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Abstract

Research background: studies of structures of incomes distributions have been per-
former for about 15 years. They indicate that there is no one model which describes
the distributions in their whole range. This effect is explained by the existence of
different mechanisms yielding to low-medium and high incomes. While more than
97% of the distributions can be described by models with two or three parameter, high
incomes (about 3% or less) is in agreement with power law.

Purpose of the article: the aim of this paper is an analysis of the structure of distribu-
tions of households’ incomes in Poland. By using various models we verify the hy-
pothesis about two-part structure of those distributions.

Methodology/methods: the studies are based on the households’ budgets microdata
for years 2004 — 2012. The two-component models were used to describe the incomes
distributions. The major parts of the distributions have been described by the two or
three parametric models: lognormal, Dagum, and Singha-Madalla. The highest in-
comes were described by the Pareto model.

Findings: one has showed that two or three parametric models explain from about
95% to more than 99% of ranges of income distributions. The poorest agreement with
data is for lognormal model, while the best agreement has been obtained for Dagum
model. Regarding the highest incomes the Pareto model describe the data very well
only for the selected years. For the remaining years the results are not so obvious. The
tails of the income distributions seems to have more complex structure.



Introduction

The studies of structures of the income distributions have been performer for
about 15 years. They indicate that there is no one model which describes the
distributions in their whole ranges. This effect has been observed for the dis-
tributions of incomes in U.S., United Kingdom, Germany and Japan. In the
majority of studies incomes are described the best by lognormal model with
power law tail. Suoma (2001, pp. 463-470) studied Japanese income distribu-
tions for years 1887 — 1998. He showed that two-part model, lognormal with
power law tail is the universal structure describing distributions of personal
incomes in Japan. In the paper (Nirei & Souma, 2004, pp. 161-168) the au-
thors continue researches and propose dynamic stochastic model explaining
power low tails. Dragulescu & Yakovenko (2001, pp. 213-221) study the
income distributions in United Kingdom (1994-1999) and in individual U.S.
states (1998). They describe income distributions by two-part model: expo-
nential and power law. Nirei & Souma (2007, pp. 440-459) studied income
distributions in Japan and the U.S. for years from 1960 to 1999. They con-
firmed the hypothesis about two-part structure of income distributions. They
described the left-central part of the distributions by the exponential model
and the top 1% of incomes — by the power law. Clementi & Gallegati (2005,
pp. 3-14) investigated income distributions of households in the U.S. (1980-
2001), United Kingdom (1990-2001) and Germany (1990-2002). A low-
middle income group was approximated by lognormal function and a high
income group by power law function.

The maotivation to take the studies presented in this paper was small num-
ber of similar studies for the new countries of European Union. In this paper
we conducted such a study of income distributions in Poland. This subject
was investigated by Jagielski & Kutner (2010, pp. 615-618). They analyzed
incomes from Household’s Budgets Survey but the highest incomes data were
extracted from rank of the 100 richest Poles. They showed that Polish income
distributions may have three-part structure.

The aim of this paper is analysis of the structure of the income distribu-
tions. We verify the hypothesis about two-part structure of the income distri-
butions. In the first step we fit well-known models of incomes: lognormal,
Dagum, and Singh-Maddala to the whole income distributions. As expected
none of the above models describe data for the highest incomes. In the second
step we fit power law (Pareto model) to the tails of the income distributions.

Data and data selection

Data from the Household Budget Survey (HBS) project from 2004 to 2012
have been used in this work. One selected subset of data containing microdata



about available monthly incomes in the households. Household's available
income is a sum of household's gross incomes from various sources reduced
by all income taxes as well as by social security and health insurance taxes.

The zero or negative incomes (about 0.6% — 0.7%) have been removed
from data. Income of each household has been recalculated into the annual
income in thousands PLN and expressed as the income per person. The num-
ber of data records varied from about 32,000 to 37,000 depending on year.
One constructed empirical cumulative distributions based on the detailed data
to evaluate power models and to present the results. The empirical cumulative
distribution is defined:

k.
I:emp (Xi ) = WI
where data xi, i =1, ..., N are sorted ascending, k; is rank of income x;i.

Methodology

We take into account three commonly used models: lognormal, Dagum, and
Singh-Maddala. Probability density function (pdf) of lognormal distribution is

Inx— )2
fo(x) = —L _exp| - NX=A)" | 1
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where x > 0, while the o parameter fulfills the condition o > 0. The z and o
parameters are interpreted as mean value and standard deviation of incomes
logarithms respectively. Cumulative density function (cdf) of lognormal dis-
tribution can be expressed by the cdf @ of the standard normal distribution

Fun 09 =0 1) @

Lognormal distribution has been often used to describe distributions of wages
and incomes. Pdf of Dagum distribution (Dagum, 2008, pp. 3-25) is described
by the equation:

aflo
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fo(X) = 3

where x > 0, while the parameters fulfill the conditions: « > 1 and 5, § > 0.

The pdf of Singh-Manddala distribution (Singh & Manddala, 1976, pp. 963-

970) can be expressed by the formula:

fop () =~ 222 @
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wherex >0and «, B, 6 >0, BJ > 1. Cumulative density functions of the
above models are described by the equations:

Fo(X) =+axP)™ (5)




Fou (00 =1-(1+axP)™?. (6)
Studies performed in various countries show that models (3) and (4) exhib-
it high conformance with empirical distributions of incomes (Bandourian, et
al., 2002, p. 47; Dagum, & Lemmi, 1988, pp. 123-157; Kleiber, 1996, pp.
265-268). They are universal, they may describe zero- as well as one-modal
distributions (see Lukasiewicz, et al., 2012, pp. B82-B85). Dagum model is
used very often in studies of incomes (see i.e. Lukasiewicz, & Ortowski,
2003, pp. 122-130; Lukasiewicz, & Ortowski, 2004, pp. 146-151; Quintano,
& D’Agostino, 2006, pp. 525-546).
The Pareto model Type | has been used to describe the highest incomes
(tails of the distributions). The model, known also as a power law, contains
one parameter and the functions pdf and cdf are of the forms:

() =ax@x 1, (7)

Fo(x)=1-xpx %, (8)

where X > X and parameter « > 0. A limit value of income is indicated by
Xm. The pdf and cdf are equal to 0 for x < Xp.

All the models have been evaluated by means of the nonlinear least square

method utilizing Levenberg-Marquardt algorithm. Thus, the coefficients of
the models are estimated by a minimization of the function:

n
SSE(0) =D (¥i — f (%:6))°, ©)
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where @ is a vector of the model’s parameters.

The models (1) — (3) were evaluated based on the grouped data. In the
case of the model (7) obtained results were unstable because of the small
number of counts for the highest incomes. The Pareto model’s parameter o
has been evaluated based on the cumulative data using the function (8).

The limit values of x were evaluated for each model and year after esti-
mating the functions (1) — (3). The xm was determined as the income above
which the model’s residuals start rising.

Analysis and results

The lognormal, Dagum, and Singh-Maddala models of incomes were fitted to
the empirical distributions. The results are listed in Table 1. The columns
contain: parameters’ estimators, coefficients of determination R? =1 — SSE,
limits xm and values of the theoretical cdf: F(xm). The latter is a percentage of
the income distribution (percentage of households) explained by the model.



Table 1. Estimations of the lognormal (LN), Dagum (D), and Singh-Maddala (SM)
models. There are standard errors of the parameters’ estimators in the brackets. The
symbols x, o are the parameters of the lognormal model

Year Model a () B (o) S R? Xm F(xm)
LN (gj(l)gi) (8:3(1)5) 0995 3159 0.983
200 D gl o) (o 0% S04 0w
SM (<06%00301) (éﬁg%) (é:gﬂ) 0.998 3616 0.989
LN (Sjéf;g) (8:882) 0995  29.83 0.979
2005 D (11218;8 (g:égg) (8:8‘3) 099  72.26 0.999
M (fbo.gggl) ((2):8%) (é:ggg) 0997 3488 0986
LN (Sjégg) (8:882) 0996  33.10 0.981
200 D 3y ooy (o 097 10240 >0009
SM (3698581) (éﬁggg) (é:ggz‘.) 0.998 4255 0,991
N (g:ggg) (82335) 099 2747 0956
o o B0 S OB o ou o
M ooy ©0i0) o 0% 2% 05
LN (Sjgéi) (8333‘15) 0996 3236 0962
2008 D (270368) (g:gig) (8:83% 0999 10310  0.999
M oo @oon  ow) 0% 5498 089
N (giggg) (8:883) 0995 3335 0954
2009 D (216648%(; (g:g‘g) (8:812) 0998 95581 0.998
M (360.8881) ((Zigg) (3:338) 0999 3759 0968
N ooy (oo 0%96 3464 0949
o o G i g om e o
M P 2.831 1186 999 57.74 0.989

(<0.0001) (0.006)  (0.011)




Table 1 (cont.)

Year Model a (u) B (o) ) R? Xm F(xm)
LN (g:ggg) (8:882) 0994 3675 0952
2011 D (52660550) (gzézg) (gzggg) 0999 8034 099
e e e e w
LN (g:ggg) (8:883) 0992 4027 0959
2012 D (758627?5(; (g:ggg) (8:313) 0998  47.70 0.976
N T

Source: own calculation based on the HBS microdata

Figure 1. Complementary cumulative density functions of the lognormal (solid line)
and Pareto (dashed line) models for years: 2005 and 2012 in log-log scale. The hori-
zontal axis: annual income in thousands PLN, the vertical axis: percentage of the

households
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All the evaluated models describe empirical data very well. They are char-
acterized by the high coefficients of determination and very small errors of
their parameters. The values of R? are similar to each other for all the models.
The smallest values of R? are observed for the lognormal model, which de-
scribes the smallest part of the incomes distributions: from 94.9% to 98.3%,
depending on year. On the other hand, lognormal model doesn’t explain from
1.7% (2004) to 5.1% (2010) of incomes, Singh-Maddala: from 0.8% (2008) to
4.1% (2012), and Dagum: from 0.1% (2006) to 2.4% (2012). Models’ func-
tions of incomes are plotted in Fig. 1 for years: 2007, 2009 and 2012. There
are complementary cumulative density functions in the figure. They are given
by the equations:

IEemp(xi) =1- I:emp(xi) and E(X) =1-F(x).

In order to emphasize differences between the empirical and theoretical
distributions the plots are on the log-log scale.

In the next step, tails of the empirical distributions have been approximat-
ed by the Pareto model. The tails have been defined in this work as incomes
satisfying the inequality x > xm. Further on, we will take into account and
discus two cases: when the limit values xm have been determined for: (i)
lognormal model and (ii) Dagum model. For those two models one obtained
the minimum and the maximum values of x, respectively (see Table 1). In the
case of Singh-Maddala model values of xy, are slightly bigger than in (i) and
values of estimation parameters for Pareto model are similar to those in (i).
Because of that, these results are omitted in this paper. Results of the estima-
tions of Pareto model are presented in Table 2. The plots of the Pareto func-
tions are in Fig. 2.

In the case (i) the quality of the Pareto model’s fits is very high. We also
observe very small errors of the « parameter. In the first year (2004) the Pare-
to exponent has value of 3.04, and in the following years has values 2.65 -+
2.93. The power law exponent is very stable in time, it’s changes are small
and values around 2.80. For comparison, Clementi & Gallegati (2005, pp. 3-
14) obtained the Pareto exponents: 1.10 +3.34 for the U.S. (1980-2001);
3.47 +5.76 for the UK (1991-2001) and 1.63 -+ 2.14 for Germany (1990-
2002). In the case (ii) the results are more dispersed than in the case (i). Da-
gum model does not explain only below 0.5% of incomes for most of the year.
The range of incomes which could be regarded as tail is very narrow. Such a
good agreement of this model with income data is emphasized in the empiri-
cal studies (Bandourian, et al., 2002, p. 47; Kleiber, 1996, pp. 265-268). How-
ever, analysis of the residuals and SSE shows that Dagum model overesti-
mates income distributions in their central part for most of the analyzed years.
In other words, Dagum model fits well in the tail of the distribution at the
expense of quality of the fit in the middle part.



Table 2. Estimations of the Pareto model. Values of limits x,n have been set for
lognormal (LN) and Dagum (D) models. Values s, indicate standard errors of parame-
ters’ estimators «

Year Model Xm a Sa R?

LN 31.59 3.036 0.008 0.996
2004

D 59.04 3.205 0.043 0.983

LN 29.83 2.887 0.006 0.996
2005

D 72.26 2.542 0.046 0.984

LN 33.10 2.865 0.004 0.998
2006

D 102.40 2.252 0.060 0.986

LN 27.47 2.669 0.003 0.998
2007

D 4211 2.567 0.085 0.994

LN 32.36 2.649 0.007 0.989
2008

D 103.10 1.756 0.050 0.960

LN 33.35 2.928 0.003 0.998
2009

D 95.81 2.438 0.040 0.979

LN 34.64 2.732 0.008 0.983
2010

D 73.30 1.902 0.026 0.963

LN 36.75 2.911 0.005 0.994
2011

D 80.34 2.747 0.036 0.969
2012 LN 40.27 2.761 0.005 0.996

D 47.70 2.714 0.007 0.994

Source: own calculations based on the HBS data

This effect is also visible in Table 1: Singh-Maddala model explains
smaller parts of income distributions than Dagum model, whereas is charac-
terized by the same or even greater goodness of fits. In the case (ii) the models
of tails (Table 2) are characterized by lower qualities of fits and greater errors
than in the case (i). Pareto exponent is 1.76 + 3.21. The results are more dis-
persed than in the case (i).

The lognormal models with power law tails are stable through the years: o
parameter is about 0.56 since 2007 and the Pareto exponent has values close
to 2.8. The u parameter increases with average income. The biggest discrep-
ancies are observed in right tail-ends of the distributions. The tails are de-
scribed by Pareto model very well for the majority of years. There are some
deviations of the model from empirical data in the far ends of the distributions
for years: 2008, 2010, 2011 (see Fig. 2). However, errors of the data points in



those regions of the distributions are relatively large. Those differences seems
to be assigned to the statistical fluctuations. Further detailed studied should
provide knowledge about the size of such fluctuations and their influence on
the model’s parameters.

Figure 2. Tails of income distributions and Pareto model fits for 2008, 2009, 2010
and 2011 in semi-log scale. Values of limits xn have been set for lognormal model
(solid line) and Dagum (dashed line). The horizontal axis: annual income in thousands
PLN, the vertical axis: percentage of the households

0 200 400 600 800 0 200 400 600
0,1 : ! . 01 . .
o 2008 data o 2009 data
0,01 A Pateto model, xm = 32.36 Pateto model, xm =33.35

————— Pateto model, xm = 103.10 001 1 ----- Pateto model, xm = 95.81
0,001 A

0,001 A
0,0001 A

0,0001 1

0,00001 1

0,000001 0,00001
0 200 400 600 800 1000 1200 1400 0 200 400 600
0,1 . . . . . . 0,1 . .
2010 data o 2011 data
0,01 —— Pateto model, xm = 34.64 Pateto model, xm = 36.75
————— Pateto model, xm = 73.30 0.01 1 ----- Pateto model, xm = 80.34

0,001 A
0,001 A
0,0001 A

0,00001 0.0001 1

0,000001 0,00001

Source: own preparation based on the HBS data
Summary

The income distributions of Polish households in 2004 — 2012 were studied in
this paper. One evaluated an agreement with data of three models of incomes:
lognormal, Dagum, and Singh-Maddala. The lowest goodness-of-fits were
observed for lognormal model, while the best fits were for Dagum. None of
the analyzed models were able to describe the distributions in their whole
ranges with sufficiently high precision. The biggest discrepancies were ob-
served in right tail-ends of the distributions.

Dagum model describes almost the whole range of the income distribu-
tions in the majority of years, unexplained tails are short. That’s why the tails
cannot be described with sufficiently high precision by Pareto model. The



Power law exponents are not stable in time and have relatively big errors. At
the same time Dagum model overestimates data in the middle of income dis-
tributions. In the case of Singh-Maddala model the results were similar to
those obtained using lognormal model.

The lognormal models with power law tails are stable through all years.
This two-part model will be used in future studies. The discrepancies between
the model and data will be further investigated. Incomes of individuals in the
households will be analyzed using this model.
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