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ABSTRACT

Uncertainty in the aggregate production function implies uncertainty
in the returns to at least one factor, and, consequently, variability in
the personal distribution of income. A model with overlapping generations
is used to examine tax policies that simultaneously control the distribu-
tion of consumption among age cohorts and the path of capitalhaCCumuiatian"-
while maintaining a decentralized economy--i.e., maintaining private
ownership of all capital. Situations of both perfect and imperfect infor-
mation about the random variable affecting production are ¢onsidered. It
is shown that any consumption-investment plan that does not discriminate
among members of an age cohort can be controlled, and that no information
is needed about individuals' subjective probability distributions over

the possible states of the world.






1. Introduction

Uncertainty in the aggregate production function implies uncertainty
in the returns to at least one factor and, via the national income identi-
ty, in aggrecate income. Unless ownership of each factor is equally dis-
tributed, variabi]ity.in the personal distribution of income and in the
distribution of consumption follow as well. This paper considers tax
policies that enable individuals to pool these risks. |

Hhen the production function is stochastic, the forces determining
the division of income between wages and rents determine, concomitantly,
the burden of risk on labor and on owners of capital. Since uncertainty
.about the rate of return affects the incentives to invest, in a deﬁen-
tralized economy a new channel of influence from income distribution to
capital accumulation appears.

The effects on investor behavior of uncertainty in the returns to
.Avarious capital goods are familiar. To the extent tﬁat risks on differ-
ent assets are independent or offsetting, portfolio diversification offerg
.”insurance" to investors. As Diamond [1967] has shown, under certain con-
ditions the allocation of risk among investors achieved by a stock market
is Pareto-efficient. Under these conditions there are no further welfare

gains available from risk-pooling among market participants.' However, in
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the presence of real uncertainty in the aggregate return to capital there
is a residual risk that must be borne by all investors as a group. Simi-
larly, uncertainty in the wage rate falls inevitably on workers.

However, uncertainties in the returns to capital and labor may off-
§et each other, at least to some extent. Furthermore, looking over a
longer time horizon the groups of workers and investors are constantly
changing. This opens up the possibility for risk-pooling among workers
and/or investors who are active in different markets--that is, for inter-
generational risk-pooling.

The portfolio selection problem will be ignored here, and a model
‘with overlapping generations will be used to examine tax policies that
simultanesously control the distribution of consumption amcng age cohorts
and the path of capital accumulation, while maintaining a decentralized
economy--i.e., maintaining private cwnership of all capital. Only
balanced-budget tax policies are considered, so that there is no role for
government debt. Real capital, which has an uncertain rate of return,
is the only asset available to savers. Since age cohorts overlap, changing
the distribution of consumption among generations is possible; and since
both wages and returns to capital are uncertain, such changes are desirable
in the sense of expected utility. Government intervention is called for
because private market institutions cannot allocate sequential risks
efficiently. As in other instances where a "contract" among age cohorts
is required (see, for example Samuelson [1958]), only through government
institutions can the desired result be realized, since only in that way

can participation by unborn generations be guaranteed.

—
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The problem of implementing consumption-investment plans under un-
certainty is related to two strands in the theoretical literature. The
first is the work on growth under uncertainty (Phelps [1961], Mirrlees
[1971], Brock and Mirman [1972], Mirman [1973], and Mirman and Zilcha
[1975]). Here interest has céntered on deriving conditions for conver-
gence of the economy to a (stochastic) steady state, and conditions for
the existence, uniqueness and stability of optimal paths of capital accum-
ulation. The second is the literature on policies for implementing desired
paths of consumption and capital accumulation in a decentra]ized economy
when there is no uncertainty (Arrow and Kurz [1970], Samuelson [1975],
Chamley [1977], and others). The objective here has been to construct
incentive schemes that induce the desired type of behavior on the indi-
vidual level.

Weaving together these two strands introduces a new difficulty: in
a world of uncertainty an individual's plans for the future depend on his
information about the uncertain events. Under any fixed incentive struc-
ture, including the absence of all government intervention, individuals
who attach different subjective probabilities to various outcomes will,
in general, choose different courses of action. Cohsequent]y, even if
tastes and objective circumstances are constant across the population, if
beliefs vary it may be difficult or impossible to realize a desired con-
sumption path through a decentra]ized'mechanism. This problem is similar
to the one that arises if individuals differ in tastes or in any other

unobservable characteristic. Any such difference causes a fixed incentive
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structure to impinge differentially on individuals' actions. This is
in contrast to the situation where individuals vary in a characteristic
that is observable, for example in age or health. In the latter cases
group-specific policies can be used to deal with the incentive problem.

When information varies among individuals, incentive structures that
are group-specific in a certain sense can be achieved by setting state-
dependent values for policy variables. This property can be exploited to
advantage for the problem at hand.

Of primary concern here will be the existence of government policies
that implement particﬁ]ar plans, the extent of public agreement about
policies' objective consequences, and the extent of public agreement about
policies' welfare implications. The latter issues are important if poli-
cies cannot be imposed by "the government," but rather must.be agreed upon
by the public or its representatives. It will be assumed throﬁghout that
all individuals in all age cohorts have identical tastes and endowments,
so that differences in information about the random variable affecting
production are the source of all differences in behavior and in social wel-
fare calculations.

Before proceeding, some preliminary terminology must be introduced.
The term "instrument" will be used here, in the usual way, to refer to a
decision variable in the hands of the government. For a fixed set of

instruments another definition follows.

Definition 1: A policy is a set of values for the instruments. These

values may depend on the values of state variables and on the realization

of the random variable.
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A plan, defined precisely below, is a set of functions describing
consumption and investment. Using a model in whichvthe production func-
tion is stochastic, this paper looks at the problem of constructing one
or more policies that implement a given plan. This is done first for
situations of complete information about the stochastic process, and then
for situations of incomplete information. ("Complete information" will
mean that the probabilities governing the stochastic process are known;
"incomplete information" will mean that the probabilities are unknown, so
that subjective probabilities must be used in all calculations.) In the
latter case information may vary among individuals. The conclusions are
as follows.

a) Any feasible plan that allocates identical consumption bundles
to a1l members of an age cohort can be implemented under any information
structure, without knowing either the objective probabilities governing
the random variable or the information structure in the population.
Therefore, if individuals with different information (i.e., with differ-
ent subjective probabilities) can agree on such a plan, they can agree
on a policy to implement it. The instruments used are a consumption tax,
a tax on interest income, and age-dependent lump-sum subsidies. Further-
more, plans that allocate identical consumption bundles to all members of
an age cohort are the only ones that can be implemented, using this set of
instruments, without knowing the information structure.

b) If the random variable affecting production is i.i.d. or %f it

follows a Markov process, plans that are optimal under the utilitarian
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social welfare function--if any exist--are among the plans considered
here.

¢) Under the utilitarian criterion, for any given investment plan,
the optimal allocation of the corresponding levels of aggregate consump-
fion requires that in each period the marginal utilities of all indi-
viduals be equal. Since this requirement is independent of beliefs about
the random variable, given any investment plan there can be no disagree-
ment about the optimal allocation of aggregate consumption.

d) Plans that equate marginal utilities in each period are imple-
mented by policies in which the tax on interest income completely off-
sets fluctuations in the return to capital, i.e., completely stabilizes
the rate of interest net of taxes at the social rate of discount. Hence,
- if the utilitarian criterion is accepted, the optimal interest tax policy
is determined.

e) Even if aggregate consumption is always allocated optimally, com-
parisons among different investment plans involve the distribution of the
random variable. Therefore individuals who have different information
Wwill disagree about a policy's welfare implications, even if they agree
about its (contingent) objective consequences.

In Section 2 the model is presented and the problem of implementation
is examined under the assumption that the random variable is i.i.d.; the
extension to Markov processes and other types of random variables is dis-
cussed in Section 3; welfare considerations are examined in Section 4; and

in Section 5 the conclusions are discussed.
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2. Implementation

Each individual lives for two periods. He works, consumes and saves
when young, and consumes his assets, including the accrued returns, when
old. For simplicity it is assumed that labor is inelastically supplied,
and that each individual supplies one unit of labor when young. Utility
then depends only on the consumption bundle (cy,co). A1l individuals in
all age cohorts have the same strictly concave, additively separable

utility function:

U(cy,co) = () + U°(c°)

4 .0 y 0
u5c'>o, >0, v <o, 02 <0 (1)
Tim Uy(c) = 1im Uo(c) = o
0 © 0 ©

The population grows at the constant rate n, and all variab]es.are measured
on a per capita basis.
Homogeneous output is used for both consumption and investment. Un-

certainty enters through the production function:

y(t) = fIk(t)sr(t)] ., t=0,1,...,

where

y(t)
k(t)

output (net of depreciation) per retiree in period t;

capital per retiree in period t;
¥ is an i.i.d. random variable that takes on the values
(r],rz,...,rl) with probabilities (p],pz,...,pl) respectively,

I

with p ¢ S+

= {s >0} s; = 1}; and
1

ey
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r(t) = the realization of the random variable in period t.

Thus it is as if there are I different production functions, and in each
period one of them is chosen, at random, to describe production. Note

that the functions need not be ordered:
f(k;ri) > f(k;rj) =+ f(k';ri) > f(k‘;rj) , for k # k',

nor are they required to have any other particular properties. In fact,
they need not be concave or differentiable, or even continuous or mono-
tonic in k.

The division of income between labor and capital is described by the
wage and rental functions, w(k;¥) and R(k;¥). Since k is the ratio of

capital to retirees, factor payments must satisfy:
(]+n)-w(k;ri) + k-R(k;ri) = f(k;ri) ,» k>0;1=1,...,I. (2)

Factors may be paid their marginal products, but this is not required.
In any period the effects of past decisions are reflected only in
the current capital stock. Therefore, attention will be limited to auto-

nomous plens for consumption and investment.

Definition 2: A feasible plan is a set of functions [yy(k;ri),

yo(k;ri), g(k;ri), k>0;1=1,...,I] that specify the consumption of
each young individual , the consumption of each old individual, and net
investment per young individual, contingent on the existing capital stock
and on the current realization of the random variable. These functions

must satisfy:
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Ylkiry) + (n)[y (ksry) + £(ksry)T + nk = f(ksr,),
(3)
Yikir) 20, ¥(ksry) 20, k + glksry) 20,

k>0;i=1,...,I.

Note that under this definition the consumption levels of both young
and old depend only on the current realization or ¥. Notice, too, that
this definition of a feasible plan includes as a subset plans in which
consumption and investment depend only on the total quantity of goods
available (capital plus output), and not on the capital stock and the
realization of the random variable separately.

An individual's expectations about the capital stock, as well as his
beliefs about the random variable, affect his decisions. Although many
models of expectation formation could be incorporated, attention here
will be confined to the case where expectations are "rational," i.e.,
where individuals correctly foresee the size of the capital stock one
period ahead. Since the capital stock in period t is completely deter-
mined by decisions made in period t-1, it can be assumed that the govern-
ment announces its plan and that all individuals believe with certainty

that it will be carried out. .

Complete Information

First consider the situation where all individuals have complete
information about ¥. In general plans can be implemented only through
policies that use state-contingent values of the instruments. Proposition

1 suggests one sufficient set of instruments.
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Proposition 1: If all individuals have complete information about

the random variable r and have rational expectations about the capital
stock, then any feasible plan can be implemented using the following set

of instruments:
a) a consumption tax, [tc(k;ri), k>0; i=1,...,I];
b) a tax on interest income, [tr(k;ri), k>0;1=1,...,I]; and

c¢) age-dependent lump-sum subsidies, [sy(k;ri), s°(k;ri), k > 0;

(Both "taxes" and both "subsidies" may be either positive or negative.)

Proof: let [yy(k;ri), Yo(k;ri), g(k;ri), k > 0; i= 1,...,1] be any

feasible plan, and define the marginal utilities:

u(ksr,) = WY (k)1 ,
- (4)
viksry) = Uy (kr)] 5 k205 4 = 1,...,15
and the tax factors:
Tc(k;ri) =[1+ tc(k;ri)]_]
- (5)
T(ksri) =1+ [0 - t (k) 1R(ksrs) , k2051 =1,...,L

Since there is a one-to-one correspondence between the schedules [tc(k;ri)]
and [Tc(k;ri)], and between the schedules [tr(k;ri)] and [Tr(k;ri)], from

this point on T¢ and T" will be referred to as tax rates.]

]If the interest rate is zero in any state of the world (R(k;ri) =0 for
some k,i), a tax on interest is obviously ineffective. In that state,
however, a tax can be levied on wealth, t¥, with:

Wer. _ r,..
t (ksr_i) - ] - T (k,l"_i).
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A policy that implements the desired plan can be constructed by
noting that it must satisfy three requirements. First, since each retiree
consumes all of his assets, the lump-sum subsidy to the old must be

related to the consumption and interest taxes by:
s%(ksry) = ¥O(ksr)/T (ksry) = keT (ksry) k2 05 4 = 1,001, (6)

Second, since the assets accumulated by each worker must be equal to the
current per capita stock of capital plus net investment per capita, the

lump-sum subsidy to the young must be related to the consumption tax by:

(kiry) = k + glksry) = wiksry) + ¥ (ksr ) /T (ksry)
| (7)
k>0;i=1,...,I.

Finally, each worker must choose his assigned level of consumption volun-

tarily, i.e., Yy(k;ri) must be the solution of:
Max{l(c) + EUP(TE(k + &(ksry)sr ) [T (k + £(ksry)sr,)
c J J 1777
+ Dwlksry) + s¥Y(ksry) - e/T(ksr)] (8)
+so(k+E(k;ri);rJ-)])} »  k>0;1i=1,...,I.
Substituting from (6) ard (7), this requires:
. Cro. - r . c . .
u(ksry) T(ksrs) = § pyT (k +&5rs) To(k + E,rj) v(k + E,rj) (9)

k>0;1=1,...,I

A policy that implements the given plan is defined by any pair of consump-



1-12 | | ,

tion and interest tax schedules satisfying (9), together with lump-sum
subsidy schedules given by (6) and (7).

Only strictly positive values for 7¢ and non-negative values for T
are economically meaningful. A zero value for 7€ corresponds to an in-
finitely high tax on consumption, and a negative value to a subsidy of
more than 100%; a negative value for " corresponds to an interest tax
that takes more than 100% of interest plus principle. A zero value for
i corresponds to a tax that confiscates all interest and principle, and
will be included as a possibility.

Policies that implement the given plan can be constructed in the

following way. Consider the set of consumption tax schedules 5 defined

by:
Q’C([u(k;ri), k > 05 i=1,...,1]) = {[Tc(k;ri), k> 0; i=1,...,11 |

u(ksr) T (k) = ulk'srs)TE(k 5rs)

koK' > 05 1,5 = 1,...,I}.

Substituting any of the schedules in the set 7€ into (9), the problem of
constructing a policy is reduced to finding an interest tax schedule that

satisfies:

1= )} pjTr(k;rj)V(k;rj)/U(k;rj) s k>0.

J

Leth‘be defined as this set of interest tax schedules.
T (Lulksry)ov(ksry), k> 05 i=1,...,11; p)
= ([T (k;r.), K 3 151,000, T (k3. T ir.) =
[T (ksryd)s k> 05 i=1 I]I%PJT (ksrsdv(ksrs) /ulksry) ‘1,

k>0 i=1,...,I}

. [,
It bk B den oA

[ ——
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Any interest tax schedule in3’r([u,v],g) together with any consumption
tax schedule in.?p([u]) satisfy (9). A policy implementing the given
plan is completed by adding schedules for the lump-sum subsidies that

are defined by (6) and (7). Q.E.D.

Using the set of instruments specified in Proposition 1, the govern-
ment can implement any feasible plan through a wide variety of policies.
Risk can be pooled among age cohorts in any way that society wishes. Both
the Tevel of investment and the distribution of consumption can be com-
pletely divorced--except for the adding up constraint--from the wage and
rent functions, i.e., from the pre-tax distribution of income. Since all
individuals in all generations have complete information about the proba-
bilities governing the random variable, all agree, ex ante, about both

the objective consequences and the welfare implications of any policy.

Incomplete Information

Thus far it has been assumed that all individuals have complete infor-
mation about the random variable. If, instead, individuals are assumed to
have identical but incomplete information, the analysis above needs to be

modified only slightly. Let p| e sl

denote individuals' (common) subjec-
tive probabi]ify distribution for ¥. Using the same set of instruments,

clearly the government can still implement any feasible plan.

Corollary 1: If all individuals have identical beliefs about ¥,
described by the probabilities Eh, and have rational expectations about
the capital stock, any feasible plan can be implemented using a consump-

tion tax, a tax on interest income, and age-specific lump-sum subsidies.
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Proof: Given any feasible plan, policies that implement it can be
constructed exactly as in the proof of Proposition 1, substituting Eh

for p. Q.E.D.

In general the policies in Proposition 1 or Corollary 1 can be con-
‘structed only if the government knows individuals' probability distribu-
tion over the random variable. However, some of those policies do not

depend on individuals' information.

Proposition 2: If all individuals have identical beliefs about ¥,

described by the probabilities Eﬁ, and have rational expectations about
the capital stock, any feasible plan can be implemented, using the set

of instruments in Proposition 1, without knowing Eﬁ.

Proof: Let [Yy(k;F), yo(k;F), £(k;F¥)] be any feasible plan, and
let [u(k;¥)] and [v(k;F)] be defined as in (4). A policy implements the
given plan for all subjective probability distributions if and only if
it is in the joint intersection of all the sets of policies that imple-
ment it for particular values of Eﬁ.

Since the set of consumption tax schedules3’®([u]) is independent

of gﬁ, this joint intersection consists of the policies:

T (ksry), k20, 1= 1,07 N P ([uvisp")
h gl
peS,
= [Tr(k;ri) = u(k;ri)/v(k;ri), k>0,1=1,...,1], (10)

[T0ksry), k20, 4 = 1,...,11 e 3([u])

and schedules for the Tump-sum subsidies that are defined by (6) and (7).
Q.E.D.
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Notice that the interest tax schedule in (10) is determined by the allo-
cation of consumption; the consumption tax schedule is determined, up
to the choice of a scalar, by the consumption of the young; and the
schedules of lump-sum taxes depend on this scalar.

Proposition 2 implies that the informational requirements for imple-
menting a plan are minimal; only information about the utility function
is needed, none about the probabilities. This leads in turn to the con-
clusion that any plan that can be implemented under Proposition 2 can
also be implemented when individuals attach different subjective proba-
bilities to the random variable. However, when individuals' beliefs
about ¥ differ, a broader definition of a feasible plan is needed.

Assume now that there are H types of individuals, indexed by
h=1,...,H, and characterized by'their differing information about ¥.
Assume, further, that the information structure is stationary over time

(among cohorts), and define:

pb € Si, h=1,...,H the subjective probabilities of a type h

.
individuals over ¥, with Eh # Eh for
h #h', and

H

+

a€eS a vector describing the proportions of different types

of individuals in the population.

Using this notation, without loss of generality, it can be assumed that
H and [EP, h=1,...,H] are fixed. The information _structure is then

completely described by a.
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It will be assumed throughout that the government cannot distinguish
among different types of individuals, i.e., that it cannot levy type-
specific taxes. However, different types of individuals within each age
cohort will, in general, choose different actions when they are young.
Therefore a plan can specify levels of consumption for the young that
are contingent on type as well as the capital stock and the realization
of ¥. Furthermore, because of its effect on his saving, the consumption
of an old individual can now depend on the realization of r when he was
young, as well as its realization in the current period, the capital
stock, and his type. However, if net investment depends only on the
current--not the past--realization or ¥, then the total consumption of an
old generation can depend only on the current value of F. Only the ex-
tent and direction of the variations in consumption among the old depend
on the value of r when they were young. These considerations lead to the
following definition of a feasible plan when there are different types of

individuals.

Definition 2': Given a, a feasible plan is a set of functions
[(Yhy(k;ri), [Yho(k;ri,rj), J=TheonnIds b= 1,000H), E(ksr,), k> 05

i=1,...,1] that specify values for the consumption of a young individual,

contingent on his type, the capital stock, and the current realization of
¥; for the consumption of an old individual, contingent on his type, the
capital stock, the current realization of ¥, and the realization of ¥ in

the previous period; and for net investment per young individual, contin-
gent on the capital stock and the current realization of ¥. These functioné

must satisfy:
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Eah L)y (ksry) + Y™ riar) T+ (14n)g(ksrg) + nk = Flksrg), (1)

Yhy > 0, Yho >0, h=1,...,H; k+ g(k;ri) >0,
k>0; i,j =1,...,1.

Using the notation in Definition 2', let the average consumption

of the young and old be denoted by:

Yikir,) =7 ahvhy(k;ri) ,
h

D, d=1,...,I1 (12)

0y, - h_ho;,.
Y (k,ri) = % oy (k,r‘i,rJ

k>0;1=1,...,I.

While in general constructing a feasible plan requires that the informa-

tion structure, o, be known, some plans are feasible for any value of a.

Proposition 3: A plan [yhy,yho,g] is feasible for any information

structure if and only if it satisfies:
hy,,. ho,, . VY - .
(n)ey P (ksry) + Y (ksrgorg) + (Ten)-g(ksry) + nk = flksrg) 5 (13)
k>0;h=1,...,H; 1,J=1,...,T.

Proof: A plan is feasible for any information structure if and only
if it satisfies (11) for all a € SE. Gbviously any plan satisfying (13)
satisfies (11) for all a; and if a plan satisfies (11) for aill g, letting

a = eh =z (0,...,0,1,0,...,0), h = 1,...,H, gives (13). Q.E.D.
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When individuals have different information, not all feasible plans

can be implemented using the set of instruments in Proposition 1. There-

fore it is interesting to begin by examining the set of plans that can

be implemented.

Proposition 1': Given a, and assuming that all individuals have

rational expectations about the capital stock, a feasible plan [Yhy ho’

£] can be implemented using a consumption tax, a tax on interest income,
and age-specific lump-sum subsidies, if and only if there is a set of
values [(&y"(ksry), h = 1o ), T(ksrs), S(ksry)s k 2 05 1 = 1,..0,1]

satisfying:

hy, .. = Y. h -
Y (ksr]) = Yy(kar]) + Ay (k;r1) » h=1,...,H;

ho . . _ =0 . .
vk +elksrg)sriorgd = YTk + e(ksrg)sry]

hey. R .
by (k,rj)S[k + E(k,rj),ri]/T(k,rj) ,
J=1,...,1s h=1,...,H;

T(ksrydu(ksr,) = § p? v[k + a(k;ri);rj,riJS[k + E(k;ri);rj] ,

Z ahAY (ksry) =

Tlksry) > 0, S(ksry) 20, k205§ =0,...,1,

where [¥] and [Y°] are as defined in (12), and [u] and [v] as in (4).

(14a)

(14b)

(14c)

(14d)

(14e)
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Proof: Suppose that a feasible plan [Yhy,yho,g] and a set of values

[AYh, T, S] satisfying (14) are given. Then the policy

(k) = T(ksry)

T(ksr) = S(ksry)/T(ksry)

sV(ksr) = k + g(ksry) - wiksry) + ¥ (ksrg)/T(ksry)
sO(ksry) = ¥0ksr ) /T(ksry) - keS(ksrg)/T(ksry)

satisfies both (9) and the budget constraint for every consumer type.
Hence it implements the plan.
Conversely, suppose that a feasible plan and a policy implementing it,

[Tc,Tr,sy,so], are given. The required set of values contains:

Ayh(k;ri) = Yhy(k;ri) - ?(k;ri);_ k>0; h=1,...,H 1i=1,...,L

To complete the list note that the only difference between the consumption
levels of two retirees of different types, in the same cohort, is due to

differences in their savings when young, net of taxes.
Yho[k + g(k-f.)-r-,r.] ='Yh|°[k + g(ksrs)rs,rs]
’ J ] -I J E ] J 3 -l’ J
- M) - " e ) TR+ ECksr ) srs TSI+ E(ksrs) sl /TS (ks
’ J ] J ] J 3 -' b J 3 -l-l 3 J
k >0; h,h! = 1,...,H; i,J =1,...,1.

]
Multiplying each side by ah and surming over h':
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YPOUkegsrgary) = YOkegsr) = oy (ksr ) T Cergar TS star /T8 sy )
k>0; h=1,...,H i,j =1,...,1

Therefore,

T(k;Y‘.‘) Tc(k;ri) s

S(ksry) = TN (ksr)T(ksry) 5 ko2 05 8 = 1,001,

complete the required set of values. Q.E.D.
Plans in which all individuals within a cohort receive the same con-
tingent consumption levels are especially interesting. These plans will

be called equable.

Definition 3: A plan is equable if

Wiksr) = Plsry)

Yho(k;ri,r-) = ?o(k;ri) s Jd= 1,01 k>0 1=1,...,1

J

It is clear from Proposition 2 that any feasible, equable plan can be
implemented without knowing ¢. For the set of instruments given there,

the converse is also true.

Corecllary 2: If all individuals have rational expectations about
the capital stock, any feasible, equable plan can be implemented, without
knowing a, using a consumption tax, a tax on interest income, and age-

specific lump-sum subsidies. Conversely, among the plans that are
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feasible for any value of a, only the equable plans can be implemented

using that set of instruments.

Proof: Given any feasible, equable plan, the policies described in
the proof of Proposition 2 implement it, and the arguments there apply
here as well.

Consider now any pfan that is feasible for all values of o, i.e.,
satisfying (13). By Proposition 1', it is possible to implement the plan
only if it satisfies (14) for some set of values [Ayh,T,S]. From (13),

feasibility for all g implies:

) =Yh°(k;f‘i,f‘ ) IR 1S, L PR ¢

ho,, .
Y (k,ri,rJ

jl

k>05;h

]
—
-
-
x
“-e
-ty
H
—h
-
L ]
1 ]
-
-t
L]

Substituting this expression into (14b), implementation requires:

A‘Yh(k;l’j)~5[k + g(k;rj);ri]

0 , k>0; h=1,...,H; i,j =1,...,1.
Therefore, if
Ayh(k;rj) # 0 for some h,k,j ,
then
S[k + g(k;rj);ri] =0 , i=1,...,I, for that k,j.

However, (14c) could not then be satisfied. Hence the plan can be.imp1e-

mented only if it is equable. Q.E.D.
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Policies implementing equable plans can be formulated without any
information about the probabilities governing the stochastic process
affecting production, or about the distribution of information in the
population. Furthermore, even if his own information about ¥ is incom-
plete and even if he knows nothing about the beliefs of others, any
individual will agree that any equable plan can be implemented through
the policies in Proposition 2. In short, there can be no disagreement
about the (contingent) objective consequences of the policies in
Proposition 2. These are the only policies with that property; hence

only equable plans can be the subject of such agreement.
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3. Other Stochastic Processes

The probabilities governing the stochastic process enter into
neither the description of a feasible plan (Definition 2') nor the des-
cription of the policies in (10). Hence, given any feasible, equable
plan, the policies given by (10) implement that plan under any informa-
tion structure and regardless of the properties of the stochastic process.
For example, ¥(t) may be serially correlated or non-autonomous, or the
information structure may vary among cohorts. The policies in (10) are,
in this sense, dominant.

'Still, depending on the nature of the random variable, the form of
the social welfare function, and the planning horizon, in general there
are welfare gains from considering more complicated plans. For example,
if ¥ 1s non-autonomous, non-autonomcus plans should be considered.

These and other welfare considerations will be examined next.
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4, MWelfare

It will be assumed throughout this section that all individuals agree
that society should use an infinite planning horizon and that social wel-
fare should be evaluated using the utilitarian criterion. Hence they

all agree that the feasible plan should be chosen that maximizes:

© 14n.\t h y ~hy or-ho
#(0),*(1),... tZ- ) % U [e™¥(t)] + UTE(t)]1]

= (%Eg)'] % MY Y-1)7 + z (}Ig )t %(0) E. F(t){ g S e ()7

+ (FRLe(¢-1)1])

where p is the social rate of discount, and Ehy(t) and Eho(t) are the
levels of consumption of a type h member of the cohort born in period t,
when he is young and old respectively. Obviously [Ehy(t), Eho(t),
h=1,...,H; t=-1,0,1,...] are random variables whose distribution
depends on the distribution of ¥ and on the choice of a plan.

First note that under the utilitarian welfare function, if #(t) is

i.i.d. or follows a Markov process, then:

1) if a unique optimal plan exists it is among those covered by

- Definition 2' (i.e., it is autonomous, and levels of consumption and

investment depend only on the current values of k and ¥); and

2) if multiple optimal plans exist at least some of them are among

those covered by Definition 2'.

For if ¥(t) is i.i.d. or Markov, the existing capital stock and the current



I-25

realization of ¥ summarize all information about the economy. The
preceding claims can then be verified by assuming the opposite and
deriving a contradiction.

It will be assumed in the rest of this section that ¥ is i.i.d. or
Markov, and the discussion will be confined to autonomous plans.

Next note that using the utilitarian welfare function draws atten-
tion to equable plans, since under it all optimal plans are equable.
In fact, a decomposition argument can be used to show that individuals
will agree, regardless of their information about ¥, on the socially
optimal allocation--between young and old and among different types--of
any given level of aggregate consumption. Unanimity about consumption
allocations occurs even though differences in information will, in
general, lead to differences in opinion about the optimal investment
path.

This can be seen by considering any exogenously given investment

plan [g(k;ri), k>0;1i=1,...,1I] satisfying:
k +g(ksry) >0,
fksrs) - nk - E(ksrs) >0, k> 054 =1,...,1

If investment follows the specified path, an individual whose information
about ¥ is represented by Eﬁ believes that social welfare is maximized
if, for each value of (k;ri), consumption is allocated by choosing

[Yhy(k;ri), Yho(k;ri), h=1,...,H] according to:

D e
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e 7 ") + (R0
[cV,c O h=1,...,H]

s.t. )) ah[(1+n)chy + ch°] f(k;ri) - nk - E(k;ri).
h

The solution, which satisfies:

Ui[Yhy(k;ri)] = (1+p)Ug[Yh°(k;ri)] » h =

i=1,...,I;

is an equable plan that is independent of Eﬁ.

However, even if'aggregate consumption is allocated according to
(15), individuals who have different beliefs about ¥ will disagree about
the welfare implications of different plans. This can be seen by letting
V(C) denote the level of social welfare, undiscounted and on a per capi-
ta basis, that is achieved by the allocation in (15) when'per capita
consumption, averaged over all types and cohorts, is C.

It (15) is used to allocate consumption, an individual with informa-
tion reflected in the probabilities Eﬁ believes that the investment plan

should be chosen by:

T (140t h =
M — E v[c
[g(k;ri),k;6;1=1,...,lj tzo(]+p) r(0),...,r(t) fe(e)]

where
K(t) = k(t-1) + g[k(t-1)sr(t-1)] , t=1,...
C(t) = fIk(t)sr(t)] - nk(t) - e[k(t)sr(t)], t = 0,1,...
k(0) = k

0 ]

I
-
-
.
.
.
-
pe o
we
>
v
o
ws
—
—
(3,
~r



1-27

and the expectation is relative to the probabilities EP- Clearly the
solution depends on EP-

One further area of agreement deserves mention. As was pointed out
above, the tax on interest income in the "no information" policies depends
dn]y on the allocation of consumption. To be precise, it is equal to the
ratio of the marginal utilities of the young and the old. This ratio of
marginal utilities is equal to {1+p) in any plan that maximizes social
welfare and also in any plan that is believed (perhaps mistakenly) to
maximize social welfare. Moreover, this ratio is equal to {1+p), and all
individuals will agree that it is (1+p),in any second-best solution where
the path of investment is given exogenously and the allocation of aggre-
gate consumption is given by {15). Therefore, in any first-best or
secohd-best poticy [T'(ksr) = 14p]. That is, the optimal allocation of
aggregate consumption requires a tax on interest income that stabilizes
the after-tax rate of return on capital at p, the social rate of dis-
count. This condition is independent of the probabilities governing f¥.

The "risk-pooling" aspect of these policies is iTlustrated in the
following example. Assume that I = 2, and that the two production func-
tions cross, as shown in Figure 1, when the capital/labor ratio is E.
Assume further that each factor is paid its marginal product. Now con-
sider the situation when k{t) = E. Since k{t) is determined by decisions
made through period t-1, its value is known at the end of period t-1. How-
ever, at that time the realization of ¥ for period t is unknown. Hence,
~at the end of period t-1 total output for period t is known with certainty,

but wages and the return to capital are uncertain. Thus investment and
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Figure 1
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r

the levels of consumption of both young and old are uncertain. The
policies considered here enable society to insure completely against
this type of risk.

The welfare gains are clear. In fact, as has been shown (see Brock
and Mirman [1972] and Mirman and Zilcha [1975]), if the random variable
ijs i.1.d. all optimal plans have the propérty that consumption and
investment depend only on the quantity of goods available (capital plus
output), and not on the capital stock and the value of the random
variable separately. Hence in this example the optimal plan provides

complete insurance, and allocates the same quantities to investment and

to consumption by each age cohort, for either realization of ¥ in period t.
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5. Conclusion

The results above suggest that neither uncertainty in the production
process nor diversity of individual information about that uncertainty is
an insuperable barrier to decentralized policies for growth. Any fea-
sible, equable plan can be implemented using a consumption tax, a tax on
interest income, and age-dependent lump-sum subsidies. Regardless of
the information stkucture, policies exist that implement the plan and re-
quire no information about the random variable or about individuals' (sub-
jective) beliefs., A1l individuals, regardless of their information about
the stochastic process (and regardless of their information about the
beliefs of others) will agree about the objective consequences of these
policies.

Furthermore, given any path for investment, all will agree on the
optimal (utilitarian) allocation of aggregate consumption in each period.
Any policy which is unanimously agreed to provide an optimal allocation
of consumption contains a tax oh interest income that stabilizes the
after-tax rate of return on capital at (1+p), the social rate of discount.
Hence all individuals will agree on the optimal interest tax policy.

Diversity of information gives rise, however, to disagreement about
the welfare implications of different investment plans. This, in turn,
leads individuals with different information to disagree about the opti-
mal schedules for the consumption tax and lump-sum subsidies. For
example, Mirman and Zilcha [1975] have shown that under certain assump-
tions on the production function there is a unique optimal growth path

(with aggregate consumption allocated by (15)). Thus, if information is
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incomplete and varies among individuals, those individuals will believe
different paths to be (uniquely) optimal.

The set of instruments used above deserves some attention. As usual
other instruments are equivalent to some of those employed here. For
example, a tax on wealth could be used instead of the interest tax, and
a tax on saving could be used instead of the consumption tax. A point
that must be stressed, however, is that age-specific lump-sum subsidies
are always needed. The tax on the young can, in this model, be replaced
with a wage tax, since only the young have wage income and labor supply
is completely inelastic. A wage tax could not be used if the mode] were
extended to include many-period lifetimes or elastic labor supply.

The time structure of the model must also be mentioned. Changes in
the wage rate and in the interest rate, as well as individual decisions
about consumption, in fact occur at frequent intervals within each per-
.son's lifetime. Consider first changes in the interest rate. If it is
admitted that the fate of return on capital fluctuates over short inter-
vals, the gains from using tax policies to pool risk among age cohorts
might seem to disappear. The average rate of return experienced by each
individual over his lifetime would then be a function of many random
variables, and hence subject to the law of large numbers. Although some
residual gains from risk-pooling would remain, they could be expected to
be small. There are two flaws in this reasoning. First, looking at a
fairly short period, like a year, the rate of return on capital is not
independently distributed over time; rather it displays a high degree of

serial correlation. Thus a typical individual is subject to a large
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number of highly correlated, rather than uncorrelated risks. Furthermore,
T

the "average" rate of return calculated over T periods is H][l + F(t)]s
t:

this is different from receiving the average rate of return for each of
T

the T periods, [1 + %- ) F(t)]T. The former expression has a smaller
t=1

expected value and a larger variance than the latter. Thus, admitting
that the rate of return fluctuates frequently does not eliminate the role
for risk-pooling.

Allowing more frequent consumption decisions involves more serious
problems. Chamley [1977] has shown that even when there is no uncer-
tainty, with many-period lifetimes allocations away from the steady state
can be implemented only through age-specific lump-sum taxes. A second-
best solution with only two tax schedules, applying to the working ana
to the retired populations, might then be worth exploring.

Still, it should be emphasized that the possibility of frequently
revising consumption decisions does not eliminate the rationale for risk-
pooling. First, although information about past and current wage rates
and rates of return on capital can be used to revise consumption b]ans,
uncertainty about future rates will not be eliminated entirely. Second,
since individuals save more heavily during the period of time immediately
preceding retirement (after raising a family, etc.), fluctuations in the °
interest rate that occur at the beginning of the working lifetime are of
secondary importance. The rates of return occurring just before retire-
ment will receive most of the weight in an individual's calculations.

Third, and most important, to the extent that different age cohorts are



I-33

subject to different.real risks, what is required is a transfer of pur-
chasing power between generations. Information can help an individual

to plan, but does not relieve him of all the consequences of future events.
A program of intergenerational transfers, which allows risks to be shared,

can be beneficial even when those risks are accurately anticipated.
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