n rn ?� ��

K E�n rn ?�
� +(�,

Zh qrz vkrz wkdw � � ?23�� Lq idfw +66,/ +63, dqg +��, lpso| wkdw

� ' �@
K Ern ��

K Ern �� ��

K Ern ?n �� ��

E�� �� K Ern ?�
? � ?23��

Zh qrz vkrz wkdw � � ?23�� Wr gr vr/ �uvwo| zh surryh wkdw iru dq|
lqwhjhu K

"[
�'�

�
K EK� 2� @n ��

K EKn ��
'

K EK� �� @�

@ E� n @� K EK� ��
c ;@ : f� +6<,

Lqghhg +66, lpsolhv wkdw
S
"

�'� �
KEK323@n��

KEKn��
lv htxdo wr

"[
�'�

K EK� 2� @n ��

K EKn �� ��
� EK� ��

"[
�'�

K EK� 2� @n ��

K EKn ��
'

K EK� �� @�

@ E� n @� K EK� ��
c

zklfk suryhv +6<,1
+63,/ +66, dqg +��, wrjhwkhu zlwk +6<, lpso| wkdw
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� ' �@
K Ern ��

K Ern �� ��

E�� �� Er� �� n ?

E�� 2� E�� ��

K E��n rn ?n ��

K Ern ?�
� ?23��

Ilqdoo| zh vkrz wkdw ( � ?�3�� Lq idfw +66,/ +63, dqg +(�, lpso| wkdw

( ' �@7
K Ern ��

K Ern �� ��

K Ern ?� ��

E�� �� K Ern ?� ��
� ?�3��

T1H1G1

Fruroodu| +Wkh uhdoorfdwlrq vwuxfwxuh pdwwhuv, Jlyhq Dvvxpswlrqv
4/ 5* dqg 6/ wkh dvvhuwlrq iroorzv iurp Ohppd 9 dqg Sursrvlwlrq 5 dqg 61 Iru
h{dpsoh d uhdoorfdwlrq vwuxfwxuh B| wkdw uhdoorfdwhv rqo| lqvlgh wkh uhfxuuhqw
fodvv/ wkdw lv B�| ' fc ;� : rc jlyhq +55, surgxfhv B�|�

?� ' � ' �E4?�c
f � 4 	 �c lqghshqghqw ri wkh vwuxfwxuh ri wkh wudqvplvvlrq phfkdqlvp ��

Rq wkh rwkhu kdqg d uhdoorfdwlrq vwuxfwxuh wkdw dovr uhdoorfdwhv rxwvlgh wkh
uhfxuuhqw fodvv/ wkdw lv < B�| 9' fc iru vrph � : r/ fdq jhqhudwh d udwh ri ghfd|
lq wkh txdqwlwlhv �? ' � B�|�

?� wkdw pljkw eh vorzhu wkdq wkh h{srqhqwldo
udwh1 Vhh Sursrvlwlrqv 5 dqg 6� T1H1G1
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UHIHUHQFHV

Deudprzlw}/ P1 dqg Vwhjxq L1 +4<:5,/ Kdqgerrn ri Pdwkhpdwlfdo
Ixqfwlrqv/ Gryhu Sxeolfdwlrqv/ Lqf1/ Qhz \run1

Dfhprjox/ G1 dqg Vfrww/ D1 +4<<8,/ �Dv|pphwulf Exvlqhvv F|fohv=
Wkhru| dqg Wlph Vhulhv Hylghqfh�/ PLW Zrunlqj Sdshu/ <8057/ Dxjxvw1

Djklrq/ S1 dqg Krzlww/ S1 +4<<7,/ �Jurzwk dqg Xqhpsor|phqw�/
Uhylhz ri Hfrqrplf Vwxglhv/ Mxo|/ 9406/ 7::07<71

Djklrq/ S1 dqg Vdlqw0Sdxo/ J1 +4<<4,/ �Rq wkh Yluwxh ri Edg Wlphv=
dq Dqdo|vlv ri wkh Lqwhudfwlrq ehwzhhq Hfrqrplf Ioxfwxdwlrqv dqg Surgxf0
wlylw| Jurzwk�/ FHSU Glvfxvvlrq Sdshu Qr1 8:;/ Rfwrehu1

Djklrq/ S1 dqg Vdlqw0Sdxo/ J1 +4<<6,/ �Xqfryhulqj vrph Fdxvdo
Uhodwlrqvklsv ehwzhhq Surgxfwlylw| Jurzwk dqg wkh Vwuxfwxuh ri Hfrqrplf
Ioxfwxdwlrqv= d Whqwdwlyh Vxuyh|�/ QEHU Zrunlqj Sdshu Vhulhv/ Qr1 7936/
Ghfhpehu1

Edlo|/ P1Q1 Kxowhq/ F1 dqg Fdpsehoo/ G1 +4<<5,/ �Surgxfwlylw|
G|qdplfv lq Pdqxidfwxulqj Sodqwv�/ Eurrnlqjv Sdshuv rq Hfrqrplf Dfwly0
lw|= Plfurhfrqrplfv/ 4;:057<1

Eduwhovpdq/ H1 dqg Gku|phv/ S1 +4<<7,/ �Surgxfwlylw| G|qdplfv=
XV Pdqxidfwxulqj Sodqwv/ 4<:504<;9�/ Glylvlrq ri Prqhwdu| D�dluv Ihghudo
Uhvhuyh Erdug/ Zdvklqjwrq/ Ilqdqfh dqg Hfrqrplfv Glvfxvvlrq Vhulhv qr1
<704/ Mdqxdu|1

Ehuwrod/ J1 dqg Fdedoohur/ U1 +4<<3,/ �Nlqnhg Dgmxvwphqw Frvwv
dqg Djjuhjdwh G|qdplfv�/ lq Eodqfkdug/ R1M1 dqg Ilvfkhu/ V1 +hgv, QEHU
Pdfurhfrqrplfv Dqqxdo 4<<3/+Fdpeulgjh +PD,= PLW Suhvv,1

Ehuwrod/ J1 dqg Fdedoohur/ U1 +4<<7,/ �Luuhyhuvlelolw| dqg Djjuhjdwh
Lqyhvwphqw�/ Uhylhz ri Hfrqrplf Vwxglhv/ 94/ 55605791

Eloolqjvoh|/S1 +4<;9,/ Suredelolw| dqg Phdvxuh/ 5qg hg1 Qhz \run=
Mrkq Zloh| ) Vrqv1

Eurfnzhoo/ S1 dqg Gdylv/ U1 +4<<4,/ Wlph Vhulhv= Wkhru| dqg Phwk0
rgv/ Vsulqjhu Yhuodj Qhz \run1

Fkdq/ Q1 dqg Whuulq/ Q1 +4<<8,/ �Lqihuhqfh iru Xqvwdeoh Orqj0Phpru|
Surfhvvhv zlwk Dssolfdwlrqv wr Iudfwlrqdo Xqlw Urrw Dxwruhjuhvvlrqv�/ Dq0
qdov ri Vwdwlvwlfv/ 5608/ 4995049;61

Fdedoohur/ U1 +4<<5,/ �D Idoodf| ri Frpsrvlwlrq�/ Dphulfdq Hfrqrplf
Uhylhz/ Ghfhpehu/ 45:<045<51

Fdedoohur/ U1 dqg Hqjho/ H1 P1U1D1 +4<<4,/ �G|qdplf +V/v, Hfrqrplhv�/
Hfrqrphwulfd/ 8</ 498<049;91
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Fdedoohur/ U1 dqg Hqjho/ H1P1U1D1 +4<<6,/ �Khwhurjhqhlw| dqg
Rxwsxw Ioxfwxdwlrqv lq d G|qdplf Phqx0Frvw Hfrqrp|�/ Uhylhz ri Hfr0
qrplf Vwxglhv/ 93/ <8044<1

Fdedoohur/ U1 dqg Hqjho/ H1 P1U1D1 +4<<;,/ �Qrqolqhdu Djjuhjdwh
Lqyhvwphqw G|qdplfv= Wkhru| dqg Hylghqfh�/ QEHU Zrunlqj Sdshu Vhulhv/
Qr1 9753/ Iheuxdu|1

Fdedoohur/ U1 dqg Kdpprxu/ P1 +4<<7,/ �Wkh Fohdqvlqj H�hfw ri
Uhfhvvlrqv�/ Dphulfdq Hfrqrplf Uhylhz/ ;708/ Ghfhpehu/ 46830469;1

Fdedoohur/ U1dqg Kdpprxu/ P1 +4<<9,/ �Rq wkh Wlplqj dqg Hi0
�flhqf| ri Fuhdwlyh Ghvwuxfwlrq�/ Txduwhuo| Mrxuqdo ri Hfrqrplfv/ 44406/
Dxjxvw/ ;380;851

Fdedoohur/ U1/ Hqjho/ H1 P1U1D1 dqg Kdowlzdqjhu/ M +4<<:,/ �Dj0
juhjdwh Hpsor|phqw G|qdplfv= Exloglqj iurp Plfurhfrqrplf Hylghqfh�/
Dphulfdq Hfrqrplf Uhylhz/ ;:04/ Pdufk/ 448�46:1

Frrshu/ U1 dqg D1 Mrkq/ +4<;;,/ �Frruglqdwlqj Frruglqdwlrq Idlo0
xuhv lq Nh|qhvldq Prghov�/ Txduwhuo| Mrxuqdo ri Hfrqrplfv/ 46/ 77407981

Gdylv/ V1 dqg Kdowlzdqjhu/ M1 +4<<3,/ �Jurvv Mre Fuhdwlrq dqg
Ghvwuxfwlrq= Plfurhfrqrplf Hylghqfh dqg Pdfurhfrqrplfv Lpsolfdwlrqv�/
QEHU Pdfurhfrqrplfv Dqqxdo / 8/ <<04461

Gdylv/ V1 dqg Kdowlzdqjhu/ M1 +4<<5,/ �Jurvv Mre Fuhdwlrq/ Jurvv
Mre Ghvwuxfwlrq dqg Hpsor|phqw Uhdoorfdwlrq�/ Txduwhuo| Mrxuqdo ri Hfr0
qrplfv 43:/ ;4<0961

Gdylv/ V1/ Kdowlzdqjhu/ M1 dqg Vfkxk/ V1 +4<<6,/ �Vpdoo Exvlqhvv
dqg Mre Fuhdwlrq= Glvvhfwlqj wkh P|wk dqg Uhdvvhvvlqj wkh Idfwv�/ QEHU
Zrunlqj Sdshu Vhulhv/ qr1 77<5/ Rfwrehu1

Glherog/ I1 dqg Uxghexvfk/ J1 +4<;<,/�Orqj Phpru| dqg Shuvlv0
whqfh lq Djjuhjdwh Rxwsxw�/ Mrxuqdo ri Prqhwdu| Hfrqrplfv/ 57/ 4;<053<1

Glherog/ I1 dqg Vhqkdgml/ D1 +4<<9,/�Wkh Xqfhuwdlq Xqlw Urrw lq
uhdo JQS= Frpphqw�/ Dphulfdq Hfrqrplf Uhylhz/ ;9/ 45<4045<;1

Gxqqh/ W1 Urehuwv/ P1 dqg Vdpxhovrq/ O1 +4<;<,/ �Wkh Jurzwk
dqg Idloxuh ri X1V1 Pdqxidfwxulqj Sodqwv�/ Txduwhuo| Mrxuqdo ri Hfrqrplfv/
43707/ Qryhpehu/ 9:40<;1

Gxuodxi/ V1 +4<<4,/ �Pxowlsoh Htxloleuld dqg Shuvlvwhqfh lq Djjuhjdwh
Ioxfwxdwlrqv�/ Dphulfdq Hfrqrplf Uhylhz Sdshuv dqg Surfhhglqjv/ Pd|/
;405/ :30:71

Hydqv/ G1V1 +4<;:,/ �Whvwv ri Dowhuqdwlyh Wkhrulhv ri Ilup Jurzwk�/
Mrxuqdo ri Srolwlfdo Hfrqrp|/ ;:07/ 98:09:71

Jdol/ M1 +4<<9,/ �Whfkqrorj|/ Hpsor|phqw dqg wkh Exvlqhvv F|foh= gr
whfkqrorj| vkrfnv h{sodlq djjuhjdwh  xfwxdwlrqvB�/ FHSU Glvfxvvlrq Sdshu
Vhulhv qr1 47<<1
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Jhzhnh/ M1 dqg Sruwhu Kxgdn/ V1 +4<;6,/ �Wkh Hvwlpdwlrq dqg
Dssolfdwlrq ri Orqj Phpru| Wlph Vhulhv Prghov�/ Mrxuqdo ri Wlph Vhulhv
Dqdolv|v/ 7/ 554056;1

Jleudw/ U1 +4<64,/ �Ohv lq�ejdolw�ev �efrqrpltxhv dssolfdwlrqv= dx{ lq�ejdolw�ev
ghv ulfkhvvhv/ d od frqfhwudwlrq ghv hqwuhsulvhv/ dx{ srsxodwlrqv ghv yloohv/ dx{
vwdwlvwltxhv ghv idploohv/ hwf1/ g*xqh orl qrxyhooh od orl gh o*h�hw sursruwlrqho�/
Sdulv= Oleudulh gx Uhfxhlo Vluh|1

Jlo0Dodqd/ O1 dqg Urelqvrq/ S1 P1 +4<<:,/ �Whvwlqj Xqlw Urrw dqg
rwkhu Qrq0Vwdwlrqdu| K|srwkhvhv lq Pdfurhfrqrplf Wlph Vhulhv�/ Mrxuqdo
ri Hfrqrphwulfv/ ;305/ Rfwrehu/ 556056<1

Jludlwlv/ O1 Urelqvrq/ SP dqg Vdpdury D1 +4<<:,/ �Udwh Rswlpdo
Vhplsdudphwulf Hvwlpdwlrq ri wkh Phpru| Sdudphwhu ri wkh Jdxvvldq Wlph
Vhulhv zlwk Orqj0Udqjh Ghshqghqfh�/ Mrxuqdo ri Wlph Vhulhv Dqdo|vlv/ 4;04/
7< 0931

Judgvkwh|q/ L1V1 dqg U|}kln L1 P1 +4<<:,/ Wdeoh ri Lqwhjudov/ Vhulhv/
dqg Surgxfwv/ Iliwk Hglwlrq/ Dfdghplf Suhvv Olplwhg/ Orqgrq XN1

Judqjhu/ F1Z1M1 +4<99,/ �Wkh W|slfdo Vshfwudo Vkdsh ri dq Hfrqrplf
Yduldeoh�/ Hfrqrphwulfd 6704/ 48304941

Judqjhu/ F1Z1M1 dqg Mr|hx{/ U1 +4<;3,/ �Dq Lqwurgxfwlrq wr Orqj0
Phpru| Wlph Vhulhv Prghov dqg Iudfwlrqdoo| Gl�huhqflqj�/ Mrxuqdo ri Wlph
Vhulhv Dqdo|vlv/ 404/ 4805<1

Jurvvpdq/ J1 dqg Khospdq H1 +4<<4,/ Lqqrydwlrq dqg Jurzwk lq
wkh Joredo Hfrqrp|/ Fdpeulgjh PD/ PLW Suhvv1

Kdoo/ E1 +4<;:,/ �Wkh Uhodwlrqvkls Ehwzhhq Ilup Vl}h dqg IlupJurzwk
lq wkh XVPdqxidfwxulqj Vhfwru�/ Wkh Mrxuqdo ri Lqgxvwuldo Hfrqrplfv/ 6807/
Mxqh/ 8;60939

Kxuzlfk/ F1P1 dqg Ud|/ E1N1 +4<<8,/ �Hvwlpdwlrq ri wkh Php0
ru| Sdudphwhu iru Qrq0vwdwlrqdu| ru Qrq0lqyhuwleoh Iudfwlrqdoo| Lqwhjudwhg
Surfhvvhv�/ Mrxuqdo ri Wlph Vhulhv Dqdo|vlv/ 4904/ 4:0741

Mrqhv/F1 +4<<8,/ �Wlph Vhulhv Whvwv ri Hqgrjhqrxv Jurzwk Prghov�/
Txduwhuo| Mrxuqdo ri Hfrqrplfv/ 443/ 7<808581

Mrqhv/ U1 dqg Qhzpdq/ J1 +4<<8,/ �Dgdswlyh Fdslwdo/ Lqirupdwlrq
Ghsuhfldwlrq dqg Vfkxpshwhuldq Jurzwk�/ Hfrqrplf Mrxuqdo 438/ Mxo|/ ;<:0
<481

Mrydqrylf/ E1 dqg Q|dunr/ \1 +4<<9,/ �Ohduqlqj e| Grlqj dqg wkh
Fkrlfh ri Whfkqrorj|�/ Hfrqrphwulfd/ Yro1 97/ Qr1 9/ Qryhpehu/ 45<<046431

Ndohfnl/ P1 +4<78,/ �Rq wkh Jleudw Glvwulexwlrq�/ Hfrqrphwulfd/ Dsulo/
4605/ 49404:31

Nduolq/ V1 dqg Wd|oru/ K1P1 +4<:8,/ D Iluvw Frxuvh lq Vwrfkdvwlf
Surfhvvhv/ Dfdghplf Suhvv/ Lqf1 +Orqgrq, OWG1
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Nduolq/ V1 dqg Wd|oru/ K1P1 +4<;4,/ D Vhfrqg Frxuvh lq Vwrfkdvwlf
Surfhvvhv/ Dfdghplf Suhvv/ Lqf1 +Orqgrq, OWG1

Nhphq|/ M1J1 Vqhoo/ M1O1 dqg Nqdss/ D1 Z1 +4<99,/ Ghqxphu0
deoh Pdunry Fkdlqv/ Wkh Xqlyhuvlw| Vhulhv lq Kljkhu Pdwkhpdwlfv/ G1Ydq
Qrvwudqg Frpsdq|/ Lqf1/ Sulqfhwrq Qhz Mhuvh|1

Pdqv�hog/ H1 +4<95,/ �Hqwu|/ Jleudw*v Odz/ Lqqrydwlrq/ dqg wkh Jurzwk
ri Ilupv�/ Dphulfdq Hfrqrplf Uhylhz/ 8508/ Ghfhpehu/ 4356043841

Plfkhodffl/ F1 +4<<;,/ �Wkh Pdfurhfrqrphwulfv ri Furvv0Vhfwlrqdo
Khwhurjhqhlw|�/ Plphr/ FHPIL/ Pdgulg1

Plfkhodffl/ F1 dqg ]d�durql/ S1 +4<<;,/ �+Iudfwlrqdo, Ehwd Frqyhu0
jhqfh�/ Mrxuqdo ri Prqhwdu| Hfrqrplfv/ iruwkfrplqj1

Pruwhqvhq/ G1W1 dqg Slvvdulghv/ F1 +4<<;,/ �Whfkqrorjlfdo Surjuhvv/
Mre Fuhdwlrq/ dqg Mre Ghvwuxfwlrq�/ Uhylhz ri Hfrqrplf G|qdplfv/ 407/ Rf0
wrehu/ :660:861

Qhovrq/ F1 dqg Sorvvhu/ F1 +4<;5,/ �Wuhqgv dqg Udqgrp Zdonv lq
Pdfurhfrqrplf Wlph Vhulhv= vrph Hylghqfh dqg Lpsolfdwlrqv�/ Mrxuqdo ri
Prqhwdu| Hfrqrplfv/ 43/ 46<04951

Shuurq/ S1 +4<;<,/ �Wkh Juhdw Fudvk/ wkh Rlo Sulfh Vkrfn/ dqg wkh
Xqlw Urrw K|srwkhvlv�/ Hfrqrphwulfd/ 8:/ 4694047341

Slvvdulghv/ F1 D1 +4<<3,/ Htxloleulxp Xqhpsor|phqw Wkhru|/ R{irug=
Edvlo Eodfnzhoo 4<<31

Sulhvwoh|/ P1 +4<98,/ �Hyroxwlrqdu| Vshfwud dqg Qrq0Vwdwlrqdu| Sur0
fhvvhv�/ Mrxuqdo ri wkh Ur|do Vwdwlvwlfdo Dvvrfldwlrq/ 5:/ 537056:1

Txdk/ G1 +4<<6,/ �Jdowrq*v idoodf| dqg whvwv ri wkh frqyhujhqfh k|0
srwkhvlv�/ Vfdqglqdyldq Mrxuqdo ri Hfrqrplfv/ <807/ Ghfhpehu/ 75:07761

Urelqvrq/ S1 P1 +4<<7,/ �Wlph Vhulhv zlwk Vwurqj Ghshqghqfh�/ lq
Dgydqfhv lq Hfrqrphwulfv/ Vl{wk Zruog Frqjuhvv/ hg1 e| F1D1 Vlpv/ Yro1 4/
7:0 <8/ Fdpeulgjh Xqlyhuvlw| Suhvv1

Urelqvrq/ S1P1 +4<<8,/ �Orj0Shulrgrjudp Uhjuhvvlrq ri Wlph Vhulhv
zlwk Orqj Udqjh Ghshqghqfh�/ Dqqdov ri Vwdwlvwlfv / 5606/ 437;043:51

Urelqvrq/ S1P1 dqgPdulqxffl/ G1 +4<<:,/ �Vhplsdudphwulf Iuhtxhqf|0
Grpdlq Dqdo|vlv ri Iudfwlrqdo Frlqwhjudwlrq�/ Plphr/ Orqgrq Vfkrro ri
Hfrqrplfv1

Urwhpehuj/ M1 dqg Zrrgirug/ P1 +4<<9,/ �Uhdo0Exvlqhvv0F|foh
Prghov dqg wkh Iruhfdvwdeoh Pryhphqwv lq Rxwsxw/ Krxuv/ dqg Frqvxps0
wlrq�/ Dphulfdq Hfrqrplf Uhylhz/ ;904/ Pdufk/ :40;<1

Vdlqw0Sdxo/ J1 +4<<6,/ �Surgxfwlylw| Jurzwk dqg wkh Vwuxfwxuh ri wkh
Exvlqhvv F|foh�/ Hxurshdq Hfrqrplf Uhylhz 6:/ ;940;<31

Vhqhwd/ H1 +4<:9,/ Uhjxoduo| Ydu|lqj Ixqfwlrqv/ Vsulqjhu/ Ehuolq1
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Vrorz/ U1 +4<93,/ �Lqyhvwphqw dqg Whfkqlfdo Surjuhvv�/ lq Pdwkhpdw0
lfdo Phwkrgv lq wkh Vrfldo Vflhqfhv/ 4<8</ hglwhg e| Duurz/ N1M1 Nduolq/ V1
dqg Vxsshv S1/ Vwdqirug Xqlyhuvlw| Suhvv/ Vwdqirug Fdoliruqld1

Vwrnh|/ Q1 Oxfdv/ U1H1 dqg Suhvfrwwv/ H1 +4<;;,/ Uhfxuvlyh Phwkrgv
lq Hfrqrplf G|qdplfv/ Fdpeulgjh PD/ Kduydug Xqlyhuvlw| Suhvv1

Vxwwrq/ M1 +4<<8,/ �Wkh Vl}h Glvwulexwlrq ri Exvlqhvv Sduw L= d Ehqfk0
pdun Fdvh�/ Wkh Hfrqrplfv ri Lqgxvwu| Jurxs/ Glvfxvvlrq Sdshu Vhulhv
HL2</ Ghfhpehu1

Vxwwrq/ M1 +4<<9,/ �Jleudw*v Ohjdf|�/ Wkh Hfrqrplfv ri Lqgxvwu| Jurxs/
Glvfxvvlrq Sdshu Vhulhv HL247/ Rfwrehu1

Yhodvfr/ F1 +4<<9,/ �Qrq0Vwdwlrqdu| Orj0Shulrgrjudp Uhjuhvvlrq�/
Plphr/ Orqgrq Vfkrro ri Hfrqrplfv1
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