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ABSTRACT

Job Matching, Social Network and
Word-of-Mouth Communication®

Workers are embedded within a network of social relationships and can communicate
through word-of-mouth. They can find a job either directly or through personal contacts. From
this micro scenario, we derive an aggregate matching function that has the standard
properties but fails to be homogeneous of degree one because of coordination failures
between workers. We show that, when the network size increases, on average, the
unemployed workers hear about more vacancies through their social network but, at the
same time, it is more likely that multiple vacancies reach the same unemployed worker.
Above a certain critical value, this job overcrowding becomes so important that job matches
decrease with network size. We then establish existence and uniqueness of the labor market
equilibrium and study its properties. In dense enough networks, the equilibrium
unemployment rate increases with network size whereas the latter has an ambiguous effect
on wages. Finally, we demonstrate that the decentralized market equilibrium is not efficient
because of both search and network externalities.
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1 Introduction

Individuals seeking for jobs read newspapers, go to employment agencies, browse in the web and
mobilize their local networks of friends and relatives. Although underestimated by the bulk of
the search and matching literature, personal contacts often play a prominent role in matching job-
seekers with vacancies. The empirical evidences indeed suggest that about half of all jobs are filled
through contacts.! Networks of personal contacts mediate employment opportunities which flow
through word-of-mouth and, in many cases, constitute a valid alternative source of employment
information to more formal methods.?

The aim of this paper is threefold. First, we develop a micro scenario for the matching func-
tion in which finding a job depends both on social contacts and informal methods. According to
this scenario, workers are linked to each other by a social network, the members of this network
can communicate through word-of-mouth and agents partly rely on friends to gather information
about employment opportunities. Second, we analyze the relationship between network size and
job matches. This relationship is non-monotonic because in larger networks, on average, unem-
ployed workers hear about more vacancies through their social network but coordination failures
also increase. Finally, we fully characterize the steady-state labor market equilibrium, establish
existence, uniqueness, examine its welfare properties, and investigate the link between the network
of personal contacts, the information transmission protocol and the equilibrium unemployment,
vacancy and wage rates.

There have been several attempts to find a micro scenario of the standard macroeconomic
matching function. The most popular reduced form is the exponential matching function that
was first employed by Butters (1977) to model contacts between buyers and sellers in commodity

markets.® More recently, Lagos (2000) has proposed an alternative micro approach by deriving an

'Sociologists and labor economists have produced a broad empirical literature on labor market networks. In fact,
the pervasiveness of social networks and their relative effectiveness varies with the social group considered. For
instance, Holzer (1988) shows that among 16-23 years old workers who reported job acceptance, 66% used informal
search channels (30% direct application without referral and 36% friends/relatives), while only 11% use state agencies
and 10% newspapers. See also Corcoran et al. (1980) and Granovetter (1995). More recently, Topa (2001) argues
that the observed spatial distribution of unemployment in Chicago is consistent with a model of local interactions
and information spillovers, and may thus be generated by agent’s reliance in informal methods of job search such as

networks of personal contacts.
2Montgomery (1991) emphasizes the role of networks and its advantages for the employer relative to other channels

as providing a screening device against low-ability workers. Indeed, it is widely documented that individuals tend to
interact with individuals like themselves (a property often called assortative matching or inbreeding bias). Therefore,
currently employed high-ability workers (whose type has already been revealed to the employer) are more likely to
refer workers of the same type. Because of that, employers often delegate to the network of their current workforce
the screening function of finding a suitable employee. Our focus here is rather on characterizing the (endogenous)

returns of job information exchange in social networks and the associated labor market equilibrium.
3This matching function owes its origin to the well-known and extensively analysed urn-ball model in probability

theory. According to this model, the labor market is visualized as ‘urns’ (vacancies) to be filled by ‘balls’ (workers).



aggregate matching function which takes the form of a min function. Our micro scenario based on
word-of-mouth communication gives insights on the relationship between job search, job matching
and social network. In fact, there have been few theoretical attempts to model this link. Notable
exceptions include Diamond (1981), Montgomery (1991, 1992) and Mortensen and Vishwanath
(1994) that contribute to the theoretical literature on equilibrium wage determination in search
markets. However, in all these approaches, the modelling of the social network is quite shallow. To
our knowledge, the first paper to explicitly model the structure of social contacts by an undirected
network in a labor market context is Boorman (1975).4 Following this early contribution, Calvé-
Armengol (2001) develops a model specifying at the individual level both the decision to establish
or to maintain social ties with other agents, and the process by which information about jobs is
obtained and transmitted. The analysis focuses on the impact that an endogenous determination
of job contact networks has on the effectiveness of information transmission and on the aggregate
unemployment level. On the contrary, the present paper builds an aggregate matching function
stemming from an explicit network structure, and determines the impact a partial reliance on social
networks as a method of job search has on labor market outcomes.

More precisely, in our micro scenario, the structure of personal contacts and the job information
transmission process is spelled out in detail. Our model can be seen as an extension of the standard
urn-ball model mentioned above. However, in our framework, because of the two ways of finding
a job, the network of personal contacts allows for a (partial) replacement of redundant jobs, thus
reducing coordination failures and alleviating matching frictions, whose intensity is now explicitly
related to network size. We show that our matching function is increasing and strictly concave in
both the unemployment and the vacancy rate.

Our second result is to show that the relationship between network structure (namely size)
and job finding is not as straightforward as it is commonly viewed. Indeed, in the standard social
network literature (especially in sociology), more contacts are thought to be an advantage because
of more network members who can potentially broker job vacancies and job seekers. We show in
fact that this result crucially depends on the size of the network. Indeed, in a symmetric social
network, we demonstrate that, when the network size increases, on average, the unemployed workers

hear about more vacancies through their social network but, at the same time, it is more likely

Because of a coordination failure inherent to any random placing of the balls in the urns, not all pairs are matched
exactly. Rather, this uncoordinated process yields an overcrowding in some jobs and no applications in others.
Such coordination failures are thus the sources of search frictions. In most cases, the system steady state can be
approximated by an exponential-type matching function as the population becomes large. See for instance Hall
(1979), Pissarides (1979), Peters (1991), Blanchard and Diamond (1994), Burdett, Shi and Wright (2001), Smith and

Zenou (2003).
4A recent and growing literature stresses the role of networks in explaining a wide range of economic phenomema

among which labor markets are just an example. See for instance Jackson and Wolinsky (1996), Bala and Goyal
(2000) and the references therein. For a previous model of word-of-mouth communication, see Ellison and Fudenberg
(1995) and Bala and Goyal (1998).



that multiple vacancies reach the same unemployed worker, thus increasing coordination failures.
Therefore, there exists a critical network size, above which coordination failures are so important
that the individual job-acquisition rate decreases. As a result, there is a non-monotonic relationship
between network size and the rate at which matches occur so that the matching function fails to
be homogenous of degree one.

Our last result is, using this matching function, to fully characterize the steady-state labor
market equilibrium whose existence and uniqueness are established. We show that the resulting
equilibrium unemployment rate decreases with the network size in sparse networks while it increases
when the pattern of links is dense. We also show that the decentralized market equilibrium is not
efficient because of both search and network externalities.

2 The model

2.1 The labor market

We consider a continuum of ex ante identical workers (same education, same skill, same age,...) of
mass n. There is also a continuum of ex ante identical firms (same wages, same type of jobs,...).
Firms do not use national employment agencies to advertize their jobs but rather use Iocal informal
methods such as help-wanted signs on their windows or ads in local newspapers. Workers who walk
throughout the city or read local newspapers discover at random the information about vacancies.
If the worker is unemployed, he takes the job (direct method). If he is employed, we assume that
he transmits this information within his social network. Therefore, unemployed workers can obtain
a job either indirectly through their employed friends (who have heard about a vacant job) or
directly.

Worker’s productivity

We make two important assumptions. First, an employed worker who has heard about a job
vacancy can hold this information only for the current period. This if for instance the case if at the
beginning of each period the firm must decide to re-open or not the corresponding vacancy, when
unfilled. Second, newly employed workers are assumed to go through a one-period probation during
which their productivity amounts to y9. Without loss of generality, we normalize yg to zero so that
this probation period can be viewed as a learning stage in which the worker does not produce but
learn the different aspects of the firm. Since the worker does not produce, we assume that during
this probation period, the corresponding wage wy is equal to the unemployment benefit b, that is,
wo = b. Without loss of generality, we normalize b to zero. When the one-period probation is
completed, the individual productivity jumps to y; > 0 and stays for ever at this productivity level
until he loses his job and becomes unemployed. When this worker finds again a job, he starts again
at yo = 0 for one period and then produces y;. And so on. The aim of this learning process is to

capture the fact that workers need some firm-specific (human capital) investment to reach a higher



productivity level.

These two assumptions together imply that an employed worker who has heard about a vacant
job will always transmit this information to some unemployed worker. Indeed, given that vacancies
are only posted for one period, no employed worker aware of some available job would hold the
corresponding offer for himself in case of future adverse contingencies. Furthermore, because of the
second assumption, no employed worker can use a job offer to increase his current wage since new
jobs always require a probation period paid at a wage wy = 0.

Timing

Time is discrete and continues forever. At each point in time, each of the n workers is either
employed or unemployed. The timing of the model is as follows. At the end of period t — 1, the
unemployment and employment rates are respectively equal to u;,—; and 1 — u;—1. Period ¢ begins
with these employment and unemployment rates. At the beginning of period ¢, V; vacancies are
posted. We refer to v; = V;/n as the job arrival rate or the vacancy rate. We assume throughout
that V; < n. Each worker, either employed or unemployed, directly hear of a vacant job with
individual probability v;. Job information is then disseminating among workers and jobs are filled
according to the procedure described in section 2.2. Denote by h(u;—1,v;) the individual hiring
probability of an unemployed worker. The resulting employment rate after this job filling process is
1—ug—14us—1h(us—1,v¢), where uz_1h(uz—1,v¢) have been newly employed whereas 1—u;_; are long-
term employed (they have been holding the same position for at least one full period). All employed
workers immediately start to work. The newly-employed workers produce yo = 0 units of output
during period ¢ and earn wg = b = 0. Long-term employed workers produce y; and earn a wage w; .
The wage setting procedure is described in section 4.2. At the end of period t, there is a technological
shock and employed workers lose their jobs with probability 6. This process is taken to only depend
on the general state of the economy and hence is treated as exogenous to the labor market. After
this shock, the rate of employed workers is 1 — u; = (1 — 6)[1 — wp—1 + ug—1h(ws—1,v¢)], and the
unemployment rate is uy. Period ¢4 1 then begins with those employment and unemployment rates.

And so on.

2.2 Word-of-mouth information transmission

In our model, individuals are not isolated one with respect to the other. Rather, they are embedded
within a network of social relationships. We assume that, at each period, each worker is in direct
contact with a group of s workers. Within each pair of connected workers, information can be
transmitted through word-of-mouth communication. We refer to s as the network size.

Let us be more precise about the information transmission. At the beginning of each period,
each worker draws his s social contacts at random among the total population of workers. This
random draw corresponds for instance to casual encounters. This implies that, on average, at each

period, each worker thus meets us unemployed workers and (1 — u) s employed workers. Consider



one currently employed worker who is aware of some job slot available for the current time period.
Then, this informed and employed worker passes the job information on to any of the us unemployed
acquaintances he meets during the current period. The firm who has posted the vacancy then treats
all these unemployed applicants on an equal footing, who all have the same probability to obtain
the job.

Observe that, according to this information transmission protocol, job information can only flow
through word-of-mouth from an employed to an unemployed worker that is, between workers with
different employment status. This information transmission protocol does not preclude the fact that
an unemployed worker hears of two or more vacancies from two or more employed acquaintances.
When this is so, we assume that the informed unemployed applies for only one job randomly
selected.?

So the diffusion of information about jobs is here a process in the course of which information is
being passed on by those who possess it to those who do not possess it. The process of information
diffusion information takes the form of people receiving it from other people in the course of social
contacts they make with them. As stated above, some of the social contacts are wasted because
they are made with people who do not need this information.

This word-of-mouth sampling generated information is similar to the one used by Ellison and
Fudenberg (1995). Their paper analyses technology choices in a stochastic environment. Individual
choices are based upon information obtained by asking s other individuals chosen at random from
the population about their current choice and payoff. In our model, the individual who samples (the
employed and informed) does not receive the information but instead transmits it to the s workers
chosen at random from the total population (in fact, to only those that may need it, namely, the

us unemployed workers).5

2.3 Finding a job through personal contacts

We now derive the individual probability of finding a job through social contacts. This probability,
denoted by P (s,u,v), depends on the current labor market conditions (u,v) and on the ongoing

information transmission process, captured by s. We have

P(s,u,v) =1 — [1-@] (1)

where
1—(1—u)’

T(s,u,v) =v(l—u) ”

5 A more realistic model should also allow for job information exchange among unemployed workers with a common
employed friend, whenever they are directly linked with each other. Such generalizations jeopardize the model

tractability without adding further insights.
®Bala and Goyal (1998) also derive a similar framework in which agents use their own past experience as well as

the experience of their contacts to guide their decision making.



The explanation for this result is the following. Fix an unemployed worker ¢ and consider
some other worker j in direct contact with ¢ for the time being. Worker j is employed and aware
of a redundant job offer with probability v(1 — u). Redundant job information is transmitted to

unemployed contacts. Worker i is the selected recipient for this information with probability:

k=0

Indeed, a random draw of s social contacts by worker j contains 0 < k < s — 1 additional
unemployed workers, besides from i, with probability (321)(1 — u)*"*~1y*. The job information
vacancy held by j is then assigned to any of these k + 1 unemployed with uniform probability, and
worker ¢ receives such information with conditional probability 1/ (k4 1). Therefore, 7 (s,u,v) /s
is the probability of worker i finding a job thanks to his direct contact j, which implies (1). Finding
a job through word-of-mouth is thus a random experiment consisting of s repeated independent
Bernoulli trials with a probability of success at each individual trial given by 7 (s, u,v) /s. We have

the following result:”
Proposition 1 The properties of P(s,u,v) are the following:

(i) P(-,u,v) increases on [0,3] and decreases on [S,n|, wheres is the unique global maximum of

P(-,u,v). Also, P(-,u,v) is strictly concave on [0, K), for some K >5;
(ii) P(s,-,v) is decreasing in u. Also, P(s,-,v) is strictly convex on [u,1] for some 0 <u < 12

(ii7) P(s,u,-) is increasing and strictly concave in v.

Therefore, the individual probability of finding a job through word-of-mouth exhibits dimin-
ishing marginal returns to network size s.° To understand this result, observe that increasing the
network size s has both a (positive) direct and (negative) indirect effect. On one hand, rising the
network size expands the available direct connections to every worker at every time period. Workers
become better connected and, consequently, the potential job information they can benefit from
increases. On the other hand, rising the network size also increases the potential number of unem-
ployed workers directly connected to any employed and informed worker. The information held by
every employed worker is now shared by a larger group of unemployed workers, and unemployed

workers exert an information sharing constraints on each other.

"Proofs of all propositions are in the Appendix.
8 Alternatively, we can impose conditions on v and s such that P (s, -, v) is strictly convex in u on the whole domain

[0,1]. Indeed, whenever v < 4/ (7 + 3s), we have u = 0, and P as a function of u is strictly convex with no restrictions
(see the proof of Proposition 1 in the appendix).

9To be more precise, this is true only on a restricted domain [0, K) including the unique global maximum 3.



Another way to understand Proposition 1 is to highlight the coordination failures in the search
process. Let X be a random variable that represents the number of successes in the s repeated
independent Bernoulli trials reflecting word-of-mouth communication. X gives the number of job
vacancies passed on through word-of-mouth communication and follows the binomial distribution
B (7(s,u,v);s). Therefore, the expected number of job offers E'[X] that any unemployed worker

hears about in a network of size s is:
E[X] =7(s,u,v)

It is easy to see that E[X] increases with s, is concave and converges to v(1 —u)/u as s — +oc.
In other words, in larger networks, the unemployed workers hear about more jobs on average.
However, as the network size s increases, the support of the binomial distribution B (7/s, s) also
widens. This has a subtle countervailing effect. Indeed, the probability that an unemployed worker

has at least one job offer is:'?

PriX>1=1-Pr[X=0/=1- {1M]s

It is straightforward to see that, holding 7/s constant, this probability (of hearing about multiple
vacancies) increases when the support s of the binomial distribution widens. This highlights the
coordination failures of our model. When the network size s increases, on average, the unemployed
workers hear about more vacancies through their social network but, at the same time, it is more
likely that multiple vacancies reach the same unemployed worker. We show in fact that there is a
critical network size 5 above which the second effect dominates the first one.'' In sparse networks,
more connections alleviate coordination failures by allowing a better partial replacement or job
matches. In dense networks, though, more connections harm the matching process and slow down
information exchange.

Results (ii) and (ii¢) in Proposition 1 are now quite easy to understand. When the unemploy-
ment rate u increases, two effects are in order. First, the number of valuable information channels
decreases. Second, the information sharing constraint exerted by unemployed workers on each
other increases. As a result, v and P(s,-,v) are negatively correlated. On the contrary, when v
increases, it is more likely that employed direct contacts possess redundant information, and more
information is diffused through social interactions. As a result, P (s, u,-) increases with v.

3 The matching function

As stated above, unemployed workers find jobs using two different methods. FEither they find
their job directly with probability v, or they gather information about jobs through their social

Y00f course, Pr[X > 1] = P(s,u,v).
1The threshold value 5 is uniquely determined by ap(g%l =0.



contacts with probability P(s,u,v). The job acquisition rate or individual hiring probability of an
unemployed worker is:
h(s,u,v) =v+ (1 —v)P(s,u,v) (2)

There are u unemployed workers that find a job with probability h(s, u, v). Since this probability
is independent across different individuals, the rate at which job matches occur per unit of time is
just wh(s,u,v). Therefore, the matching function for our labor market where workers partly rely

on personal contacts to find a job is given by:!2
m(s,u,v) =uv+ (1 —v)P(s,u,v)] (3)

We can thus express the aggregate rate at which job matches occur as a function of the unem-
ployed worker and vacant firm pools, and the social network underlying players talks. Contrary to
previous contributions also providing a micro scenario for the matching function, the well-defined
reduced function obtained here is neither an exponential nor a min one. Moreover, the central role
of the network of contacts in matching job-seekers with vacancies is made explicit, and the link

between m(s,u,v) and the network size s is precisely the key element of our model.!3
Proposition 2 The properties of the matching function m(s,u,v) are the following:

(i) m(-,u,v) increases on [0,5] and decreases on [3,n], where s is the unique global maximum of

P(-,u,v). Also, m(-,u,v) is strictly concave on [0, K) for some K >3;

(17) m(s,-,v) is increasing in u. Also, m(s,-,v) is strictly concave in u on [0,u] for some 0 <u <
1;

(#i1) m(s,u,-) is increasing and strictly concave in v.

The following comments are in order. First, there is a non-monotonic relationship between
the job matching rate and the network size. In sparse networks, more contacts lead to a better
information diffusion and increase the number of matches. In dense networks, more contacts slow
down information diffusion and harm the matching process. Also, even though our matching
function is quite different to the ones found in the literature, it has the same natural properties: it

is increasing and strictly concave in both u and v.'4

12T be more precise, the number of matches per unit of time is nm(s,u,v).

13There are papers that have explored the wage premium associated with the use of personal contacts in finding
a job. See for instance Montgomery (1991) for analysis of this issue in an adverse selection setting, Mortensen and
Vishwanath (1994) for an equilibrium search models with wage posting and on-the-job search, and Montgomery

(1992) for a model with weak and strong ties.
YMFor u, this is true only on a restricted domain [0,@], where 0 < w < 1. Alternatively, one could impose restrictions

on v and s, instead. It is readily checked that @ = 1 whenever v < 4/ (7 + 3s).



Second, it is easily verified that P (s,u,v) is not homogeneous of degree one in (u,v), implying
in turn that the matching function m (s,u,v) also fails to exhibit constant returns to scale (with
respect to w and v). The intuition for this result is as follows. Fix the network size s, and let
A > 1. Increasing the vacancy rate from v to Av has a positive direct impact on all workers in the
population. By contrast, an increase in the unemployment rate from « to Au has both a direct and
an indirect negative effect. First, the number of unemployed direct acquaintances increases, thus
reducing the value of such personal contacts as job providers (direct negative effect). Second, the
number of unemployed indirect acquaintances also increases, and the information sharing constraint

sharpens. More precisely, write (1) as'®

S

P(s,u,v) =1— 1—év(1—u)(1+(1—u)+~--+(1—u)5_1)

Increasing v has a positive direct impact on P, whereas increasing u has both a negative direct
impact through (1—wu), and a negative magnifying impact through the polynomial form 1+ (1—u)+
-+++(1—wu)*"L. This result is at odds with the standard hypothesis in the job-matching theoretical
literature of a constant-return-to-scale aggregate matching function (Mortensen and Pissarides,
1999 and Pissarides, 2000). If social networks and word-of-mouth communication are integrated
in the job-search process, then the matching function is more likely not to be homogeneous of
degree one. Besides, there is a huge body of empirical work to assess whether this property of
the matching function is encountered in real-life labor markets. Even if the results lean towards
constant returns to scale, they are very much controversial and most of these empirical studies do
not include informal methods in finding a job.'6

Finally, we can deduce from (3) the following simple expression for the individual probability

f(s,u,v) for firms to fill a vacancy:

fsu0) = MUY {1 - (1 - %) P(s,u,v)] @)

v

Clearly, the properties of both the job-hiring rate h(s,u,v) and the job-filling rate f(s,u,v) as
functions of the network size s are immediately deduced from that of P(s,u,v) namely, strictly
concave in s, increasing between 0 and 5 and decreasing between s and n. Moreover, the job-hiring
rate h(s,u,v) is decreasing in u and increasing in v whereas the job-filling rate f(s, u,v) is increasing
in v and decreasing in v.!7 In other words, given a vacancy rate v (and a network size s), when

the number of unemployed increases, it is more difficult to find a job but easier to fill a vacancy.

15Simply note that
1-(1-w)/A-Q-u)=1+0—u)+--+(1—u)"

163ee for instance Coles and Smith (1996), Petrongolo and Pissarides (2001) and the references therein.

17See Lemmata 1 and 2 in the appendix.

10



Similarly, given an unemployment rate u (and a network size s), it becomes easier to find a job but

more difficult to fill a vacancy as the number of vacancies increases.'®

4 The labor market equilibrium

4.1 Free entry condition and labor demand

We focus on the steady state equilibrium. Firms and workers are all identical. A firm is a unit of
production that can either be filled by a worker whose production is either y; > 0 when the worker
is long-term employed, and yg = 0 otherwise, or be unfilled and thus unproductive. Let v denote
the search cost for the firm per unit of time, w; the wage paid by the firms to long-term employed
workers, wg = 0 the wage paid during the probation period, and r the discount factor.

At every period, matches between workers and firms depend upon the current network of social
contacts of size s and the current state of the economy summarized by (u,v). We first establish
the free-entry condition and the resulting labor demand.

Denote respectively by Ir; and Iy, the intertemporal profit of a filled job and of a vacancy at
the beginning of period ¢, and before vacancies are posted. The job filling rate at the beginning of

period t is f(s,u;_1,v:). We have the following Bellman equations:'®

1
Iri=y1 —w1+——[(1 = 8)Ipts1 + 6 Ivet1] (5)

1+7r
1— f(s,us—1,v 1
(1 +I; t)IV,t—H + f(s,ue—1,v¢) |yo — wo + T+ (1=08)Ipt+1 + 6 Ivus1)| (6)

Indeed, a job already filled at the beginning of period ¢ and before vacancies are posted is held

Ivﬂg = —’Y+

by a worker who has already completed his probation period and thus produces y;, which implies
(5). On the other hand, an unfilled vacancy at the beginning of period ¢ is immediately filled when
posted with probability f(s,us—1,v¢), in which cases it produces yo = 0 for the ongoing period, or
remains unfilled with complementary probability 1 — f(s,u¢—1,v;), which implies (6). At steady
state, Ipy = Ipty1 = Ip, Ivy = Iy = Iy, wi—1 = v and vy = v. Following Pissarides (2000),
we assume that firms post vacancies up to a point where Iyy = 0. Using (6), and the fact that

yo = wo = 0, we have:

14+r v
Ip = S 7
F 1-06 f(s,u,v) (7)
Using (5), this free entry implies:
Y1 — w1 _ 1 i (8)

r+6  1-6f(s,u,v)

'83ee Pissarides (2000) for a thorough account and description of such trading externalities. Note also that 1/h

and 1/f can be interpreted as the mean duration respectively of unemployment and of vacancies.
Gince T v,¢+ is not standard, and even though yo = wo = 0, we write yo and wo in the Bellman equation Iv; to

better understand the timing of the model and the way Iv,: is constructed.
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In other words, the value of a job is equal to the expected search cost, i.e. the net cost per unit
of time multiplied by the average duration of search for the firm (i.e. 1/[f(s,u,v)(1 — §)]). This
equation can be mapped in the plane (u,v) and is referred to as the labor demand curve. Observe
that, even though this equation looks very much like the standard one (Pissarides, 2000), there is
however a major difference. The size of the social network s strongly affects the job-filling rate
f(s,u,v) and, as we will see below, the wage w;. As a result, job creation and thus labor demand

hinge on the network size.

4.2 'Wage determination

Denote respectively by Ig; and Iy; the intertemporal gains of an employed and an unemployed
worker at the beginning of period ¢ and before vacancies are posted. When vacancies are posted at

the beginning of ¢, an unemployed worker finds a job with probability A (s, u;—1,v:). We have the

following standard Bellman equations for respectively the employed and unemployed workers:2%:21
1

Ig; = — (1 -6)I 61 9

Et = w1+ Trr [( ME 41+ 6 Iyi41] 9)

1 — h(s,ui—1,vt)
147 147
The interpretation of those equations follows, mutatis mutandis, from the equations for the

Iy = Tygv1 + h(s,up—1,v¢) |wo + (1 =0)Ipty1+61Iysy1) (10)

firm. At steady state, Ig; = Igi+1 = Ik, It = lu+1 = lu, w—1 = v and v, = v, and the worker
surplus obtained from (9) and (10) is (using the fact that wy = 0):

(I+7)
r4+ 6+ (1 —90)h(s,u,v)

We now determine the earnings of w; the long-term employed workers. This wage w; is derived

I — Iy = w1 (11)

from a generalized Nash-bargaining process over the total intertemporal surplus between the firm
and the worker.?? Given that the firm surplus is equal to Ir — Ir7, the wage of a worker who has

completed his probation period is given by:
wy; = Arg maX(IE — IU)ﬂ(IF — Iv)lfﬂ

where 0 < 8 < 1 denotes the bargaining power of workers. Observe that Ij; is the value of continued
search, i.e. the value of workers’ outside option whereas Iy equals the employers’ value of holding

the job vacant, i.e. the value of firms’ outside option. The first-order maximization condition is:

(1-B8)Ig —Iy) = p(Ir — Iy)

290bserve that, at the beginning of period ¢, a worker has at least worked one period and thus earn a wage wi

while producing y;.
2'Once again, in order to better understand Iy, and the timing of the model, we have put wp in the Bellman

equation Iy, even though it is equal to zero.
22 All negotiations take place between two agents: the worker and the firm. In particular, no agent is allowed to

make offers simultaneously to more than one other agent.
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Now, observing that Iy = 0 (free-entry condition), and using (7), (8) and (11), and the fact that
h(s,u,v)/f(s,u,v) =v/u, we have:

wy = f3 <y1 + ’y%) (12)

We obtain here exactly the same wage as in a standard matching model without social networks
(see equation (1.20), page 17, in Pissarides, 2000) in which the unemployment benefit is normalized
to zero. There is however two main differences. First, here we do not have constant returns to
scale in the matching function so that we cannot express the wage directly in terms of labor market
tightness but rather in the ratio v/u. Second, and this is much more crucial, in equilibrium « and
v depend on the size of the social network, which implies that the wage w; itself depends on s. The
relationship between w; and s is non-trivial and will be investigated in equilibrium in section 4.4.
Of course, apart of s, the comparative statics on w; are similar to the standard ones: an increase

in y1, 3 or - increases the wage since it rises the bargaining power of workers.

4.3 Steady-state labor market equilibrium

At the beginning of each period, some workers find a job, and the employment pool consists of
those workers already employed by then (long-term employed) and these newly-employed ones. At
the end of each period, each job is destroyed according to some exogenous Poisson process at a
rate 6. Therefore, only a fraction (1 — ¢) of currently employed workers keep their job. Between
the end of period ¢ — 1 and the end of period %, the rate of workers who first leave unemploy-
ment is given by u;_1h (s, us—1,v;), whereas the rate of workers who then enter unemployment is
81 —up—1 + w—1h (s,us—1,v¢)]. The evolution of the unemployment rate is given by the difference
between these two flows:

up — up—q1 =6 (1 —wp—1) — (L = &)ug—1h (s, up—1,v) . (13)

In steady state, the unemployment rate as well as the vacancy rate are constant, i.e. w1 =
uy = uw and v_1 = vy = v, and flows out of unemployment equate flows into unemployment. We
thus have:

(I=086)m(s,u,v) =6(1 —u). (14)

As above, this equation can be mapped in the plane (u,v) and is referred to as the Beveridge
curve.

Fix the network size s and consider the associated matching technology m (s,-,v) given by
(3). A steady-state equilibrium consists on an unemployment rate u* (s), a vacancy rate v* (s)
and a wage level for long-term employed wj (s) at the intersection of the Beveridge curve and the
labor demand curve, and satisfying the wage-setting equation (12). A steady state equilibrium
(u* (s),v* (s),w] (s)) is thus a solution to the system of equations (8), (12) and (14). Plugging
(12) into (8), (u* (s),v* (s)) is given by the following system of two equations:
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(I —=086)m(s,u*(s),v*(s)) =6(1 —u*(s)) (15)
_ " r+6 v*(s)
R [(15)10(8,“*(8)7“*(8)) U*(S)}

and the wage is then given by:

oy v* (s)
wi () =5 (m+ g ) (17)
Proposition 3 Suppose that1 > ~v[r+ 6+ (1 —6) 5] /y1 (1 — B) (1 = 6) > 6. Then, for all network

size s, there exists a unique labor market equilibrium (u*(s),v*(s),w* (s)).

4.4 Social network, wages and unemployment

We now investigate the different properties of the labor market equilibrium. We relate the equilib-
rium unemployment rate u*(s) to the network size s. We assume from now on that the conditions

for uniqueness are met.

Proposition 4 The equilibrium unemployment rate u*(s) decreases with s when s < 'S, while it

increases when s > 3.

Our matching function depends explicitly on the structure of personal contacts and the labor
market equilibrium captures the influence of the frictions due to workers social embeddedness on
market outcomes. In particular, we know from propositions 1 and 2 that in a sparse network
(s <3) , both the individual probability P(-,u,v) to find a job through word-of-mouth and the
matching function increase with the network size s. We deduce from the free entry condition (8)
that, holding the arrival rate v fixed, unemployment decreases. The Beveridge curve (15) then
implies that unemployment must also decrease to equalize flows out with flows in. Since the two
effects have the same sign, u*(s) decreases with s. When the social network of contacts is dense
(s >3), the opposite result holds since negative network externalities prevail in networks of large
size and both P(-,u,v) and m(-,u,v) decrease with s.

The impact of the network size s on the equilibrium vacancy rate v*(s) is ambiguous both when
the network is sparse (5 > s) or dense (s > §). Indeed, two opposite effects are now in place. On
one hand, increasing the size of a sparse network improves the transmission of information through
word-of-mouth communication. As a result, matches are more frequent and the free-entry condition
(8) implies that more vacancies are posted. In other words, v*(s) and s are positively correlated.
On the other hand, when the number of matches between workers and firms increase, the Beveridge
curve (15) adjusts the vacancy rate downwards so as to equate the flows out of unemployment with
the flows into unemployment. Therefore, v*(s) and s are negatively correlated. When the network
is dense, this ambiguity remains and is sustained by the opposite intuition: v*(s) and s are both
negatively and positively correlated due to (8) and (15) respectively.
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Finally, given that the long-term equilibrium wage is determined by (17), we easily obtain

i) _, d (v _ B [df , du
ds ﬁfyds (u* (s)) our(s)? {ds “ ds * ]

The comparative statics of wj with respect to the network size s follow that of the labor market
tightness v*/u*. If the network size has a negative impact on the market tightness, wages decrease
with network size. If, on the contrary, the network size positively affects the market tightness,
then wages increase with s. Unfortunately, the ambiguity of the relationship between s and v* (s)
translates to the equilibrium wage level, and we can not conclude on the precise direction of these

effects. To see this, observe that

dui (s)

ds 20 s 2 Nus

where 1,5 = (dv*/ds) (s/v) and n,s = (du*/ds) (s/u) are respectively the elasticity of the vacancy
rate with respect to s and the elasticity of the unemployment rate with respect to s.

5 Welfare analysis

In the standard search-matching literature, market failures are caused by search externalities. Two
types of externalities must be considered: (i) negative intra-group externalities (more searching
workers reduces the job-hiring rate, and more searching firms reduce the job-filling rate) and (i)
positive inter-group externalities (more searching workers increases the job-filling rate, and more
searching firms increase the job-hiring rate). For a class of related search-matching models, Hosios
(1990) and Pissarides (2000) have established that these two externalities just offset one another in
the sense that search equilibrium is socially efficient if and only if the matching function is homoge-
nous of degree one and the worker’s share of surplus § is equal to n the elasticity of the matching
function with respect to unemployment (this is referred to as the Hosios-Pissarides condition).?3
Of course, there is no reason for § to be equal to 1 since these two variables are not related at all
and, therefore, the search-matching equilibrium is in general inefficient. When § is larger than 7,
there is too much unemployment, creating congestion in the matching process for the unemployed.
When [ is lower, there is too little unemployment, creating congestion for firms.

In the present model, we have exactly the same externalities (intra- and inter-group externali-
ties). But the network of social contacts adds an additional externality since the matching technol-

ogy depends on the number of social contacts (see our discussion in section 2.3). Our steady-state

23Formally,

af(0) o

90 f(0)’
where 8 = v/u is the labor market tightness, and f(#) is the probability to fill a vacancy.
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equilibrium is thus expected not to be efficient, unless some stringent conditions are satisfied. Con-
trarily to previous models, this conditions are parameterized by an external parameter, the network
size s.

The welfare function is given by24’25

+o0
1
W = E —(1 Y [bus—1 [1 — h (s, up—1,v0)] +y1 (1 — wp—1) + yowr—1h (8, ue—1,ve) —yve] . (18)
t=1

Observe that wages do not appear in the welfare function since there are pure transfers. The social
planner chooses u; and vy that maximize (18) under the constraint (13). Let

om v
=——>0

Nmv = 90 m

denote the elasticity of the matching function with respect to the vacancy rate. We have the

following results.

Proposition 5 In steady state, the private and the social outcomes coincide if and only if

14+7r—(r+06) nmu(s,u,v)

=1y (1= 8)nmu (s, u, v) (s, u,v)

(19)

It is readily checked that § < 1. Furthermore, 5 > 0 if and only if 9. (s, u,v) < (1+7)/(r+9).
When this condition is met, there exists a value of § (the bargaining power of workers) for which
the decentralized market equilibrium is efficient. This value depends on the network size s through
the elasticity 7my(s,u,v) and the hiring rate h(s,u,v). Two markets with different underlying
structures of social contacts could thus be efficient for different values of the workers’ bargaining
power. In other words, the efficiency properties of labor market institutions, such as the wage-
setting procedure, depend upon the social environment within which the market is embedded, and
different social environments call for different institutional arrangements.

More generally, the result obtained confirms our initial intuition. Unless a drastic condition
(19) is met , the decentralized market equilibrium is not efficient because of the presence of both

search and network externalities.

?*Indeed, among the nu;—; workers unemployed at the end of period t — 1, a fraction h (s,u;—1,v¢) finds a job
at the beginning of period ¢, and produces yo during the ongoing probatory period, whereas a (complementary)
fraction 1 — h (s, ut—1,v:) remains unemployed all along this period. The remaining n (1 — u¢—1) workers are long-
term employed during all period ¢ (that is, they have been holding the same position for at least two consecutive

periods), and produce y;.
25Here also, to better understand the way the welfare function is constructed, yo, wo and b are introduced in (18),

even though they are all equal to zero by assumption.
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6 Conclusion

In recent years, a growing literature consisting both of empirical work and theoretical contributions
has stressed the prominence of social networks in explaining a wide range of economic phenomena.
In particular, the prevalent social contacts strongly determine, or at least influence, economic
success of individuals in a labor market context.

In this paper, we have analyzed the job matching between unemployed workers and vacant jobs
in a social network context. More precisely, each individual, who is embedded within a network of
social relationships, can find a job either directly or indirectly through informal networks (word-of-
mouth communication). From this micro scenario, we first derive an aggregate matching function
that has the standard properties but fails to be homogenous of degree one. This is because there
is a non-monotonic relationship between the size of the social network and the probability to find
a job: increasing the size of sparse networks is beneficial to workers whereas it is detrimental in
dense networks because of negative network externalities. We then close the model by introducing
the behavior of firms and the wage determination and show that there exists a unique labor market
equilibrium under mild conditions on the parameters of the economy. Because of the previous
result, we show that the equilibrium unemployment rate decreases with the network size in sparse
networks while it increases in dense networks. Finally, we show that the equilibrium is not in
general efficient and derive a condition similar to the Hosios-Pissarides one.
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A Appendix

Proof of Proposition 1.

Let q(s,u) = (1 —u)[1—(1—u)’]/su. Let Q(s,u,v) = [1 —vq(s,u)]’. Then, P (s,u,v) =
1 —@Q (s,u,v), and we deduce the properties of P from those of ) established below.

(a) Q(s,u,-) is decreasing and strictly convex with respect to v. Indeed, differentiating once
with respect to v gives: 9Q/0v = —sQ/ (1 —vq) < 0. Differentiating twice: 0%2Q/0v? =
—5q (0Q/0v) / (1 —vq) — s¢?°Q/ (1 — vq)z. Replacing 0Q /v by its expression above gives
2Q /9% = s (s —1) 2Q/ (1 — vg)® > 0.

(b) Q(s,+,v) is increasing and strictly concave with respect to u. Indeed, simplifying by 1 —
(1 —wu), we get q(s,u) =[(1 —u)+---+ (1 —u)’]/s. Thus ¢ increases in w, implying that @
decreases in u. The function ¢ is a polynomial in u of degree s, and @ is thus a polynomial
in u of degree 2s. Fix v and s. Given that @ is an increasing function of w, 9Q/0u > 0
on (0, 1), meaning that the polynomial dQ/0u in u of degree 2s — 1 has no roots on (0, 1).
Successive derivatives of polynomials have nested roots. Therefore, the polynomial 92Q/0u?
in u of degree 2s — 2 has at most one root on (0,1) and changes sign at most once on that

interval. Differentiating twice gives

o2 o2 dq\?
8 (1 v [<1vq>a—uiv<sl> (5) ] ,

where
a _
PR -
2 _
27(%:% [2+~~-+s(s—1)(1—u)3 2}
We have
q(s,1)=0
Oq(s,1) _ 1
ou s
2?q(s,1) _ 2
ou?2 T s

Therefore, 92Q (s,1,v) /Ou? = —v[2 —v (s — 1) /s] < 0. Given that 9%Q (s,-,v) /Ou? is con-
tinuous and changes sign at most once in [0, 1],there exists 0 < @ < 1 such that 92Q/0u? < 0

on [u,1]. Also,

q(s,0) =

0q(s,0) _ _ s+1
ou 2

92q(s,0) _ s(s’~1)
ou?2 3

Therefore, 0%Q (s,0,v) /0u? = —12s (s — 1) v (1 — v)* *[4 — v (7s + 3)]. Hence, 8Q (s,0,v) /Ou? <
0 if and only if 4 — v (7s + 3) > 0. Given that §%Q (s, -,v) /Ou? is continuous and changes sign

20



at most once on [0, 1], whenever 4 —v (7s + 3) > 0, we have u = 0, and 9%Q (s, u,v) /Ou? < 0,
for all w € [0, 1].

(¢) Q(-,u,v) is decreasing in [0,3] and increasing on [s, n]. Moreover, is strictly convex on [0, K)
for some K >35. We prove this result in four steps. Fix u and v and let ¢ (s) =1 —vq (s, u).
Then, @Q = ¢ (s)° implying that 0Q/0s = ®Q, where @ (s) =1In¢ (s) + s¢' (s) /o (s).

Step 1. We show that 0Q (1, u,v) /0s < 0, equivalent to ® (1) < 0. With some algebra,
1-— 1—(1—w)?’ 1—u)’
Lo 1m0y, 0o

¢ (s) = v In(l—u)|,

u 52 s
implying that

(1)
1—v(l—w)

1—u

:U(lu)[1+ ln(lu)]Jr[lU(lu)]ln[lv(lu)].

® (1) < 0 is thus equivalent to p, (v) < 0 on (0,1), for all u € [0, 1], where

1—u

pu(v):v(l—u){l—i- ln(l—u)}—l—[l—v(l—u)].

Fix u. Differentiating twice gives

p;(v):%ln(lu)(1u)ln[1v(1u)]

and p// (v) = (1 —u)*/[1 —v (1 —u)] > 0. Therefore, p, is strictly convex, implying
that p!, increases on (0,1) with supremum
1—u

o, (1) = " [(1—u)In(l —u)—ulnu.

The function z +— (1 —2z)In(1 —x) — xlnz is worth 0 at x = 0,1/2 and 1, takes
positive values on (0,1/2) and negative values on (1/2,1). Therefore, if u € (1/2,1),
o, (1) < 0, implying that p}, (v) < 0 on (0,1), and ®(1) < 0. Suppose now that
u € (0,1/2). Then, p!, (1) > 0. Tt is easy to see that p!, (0) < 0. Given, that p is convex,
p first decreases and then increases with supremum given by max {p, (0),p, (1)}. We
have p, (0) = 0 and p, (1) = 1 —w)(1+(1—w)In(1 —u)/u) + ulnu. If u < 1/2,
(1—w)n(l—wu) > ulnu, and p, (1) < (1 —u)[u+1In(l —u)| /u. It is easy to check
that x +— 1 — z + Inx is negative on (0, 1). Hence, p, (1) <0, and ® (1) < 0. Q.E.D.

Step 2. We show that @ (-, u, v) increases towards its asymptotic limit for high values
of 5. In fact, ® (s) ~ [v (1 —u) /su]® when s — +oo, implying that dQ/ds > 0 for high
values of s. Therefore, Q (-, u,v) increases towards its limit exp (—v (1 — u) /u) when
s — +o0. Q.E.D.
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Step 3. We show that dQ/ds < 0 implies that 92Q/ds* > 0. We have 0Q/ds = ®Q.
Hence, 8?Q/0s* = ®'Q+20Q/0s = (¢’ + ®?) Q. Therefore, ®' > 0 implies 92Q/ds* >
0. Suppose now that ® < 0. We have ¢(s) = 1 —v(l—u)[l—(1—w)’]/su — 1
and s¢’ (s) =v(l—uw){[1—(1—-u)?]/s+(1—u)’In(l —u)}/u — 0 when s — +oc.
Therefore, SEIEOO ® (s) = 0. Hence, ® < 0 implies that ® > 0. Reciprocally, ® < 0
implies that ® > 0, which in turn implies that 92Q/9s? > 0. But ® < 0 is equivalent
to 0Q/0s < 0. Hence, 0Q/0s < 0 implies that 9?°Q/ds? > 0. Q.E.D.

Step 4. We deduce from steps 1 and 2 that dQ/0s = 0 for some s € [1,n]. From step
3, 02Q (3, u,v) /0s* > 0. Therefore, there exists a unique such point 3, and Q (-, u, )
reaches its global minimum at 5. Moreover, by continuity of 2@ /ds?, there exists some
K > s such that Q (-, u,v) is strictly convex on [1, K). Q.E.D.

Proof of Proposition 2.
Recall that m (s,u,v) = u[v + (1 —v) P (s,u,v)]. Therefore,

(a) the properties of the matching function m (-, u,v) with respect to s are deduced from that of

P (-,u,v) given in Proposition 1(i7).

(b) With some algebra and using Proposition 1 we get:
{ omisant) — w[1 — P (s,u,0)] +u (1 - v) 25l > 0

2 2
0 ng(iéu,v) _ 72u8P(§1,)u,v) +u (1 . ’U) 0 Pa(f)éu’v) <0

proving that m (s, u,-) is increasing and concave with respect to v.

(c) With some algebra we get:
{ —8m(5;u’v) =v+(1-v) a—au [uP (s,u,v)]

9>m(s,u, °
% = (1 —v) 23 [uP (s,u,v)]

Simplifying by u, we deduce from (1) that

P(s,u,v)=1-— [1*2((1*U)+(1*u)2+~~-+(1fu)3>}

Fix v and s and let R(u) = uP (s,u,v). Clearly, R(u) is a polynomial in u of degree
2s + 1, with roots 0 and 1 (that is, R(0) = R(1) = 0) and strictly positive on (0,1).

Given that successive derivatives of polynomials have nested roots, we deduce that R’ (u)

udP (s,u,v) /Ou + P (s,u,v) is a polynomial of degree 2s with a unique root u € (0,1

~—

corresponding to the global maximum of R on [0,1]. From R’ (u) continuous and R’ (0)
P (s,0,v) > 0 we deduce that R’ (u) > 0 on (0,u) and that R” (u) is negative locally around
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w that is, R"(u) < 0 on (uw—¢,u+¢) for some ¢ > 0. We also deduce from R” (u) =
ud?P/0u? +20P/0u and Proposition 1(i7) that R" (0) = 20P (s,0,v) /0u < 0. If R" (u) were
to change sign on [0,u], by continuity of R” and because both R”(0) < 0 and R” (u) < 0,
it would imply that R” (u) had two distinct roots on (0,u), which is impossible because
successive derivatives of polynomials have nested roots, and R’ (u) has only one root on [0, 1].
Therefore, R” (u) < 0 on [0,u]. Let uw = argmax{u € [0,1] | R > 0 and R” <0 on [0,u]}.
Clearly, 0 <u<wu < 1. [ |

Lemma 1 The hiring probability h (s,u,v) = m (s,u,v) /u is decreasing in u and increasing in v.

The properties of h (-,u,v) with respect to s are the same than that of P (-, u,v).

Proof. Recall that h(s,u,v) =v+ (1 —v) P (s,u,v). With some algebra and using Proposition 1

we get:
gl — (1 - v) 25 <
Ohsu) 1 _ P (s u,0) + (1 —v) 22620 5 g
which completes the proof. .

Lemma 2 The filling probability f (s,u,v) = m(s,u,v) /v is increasing in u and decreasing in v.

The properties of f (-, u,v) with respect to s are the same than that of P (-, u,v).

Proof. Recall that f(s,u,v) =u[l— (1— %) P (s,u,v)]. With some algebra and using Proposi-

tion 1 we get:

ou u v ou
s

Bf(a,vu,’u) _ _U%P (S,U,U) —u (1 _ l) 8P(§1,)u,v) <0

v

{ Af (s,u,v) _ f(s,u,w) u (1 _ l) OP(s,u,v) >0

which completes the proof. |

Proof of Proposition 3.

Fix the network size s. The labor market equilibrium is characterized by (15) and (16). We
first prove that along the Beveridge curve, u is decreasing in v. Indeed, let (u,v) and (v/,v") both
satisfying (15) with v' > v. By definition, (1 —§)m (s,u,v) = 6 (1 —u) and (1 — &) m(s,u',v") =
6 (1 — ). Suppose that v’ > u. Then, m (s,u’,v") < m(s,u,v). But we deduce from Proposition
2 that m (s,u,v) < m(s,u,v’) < m(s,u,v") which yields to a contradiction. Therefore, ' < u.

We now prove that along the curve (16), u is increasing in v. Indeed, the implicit function

theorem and Lemma 2 imply
T’+6 8f(3,’u,,/v) v
@ _ (1_5)f(8,u,v)2 ou + ﬂuz

B _ r46 8]“(5,’[,&,’1)) + ,Q >
) fan® o T

0
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If a labor market equilibrium exists, it is thus unique. We now prove existence. At v = 1,

m (s,u,1) = u. We deduce from (15) that (6, 1) belongs to the Beveridge curve. Also, <%%, 1)

satisfies (16) (which requires that %% < 1). A necessary and sufficient condition for an

equilibrium to exist is thus %% > 0. [

Proof of Proposition 4.

Let (u,v) on the Beveridge curve, thus satisfying (15). Let 3 > s’ > s. We know from
Proposition 2 that m (s,u,-) increases with v and that m(s',u,v) > m(s,u,v). Therefore, if
u Temains constant while the network size increases from s to s/, the vacancy rate adjusts by
decreasing. As a result, the Beveridge curve shifts downwards in the plane (u,v). With a similar
reasoning, if s > s > 3, the Beveridge curve shifts upwards in the plane (u,v). Let now (u,v)

satisfy (16), that is,
~ r+0 v

M= 00 M) P

Recall that this equation corresponds to the labor demand curve (8) in which the wage has been
replaced by (12). We have

r+68 Of (s,u,v)

@ — (1—5)f(8,u,v)2 Os
ds r46 __ 0f(suv) _ B
(1-8)f(s,uw)?  Ov u

and Lemma 2 implies that the curve with equation (16) shifts upwards in the plane (u,v) when the
network size increases from s to s’ if 3 > s’ > s, while it shifts downwards if s’ > s > 5. Therefore,
geometrically, u* (s') < u(s) if s> ¢ > s, while u* (s') > u(s) if & > s >5. [ |

Proof of Proposition 5.
For all t =1,..., 400, write (13) as u; = ¢ (u¢—1, v¢), where
& (up—1,v1) =up—1 [1 —8 — h(s,ug—1,v1)] + 6

Let
Q (Ut—lﬂ)t) = buy_1 [1 —h (svut—lavt)] +u1 (1 - Ut—l) + Yous—1h (S,Ut—h Ut) — YUt

The planner’s problem is

+oo
1
max Q (ug—1,v¢) subject to up = ¢ (ug—1,v), t =1,...,400
{0} ; (1+7)

The Euler equations are:

1 09 (ug—1,v¢) n 1 0 (ug, veq1) % B
(1+ T)t ovy (1+ T‘)H_l Ouy ov
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where u; = ¢ (us—1,v;). Since yo = b = 0, at the steady-state, this simplifies t0?

om(s,u,v) 1+
u ov LT (20)

In order to see if the private and social solutions coincide, we compare (16) and (20). After some
algebra and using the fact that f (s,u,v) = m(s,u,v) /u and h(s,u,v) = m(s,u,v) /v, we obtain
(19). m

26We use the fact that
Oh (s,u,v)  9[m(s,u,v) /u]
ov ov

om (s, u,v)
o
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