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Abstract: In this paper, we propose an Adaptive Hyperbolic EGARCH (A-HYEGARCH) model to
estimate the long memory of high frequency time series with potential structural breaks. Based
on the original HYGARCH model, we use the logarithm transformation to ensure the positivity of
conditional variance. The structural change is further allowed via a flexible time-dependent intercept
in the conditional variance equation. To demonstrate its effectiveness, we perform a range of Monte
Carlo studies considering various data generating processes with and without structural changes.
Empirical testing of the A-HYEGARCH model is also conducted using high frequency returns of
S&P 500, FTSE 100, ASX 200 and Nikkei 225. Our simulation and empirical evidence demonstrate
that the proposed A-HYEGARCH model outperforms various competing specifications and can
effectively control for structural breaks. Therefore, our model may provide more reliable estimates of
long memory and could be a widely useful tool for modelling financial volatility in other contexts.

Keywords: long memory; structural change; GARCH; A-HYEGARCH

1. Introduction

One important research topic in statistics and econometrics is analyzing economic and financial
time series, in particular, investigating the dynamic behavior of macroeconomic and financial variables.
Traditional models adopt a convenient assumption of constant conditional variance, which ignores
fluctuations in the second-order structure of time series. Following the Autoregressive Conditional
Heteroskedasticity (ARCH) process introduced by Engle (1982), models with time-varying conditional
variances depending on the past realizations have become popular and been proven useful in the past
decades. For example, Weiss (1984) models and discusses thirteen U.S. macroeconomic time series
using the Autoregressive Moving Average (ARMA) models with ARCH errors. Extended from it,
the Generalized ARCH (GARCH) process introduced by Bollerslev (1986) replaces lagged sample
variances in the ARCH process with lagged conditional variances, which is analogous to the ARMA
structure. Despite its popularity, the GARCH model has several non-negligible drawbacks, including
the inability to capture the long memory behavior of high frequency time series.

Long-memory persistence commonly exists in the studies of the volatility of high frequency financial
time series (see, for example, Bollerslev and Mikkelsen 1996; Dacorogna et al. 1993; Ding et al. 1993;
Granger and Ding 1996b). A widely appreciated definition of the long memory is provided by Diebold
and Inoue (2001). It states that financial time series {yt}T

t=1 has a long memory persistence measured by

d, if Var (St) = O
(

T2d+1
)

, where ST = ∑T
t=1 yt. To capture this feature, long memory extensions of the

GARCH model have been introduced by various researchers; famous examples include the Fractionally
Integrated GARCH (FIGARCH) model proposed by Baillie et al. (1996) and the Hyperbolic GARCH
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(HYGARCH) model proposed by Davidson (2004). Compared with the GARCH model, both the
FIGARCH and the HYGARCH models are capable of describing the observed long-run dependencies in
the conditional variances of financial time series.

Despite the growing amount of research on the long memory feature of time series, many studies
are unconvinced about its validity for the volatility processes. Particularly, it has been proved that
structural changes can partly explain some extremely persistent volatility processes, and can also
induce a time series to have long memory behavior. Lamoureux and Lastrapes (1990) originally
showed that structural changes in the unconditional variance of stock returns may generate
overestimated extremely persistent volatility. Subsequent theoretical explanations have been presented
by Morana (2002) and Hillebrand (2005). Moreover, Diebold and Inoue (2001) have demonstrated that
structural change is related to long memory, and both features are easily confused with each other.
Therefore, a more appropriate volatility model would be able to consider long memory and structural
change simultaneously. Similar opinions can be found in studies by Beine et al. (2001), Morana and
Beltratti (2004), and Martens et al. (2004).

This paper proposes an Adaptive Hyperbolic Exponential GARCH (A-HYEGARCH) process.
It is designed for modeling the long memory of high frequency financial time series with structural
changes. This model incorporates the structure of Exponential GARCH (EGARCH) model discussed
by Nelson (1991) into Davidson (2004)’s HYGARCH model, further considering a time varying
deterministic component in the flexible functional form provided by Gallant (1984). Those features
enable the A-HYEGARCH model to nest stochastic long memory and deterministic break processes.
As an improvement over the original HYGARCH specification, the proposed model requires many
fewer and much simpler parameter constraints to ensure the non-negativity of the conditional variance.
Therefore, the estimation process is expected to be more efficient and accurate. Compared with related
approaches to model the structural change, the employed adaptive function does not require any
further information of the number or locations of change points (Baillie and Morana 2009).

To demonstrate the usefulness of A-HYEGARCH model, we firstly conducted a series of Monte
Carlo simulations. It is shown that the A-HYEGARCH can effectively mitigate the upward bias in
the estimated values of the long memory parameter d in the presence of structural breaks. Apart
from that, we investigate its practical performance using empirical studies on four world stock
indexes. More specifically, our data range from 1 January 2008 to 31 December 2011 for each of four
popular world-wide stock exchange indexes, including: (1) the Standard & Poor’s 500 (S&P) index,
which consists of 500 large companies having stock listed on the New York Stock Exchange and
NASDAQ; (2) the Financial Times Stock Exchange 100 (FTSE), which consists of 100 companies listed
on the London Stock Exchange; (3) the S&P/ASX 200 (ASX) index, which consists of 200 companies
listed on the Australian Securities Exchange; and (4) the Nikkei 225 (Nikkei) index, which consists of
225 Japanese companies listed on the Tokyo Stock Exchange. With the existence of 2008 Global Financial
Crisis (GFC), the estimated long-memory parameter of A-HYEGARCH is consistently smaller and more
reliable than the long-memory GARCH models that do not allow structural change. On the other hand,
when compared with three other adaptive GARCH-type models (A-FIGARCH, A-FIEGARCH and
A-HYGARCH), the A-HYEGARCH model still demonstrates outstanding performance. For instance, it
consistently outperforms the competing models according to both Akaike information criterion (AIC)
and Bayesian information criterion (BIC). Thus, our A-HYEGARCH framework could be a widely
useful tool for modelling financial volatility in other contexts including the financial risk management.

The reminder of this paper proceeds as follows. Section 2 reviews two popular long memory
GARCH-type models, together with their advantages and constraints. Structural changes observed
in financial volatility and the related adaptive models are discussed in Section 3. Section 4 explains
the A-HYEGARCH model proposed in this paper, and presents evidence of the model’s effectiveness
to estimate long memory parameter in the presence of structural changes via Monte Carlo studies.
Section 5 describes the empirical applications and Section 6 concludes the paper.
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2. Long Memory GARCH-Type Models

2.1. FIGARCH Model

To model the long-term persistence, Engle and Bollerslev (1986) developed the Integrated GARCH
(IGARCH) model as an extension to the original GARCH model. It is argued that IGARCH models
have a property called “persistent variance” since any shocks to the conditional variance, either
happened today or in the past, will persist indefinitely into the future. However, Nelson (1990) showed
that the IGARCH process without drift would definitely converge to zero with probability one, in finite
steps. Hence, IGARCH models are generally considered as short memory models by researchers
(Davidson 2004; Granger and Ding 1996a). Additionally, the IGARCH process is neither covariance
stationary nor does it have well-defined unconditional variance, although it is possible to be strictly
stationary and ergodic (Nelson 1990).

Baillie et al. (1996) generalized the IGARCH model to a new class named Fractionally Integrated
GARCH (FIGARCH) models, with the purpose of explicitly describing the long memory behavior of
the conditional variances of financial time series. Following the formulations of ARCH and GARCH
models, for a discrete times real-valued stochastic process {εt}, Baillie et al. (1996) parameterized the
FIGARCH (p, d, q) model as:

εt =zt
√

ht,

zt ∼iid(0, 1),

Φ (L) (1− L)d ε2
t =ω + [1− β (L)] vt,

(1)

where ht is the conditional variance of εt, 0 < d < 1, vt ≡ ε2
t − ht and Φ (L) ≡ [1− α (L)− β (L)].

In particular, zt is an identically and independently distributed (iid) innovation sequence following a
known distribution with zero mean and unit variance.1 The lag polynomials are defined as α (L) ≡
∑

q
i=1 αiLi and β (L) ≡ ∑

p
i=1 βiLp. If all roots of Φ (L) and B(L) ≡ [1− β (L)] lie outside the unit circle,

the FIGARCH model can be rearranged into an ARCH(∞) representation as

ht =
ω

1− β (1)
+ ΨFI (L) ε2

i = ω∗ +
∞

∑
i=1

ΨFI
i ε2

t−i, (2)

with ΨFI (L) = 1− (1−L)dΦ(L)
B(L) and B (L) = 1− β (L).

To ensure that the FIGARCH (p, d, q) process described in Equation (1) is well-defined, and the
conditional variance ht remains positive for all t, generally, all the parameters in Equation (2) must be
non-negative. In other words, ω ≥0, 0 ≤ β1 ≤ 1, and ΨFI

k ≥ 0 for all k. More detailed conditions for
the non-negativity of ht in Equation (2) are given by Conrad and Haag (2006) who extended the results
of Nelson and Cao (1992) to the FIGARCH (p, d, q) framework and derived necessary and sufficient
conditions for p ≤ 2 and sufficient conditions for p > 2.

As a direct extension to IGARCH, the FIGARCH model has its short-run dynamics described by
the conventional GARCH parameters (αis and β js). In contrast to the GARCH model where shocks
to the conditional variance dissipate quickly at an exponential rate, shocks of FIGARCH exhibit
hyperbolic decays. This feature of the FIGARCH model stems from the fractional differencing factor

1 Note that FIGARCH (and HYGARCH model introduced in Section 2.2) is proposed using the Gaussian assumption, i.e.,
zt ∼ iid N(0, 1). However, existing research suggests that financial time series is rarely Gaussian but leptokurtic. To address
this issue, zt is assumed to follow fat-tailed distributions like Student’s t in the literature. More details and discussions can
be found at the end of Section 4.3.
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(1− L)d. According to Granger and Joyeux (1980) and Hosking (1981), the fractional differencing
factor has an expanded form as(1− L)d = 1−∑∞

j=1 πjLj, with

πj =
dΓ (j− d)

Γ (1− d) Γ (j + 1)
= O

(
j−1−d

)
. (3)

Equation (3) indicates that πj decays hyperbolically rather than geometrically, implying impulse
responses to shocks in the conditional variance of FIGARCH models die out slower than those of
GARCH models.

Although the FIGARCH process is designed to model the long memory behavior of financial time
series, some researchers are sceptical about it. For example, Davidson (2004) argued that the FIGARCH
model’s long memory property is misleading: firstly, when d approaches boundaries of its defied
interval (0, 1), the FIGARCH model will behave quite close to either the GARCH model or the IGARCH
model. Therefore, the FIGARCH model acts as a role of intermediate model between the stable short
memory GARCH and IGARCH models, but with longer memory than either one. The memory of the
FIGARCH model will suddenly jump to the negative infinity if d is close enough to its boundaries.
Secondly, ΨFI (1) =1 always holds regardless of the value of d, implying that the FIGARCH model
belongs to the “knife-edge-nonstationary” class of models, which nests the IGARCH (ΨIGARCH (1) =1).
Hence, just like IGARCH, the FIGARCH model does not have well-defined unconditional variance
and is not covariance stationary. Such limitations of the FIGARCH model motivate researchers to
develop other long memory volatility models for financial time series.

2.2. HYGARCH Model

To overcome the issues of FIGARCH, Davidson (2004) proposed the HYGARCH model, which
also has hyperbolically decaying impulse response coefficients. The HYGARCH(p, d, q) model is
defined as:

εt =zt
√

ht,

zt ∼iid(0, 1),

Φ (L)
[
(1− τ) + τ (1− L)d

]
ε2

t =ω + [1− β (L)] vt,

(4)

where 0 ≤ d ≤ 1, τ ≥ 0; vt, β(L) and φ(L) are defined as before. The HYGARCH model reduces to the
GARCH model when τ = 0 or d = 0 and reduces to the FIGARCH model when τ = 1. If d happens
to take the value of 1, then the HYGARCH model will become either a stationary GARCH (τ < 1),
an IGARCH (τ = 1) or a GARCH (τ > 1) with explosive conditional variances.

If all roots of Φ (L) and [1− β (L)] lie outside the unit circle, the HYGARCH model can be
rearranged into an ARCH(∞) representation as

ht =
ω

1− β (1)
+ ΨHY (L) ε2

i ,

=ω∗ +
∞

∑
i=1

ΨHY
i ε2

t−i,
(5)

with ΨHY (L) = τΨFI (L) + (1− τ)ΨGA (L), where ΨGA (L) = 1− Φ(L)
B(L) . This expression implies that

ARCH(∞) coefficients of the HYGARCH model are constructed as a weighted average of the ARCH(∞)

coefficients from the GARCH and the FIGARCH model, with weights τ and (1− τ), respectively.
Hence, the conditional variance equation of the HYGARCH model can be rewritten as

hHY
t = τhFI

t + (1− τ) hGA
t . (6)
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It can be seen from Equation (6) that the conditional variance equation of the HYGARCH model
has a short-run GARCH component and a long-run FIGARCH component. In general, the HYGARCH
model will be covariance stationary for any 0 ≤ τ < 1 and Φ (1) > 0.

Similar to GARCH and FIGARCH models, there are conditions for HYGARCH models to ensure
conditional variances remain positive for all t. Conrad (2010) explored this topic in detail and gave
specific necessary and sufficient conditions for the non-negativity of the conditional variance of the
HYGARCH(p, d, q) model. However, although not technically restrictive as the conditions for GARCH
and FIGARCH, those conditions for HYGARCH are even more complicated and can be very possibly
violated in application.

Another important limitation of the HYGARCH model (and other long-memory GARCH models)
exists when structural breaks occur in data. Among existing studies, Lamoureux and Lastrapes (1990)
attempted to adjust for change of regimes in the conditional variance intercept of the GARCH model
fitted to 30 randomly picked CRSP stocks. Substantially lower estimates of the long memory parameter
d are observed. Choi et al. (2010) compared estimates of d in HYGARCH models before and after
adjusting for structure breaks. They found that, when structure breaks are present, d tends to be
overestimated. Similar results can also be found in recent studies like Günay (2014).

3. Structural Change and Relevant Models

3.1. Structural Change in Time Series

In relation to the cause of structural change, empirical research has shown that structural change
in financial time series often associates with permanent changes in the fundamental structure of an
economy (Balke and Fomby 1991), financial crises (Cerra and Saxena 2005; Jeanne and Masson 2000)
or even government abrupt changes of monetary and/or fiscal policies (Hamilton 1988; Sims and
Zha 2006). Figure 1 displays the movements of the ASX stock index over the period 1 January 2008
to 31 December 2011, during which time the major financial markets in the world are experiencing
recessions. Two completely different volatility structures of returns can be clearly observed in the
figure. The red dashed line indicates the structural change point detected by the Mood test using
the Nonparametric Change Point Model (NPCPM), which are described in Section 4. An obvious
change in its return volatility is observed in early 2009. Such structural changes are likely widespread
in financial and economic time series, and relevant persuasive empirical evidence can be found in
Stock and Watson (1996).

As described above, structural change is related to long memory and can lead to overestimated d.
Thus, due to the existence of structural change in practice, the application of the original FIGARCH and
HYGARCH is limited in practice. An extension of those models to control for the effect of structural
breaks is therefore of particular interest to provide more reliable estimates of long memory.

To model the structural change within the GARCH framework, various approaches have been
studied in the literature. Hamilton and Susmel (1994) noticed the possible influence of extreme
shocks to the fundamental structure of economy and incorporated the regime-switching model with
ARCH volatility forecasting methodology. Gray (1996) combined the generalized regime-switching
(GRS) model and the GARCH process in modeling interest rates, assuming state-dependent Markov
transition probabilities and GARCH parameters. This model demonstrates considerably lower estimates
of persistence in conditional variance and better out-of-sample forecasting results, compared to
simple single-regime models. However, there is little research studying the incorporation of the
regime switching feature into the long memory GARCH model. More importantly, such a model
would require a reliable estimate of the number of volatility states, which is still an unresolved
technical issue. In addition, with the increase of this number, the total number of parameters to
be estimated for a regime-switching model can rise exponentially. This could become unmanageable
and lead to computational inefficiency in practice. More discussions regarding this can be found in
Shi and Ho (2016).



Risks 2018, 6, 26 6 of 28

2008 2009 2010 2011 2012

35
00

50
00

65
00

Values of the ASX Index

2008 2009 2010 2011 2012

−
2

0
1

2

Returns of the ASX Index

Figure 1. Evolution of the ASX index during the Global Financial Crisis (GFC).

3.2. Adaptive-FIGARCH Model

To address the issue of regime-switching approach, existing studies have incorporated the
structural breaks into long memory models using effective alternative parametric features. Baillie
and Morana (2009) introduced the Adaptive-FIGARCH (A-FIGARCH) model, which is designed to
account for both long memory and structural change in financial time series.2 The A-FIGARCH model
consists with two components—a stochastic long memory part and a deterministic break process
element. Following Baillie et al. (1996), the A-FIGARCH(p, d, q, k) model can be expressed as:

εt = zt
√

ht,

zt ∼ iid(0, 1),

Φ (L) (1− L)d ε2
t = ωt + [1− β (L)] vt,

(7)

where ωt = ω0 + ∑k
j=1

[
γj sin

(
2π jt

T

)
+ δjcos

(
2π jt

T

)]
. The main difference between the A-FIGARCH

model and the conventional FIGARCH model is the inclusion of the time varying intercept ωt. The
A-FIGARCH model can be reduced to the standard FIGARCH model by setting ωt = ω [1− β (1)]−1.

The intercept ωt in the A-FIGARCH model follows the Fourier flexible functional form
originally proposed by Gallant (1984), which has been adopted in influential finance research
like Andersen and Bollerslev (1997, 1998). According to Baillie and Morana (2009), this flexible
functional form is able to accurately approximate abrupt structural changes, such as discontinuous
shifts3. Hence, with a time varying ωt, modelling structural change is attainable by selecting the
proper frequency (i.e., the value of k) for the intercept term. Unlike the regime-switching approach,
A-FIGARCH model with a larger k always nests that with a lower k. Thus, a general likelihood-ratio test
can be adopted to test the number of k. In addition, Baillie and Morana (2009) suggests a parsimonious
number like 2 or 3 is usually sufficient, although a larger number may be required by data with
a longer sample period. In any case, without a filtering approach to commutate the likelihood of

2 Another potentially powerful approach to incorporate the structural breaks is via higher-order polynomial function.
However, Baillie and Morana (2009) suggest that the Spline-FIGARCH model considering such features is outperformed by
the A-FIGARCH. Thus, we only adopt the adaptive specification in this paper to model the structural breaks.

3 See Enders and Lee (2004) and Section 3 of Baillie and Morana (2009) for simulation evidence supporting the adequacy of
approximations.
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regime switching GARCH models (see Shi and Ho (2016) for details), the computational burden of the
Adaptive-type GARCH model is much lower. The number of total parameters also increases slowly
with the growth of k.

Non-negativity conditions for the conditional variance of A-FIGARCH model inherit those of
the standard FIGARCH model. The initial sufficient condition given by Baillie et al. (1996) in the
FIGARCH paper requires that ω > 0, 0 ≤ β ≤ φ + d and 0 ≤ d ≤ 1− 2φ. According to Conrad and
Haag (2006), the restriction on ω could be released, with the less restrictive necessary and sufficient
conditions involving only parameters β and φ. Therefore, it is safe to include the trigonometric terms
in ωt, with no need to worry about violating nonnegative conditions for the conditional variance of
A-FIGARCH models.

As described above, neglecting structural breaks leads to overestimated long memory measure.
Simulation results provided by Baillie and Morana (2009) show that the estimate of long memory
parameter d obtained from the A-FIGARCH model generally has smaller bias and lower root mean
square error than the standard FIGARCH model. This demonstrates that inclusion of the trigonometric
components in the intercept can effectively mitigate the upward bias in the estimate of long memory
parameter d from the standard FIGARCH estimation. A direct interpretation of this suggests that the
Fourier flexible functional form ωt of the A-FIGARCH model performs well in modeling the structural
change in the conditional variance. Baillie and Morana (2009) also point out that, when the degree of
persistence is higher (e.g., d = 0.45), the reduction of estimated d using A-FIGARCH over that with
FIGARCH is higher.

Despite its effectiveness in estimating d, A-FIGARCH model still has issues as those of FIGARCH.
It also does not have well-defined unconditional variance and is neither strictly stationary nor
ergodic. Furthermore, the accuracy of long memory measure is questionable, like described in
Section 2.2. A natural extension is to apply the adaptive form to the better parametrised HYGARCH
specification. However, the complex non-negativity constraints would still apply for the potential
A-HYGARCH model. This may cause problems in practice, due to the bounded optimization procedure
(i.e., numerical maximization of the log-likelihood function over selected intervals) employed in
the estimation of model parameters. This may potentially lead to computational inefficiency and
even numerical inaccuracy, especially when true values of parameters are close to the boundaries of
constraints.

4. The A-HYEGARCH Model

Nelson (1991) introduced the Exponential GARCH (EGARCH) model that successfully releases
the non-negativity constraints of the original GARCH model. Moreover, as noted by early study of
Black (1989), volatility of stock returns tend to increase in response to a drop in the stock price, possibly
caused by the accumulating financial and operating leverage in this situation. By squaring the lagged
residuals, the original GARCH model loses information contained in the sign of past residuals, resulting
in conditional variance responding symmetrically to positive and negative residuals. In contrast,
the EGARCH model contains an important precedent of incorporating asymmetric terms into the
conditional variance equation. An extension of EGARCH to allow long memory leads to Bollerslev
and Mikkelsen (1996)’s FIEGARCH model. A HYEGARCH specification could then be further derived.

4.1. Step 1: HYEGARCH Model

As described in Section 2, the HYGARCH model is capable of dealing with highly persistent
volatility processes. The GARCH and FIGARCH components found in HYGARCH models together
add great flexibility to modeling persistent volatility processes, as they dominate in either the short-
and long-run, respectively. Following this idea, a HYEGARCH model can be proposed by nesting a
short-memory model (the EGARCH model) and a long-memory model (the FIEGARCH). Such a model
would have hyperbolically decaying memory and with a EGARCH-type conditional variance equation.

More specifically, a HYEGARCH(p, d, q) process {εt} can be defined as
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εt = zt
√

ht,

zt ∼ iid(0, 1),

ln(ht) = ω +
[1 + α (L)]

[1− β (L)] [1− τ + τ (1− L)d]
× g (zt−1) ,

(8)

where ω ∈ R and g (Zt) ≡ θZt + γ [|Zt| − E |Zt|] with θ, γ ∈ R. The lag polynomials follow those
in the HYGARCH specification, i.e., α (L) ≡ ∑

q
i=1 αiLi and β (L) ≡ ∑

p
i=1 βiLp. Clearly, when τ = 0,

HYEGARCH reduces to the EGARCH model, whereas τ = 1 results in the FIEGARCH model.
Following the Maclaurin expansion of (1− L)d, upon replacing d by−d, the fractional differencing

factor has the same binomial expansion as in Equation (3). That is,

(1− L)−d =
∞

∑
j=0

π−d,jLj, (9)

where π−d,j =
Γ(j+d)

Γ(d)Γ(j+1) = O
(

j−1+d
)

. This demonstrates that shocks to the conditional variances of
HYEGARCH model decay hyperbolically.

The conditional variance equation of HYEGARCH model can be rewritten to a more general form
as follows:

ln(ht) = ωt +
∞

∑
k=0

λkg (zt−1−k) , (10)

where {ωt} and {λk}k∈N are real non-stochastic sequences provided that the process {ln(ht)}n
t=1 is

well defined. Note that {zt}t∈N does not necessarily have a variance of 1, and it can be any white
noise process with definite variance. The function g (·) can be any measurable function, while here it
is assumed to be the same form as in the FIEGARCH (EGARCH) model with the purpose of allowing
for asymmetric response to positive and negative shocks.

4.2. Step 2: A-HYEGARCH Model

In analogy to Baillie and Morana (2009)’s generalization of the FIGARCH model to the adaptive
framework, we propose that the HYEGARCH model introduced above can also be extended to an
A-HYEGARCH model. Therefore, it would also allow for structural change in modelling time series.
More specifically, an A-HYEGARCH(p, d, q, k) model is defined as

εt = zt
√

ht,

zt ∼ iid(0, 1),

ln(ht) = ωt +
[1 + α(L)]

[1− β(L)][1− τ + τ(1− L)d]
g× (zt−1),

(11)

where ωt is defined as in the A-FIGARCH model, and all other variables are defined as in the
HYEGARCH model.

For a general FIEGARCH process, Lopes and Prass (2014) have shown that, when {zt} has finite
mean, and θ and γ are not both equal to zero, {g(zt)} is a strictly stationary and ergodic process.
If E

(
|zt|2

)
< ∞, then {g(zt)}t∈N is a white noise process with the following variance specification

σ2
g = θ2 + γ2 − [γE (|zt|)]2 + 2θγE (zt |zt|) . (12)

Nelson (1991) pointed out that the stationarity and ergodicity criterion is exactly the same as for
any general linear process with finite variance innovations. Hence, we directly extend their theorem to
our A-HYEGARCH mode. Nelson (1991) also stated that, in many applications, an ARMA process
gives a parsimonious parameterization for ln(ht).
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For the A-HYEGARCH defined in Equation (11), let λ (·) be the polynomial with the
following form

λ (z) =
[1 + α (z)]

[1− β (z)] [1− τ + τ (1− z)d]
=

∞

∑
k=0

λd,kzk. (13)

Then, for all k ∈ N, the coefficients λd,k satisfy λd,k = O
(

kd−1
)

as k goes to infinity. Hence, it can
be shown that the coefficients λk in Equation (10) converge to a finite order of k, as k goes to infinity.
This property is important as the asymptotic representation is essential for establishing the necessary
condition for square summability of {λk} and for the criterion of Theorem 2.1 in Nelson (1991).
Furthermore, one can conclude that this theorem holds for the A-HYEGARCH model if and only if
d < 0.5, and at the same time {λk} ∈ L2. In addition, as noticed above, shocks to the logarithm of
conditional variance also decay slowly at a hyperbolic rate, which allows for the long-run dependency.

Using those results, we notice that, for an A-HYEGARCH(p, d, q, k) process, {ln(ht)} is stationary
(strictly and weakly) and ergodic when d < 0.5. The |ln (ht)−ωt| < ∞ holds almost surely. Moreover,
{εt} and {ht} are both strictly stationary and ergodic processes. Therefore, {g(zt)} would be a white
noise process, and {ln(ht)}t∈Z becomes an ARFIMA(p, d, q) process (Lopes and Prass 2014). Therefore,
we can conclude the following properties:

Property 1 When d < 0.5, the autocorrelation function of {ln(ht)}t∈Z is

Corrln(ht) (h) ∼ ch2d−1, as h→ ∞ with c 6= 0. (14)

Property 2 If −0.5 < d < 0.5 and α (z) 6= 0, the process {ln(ht)}t∈Z is invertible.

Finally, although {zt} in the GARCH family model is all originally assumed to be Gaussian,
the Student’s t distribution is more appropriate in practice to model the fat=tail property. For example,
Bollerslev (1987) advocated the benefit of using the Student’s t distribution in his study of exchange
rates and stock indexes. Davidson (2004) also adopted the Student’s t distribution in the analysis of
various exchange rates using his HYGARCH models. Thus, in the rest of this paper, we assume that
{zt} follows a Student’s t distribution rather than the Gaussian.

4.3. Estimation of A-HYEGARCH Models

In this section, we report Monte Carlo simulation evidence on the estimation of A-HYEGARCH
(p, d, q, k) models for different data generating processes (DGPs) of HYEGARCH (p, d, q) with
structural change. All models in this section assume that zt follows the Student’s t distribution
with 3 degrees of freedom. We specify an uncorrelated process {εt} for the mean in all the experiments,
with conditional variance processes {ht} exhibiting various forms of long memory behaviors with
and without structural breaks. As A-HYEGARCH (HYEGARCH) models contain weighted fractional
differencing factor [1− τ + τ (1− L)d] which is also found in standard HYGARCH models, the set
of parameters in this study are chosen to be close to those in Conrad (2010)’s simulation study of
the HYGARCH model. In addition, following Baillie and Morana (2009)’s simulation study design,
we choose the values of d and limit that p, q =(0,0), (1,0) or (1,1). More specifically, we consider
β1 = 0.6, α1 = 0.2, θ = 1, γ = 0, τ = 0.5 and the long memory parameter d = (0.25, 0.35, 0.45). Note
that d = 0.25 corresponds to moderate persistence in volatility process while d = 0.45 is very close to
the non-stationary region (d ≥ 0.5), indicating high persistence in ln(ht). In addition, the structural
change is assumed for ω only, the values of which are discussed below.

To generate samples from HYEGARCH(p, d, q) DGPs with structural change, we follow 3 steps
below. Notice that Step 3 acts as the core part of this simulation study, and it must be repeated for
each model and each replication. Step 1 is also repeated for reach replication, while Step 2 only needs
to be performed once for each model. Following Baillie and Morana (2009), we consider 500 Monte
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Carlo replications with 10,000 observations simulated for each. The first 9000, 8000 and 7000 are then
discarded to avoid simulation errors, resulting in sample sizes T = (1000, 3000, 5000), respectively.

Step1: Set zt ∼ Student′s tv=3, and get an iid sample {zt}T
t=−m, where m represents the number of

extra burn-in data generated.
Step 2: Choose appropriate designs for the intercept term in each model. In this research,

we consider three different designs:
Design 1 (m1) assumes a constant intercept ω = ωt = 0.1, and corresponds to the standard

experiment setting where no structural breaks are allowed in the conditional variance.
Design 2 (m2) adopts the permanent break structure which is used by Baillie and Morana (2009)

in their research and has one step change in the intercept right at the middle of the sample. At the
break point, the intercept jumps from 0.1 to 0.5 without bouncing back in the future. Hence,

ωt =

{
0.1, t = 1, . . . , T

2 ,

0.5, t = T
2 , . . . , T.

Design 3 (m3) has two step changes occurring at one-third and two-thirds of the way throughout
the sample, with the intercept jumping from 0.1 to 0.5 at the first break point and bouncing back to 0.3
at the second break point. Hence,

ωt =


0.1, t = 1, . . . , T

3 ,

0.5, t = T
3 + 1, . . . , 2T

3 ,

0.3, t = 2T
3 + 1 . . . , T.

Step 3: The sample {εt}T
t=1 is obtained using the specification described in Equation (10) (k = 0)

with chosen values of parameters and extra burn-in data deleted to avoid start-up problems.
In terms of the estimation, as discussed above, we assume that the innovation sequence follows

the Student’s t distribution with υ degrees of freedom. The log-likelihood function applied to all models
of this paper can then be described as follows:

ln(`(η; ε1, · · · εT)) = T ln
Γ( υ+1

2 )√
π(υ− 2)Γ( υ

2 )

− 1
2

T

∑
t=1

(
ln (ht) + (υ + 1) ln

(
1 +

ε2
t

(υ− 2) ht

))
,

(15)

where the vector of unknown parameters is denoted by

η = (d, ω′, α1, β1, γ′, δ′).

We maximize Equation (15) with the help of statistical packages in R (R Core Team 2017) to obtain
estimate of η, denoted by η̂.

Maronna (1976) has proved the existence, uniqueness, consistency, and asymptotic normality of
Student’s t long-likelihood estimators. For instance, under general assumptions, if there exists a > 0
such that, Pr (H) ≤ 1/(υ + 1) − a holds for every hyperplane H, then the equations obtained by
differencing Equation (15) have a unique and consistent solution.4

To assess the performance of maximum likelihood estimator η̂, we calculate the Monte Carlo bias
(Bias), the root mean square error (RMSE) and the standard error (SE) of the estimated long memory
parameter d. For any model considered, let d̂k denote the estimated value of d in the n-th replication,
where n ∈ {1, · · · , 500}. Then, the performance measures are defined as

4 This theory was originally put forward by Maronna (1976) for multivariate distributions. In this paper, we only consider
univariate Student’s t distribution. Hence, the presented inequality equation applies to the univariate distribution only.
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Bias =
1

500

500

∑
n=1

(d̂n − d),

SE =

√√√√ 1
500

500

∑
n=1

(d̂n − d̄)2, (16)

RMSE =

√√√√ 1
500

500

∑
n=1

(
d̂n − d

)2
=
√

Bias2 + SE2.

Table 1 summarizes estimation results of the A-HYEGARCH models with k = 0 (equivalent
to ordinary HYEGARCH models) for the HYEGARCH DGP with design 1 (no structural change).
We noticed that the obtained estimates of the long memory parameter d have very small bias when
the sample size T is large. This result is consistent for the three values assumed for d and across all
three selections of T. For instance, the estimation Bias is generally smaller than 5% when the sample
has over 3000 simulated data. The HYEGARCH(1, d, 1) DGPs with d = 0.45 has the most significant
reduction in estimation bias, from 0.0264 reduced to 0.0015 when sample size increases from 1000
to 5000.

Table 1. Simulation results for estimation of A-HYEGARCH models without structural change.

A-HYEGARCH(0,d,0,0) A-HYEGARCH(1,d,0,0) A-HYEGARCH(1,d,1,0)

T d Biasd RMSEd SEd Biasd RMSEd SEd Biasd RMSEd SEd

d = 0.25

1000 0.25 0.1825 0.4503 0.4116 0.0591 0.3247 0.3193 0.1032 0.2995 0.2812
3000 0.25 0.1325 0.3547 0.3290 0.0056 0.2219 0.2218 0.0683 0.2521 0.2427
5000 0.25 0.0814 0.2788 0.2666 0.0078 0.1925 0.1923 0.0564 0.2017 0.1936

d = 0.35

1000 0.35 0.0973 0.3484 0.3345 0.0115 0.3189 0.3187 0.0410 0.2661 0.2629
3000 0.35 0.0850 0.3021 0.2899 −0.0149 0.2152 0.2146 0.0237 0.2063 0.2049
5000 0.35 0.0764 0.2556 0.2439 0.0208 0.1812 0.1800 0.0287 0.1925 0.1903

d = 0.45

1000 0.45 0.1317 0.3592 0.3341 0.0145 0.3221 0.3218 0.0264 0.2816 0.2804
3000 0.45 −0.0316 0.2506 0.2486 −0.0389 0.2174 0.2139 −0.0333 0.2356 0.2333
5000 0.45 0.0289 0.2352 0.2334 −0.0367 0.2113 0.2081 −0.0015 0.1770 0.1770

Note: This table reports simulation results for the bias, root mean square error (RMSE) and standard
error (SE) for estimation of the fractional differencing parameter d from simulations with sample size
T = (1000, 3000, 5000). All the results are based on 500 replications.

Table 2 reports estimation results for A-HYEGARCH models with k = (1, 2, 3, 4). As revealed in
the table, increasing the value of k will not significantly change estimation bias of the long memory
parameter d. Generally speaking, the bias of the estimated d is less than 5%, which indicates great
accuracy of A-HYEGARCH models in the absence of structural change. Table 2 also reports significant
reductions in standard errors of estimates of long memory parameter d as sample sizes increase. Using
A-HYEGARCH(1, d, 1, 1) models as an example, when d = 0.25, a five-fold increase in sample size
results in the SE dropping by 27%; when d = 0.45, a five-fold increase in sample size results in the SE
dropping by more than 40%. This is consistent with the ordinary asymptotic property.

There is another important result obtained by comparing Table 1 and Table 2. More than half
model designs show reduction in RMSE after adopting adaptive structure. As d increases, however,
the reduction in the degree of RMSE tend to decrease. These results suggest that the A-HYEGARCH
model has the same property as A-FIGARCH regarding the use of the adaptive structure. No additional



Risks 2018, 6, 26 12 of 28

cost will be incurred by adopting the time dependent intercepts, regardless of the chosen number of k
in the conditional variance equation. According to Baillie and Morana (2009), this result suggests that
the intercept used, which follows Gallant (1984)’s flexible functional form with more than one pair of
trigonometric components, can adjust for some uncertainties in the estimation of the long memory
parameter d.

Table 2. Simulation results for estimation of A-HYEGARCH models without structural change.

A-HYEGARCH(0,d,0,k) A-HYEGARCH(1,d,0,k) A-HYEGARCH(1,d,1,k)

T d Biasd RMSEd SEd Biasd RMSEd SEd Biasd RMSEd SEd

k = 1

1000 0.25 0.0962 0.3182 0.3034 0.0860 0.2971 0.2844 0.0624 0.2757 0.2685
3000 0.25 0.1122 0.2903 0.2678 0.0220 0.2161 0.2150 0.0557 0.2500 0.2437
5000 0.25 0.0691 0.2424 0.2324 0.0614 0.2376 0.2295 0.0448 0.2007 0.1957

1000 0.35 0.1398 0.3331 0.3024 0.0868 0.3136 0.3013 0.0746 0.2967 0.2871
3000 0.35 0.0724 0.2638 0.2536 0.0082 0.2329 0.2327 0.0226 0.2405 0.2394
5000 0.35 0.0389 0.2295 0.2262 0.0218 0.2236 0.2225 0.0424 0.227 0.223

1000 0.45 0.0612 0.3339 0.3283 −0.0117 0.2799 0.2796 0.0106 0.3063 0.3061
3000 0.45 0.0495 0.2404 0.2352 0.0399 0.2140 0.2103 −0.0272 0.2094 0.2076
5000 0.45 0.0404 0.2502 0.2470 −0.0415 0.1985 0.1942 −0.0168 0.1839 0.1831

k = 2

1000 0.25 0.1285 0.3632 0.3397 0.0556 0.3060 0.3009 0.0845 0.3006 0.2885
3000 0.25 0.0613 0.2586 0.2512 0.0868 0.2537 0.2384 0.0597 0.2244 0.2163
5000 0.25 0.1079 0.2764 0.2545 0.0393 0.2119 0.2082 0.0379 0.2055 0.2019

1000 0.35 0.0682 0.3070 0.2993 0.0689 0.3105 0.3028 0.0839 0.3054 0.2936
3000 0.35 0.0777 0.2873 0.2765 0.0289 0.2428 0.2411 0.0090 0.2209 0.2207
5000 0.35 0.0196 0.2138 0.2129 0.0208 0.1834 0.1822 −0.0278 0.1997 0.1978

1000 0.45 0.0558 0.2911 0.2857 0.0253 0.2925 0.2914 −0.0017 0.2911 0.2911
3000 0.45 −0.0309 0.2205 0.2183 −0.0687 0.2358 0.2255 −0.0313 0.2039 0.2015
5000 0.45 0.0354 0.2285 0.2257 −0.0326 0.1992 0.1965 −0.0304 0.2055 0.2032

k = 3

1000 0.25 0.0630 0.3136 0.3072 0.0126 0.3085 0.3082 0.0718 0.3064 0.2979
3000 0.25 0.0955 0.2777 0.2608 0.0485 0.2204 0.2150 0.0211 0.2152 0.2142
5000 0.25 0.1113 0.2720 0.2482 0.0261 0.1948 0.1930 0.0450 0.2047 0.1997

1000 0.35 0.0825 0.2978 0.2861 0.0554 0.2935 0.2882 0.0275 0.2569 0.2554
3000 0.35 0.0313 0.2394 0.2374 −0.0034 0.2082 0.2081 0.0234 0.2215 0.2203
5000 0.35 0.0480 0.2161 0.2107 −0.0064 0.1881 0.1880 −0.0193 0.1965 0.1955

1000 0.45 0.0785 0.3125 0.3025 0.0245 0.2578 0.2567 −0.018 0.2840 0.2834
3000 0.45 0.0370 0.2412 0.2383 0.0039 0.2263 0.2263 −0.0294 0.2092 0.2071
5000 0.45 0.0156 0.2065 0.2059 −0.0131 0.1948 0.1944 −0.052 0.2057 0.199

k = 4

1000 0.25 0.0205 0.3268 0.3262 0.0251 0.2939 0.2928 0.0262 0.2441 0.2427
3000 0.25 0.0478 0.2362 0.2313 0.0344 0.2197 0.217 0.0171 0.2069 0.2061
5000 0.25 0.0870 0.2153 0.1969 0.0403 0.2196 0.2159 0.0186 0.1894 0.1885

1000 0.35 0.0970 0.3050 0.2891 0.0488 0.2951 0.2910 −0.0354 0.2698 0.2675
3000 0.35 0.0401 0.2181 0.2144 −0.0208 0.2224 0.2214 0.0132 0.2231 0.2227
5000 0.35 0.0371 0.2076 0.2043 −0.0128 0.2129 0.2125 0.0061 0.1773 0.1772

1000 0.45 0.0352 0.2979 0.2958 0.0130 0.2921 0.2918 −0.0425 0.2639 0.2605
3000 0.45 0.0176 0.2436 0.2430 0.0016 0.2392 0.2392 −0.0477 0.2296 0.2246
5000 0.45 0.0054 0.1920 0.1919 −0.0217 0.199 0.1979 −0.0605 0.1930 0.1833

Notes: as for Table 1; the estimated models use Gallant (1984)’s kth order flexible functional form, with
k = 0, 1, 2, 3, 4 for the adaptive component. The k = 0 case corresponds to standard HYEGARCH estimation.
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Tables 3–5 provide simulation results for various A-HYEGARCH models for HYEGARCH DGPs
subject to structural change designs. From Table 3, it can be seen that most A-HYEGARCH(0,d,0,k)
models appear to have smaller estimation bias for the m3 structural change design than the m2

design. With an intercept term containing three pairs of trigonometric components (k = 3),
the A-HYEGARCH(0, 0.45, 0, k)T=3000 model reports estimation biases of biasd = 0.0179 (when k = 4)
for the m3 design and biasd = 0.0845 (k = 3) for the m2 design, both are the smallest results for the
corresponding DGP designs. It appears that the value of k at which the estimation bias of the long
memory parameter d reaches its minimum is related to the underlying number of structural changes.
Based on our simulation results, the optimal value of k for A-HYEGARCH models is very likely to be
equal to the number of regimes of the data plus one. More importantly, most of the A-HYEGARCH
(k > 0) models produce smaller biases compared to the HYEGARCH (k = 0).

Table 3. Simulation results for estimation of A-HYEGARCH(0, d, 0, k) models with various structural
change designs.

A-HYEGARCH(0,0.25,0,k) A-HYEGARCH (0,0.35,0,k) A-HYEGARCH (0,0.45,0,k)

Biasd RMSEd SEd Biasd RMSEd SEd Biasd RMSEd SEd

T = 1000

k = 0 m2 0.3535 0.5499 0.4213 0.3255 0.5169 0.4015 0.2172 0.3772 0.3084
m3 0.1826 0.4724 0.4357 0.1099 0.4546 0.4411 0.0326 0.4370 0.4358

k = 1 m2 0.3116 0.5484 0.4514 0.2937 0.5203 0.4295 0.1997 0.4290 0.3796
m3 0.1444 0.5077 0.4867 0.0254 0.4945 0.4938 0.0075 0.4642 0.4641

k = 2 m2 0.3482 0.5699 0.4512 0.2783 0.5142 0.4324 0.1767 0.4274 0.3891
m3 0.1272 0.4910 0.4743 0.0881 0.4552 0.4466 0.0354 0.4493 0.4479

k = 3 m2 0.2940 0.5650 0.4825 0.2640 0.5124 0.4392 0.1309 0.4399 0.4199
m3 0.1572 0.4703 0.4433 0.0996 0.4902 0.4800 0.0255 0.4268 0.4260

k = 4 m2 0.2927 0.5563 0.4730 0.2772 0.5299 0.4516 0.1504 0.4320 0.4050
m3 0.1383 0.4612 0.4399 0.1023 0.4566 0.4450 −0.0150 0.4456 0.4454

T = 3000

k = 0 m2 0.3694 0.5307 0.3810 0.2030 0.4321 0.3814 0.1799 0.4394 0.4009
m3 0.2198 0.4301 0.3698 0.1766 0.4253 0.3869 0.0178 0.3840 0.3836

k = 1 m2 0.3335 0.5351 0.4185 0.1805 0.4370 0.3980 0.1477 0.4250 0.3985
m3 0.1902 0.4199 0.3744 0.1690 0.4417 0.4081 0.0037 0.4013 0.4013

k = 2 m2 0.2515 0.5254 0.4613 0.1319 0.4408 0.4206 0.1157 0.4276 0.4117
m3 0.1478 0.4251 0.3986 0.1612 0.4377 0.4069 −0.0324 0.4185 0.4172

k = 3 m2 0.2760 0.5224 0.4436 0.1055 0.4372 0.4243 0.0845 0.4490 0.4410
m3 0.1233 0.4190 0.4004 0.1451 0.4376 0.4129 −0.0202 0.3924 0.3918

k = 4 m2 0.3141 0.5100 0.4018 0.1378 0.4490 0.4274 0.0999 0.4360 0.4244
m3 0.1487 0.4327 0.4063 0.1358 0.4503 0.4293 0.0179 0.3866 0.3861

T = 5000

k = 0 m2 0.3010 0.4992 0.3982 0.2359 0.4001 0.3232 0.1932 0.3482 0.2897
m3 0.2740 0.4985 0.4165 0.1021 0.4339 0.4217 −0.0032 0.4230 0.4230

k = 1 m2 0.2707 0.4635 0.3763 0.1845 0.3874 0.3406 0.1092 0.3451 0.3273
m3 0.2359 0.4849 0.4237 0.0745 0.4098 0.4030 0.0178 0.4064 0.4060

k = 2 m2 0.2172 0.4555 0.4004 0.1461 0.3750 0.3454 0.0844 0.3558 0.3456
m3 0.2220 0.4855 0.4318 0.0647 0.4312 0.4263 −0.0153 0.4102 0.4099

k = 3 m2 0.2339 0.4710 0.4088 0.1652 0.3874 0.3504 0.0688 0.3596 0.3530
m3 0.2306 0.5114 0.4564 0.0599 0.4376 0.4335 −0.0119 0.4170 0.4168

k = 4 m2 0.2465 0.4667 0.3962 0.1597 0.3821 0.3471 0.0994 0.3776 0.3642
m3 0.2320 0.4865 0.4277 0.0601 0.4410 0.4369 −0.0163 0.4188 0.4185

Note: As for Table 2; but simulations are for three different experiment designs: a single break (m2) and two
break points (m3).
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Table 4 reports simulation results for estimates of A-HYGARCH(1, d, 0, k) models. For the m3

design, the smallest estimation bias produced by A-HYEGARCH(1, 0.45, 0, k)T=3000 models equals
to 0.0090, which is achieved at k = 4. The smallest estimation bias for the m2 design produced by
the same class of models equals to 0.0999, which is achieved at k = 3. This is consistent with our
observation above. In addition, A-HYEGARCH still outperforms HYEGARCH in producing a more
accurate estimate of d.

Table 4. Simulation results for estimation of A-HYEGARCH(1, d, 0, k) models with various structural
change designs.

A-HYEGARCH(1,0.25,0,k) A-HYEGARCH(1,0.35,0,k) A-HYEGARCH(1,0.45,0,k)

Biasd RMSEd SEd Biasd RMSEd SEd Biasd RMSEd SEd

T = 1000

k = 0 m2 0.3168 0.5238 0.4171 0.2450 0.4563 0.3850 0.0675 0.3473 0.3406
m3 0.2382 0.4394 0.3692 0.0874 0.4139 0.4046 −0.0605 0.3553 0.3501

k = 1 m2 0.2845 0.5447 0.4645 0.1855 0.4896 0.4530 0.0476 0.4180 0.4152
m3 0.2009 0.5057 0.4642 0.0362 0.4689 0.4675 −0.0937 0.4389 0.4288

k = 2 m2 0.2719 0.5385 0.4648 0.1546 0.4915 0.4666 0.0483 0.3951 0.3921
m3 0.2041 0.5037 0.4604 0.0416 0.4506 0.4487 −0.0910 0.4332 0.4235

k = 3 m2 0.2487 0.5415 0.4810 0.1625 0.5043 0.4774 0.0827 0.4107 0.4023
m3 0.1826 0.4776 0.4413 0.0631 0.4456 0.4411 −0.1142 0.4163 0.4004

k = 4 m2 0.2196 0.5318 0.4844 0.2160 0.4839 0.4331 0.0188 0.3960 0.3956
m3 0.2362 0.4964 0.4366 0.0482 0.4512 0.4486 −0.0799 0.4145 0.4067

T = 3000

k = 0 m2 0.3894 0.5265 0.3543 0.2344 0.4246 0.3541 0.1550 0.3503 0.3142
m3 0.2727 0.4818 0.3972 0.1100 0.3826 0.3665 −0.0032 0.3665 0.3665

k = 1 m2 0.4085 0.5493 0.3672 0.2415 0.4327 0.3590 0.1097 0.3715 0.3549
m3 0.2794 0.4753 0.3845 0.0988 0.3920 0.3794 −0.0116 0.3823 0.3822

k = 2 m2 0.3552 0.5362 0.4016 0.2183 0.4360 0.3773 0.0937 0.3846 0.3730
m3 0.2663 0.4796 0.3988 0.0857 0.4149 0.4059 0.0134 0.4038 0.4036

k = 3 m2 0.3755 0.5433 0.3926 0.2237 0.4498 0.3902 0.0933 0.3875 0.3761
m3 0.2550 0.4757 0.4016 0.1052 0.4070 0.3932 0.0236 0.3966 0.3959

k = 4 m2 0.3800 0.5500 0.3976 0.2165 0.4548 0.4000 0.0999 0.3954 0.3826
m3 0.2549 0.4801 0.4068 0.0918 0.4058 0.3953 0.0090 0.3918 0.3917

T = 5000

k = 0 m2 0.3584 0.4842 0.3256 0.2809 0.4373 0.3352 0.1708 0.3463 0.3013
m3 0.2371 0.4271 0.3553 0.1292 0.3670 0.3436 0.0204 0.3727 0.3721

k = 1 m2 0.3300 0.4842 0.3543 0.2433 0.4527 0.3818 0.1689 0.3810 0.3415
m3 0.2062 0.4450 0.3944 0.1190 0.3827 0.3637 −0.0158 0.3818 0.3815

k = 2 m2 0.3327 0.4850 0.3529 0.2369 0.4487 0.3811 0.1843 0.3715 0.3225
m3 0.2106 0.4423 0.3889 0.1163 0.3841 0.3661 −0.0253 0.3971 0.3963

k = 3 m2 0.3129 0.4897 0.3766 0.2487 0.4638 0.3915 0.1586 0.3887 0.3549
m3 0.2000 0.4392 0.3910 0.1086 0.3829 0.3672 −0.0102 0.4106 0.4105

k = 4 m2 0.3246 0.4989 0.3789 0.2783 0.4717 0.3808 0.1723 0.3812 0.3400
m3 0.2129 0.4375 0.3822 0.1054 0.3871 0.3725 0.0118 0.4077 0.4076

Note: As for Table 2; but simulations are for three different experiment designs: a single break (m2) and two
break points (m3).
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Table 5 presents simulation results for estimates of A-HYGARCH(1, d, 1, k) models. Apart from
the designs with d = 0.45, simulation results here have generally consistent features with those shown
in Tables 3 and 4. Note that a constraint of d < 0.5 was imposed in the maximum likelihood estimation
to ensure stationarity. When the true value of d is approaching 0.5 (the case d = 0.45) , this may lead to
some negative bias observed for A-HYEGARCH models.

Table 5. Simulation results for estimation of A-HYEGARCH(1, d, 1, k) models with various structural
change designs.

A-HYEGARCH(1,0.25,1,k) A-HYEGARCH(1,0.35,1,k) A-HYEGARCH(1,0.45,1,k)

Biasd RMSEd SEd Biasd RMSEd SEd Biasd RMSEd SEd

T = 1000

k = 0 m2 0.2015 0.3644 0.3036 0.0876 0.3218 0.3097 −0.0539 0.2947 0.2897
m3 0.1061 0.3118 0.2932 0.0471 0.3628 0.3598 −0.0732 0.4070 0.4004

k = 1 m2 0.1394 0.4135 0.3893 0.1061 0.4132 0.3994 −0.0661 0.3585 0.3524
m3 0.0851 0.4208 0.4121 −0.0121 0.4226 0.4225 −0.1190 0.4676 0.4522

k = 2 m2 0.1279 0.4429 0.4240 0.0502 0.3949 0.3916 −0.0966 0.3767 0.3641
m3 0.0687 0.4108 0.4050 −0.0193 0.4111 0.4107 −0.1166 0.4537 0.4385

k = 3 m2 0.1580 0.4299 0.3998 0.0641 0.3929 0.3877 −0.0830 0.3682 0.3587
m3 0.1002 0.3902 0.3771 0.0076 0.4107 0.4106 −0.1201 0.4491 0.4327

k = 4 m2 0.1309 0.4400 0.4201 0.0354 0.3789 0.3772 −0.0505 0.3710 0.3676
m3 0.0771 0.3557 0.3473 0.0134 0.3838 0.3835 −0.1540 0.4393 0.4114

T = 3000

k = 0 m2 0.1453 0.2613 0.2172 −0.0202 0.2247 0.2238 −0.0980 0.2239 0.2013
m3 0.0674 0.2950 0.2873 −0.0270 0.2144 0.2127 −0.1280 0.2745 0.2428

k = 1 m2 0.0923 0.2956 0.2808 −0.0516 0.2755 0.2707 −0.1198 0.3017 0.2769
m3 0.0108 0.3327 0.3325 −0.0632 0.2863 0.2792 −0.1507 0.3375 0.3020

k = 2 m2 0.0869 0.3140 0.3018 −0.0711 0.2892 0.2803 −0.1043 0.2815 0.2614
m3 0.0250 0.3499 0.3490 −0.0985 0.2811 0.2633 −0.2006 0.3571 0.2954

k = 3 m2 0.1231 0.3323 0.3087 −0.0844 0.2718 0.2583 −0.1216 0.3074 0.2823
m3 0.0390 0.3481 0.3459 −0.0737 0.2774 0.2674 −0.1932 0.3350 0.2736

k = 4 m2 0.1274 0.3230 0.2968 −0.0559 0.2742 0.2684 −0.1599 0.3065 0.2615
m3 0.0231 0.3154 0.3145 −0.0517 0.2545 0.2492 −0.1381 0.3077 0.2750

T = 5000

k = 0 m2 0.0580 0.2532 0.2465 0.0357 0.2118 0.2087 −0.0731 0.3114 0.3027
m3 0.0589 0.2399 0.2326 −0.0479 0.2661 0.2617 −0.1445 0.3214 0.2871

k = 1 m2 −0.0160 0.2476 0.2471 −0.0252 0.2606 0.2594 −0.0969 0.3395 0.3254
m3 −0.0090 0.2390 0.2388 −0.1055 0.2992 0.2800 −0.2070 0.3711 0.3080

k = 2 m2 −0.0127 0.2615 0.2612 0.0018 0.2566 0.2566 −0.0927 0.3426 0.3298
m3 0.0018 0.2504 0.2504 −0.0889 0.2995 0.2860 −0.1945 0.3661 0.3102

k = 3 m2 −0.0125 0.2656 0.2653 −0.0286 0.2388 0.2371 −0.0932 0.3506 0.3380
m3 0.0110 0.2405 0.2402 −0.0727 0.3089 0.3002 −0.1995 0.3643 0.3048

k = 4 m2 0.0177 0.2624 0.2618 0.0208 0.2587 0.2579 −0.0985 0.3505 0.3364
m3 0.0135 0.2550 0.2547 −0.0582 0.2915 0.2856 −0.1773 0.3417 0.2921

Note: As for Table 2; but simulations are for three different experiment designs: a single break (m2) and two
break points (m3).

In the analysis above, we focus with the DGPS with T = 3000. As sample size increases,
the estimation bias and standard error both tend to decrease. The consistent reduction of Bias and SE,
and hence RMSE, accompanying the growth of sample size provides a possibility for further reducing



Risks 2018, 6, 26 16 of 28

the estimated root mean square errors. With more replications and larger sample sizes, we anticipate
greater stability in the simulation results.

In general, the A-HYEGARCH model consistently outperforms HYEGARCH across different
simulation designs with and without structural change. Thus, inclusion of the trigonometric
components in the A-HYEGARCH model appears to effectively mitigate the upward bias in estimating
d. This suggests the usefulness of A-HYEGARCH to model financial sequence in practice. Our
empirical evidence to demonstrate this is discussed in the next session.

5. Empirical Results

We apply various (adaptive) long-memory GARCH-type models studied in this paper to four
world stock indexes, comparing their performances at modeling return volatility. They are: (1) the
Standard & Poor’s 500 (S&P) index, which consists of 500 large companies having stock listed on
the New York Stock Exchange and NASDAQ; (2) the Financial Times Stock Exchange 100 (FTSE),
which consists of 100 companies listed on the London Stock Exchange; (3) the S&P/ASX 200 (ASX)
index, which consists of 200 companies listed on the Australian Securities Exchange; and (4) the Nikkei
225 (Nikkei) index, which consists of 225 Japanese companies listed on the Tokyo Stock Exchange.
Our dataset is composed of hourly closing prices for the four indexes over the period 1 January 2008 to
31 December 2011. The four time series are plotted in Figure 2.
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Figure 2. Hourly closing prices for the selected indexes over the period 1 January 2008 to 31 December 2011.

For each index, the return in the percentage series is defined as the logarithm of the hourly closing
price differences times 100, that is, rt = 100× log

(
pt

pt−1

)
, where pt is the hourly closing price recorded

in the corresponding national currency at time t. Figure 3 presents plots of the return series and
the absolute return series (as proxy for conditional volatility) for each index. Many stylized facts of
financial time series such as stationarity with an approximate zero mean and clusters of volatility can
be identified in the figure. The autocorrelation of the original and absolute return series is shown in
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Figure 4, which presents more stylized facts such as the absence of autocorrelations in the mean level
and the slow decay of autocorrelation in the volatility. Such slow decays suggest large persistence
in the volatility processes for the stock index returns. Hence, long memory models are expected to
provide better performance in modeling the conditional variance of the chosen financial series.
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Figure 3. Hourly returns and hourly absolute returns for stock indexes from 1 January 2008 to
31 December 2011.

Table 6 displays a group of summary statistics for the stock index returns. It can be seen that,
though there are some large deviations, the mean value is very close to 0 for all indexes. FTSE and ASX
have standard deviations smaller than 0.25, while S&P and Nikkei have slightly larger variations. S&P
is positively skewed in contrast to the other three indexes, which are all negatively skewed. All indexes
have kurtoses significantly larger than 0, suggesting that none of them has a Gaussian distribution.
Normality tests results reported include p-values from the Kolmogorov–Smirnov and Jarque–Bera
tests. All p-values are quite close to 0, indicating the rejection of the null hypothesis that selected index
returns are normally distributed. Further, we present the Ljung–Box test results, which indicate that
significant autocorrelations exist in all absolute return series, which confirms with findings drawn
from Figure 4 indicating significant ARCH effects for all indexes. Finally, most index pairs exhibit weak
positive correlations during our sample period. The correlation between Nikkei and FTSE, and that
between Nikkei and S&P, however, are weakly negative.
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Figure 4. Autocorrelation functions for the stock indexes.

Table 6. Summary statistics for the four stock index return series.

S&P FTSE ASX Nikkei

Panel A: Descriptive statistics

Min −2.1058 −3.5105 −2.3628 −4.5225
Max 2.8884 2.6530 2.4190 5.0316

Mean −0.0008 −0.0007 −0.0028 −0.0035
S.D. 0.2558 0.2312 0.2404 0.3101

Skew 0.2627 −0.3902 −0.3413 −0.8922
Kurt. 18.0721 22.7123 21.2869 39.3868
K.S. 0.0000 0.0000 0.0000 0.0000
J.B. 0.0000 0.0000 0.0000 0.0000
|Q|10 0.0000 0.0000 0.0000 0.0000

Panel B: Pairwise correlations

S&P 0.0476 0.0353 −0.0070
FTSE 0.0463 −0.0199
ASX 0.0066

Note: this table presents the summary statistics for hourly S&P, FTSE, ASX and Nikkei index returns ranging
from 1 January 2008 to 31 December 2011. Min is the minimum, Max is the maximum, Mean is the mean, S.D. is
the standard deviation, Skew is the skewness, Kurt. is the kurtosis, K.S. is the p-value of Kolmogorov–Smirnov
normality test, J.B. is the p-value of Jarque–Bera normality test, |Q|10 is the p-value of the Ljung–Box test for
absolute returns at lags 10.

5.1. Procedure of the A-HYEGARCH Model Fitting Empirical Data

Before fitting the empirical data, we summarize the procedure of our A-HYEGARCH model
as a flowchart demonstrated in Figure 5. First, high-frequency data are tested for the existence of
structural breaks. If they are not present, an ordinary HYEGARCH (k = 0) can be fitted. Otherwise,
we need to determine the value of k. As discussed above, Baillie and Morana (2009) suggest that a
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parsimonious choice like 1 or 2 is normally a good start. Structured tests can also be performed (such as
the likelihood-ratio test) to obtain an optimal choice. Popular criteria like AIC and/or BIC may also be
considered. Finally, if the empirical data are fat-tailed/leptokurtic, an appropriate choice of fat-tailed
distribution like Student’s t, rather than the Gaussian, will be assumed for the innovation sequence.
The parameters are therefore estimated by maximizing the corresponding (log-)likelihood function.

Do
structural

breaks
exist?

High frequency data

A-HYEGARCH
model with k > 1

Select k based on
various criteria and tests

A-HYEGARCH
model with k = 0

Are data
fat-tailed?

Use Fat-tailed likehood
function (e.g., Student’s t)Use Gaussian likelihood fuction

Obtain MLE

YES

NO

YES

NO

Figure 5. Flowchart of the A-HYEGARCH model fitting process.
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5.2. Structural Change Test

To demonstrate the potential usefulness of the adaptive long-memory GARCH-type models,
we firstly conduct formal structural change tests to confirm that they significantly exist in the dataset
investigated. More tests are then conducted to detect structural breaks in the log-return series of the four
indexes. According to Ross (2013), this Mood-type test employed can only be applied to independent
time series. Hence, we firstly standardized the return series {εt} by dividing the conditional standard
deviation

√
ht derived from a GARCH(1,1) model.5 Then, we apply the Nonparametric Change Point

Model (NPCPM), which is proposed by Ross (2013) based on the seminal work of Mood (1954), to detect
existence and locations of structural change points. Figure 6 presents the hourly return and change
points for stock indexes S&P, FTSE, ASX and Nikkei over the period 1 January 2008 to 31 December
2011. The vertical red dash lines indicate the structural change points in hourly returns detected by
using the Mood test and NPCPM algorithm. There are 5, 5, 1 and 1 change points discovered for S&P,
FTSE, ASX and Nikkei, respectively. Hence, adaptive long-memory GARCH-type models are expected
to provide more accurate results. Those without the adaptive feature are also fitted for comparison.
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Figure 6. Identified structural change points.

5.3. Model Performance Comparison

We firstly consider the four ordinary long-memory GARCH(1,d,1) models: FIGARCH,
HYGARCH, FIEGARCH and HYEGARCH. Their adaptive extensions are subsequently fitted6.
The estimation results are reported in Table 7 for the non-adaptive models and in Tables 8 and 9
for the adaptive models. The effectiveness of the adaptive extension can then be observed. Apart
from that, other information can be obtained by contrasting HYGARCH to FIGARCH specification,

5 This approach creates the iid sequence {zt} and is adopted in Ross (2013) to address the dependence issue.
6 Although not explicitly discussed, A-HYGARCH model and A-FIEGARCH model are developed in the same way as for

A-FIGARCH and A-HYEGARCH, by replacing the constant intercept in the standard models with time varying intercept
following Gallant (1984)’s flexible functional form.
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for GARCH an EGARCH frameworks, respectively. Therefore, we consider the following four pairs of
model comparisons:7

Pair1 =

{
FIGARCH(1, d, 1),
HYGARCH(1, d, 1),

Pair2 =

{
FIEGARCH(1, d, 1),
HYEGARCH(1, d, 1),

Pair3 =

{
A− FIGARCH(1, d, 1, k),
A− HYGARCH(1, d, 1, k),

Pair4 =

{
A− FIEGARCH(1, d, 1, k),
A− HYEGARCH(1, d, 1, k).

From Table 7, all non-adaptive models produce considerably large estimated d, indicating
significant persistence for all indexes. For instance, estimated d for the S&P index are 0.9611 by
FIGARCH model and 0.8837 by HYGARCH model. These values are quite close to the upper bound
of the long memory parameter in the corresponding models, suggesting extreme persistence in the
conditional variance of S&P return series. This is consistent without observations in Figure 3. Notice
that long memory parameters estimated by HYGARCH are considerably smaller than that produced
by FIGARCH for all indexes. Since structural change is present, a lower d is expected to be more
accurate. This is consistent with Davidson (2004), who argues that the inclusion of τ in the HYGARCH
specification would improve the accuracy of long memory measure. As for Pair2, HYEGARCH and
FIEGARCH tend to produce similar long-memory estimates8. Overall, all of the large estimates of d
demonstrate concerns of non-stationarity.

From Table 8 and 9, estimated d are much smaller when the adaptive feature is allowed. This
result is consistent across all four indexes, with the most remarkable reductions found in estimates for
the ASX and Nikkei stock indexes. Using ASX as an example, we compare estimates of d produced
from Pair3 and Pair1 models. It shows that the A-FIGARCH model can bring down estimated d from
0.8867 (produced by the FIGARCH model) to 0.7333. The reduction for the HYGARCH specification is
from 0.5944 to 0.5422. These results demonstrate the effectiveness of adaptive long-memory GARCH
models without logarithm transformation for the conditional variances. The reductions for the
EGARCH-type pairs are more significant. In contrast to a large estimate over 0.85 when adaptive
feature is not considered, A-FIEGARCH and A-HYEGARCH models result in 0.2122 and 0.3450 for
the estimated d, respectively. This result further confirms that structural change has induced the ASX
return series to display misleading long memory behavior, if it is not appropriately controlled for.
More specifically, both FIEGARCH and HYEGARCH suggest strong persistence, non-stationarity
and non-invertibility (as d > 0.5), whereas their adaptive extensions argue moderate long-memory,
stationarity and invertibility. Estimation results associated with the other return sequences demonstrate
consistent findings, although reductions in estimates of d vary.

7 Following Baillie and Morana (2009), we choose k = 8 for all adaptive models. More parsimonious and comprehensive
selections are considered and produce robust results, which are available upon request.

8 This is consistent with Davidson (2004), who suggests that FIEGARCH may provide more accurate long-memory measure
than FIGARCH. Thus, the improvement of HYEGARCH over FIEGARCH may be not as significant as HYGARCH over
FIGARCH, in terms of long-memory measure. Nevertheless, the HYEGARCH model has a much more flexible specification
and nests FIEGARCH as a special case, providing a more general solution for long-memory modelling.
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Table 7. Estimation of FIGARCH, HYGARCH, FIEGARCH and HYEGARCH models for stock indexes.

µ ω α β τ d υ θ γ

Panel A: S&P

FIGARCH 0.0069 0.0002 0.0482 0.9563 - 0.9411 2.9587 - -
(0.0013) 0.0000 (0.0111) (0.0028) (0.0088) (0.0412)

HYGARCH 0.0071 0.0001 0.0998 0.9541 1.0496 0.8837 2.4009 - -
(0.0012) 0.0000 (0.0195) (0.0017) (0.0026) (0.0160) (0.0133)

FIEGARCH 0.0068 −1.8603 0.7963 −0.4243 - 0.7405 2.5618 −0.0768 0.0519
(0.0007) (0.2037) (0.0122) (0.0336) (0.0133) (0.0150) (0.0051) (0.0044)

HYEGARCH 0.0069 −1.9875 0.7983 −0.4064 1.0008 0.7294 2.5671 −0.0765 0.0511
(0.0007) (0.1120) (0.0121) (0.0340) (0.0009) (0.0131) (0.0151) (0.0050) (0.0044)

Panel B: FTSE

FIGARCH 0.0038 0.0006 0.3015 0.8338 - 0.5830 3.5724 - -
(0.0014) (0.0001) (0.0106) (0.0040) (0.0066) (0.0744)

HYGARCH 0.0038 0.0003 0.3326 0.8287 1.0345 0.5452 3.3689 - -
(0.0014) (0.0001) (0.0117) (0.0045) (0.0051) (0.0072) (0.0615)

FIEGARCH 0.0025 2.0009 −0.4212 0.5551 - 0.9030 2.7199 −0.0840 0.0840
(0.0009) (0.1899) (0.0840) (0.1070) (0.0126) (0.0175) (0.0068) (0.0082)

HYEGARCH 0.0048 4.8845 −0.3337 0.4221 1.0017 0.9085 3.3806 −0.0685 0.0716
(0.0009) (0.1555) (0.0446) (0.0523) (0.0001) (0.0089) (0.0419) (0.0054) (0.0032)

Panel C: ASX

FIGARCH −0.0001 0.0004 0.0957 0.9610 - 0.8867 2.4267 - -
(0.0012) 0.0000 (0.0103) (0.0015) (0.0036) (0.0148)

HYGARCH −0.0001 0.0006 0.3033 0.9435 1.1484 0.5944 2.1465 - -
(0.0012) (0.0001) (0.0183) (0.0020) (0.0060) (0.0106) (0.0043)

FIEGARCH 0.0016 0.9726 −0.8671 −0.0003 - 0.9399 2.5036 −0.0703 0.0947
(0.0010) (0.1440) (0.0277) (0.0849) (0.0161) (0.0139) (0.0086) (0.0112)

HYEGARCH −0.0009 3.1965 0.7814 1.9430 0.9941 0.8517 2.1654 −0.0098 0.0086
(0.0015) (0.2163) (0.0043) (0.0593) (0.0001) (0.0137) (0.0042) (0.0010) (0.0002)

Panel D: Nikkei

FIGARCH −0.0006 0.0011 0.0770 0.9462 - 0.8637 2.2515 - -
(0.0013) (0.0001) (0.0034) (0.0004) (0.0007) (0.0088)

HYGARCH −0.0006 0.0009 0.1998 0.9432 1.1550 0.6272 2.0906 - -
(0.0013) (0.0002) (0.0056) (0.0016) (0.0020) (0.0019) (0.0029)

FIEGARCH −0.0002 0.2430 0.5857 0.1611 - 0.7615 2.0535 −0.0974 0.0028
(0.0002) (0.0810) (0.0141) (0.0407) (0.0045) (0.0016) (0.0039) (0.0001)

HYEGARCH −0.0013 3.4457 −0.7578 −0.6029 0.9938 0.8002 2.1007 −0.0765 0.4667
(0.0006) (0.0934) (0.0113) (0.0077) (0.0001) (0.0103) (0.0029) (0.0278) (0.0084)

Note: this table reports estimates of parameters for the four non-adaptive models, with standard errors
presented in parenthesis below corresponding parameter estimates.

Finally, various model diagnostics and evaluation criteria are reported in Table 10 for model
comparison among the four adaptive long-memory GARCH models. Table 10 shows that A-FIEGARCH
models and A-HYEGARCH models outperform the other two as suggested by both AIC and BIC. In
particular, A-HYEGARCH is the optimal model in most cases. Despite the variation among model
diagnostics, there is no material difference observed for the four adaptive models in all cases.

To sum up, all of our empirical study results demonstrate the usefulness of A-HYEGARCH model
in practice, including the adaptive feature to control for the detected structural change being proven
substantially effective, which is shown to be evident by the reduction in estimated d. For another, the
A-HYEGARCH model outperforms other competing adaptive long-memory GARCH models in terms
of model evaluation results. Thus, our proposed A-HYEGARCH model can be a widely useful tool to
study long memory in practical contents, for which structural change is inevitable.
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Table 8. Estimation of A-FIGARCH, A-HYGARCH, A-FIEGARCH and A-HYEGARCH models for
S&P and FTSE.

S&P FTSE

A-FIGARCH A-HYGARCH A-FIEGARCH A-HYEGARCH A-FIGARCH A-HYGARCH A-FIEGARCH A-HYEGARCH

µ 0.0071 0.0071 0.0063 0.0064 0.0036 0.0036 0.0010 0.0040
(0.0012) (0.0012) (0.0004) (0.0004) (0.0014) (0.0014) (0.0007) (0.0004)

ω0 0.0019 0.0017 −1.1084 −1.5595 0.0021 0.0026 2.0738 2.8709
0.0000 0.0000 (0.1658) (0.2507) (0.0002) (0.0001) (0.3358) (0.1785)

α 0.0441 0.0597 0.7852 0.8150 0.4261 0.4045 −0.3225 −0.2230
(0.0161) (0.0195) (0.0088) (0.0099) (0.0095) (0.0096) (0.0836) (0.3260)

β 0.9514 0.9531 −0.3812 −0.3884 0.7632 0.7648 0.3627 0.1230
(0.0023) (0.0019) (0.0289) (0.0316) (0.0052) (0.0050) (0.0801) (0.0302)

τ - 1.0154 - 1.0067 - 0.9742 - 1.0015
(0.0023) (0.0006) (0.0077) 0.0000

θ - - -0.1292 -0.1277 - - −0.1025 −0.0878
(0.0064) (0.0056) (0.0069) (0.0044)

γ - - 0.0353 0.0312 - - 0.0688 0.0363
(0.0016) (0.0015) (0.0081) (0.0015)

d 0.9541 0.9390 0.6313 0.5773 0.3878 0.4219 0.8867 0.8911
(0.0132) (0.0156) (0.0084) (0.0066) (0.0074) (0.0076) (0.0095) (0.0053)

υ 2.5309 2.4206 2.3700 2.4137 3.4354 3.4410 2.7041 3.6283
0.0000 (0.0141) (0.0095) (0.0106) (0.0655) (0.0650) (0.0170) (0.0534)

A1 0.0004 0.0019 0.0266 −0.0621 0.0014 0.0024 −2.2135 −0.6845
(0.0001) 0.0000 (0.0264) (0.1067) (0.0002) (0.0002) (0.6054) (0.1679)

B1 0.0002 0.0004 −0.0110 0.2730 0.0008 0.0014 0.0634 1.5218
(0.0001) (0.0001) (0.0219) (0.0888) (0.0002) (0.0002) (0.3027) (0.1931)

A2 −0.0014 0.0003 −0.0875 −0.4105 −0.0008 0.0007 −0.1035 0.0546
0.0000 (0.0001) (0.0177) (0.0735) (0.0002) (0.0002) (0.3092) (0.1148)

B2 −0.0013 −0.0014) −0.0376 −0.0795 −0.0014 −0.0010 0.4889 0.3969
0.0000 0.0000 (0.0170) (0.0705) (0.0002) (0.0002) (0.3963) (0.1102)

A3 −0.0001 −0.0012 −0.1103 −0.5522 −0.0001 −0.0016 −0.3048 −0.3361
(0.0001) 0.0000 (0.0147) (0.0621) (0.0002) (0.0002) (0.2118) (0.0871)

B3 −0.0003 −0.0002 0.0561 0.2460 −0.0004 0.0000 −0.1303 −0.1089
0.0000 (0.0001) (0.0149) (0.0616) (0.0002) (0.0002) (0.1798) (0.0878)

A4 0.0004 −0.0003 −0.0867 −0.4166 0.0008 −0.0005 −0.3966 −0.3076
0.0000 (0.0001) (0.0132) (0.0549) (0.0002) (0.0002) (0.1530) (0.0700)

B4 0.0004 0.0004 −0.0058 −0.0014 0.0008 0.0010 0.1948 0.2555
0.0000 0.0000 (0.0134) (0.0584) (0.0002) (0.0002) (0.1440) (0.0694)

A5 0.0002 0.0004 0.0043 0.0101 0.0003 0.0009 −0.1198 −0.0934
(0.0001) 0.0000 (0.0122) (0.0518) (0.0002) (0.0002) (0.1365) (0.0629)

B5 0.0002 0.0002 0.0413 0.2067 0.0001 0.0003 0.0791 0.1247
(0.0001) (0.0001) (0.0125) (0.0536) (0.0002) (0.0002) (0.1301) (0.0605)

A6 −0.0002 0.0002 −0.0153 −0.0828 −0.0003 0.0001 −0.1282 −0.1055
0.0000 (0.0001) (0.0122) (0.0526) (0.0002) (0.0002) (0.1162) (0.0566)

B6 0.0001 −0.0002 −0.0296 −0.1214 0.0000 −0.0003 −0.1165 −0.0269
0.0000 0.0000 (0.0112) (0.0495) (0.0002) (0.0002) (0.1096) (0.0515)

A7 −0.0002 0.0001 0.0255 0.1135 0.0002 0.0000 0.0414 0.0471
0.0000 0.0000 (0.0111) (0.0479) (0.0002) (0.0002) (0.1021) (0.0518)

B7 0.0001 −0.0001 −0.0175 −0.0757 0.0002 0.0001 0.1722 0.1173
(0.0001) (0.0001) (0.0112) (0.0493) (0.0002) (0.0002) (0.1033) (0.0494)

A8 −0.0001 0.0001 −0.0327 −0.1567 0.0002 0.0002 −0.1511 −0.1572
0.0000 (0.0001) (0.0110) (0.0490) (0.0002) (0.0002) (0.0934) (0.0458)

B8 0.0017 −0.0001 −0.0620 −0.2736 0.0021 0.0002 −0.1098 −0.0420
0.0000 0.0000 (0.0106) (0.0462) (0.0001) (0.0002) (0.0930) (0.0468)

Note: this table reports estimates of parameters for the four fitted models which all have k = 8 pairs
of trigonometric components in ωt, with standard errors presented in parenthesis below corresponding
parameter estimates. The sample data are collected over the period 1 January 2008 to 31 December 2011 for the
S&P and FTSE stock indexes, for a total of T = 8058 and T = 9074 observations for each index, respectively.
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Table 9. Estimation of A-FIGARCH, A-HYGARCH, A-FIEGARCH and A-HYEGARCH models for
ASX and Nikkei.

ASX Nikkei

A-FIGARCH A-HYGARCH A-FIEGARCH A-HYEGARCH A-FIGARCH A-HYGARCH A-FIEGARCH A-HYEGARCH

µ 0.0000 0.0000 −0.0006 −0.0007 −0.0008 −0.0007 −0.0007 −0.0019
(0.0012) (0.0012) (0.0008) (0.0005) (0.0012) (0.0012) (0.0012) (0.0011)

ω0 0.0050 0.0052 3.2308 1.3881 0.0233 0.0199 4.2225 1.1887
(0.0002) (0.0002) (0.0473) (0.0454) (0.0004) (0.0004) (0.0569) (0.0332)

α 0.2154 0.3350 0.9747 0.9516 0.2056 0.2529 0.9532 −0.6601
(0.0164) (0.0204) (0.0003) (0.0007) (0.0041) (0.0061) (0.0005) (0.0106)

β 0.9118 0.9181 6.1132 7.8885 0.8590 0.8987 4.6251 −1.0009
(0.0031) (0.0028) (0.0782) (0.1321) (0.0013) (0.0023) (0.0647) (0.0003)

τ - 1.1447 - 1.0143 - 1.1554 - 2.6064
(0.0089) (0.0007) (0.0035) (0.0020)

θ - - −0.0150 −0.0090 - - −0.0148 0.0222
(0.0013) (0.0007) (0.0026) (0.0571)

γ - - 0.0049 0.0013 - - 0.0136 1.2551
(0.0001) 0.0000 (0.0002) (0.0455)

d 0.7333 0.5422 0.2122 0.3450 0.6393 0.5391 0.2132 0.0653
(0.0085) (0.0116) (0.0013) (0.0014) (0.0019) (0.0027) (0.0014) (0.0001)

υ 2.2107 2.1345 2.0409 2.0599 2.0984 2.0683 2.0359 2.0090
(0.0065) (0.0039) (0.0011) (0.0016) (0.0031) (0.0021) (0.0010) (0.0003)

A1 0.0020 0.0047 0.0022 −0.1152 0.0050 0.0189 0.0035 0.3229
−0.0002 −0.0002 −0.0015 −0.0496 −0.0008 −0.0005 −0.0033 −0.0391

B1 0.0014 0.0022 −0.0001 0.0729 0.0058 0.0047 −0.0086 0.5264
(0.0002) (0.0003) (0.0015) (0.0473) (0.0006) (0.0008) (0.0032) (0.0420)

A2 −0.0026 0.0016 −0.0088 −0.3901 −0.0126 0.0049 −0.0119 −0.1332
(0.0002) (0.0003) (0.0014) (0.0459) (0.0004) (0.0007) (0.0031) (0.0396)

B2 −0.0027 −0.0027 −0.0037 −0.0382 −0.0096 −0.0090 −0.0148 −0.0936
(0.0002) (0.0000) (0.0014) (0.0465) (0.0005) (0.0005) (0.0030) (0.0374)

A3 −0.0011 −0.0024 −0.0130 −0.4850 0.0007 −0.0069 −0.0236 −0.5202
(0.0002) (0.0002) (0.0014) (0.0447) (0.0005) (0.0006) (0.0030) (0.0392)

B3 −0.0018 −0.0013 0.0015 0.0820 −0.0009 0.0011 0.0028 0.1064
(0.0002) (0.0003) (0.0014) (0.0450) (0.0005) (0.0006) (0.0030) (0.0364)

A4 0.0013 −0.0017 −0.0096 −0.3792 0.0100 −0.0003 −0.0113 −0.1853
(0.0002) (0.0003) (0.0013) (0.0429) (0.0006) (0.0006) (0.0029) (0.0388)

B4 0.0009 0.0012 0.0002 0.0487 0.0114 0.0084 0.0067 0.2248
(0.0002) (0.0002) (0.0014) (0.0454) (0.0007) (0.0006) (0.0029) (0.0379)

A5 0.0015 0.0009 −0.0015 −0.0405 0.0030 0.0095 0.0055 0.1998
(0.0002) (0.0002) (0.0013) (0.0432) (0.0004) (0.0007) (0.0028) (0.0414)

B5 0.0013 0.0015 0.0035 0.1610 0.0037 0.0021 0.0017 0.1843
(0.0002) (0.0003) (0.0013) (0.0437) (0.0004) (0.0005) (0.0029) (0.0360)

A6 −0.0002 0.0012 −0.0002 −0.0073 −0.0029 0.0029 −0.0022 −0.0363
(0.0002) (0.0003) (0.0013) (0.0432) (0.0007) (0.0005) (0.0028) (0.0381)

B6 0.0002 0.0000 −0.0008 −0.0172 −0.0003 −0.0020 0.0029 0.1985
(0.0002) (0.0002) (0.0013) (0.0419) (0.0006) (0.0007) (0.0028) (0.0379)

A7 −0.0007 0.0000 −0.0016 −0.0526 −0.0039 0.0002 −0.0038 −0.0804
(0.0002) (0.0002) (0.0013) (0.0420) (0.0005) (0.0007) (0.0028) (0.0392)

B7 −0.0004 −0.0003 −0.0015 −0.0477 0.0005 −0.0023 −0.0065 −0.1853
(0.0002) (0.0003) (0.0013) (0.0437) (0.0005) (0.0006) (0.0028) (0.0364)

A8 −0.0002 −0.0002 −0.0017 −0.0901 −0.0023 0.0012 −0.0041 −0.0313
(0.0002) (0.0003) (0.0013) (0.0434) (0.0005) (0.0006) (0.0028) (0.0389)

B8 0.0058 0.0000 −0.0036 −0.1315 0.0255 −0.0016 −0.0095 −0.2403
(0.0002) (0.0002) (0.0013) (0.0410) (0.0004) (0.0006) (0.0027) (0.0371)

Note: as for Table 8; but the underlying sample data correspond to the ASX and Nikkei stock indexes, over
the period 1 January 2008 to 31 December 2011 for a total of T = 7059 and T = 6834 observations for each
index, respectively.
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Table 10. Summary of diagnostic statistics and evaluation criteria of fitted adaptive models.

Log-Likelihood ARCH5 LB5 LB2
5 AIC BIC

Panel A: S&P

A-FIGARCH 2759.8950 17.2735 0.3884 17.0067 −5374.7455 −5332.7797
A-HYGARCH 2761.6019 18.4937 0.4231 18.2473 −5418.7770 −5369.8169
A-FIEGARCH 2862.2593 25.0606 0.8789 24.1713 −5626.4238 −5570.4695

A-HYEGARCH 2862.9020 24.5154 0.9294 23.6702 −5624.5952 −5561.6465

Panel B: FTSE

A-FIGARCH 2914.8105 29.4395 1.8242 28.9177 −5758.6189 −5715.9406
A-HYGARCH 2915.0273 30.3156 1.8479 29.7808 −5762.0129 −5712.2215
A-FIEGARCH 2979.7400 24.6949 2.1089 24.4607 −5917.3104 −5860.4060

A-HYEGARCH 3008.1578 17.9299 2.2100 17.9626 −5999.9452 −5935.9277

Panel C: ASX

A-FIGARCH 3110.6813 42.3133 4.3910 36.6143 −6127.0291 −6085.8237
A-HYGARCH 3117.5465 41.5592 4.3769 35.9641 −6181.9879 −6133.9150
A-FIEGARCH 3152.0775 68.8288 4.2316 57.0540 −6227.1936 −6172.2531

A-HYEGARCH 3152.1061 71.1686 4.2512 58.7924 −6230.2151 −6168.4070

Panel D: Nikkei

A-FIGARCH 2019.0830 63.5469 6.8523 65.5967 −3877.9257 −3836.9486
A-HYGARCH 2023.5644 77.3598 6.9062 79.2479 −3949.2034 −3901.3968
A-FIEGARCH 2032.6590 46.9280 6.6981 49.6358 −3967.7586 −3913.1225

A-HYEGARCH 2153.8684 43.5520 6.6087 43.9113 −4043.6069 −3982.1412

Note: the sample period is from 1 January 2008 to 31 December 2011 for a total of T = 8058, T = 9074, T = 7099
and T = 6834 observations for S&P, FTSE, ASX and Nikkei, respectively. ARCH denotes Engle’s Lagrange
multiplier test statistics for ARCH effects, LB denotes the Ljung–Box test statistic for serial correlation in
the standardized residuals, LB2 denotes the Ljung–Box test statistic for serial correlation in the squared
standardized residuals, AIC is the Akaike information criterion and BIC is the Bayesian information criterion.
The estimated models are the A-FIGARCH(1, d, 1, 8), A-HYGARCH(1, d, 1, 8), A-FIEGARCH(1, d, 1, 8) and
A-HYEGARCH(1, d, 1, 8).

6. Conclusions

This paper proposes a new A-HYEGARCH process to model high frequency financial volatility,
which accounts for both long memory and structural change features. By adopting the natural
logarithm of the conditional variance, no constraints are needed to ensure its non-negativity. This
particular structure of the A-HYEGARCH model releases the complex restrictions that exist in many
popular and related models, like the HYGARCH. Moreover, to control for the structural change, the
A-HYEGARCH model employs a time-varying intercept using the flexible functional form specified
by Gallant (1984). As argued by Baillie and Morana (2009), this feature does not require pre-testing the
number or locations of structural change points before fitting to the data. Furthermore, the inclusion
of the trigonometric components can effectively mitigate the upward bias in the estimate of the long
memory parameter when structural changes occur.

A series of Monte Carlo studies are conducted to demonstrate effectiveness of the A-HYEGARCH
model with and without the presence of structural changes. Compared with the ordinal HYEGARCH
models, our results indicate that the A-HYEGARCH model can significantly reduce the overestimated
long-memory parameter when structural changes do exist. In addition, it can perform at least as well
when no structural change is assumed.

The usefulness of the A-HYEGARCH model in practice is also presented with empirical evidence.
We consider four world-wide popular stock indexes: S&P 500, the FTSE 100, the S&P/ASX 200 and the
Nikkei 225. Comparing with the (A-)FIGARCH, (A-)FIEGARCH, (A-)HYGARCH and HYEGARCH,
the proposed A-HYEGARCH can lead to more reliable estimates of the long memory parameter
and improved fitness in most cases. Hence, the A-HYEGARCH can be a powerful approach to
model the long memory behavior of the practical high-frequency data with potential structural
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changes. For instance, Corsi (2009) employs long-memory models to improve the accuracy in
predicting realized volatility of returns of foreign exchange rates. Batten et al. (2014) point out the
importance of long-memory models in forecasting the high-frequency Value-at-Risk. The performance
of long-memory models for stock return volatility is discussed in Quoreshi (2014). Apart from those
areas, our proposed A-HYEGARCH model can be widely adopted for other fields related to financial
volatility or risk management, such as portfolio optimization.

Furthermore, the specification defined by Equation (11) can be flexibly adjusted based on
the particular behavior of the underlying dataset. For example, the assumption of the Student’s
t-distribution can be replaced by a tempered stable distribution to more precisely model the tail
behavior of the data (Feng and Shi 2017). This leaves space to test asymptotic properties of the
A-HYEGARCH model under various assumption settings. A detailed discussion of those extensions
remains for future work.

Finally, various extensions of statistical learning methods to the GARCH model are employed in
recent studies. For instance, Kristjanpoller and Hernández (2017) adopts the Hybrid Artificial Neutral
Network (ANN) GARCH model to forecast the volatility of main metals. It is of particular interest to
extend and apply those models to allow for the long-memory feature. A comparison of our proposed
model with those potential competing extensions is out of the scope of this paper and remains for the
future work.
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