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ABSTRACT: How are substitution in the spatial and in the temporal sense connected?
Can estimates based on data with spatial variation be transmitted into values appropri-
ate for exploring temporal variation, and vice versa? This paper, building on, inter alia,
Frisch (1959), attempts to give some clarifications and provides elements of a synthesis.
The income elasticity of the marginal utility of income, whose inverse is often called the
‘Frisch parameter’, and its multi-period counterpart, the wealth elasticity of the marginal
utility of wealth, are key concepts. Three cases with additive preferences are discussed,
and in that context the role of the (generalized) ‘Frisch parameter’ as an overall measure
of substitution across commodities and over time is reconsidered.
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1 InTtrODUCTION

Substitution is in common language ‘the act of putting one thing or person in the
place of another’. In consumer demand the term refers to substitution in space, re-
placing different goods with each other at the same time, intratemporal substitution,
and to exchanging items of the same good (or of different goods) between periods,
intertemporal substitution. How is substitution in the spatial sense related to sub-
stitution in the temporal sense? Can estimates obtained from data with spatial
variation be applied in exploring temporal variation and vice versa? The answers to
these questions are important on the one hand because elasticities of intertemporal
substitution are crucial parameters in numerous macro models, with implications
to, inter alia, the saving-consumption decision, on the other hand because within-
period commodity substitution and systems of demand and substitution elasticities
are core elements in numerous micro-economic and -econometric studies and policy
analyses. It would be convenient if the two concepts coincide, making estimates
from cross-section and time related studies potentially interchangeable.

Because of its importance for policy analysis it is not surprising that there is
a substantial literature dealing with the intra-inter-temporal substitution distinc-
tion; see Kim (1993), McLaughlin (1995), Blundell (1999), Browning (2005), and
Pakos (2011), for examples, and Thimme (2016) for a literature review related to
intertemporal substitution. However, as the model and assumptions, e.g., with re-
spect to parametrization, differ and are not always fully spelt out, it may be difficult
to see the similarities and differences in approaches and conclusions. This paper is
an attempt to give some clarifications and provide elements of a synthesis, without
contrasting different parametric specifications. The seminal article on demand elas-
ticities in a static, ‘non-parametric’ context, Frisch (1959), building on Frisch (1932,
1936), is a starting point, in addition to Houthakker (1960) and Theil (1975).

The paper proceeds as follows: Sections 2—4 deal with the static, one-period
model, Sections 5—7 with multi-period models. Section 2 gives some basics for
the static model, Section 3 surveys implied Frischian results on substitution. The
resulting decompositions of the rates of increase of consumption involve rates of
increase of price indexes, based on mean budget shares (the Divisia price index),
and on marginal budget shares (the Frisch price index). Cases with homothetic and
with additively separable utility functions are considered, the latter in Section 4.
The measures of substitution motivated by this theory, often used in ‘calibration’
exercises, are strongly related to assumptions made about the underlying prefer-
ences both when it comes to (non-)additivity and to (non-)hometheticity. For the
multi-period models, basics are given in Section 5. Generalized results on substi-
tution, covering both the spatial and the temporal dimension, are considered in
Section 6. Special cases imposing additive separability of the utility function over
periods, across commodities and over both dimensions, and important implications,
are considered in Section 7. Aggregate elasticities and some of their relationships



are considered in Section 8, while Section 9 brings cases with more restrictive addi-
tive specifications of the utility functions, which makes the model better suited to
applications, in focus. Conclusions are summarized in Section 10.

2  ONE-PERIOD MODEL: BASICS

Let the quantity vector of the n commodities and the vector of their prices for a
static, one-period model be given by * = (z1,...,2,) and p = (p1,...,pn). The
utility function and the marginal utilities are

(2.1) U="U(x),
Denoting the vector of marginal utilities as w = (uq, . . ., uy,), the system (2.2) implies

a system of inverse marginal utility functions of the form
(2.3) z; = hi(u), i=1,...,n,

see Frisch (1959), Egs. (24)—(25). The (n x n)-matrix whose element (i,j) is
Oh;(u)/0u; is the inverse of the Hessian matrix of U(x), i.e., the (n x n)-matrix
whose element (i, j) is du;(x)/0x;. Following Frisch, we define’

i = 825']‘ ul(w)’
= =1
¢zg auj hl('ll;)’ 2, ) y

The first-order conditions for maximization of U subject to

(2.4) Yo pii = px’ =y,

given total expenditure (income) y, with Lagrange multiplier w, which can be in-

terpreted as the marginal utility of income at optimum, or the conditions for mini-

mization of y given U, with Lagrange multiplier w™!, are?

(2.5) u;(x) = wpi, t=1,...,n.
From (2.5) and Young’s theorem it follows that

(2-6) DiZiU;; = PjTiUys,

(2'7) pﬂi@'j = pj$j¢ji, ,7=1,...,n.

! Frisch (1959), see Egs. (26)—(27), denotes u;; and ¢;; (x;; in his notation) as the ‘utility accelerations’ and the
‘want elasticities’, respectively.

2Browning7 Deaton and Irish (1985, pp. 507-508) give a third interpretation of the optimizing conditions, as
obtained by maximization of the consumer’s ‘profit function’, interpreting w=1! as the price (marginal cost) of utility.



The ordinary (Marshall), compensated (Hicks), and marginal income-utility con-
stant (Frisch) demand functions, and the marginal utility of income function have

the respective forms:?

(2.8) z; = fi(p,y),

(2.9) z; = gi(p, U),

(2.10) z; = h;y(wp), i=1,...,n,
(2.11) w=w(p,y),

to which correspond Engel, Cournot, Slutsky and Frisch demand elasticities:

g = 9Py y

T oy filpy) P b
o = 9fipy) b
Y dp;  filp,y)
. —9%@U) p
Y dp;  g9i(p,U)’
_ Ohi(wp) p; o
Gij = op; Pawp)’ 1,7 =1,...,n,

and ‘marginal utility flexibilities” (Frisch’s terminology) of income and prices:
L =y oy

v ) ?y )w(p,y)’

_ ow\p,y Dj .

. = 5 :1,...,77,.
] dp;  w(p,y) /

The first flexibility or its inverse, sometimes denoted as the Frisch parameter, of-
ten plays a core role in modeling substitution. The latter is also used extensively
by Frisch (1959) in exploring relationships between the classical elasticities, the
Frischian flexibilities and the ‘want elasticities’ ¢;;, which clarify the argument.

The homogeneity of (2.8) in (p, y), of (2.9) in p, and of (2.11) in (p, y), of degrees,
0, 0, and —1, respectively, imply the well-known relationships:

(2.13) > i1 =0, i=1,...,n,
(2.14) Z?lej +w, =—1
The budget shares and the Hicks-Allen* and Frisch elasticities of substitution,
DiZ;
2.15 = 2
(2.15) ="
£..
2.16 ]
(2.16) 7y =2
;.
2.17 =
2.1) vy ="0,

3Reminder: (2.8) is obtained by solving for « from (2.4) and (2.5) for given p and y, (2.9) is obtained by solving
for « from (2.1) and (2.5) for given p and U; and (2.10) is obtained by solving for @ from (2.5) for given w and
p. The marginal utility of income constant demand functions, introduced in Frisch (1959, p.184), are labeled Frisch
demand functions by Browning, Deaton and Irish (1985, p.505), a term used by several authors thereafter.

4Blackorby and Russell (1981, 1989) call it the Allen elasticity of substitution; see Allen (1938, Secs. 13.7-13.8).



satisfy

(2.18) 0 = 0 €= gy =
(2.19) Yy =y = gy = oy,

denoted as Slutsky-symmetry and Frisch-symmetry, respectively:® Each set then
has in(n—1) distinct cross elasticities and n direct elasticities.

3 ONE-PERIOD MODEL: FRISCHIAN RESULTS ON SUBSTITUTION

Frisch (1959) demonstrates several important results on demand elasticities and
commodity substitution. We recapitulate some of them and give useful extensions.

From (2.5) it follows, by taking elasticity with respect to y and to p;, letting
d;j=1 for i=7 and =0 for i#j, that

(31) Z?:l uijEj :(A)y, 1= 1,...,n,
(32) 22:1 uikekj = (A)j + (5@', Z,j = 1, Lo, n.
Solving (3.1) as one equation system in (F1, ..., E,) and (3.2) as n equation systems

in (e1j,...,en5) (j = 1,...,n), utilizing (2.7) and the relationships between the
derivatives of (2.2) and (2.3), we obtain

(33) Ei :wy Zzzl ¢ik> 7= 1,...,7’L,

(3.4) € = Pij +w; D py Pik = Pij + w_jEi’ Lj=1...,n

Yy
Equations (3.1)—(3.4) correspond to Frisch (1959), Eqgs. (42)—(45). From (3.3), (3.4),
(2.16) and the Slutsky-equation®

(3.5) e;; = €y — ajl = aj(oy; — Ey), i,j=1,...,n,
it follows that
(36) gij = qﬁij—l—(wj—l—ozjwy) Zk:1¢ik = ¢ij+ (CU_J +OAJ) EZ', 1,7 :1, o, n.
y
Furthermore, (2.4) implies:”
(3.7) D=1,
(3.8) Yl =30 =1,
(3.9) Z?Zlozieij = —aj, j=1,...,n,

where v; = d(p;x;) /0y = o E; is the marginal budget share of commodity i. Corre-

sponding expressions for the Slutsky- and Frisch-elasticities are:3

5Reminder: Let C(p,U) = 3, pigi(p,U) be the cost function, and C; and Cj; its derivatives with respect to
p; and (p;,p;). Since Young’s theorem and Shephard’s Lemma imply C;; = Cj; and g;(p, U) = Cj, (2.18) follows
because a; = p;C;/C and ;5 = Cy;p;/Cs = 045 = €45/c; = Cy;C/(C;Cy) = 055, while (2.19) is implied by (2.7).
See also Uzawa (1962), Blackorby and Russell (1981), Eq. (1), and Blackorby and Russell (1989), Eq. (3).

50n the origin of the Slutsky equation, its history and its dissemination, see Slutsky (1915), Barnett (2007),
and Bjerkholt (2015).

"Reminder: (3.7) is implied by (2.4) and (2.15), (3.8) and (3.9) follow by taking the elasticity of 3, pi fi(p,y) =y
with respect to y and p;, respectively.

8Reminder: (3.10) follows from (2.18) and (2.13); (3.11) follows from (3.6) and (3.10).



[
(3 11) Z?—lalqj)z] = - <_] +O{]) y j = 1, ,n
Wy
From (2.19), (3.3) and (3.11) it follows that
(3.12) wj + oy = —a; By = —;,
E.
(3.13) Z?:laiﬁbij = o;—, g=1...,n,
Wy

(3.12) corresponding to Frisch (1959), Eq. (50). Expressions connecting (e;,€;;)
to (@i, wy, a;, ;) follow by inserting (3.12) in (3.4) and (3.6), which gives, see
Frisch (1959), Egs. (52)—(53):°

E.
(3:14) € = ¢ij — a;Ei (w—] + 1) )
Y
(315) EZ]:QSZ]_QJ - <:,>O-Z]:¢Z]_ ]7 Zajzla...,n.
Y wy

These equations are basic to the following argument.!’

Following Theil (1975, Section 1.4) and Houthakker (1960, footnote 8),!* the
Hicks-Allen elasticity o;; is the total substitution effect and its components, v;; and

EE;
Wy
are the specific and general substitution effects.> Then (3.14) and (3.15) read
(3.17) €y = bij — (S +E) = a;(vhi;— 5 — Ey),
(318) 82-]- = qbij—oszij < 05 = ¢ij—5ij.

We will denote S;; as the Houthakker-Theil general (HT'G) substitution elasticity.
To summarize:

Proposition 1:

1. The HTG elasticities are connected to w,' by Sy = E;E;jw, ", which

under homotheticity (E;=1) simply gives S;;=w, " for all i and j.
2. No one-to-one relationships in general exist between the Frisch elasticities
and wy_l, for given E;. From (3.3) is seen that ¢;1, . .., ¢i are related to

wyt via YN iy = Eiw, !, which because of (3.8) implies

(i) Z?zlzyzlai@j:wy_l in general,
(i) Y21 pij=w, " for alli, under homotheticity.

9Equations corresponding to (3.13) and (3.4), using income and price derivatives instead of elasticities, can be
found in e.g. Theil (1975), Egs. (3.9) and (3.14), in matrix notation, the last in scalar notation as Eq. (4.1).

10ersions of (3.15) have been frequently used in the literature as a kind of a ‘vehicle’ in discussing of (intra-
and/or intertemporal) substitution in consumer demand; see e.g., Theil (1975), Eq. (4.3), Browning, Deaton and
Irish (1985), Eq. (1.16), McLaughlin (1995), Eq. (3), and Blundell (1999), Eq. (1.1).

186 also Barten (1964, Section 2.1).
12 heil (1975), in Egs. (4.3), (4.5), and (4.7), uses derivatives instead of elasticities.



As is well known, however, homothetic preferences is an extreme case, inconsistent
with well-established empirical regularities in consumer behaviour, e.g., Engel’s Law.
From (3.7), (3.8) and (3.13)—(3.16), it follows that

(3.19) 2?12"1% €; = —1,

( ) Zz 123 1 Qi€ Zz 123 1 QiQ Z]:07
(3.21) Zi:le:1O‘Z¢m D i 123 | Q0 = g
( ) 2?212?:1%%‘5” =Wy S

where (3.21) corresponds to Frisch (1959), Eq. (47). Hence, the overall budget-share-
weighted Hicks-Allen, Frisch and HTG elasticities are 0, w, ! and Wy, ! respectively.

Arguably, (3.20)—(3.22) do not strictly measure substitution, since an appropriate
measure should only include cross-commodity terms (i # j). Now

dict Zﬂ:L (QiQ0; = — Do 70,
J=1#
D et Z;L:1,¢i0‘i0‘j¢z‘j = Wy_l — D Oy,
D it Z?:l,;éiaiajsij = Wy_l — > i 7 Sy,
so that (2.15)—(2.17) imply:
Dict Z?:lai(gij —je) = > et Z] 10,5 Z;‘L:I O@%
=3 in Zj:l,;ﬁialaj ij?
Dot 210l @y — ) = 350 D aagy — 300 Ay
= D i1 Dj1, 400,
Zz 1 Z] 10@[ ( ij j ]j)] Zz 1 Z] 1OéZOé] i Z?:l ajz'Sjj
=) Zj:l,;éio‘zaa ij:

Hence, since Y ", afoy = Y0 (i —w,'97) and Yo7 a7 S; = w, ' Y00 47, it
follows from (3.20)—(3.22), with ‘modified substitution elasticities’” defined as

(3.23) 05 = 045 — 05,
(3.24) wij = ¢z‘j - O‘j¢jja
(3.25) S5 = 5i5 — a;Sj;,
that

2?21 Z?ﬂaiaja;j = - 2?21 ajoy = Z:L 1(%2 S —adi),
2?21 anlaiajw;j = Wy_l _2?21 i,

j
Doy 2y i S = wy =300 adSy = (1= 300 )w,

Equation (3.23) is related to the transformation which takes Slutsky and Allen
elasticities into ‘Morishima elasticities’, defined as my; = ¢;; — €j; = a;(0;; —0y;);
see Blackorby and Russell (1981), Egs. (1)—(4), Blackorby and Russell (1989), Eq.
(8), and McFadden (1963). While mj; ‘nets out’ the direct effect o;; by a simple
deduction, o7; weights this effect by the budget share ;. The severe limitations of



(Hicks-)Allen elasticities of substitution (AES) o;; (i#j) for n>2, pointed out by
Blackorby and Russell (1981, Sections 1-2; 1989), should, however, be recalled:

“...while the AES reduces to the original Hicksian concept in the two-dimensional
case, in general it preserves none of the salient properties of the Hicksian notion.....the
Allen elasticity of substitution (i) is not a measure of the “ease” of substitution, or
curvature of the isoquant, (ii) provides no information about relative factor shares, and
(iii) cannot be interpreted as a (logarithmic) derivative of a quantity ratio with respect
to a price ratio (or the marginal rate of substitution). As a quantitative measure, it
has no meaning; as a qualitative measure, it adds no information to that contained
in the (constant output) cross-price elasticity......the elasticity-of-substitution concept,
as originally conceived by Hicks, has nothing to do with the substitute/complement
taxonomy”. [Blackorby and Russell (1989, pp. 882-884)].

Since > 7", Z;L:laiaj = 1, overall Hicks-Allen, Frisch, and HT'G cross-elasticities

can be defined as the following means of the n? values of ol Vi S5y

(3.26) ?* = Z?:l Z?:;[Oéiajgfj =- Z?:l 0oy = Z?ﬂ(%‘zwy_l_a?%i%
(3.27) ?%* =i Z?Zlaiaj@bfj = wy‘l—ZZ;l o2y,
(3.28) St = Z?:l Z?Zloziaijj = wy_l_Z?:I oszii =(1- Z?:l %’2)%/_1-

Alternative measures are the means of the n(n—1) values of o;;, ¥;;, S;; (i#j), after

159
renormalization, using i, 77| oo =1-37" af:

Z?:l Z;L:L;éiaiajaij _ Z?ﬂ(%’zwy_l - 0%21%)

D i1 Zj:l,;éiaiaj 1=, af
330 T D it Z?:l,#iaiaj¢ij . Dict a?(wy_l—@bii)
( : ) ¢ - n n = wy + 15" 2 ’
Dict Zj:l,;éialaj Doic1 O
_ L oGS, " (a2 —~2
(331) S — Zl—l Z]—lﬁ’él > = W_l + Zz:l(az Y )w—l

> it Z;L:L;éiaiaj Y L= Y
The aggregate Houthakker-Theil decompositions corresponding to (3.18) thus read:

— %

*_5«*’
- S.

<

o

To summarize:

Proposition 2:

1. While any o,;; depends on wy_l, the latter is no aggregate indicator of

Hicks-Allen substitution. We have: Y15 7 oo, =0, while
Zi:le:laiajwij = Zi:le:laiaj Sz'j :Wy_l-
The overall cross-substitution elasticities satisfy (3.26)—(3.31).

2. Ifnis large, 3, a2, 32,772 are small, and 1y; is finite, then (%, ¢) =~ w, !,

(5%, 8) = w;t, and (6*,5)=(*—S5*,1—S)~0.

Yy



Example: The stylized case with homotheticity and equal budget shares: ;=
L Ei=1= Y ai=) 7}=1, letting ¢ = 2 3" ¢y, gives

7 = Lw ), o= A(wt =),
P =w,t =Ly, )= (wy ! — L),
S =nly S=uwt

Interesting byproducts of these results, useful for doing comparative statics, fol-
low by inserting for e;; from (3.5) and (3.15) in the general expression for the rate
of increase of x; induced by arbitrary changes in income and prices. We first get

n

dx; d " dp; d " dp; dp;

=1 P = i) I
and next
dz; dy ~~ dp; u E,E;\ dp;
3.32 —EB (22N a2+ (qgi._a. J)_J
N zp) > (000,22 2
dy dP, " dp; E;dP
=5 (2-) 4 eB -2
Yy Pa =1 Pj wyPV

where dP, /P, and dP, /P, are the changes in price indexes which weight commodity
prices by, respectively, average and marginal budget shares:

n n

dPa dpj dP-y dp]
Pa ; ! pj P’y ; ! pj

The former is (the rate on increase of) the Divisia price index, the latter is often
denoted as (the rate of increase of) the Frisch price index, after Frisch (1932; pp.
74-82) and Frisch (1936).'3 Using (3.13), we finally rewrite (3.32) as

de; . (dy dP.\  ~~, (dp; dP.\ _Ei (dP, dP,
(3.33) = E< ) Z% < _ ) t o <Pa e

Dj OC v

_ dy dP, dp; dP,
=H (z ?a) + o (? ?a)

- dp; dP, dP, dP,
—0—2@; <—-_?)+w <?—?)7
Jay a y a 7y

which decomposes dx;/x; into a real income effect, n real price effects, one direct
and n—1 cross-effects, and a ‘correction’ term reflecting the difference between the
Divisia and the Frisch price indexes:

ﬂ—— Zajl E;) dp]

Equivalently, using Y77 ¢y = Eiw, !

, and rearranging, we get

138ee also Theil (1975; Sections 5.1 and 5.2) and Barnett and Serletis (2008).



dz; dy dPa) E; <dpZ ) (dpj pi)
3.34 =F(=—— —I—— Qi | ——— .
( ) X < Yy P, ’Y Z ’ j Di

This expression decomposes dx;/x; into a real income effect (based on the Divisia
price index), a real price effect (based on the Frisch price index) and n—1 cross-price
effects. Both the real price effects and the cross-price effects involve w, ~1 the latter
via " j=10ij = Eiw y . Imposing homotheticity, and thus eliminating scale effects’,
the expression simplifies to

dv; (dy dP, dp; - dp; dp;
C R G e G0

which shows succinctly the roles of wy_ and the ¢;;s in describing substitution.

4: ONE-PERIOD MODEL AND SUBSTITUTION: ADDITIVE UTILITY

Additively separable utility, ‘want independence’ in the terminology of Frisch, is
often assumed in empirical demand analysis and makes the Hessian matrix of U(x)
diagonal. On the ordinality-cardinality distinction and the imposition of additive
utility to save parameters, he says:

“By making assumptions about want independence, we introduce concepts that are
not invariant under a general monotonic transformation of the utility indicator. I am
not very concerned about this.....By introspection we are frequently in a position to say
something fairly definite and plausible about the non-invariant concepts, for instance
about want-independence.....From assumptions as to want-independence there follow
very definite conclusions about certain observable demand phenomena. Assumptions
of this sort can therefore be classified as refutable hypotheses...... I shall therefore
not plead guilty of heresy even if I do work with choice-theory concepts that are not
invariant under a general monotonic transformation of the utility indicator. At any
subsequent step one can, if need be, verify whether any derived expression is invariant
or not.” [Frisch (1959, pp.177-178)]

If (2.1) has this form, i.e.,

(4.1) U=Ulx) =3, Ui(r),

(2.2), (2.3), and (2.5) simplify to

(4.2) w; = wi(x;) = dU(z;) /dx;,

(4.3) z; = hi(u;) = u; t(uy),

(4.4) wi(z;) = wp, i=1,...,n,

and U5 = 5ijuii, ¢ij = 61J¢” and ¢zz = 1/U” In the Houthakker-Theil usage, all
‘specific cross-substitution’ is eliminated, i.e., Frischian cross-substitution vanishes.
Then (3.1)—(3.4) simplify to

(45) uu; By = Wy, S L = Wy¢ii7 1= 1, Lo, n,

while



5B 5B
4.7 ZZL Z.,:L’ >7.:17 s Iy
(47) by =T s gy =T =L
so that (3.14) and (3.15) simplify to
E;
(4.8) eij = 10—y Ej) — o B,
y
Wy, w, o
Further, (3.21) simplifies to
(4.10) Z?:lai¢ii = Z?:l O‘%¢ii = Wy_lv
and since ¥;; = Ejw, ' /oy, (3.26) and (3.29) simplify to
(4.11) 7" === 7w,
1-5"" A2
(4.12) G = Mwy—l.

1 =2 i OF
The results are summarized in:
Proposition 3:
1. Additive utility, implying ¢;; =0 (i # j), gives a one-to-one relationship
between the direct Frisch elasticities and w,": ¢;;=Fw, . Hence,
(i) oij=—FE;Ejw," (i # j) under additivity,
(i) Y i oidy=w, " under additivity,
(i1i) ¢i=w, ", 0ij=—w," (i # j) under additivity and homotheticity.

2. Since then the aggregate Frisch cross-elasticities equal (¢*,1) =0, their

aggregate Hicks-Allen counterparts become (6*,7) = (5%, 4-5) ~—w,*.

Ezample: The stylized case with additivity, homotheticity and equal budget
shares: ay==+, B;=1= Y a?=>172=1, ¥y = ¥ = nw,, gives

—x _ _n—l, -1 -
O =TT Yy g="Wy
. _

Y =0, Y =0,

G _ n—1, 1 & _ -1

St =""w, S=uw, .

Imposing additivity, i.e., ¢;; =0;;¢i, (3.34) is simplified to
(4.13) Y_p (Y Te) L (P D)
X Yy P, a Wy Di P. ¥
which says that the real price and the real income elasticities are proportional across
i, with factor of proportionality w,’ ! If also homotheticity prevails, we get simply

dr; dy dP, ! <dp,~ dPa> |

T; N ? N ?a Y Di - ?a
which again elucidates the role of w, ' in describing substitution.'* The changed
interpretation of (6*,5) when additivity is imposed, is reflected in the disappearance

of the summation term in the expression for dz;/x;.

141 the (highly degenerate) case where also wy = —1 (exemplified by the Cobb-Douglas utility function), the
latter equation simply gives dz;/x; =dy/y—dp;/p; for all i (implying price and income invariant budget shares).
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5 MULTI-PERIOD-COMMODITY MODEL. BASICS

The second part of the paper will be concerned with combined intra-intertemporal
substitution, formalized as an extension of the model in Section 2 to a T-period,
n-commodity model, imagining a consumer in period 1, who decides on consumption
in this period and makes plans for periods 2,...,7. The quantity vector of the n
commodities and the vector of their marginal utilities and prices for period ¢ are,

respectively, @; = (T14, ..., Tnt), W = (U1gy - .-, Upe) and p, = (P1y, - - -, Pue). Further,
we define p, = 5;p,, where [, is the discounting factor for period t (f; = 1) and
the composite nT-vectors & = (x1,...,x7), ¥ = (u1,...,ur), p = (Py,...,Pr),

p=(Py,...,Py). The intertemporal utility function, the marginal utilities and their
inverses, the counterparts to (2.1)—(2.3), can then be expressed as, respectively:
(5.1) U=U(xy,...,xr) =U(x),

(53) xit:hit(u)a izl,...,n;tzl,...,T,

giving

8u2t(w) Tjs

uit,js - 825]‘3 uit(w)a

8h2t(u) ujs
8Ujs hit(’u,)’

Dit js ,7=1,....n;t,s=1,...,T.

The first-order conditions for maximization of U subject to

(5.4) ZtT:I Z?:l DitTit = Zf:l pxy =W,

for given wealth W (the multi-period counterpart to y), with Lagrange multiplier
(the multi-period counterpart to w), are

(55) u,t(w):Qﬁm Z:]_,,n7t:]_,,T

It follows from (5.5) and Young’s theorem that (2.6) and (2.7) are generalized to
(5.6) DitTitWitjs = PjsTjsWss,it,

(57) ]jitxitqsit,js = pjszjsqus,ita Za] - 1a ceey, 1y ta s = 1a s >T-

The multi-period Marshall, Hicks, and Frisch demand functions and the marginal
utility of wealth function have the respective forms:

(5.8) zi = fu(D, W),
(5.9) zi = gu(P,U),
(5.10) v = ha(OP), i=1,... mt=1,...T,
(5.11) Q=Q(p,W),

to which correspond Engel, Cournot, Slutsky, and Frisch elasticities:

11



Eit: 8W fit(ﬁ,W)7 7'_17 » 15 t_la 7T7
o = Ofu(, W)  Djs
e Ipjs  ful@, W)’
_ agzt(f’> U) ﬁjs
Eitjs =

apjs git(p> U) ’
Ohy (D) Djs .
— . e i,j=1,....,n; t,s=1,...,T,
45 O ha(Op) /

and marginal utility flexibilities of wealth and prices:

o %W W
YToaw Qpw)
Q E&Q(p,W) Bis j=1,...,n; s=1,...,T

BT 9ps Qp, W)

The inverse of the first flexibility frequently occurs in modeling intertemporal sub-
stitution. We will denote it as the generalized Frisch parameter. The homogeneity
of (5.8) in (p, W), of (5.9) in (p, W) and of (5.11) in p, of degrees 0, 0, and —1,
respectively, imply, as counterparts to (2.12)—(2.14),

(5.12) > i1 ZST=1 € js T Eit =0,
(5.13) S iy =0, i=1,...,nt=1,...,T,
(5.14) S e Qe+ Q=1

The multi-period budget shares and the Hicks-Allen and Frisch elasticities of (intra-
and intertemporal) substitution become, respectively,

DitTit
(515) Ay = pw/
_ Citjs
(5.16) it jo = ”
(5.17) Vi js = q:";j”, ij=1,...,n; t,s=1,...,T,
jS

while generalized Slutsky-symmetry and Frisch-symmetry are expressed by
(5.18) of > Qe s js,it?
(5.19) Vivjs = Yisir == QaQy js=QjsPis it

itjs — Ojs,it = Q€

Each set has nT direct elasticities and $nT(nT —1) cross-elasticities. As will be
explained in Section 7, this number is reduced when restrictions are imposed on the
utility function.

6 MULTI-PERIOD MODEL: FRISCHIAN RESULTS ON SUBSTITUTION

The multi-period counterparts to (3.1) and (3.2), obtained from (5.5), become

n T
(6.1) D it 2usmr UitsEjs = Quy,
(6.2) S S Uitk = Uy 030, A j=1,...mts=1,...,T.

12



The former gives one equation system in (Eiq, ..., En, ..., Eir, ..., Eur), the latter
gives nT systems in (€11 js; - - - » €nl jss - - - » €1Tjss - - - » €nTys) (J=1,...,m; s=1,...,T).
Solving (6.1) and (6.2), utilizing (5.7) and the relationships between the derivatives
of (5.2) and (5.3), gives as generalizations of (3.3)—(3.6) and (3.14)—(3.15),

(6.3) Ei=Qw S 5 bugsy i=1,...mt=1,...,T,
(6.4) €it.js = Pitjs T g—:;Eit = it js — Ajs Bt (g—i; + 1) ;
(6.5) Eitjs — Git,js T (g—j; + Oéjs) Ey = ¢it,js_ajsE687?

Oitjs = Yitjs + (ozjzigijl) Eir = it js— Egjita

(66) eit,js:€it,js_ajsEit:ajs(ait,js_Eit>7 ’L,j = 1, e, NG t, S = 1, Ce ,T.

The counterparts to (3.7)—(3.13) become

(6.7) > it Zthl i = 1,

(6.8) D i1 ZtT:l by =37, ZtT:l Vit = 1,

(6.9) > ic1 Zthl Qit€; ;s = — s,

(6.10) Z?:l Z;le Qit€y i = 0,

(6.11) Z?:l Zzzlait¢it,js = - (g; + O‘J’S) = O‘jsg—JW>

(6.12) Qs+ ajy = —ajsBjs = =5, j=1,...,n; s=1,...,T.

The HTG substitution elasticity between commodity ¢ in period ¢ and commodity
j in period s, i.e., the counterpart to (3.16), is

EitEjs
(613) Sz’t,js = QW ;
giving as counterparts to (3.17) and (3.18):
(6.14) Citjs = Dit.js— Vs (St js+ Bit) = js(Viejs — Sitjs— Eit),
(6.15) 5it,js:¢it,js_ajssit,js — Uit,jszwit,js — Sit js-

To summarize, Proposition 1 is generalized to:

Proposition 4:

1. The HTG elasticities are connected to 0y} by S

it,7s

= EitEsta/l, which
under homotheticity (Ey;=1) simply gives Si; js=, for all i, j,t,s.

2. No one-to-one relationships in general exist between the general-
ized Frisch elasticities and ', for given Ey.  From (6.3) is

seen that Gii1,..., Giirs -, Pitnls-- -, Qienr are related to Q;Vl via
> i1 S i = EaQyt, which because of (6.8) implies

. n T n T -1 -
() D21 D1 Do @it it js =y in general,
(i1) Z?lezzlgbit,js:ﬂ;vl for all (i,t), under homotheticity.

13



The overall multi-period budget-share-weighted Hicks-Allen, Frisch and HT'G elas-
ticities of substitution equal 0, Q;Vl, and Q;Vl, respectively, since the counterparts to
3.19)—(3.22) become

6.16) Z?:thTﬂZ?ﬂZf:lo‘iteit,js =-1,

6.17) Z?:lz:?:lZ?:lZZ:laitEit,js = Z?:l23:12?:123:16“%%80“,]‘5 =0,
6.18) Z?:l ZtT:I Z?:l Zleait¢it,js = Z?:l ZtT:I Z?:lZf:laitajs¢it,js = Q;Vlv
6.19) Z?:1ZtT:1Z?ﬂzslﬂitajssit,js:Q;Vl-

Direct generalizations of (3.23)—(3.25) are

(620) O-:t,js = Uit,js ajsajs js?
(621) ,QZ)z*t NE = 77Z)it,js Oé- 78,387
(622> S:;ﬁjs - Sit,ys ajsSys YEN

Since Ziztzjzs apajs=1 and Zi,t 2j757(j78)#i7t) iy =1-=3".3" a2, we obtain
as generalizations of (3.26)—(3.28) and (3.29)—(3.31), boldface letters symbolizing
substitution elasticities aggregated over all commodities and periods jointly:

(6.23) 0" = Ziztzy'zs Qi QljsOy 15 = Zizt<’71t9v1/1 azﬂ/}zt it)s

(6.24) P =300 s s = Q=20 D ity

(6.25) 8" =3050 0000 quasS g = (1= 32,5500

(6.26) o — th st (G.9)2£G.t) Vit Vs Tit,js Z Zt(%tQWI %#ﬁzt zt)’
Dt Zj,s,(j,s);é(i,t) itQjs 1=373" o

(6.27) b = D Zj,s,(j,s);é(i,t) 0y 0 Wi —ol ST, ok () wlt it)

Zitzjs(js (i,t) YitYjs 1- ZZt Qi ’
Zztzjs (4,8)7#(i,t) ZtaJSSZfJS ZZt( Qs %t)Ql

(6.28) S = Q'+
Dot 2ojis (i) Git) Qit Vs W DD

Finally, the Houthakker-Theil decompositions of the aggregate Hicks-Allen cross-

elasticities, corresponding to (6.15), are

o*

I
< Jé*l

_ 5
- S.

Qi
I

The results can be summarized in the following generalization of Proposition 2:
Proposition 5:

1. While any o ;, depends on Qu', Oy is no aggregate indicator of Hicks-
Allen substitution. We have Z?:1ZtT:1Z;L:1Z?:ﬂitajsait,js:O: while
Z?:lz:?:lZ?:lZZ:Iaito‘jswit,js:z:?:lzleZ?:lZZ:laitO‘jSSit,js:Q;Vl'
The overall cross-substitution elasticities satisfy (6.23)—(6.28).

2. If nT is large, >, > a3, >, % are small, and ¢y is finite, then
(P, )~y (87, 8)~Qy), and (6%,6) = (¢ — 8", ¢p—8)~

14



Ezample: The stylized case with homotheticity and equal budget shares: a;; =
%> Er=1= Zz Zt Oé?tZZi Zt %2t: %a letting ¢ = % Zz Zt Yitat, glves

nTl—l (Q‘;fl - 7\;)’

6*:%(917{/1_7;5)7 o=
¥ =y — o, ¥ = (U — ),
§ = nTig S—0l.

7 MULTI-PERIOD MODEL AND SUBSTITUTION: ADDITIVE UTILITY

We next consider three specializations of the multi-period model with the utility
function (5.1) restricted to be additively separable. The quotation from Frisch
in of Section 4, on the ordinality-cardinality distinction and the non-invariance of
important measures to general monotonic transformations, is relevant also here.
Hoel (1975) elaborates, and illustrates, by a simple parametric model, the inter-
pretation of a counterpart to {dy in a related context. Browning, conducting an
empirical analysis involving both durable and non-durable goods, concludes!®
“That preferences over purchases are not separable over time (even if one takes a
time period such as a year) seems to be well established. What is a good deal less
obvious is the source of such intertemporal dependencies. .... (1) Time separability is
rejected. (2) Once one allows for intertemporal nonseparabilities, neither the rational
nor the myopic variants of the model are rejected by the data. (3) Not accounting for
intertemporal dependencies biases considerably the estimates of intratemporal alloca-

tion. For example, the categorization of goods as luxuries or necessities is considerably
changed by allowing for nonseparabilities over time.” [Browning (1999, pp. 631-632)]

1. First, let U(-) be additively separable over periods, having the form:

(7.1) U=U(@) =¥y U,

where x; = (x14,...,Ty) and wy = (Uyy, ..., Uy). The Hessian matrix of U(x) is
block-diagonal, the blocks representing periods, and (5.2), (5.3), and (5.5) become
(subscript P signalizing that u(-) and h(-) have period-specific arguments)!®

(72) Uit = Uit.p(wl«) = 8Ut($t)/8xit,

(7.3) Tit = hig p(uy),

(74) uz't'P(a:t) = szt

Since (7.1) implies wg js =, ;, =0, t # s, (6.3) and (6.5) simplify to
(75) Eit = QW ZZ:I ¢it,kt7
(7.6) Eitjs — 5t5¢it,jt_ajsEjsEitQ;V1 = Oyt js = 5ts¢it,jt—EjsEitQ;7yl-

2. Next, let U(+) be additively separable over commodities, having the form:

(7.7) U=Ux) =3 Unlze),

153ee also Crossley and Low (2011).

16The (n x n)-matrix whose element (¢, 5) is Oh;s. p(ut)/Ou s is the inverse of the Hessian matrix of U (w¢), i.e.,
the (n x n)-matrix whose element (7,7) is Qui. p(@t)/0xj¢.
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where @y = (2i1,...,2) and wg) = (Wi, ..., up). After a reordering of the el-
ements, the Hessian matrix is block-diagonal, with blocks representing commodi-
ties, (5.2), (5.3), and (5.5) become (subscript C' signalizing that u(-) and h(-) have
commodity-specific arguments)!”

(7.8) Ui = Uir.o (X)) = OUG) (2()) /Ot
(7.9) Ty = hir.o(ug)),
(710) ultc( ) szt, t = ]_,...,T.

Since (7.1) implies w;,js= ¢y ;,=0, i # j, (6.3) and (6.5) simplify to

(711) Eit = QW ZZ:l ¢it,is>

(7.12) Eitjs — 5ij¢it,is—04jsEjsEitQ;V1 < Ot s — 5ij1/1it,is—EjsEitQ;V1-

3. Finally, let U(-) be fully separable, having the form:
(7.13) U=U(@) =30 i Ua(wi):

Since this implies i js = 04;0ts Wi it Py jo = 0ijOts it e, Where @i = 1/uy, 1, (6.3) and
(6.5) become simply

(714> Eit = W(bzt ity
(715) ztjs 51]5t5¢ztzt ajsE' Eth ! Eth (51]51&5 OéJS 5)<:)>

zt ,js 57,]5t5¢2t it EthV[/l - Eth (51]6t5/a]5 8)

The first and third kind of separability are often considered. While the second
is more rare, it may deserve attention not only as reference point, but also because
it may be used to handle preference rigidities, habit formation, and durable goods.

Briefly, (7.1), (7.7), and (7.13) restrict Frisch-substitution by simplifying (6.18)
to, respectively,

(7.16) Z?:lZ?ﬂZtT:laitO‘jt%t,jt = Q;Vlv
(7.17) Z?ﬂZtT:lZZ:laitO‘is%ms = Q;I}v
(7.18) Z?:lZf:la?twit,it = Q;Vl

These equations can be viewed as extensions of Frisch (1959), Eq. (47). Therefore:
e The quadruple sum (6.18) restricts the $nT'(nT'—1) cross-elasticities i js=1;s -
e The triple sum (7.16) restricts the $n7'(n—1) non-zero cross-elasticities ¥ 1=t it
e The triple sum (7.17) restricts the $nT'(T—1) non-zero cross-elasticities 1 js=tis it-
e The double sum (7.18) restricts no cross-elasticity, as ¢ ;s =0, for (7, s) # (i, t).

The following generalization of Proposition 3 summarizes the results:

" The (T x T)-matrix whose element (t, s) is Ohs.c(u(;))/Ouis is the inverse of the Hessian matrix of Uy (z(5)),
i.e., the (T' x T)-matrix whose element (t, s) is Out.c(®(;))/O%is-
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Proposition 6:
1. Pully additive utility, Vi .s=0, (i,t) # (k, s), gives a relationship between
the direct Frisch elasticities and Q‘}} ¢it,it=Eth‘7V1- Hence,
(i) 0itjo=—EuE;y, (i,1)# (4, 8), under full additivity,
(i1) Z?zlth:lait@t,it:Qﬁ/l under full additivity,
(i1) Giir = Uys Oits = — Ut (3,1) # (4, 8), under full additivity and
homotheticity.
2. Since the aggregate Frisch cross-elasticities then equal (1", 2p) =0, their
Hicks-Allen counterparts become (6*,a)= (¢ —8", 19— 8) ~ ;.
3. Utility additively separable over periods, vy ;s =0,t#s, implies
n T _
D i1 i O‘ith't,jt = EthWlf
n n T _
Zi:le:th:laitaﬁwit,ﬁ = le
Utility additively separable across commodities, 1y js=0,17# 7, implies
n T _
pRED P O‘ith’t,is = EisQWl:
n T T _
Zi:thzlzszlaitai5¢it,is = le

Ezample: The stylized case with full additivity, homotheticity, and equal bud-

get shares: ay =, Ep=1= >3 0 =>,> 72 = =, Yua = =
nT Q;Vl, is characterized by the following aggregate cross-elasticities:

o =—-t100) a=-0,
Y =0, P =0,
S,* _ nZEIQ;{/l, Sf _ Q_l

8 SUBSTITUTION: AGGREGATE IMPLICATIONS

The results in Sections 5 through 7 have aggregate implications relevant to the ques-
tions posed in the introduction. In this section we will show that aggregate analogues
to the relationships between ‘two-dimensional’ elasticities are easily obtained. Let
ar =y oy and ;. =Y 1 gy, and write the period-conditional (within-period)
and commodity-conditional (within-commodity) budget shares as

(8.1) it = i/ vy, Yoo =1, t=1,...,T,

(8.2) Qrji = g/ e, S ap=1, i=1,...,n.

Average, budget-share-weighted Engel elasticities for period ¢ and for commodity ¢
are defined as, respectively,

(8.3) By =300 capeka, Z; aby =1,

(8.4) Ei. =Y @B, S B =1,

and average, double budget-share-weighted Hicks-Allen, Frisch, and HTG elasticities
for periods (¢, s) and for commodities (4, j) as, respectively,!®

180n the use of cost-shares in aggregation of elasticities of substitution in production function and cost functions
contexts, and its relation to ‘Hicks’ Aggregation Theorem’, see Diewert (1974) and Miyagiwa and Papgeorgiou (2007).
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U't,'S = Z:LZI Z?:l al‘ta]‘sglt,‘]S)
Vg5 = 22;1 Z;’L:1 QG0 Vit s
S't,'s = 22;1 2221 ai\taj\ssit,jsu

and

(8.8) Oi-j- = Zt 1 Z _1 Qu}iQs| O js,
(8.9) wz NE Zt 1 Zs | Q)i it js
(8-10) ingr = Zt 1 Zs 1at|ZaS\JSZtJS

From (6.5), (6.13), (6.17)—(6.19), and (8.1)—(8.10) it follows that equations sim-
ilar to (3.16) and (3.18) connect these aggregate elasticities:

(8.11) S.is = E4E. Q)
(8.12) Oepog = Yt os — Seposy t,s=1,...,T,
(8.13) S j. = B B Q)
(8.14) - jo = Vie jo — Si- o, i,j=1,...,n,

while aggregate counterparts to (3.20)—(3.22) become

(815) Zt 128 1ata8‘7ts—zz 1ZJ 1 Qi Q- O e =0,
(8.16) Zt 125 | Qe Qs S_Zz 1ZJ 1 0G0y e = Q;Vl>
(8.17) Zt12510‘to‘ Sts—zz1zg 1ala]SZJ_Q1

With additive utility, the expressions for the aggregate Hicks-Allen elasticities,
(8.12) and (8.14), using (7.6), (7.12), and (7.15), simplify to, respectively,

n n .
Zi:12j:1ai\tﬁj\twit,ﬁ, under period add.,
Z?:105i2\twit,it, under full add.,

(818) U't,'széts'l/}'t,'t_s't,'sa ,l/}‘t,'t: {

T T ~ ~
Zt 125 lamas‘iwit,is, under comm. add.,
S 1O Wity under full add.

(8.19) oy - = 0ijWi- io—Si- 4+, wzz:{

To conclude, the aggregate elasticities defined, by using as weights period-condi-
tional and commodity-conditional budget shares as in (8.3)—(8.10), satistfy:

A. Simple analogues exist (i) between the above two-dimensional relationships
(6.13) and (6.15) and the temporally and spatially aggregated relationships, and
(ii) between the uni-dimensional relationships (3.16) and (3.18) and the commodity-
specific, temporally aggregated relationships.

B. The inverse Frisch parameter, Q;Vl, has a core role in these aggregate relationships
as it has in the disaggregate ones.

9 MORE PARSIMONIOUS MULTI-PERIOD MODELS

To preserve economy in parametrization, it is rarely convenient, in empirical appli-
cations, to let the sub-utility functions Uy and Uy;) be unrestricted. As an extension
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of Section 7, we in this section impose restrictions on the within-period or within-
commodity relative marginal utilities which result in what we will call models with
restricted additive separability. We specifically reconsider, under three sets of re-
strictions, the Frischian flexibilities and the Hicks-Allen substitution elasticities and
their components.

1. Frischian flexibilities: restrictive period-separability. Let in (7.1) Uy(x;) =
pVp(x;), where Vp(+) is a common ‘one-period, time invariant, multi-commodity
utility index’ and p; a t-specific factor of proportionality of marginal utilities — a
discounting factor for period t utility, when sticking to the cardinalistic interpre-
tation. The Lagrange function for maximization of U = Zle p:Vp(x;) subject to
(5.4), written as > puxp=y: (t=1,....T), Zleﬁtyt:W, is

(9.1) L= pVe(m) =3y MO it —y0) — QU Brye— W),
Since in optimum A\, =f,, (7.4) implies
(9-2) Ptvit.P(CCt) = \pir = QBpi = Uit.P(CCt) = WpPit,

where v p(a;) = OVp(xy)/0ry and wp, = Ne/pr = QB:/pr. The latter is the La-
grange multiplier for the period-t-problem conditional on y;:

max Vp(z;) subject to > | piZit ="Yt,

9.3 "
(9.3) Lp = Vp(x;) — th(ZizlpitIit—yt)-

This mimics the problem for a myopic consumer in (say) period t=1. Since

(9.4) In(wp;) = In(2) + In(4) — In(p),

it follows, provided that 3, and p; do not respond to changes in the ys, that
dIn(wp,) = dn(Q) = Oy X7 ayedIn(y,),

where a,, = 0In(W)/0In(By,) = Byy,/W, and hence,

(9.5) dIn(wp;)/dIn(B,y,) = Qw 23:1 aysd In(ys)/dIn(y,),
so that

dIn(wp,) > d dln(ys) >
9.6 — =0 <— s—"t = 1.
(56) dIn(y) < v ;ay dIn(y) <

Of relevance here is the Hicksian elasticity of expectation, Hicks (1939, Chapter
XVI).' Several authors using parametric models and calibration exercises for teach-
ing or policy application purposes, appear to inadvertently set (the counterpart to)
this elasticity to unity. An interpretation is that if dIn(y,)/dIn(y;) =1 for all s,t,
there is proportionality between wp; and €2 over time, so that

dIn(wp,)/dIn(By,) = Qw.

198¢e also Arrow and Nerlove (1958), Lachman (1945) and Ozga (1975).
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Commenting on price expectations in a similar full separability case (the remark is

equally relevant for income expectations and under full separability), Blundell, for

example, remarks, without expanding the argument in detail:
“For intertemporal allocations, the approach of Frisch has turned out to be extremely
attractive. Additive separability over time is commonly assumed and can easily be
extended to account for uncertainty. Moreover, the price elasticities from the Frisch de-
mands are identical with the good-specific intertemporal substitution elasticities........
where we relax the perfect-foresight assumption and allow for uncertainty, the Frisch
elasticities have to be interpreted as price responses along an anticipated price path.
As such, they do not necessarily correspond to the intertemporal elasticities needed

for policy analysis. Policy changes often are unexpected and therefore involve an
unanticipated income or wealth effect.” [Blundell (1999, pp. 148-149)]

Equation (9.5) connects the Frischian flexibility of the marginal utility of period-
t-income with the marginal utility of wealth flexibility (y,, and the elasticities of
expectation of period income y, say dIn(ys)/dIn(y;), s =2,3,...,T.

2. Frischian flexibilities: restrictive commodity-separability. Let in (7.7) Uy (@)=
piVe (), where Vo(-) is a ‘commodity-invariant, multi-period utility index’ and
1; an i-specific factor of proportionality of marginal utilities — interpreted as a
‘utility weight” for commodity i. The Lagrange function for maximization of U =
Yoy Ve () subject to (5.4), written as Zthl PaTi=w; (i=1,...,n), > " w;=
W, where w; can be interpreted as a (discounted) ‘commodity-i-expenditure’; is

n n T _ n
9.7) L= mmiVe(@a) =226 Q0o Pieta —wi) = QU wi—W).
Since in optimum y; = €, (7.10) implies
(9.8) Wivie.o (@) = XiDit = Wit = Vir.o(Ta)) = WeiDits

where vy c(xu)) = OVe(xr))/0xy and we; = xi/pi = Q/p;. The latter is the
Lagrange multiplier for the commodity ¢ problem, conditional on w;:

max Ve(z(;)) subject to Zleﬁit:@t:wi,

9.9 no -
6-9) Loi = Ve(zi)) — woi(D i Piris—w;).

This mimics the problem for a consumer who, in period t=1, consider allocation of
the discounted sum w; on commodity ¢, say, foods, housing, or transportation, up
to period T.2° Since

(9.10) In(we;) = M(Q) — Inp),

it follows, provided that p; does not respond to changes in the ws, that
dIn(we;) = dIn(Q) = Qw S, qurd In(awy,),

where «,,;, = 0Iln(W)/0In(w;) = w;/W, and hence,

(9.11) dIn(we;)/dIn(w;) = Quw > 7 awrdIn(wy)/d In(w;),

20 0 special case is the frequently used one-commodity dynamic model, with total consumption as one bundle.
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so that

dIn(wg;) > = dIn(wy)

= Qy <= Zawkdln( )

(9.12) TIn(w,) = 2

/\II\/
—_

If all dIn(wy)/dIn(w;) = 1, implying proportionality between w¢; and €2 across
commodities — which, in view the commodities’ different ‘scale properties’, reflected
in the utility function being non-homothetic, seems less realistic than proportionality
between wp; and €2 over time — we would in particular have

dIn(wg,)/dIn(w;) = Q.

Equation (9.11) connects the Frischian flexibility of the marginal utility of commodity-
1 expenditure with the marginal utility of wealth flexibility y,, and the relative
changes in commodity expenditures, say dln(wy)/dIn(wy), k = 2,3,...,n, which
are the formal counterparts to the income elasticities of expectation.

3. Frischian flexibilities: restrictive full separability. Let in (7.13) Uy (xi) = pipsV (x3),
where p; and p; are utility weights for, respectively, period ¢t and commodity ¢ and
V(-) is a prototype single-commodity utility element. The Lagrange function for
maximization of U=Y"" 3" piu;V () subject to (5.4) is

(913) E — Z;F:lpt ZZ 1,“2 ( ) Zt 1At(zz;?lpitzit_yt)_Q(ZtT:lﬁtyt_W)’
D it D PV (i) = 3 i X (Do Parie —wi) — QU wi — W),
and (9.2) and (9.8), letting v},(x;;) =dV (x;) /dz, specialize to

P (Ti) = Mpir <= vl(vy) =wppn (t=1,...,T) <+—=
:uivz/'t(xit) = XiDit <~ 'Uz(t(xit) = wCiﬁit (Z = 1a cee >n)>
where wp, = A\t /pr = QB¢/ pr, and we; = xi/ i = 2/ ;. The latter are the Lagrange

multipliers for, respectively,

max » ., j;V (x;) subject to > " puli =1y,
Lpr =Yy iV (Tir) —wpy (311 PirTis —Ye),

max Y1, pV (i) subject to 31 it =w;,
Leoi = ZtT:l Ptv(xit)_WCi(ZIstlpitzit_wi)-
Since (9.4) and (9.10) are still satisfied, these Lagrange multipliers are related by

In(wp¢) + In(ps) — In(B;) = In(we;) + In(p;) = In(2).

Then, (9.5) and (9.11) summarize, for the cases with restrictive additive separa-
bility, the connection between the generalized Frisch parameter (the flexibility of the
marginal utility of wealth), the period-specific flexibility of the marginal utility of
income, and the commodity-specific flexibility of the marginal utility of expenditure.
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4. Hicks-Allen decomposition: restrictive period-separability. Conditional on period
expenditure y;, irrespective of p, and ys (s # t), we have in precise notation, in
analogy with (2.8), (2.10), (2.11), and (3.3), for the period-t-problem (9.3),

_ 8fz’|Pt(pt> yt) Yt

Ti|pt = filpt(pta yt)v Eﬂpt = dys f~\pt(pt yt), 1=1,...,n,
8hi|Pt(WPtpt) Dit .
Ty pe = hipe(Wpepy), ¢ij|pt = D0 hi\Pt(‘iPtPt)’ ,j=1....,n,
_ _ Owpi(py; Yt) Yt
Wpt = th(pw yt)a wy\Pt == ayt th(p yt),
tr
where

n
Ei|Pt = Wy|Pt ) 1 ¢ik\Pt‘

This gives Hicks-Allen commodity, period-t-conditional substitution elasticities,

(9.14) Oij|pt = @%’\Pt— ij| Pt
the Frischian and general commodity substitution elasticities being, respectively,
Dijlpt EiPtE'Pt ..
¢ij|Pt: Jl ’ Sij\Pt:¥, ij:lj.”’n_
aj‘t wy\Pt

If commodity-separability for period t also prevails, then ¢;jp; = 0;;¢ipr = %EZ.' thy_ﬁ%.

5. Hicks-Allen decomposition: restrictive commodity-separability. For the analogous
commodity-i-problem (9.9), we have in precise notation, with Py = (Pi1, Dizs - - -, PiT) =
(pi1, Bapia, - - -, Brpir), conditional on the commodity expenditure w;, irrespective of
Dy and wy, (k#1),

_ A fyci(Pys wi) w;
o = fthi(p(i)7 wi) Et‘Ci - ow; ftICi(ﬁ(') w;)’

_ Ohyci(woib(;y) Dis
o = hﬂCi(wCip(i))’ (thICi - op; ht\Cz’(WCiﬁ('))7

B _ _ Owei(Py, wi) w;
woi = weilPey wi), - Wujes = ow;  weiDpy, wi)

where .
Et\C'i = Wu|Ci Zs:l ¢ts\Ci‘

This gives Hicks-Allen temporal, commodity-i-conditional substitution elasticities,
(915) Uts|Ci = ¢t5|Ci_StS|Ci>

the Frischian and general temporal substitution elasticities being, respectively,

Gis|ci EyciEgci B
Yisjoi = —=—, Stsjci = —————, t,s=1,...,T.

sl ww\C’i

If period-separability for commodity 1 also prevails, then ¢y ci = dpsPuici = 5t5Et‘ Ciw;‘lci.

22



We can then conclude:

a. Full period-separability and commodity-separability for period t — irrespective of
Ys, Ps (s £ 1) and irrespective of whether commodity-separability prevails for periods
s#t — implies

oy 5
i| Pt ij .o
(9.16) O'Z-»Pt:—( —E-Pt), ij=1,...,n.
Jl Wy e \ Q5P Jl

b. Full commodity-separability and period-separability for commodity ¢ — irrespec-
tive of wy, P,y (k # ) and drrespective of whether period-separability prevails for
commodities k71 — implies

E. . /[/5¢§
(9.17) Opajci = ”C’( s SCZ.), t,s=1,...,T.

ww\Ci As|ci

c. Full period- and commodity-separability implies that jointly,

Eype (6 o
Tijlpt = I ( ,] _Ej|Pt)7 Lj=1,....,n; t=1,...,T,
wy\Pt Q| pt
(9.18) i
t|Ci 6ts .
O'ts|Ci = ( _EsCi)v t,s=1,....,7;i=1,...,n.
ww\Ci As|ci

Contrasting (9.16)—(9.18) with (9.5) and (9.11) — recalling all assumptions about
the utility function and the consumer’s optimization problem on which these two sets
of relationships rely — raises the empirically relevant question: when and how can
estimates of ‘conditional’ Frischian flexibilities like Wy pt and Wy |Ci be translated into
estimates of 27 Elements of an answer have been given in the previous sections.
In the final section, we give some concluding remarks.

10 DiscuUSSION AND CONCLUSION

In focus of this paper has been substitution in the spatial and in the temporal
sense and the connection between them. Frisch (1959), discussing, inter alia, intra-
temporal commodity substitution, proposed, and demonstrated the usefulness of
systems of demand functions conditional on the marginal utility of income, later
labeled ‘Frisch demand functions’. Such functions and their multi-period counter-
parts, systems of dynamic demand functions conditional on the marginal utility of
wealth, have been a starting point for the present paper. A question which comes
to the forefront when discussing such systems is to what extent substitution elas-
ticities obtained from data with spatial variation, across commodities, agree with
substitution elasticities obtained by exploring data with temporal variation, across
time periods, for single commodities or for aggregates of them. More precisely, and
stated in econometric terms: when can estimates representing spatial substitution
be interchanged with estimates relevant for temporal substitution, and vice versa?
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Are there ceteris paribus clauses or issues related to autonomy and invariance that
should be considered?

In the paper, decompositions of the ‘total’ Hicks-Allen substitution, as following
from Slutsky type of substitution in classical demand analysis, into two components:
‘Frisch substitution’, also called ‘specific substitution’, and ‘general substitution’,
in the Houthakker-Theil sense, has been repeatedly exploited. The former refers
to the ‘genuine substitution’ that follows ‘directly’ from the form of the utility
indicator function, and in Frisch’s terminology represented by ‘want elasticities’.
The latter refers to substitution following from the commodities’ ‘competition within
the budget’. While the former may be, and in practice often is, eliminated for certain
commodity combinations through parameter-saving restrictions, the latter can never
be made to disappear (although it usually does not involve specific parameters). Of
particular importance is the fact that the inverse of the ‘flexibility of the marginal
utility of income’ (strictly a cardinal concept), often labeled the ‘Frisch parameter’,
is a core element in mathematical expressions of both kinds of substitution. Specific
substitution has a different meaning relative to the ‘Frisch parameter’ under additive
separability than in less restrictive cases, which should affect procedures for its
estimation both in parametric and non-parametric contexts. In the latter role,
however, the ‘Frisch parameter’ does not presume a cardinalistic interpretation of
utility, which is probably a primary reason for its popularity.

Ideally, though depending on purpose, scale effects, represented by Engel elas-
ticities, and substitution effects, represented by Hicks-Allen elasticities and their
components, should be allowed for jointly in modeling. For some applications it
may be worthwhile to ‘isolate’ one of them. The literature dealing with parametric
specifications give numerous examples as specific parameter restrictions, see e.g.,
Crossley and Low (2011, Section 2), Pakos (2011, Section 2 and Appendix A) and
Thimme (2016, pp. 228 and 239), for a few recent examples. Sometimes, paramet-
ric utility functions, or utility elements, are restricted to be additively separable
and/or homothetic. Additive separability, in multi-period, multi-commodity con-
texts, restricts Frisch cross-elasticities, some of them or all, to be zero, between
commodities, between periods or both.?! Full homotheticity restricts all Engel elas-
ticities to equal one. The latter is, in a multi-commodity context, a quite unrealistic
implication which, with reference to, e.g., ‘Engel’s Law’ has been rejected in much
empirical work. The relevance of imposing homotheticity on the dynamic utility
function in a one-commodity context — neglecting any ‘scale effects’, say over a con-
sumer’s life-cycle, by making all Engel elasticities equal to unity — is still a contested
issue, notably when durable goods are involved.

We finish by briefly stating some more specific conclusions: First, depending on
the commodity grouping, specifications with additive separability across commodi-

21Crossley and Low (2011, Corollary 1) for example shows that if (i) the intertemporal utility function is additive
in period-specific ‘felicity functions’; corresponding to (7.1), (ii) the latter have a certain PIGL or PIGLOG form
and (iii) the within period preferences are nonhomothetic, then the elasticity of substitution is identified by the
shape of the Engel functions.
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ties and non-homotheticity over periods for each commodity are worth considering.
Second, other forms of restrictive block-additive separability over either time-periods
or commodities gives parameter-saving specifications also worth considering. Third,
when extending a static model to a dynamic one and attempting to ‘translate’
commodity-related elasticities of substitution into temporal elasticities, the Hick-
sian elasticity of expectation emerges as an interesting concept. Fourth, omission
of Hicks-Allen or Frisch direct substitution elasticities may be relevant in defining
aggregate substitution elasticities. The elasticities obtained are somewhat related to
Morishima elasticities. Fifth, an appropriate weighting by budget shares is essential
to construct from the commodity-temporal level expressions interpretable as aggre-
gate Engel and substitution elasticities. Sizth, the Frisch parameter in the income
and in the wealth sense cannot, in general, be interchanged. In particular cases,
e.g., with additive separability of the utility function over periods and commodities,
the translation raises few problems. Otherwise, giving attention to ceteris paribus
clauses and autonomy (in the econometric sense) is highly recommendable.
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