ECOMNZTOR

Make Your Publications Visible.

McDonald, lan M.; Tacconi, Luca

Working Paper

A Service of

ﬂ I I I Leibniz-Informationszentrum
° Wirtschaft
o B Leibniz Information Centre
h for Economics

The Social Opportunity Cost of Consumption for

Canada, 1965 to 1986

Queen's Economics Department Working Paper, No. 776

Provided in Cooperation with:

Queen’s University, Department of Economics (QED)

Suggested Citation: McDonald, lan M.; Tacconi, Luca (1990) : The Social Opportunity Cost of
Consumption for Canada, 1965 to 1986, Queen's Economics Department Working Paper, No.
776, Queen's University, Department of Economics, Kingston (Ontario)

This Version is available at:
https://hdl.handle.net/10419/189102

Standard-Nutzungsbedingungen:

Die Dokumente auf EconStor dirfen zu eigenen wissenschaftlichen
Zwecken und zum Privatgebrauch gespeichert und kopiert werden.

Sie durfen die Dokumente nicht fur 6ffentliche oder kommerzielle
Zwecke vervielfaltigen, 6ffentlich ausstellen, éffentlich zuganglich
machen, vertreiben oder anderweitig nutzen.

Sofern die Verfasser die Dokumente unter Open-Content-Lizenzen
(insbesondere CC-Lizenzen) zur Verfigung gestellt haben sollten,
gelten abweichend von diesen Nutzungsbedingungen die in der dort
genannten Lizenz gewahrten Nutzungsrechte.

WWW.ECONSTOR.EU

Terms of use:

Documents in EconStor may be saved and copied for your
personal and scholarly purposes.

You are not to copy documents for public or commercial
purposes, to exhibit the documents publicly, to make them
publicly available on the internet, or to distribute or otherwise
use the documents in public.

If the documents have been made available under an Open
Content Licence (especially Creative Commons Licences), you
may exercise further usage rights as specified in the indicated
licence.

Mitglied der

Leibniz-Gemeinschaft ;


https://www.econstor.eu/
https://www.zbw.eu/
http://www.zbw.eu/
https://hdl.handle.net/10419/189102
https://www.econstor.eu/
https://www.leibniz-gemeinschaft.de/

ED

Queen’s Economics Department Working Paper No. 776

The Social Opportunity Cost of Consumption for Canada,
1965 to 1986

Ian M. McDonald Luca Tacconi

Department of Economics
Queen’s University
94 University Avenue
Kingston, Ontario, Canada
K7L 3N6

2-1990



THE SOCIAL OPPORTUNITY COST OF CONSUMPTION FOR
CANADA, 1965 TO 1986

Ian M. McDonald
University of Melbourne and Queen's University

Luca Tacconi
University of Melbourne
DISCUSSION PAPER NO. 776

February 1990



ABSTRACT

The Social Opportunity Cost of Consumption

for Canada, 1965 to 1986

Ian M. McDonald
University of Melbourne and Queen's University

Luca Tacconi
University of Melbourne

-

——
X h '

A J—

122, 431, 440

JEL classification Numbers:

Professor Ian M. McDonald
Department of Economics
Queen's University
Kingston, Ontario

Please address correspondence to:

Canada K7L 3N6



The_Social Opportunity Cost of Consumption
for Canada, 1965 to 1986l

Ian M. McDonald
University of Melbourne and Queen's University

Luca Tacconi
University of Melbourne

The Social Opportunity Cost of Consumption (SOCC) for an economy is the
rate by which a resident can trade current consumption for consumption in the
future. 1In this paper series for the period 1965 to 1986 for Canada are
calculated. As the Fisherian analysis suggests (see e.g. McDonald (1985))
for a small open economy such as Canada the SOCC is determined by foreign
interest rates. In this paper foreign interest rates are the basis from
which the SOCC for Canada is calculated.

The SOCC is an important determinant of the optimal level of the current
account surplus or deficit and the optimal level of investment. For example
if the SOCC is high, a resident's optimal decision will be to invest little
in the domestic capital stock and, instead, to lend to foreign borrowers.

For the economy as a whole this pattern will generate a low aggregate level
of investment and a high aggregate level of lending to foreigners. The high
level of lending to foreigners will require a surplus on the current account
of the balance of payments.

In the public debates over economic management a lot of attention is
paid to the aggregate level of investment and the current account outcome of
the balance of payments. Commentators frequently argue that these aggregates

are at undesirable levels. However much of this comment appears to ignore

lWe would like to thank Kim Sawyer for help and guidance and the Australian
Research Council for financial support. We are responsible for any
shortcomings in this paper.



the influence that the SOCC should exert on the desirable levels. This
ignorance may be due to a lack of understanding of the role of the SOCC for
optimal decision making. It may also be due to a lack of knowledge of what
the SOCC is. By attempting to measure the SOCC for Canada, this paper seeks
to provide a data series which will be an input into an improved
understanding of the optimal levels of the aggregate level of investment and
the currenf account outcome for the Canadian economy.

In measuring the SOCC for Canada, the calculations in this paper are
based on the assumption of perfect foresight. 1In particular it is assumed
that the future values of the exchange rate and the consumer price index are
known. Perfect foresight is assumed for the following reason. One factor
which may cause the actual outcomes of investment and the current account
surplus to deviate from their optimal levels is incorrect prediction of the
future. Given that forecasts are public goods, it is likely that an
inefficiently small amount of resources are allocated by private agents to
forecasting. Under-provision of resources for public goods is the usual
implication from economic analysis. This under-provision is a type of market
failure. This market failure can be expected to lead to sub-optimal
decision-making. 1If, instead, the perfect foresight estimates of the SOCC
calculated here are used to construct optimal levels of investment and the
current account surplus then the sub-optimality associated with incorrect
forecasts will be avoided.

One weakness of the perfect foresight assumption should be borne in
mind. It is probably the case that perfect foresight is not socially optimal
because it is costly to improve the accuracy of forecasts. There must come a
point when further improvement in the accuracy of prediction is not worth the

cost. However one would, given the present state of knowledge in this area,



have little idea on the socially optimal degree of predictive accuracy.
Given the impossiblity at present of defining a socially optimal prediction,
the best alternative is to assume perfect foresight.
A_Single Asset Model

To initiate the development of the concept of the SOCC, assume there is
only one overseas asset available for purchase. An individual, taken to be a
Canadian résident, considers the rate of return from refraining from
consumption now (at time t), in order to increase consumption in the future
(at time t+n). Assume current consumption is reduced by Xt units of
consumption. This makes the amount of Ptxt of domestic currency available
for lending where Pt is the price of a unit of consumption at time t. At an
exchange rate of Ft units of foreign currency for one unit of domestic
currency, foreign assets to the value of FtPtXt can be purchased. If these
assets are expected to earn a nominal rate of return of i per period then,
after n periods, the loan will be worth (l+i)nFtPt

by Ft+n' the value of the exchange rate expected at time t+n, gives the

X,.. Deflating this amount

expected value of the loan in units of domestic currency at time t+n and

deflating further by the price of a unit of consumption at time t+n, Pt+n'

gives the expected value in terms of units of consumption of the loan at t+n.

This is labelled X . Thus
t+n
(1+i)"F P, X,
X, = Stt (1)
tn Fe+ntt+n
The SOCC, r, is then defined by
X
(140)" = 20 (2)

t



Substitution of (1) into (2) gives the familiar formula

_ 1+i
1+r = 1+p (3)
where 1
P n
14p = [E%“—Pt—”—‘] (4)
t't

The formulé is familiar in that one plus the real rate of return is equal to
one plus tﬁe nominal rate of return divided by one plus the expected rate of
inflation. However the definition of the expected rate of inflation is not
so familiar. It depends on both the expected change in the exchange rate and
the expected change in the domestic price of a unit of consumption.

It was explained in the introduction that the aim of the paper is to
measure what the SOCC would have been if economic agents had had perfect
foresight. For the expected rate of inflation (p) the assumption of perfect
foresight suggests the use of actual values for inflation. That is the
approach taken in this paper. So to define p it is assumed that the
predictions agents make of the future values of the price level and of the
exchange rate are the actual future values. For example, to calculate the
SOCC over a 10 year period starting in 1965 it is assumed that in 1965
economic agents predicted for 1975 the values of P and F that actually
occurred in 1975. (For more recent years, where the end of the forecast
period has not actually occurred, predicted values are manufactured using an

extrapolative technique.)

Adjusting the Nominal Interest Rates for Imperfect Foresight

The aim of the paper is to construct a series of the SOCC for Canada

assuming that agents had perfect foresight. However the market nominal rates



of interest observed are affected by actual predictions of inflation. The
Fisher effect says that the market nominal rate of interest moves one for one
with the expected rate of inflation. So if economic agents made incorrect
predictions about the future rate of inflation then the market nominal rate
of interest will differ from the perfect foresight nominal rate of interest.
For example, if, as seems likely, in the late 1960's people underpredicted
the futureyrate of inflation then that error would have reduced the market
nominal rate of interest. To attempt to create perfect foresight would
require for the late 1960's an upward adjustment to the market nominal rate
of interest. That adjustment is explained in this section.

Consider Figure 1. In the figure IS and LM curves for the world economy
are shown. The curves IS (actual) and LM (actual) are drawn assuming that
the expected rate of inflation held by agents is less than the perfect
foresight rate of inflation, as seems reasonable for the late 1960's. The
intersection of IS (actual) and LM (actual) determines the market nominal

interest rate, ia' and the level of real output, Y If, instead, economic

1
agents had had perfect foresight: they would have predicted a higher rate of
future inflation. This would have raised the expected nominal rate of
return to investment and shifted up the investment function. That would
have shifted the IS curve upwards. A shift is shown to IS (perfect
foresight). Assuming governments had aimed at the same level of aggregate
demand, monetary policy would have been tighter yielding an LM curve at LM
(perfect foresight). So with perfect foresight the market nominal rate of
interest would have been ip.

To calculate the adjustment factor for converting the market nominal

interest rate that is observed into the perfect foresight nominal interest

rate, we assume that the implicit change in the expected rate of inflation



does not affect the real rate of interest. 1In practice there are likely to
be distortions in the economic system through which changes in the expected
rate of inflation may be non-neutral and affect the real rate of interest.
For example, a tax system which is non-neutral with respect to inflation.
But it is not easy to predict the net effect of the many possible
distortions. Some distortions would cause the nominal interest rate to
under—adjuét and others to over-adjust to changes in the expected rate of
inflation (see Jha, Sahu and Meyer (1989) for a formal review of the various
distortions). We assume here that these distortions are offsetting and so
that the real rate of interest is independent of the expected rate of
inflation.

Defining p, as the expected rate of inflation which people actually
held and ia as the actual nominal rate of interest, the real rate of interest

is given by

(5)

To define the adjustment factor for the nominal rate of interest which takes
account of using the expected rate of inflation with perfect foresight,
define the perfect foresight nominal rate of interest, ip, by

1l+r = —L (6)

where P is the expected rate of inflation with perfect foresight. Combining

(5) and (6) gives the perfect foresight nominal rate of interest as



. +pa -
1+ = 3 *Pp] (1+1) 7)

The adjustment factor, (l+pé)/(l+pp) is labelled A.

In the empirical work in this paper nominal interest rates from several
countries are used. For each country adjustment factors using equation (7)
are calculated. To make these calculations a series for the expected rate
of inflation (pa) is constructed from an autoregression on the GDP deflators
for the country concerned. For example, to adjust the West German nominal
interest rate a series which forecasts the West German GDP deflator is
constructed. The construction of these forecasts is explained in greater
detail in the empirical section below.

The adjustment factor has been explained in terms of a scenario where
interest rates bear all the brunt of the adjustment for the divergence
between perfect foresight and actual foresight. It is possible to conceive
of an alternative scenario where exchange rates bear some of the adjustment.
This alternative scenario would yield a similar adjustment factor and so
the adjustment procedures undertaken here also apply to cases where exchange
rates adjust. There is no need to make an additional adjustment for
hypothetical exchange rate movements.

Allowing for Several Assets

There is not a single foreign asset. Instead a Canadian resident
wishing to shift consumption forward in time can choose to hold wealth in a
number of foreign assets. Assets can be categorized by length to maturity,
risk type and country. In this paper two SOCC's are calculated for Canada,
one based on a portfolio of assets which have five years to maturity and

the other on assets with ten years to maturity. The assets in the portfolio



have a similar risk type (government bonds) but are from different countries.
For the 5-year SOCC the portfolio consists of 5-year government bonds from
four countries (U.S., U.K., W. Germany and Switzerland). For the 10-year
SOCC the portfolio consists of 10-year government bonds from three countries
(U.s., U.K., W.Germany). To combine these assets the share of each asset in
the portfolio has to be calculated. The basis for calculating the asset
shares is get out in this section.

To construct the SOCC it is assumed that the shares of assets are
chosen to minimize the variance of the return of the portfolio. Identifying
variance with risk, the shares give the minimum-risk portfolio. To calculate
the variance-minimizing shares define the return on a portfolio of n assets
(R) as

n

a.r. , wvithsa, =1, (8)
1t i=1

R =

™Mz

i

where ay is the share of asset i and r, is one plus the rate of return on
asset 1. The variance of the return on the portfolio (V) is

vV = E[R?] - (ER])? (9)
where E[J is the expectations operator. The shares a; are chosen to minimize
V. 8o the n-1 first order conditions are

av  B3E(R®] 8(ERNZ

T v =0 for i=1l...n-1 (10)
i i i

The nth equation needed to determine the n shares is the constraint

a.

i 1. 1In the empirical work for Canada four assets are used for the
1

M3

i
5-year real interest rate and three assets are used for the 10-year real

interest rate. The specific form of the first order conditions (10) for the



four and three asset cases are derived in the appendix.

A basic assumption underlying the method of calculation is that the
borrowing and lending rates of interest are equal. Since government bond
rates are used in the empirical section this is a reasonable assumption. The
Canadian government can be reasonably considered as risky as (and no more
risky than) the governments whose bonds are used (U.s., U.K., West Germany
and Switzeiland). For the calculated rate of interest to be a borrowing rate
one can imagine the Canadian government issuing bonds denominated in foreign
currency (U.S. dollars, pound sterling, German marks or Swiss francs).
Furthermore the optimal shares are not constrained to be positive. A
negative value for an a; implies the coexistence of borrowing and lending.
Calculations

The construction of the series for the SOCC for Canada can be divided
into three stages.

(1) Calculating a_series_of adjustment éoefficients for the interest rates

of each country

For each country (U.S., U.K., W. Germany and Switzerland) a series for
the expected rate of inflation was calculated by estimating an
autoregressive equation on the country's GDP deflator. These autoregressive
equations were used to forecast future values of the GDP deflator. From
these forecasts the expected rate of inflation was calculated.

Before running the autoregression the GDP deflator series was tested in
its levels, its first difference and its second difference to find a
stationary form. The stationary form of the series was used in the
autoregression. Having determined the stationary form, the predictions for
the GDP deflator in 5 years and 10 years time were calculated as follows.

For a particular year (say 1965) the series for the GDP deflator up to that



year was used to estimate an autoregression. The current value was regressed
on lagged values plus a constant. The number of lags and the inclusion of
the constant term was decided on the basis of significance of the
coefficients, determined by inspection of t-values. Then the regression
equation is projected 5 years and 10 years ahead to generate the 5 and 10
year forecasts of the GDP deflator. These predicted values of the GDP
deflator afe used to generaste the expected rate of inflation. Then the
expected rate of inflation is used to calculate the adjustment factor, as
defined in equation (7). This procedure is repeated for each year.

The actual GDP deflator, the forecast GDP deflator and the adjustment
coefficients are shown in tables 1 to 7. Tables 1 to 4 cover 5 year rates
and tables 5 to 7 cover 10 year rates. These tables should be read as
follows. Take the first row in table 1. This refers to the year 1965 for
the U.S. 1In 1965 the 5-year bond rate (the nominal interest rate) was 4.69
percent. The U.S. GDP deflator five years hence (i.e., in 1970) was 43.20.
The forecast in 1965 of the U.S. GDP deflator for five years ahead, based on
the estimated forecasting equation, was 38.86. This forecast implies that
inflation was underpredicted for the 1965 to 1970 period in the U.S. Based
on this underprediction the adjustment factor for the nominal interest rate
was 1.0214 which is an adjustment of the order of about two percentage
points.

(2) Calculating country real rates of interest for Canada

The sixth column in table 1 shows the actual inflation rate for the next
five years of the price series Ftpt’ This is the Canadian consumer price
index converted into foreign currency. Thus in the first row of table 1 the
entry 1.0482 means that the Canadian consumer price index converted into U.S.

dollars grew by 4.821 percent per annum over the five year period 1965 to

10



1970. Using this inflation rate to deflate the 5-year U.S. bond rate from
column 2 yields a U.S. real rate of interest for Canada of -0.13 percent for
1965 (see column 8). However if the U.S. 5-year bond rate is adjusted by the
adjustment factor in column 5 and then deflated by the inflation rate of
column 6, an adjusted figure for the U.S. real rate of interest for Canada of
2.01 is obtained (see column 7).
(3) Calculating the SOCC for Canada

The uncertainty facing Canadian lenders is the uncertainty about the
future values of PtFt' the Canadian consumer price index expressed in foreign
currency. Nominal interest rates from holding bonds to maturity are, of
course, known with certainty. Variances and covariances of the price series
PtFt are used to calculate the shares of each country's asset in the
portfolio of assets. For the portfolio of 5-year assets and for 10-year
assets the shares are given in Table 8. These shares are then used to sum
the country real rates of interest for Canada to yield the SOCC for Canada.
The SOCC's are shown in Table 9. Four rates, unadjusted and adjusted five

and ten year rates, are shown in Table 9.

Discussion_of the Calculated Series for SOCC

In chart 1 both the series for the SOCC for Canada based on 5 year bond
rates and the country specific 5 year real rates of interest are drawn. As
can be seen, for the country specific series there are large divergences
between the U.S., on the one hand, and the U.K., W. Germany and Switzerland
on the other. Furthermore the interest rate series derived from the European
countries show a greater volatility than does the interest rate series
derived from the U.S. The main reason for the differences in behaviour
between the U.S. interest rate and the European interest rates lies in the

currency movements over the period. The Canadian dollar has moved more
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closely with the U.S. dollar than with the European currencies. For example,
the relatively low levels of the U.K., W. Germany and Swiss real rates of
interest for Canada around 1978 are due to the increase in the value of the
Canadian and U.S. dollars in the European currencies in the 1981 to 1983
period.

The divergences between the country specific real rates of interest are
large enouéh to cause one to question their consistency. Would
international arbitrage have prevented the occurrence of divergences of the
size shown in Chart 1?2 The aim of the paper is to provide a measure of what
S0CC would have been if economic agents had had perfect foresight. Perhaps
with perfect foresight international flows of capital would have narrowed the
gap between the country real rates and so changed the country real rates.
This narrowing would have lead to a different measure 6f SOCC. It would also
have changed the shares in the risk-minimizing portfolio since these are
affected by the pattern of exchange rates which would have been sensitive to
the international capital flows. To adjust the measurement of SOCC to allow
for the possible effects of international arbitrage would require a model of
the international capital market that is beyond this paper. So instead the
measures of SOCC are not adjusted for this effect. This mightrnot be an

important omission. As the shares in table 8 show, the portfolio of assets

2To avoid misunderstanding, it should be realised that the large size of the
divergences between the country-specific real rates of interest calculated
in this paper does not, in itself, prove that international arbitrage is
weak. The country-specific real rates of interest that wealth-holders would
have anticipated and acted on at the time would not have been the same as
the country-specific rates calculated here. In this paper we have tried to
calculate perfect foresight rates. 1In practice wealth-holders may not have
had perfect foresight about future movements in prices and exchange rates.
Indeed in this paper we have argued that expectations about prices were
sufficiently in error to have required an adjustment to the country nominal
rates of interest.

12



wvhich minimizes risk is dominated by U.S. bonds. In Chart 1 this dominance
is reflected in the closeness of the SOCC for Canada with the U.S. real rate
of interest. Now if, in reducing the interest rate gaps, international
arbitrage had had more effect on the European rates and less effect on the
U.S. rates then the bias in our measure of SOCC may be rather small.

From table 9 it can be seen that the adjustment made to nominal rates
of interesf in the four countries to allow for errors in predicting inflation
transformed negative values for the SOCC for Canada into positive values for
each year in the period 1965 to 1971. Later on, after 1981, the adjustment
tends to reduce the SOCC, reflecting the tendency to overpredict inflation
during the period of slowdown of inflation. As 1986 approaches the
adjustment goes to zero by definition because the forecasting equation is
used to predict the future values (i.e., post-1986) of the GDP deflators.

The fluctuations in the series for the SOCC for Canada are quite large.
For the series based on adjusted nominal rates of interest the peak value,
which is for the year 1980, is 9.39 percent. This peak is 8.46 times the
lowest rate of 1.11 percent which occurred in 1965. The general trend of the
series is increasing to 1980 and then decreasing to 1986.

For the 10 year rates, Chart 2 shows significant divergences between
the country rates, although these divergences are not as great as for the 5
year rates. The difference is due to the smoothing effect on exchénge rate
fluctuations of the 10 year time horizon. As for the 5 year rate, the U.S.
rate dominates the SOCC for Canada. The high weight of the share of U.S.
assets in the risk-minimizing portfolio shown in table 8 yields a series of
the S0CC for Canada which follows very closely the U.S. real rate of interest
for Canada. The SOCC for Canada based on 10 year bond rates shows a

significant amount of fluctuation. The highest value in 1980 of 9.05 percent
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is 4.62 times the lowest value of 1.96 percent for 1986. However this is
less than the fluctuation of the SOCC based on 5 year bond rates. The
pattern of the 10 year series is similar to the 5 year series. The SOCC
based on 10 year bond rates increases from 1965 to a peak in 1980 and then
declines to 1986. There is also, as with the 5 year series, a small local
peak in 1975.

As nofed above the divergences between the country 10 year real rates
are smaller than the divergences between the country 5 year real rates. For
this reason the 10 year real rates are not such an affront to the laws of
international arbitrage. Because of this the SOCC based on 10 year rates may

be judged a more reliable measure than the SOCC based on 5 year rates.

Conclusion

An important part of macroeconomic performance is the provision made for
future consumption purposes. A determinant of the socially optimal level of
this provision is the social opportunity cost of consumption (SOCC). This
paper has calculated the SOCC for Canada for the period 1965 to 1985.

The series calculated for SOCC show considerable variation. The
intertemporal tradeoff faced by Canada between present and future consumption
is not constant. Generally the SOCC for Canada rises from 1965 to a peak
around 1980-1 and then declines to 1986. The peak value is at least 4 times
the size of the lowest value recorded in 1965.

The large fluctuations in the SOCC are derived from an estimaﬁing
procedure in which nominal interest rates were adjusted to remove the
influence of incorrect inflationary expectations. 1In the late 1960's and
early 1970's the estimates reported here suggest that people underpredicted

Fulure
th%AFate of inflation. Because of this underprediction of inflation, in this
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paper the nominal interest rates were adjusted upwards for these years. The
aim of this procedure was to generate a series for the SOCC based on the
assumption of perfect foresight. If this adjustment had not been made the
SOCC would have shown even greater fluctuations. As it is, the fluctuations
in the series reported here cannot be blamed on incorrect foresight. That is
to say the low rates for the SOCC in the late 1960's and early 1970's were
not due to an underprediction of inflation. And similarly the high rates in
the 1980's were not due to an overprediction of inflation. This makes more
intriquing the question of why the SOCC has fluctuated by such a large
amount. Does the fluctuation only reflect "real" factors such as changes in
technology, tastes and the demographic composition of these economies? These
questions deserve study.

The variation in the SOCC for Canada during the period 1965 to 1986 is
so large that it is inconceivable that the socially optimal levels of
investment and the current account surplus have been constant over this
period. This implies that the economic debate over the performance of these
aggregates is ignoring an important influence. Hopefully this omission will
be rectified by further work on the SOCC and its implications for.the

socially optimal levels of investment and the current account surplus.
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United States
United Kingdom
West Germany

Switzerland

Table 8

Portfolio Shares

5 Year Assets
1.08192
-0.09375
-0.19918

0.21101

.23

10 Year Assets

1.13382

-0.30472

0.17090



Table 9

The_Social Opportunity Cost of Consumption_(SOCC)

Canada, 1965-86

5 year rate 10 _vear rate

Portfolio shares Equal Portfolio shares Equal
based on risk Portfolio based on risk Portfolio
minimization Shares minimization Shares

Unadjusted Adjusted Adjusted Unadjusted Adjusted Adjusted

-1.01 1.11 2.44 0.02 2.47 3.98
-0.97 1.58 3.81 0.58 3.22 4.19
-1.09 1.74 5.59 0.95% 3.63 5.74
-0.97 2.20 7.87 1.27 3.88 7.71
-0.25 3.78 8.85 1.76 4.23 8.83
-0.67 3.83 6.29 1.29 4.26 6.80
-1.22 2.91 3.93 0.47 4.29 4.46
0.17 3.95 5.84 0.30 4.14 3.73
2.05 5.63 8.04 0.74 4.49 3.46
2.43 6.15 7.30 1.90 6.54 2.06
2.35 6.54 6.55 2.46 7.18 2.75
0.97 6.06 4.55 1.88 5.41 4.25
0.00 4.30 -0.02 1.71 3.95 3.74
4.73 4.35 -3.41 2.67 4.50 3.06
4.52 7.15 -4.,37 4.77 7.10 2.21
5.40 9.39 -0.02 7.51 9.05 4.06
9.54 9.14 5.72 8.69 8.91 6.23
8.44 7.70 7.84 7.39 7.81 6.44
7.04 6.73 9.23 7.13 7.08 6.96
5.58 5.25 9.11 6.00 5.93 6.65
2.33 2.23 5.85 2.98 2.99 4.65
1.57 1.56 2.41 1.96 1.96 3.11
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In this appendix expressions determining the asset shares that minimize

APPENDIX

portfolio risk are derived for 4 asset and 3 asset portfolios.

On a

Using the

and

where Al

123

From equation (10) in the text the risk minimizing shares are determined by

4 asset portiolio the return R is

R = alrl + a2r2 + a3r3 + a4r4

4

constraint 2 a; = 1, (Al) can be written

i=1

R = al(rl—r4) + az(r -r,) + a

2 74 3773 74

2 2 2 2 2
R™ = Alal + A2a2 + A3a3 + r4 + 2Alzala2

+ 2a1a3A13 + 2alBl + 24s|2a3A23

+ 2a2B2 + 2a3B3

= (ryr,)”
= (r2“r4)2
= (£3r )’
= (rymry)(zyiry)
= (ryry)(rgry)
= (£ r,)(ryx,)
= r4(rl—r4)
=r, (r,-r,)

4'f27ry
= rylryry)

av  8E(R?] B(E(R])2

- =0 fori=1...3.

aai aai aai

29

(r,-r,) + r

(A1)

(A2)

(A3)

(a4)



From differentiation of (A3)

3EIR?]
aal = 2a1E[Al] + 2a2E[A12] + 2a3E[A13] + 2E[Bl] (A5)
3E(R?)
8a2 = 2a2E[A2] + 2alE[A12] + 2a3E[A23] + 2E[Bl] (A6)
3E(R?]
8a3 = 2a3E[A3] + 2a1E[Al3] + 2a2E[A23] + 2E[B3] (A7)
and 2
——551——— = 2al(r1-r4) + 2a2(rl—r4)(r2-r4) + 2a3(r1—r4)(r3—r4)
+ 2 r4(r1-14) (A8)
a(E(R])> “ e o e A
-—5;;——— = 2a2(r2-r4) + 2al(rl—r4)(r2—r4) + 2a3(r2—r4)(r3—r4)
+ 2r4(rl-r4) (A9)
3(E(R])? ~ S, N,
8a3_—“ = 2a3(rl—r4) + 2al(rl—r4)(r3~r4) + 2a2(r2—r4)(r3—r4)
+ 2r4(r3—r4) (A10)

where r, is the expected value of ..
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Substituting (A5) to (A10) into (A4) yields

[ i 02+cov 02

2
61+o --2cov14 4 12 cov14 cov24 4+covl3-covl4—cov34 al
2+cov -cov, ,~Cov 02+02—2cov 02+cov -CovV.,, ,—COV a
C47C0Vp7C0V1 470V, 0,10, 24 47CVp37COVTCOV S, 2
2+cov -cov, ,—Cov 02+cov -cov.,, ,—Cov 02+02“2cov a
[047C0V137C0V 4700 3y Oy COVp3TEO0VTEOV;, O30y 34 |13
[ 02—cov A
4 14
= oz-cov (All)
- 4 24
2—cov
| ©47%V34 |

2 . . .
where oi is the variance of the return on asset i and covij

between the returns on asset i and asset j. (All) determi

a, and ag vhich minimize the variance of the 4 asset portfolio.

= l-a,-a,-a

share is given by a, 173,785

For a 3 asset portfolio simply eliminate asset 1 from (All).

is the covariance
nes the shares 2y,
The fourth

So the

shares that minimize the variance of a 3 asset portfolio are given by

2. 2
o,t0,—-2cov 2 2
2 74 24 04+cov23 cov24 cov34 a2 ) 04
2+cov -Cov,, ,—Cov 2 2 a 2
047CO0V37C0Vy,7COV3y 65-0y-2cov,, 3 Cq

with the third share given by a, = 1—a2—a

3

(A12)



