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Abstract

This paper presents a dynamic model of a competitive R&D and production duopoly subject
to knowledge spillovers. Two asymmetric firms operate for a limited period of time and
dispose their knowledge capital in the end. Both firms and the social planner prefer the R&D-
cooperative strategy over the competitive one regardless of the intensity of knowledge
spillovers. Accumulation of knowledge capital results allows the monopolist to have lower
marginal cost of production and charge a lower market price than a fully competitive duopoly.
Being able to define the degree of knowledge exchange when creating a research joint
venture, the firms do not necessary choose the highest degree of cooperation available.
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1 Introduction

The objective of this study is to investigate strategic R&D and production
behavior of asymmetric agents in a dynamic setting. It is assumed that the
knowledge spillovers exist and we consider scenarios where firms cooperate in
R&D and/or production with an innovative technology. The study is based on
the static competitive behavior model in d’Aspremont and Jacquemin’s (1988)
(referred below as A&J (88)). The A&J (88) model was subject to a number of
extensions and modifications, most of which were built in a similar static setup
(Suzumura (1992), Vonortas (1994), Brod and Shivakumar (1997), Kamien and
Zang (2000)) The A&J(88) model was also extended (by Hinloopen (2000)) to
analyze the policy instruments regulating the firms’ innovation activities.

We find that a dynamic setting is more interesting, because it requires agents
to learn and accumulate the knowledge capital and build their strategies with an
account of the time factor (Reinganum (1981) and Doraszelski (2003)). Previ-
ously, a dynamic extension to the A&J(88) was provided by Petit and Tolwinski
(1999). They assume in their model that firms have a linear knowledge capital
accumulation path, controlled by the knowledge capital investment rates. A
case of firms with asymmetric knowledge accumulation capacity is also consid-
ered.

Nonetheless, the Petit and Tolwinski’s model cannot be viewed as a direct
dynamic extension of the original static model. Unlike in A&J(88), Petit and
Tolwinski used a nonlinear demand function and a number of implicit nonlinear
evolution parameters in the research cost function and the knowledge capital
growth, which is a difficult nonlinear optimization problem. Moreover, the
conclusions derived from this study do not utilize the dynamic features of the
model and concentrate on the aspects similar to those studied in the static-type
papers.

In our study we preserve all the initial assumptions of A&J(88), but use our
own asymmetric setup, where one firm is capable of producing and innovating
more efficiently than the other. Technically, this model is a dynamic game
with two state variables (quantities of knowledge capital accumulated by two
agents) and four control variables (each agent’s R&D investment and production
volumes). We employ dynamic game methods together with numerical simula-
tion techniques (based on the dynamic programming methodology of Kendrick
(1987)) to obtain solutions and draw the firms’ time paths. The solution of this
model is a feedback Nash equilibrium of a linear-quadratic difference game.

In our research we succeeded in achieving a number of important results
describing the dynamic aspects of strategic cooperative/competitive R&D. We
observed that the outcomes of the firm’s strategic choice in the beginning of the
dynamic game do not necessary indicate in favor of a strategy, which is optimal
for the game in overall. The profits of fully competing firms in the beginning
of the game are higher than the profits with knowledge sharing or those of the
research joint venture, but this situation changes in time. If a total net present
value of profits is considered, R&D cooperation and knowledge sharing are more
efficient strategies than full competition.



The ability of the firm to accumulate knowledge over time plays important
role in determining the market’s performance. When the knowledge capital of
the firm(s) becomes substantial enough, it is possible to observe the cases when
a monopoly results in a lower market price and marginal production cost, than
in the case of fully competing firms.

The factor of knowledge spillovers attributes to the fact that one firm can
freely benefit from R&D conducted by another firm. The general consensus
is that when knowledge spillovers are strong, the innovating firms have greater
incentives to cooperate, which is also socially desirable. The initial A&J(88)
model supports this conclusion in a static setting. Our goal is to figure out
how the picture changes over time if the agents are allowed to play their game
dynamically.

An RJV with fully internalized spillovers is well studied in the literature
Vonortas (1994), Suzumura (1992), Kamien and Zang (2000), Hinloopen(2000).
They assume that when two firms decide to cooperate in R&D the knowledge
is completely shared by the members of the consortium.

In our study we allow firms to determine the degree of their cooperation
in research by setting an arbitrary degree of knowledge exchange, which can
be higher than the existing knowledge spillover factor, but yet lower than one
observed when the knowledge is fully shared. In this context we can reinterpret
the findings of the static A&J(88) model in a following way: firms’ cooperative
profits are the highest when firms decide to share the knowledge completely.
The study of Amir et. al (2003) considered the partially endogenized spillovers
in a generalized static setup. Their finding is that the firms will create make
a cooperative agreement only in two circumstances: either with full knowledge
exchange or without any additional exchange of knowledge other then through
the existing spillovers effect. In our dynamic setting the results are different.

The model indicates that in the situation when ”natural” knowledge spillovers
are extremely weak, a more efficient firm experiences decreasing cooperative
profits for the range of weaker cooperative arrangements (when the degree
of knowledge exchange is higher than that of natural spillovers, but still low
enough) and an increasing profits after a certain threshold value. Only co-
operative agreements with a strong degree of knowledge exchange above the
threshold value provide a more efficient player with increasing profits.

The paper is organized as follows. Section 2 presents the reader with a
dynamic strategic model of cooperative/competitive R&D and production. In
Section 3 we give the results of numerical simulations. And Section 4 concludes
the paper.

2 The Model

Two firms operate in the same market with the normalized reverse demand
function at time period t:

Pt =1—Qy,



where
Qt =it +qj,ta te [OaT]a 7’7] - 172a { #]7

is the overall or industry production at time ¢ of two agents together.

We define a final time period T', where the firms terminate their game under
given conditions. This end period can mark various termination conditions for
innovation. Inher model Reinganum (1981) calls this time moment a Doomsday
and describes it as the moment when invention becomes completely obsolete or
when the R&D is abandoned due to the failure to obtain a new technology. In
our case the termination condition implies that any further perfection of the
current technological process is no longer possible. We also assume that in the
end of the game the knowledge capital is not rendered completely useless, but is
sold out, meaning that this knowledge can be used to improve other technologies.

There are two corner stones in the A&J(88) model. One is a quadratic
research cost function, which allows for diminishing returns to R&D. And the
second is the implicit effect of one firm’s R&D on the production costs of the
other. A particular firm’s R&D cost function at time ¢ is:

2
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t
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where v; > 0 is agent ¢’s per-unit marginal cost of research and z;; is firms
i’s amount of R&D effort directed at reducing the marginal cost of production.
Two asymmetric agents have v; #v;,1 = 1,2, i# j.

Agent ¢’s production cost function at moment ¢ is:

Ci(qie, kit  kje) = (Ai — kie — Bkje)aie, 1,5 =1,2, ©# 7,

where 0 < A; < a, is agent i’s marginal cost of production when there is no R&D
conducted and the condition implies that the intercept of the inverse demand
function is higher than the highest value of the marginal cost. Variable k; ¢,
i,j = 1,2, i # j, represents the current level of firm i’s accumulated knowl-
edge capital at time period t. The corresponding knowledge capital evolution
equation is a linear function of previous state and current R&D expenditures:

kiv =1 —d)kis—1+ 4,

where d is the linear depreciation rate for the knowledge capital. In the pro-
duction cost function the parameter 8 € |0, 1] represents the knowledge spillover
effect. Parameter § describes how intensive firm ¢’s production cost is decreased
by the firm j’s research efforts without any direct remuneration of firm 4 to firm
j-

There are two more conditions, which bring the model in line with the market
reality. The first condition implies that the marginal production cost is always
non-negative

kiy+ Bkjy < A;, for Vi e[0,T), i,j=1,2, i #J.



And the second gives us non-negative price in the market:
Q: <1, te[0,T].

We assume that agents are fully asymmetric, i.e. agent 1 has an advantage
in both research and production cost functions over agent 2. The difference in
R&D and production capacity is reflected by having different values of As and
~s for different agents. Assuming that firm 1 is a bigger firm, it follows that

f11 < f12

and
71 <:72,

i.e. we expect that the bigger agent has a lower marginal cost of production and
also a lower per unit marginal cost of research. The cross-costs advantages are
also possible, but we refrain from studying these scenarios here. Both agents
maximize their profit functions (discounted by the factor 0 < p << 1) over a

fixed period of time
t €[0,7],

subject to the start-point and the end-point conditions: k; o =0, k; v = free .
At every moment in time the firms play a two-stage game. In the first stage they
make decisions about the amount of their their R&D efforts. In the second stage
the agents build their profit maximizing production plans. As it is show below,
only the first stage game is directly linked to the dynamic behavior of the agents,
while the solution logic in the second stage game is the same as in the static case.
Similarly to the static model, we consider three major modes of cooperation
between the two agents in the observed industry: i) competition between the
agents in both research and production stages. (denoted shortly as (NC, NC)
mode), ii). cooperation between the agents in research, but competition in
production ((C, NC) mode), iii) cooperation between the agents in both research
and production ((C, C) mode). In this particular study we assume that the
mode decision is made beforehand and the agents can not switch the mode after
the game has started (full commitment).

2.1 Non-Cooperative Duopoly (NC, NC)

In this mode firms decide to behave competitively in both R&D and production.
As we solve the problem backwards, we start with considering the second stage
game, where firms both maximize the total accumulated profit function:

maxm; = mir(kir, kiT)+
{th}
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subject to

kitv1 = (A—=dkit+zig,
kiog = 0,
mir(kir, ki) = (14 p) Thir = free,
i,j = 1,2, i#j.

The condition m; (ki 1, kjr) = kijr = free represents the following end-
point assumption: by the end of the planned period both agents dispose their
knowledge stocks at unit price. It is clear that ¢;; = q(k; ¢, kj) , thus the
output decision in these dynamic problems can be obtained in the same way as
it is done in a static case. When each firm maximizes its profit function for the
output level g; ; separately from another, the first order conditions provide the
following system of equations:

-2 -1 q;‘,t _ A1 —-1- Xit — ij,t
-1 -2 q;-it A2 —1- Tjt — Bmi,t ’

1 L. . .
Gy = g(l — 24, + A+ (2—B)kir + (28— 1)kj4), 1,5 =1,2, i # 4.

which gives us

Thus, the first-stage problem is specified as follows:

{m_ax}w;‘ = mr(kir, ki) +

q
-
=0
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t
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subject to the same constraints as in the second-stage problem

This problem can be rewritten in the matrix form as a nonzero-sum discrete
difference game of the linear-quadratic type with linear state interactions with
the state vector z; and the control vector u; ¢:

T-1
]. ’ ’ ]_ ’
max T, = wirir+ Z[tawi,tzt twipzet A + Vi,
e t=0
kit
. = ’ Uit = (T4
t <k2’t>’ 2,t ( Z,t),
Ly = L2, 1#].

subject to
Zip1 = Az + By i + Bj g g.

The parameters of the profit maximizing problem for agent ¢ is described by



the following set of matrices:

v ()
(s

L (1-d )
Aii,t = P) Yi»
1 _
Vie = 5(1+p) [(1—24; + 4))?,

t e [0,T), i,j=1,2 i#j.

The agent-specific parameter matrices are:

By = 1, By =1,

2 (@8 2-pEE-1
Wie = —5+0) ( (2-p)28-1) (268 -1)? ) ’
wip = %(1 +p) N1 =241 + Ay) <226_51)’

2 —t (28— 1) (2-8)28-1)
War = —5+0) ( (2-p)28-1) (2-08)° ) ’
woy = %(1 +p) 71— 245 + Ay) (226_51),

ar = @r™(y) war =+ ().

The profit functions of two agents interact only via the state equation, thus
the optimal Nash feedback strategy of agent i comes from the coupled problem
defined in the following proposition. This problem is optimized using a dynamic
programming technique.

Proposition 1 Consider a nonzero-sum discrete difference game of the linear-
quadratic type with linear state interactions. The game’s state dynamics is
given by:

Ze41 = Az + Bigui e + Bjsugg.

The payoff of firm i is:

T—1
1
li li
Ty = WiTZr + E [ithi,tZt +w; 2t + 21&1 N i ¢ + Vigl,
t=0

iy = 1,2, i#].

Then there exist an optimal feedback solution:

= Gz + g,



where feedback rules are given by:
-1
Oiit  Oiji Wi
Ojit  Ojjt i)
-1
g = Oiit  Oijt Oic
t — ol ~ - .
Ojit  Ojjt 0j.t
The transformation matrices are generated by:

Oyt
i)t

Gy

Oij¢ AN
)G+ 2 ) Gy,
@jj,t> ot <‘I’jyt> '

Oij¢t  (Oi
) G )
ejj,t> gt + t ej,t )

Ki,=AK; 111 A+ Wi+ G, <

Vi)' Oii
A A et

Jst
and
~ ~ ~ ’
/ ’ )t )t p
Kji= A K114+ Wi + Gy <(:)” (:)]Z Gy +2 \ijz Gy,
Ji,t Jjst J,t
. / - p ~
¥, Oie O b,
/ ,t / 11,1t 1,t ! 1,t
pjt = Apjr twje + (@ 9t + Gy o.. (:)],, 9t + Gy A
J,t Ji,t Jist gt
where
/
Wit ALK 1418 4,
Ui = AiKi1Bjs,
/
Oiir = B Kity1Bi+ Ny,
/
Oi¢ = B Kit+1Bjgs,
/
Ojj¢ = Bj.Kiwy1Bjy,
/ /
0in = DBipitt1,
/ /
ej,t = Bj,tpi,tJrl’
and
Uy = AKji41Bis,
T /
Uie = AKj41Bje,
A /
Oii 1 B; 1K jt+1Bi ¢,
a /
Ojit = B} Kjt1Big,
& _ /
Ojj = Bj Kjp1Bje+ Ajje,
~7
/
ei,t = Bi,tpj,t-i-lv
~/
/
ej,t = Bj,tpj,t+1.



Proof. See Appendix. m

We solve this coupled problem employing a solution technique inspired by
Kendrick (1987) for a common quadratic-linear optimal control problem. We
decentralize the Kendrick’s procedure to include the interactions between two
agents’ state and control variables (see Appendix). The problem is solved nu-
merically by integrating Ricatti equations. As a result we receive a sequence of
optimal R&D investments {7} and production volumes {g;,} , corresponding
to the knowledge capital trajectory {k},}, t € [0,T — 1], i = 1,2. Maximiza-
tion of the coupled problem stated above requires matrix W; ; is non-positively
definite for any t € [0,T — 1], ¢ = 1,2.

2.1.1 Technology Sharing Competition (TSC).

Here we pick up an idea of Petit and Tolwinski (1999) about possibility of
sharing technological information between firms without making any additional
cooperative agreements. Such an arrangement occurs when two firms agree to
fully share their technological knowledge while still competing in production. It
represents a special case of the non-cooperative duopoly in the situation, when
both firms completely internalize knowledge spillovers, thus assuming 5 = 1.
Being different only in the value of one parameter, the game of technology shar-
ing competition is solved in a same manner as the problem of non-cooperative
duopoly.

2.2 R&D Cooperating and Competitive Production Duopoly
(C, NOC)

In this case we have agents, which decided to cooperate in R&D (i.e. to invest
in research in such a way that the joint profit function is maximized) and still
compete in production. As companies agree to cooperate in research, and
they are able to set Z‘? > [ implying that the members of consortium share
their knowledge more than the natural rate of knowledge spillovers, but not yet
completely. This arrangement is described as a Research Joint Venture (RJV)
with partially internalized spillovers

As in the non-cooperative duopoly, the second-stage game at a given moment
t yields the following optimal production levels:

) 1 . .
Gix = 5(1 —2A; +Aj+ (2 Bkie + (28 — 1)kje),

forve € [0,T—1], i,j=1,2,i+#j.

In the first stage the firms maximize the joint profit function is specified as
follows:

!
-

A 1 N .
maxf = mr(ki,r ker) + Y (1+p) t[g(l — 24 + Ao + (2= B)kr e + (28 — ko) +
¢ t

Il
<)

2 2
L1t $2,t]
)

1 . .
5(1 — 242+ A1+ (2 - 5)k2,t + (26— 1)k1,t)2 - 717 - ’YQT



subject to

kitv1 = (A —dkit+ i,
kio = 0,
rr(kir kor) = (14 p) L (kir + ko) = free,
i,j = 1,2, i#£j.

In matrix notation the problem is specified as:

T-1

. 1. ' 1.
{max}w = wrzr + Z[ithtzt +wpzy + §Ut1\tut + Vi,
Uit —0

subject to
Zip1 = Azy + Byuyg

with parameters matrices:

I <k1,t> ut—<x1’t) Uiy = (i)
k'27t Y m27t ’ T, 2, )
0 _r(1

v e () erein ()
1—-d 0 1 0

A = < 0 1—d>’ Bt‘(o 1)’

W, = &1+m4(<2—]?+@3—nz 2(2 - B)(25 — 1) ),

9 22-HEB-1)  @-BP+@B-1)
R R (Rt patvaiio!
Ae = —(1+p)7" <_31 072>
V, = %(Hp)*t[(l—2A1+A2)2+(1—2A2+A1)2],
wr = (1+p)_t(i>’
t e [0,71).

This problem is a case of linear-quadratic optimization problem. Results are
the optimal values of {&;}, {Gi+}, {ki¢}, t € [0,T —1], i = 1,2.  And the
maximization requires W; <0, ¢t € [0,7 — 1], ¢ = 1,2. Solution of this problem
follows the procedure given in Kendrick (1987, p.115) for a common quadratic-
linear optimal control problem. Correspondingly, for this type of problems we
formulate the following proposition.

Proposition 2 Consider a discrete optimization problem of the linear-quadratic
type with linear state. The problem’s state dynamics is given by:

Zpp1 = Az + By i g + Bj gy

10



The payoff of the agent is:
=1 1
T = wpzr + Z[Ezgwmzt + Wiz + QuéAtut + Vil
t=0

Then there exist an optimal feed-back solution:
ujy = Gz + gi,
where feedback rules are given by:
G: = —(0y)7'7,
g = —(0)7'0,.

The transformation matrices are generated by:
Ki,t = A;KtJrlAt + Wi + G;@th + 2\:[/th,
pit = Aipi i1 + wie + (U + G1O}) gt + Gb;.

where
\Ijt = A;Kt_;,_l Bt,
©;, = BKi 1B+ Ay,
0, = Bipit1.

Proof. See Kendrick (1987, pp.115-119). m
2.3 R&D and Production Cooperating Duopoly/Monopoly
(C, C)

In this mode the duopoly actually ceases to exist and the consortium’s problem
transforms into a one-firm optimal control problem:

max 7w = ﬂ-T(kLT7k‘2,T) -+
{qi,c,zic}
T—1 2
—t ml,t
A+p) [ =g —q2e)q1,e — (A1 — k1 — ko)qa,e — Y175 +
t=0
x% t
(1 —qu,e —q2,6)q2,e — (A2 — k1e — k2,0)q2,e — 727’},
subject to
kizv1 = (A —d)kis+ i,
kig = 0,
rr(kir, kar) = (1+p) T (kir + ko) = free,
i,j = 1,2,i#7.

11



Now there is one important moment to draw our attention to. Unlike in
the models with symmetric agents (A&J(88), Petit and Tolwinski (1999), Kline
(2000), Salant and Shaffer (1998), Suzumura (1992)), solution of the monopo-
listic collusion of asymmetric agents does not come down to the choice of one
common level of output and R&D investment, which is equally shared by two
firms. The players in our model have different research and production capac-
ities, therefore optimization requires solution for two separate optimal levels of
the output and R&D corresponding to each firm.

If we solve this problem for the optimal outputs, it turns out that it does
not provide a unique solution. The First Order Conditions (FOC) matrix, cor-
responding to this problem is not negatively definite and thus we must turn
to the corner solutions. It is possible to show that in a case when one firm
is more efficient in both research and production, there is one solution, which
dominates above all the other ones for any given combination of the model
parameters. This solution corresponds to the situation, where only a more
efficient firm (agent 1 in our case) produces the output, but both firms carry
out the R&D: ¢/7 #0, ¢;3 =0, x73,25,#0, t=1[0,T], i,j =12, i#j.

Now, if consider the monopolistic collusion problem with only firm 4 pro-
ducing:we maximize the following objective function:

T-1
max 7 = wp(kirkar) Y (1+p) 7 (1= qid)gie —
{qi,e,zi} o
2 2
T3t Tyt
(Ai = Kie = kje)gie = Vi =757 ]

Production decision rule in this case is:
qGr = 5(1 —Ai+kigt ki), qii=0, te[0,T—1], i,j5=1,2, i#j.

After we substitute this rule into the initial second-stage problem, we get a
single-stage problem with objective function:

*% —t ]- 2 xi l'-t
max g =mr(kir, ko) + ) (14p) [T = Ait kg + k)" =77 =775,
v t

!
-
N
SN

i
=

subject to the constraints given above.
The problem above is equivalent to:

T-1
1 1
r{na>}( T = wprp + E [§z£Wtzt + Wiz + §u;Atut +Vil,
u t=0

subject to
Zt41 — Azt + Btut.

12



The corresponding parameters matrices are given as:
2 = (k1t> g = (ht)
kat)’ Tor)’
0 71
=(1
(O) , Wr ( + p) <1> )
1-d 0 10
A = (0 1d>’Bt<0 1)’
1 (1 1
1 ¢ 1
= —(1 1—-A4; ,
w = 50+a -4 ()
A= —(+p)7 (gl . ) ’

—V2

1 _
Vi = 7(+p) (142

20

The numerical solution of this problem follows the same steps as in the R&D

cooperation with competitive production mode and is represented by {x:"; ,
{g;;}, and {75}, te€[0,T—1], i=1,2.

3 Numerical simulations

In order to illustrate the solutions of this model we provide results of a nu-
merical simulation. We have calibrated parameters of the model using the
non-negative price and marginal cost conditions together with limitations im-
posed by the second order conditions in problems corresponding to different
cooperation/competition modes:

i) The asymmetry between agents is assumed to be full, i.e. one agent has
total advantage over another.

ii) The less efficient firms has 10% higher marginal cost of production and
per-unit marginal cost of research than a more efficient one (A4; = 0.5, Ay =
0.55 and v, = 135, v, = 148.5).

iii) In the R&D cooperation mode the firms decide to exchange their knowl-
edge completely (B =1).

iii) The agents are given 150 periods to plan their strategies (¢ € [0, 150]).

iv) The knowledge capital depreciation rate is d = 0.1.

v) The future profit discount rate is p = 0.05.

3.1 Time Paths of the Control and State Variables

First we analyze the dynamics of control and state variable in the model. Figure
1 shows that two asymmetric agents invest in R&D and produce asymmetrically,
the fact first observed in the static model of Salant and Shaffer (1998). The

13
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Figure 1: Firms’ individual controls and states in different cooperation modes
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more efficient firm invests in R&D and produces more than the less efficient one.
The firms’ R&D investment trajectories exhibit several special features:

i) in the beginning of the planning period the R&D investment increases
over time at a decreasing rate;

ii) at the certain moment in time the R&D investment rate stabilizes and
remains constant;

ii) closer to the end of game the R&D investment drops dramatically.

Other two variables, output and the knowledge capital stock experience the
similar three-stage behavior.

The knowledge capital stock of two agents grows until at a certain moment
in time the rate of R&D investment becomes lower than the knowledge capital
depreciation rate, after which it starts to decrease. In the beginning firms in-
vest heavily in R&D in order to build up the cost decreasing knowledge capital
stock. But knowing that in the end they will have to dispose their knowledge
capital, the agents gradually shrink their research programs, preparing for clo-
sure and economizing on R&D costs. The closer they get to the end, the faster
decrease their R&D expenditures. On the other hand, the output volumes do
not fluctuate as much as R&D expenditures, because the production cost gains
rely on already substantial levels of accumulated knowledge capital.

Doraszelski (2003) points out that firms decrease their R&D investments as
knowledge stock grows. Out results show that firm’s knowledge capital and
its R&D investment follow similar paths, therefore the pure knowledge effect
is not negative as observed in the Doraszelski’s model, but positive. Firms
in our study decrease their R&D efforts as the game approaches its end, but
this decrease is accompanied by the corresponding decrease in their knowledge
capital.

Comparing the firms’ R&D investment dynamics in different cooperation/competition
modes we observe that the firm’s R&D efforts are negatively affected by the
knowledge spillovers rate in the fully competitive mode as we observe firms’
R&D investments with not internalized spillovers (NC,NC mode) to be higher
than when these spillovers are internalized (TSC mode). If we analyze, how
much do firms invest in cooperative modes compared to the fully competitive
one, we find that firms’ R&D investment is higher when the an RJV is created.
This finding is opposite to the result of Reinganum (1981) stating that ”Nash
rivals invest in R&D at a uniformly higher rate than do cooperative (tacitly
collusive) rivals.”

Here we observe that in the R&D cooperative mode spillovers are not only
internalized, but an additional cooperation is made, that allows firms to accu-
mulate and utilize their knowledge more efficiently. We discuss this fact a bit
later below.

3.2 Markets and the Firms’ Profit Functions

The market dynamics corresponding to the firms’ strategies is shown in Figure 2.
The market exhibits a three-stage time path. In the beginning the prices drop
considerably in all modes. Then the situation stabilizes and the prices remain
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Figure 2: The market price in different competition/cooperation modes (8 =
0.25)

flat. As firms approach the final date, the prices climb back. Therefore we
can talk about a certain market saturation point, which, once reached, does not
allow the firms to expand their production and, therefore, their R&D programs.
And close to termination the firms wrap their production up, making the prices
increase!.

Here we would like to point at one surprising result. At the market satu-
ration stage, the prices in monopoly mode are actually lower than the prices in
full competition. This result is opposite to the findings of Petit and Tolwinski
(1999), who argue that monopoly results in the highest prices in the market. In
general, it could be expected that creation of a monopoly will result in a least
efficient market with highest prices.

In order to investigate this difference we have changed the R&D cost function
specification from

2
Tit
b

Ci (wit) = s

[\

to
1172
” it
Ci (mi7t) = Zi,t + Y% y L= 17 2,

which is the same as in Petit and Tolwinski (1999). We simulated our model
for the case of two symmetric firms. Under this new assumption the simulation
produced results consistent with the Petit and Tolwinski’s (1999) finding, i.e.
prices in the monopolistic collusion mode are the highest.

We also simulated a symmetric case of our model in order to isolate the effect
of the R&D cost function specification change. Results show, that monopolistic
collusion of two symmetric firms gives the monopoly price below that of full

LSuch situation occurs only if there is no adequate substitute introduced for the phasing-out
technology.
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competition in the middle part of the game’s duration. Therefore, we obtain
the results consistent with Petit and Tolwinski’s only if we use their R&D cost
function specification.

A study of the literature has shown that the original A&J (88) R&D cost
specification is much more widely used than the version adopted by Petit and
Tolwinski (1999) (and also by Vonortas (1994)). Therefore, considering the
our results, we argue, that a special attention should be paid to investigating
the functional form of R&D cost function. Existence of a linear component in
R&D cost is not important for static models, but surely makes the difference
when the model is dynamic.

Firms' Production Costs

Figure 3: Firms’® production costs dynamics in different compati-
tion/cooperation modes (5 = 0.25)

The fact that knowledge capital in our model increases and then decreases
implies that production cost of the two firms decreases only in the beginning of
the game and even starts to grow close to the game termination moment. Closer
to the end the benefit from each consecutive innovation lasts shorter and shorter,
therefore decreasing the incentive to invest in R&D. At a certain moment in
time the rate of innovation becomes lower than the knowledge depreciation
rate, which implies that the firm wraps up its R&D program and prepares for
termination.

It can be seen in Figure 3 that the firms’ production costs remain on fairly
high levels during the game. Firms in full competition mode produce with the
highest production costs, while in the R&D cooperation and in the monopolistic
mode they reach much lower marginal production cost levels. The same holds
when comparing it to the technology sharing competition mode.

3.3 Firms’ Profit Functions and Welfare Implications

Figure 4 presents trajectories of the firms’ individual profit functions. In the
beginning of the game the firms experience a substantial rise in current profits
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Figure 4: Firms’ individual (current) profit functions in different competi-
tion/cooperation modes (8 = 0.25)

as a result of their innovation activities. But this growth takes place at a
decreasing rate and later in the game the profits stabilize on an almost constant
level. Close to the termination date the profit dynamics changes as the firms
adjust their R&D investments and outputs in preparation for the end.

Welfare Function (not discounted) Total Profit Function (not discounted)

L ewW
Wy o g

B o leare
— (CNC)

Figure 5: Total welfare and industry’s profit functions in different competi-
tion/cooperation modes (5 = 0.25)

In Figure 5 we present the dynamics of total welfare and the total industry’s
profits. Table 1 gives the net present value (NPV) of the total accumulated
profits and welfare obtained by the social planner during the whole duration
of the game. A surprising result is that the monopoly provides higher welfare
than the fully competitive duopoly. But the most desirable market structure
from the social planner’s point of view is the R&D cooperation with production
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competition. Firms themselves would have preferred to create a monopolistic
coalition, but if it is assumed that an effective anti-trust legislation is installed in
the market, the RJV will be the optimal firms’ strategy and it will be socially
preferred. The technology sharing competition is better than the fully non-
cooperative mode, but is still inferior to creation of an RJV from both firms’
and social planner’s points of view.

Mode || NPV of Industry’s Profit | NPV of Total Welfare
(NC,NC) || 1.1964 2.7076
(TSC) 1.3745 2.8459
(C,NC) 1.5286 3.7264
(C,0) 1.9892 3.5477

Table 1. The market profit compared to welfare in different competi-
tion/cooperation modes (5 = 0.25)

Provided that the firms can choose only from production-competitive modes,
their decisions can not be inferred from just looking at the illustration (see
Figure 4). In the beginning of the planning period the competitive profits of
the firms are higher than the profits obtained when the firms decide to cooperate
in R&D. At the end of the game the situation is different. We also should
take into account the influence of discounting. Therefore, below we examine
the NPV of accumulated individual profits for both firms. Table 2 presents
the corresponding results, accompanied by the plots of discounted values of the
firms’ individual profits in Figure.6.

Mode || NPV of Firm 1’s Profit | NPV of Firm 2’s Profit |
(NC,NC) || 0.8298 0.3665
(TSC) 0.8651 0.5094
(C,NC) 0.9849 0.5436

Table 2. The individual profits of firms in production competitive modes
(8 = 0.25, 10% level of asymmetry).

Both firms obtain higher profit when engaging in R&D cooperation. The
higher profits in the beginning of the planning period can be explained by the
fact that in full competition firms invest much less in R&D, therefore keep their
costs lower. But in the R&D cooperation mode firms accumulate knowledge
capital faster, so that they obtain a greater production cost reduction, which in
the end results in higher total profits. A faster pace of knowledge accumulation
in the beginning of the game translates into higher (and less discounted) pro-
duction cost benefits. Therefore, the firms prefer the less competitive modes
to the more competitive one.
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Figure 6: Firms’' individual (discounted) profits in different coopera-
tion/competition modes (8 = 0.25)

4 The Effect of the Cooperative Knowledge Ex-
change Level

Let us now consider the cases when two firms create a research joint venture with
an arbitrary degree of knowledge exchange. We simulate two different scenarios.
First, we compare different degrees of R&D cooperation to the situation when
the initial degree of knowledge spillovers is 0 (no knowledge spillovers). Secondly
we make the same comparison when the initial degree of knowledge spillovers is
0.5.

Figure 7 illustrates firms’ individual total profits obtained for different de-
grees of R&D cooperation if initially no knowledge spillovers existed. We see
that the total profits of the more efficient firm (Firm 1) decrease if the degree
of R&D cooperation is low enough. Firm 2’s profit, on the other hand, in-
creases faster in the range of weaker R&D cooperation. And if we consider the
optimal production competitive structure, we conclude it is more profitable for
both firms to fully compete while sharing all the knowledge, than to engage in a
cooperative agreement which does not allow for a substantial level of knowledge
exchange (for example with B < 0.6).

The best strategy for both firms is to create an RJV with full knowledge
exchange (B =1). But if for some reasons it is possible to achieve only a certain
level, which is low enough (for example in areas of defense-related research),
the optimal strategy is then to cooperate in R&D without any exchange of
knowledge.

The picture becomes different when the initial level of spillovers is higher.
Then we can see in Figure 8 that both firms will prefer to form and RJV with a
highest degree of knowledge exchange possible. Therefore the optimal level of
R&D cooperation depends on both the maximum available level of knowledge
exchange and the existing initial level of knowledge spillovers. the higher is
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Figure 7: Firms’ individual profits under different degrees of R&D cooperation
with the initial 5 = 0.
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the level of knowledge spillovers. the higher is the likelihood that firms will
cooperate in R&D and fully exchange their knowledge.

5 Conclusions

In this paper provides a dynamic extension to the asymmetric A&J(88) model.
We have simulated the behavior of agents in different R&D cooperation modes.
We have improved over the original model by assuming full internalization of
knowledge spillovers in the case of R&D cooperation, therefore addressing the
most frequent critique to this setup. The spillovers internalization in our model
yields the conclusion that the firms will always prefer to either share their knowl-
edge or to cooperate in R&D then to conduct research independently. If the
market can possibly have only the structure with production competition, then
the R&D cooperation mode is the one preferred by the firms and the social
planner. The welfare and the firms profits can be increased also by simple
agreement to share their knowledge without a deeper cooperation commitment.

If we consider the overall level of production efficiency achieved by firms as
a result of innovation, we come to the conclusion that competing firms invest in
innovation less than the firms working according to the cooperative agreements.
Under the given model assumptions it also holds that in later periods of the
game, the monopolist starts to function more effectively (with lower marginal
production cost and market price) than the fully competing firms.

The dynamic model of R&D cooperation revealed a number of interesting
aspects of firms’ dynamic strategies, which could not be seen in the regular
static setting. The model shows that in the beginning of the firms’ operations,
the competitive profits are higher than the profits from R&D cooperation. The
firms in the research joint venture must cope with lower profits in the beginning
in order to fully enjoy the benefits of production cost reducing innovation later,
which in the end results in higher current and total profits.

The model indicates that when existing knowledge spillovers are very weak,
a more efficient firm can have decreasing profits from R&D cooperation for
the range of weaker cooperative arrangements (when the degree of knowledge
exchange is higher than the knowledge spillovers, but still low enough) and an
increasing profits after a certain threshold value. Only cooperative agreements
with a strong degree of knowledge exchange above the threshold value provide
a more efficient player with increasing profits. Therefore, if for some reasons
the possible degree of cooperative knowledge exchange is limited from above,
it is possible to observe a situation, when R&D cooperation is not an optimal
solution. Also a situation can occur when both firms would rather share their
knowledge completely while competing in production, than to form an RJV
with partial knowledge exchange.
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6 APPENDIX

Proof. of Proposition 1. Let us consider the following linear quadratic game
formulation with the states vector z; and the controls vector u;. The firm ¢
considers the following maximization problem:

T-1
max 7y = L;r(ziT)+ Li (%, wie, uj,7)
{uwi i} t=0
=1 1
= wigrr+ 3 _[52Wiz + Wiz + Suf Aiguig + Vi,
= 2 ’ 2
subject to
Zig+1 = Apze+ Biguig + BjrusT, (1)
Zio given,
k.
zy = ot o Ui = (Tig),
kjr
ij = 1,2, i#j, t=01,.T—1

Assume that the firm’s ¢ optimal profit stream in the given moment in time 7
until the end of the game can be written in the following form:

1 /
mi (1) = ZZTK irZr + Doy or (2)
The firm’s objective function at time T" — 1 is:
7 (T —1) = max {7 (T) + Li p—1(27-1,ur—1)}
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Expressions 2 and 1 give us:
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which can be rewritten as

*
(T -1) = (3)
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In a similar manner we can formalize the firm j’s optimal profits stream:
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Optimizing these problems simultaneously over ur_; we obtain the following

set of first-order conditions

!
Vi r 1211+ Ourauir-1+ Oy raujr1+0ir1 =
-, . _ .
Ve p_12r—1 + Oji r—1ui 71 + Oj5 r—1ujr—1 + 071 =

or in matrix form
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The optimal feedback rules are obtained from (5) as
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As we substitute (6) into (3) and (?7) into (4), we obtain:
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Repeating these steps for time period T'— 2 and further we obtain the solution
for the given dynamic game. The problem is solved numerically by integrating
the Riccati equations for K and p ((?7) and (??)) backwards from the terminal
conditions. Using the feedback matrices (7) we integrate forward in time from
the initial state zp to obtain the optimal control trajectory u; and the state

trajectory z;, t € [0,7]. =
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