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Mathematical supplement

1 Cost of K

fs denote cost shares and As factor shares, as in the main text. Then, ¢x is
calculated as:

¢x = O0px (O + Opppr) + Ok (Oun - (O + Opuppe) + 0y (0L + OppPE))
= 0pr0rpW + OpxOpppE + ONKOENOLEW + ONKOENOEHDE
+ OnkOpNnOrBW + ONKkOBNOEBDE
= [0pr0Orp + ONkOunOre + OnkOpNOLB] W
+ [0pxO0ep + OnkOunOeH + OnkOBNOEB] DE

=0rk - W+ 0pk - DE.

with Orx = OpxOrp + OnkOunOre + OnkOpnOrp > 0 and Opx = OpxOpp +
OINkOunOen + OnkOpnOER > 0.

2 Proof of lemma 1

Differentiate (9) and (10) to obtain:

E = Xpx(apx + X) + Apx (apx + ix)

0= )\LX(dLX + X) + )\LK(&LK + gK)

0=éx+ (2K

With p = (p+ gk)/gx > 1 we can write:
Ik = —p - g = —pOpxpPEe — POLKW
Use this as well as:

apg = Qanq(ﬁ) — Pr)

arg = _HEqu(w — Pr)

for ¢ = X, K which yields:



E = \px [HLXUX(w —pr) + X}

+ Apk|0Lkok (® — pE) — Ok ppE — 0Lk pi0)]
0=Arx [_QEXUX(w —pe) + X]

+ ALk [~0prox (W — Ppr) — OpxppE — OLKPU0]

Multiplying gives:

E = AexOrxoxw — ApxOrxoxpe + )\EXX
+ Aex0rx oW — Apgr0rk 0k PE — AexOEK PPE — AEKOLKPW
0= —-Ax0pxox®W + A\pxOpxoxDe + Apx X

— AMkOprkorW + A\ kO ok PE — A\ikOEKkPPE — ALk OLK PW

Collecting for w and pg gives:

A

E = Mpx0rx0x + A\exOrkokx — ApxOLkp)w
— MexOrxox + ApkOrk 0Kk + A\exOpkp) PE + AEXX
0= [-AxOpxox — A\kOpxorx — ALkOrxp| ©
+ [AxOrxox + AkOpkox — A\LxOpkp| P + )\LXX
For a constant w the impact of pr on E is —AexOrxox — AprOrrkox —

AexOexp < 0 that means it is negative as expected. Collecting further and
solving the labour market for w gives:

E= Aexbrxox + AexOrk(ox — p)| W

— Mex0rx0x + ApkOrk oKk + AexOpkp) PE + )\EXX

ArxOepxox + AxOpxox + ApxOLip) W
= [)\LXHEXUX + ALxUEKOoK — /\LKQEKﬁ] P+ )\LXX
AxOexox + Axbex(ox — p)| Pe + Anx X
ArxOpxox + ApkOpxox + ALxOrp
AexOpxox + ArklOpx(ox — p) e + Ax X
AxOepxox + Ak (Opxokx + 0rkp)

W =

which shows that, for constant X, w and pg have the same sign when ox > p
and that the opposite happens when A\ x0pxox + ApxOpr(ox — p) < 0 which
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requires large values of Opx and p. By inserting w in the energy equation and
collecting we obtain:

E . {[)\EXQLXUX + /\EKHLK<O-K - 15] ’
AxOpxox + AxOek(ox — p)]
AxOexox + )\LK(HEKUK + 9LKﬁ>

+ Aex0rxox + ApxOrxkox + Aex0ekpl}DE

ALX A
+ — + A X
(/\LXQEXUX + Ak (Opxorx + 0rkp) 5x)

or, respectively:

& lbiox +ba(okx — pl [b3ox + ba(ox — p)]

E=—{ b

_{blbga§( + 50’){(0’}( - /5) + bgb4<0’K — ﬁ)
bs

+0ypp +T- (Y —7)

2 ~ A
+b0}pp+T-(Y —7)

with:

by = Agx0rx >0, by = Apxlrx >0, by = ApxOpx >0
by = Aoxbpx >0, bs = A\pxOpxox + Aok (0pxox + 0Lkp) >0

b= Aex0rxox + ApxOrxox + ApxOpkp > 0

- 1—
b = b1by + babs > 0, ’Y:gA—i‘TﬂgKZO

A
r LX

— —+Apx >0
AxOpxox + )\LK(GEKO'K + GLKp> .

which reveals that pg has an unambiguously negative impact on E when o >
p. When o < p an ambiguity arises. In this (special) case, according to the
expression A\px0pk(ox — p) from above, wages decrease sharply after an energy
price increase which causes a strong output effect in the capital sector possibly
offsetting the direct energy price effect. This may happen even when taking into
account the positive impact of b. In the short run, wages are not flexible; then,
the impact of energy prices on energy use is unambiguous according to:

E=—b-pg

3 Proof of lemma 2

To evaluate §; we write:

A

8 = ki =Y = Ops — Pri + Px —
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We use the optimum conditions in the capital sector, i.e. Opx /Onk = [pr/PN]
and Oy /0N = [pu/ pB]l_UN to derive the cost shares 6 for the different capital
types ¢ where oz and oy are the elasticities of substitution between physical
and non-physical capital and between human and knowledge capital, respectively.
Moreover, we express O1; as well as px and py; in terms of input prices w and pg,
which yields for capital type P:

Sp+7="0nk(l—0g)(r —Pn) + (Orx — Orp) + (0px — Opp) Pr
=0Onvk(1 —0g)[(OLp — OLn)W + (0N — Opp)DE]
+ (Ox — Opp)w + (Opx — Oep) PE
=0Onk(1 —0g) [(0eny — Opp) + (0pn — Opp)DE] + (0P — OEx) (0 — PE)
=0Onk(1 —0g)(0pn — Opp) (0 — pp) + (Opp — Opx) (W — Pr)
= [Ovx(1 —0z)(0en — Opp) + (Opp — Opx)] (W — DE)
where we have used 0, x =1 —0gx , 0.p = 1— Ogp etc. Similarly, we obtain
for H and B

S+ =081 —0n)Ops —Opu)+ (Opu — Opx)] (W — Pg)
sp+7=1[0un(l—on)0pn — OeB) + (Ops — Opx)| (W — PE)

To find w — pr we use the factor market equlibria and the capital market
equilibrium as well as X = —0,xw — Opxpr to get:

ex(Orxox(W — pp) — Opx — OpxPr)
+ >\EK 0Lk 0k (W — PE) — OpkpPE — OLK PU]
0= Ax [~Opxox (W — pp) — Opx — OpxpE]

+ Ak [~Opxox (W — pp) — OpkppE — 0Lk p0]

so that:

E = A\pxOrxoxw — AEXQLXUXﬁE — ApxOrxw — >\EX9EX13E
+ AekOLkoRW — )\EKGLKUKﬁE - )\EKQEKﬁﬁE - )\EKQLKﬁw
0= _)\LX(QEXO'Xw + )\LXQEXUXﬁE - >\LX9LX'LD - )\LXGEXﬁE - )\LKHEKUKw

+ AkOerokPE — AkOpKpPE — ALK OLK PW

and:

E= MexOrxox — AexOrx + Aex0rxox — Apx 0Lk p) W
— AexOrxox + ApxOpx + A\exbrxokx + A\exOkp) PE
0= [—)\LXHEXUX —Ax0x — A\okOprorx — ALKHLKﬁ] w

+ [MxOexox — ApxOpx + AkOpkox — A\xOpkp| DE

l1-0yx



Written in matrix form we have:
Ci1 Ciz2 | w _
C21 C22 DE

c11 = Z Aeglrq0q — AexO0rx — AexOrkp

q

Cig = — Z/\ququ-q — )\EXGEX - )\EKHEKﬁ
q

Co1 = — Z ALququ — AxOrx — )\LKQLKﬁ

q

where

Cog = Z /\LqHEqu — AxOex — )\LKQEKﬁ

q

By construction of the cs the determinant A of the system is maximum if o,
= 0, which yields:

A = (ApxOx + Aex0ixp)AexOpx + AxOeip)
— (Aex0ex + Aex0exp)ArxOrx + ALxOLkp)
= Apx0rxALx0px + Apx0rxALk0exp + Aek 0Lk ALxOex + A0k ALk p
— ApxOpxALx0rx — ApxOpxALxbikp — ApxOex ALx0rx — ApxkOprk ALk OLKkp
= AexAex(Orx0ex — Opx0rx) + Apx ALk p(0Lx0pk — OpxOrk)
+ AexArx(Orx0ex — OprOrx) + Apx ALk p(0exik — OpxOLk)
= Apx Ak p(0rx0px — OpxOrx) + Apx Aex (OLx0epx — OpkOrx)
= Aex AL p(0rx0ex — OpxOrx) — AexAx(Opx0rx — OrxOex)

= (>\E‘X )\LKﬁ - )\EK)\LX> (GLXHEK - QEXHLK)

Provided that intermediates production is relatively more intensive in en-
ergy use than capital accumulation, i.e. we have 0;x < Ok, Opx < Opx and
)\LX//\LK < >\EX/)\EK so that AEXALKﬁ_)\EK/\LX > 0 and QLXHEK—QEXHLK < O7
we get A < 0. When intermediates production is relatively less energy-intensive
than capital accumulation, i.e. we have 0;x > 0.k and Ogx > Opx as well
as )\LX/)\LK > )\EX/AEK In this case we have GLXQEK — GEXHLK > 0. When
)\EX)\LK,E — AprgALx < 0 we get again A < 0. For )\EX>\LKﬁ — AggALx > 0 al-
though A\ x /AL > Aex/Aex we would, by the definition of p and plausible values
for the parameters, obtain the result that p > gx. This, however, is not feasible
in a growing economy and can be discarded. We infer that the determinant is
negative, i.e. A < 0. For the input prices we obtain:

1 .

Coo ~ ~
%E = Z [)\LXeEx(O'X — 1) + )\LKQEK(O'K - p)] - K

W =



A~ C r 1 ) 3
PE = _fE —A Ax(Oexox +0rx) + Ak (Opxox + 0k p)] - B

which means that:

W —prp = {[AexOex(0x — 1) + AoxOpx (oK — p)]
B
— Mx(Opxox +0rx) + A\xk(Opxokx +0rkp)]} - A
= ()\LXQEXUX — AxOex + AikOpxox — )\LKHEKﬁ

- )\LXGEXO'X - )\LXQLX - )\LKQEKOK - )\LKQLKﬁ) :

D> &

3 B
= (—=Arxbex — AxOpxp — AxOrx — ALxOrkp) - X

_ E v
= [ Ax(Opx +0rx) — A\xp(Opk +01K)]) - — =
A A
As we have A, v < 0, it follows that a decrease in E causes an unambiguous

decrease of the wage/energy price ratio. Inserting for the different capital types
yields:

el

sp=[0nk(1 —0z)(0pn —O0pp) + (Oep — Opx)]

v ~
B
A 7
~ vV
Sg = [QBN<1 — UN)(QEB —0gy) + (Opy — 9EX)] N E—v
R /2N
$p=1[0un(l —on)(Ory — OrB) + (s — Opx)] A E—~



