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The equilibrium growth model is modified and used to explain the
cyclical variances of a set of economic time series, the covariances
between real output and the other series, and the autocovariance of
output. The model is estimated using quarterly data for the post-war
U.S. economy. The crucial feature of the model that gives rise to the
persistence of cyclical output is the assumption that more than one
time period is required for the construction of new productive capital.
The fit is surprisingly good in light of the model's simplicity and the
small number of free paramaters.
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1. Introduction

That wine is not made in a day has been recognized by economists
(e.g., Bohm-Bawerk [1891]) for a long time. But, neither are ships nor
factories built in a day. The thesis of this essay is that the assumption
of multiple-period construction is crucial for explaining the serial correlation
properties of the cyclical component of real output. A model of economic
fluctuations is developed and estimated using U,S. quarterly data for the
post-war period, The serial correlations of cyclical output for the model match
well with those observed for the U.S, economy in that period. The standard
deviations and correlations with output of the other variables determihed by
the model are also consistent with the U.S, data.

Our approach integrates growth and business cycle theory. Like
ctandard growth theory, a representative infinitely-lived household is
assumed., As fluctuations in employment are central to the business cycle,
the stand-in consumer values not only consumption but also leisure. The
mest important modification to the standard growth model is that multiple
periods are required to build new capital goods and only finished capital
goods are part of the productive capital stock. Each stage of production

requires a period and utilizes resources. Half-finished ships and factories

are not part of the productive capital stock. -Section 2 contains a short
critigque of the conmonly used investment technoclogies, and presents evidence
that single period production, even with adjustment costs, is inadequate.
The preference-technology-information structure of the model is presented in
Section 3. The exogenous stochastic components in the model are shocks to
technology and imperfect indicators of productivity. The two technology

shocks differ in their persistence.
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The steady state for the model is determined in Section 4, and
quadratic approximations are made which result in an "indirect' quadratic
utility function that values leisure, the capital goods, and the negative of
investments. Most of the relatively small number of parameters are estimated
using‘findings in other applied areas of economics or steady state considera-
tions. For example, the degree of risk aversion is selected to be con-
sistent with the market price of non-diversifiable risk reported in the
finance literature; the number of periods required to build new productive
capital is of the magnitude reported by business; the parameters of pre-
ferences for leisure and consumption streams are not inconsistent with the
finding of labor economics. The small set of free parameters imposes
considerable discipline upon the inquiry. The estimated model and the
comparison of its predictions with the empirical regularities of interest

are in Section 5. The final section contains concluding comments.



2. A Critique of Convantional Asovesate Investment Technologies

There are two basic technologies that have been adopted in empirical
studies of aggregate investment behavior. The first assumes a constant-
returns-to-scale neoclassical production function F with labor L and capital K
as the inputs. Total output F(X,L) constrains the sum of investment and

consumption, or
C+1I<FK,L),

where C,I,K,L > 0, the rate of change of capital K is investment less

depreciation and depreciation is proportional with factor & to the capital stock:
K=1- §K.

This is the technology underlying the work of Jorgzenscon (1965) on investment
behavior.

An implication of this technology is that the relative price of the
investment and consumption good will be a constant independent of the relative

1
cutputs of the consumption and investment good. It also implies that the

shadow price of existing capital will be the same as the price of the invest-
ment good.2 There is a sizable empirical literature that has found a strong

association between the level of investment and a shadow price of capital

lThis, of course, assumes neither C nor I is zero. Sargent (1979a) within a
growth context with shocks to both preference and technologies has at a
theoretical level analyzed the equilibrium with corners. Only when investment
was zero did the price of the investment good relative to that of the consumption
good become different from one and then it was less than one, This was not an
empirical study and Sargent states that there currently are no cowputationally
practical econcumetric methods for conducting an empirical investigation within
that theoretical framework.

2The shadow price of capital has bcen cmphasized by Brunner and Meltzer (1972)
and Tobin (1959) in their aggregatc models.



1 This finding is inconsistent with this

obtained from stock market data.
assumed technology as is the fact that this shadow price varies considerably
over the business cycle,

The alternative technology, which 1s consistent with these findings, is

2 Much of that literature

the single capital good adjustment cost technology.
is based upon the problem facing the firm and the aggregation problem receives
little attention. This has led some to distinguish between internal and
external adjustment costs. For aggregate investment theory this is not an
issue (see Mussa [1977]) though for other questions it will be. Labor resources
are needed to install capital whether the acquiring or supplying firm installs
the equipment. With competitive equilibrium it is the aggregate production
possibility set that matters, That is, if the Yj are the preduction possibility
sets of the fiims associated with a given industrial organization and Y; for some
other industrial organization, the same aggregate supply behavior results if
/

Y, =20Y,.

J ]

The adjustment cost model, rather than assuming a linear product

transformation curve between the investment and consumption goods, imposes

curvature. This can be represented by the following technology:

G(C,I) < F(X,L),

1See Malkiel, von Furstenberg, and Watson (1979).

2See Abel (1979) and Hayashi (1980) for recent empirical studies based on this

technology.
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where G like F is increasing, concave and homogeneous of degree one. Letting
the price of the consumption good be one, the price of the investment good qes
the rental price of capital Lo and the wage rate Wis the firm's problem is

to maximize r=al profits

- -rX
Co +apTy = vl - T K

subject to the production constraint. As constant returns to scale are assumed,
the distribution of capital does not matter, and one can proceed as if there
were a single price-taking firm. Assuming an interior solution, given that

this technology displays constant returns to scale and that the technology

is separable between inputs and outputs,

It = F(Kt’Lt)h(qt> = Zth(qt),

where Zt is defined to be aggregate output. The function h is increasing so high

investment-output ratios are associated with a high price of the investment

good relative to the consumption good., Figure 1 depicts the investment-

consumption product transformation curve and Figure 2 the function h{(q).
Figure 1 Figure 2
Investment-Consumption Transformation Investment-Supply Curve

Curve for Adjustment Cost Theory

1.0
c/z q

1/Z = h(q)

1.0 1.0
I/Z 1/2



For any I/Z, the negative of the slope of the transformation curve in Figure 1
is the height of the curve in Figure 2. This establishes that a higher gq
will be associated with higher investment for this technology. This restric-
tion of the theory is consistent with the empirical findings previously cited,
There are other predictions of this theory, however, which are
questionable, If we think of the g-investment curve h depicted in Figure 2
as a supply curve, the short- and the long-run supply elasticities will be
equal., Typically economists argue that there are specialized resources which
cannot be instantaneously and costlessly transferred between industries and
that even though short-run elasticities may be low, in the long run supply
elasticities are high. As there are no specialized resources for the adjust-
ment cost technology, such considerations are absent and there are no penalties
resulting from rapid adjustment in the relative outputs of the consumption and

investment good.

To test whether the theory is a reasounable approximation, we examined
cross-section state dazta. The correlations betwecen the ratios of commercial
construction to either state personal income or state employment and price
per square foot1 are both -0.35, With perfectly elastic supply and un-
correlated supply and demand ervors, this correlation can not be positive.
To explain this large negative correlation, one needs a combination of high
variability in the cross-sectional supply relative to cross-sectional demand
plus a positive slope for the supply curve. Our view is that, given
mobility of resources, it seems more plausible that the demand is the more
variable. Admitting potential data problems, this cross-sectional result
casts some doubt upon the adequacy of the single capital good adjustment

cost model.

1 : \ .
The data on commercial counstruction and price per square foot was for 1978
and was obtained from F,W. Dodge Division of McGraw-Hill.
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At the aggregate level an implication of the single capital good
adjustment cost model is that when the investment-output ratio is regressed
on current and lagged q, only current q should matter, U he findings of Malkiel,

von Furstenberg, and Watson (1979) are counter to this prediction.

In summary, our view is that neither the neoclassical nor the adjust-
ment cost technologies are adequate. The neoclassical structure is inconsistent
with the positive assocation between the shadow prices of capital and investment
activity. The adjustment cost technology is consistent with this observation
but inconsistent with cross-sectional data and the association of investment
with the lagged as well as the current capital shadow prices. 1In addition,
the iwplication that long- and short-run supply elasticities are equal is one

which we think a technology shculd not have,

Most destructive of all to the adjustment-cost technology, however,
is the finding that the time required to complere investment projects is
not short relative to the business cycle. Mayer (1960), on the basis of a
survey, found that the average time (weighted by the size of the project)
between the decision to undertake an investment project and the completion
of it was twenty-one months. Similarly, Hall (1977) found the average
lag between the design of a project and when it becomes productive to be
about two years. It is the thesis of this essay that periods this long
or even half that long have important effects upon the serial correlation
properties of the cyclical component of output.

The technological requirement that there are multiple stages of produc-
tion is not the delivery lag problem considered by Jorgenson (1965). He

theorized at the firm level and imposed no consistency of behavior requirement

1This obgervation is due to lUHavashi (1980).



for suppliers and dewanders of the investment good. His was not a market
equilibrium analysis and there was no theory accounting for the delivery lag.
Developing such a market theory with information asymmetries, queues, rationing,
and the like is a challenging problem confronting students of industrial
organization.

Our technology assumes that a single period is required for each stage
of construction or that the time required to build new capital is a constant.
This is not to argue that there are not alternative technologies with different
construction periods, patterns of resource use, and total costs. We have
found no evidence that the capital goods are built significantly more rapidly
when total investment activity is higher or lower. Lengthening delivexry lags
(see Carlton [19791) in pericds of high activity may be a matter of longer
queues and actusl construction times may be shorter, Premiums paid for earlier
delivery could very well be for a more advanced position in the queue than
for a more rapidly constructed factory. These are, of course, empirical
questions aand important cyclical variation in the construction period would
necessitate an alternative technology.

Our time~to-build technology is consistent with short-run fluctuations
in the shadow price of cepital because in the short run capital is supplied
inelastically. It also implies that the long-run supply is infinitely elastic
so on average the rclative price of the investment zood is independent of the

investment-output ratio.



3. The Model

Technology

The technology assumes time is required to build new productive capital,
Let sjt be the number of projects j stages or j periods from completion for
j=1,...,J-1,where Jperiods are required to build new productive capacity.

New investment projects initiated in period t are s The recursive representa-

Jt

tion of the laws of motion of these capital stocks is

(3.1) Kepp = (1= Ok Hsy ,
(3.2) Sj,t+l = 8j+l,t for j=1,...,3 - 1.
Here § is the depreciation rate. The element s is a decision variable

Jt

for period t.
The final capital good is the inventory stock Y, inherited from the
- . l . -
previous period. Thus in this economy there are J + 1 types of capital:
inventories Yo productive capital kt’ and the capital stocks j stages
from completion for j = 1,...,J - 1. These variables summarize the effect
of past decisions upon current and future production possibilities,
Let ¢, for j = 1,...,7 be the fraction of the resources allocated to
]
. X . . th
the investment project in the j stage from the last. Total non-inventory

investment in period t is

Total investment i, is this amount plus inventory investment, Vel = Yoo and

consequently

J
(3.3) io= X 9.5 +y -y

All stocks are begiuning-of-the-pericd stocks,
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Total output, that is, the sum of consumption . and investment, is constrained

as follows:

(3.4) ¢ ¥1, SEQ, k, n

. yt) s

t? t?

where a, is labor input, Xt a shock to technology and £ a constant-returns-to-
scale production function to te parameterized subscquently.
Treating inventories as a factor of production warrants some discussion.
With larger inventories, stores can economize on labor resources allocated
to restocking., Firms, by making larger production runs, reduce equipment
dovm time associated with shifting from producing one type of good to another.
Besides considerations such as these, analytic considerations necessitated
this approach. 1If inventories were not a factor of productiou, it would be
impossible to locally approximate the economy using a quadratic objective and
linear constraints. Without such an approximation no practical computational
method currently exists for computing the equilibrium process of the model.
The production function is assumed to have the form

1-8

8 Y -V Ty

(3.5) f(h, k, n, y) =an [(1 - o)k + oy ]
where 0 < 8 <1, 0 <o <1, and -1 <v <=, This form was selected because, among
other things, it results in a share 9 for labor in the steady state. The
elasticity of substitution between capnital and iuventory is 1/(l+v).
This substitution parameter is probably less than one which requires v to
be positive.
Preferences

The preference function whose expected value the representative house-

hold maximizes has the form
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t
zh ule, o)), 0<B8 <1,
where B is the discount factor, Lt leisure, L the lag operator, and

@ [
i
all) = Z o,L".
. i
i=0
This structure admits intertemporal substitution of leisure, Normalizing so
one is the endowment of time, we let n, = 1 - Lt be the time allocated to
market activity. The polynomial lag operator is restricted so that the g

i

sum to one and

o = (1 - ﬂ)l-l s i>1, where 0 <7 < 1.

With these restrictions

a(L)Ct =1 - Q(L)nt =1 - a.n, - (1 - ao)ﬂ '21(1 -M " n
l:

By defining the wvariable

the distributed lag has the following recursive representation
L4 = - - -
(L)t =1 oo - ML = a)a,

(3.6) 3y T (- Mag + %

The variable a, summarizes the effects of all past lecisure choices on current and

future preferences. If n, = o, for all s < t, then a, = nt/ﬂ and the distributed

lag is simply 1 - a,.
The parameters o, and T determine the degres to which leisure is

intertemporally substitutable. We require 0 < T <1 and 0 < g < 1. The

nearer a is to one, the less is the intertemporal substitution of leisure.
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For a equal to one, a time-separable utility results. With T equal one, a,

equals n This is the structure employed by Sargent (*.979b). As T approaches

-1
zero, past leisure choices have greater effect upon current utility flows.
Non-~time-separable utility functions are implicit in the empirical study
of aggregate labor supply by Lucas and Rapping (1969). Grossman (1973) and
Lucas (1977) discuss why a non-time-separable utility function is needed to
explain the business cycle fluctuations In employment and consumption. Cross-
sectional evidence of households' willingness to redistribute labor supply
over time is the lumpiness of that supply. There are vacations and movements
of household members into and out of the labor force for extended periods
which are not in response to large movements in the real wage. Another observa-
tion suggesting high intertemporal substitutability of leisure is the large
seasonal variation 1in hours of market employment. Finally, the failure of
Abowd and Ashenfelter (1981) to find a significant wage premium for jobs
with more variable employment aud earnings patterns is further evidence. 1In
summary, it is difficult to rationalize the observed patterns of employment and
wages (actually marginal products of labor) with a standard time-separable
utility function.
The utility function in our model is assumed to have the form

. 1.1/3
U[Ct,&(L)LtJ = Y[ct (a(L)Lt)

2/3,Y

1,
where Y < 1 and vy # 0. If the term in the square brackets is interpreted as a
composite commodity, then this is the constant-relative-risk-aversion utility
function with the relative degree of risk aversion being 1 - y. We thought
this composite commodity should be homogeneous of degree one as is the case
when there is a single good. The relative size of the two exponents inside the

brackets is motivated by the fact that houscholds' allocation of time to non-

market activities is about twice as large as the allocation to market activities.
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Information Structure

We assume that tue technology parameter is subject to a stochastic
process with components of differing persistence., The productivity paramcter
is not observed but the stand-in consumer does observe an indicator or noisy
measure of this parameter at the beginning of the period. This might be due
to errors in reporting data or just the fact that there are errors in the
best or consensus forecast of what productivity will be for the period. On
the basis of the indicator and knowledge of the economy-wide state variables,
decisions of how many new investment projects to initiate and of how much of
the time endowment to allocate to the production of marketed goods are made.
Subsequent to observing aggregate output, the consumption level is chosen with

inventory investment being aggregate output less fixed investment and consumptio

Specifically, the technology shock Kt is the sum of a permanent component

A and a transitory component A
1t Y comp 2t

(.7 Mg T gt

o . . 1
In the spirit of the Friedman-Muth permanent-income model, the permanent com-

ponent is highly persistent so

(3.8) Moot T Pt G s

where p is less than but near one and glt is a permanent shock. The transitoy:

component equals the transitory shock so

(3.9 Moerl T Cor

The indicator of productivity T, is the sum of actual productivity Kt and a
third shock gBt

. - . = - el
Brunner, Cukierman, and Meltzer (1980) caphasize the importance of permant

and trausitory shocks in stodying macro fluctuations.
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(3.10) Te The T 0 S M T A v Gy T4

1t

The shock vectors Ct = (glt, QZC’ €3t) are independent multivariate normal with
mean vector zero and diagonal covariance matrix,

The period-t labor supply decision n, and new investment project decision
S 5. are made contingent upon the past history of productivity shocks, the
M for k < t, the indicator of productivity s the stocks of capital inherited
from the past, and variable a, . These decisions cannot be contingent upon At
for it is not observed or deducible at the time of these decisions. The
consumption-inventory investment decision, however, is contingent upon kt for
aggregate output is observed prior to this decision and xt can be deduced from
aggregate output and knowledge of inputs.

The state space is an appropriate formalism for representing this recursive

information structure. DBecause of the two-stage decision process, it is

not a direct application of Kalman filtering. Like that approach the separation
of estimation and control is exploited. The general structure assumes an
unobservable state vector, say X, s that follows a vector autoregressive process

with independent multivariate normal innovations:

(3.11)  x,; = Ax + eg,

where €or ~ N(O,VO).

Observed prior to selecting the first set of decisions is

(3.12) Re = let + iﬁt’ where ﬁt ~ N(O,\l).
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The element B1 1s 2 matrix ¢ad the ¢ are independent over time. Observed

prior to the second set of decisions and subsequent to the first set is

(3.13) p = B.x + ¢

2t X 26> where ¢, ~ N(O,Vz).

2t

Equations (3.11)-(3.13) define the general information structure.

To map our information structure into the general formulation, let

= =(1 1), B,=(1 1),
x, = ok, s By =D, By=(1 1)
0 0 var(gl) 0
A = VO = ]
0 0 var(g,) |
0 L 2’|
vl =[ var (CB)} and V2 = [0]. With these definitions, the information struc-

ture (3.7)-(3.10) viewed as deviations from the mean and the general representa-
tion (3.11)-(3.13) are equivalent,
Let my. be the expected value and :O the covariance of the distribution

of X, conditional upon the P = ) for k < t. Using the conditional

probability laws fer the multivariate normal distribution (see Mood and Graybill[1966] |,

P.208) and letting ™ and El be the mean and covariance of X, conditional upon

Py, @S well, we obtain

.

' -1
~ = 'T‘"Y\_‘—’ [ 4 - -
(3.14) LT + (Bluo)(dluobl + vl) (p1t BlmOt)
and

l - - 1 ) 1 . _l
(3.15) Ll = SO (BISO) (blﬁoBl 4 Vl) (BlEO).

Similarly, the mean vector My and covariance matrix 22 conditional upon Py as

well are

-1
= N trn < R0y - 7
(3.16) m2t = m1t + (bzﬂl) (DQHlJZ + &2) (p2t Szmlt)
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and
-1
< = - < ' < !
(3.17) T, =5 (Bzul) (B,T;B) +V,) "B,I.
Finally, from (3.11),

(3.18) Am

®o, e+l T M2t

and

(3.19) .= Az2A' + V

0 0’

The covariances ZO’ L. and 22 are defined recursively by (3.15), (3.17), and (3.19).

1

The matrix VO being of full rank along with the stability of A is sufficient
to insure that the methnd of successive approximations converges exponentially

fast to a unique solution.

The covariance elements EO’ Zl and 22 do not change over time and are

therefore not part of the information set. The m and ) do change but

o’ "1t t

are sufficient relative to the relevant histories for forecasting future wvalues
of both the unobserved state and the observable Py and for estimating the current
unobserved state.
Equilibrium

To determine the equilibrium process for this model, we exploit the well-
krowa result that in the absence of externalities, competitive equilibria
are Pareto optima., With homogeneous individuals, the relevant Parcto optimum
is the one which maximizes the welfare of the stand-in consumer subject to the

technology constraints and the information structure. Thus, the problem is to

- e ot )
maximize E S =g U[Ct’ 1 A, - n(a - ao)at]

subject to coanstraints (3.1)-(3.4), (3.6), and (3.11)-(3.13), given
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k a and that ko ~ N(mo, ZO). The decision variables

0’ *10°°77%5-1,0" %0

Further, n, and s cannot be contingent

at time t are n t Jt

and .
er Sger e ¢ Ve
upon p, . for it is observed subsequent to these decisions.

This is a standard discounted dynamic programming problem. There are

optimal time-invariant or stationary rules of the form

nt = ﬂ(kt, Slt, Szt,...,SJ_l’t) Yt, at’ m1t>
Jt-s(kt, 10 Spercreoyar,er Yo fer my )
ct = C(kt) S].t’ szt)""SJt’ yt) at’ nt’ m2t>
yt_,_l = Y(kt’ S].t’ Szt"",SJt) yt’ at) nt’ mzt)

It is important to note that the second pair of decisions are contingent upon

m,, rather than m and that they are contingent also upon the first set of

2t

decisions S gt and n .

The existence of such decision rules and the connection with the ccmpetitive
allocation is established in Prescott and Mehra (1980). But, approximations
are necessary before equilibrium decision rules can be computed. Our approach
is to determine the steady state for the model with no shocks to technology.
Next, quadratic approximations are made in the neighborhood of the steady state.
Equilibrium decision rules for the resulting approximate economy are then com-
puted. Thiese rules are linear so in equilibrium the approximate economy is

generated by a system of stochastic difference equations for which covariances

are easily determined,
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4., Steady State, Approximation, and Computation of Equilibrium

Variables without subscript denote steady state values. The steady state

interest rate 1is
r=(lL-~-8)/8
and the steady state price of (non-inventory) capital

1+ r)j_lﬁpj.
1

0
i
I t1e

J
The latter is obtained by observing that 9 units of consumption must be foregone
in the current period, Py units the period before, etc., in order to obtain
one additional unit of capital for use next period.
Two steady state conditions are obtained by equating marginal products

to rental rates:
f =r and fk = q(r + &)

y

50

fk/fy = q(r + 8)/r.

For production function (3.5), this reduces to

v+l
4.1 S N g = b k.
(4.1) y {: T 4T k = by

Differentiating the production function with respect to capital, substituting

for y from (4.1), and equating to the steady-state rental price, one obtains

(I -9 - O)b2 Knek ® . q(r + 9),
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where b2 =1-0+ Obiv. Solving for k as a function of n yields
- l:é -1.1/86
_ - a-- v B /8  _ 1/9
(4.2) k = L a (et b2 ] A n = bak n
“(1-0) -
Steady-state output as a function of nis f = bz(1 8 /v b; ® Kl/e n = b4 Kl/e n.

In the steady state, net investment is zero, so:

1/6

/8 n 6b3)K n.

(4.3) c=b, A

4 - 8k = (b

4"

/8

The steady-state values of c, k, and y are all proportional to Xl n. We

also note that the capital-output ratio is b3/b4, and that consumption's share
b3

of total steady-state output is 1 - % 5o
4

Turning now to the consumer's problem and letting . be the Lagrange multiplier

for the budget constraint and W, the real wage, first-order conditions are

1 v/3-1. 2v/3 _
Ser T la@i )T = g
and
2 S v/ 3 (2v/3)-1
2 i < =i _
3B o Coppla(@t ) e
i=0
In the steady state, c. =S Lt = 4, and W, =W for all t. Making these

substitutions and using the fact that the a4 sum to one, these expressions

simplify to

[~
1] a2 i
—1—(<:1/3{,2/3)\l = pc and ;(c1/3L2/3)Y v Bl o, = pwd.
3 3 . i
i=0
Thus,
@ -
2c I Bl o, = wh.
i=0
@ (L~ 20
i
- A Q = A ! — = -
But i:o BT ooy ag * Es and 4 1 n, so
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(4.4) ZCLQO +

Returning to the production side, the marginal product of labor equals

the real wage:

1/9

4.5 w=f = f=28Db )\

4

Using (4.3) and (4.5), we can solve (4.4) for n:

oo+ b, --1

_ o _3
n= [1+26(r+ﬂ) (1-% ba)_l

That n does not depend upon average )\ matches well with the American experience
over the last thir'y years., During this period, output per man-hour has
increased by a few hundred percent, yet man-hours per person in the 16-65 age
group has changed but a few percent.

Approximation About the Steady State

If the utility function u were quadratic and the production function £
linear, there would be no need for approximations. In equilibrium, consumption
must be equal to output minus investment. We exploit this fact to eliminate the
nonlinearity in the constraint set by substituting f£(\, k, n, y) ~ i for c

in the utility function to obtain

u{f(, k, n, y) - 1, n, al.
The next step is to approximate this function by a quadratic in the neighbor-
hood of tlie model's steady state., As investment i is linear in the decision

and state variables, it can be eliminated subsequent to the approximation and

still preserve a quadratic objective,.
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Consider the general problem of approximating function u(x) near X.

The approximate quadratic function is denoted by U(x).

U(x) = u(®) + b'(x - %) + (x - ¥)'QUx - x)

n . -
where x, b ¢ R and Q @1 nxn symmetric matric. Let x, * oz be the range
over which the approximation is to hold for each of the n components of x.
1 3 i h  th onent (so zi =z

The element 2z~ denotes the projectionof z onto the 1 comp i i’

i . .
and zj =0 for j # i).

The elements b. and q,. are selected so that the approximation error is

i i
zero at x + z- and X - z~. This requires
- i

b = u(x + zl) - u(x -~z )
i~ 2z,

and

Cw(E o+ zh) - wE) +ulE - 2Y) - u@)

22?
i

r

The elemecnts qij’ i # j, are selected to minimize the sum of the squared approx-

. , - i i - i i - i - i ]
imation errors at x + z° + zJ, X+z -2, x -2z +2) and x + 2" - 27

The approximation error at the first point is

u(x -+ z +ZJ)—L1(}_:)—biz—b,z—q 2—q,22,—2q

. L Z . L 2.2,
i i ii’i i3] ijij
Swmring over the square of this error and the three others, differentiating
with respect to qij’ setting the resulting expression equal to zero and

solving for qij’ we obtain

_ U(— + 2t 5 ZJ) s wlE oz - ZJ) - u(x - 2+ ZJ) + U_G-{ -z
qu SZiZj

for i # j.
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This method rather than the second order Taylor series expansion was chosen
because we wanted the approximation to hold over the entire range x, 4 z_.
i~ i
I1f the z, are all small, then, of course, our approximation is very near the

second order Taylor series expansion at x

Computation of Equilibrium

The equilibrium process for the approximate economy maximizes the welfare
of the representative household subject to the technological and informational

constraints as there are no externalities. This simplifies the determination

of the equilibrium process by reducing it to solving a linear-quadratic maximiza-

tion problem. For such mathematical structure there is a separation of estima-

tion and control. Consequently, the first step in determining the equilibrium

decision rules for the approximate economy is to solve the follewing deterministic

problem:
vax T BY Uk A, i )
x x\t, nt, yt, £? lt, at
£=0
subject to
. = . 3
(4.6) k= (1~ Bk +s,
(4.7) Sj,t+1 = Sj+l,t , j=1,...,J-1
(4.8) Xepp = Ax
(4.9) a = (1 - Ma,_ + n,
J
= ¥ . -
(4.10) it J_:_,l ijsjt + }t+l yt

(4.11) ©_ = x,_ + X,
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At this stage the [act that there is an additive stochastic term in the

equation determining x is ignored as is the fact that X, is not observed

t4-1

for our economy. Constraints (4.6)-(4.9) are the laws of motion for the state

variables. The free decision variables are Dy Sp, and Yer1” It was convenient

to use inventories taken into the subsequent period, as a period t

Te+1

decision variable rather than it because the decisions on inventory carry-over

and consumption are made subsequent to the labor supply, n and new project,

t’

s decisions.

Jt’
For notational simplicity we let the set of state variables other than the
d b = (k s e and the set of decision
unobserved x be z_ (Lt, Yer 845 51 ’SJ-l,t) n c
variables dt = (nt, S e yt+l)' The unobserved state variables X, = (Xlt’ XZt)

are the permanent and transitory shocks to technology. Finally, v(x, z) is
the value of the deterministic problem if the initial state is (x, z). It
differs from the value function for the stochastic problem by & constant.

The value function v(x, z) is ccmputed by the method of successive
approximations or value iteration. Using constraints (4.10) and (4.11) to
substitute for it and Xt in the utility function, the resulting utility function
U(x, z, d) is negative definite in (z, d). This along with the stability of
the A matrix 1s sufficient to insure that the method of successive approxima-
tions will converge to the optimum. If vj(X, z) is the jth approximation,

then

zt) = max{U(xt, s dt) + ij(x

d
t

Vi O 417 Zern) )

subject to constraints (4.6)-(4.9). The initial approximation, v_(x, z), is

of

that function which is identically zero.
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The function U is quadratic and the constraints are linear. Then, if

must be quadratic, As v, is trivially quadratic, all

v, 1is quadratic, v,
j 0

i+l

the v, are quadratic and therefore easily computable. We found that the
]

sequence of quadratic functions converged fairly quickly.

The next step is to determine the optimal inventory carry-over decision

rule. Let Yer1 = y(xt, zs D, th) be the linear fungtion which solves

(4.12) Max{U(xt,
Vet

Zes Mes Sy Yepp) T BV Zt+l>}

subject to (4.6)-(4.9) and both n, and S e given, Finally, the solution to

the program

Max v, (x z n s
e 2( £’ e’ e Tt
s_ ,m

Je’ 't

where v, is the velue of maximization of (4.12), is determined. The optimal
decision rules, Syp < s(xt, zt) and n. = n(xt, zt), are both linear.

Because of the separation of estimation and control in our model, these
decision rules can be used to determine the motion of the stochastic economy.
In each period t, a conditional expectation, Mo s is formed on the basis of
observations in previous periods. An indicator of the technology shock is

observed, which is the sum of a permanent and a transitory cowmponent as well

as an indicator shock. The conditional expectation, My of the unobserved x

is computed according to equation (3.13), and Sie and n_are determined from
(4.13 s.. = s(m z

(4.13) Jt (mygs 225

.14 = m z

(1.14) = almys 20,
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vhere X, has been replaced by M- Then the technology shock, Xt, is observed,
which changes the conditional expectation of X, . From (3.15), this expecta-

tion is L and the inventory carry-over is determined from

(4.15) = y(m2t, A

yt+1 = s 3 nt).

t? " Jt

To summarize, the equilibrium process governing the evolution of our economy

is given by (3.1)-(3.3), (3.6), (3.11)-(3.14), (3.16), (3.18), and (4.13)-(4.15).
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5. Model Estimation

The advantages of formulating the model as we did and then constructing
an approximate model for which the equilibrium decision rules are linear are
twofold, TFirst, the specifications of preferences and technology are close to
those used in many applied studies. This facilitates checks of reasonableness
of many parameter values., Second, our approach facilitates the selection of
parameter values for which the model steady-state values are near average values
for the American economy during the period being explained. These two considera-
tions reduce dramatically the number of free parameters that will be varied when
searching for a set that results in covariances near those observed. In explaining
the covariances of the cyclical components, there are only seven free parameters,
with the range of twec of them being severely constrained a priori.

Capital for our model reflects all tangible capital including stocks of
plant and equipment, consumer durables and housing. Consuwption does not include
the purchase of durables but does include the services from the stock of durables.
Different tvpes of capital have different construction periods and pattern of
resource requirements. The findings summarized in Section 2 suggest an average
construction period of nearly two years for plants. Consumer durables, however,
have much shorter average construction period. Having but one type of capital,

as a compromise, we assume four quarters are required with one-quarter of the

value put in place cccurring in each quarter. Thus J = 4 and P =P, =9y =
@, = 0.25.
{4

Approximately ten percent of national income account GNP is the capital
consumption allowance and another ten percent excise tax. To GNP should be
added the depreciation of consumer durables which has the effect of increasing

the shave of output going to owncrs of capital, 1In 1976 compensation to employees
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plus proprictary income was approximately 64 percent of the quantity GNP
plus consumer durable depreciation less indirect profit tax, while owners of

capital received about 36 percent. As labor share is 9, we set 0 = ,64,

Different types of capital depreciate more rapidly than others, with
durables depreciating more rapidly than plant and housing, and land not
depreciating at all. As a compromise we set the depreciation rate equal to 10%
per year. A real interest rate of four percent per year is assumed. This
implies a steady-state capital to annual output ratio of 2.4. Of total output
647 is wages, 247 depreciation and 12% return on capital which includes consumer
durables.

The remaining parameters of technology are average )\ which we normalize
to one by measuring output in the appropriate uuitse, and parameters ¢ and v,
which determine the shares of and substitution between inventories and capital,
Inventories are about one-fourth of annual GUP sc we require v and ¢ be
such that k/y = 10. A priori reasoning indicates the substitution opportunities
between capitel and inventory are small suggesting v should be considerably larger
than zero. We restricted it to be no less than two, but it is otherwise a free
parameter in our search for a model to explain the covariances and autocovariances
of aggregate variables. Given v and the value of b, = y/k, ¢ is implied. From

1
(4.1) it is

~=1
S PR (i
o= Ll + v+1] -
rbl

For purposes of explaining the covariances of the percentage deviation from

steady state values v is the only free parameter associated with technology.
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The parameter P is implied by the assumed four-percent steady-state
interest rate which is close to estimates of the average rcturn on all capital
(see Ibbotson and Fall [1979]). The parameters % and 1 which affect intertemporal
substitutsbility of leisure will be treated as free parameters for we could
find no estimate for them in the labor economics literature. The degree of
risk aversion, Y, is also a free parameter. As stated previously, the
steady~state labor supply is independent of the productivity parameter A,

The remaining parameters are those specifying the process on At and the
variance of the indicator. These three paramcters are var(gl), var(gz) and
var(g3). In summary, the parameters that are estimated from the wvariance-
covariance properties of the model are these varia-ces plus the parameter
v determining substitutability of inventories and capital, the parameters
o, and T, determining intertemporal substitutability of leisure, and the risk
aversion parameter y. TFor each set of parameter values, our model of the
approximate economy 1s used to compute several statistics which summarize the
serial correlation and covariance properties. These statistics are compared with
those of the actual U.S. data for the period 1950:1 to 197%9:2 as reported in
Hodrick and Prescott (1980). The set of parameter values is chosen which fits
the actual data well. Having only seven degrees of freedom to explain the
observed pattern of the covariances imposes considerable discipline upon the
analysis.

A key part of this procedure is the computation of dynamic competitive
equilibriunm for each combination of parameter values. Because the conditional
forecasting can be separated {rom control in this model, the dynamic equilibrium
decision rules need only be computed for each new combination of the parameters,
Vs oy N, and vy. Similarly, the conditional expectations of the permanent and
transitory shocks which enter the decision rules depead only on the variances of the

three shecks and not upon the parameters of profercnces and technolozy.
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For each set of parameter values a large number of observations are
generated from the equilit~ium process of the model using random number
generator for the three innovations per period. We do not have a detailed
model of the factors of growth (see e.g., Denison [1974]). Because of the
permanent shocks, however, there can be considerable drift away from the
steady state, We did not find it reasonable to include this drift in the
cyclical component, which is thought of as describing sharper, more rapid
movements, The obsarvations from the model are therefore decomposed into a
cyclical or rapidly varying component and a growth or slowly varying component

in the same way as in Hodrick and Prescott (1980).

For each set of parameter values the following statistics are
computed: the autscorrelation of output for up to six periods, standard
deviaticns of the variables of interest, and their correlations with output.

As is the case in Hodrick and Prescott's study, only the comovements of the
different variables with output are emphasized. In their paper, the wariables
(except interest rates) are measured in logs while we use the values rather
than the logs. This is of consequence only in the measurement of amplitudes,
so in order to make our results comparable to theirs, our standard deviations
(except for interest rates) are divided by the steady states of the respective
variables. One can then interpret the cyclical compouents essentially as
percentage deviations as in Hodrick and Prescott.

Some initizl evaluations of parameter points revealed over what ranges
it made sense to search and how fine to make the grid on the various parameters.
For example, the search over shock variances was done in terms of the variances

3
of gl and gz divided by the sum of the three variances, var(gl)/?“=l var(gj)

and var(g7)/2 var({.). The sum of the variances was selected so that the
275



-30-

estimate of the variance of cyclical output for the model equalled that

of cyclical output for the U.S. economy during the sample period. An initial
cearch was made over the entire range between zero and one for the two
relative variances, but it quickly became clear that there was no reason to

3

go beyond a value of 0.2 for var(gz)/Z var(gj). Later, the upper limit of
j=1
that range was further reduced to 0.05. In the case of v, we tried the values 2,

3, 4, and 5, Tor oy we used a grid of 0.1 for the range of 0.2 to 0.6, and for
T a grid of 0.05 for the range of 0.05 to 0.2. The risk parameter y was not
subject to extensive search. Blume and Friend (1975), using cross-sectional
data, estimated y to be -1.0, though that was with respect to an indirect
utility function of wealth., There is some tradition in the finance literature
to use the logarithmic function a2s the utility function. That would correspond
to the limiting case of y = 0 in our model. We considered only ¥y = -1, -0.5, and
-0.1.

The sclected values of the parameters are reported in Table 1.

Tests of the llodel

All reported statistics refer to the cyclically or rapidly varying
components for both the model and the U.S. economy. Estimated autocorrelations
of real output for our model along with sample values for the U.5. economy
in the post-war period are reported in Table 2. The fit is very good, particularly
in light of the medel's simplicity.

Table 3 contains estimates of standard deviations and correlations with
output for the model's variebles, Table 4 contazins sample values of statistics

for the post-war U.S., economy as reported in Hodrick and Prescott (1980).
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The variables in our model do not correspond perfectly to those
available for the U.S. cconomy so care must be taken in making comparisons.
A second problem is that there may be measurement errors that seriously
bias the estimated correlations and standard deviations. A final problem
is that the estimates for the U.S. economy are subject to sampling error,.
As a guide to the magnitude of this variabilitv, we estimated the standard
deviation of the model's estimates which, like the estimate for the U.S.
economy, uses only 118 observations. These numbers are the second numbers

in the parentheses in Tables 2 and 3.

Table 1

Model Parametersa

Preference Parawmaters Technology Parameters
ay = .50 v =4,0
n = .10 8 = .64
-5
Y = -.50 o = .28 x10
B = .99 © = .25
q>2 = ,25
Shock Variances
©, = .25
3
9
var(gl) = (,0091)" @4 = .25
var(S,) = (.0013)° 5 = .025
var(Cy) = (.0090)° X = 1.0

a. For parawmeters with a time dimension, the unit of time is a quarter
of a year.
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Table 2

a
Autocorrelations of OQutput

U.S. Economy

Model Period 1950.1-1979.2
Order Estimated Value Sample Value
1 .72 (.01, .06) .84
2 45 (.01, .13) .57
3 .28 (.02, .13) .27
4 .19 (.02, .13) -.01
5 .02 (.02, .13) -.20
6 -.13 (.02, .14&) -.30

a. Standard errors of estimates are the first element in
parentheses. The second element is the standard error
for the model if only 118 observations were available.
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Table 3
Model's Standard Deviations and Correlations

with Real Outputa

Estimated
Standard Deviations Estimated
Variable (percent) Correlations

Real Output 1.80 (.04, .27) -

Consumption .64 (.01, .11) .94 (.003, .015)
Investment 6.44 (.10, .64) .80 (.006, .050)
Inventories .89 (.01, .07) -.16 (.014, .106)
Inventories plus 1.99 (.03, .19) .39 (,008, ,047)
Capital Stock .63 (.01, .09) -.07 (.008, .057)
Hours 1.05 (.02, .13) .93 (.003, .01l4)
Productivity .90 (.02, .13) .90 (.003, .026)
Real Interest Rate .22 (.003, .02) 48 (.013, .092)

(Annual)

a. Standard errors of estimates are the first element in parentheses.
The second element is the standard error for the model if cnly 118
observations were aveilable,



VAR

Table 4
Standard Deviations and Correlations
with Real Output

U.S. Economy 1950.1 - 1979.2

Standard Deviations Correlations with
(percent) Real Output

Output 1.8 -

Total Consumption 1.3 .74
Services .7 .62
Non-Durables 1.2 .71
Durables 5.6 .57

Investment Fixed 5.1 .71

Capital Stock
Durable Mfg. 1.2 -.21
Non-durable Mfg. .7 -.24
Inventories 1.7 .51

Hours 2.0 .85

Productivity 1.0 .10



The model is consistent with the large (percentage) variability
in investment and low variability in consumption and their high correlations
with real output., The model's negative correlation between the capital
stock and output is consistent with the data though its magnitude is
somewhat smaller,

Inventories for our model correspond to finished and nearly finished
goods while the inventories in Table 4 refer to goods in process as well.
We added half the value of uncompleted capital goods to the model's inventory
variable to obtain what we call inventories plus. This corresponds more
closely to the U.S. inventory stock variable with its standard deviation
and correlation with real output being consistent with the U.S, data.

In Table 2 we include results for the implicit real interest rate

given by the exprecssion

The expectation is conditional on the information known when the alloca-
tion between consumption and iaventory carry-over is made,

The most troublesome anomalies are the medel's low variability
cf hours and the related problem of high correlaticn of productivity with
output, Part of this discrepancy might be due to measurement errors. For
example, all members of the household may not be equally productive, say
due to differing stocks of human capital., If there is a greater representa-
tion in the work force of the less productive, for example youth, when

output is high, hours would be overcstimated. The effects of such errors
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would be to bias the vari~bility of employment upwards and the correlation
between productivity and output downwards. Measurement errors in employ-
ment that are independent of the cycle would have a similar effect on the
correlation between output and productivity.

A more likely explanation might be the oversimplicity of the meodel.
The shocks to technology, given our production function, are pure productivity
shocks. Some shocks to technology alter the transformation between the
consumption and investment goods. For example, investment tax credits,
accelerated depreciation, and the like have such effects, and so do scme
technological changes. Further, some technologiczl change may be embodied
in new capital, a 4 only after the capital becomes precductive is there the
increment to measured productivity. Such shocks induce variation in invest-
ment and employment without the variability in productivity. This is a
question that warrants further research.

Sensitivity of Results to Parameter Selection

All the considered values of the risk aversion parameter, Y, and the
inventory-capital substitution parameter, v, yield similar results. This
is true for somewhat smaller values of the intertemporal-leisure-substitution
parameters, T and oy as well. The results are censitive to the relative
variances of the shocks. Only if the variance of the transitory shock to
technology is small relative to the sum of the three variances and the size
of the other two variances comparable are the model's serial correlation
properties consistent with those for the U.S. post-war economy. In other
words, the confounding of the permanent shock to the techunology with the

noisy indicator is crucial to the model.
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In other words, they reduce the elasticity of responses of employment to
perceived temporary increasecs in the real wage, while to explain the busi-
ness cycle this elasticity must be large.

There are several refinements which should improve the performance of
the model. In particular, we conjecture that introducing the hours per
week that productive capital is employed as a decision variable, with agents
having preferences defined on hours worked per week, should help. Intro-

ducing more than a single type of productive capital with different types

requiring different periods for construction and having different pat-

terns of resource requirement is feasible, It would then be possible to

distinguish between plant, egquipment, housing and consumer durables in-

vestments, This weuld also have the advacntage of pevmitting the intro-

duction of features cf our tax system which affect transformation opportunities

facing the econocmic agents.l Another refinement is in the estimation pro-

cedure. But, in spite of the considerable advances recently made by

Hansen and Sargent (1980), computational considerations still preclude

the application of maximum likelihood or Bayesian estimation techniques.
Models such as the one considered in this paper could be used to pre-

dict the consequence of a particular policy rule upon the operating charac-

teristics of the ecconomy. Asweestimate the preference-technology structure,

our structural parameters will be invariant to the policy rule selected

even though the behavioral equations are not. There are computztional prob-

lems, however, associated with determining the equilibrium behavorial equations

1
See e.g. Hall and Jorgensou (1967).
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of the economy when feedback policy rules, that is, riies that depend on
the aggregate state of the economy, are used, The competitive equilibrium,
then, will not maximize the welfare of the stand-in consumer, so a par-
ticular maximization problem cannot be solved to find the equilibrium be-
havior of the economy. Instead, methods such as those developed in Kydland

(1980) to analyze policy rules in competitive environments will be needed.



REFERENCES
Abel, A, B., 1979, "Eapirical Investment Equations: An Integrated Frame-

work", in On The State of Macroeconomics, edited by K, Brunner and

A. H. Meltzer, Amsterdam: North-Holland, 39-92.

Abowd, J. and O. Asheunfelter, 1981, "Unemployment and Compensating Wage

Differentials," in Studies in Labor Markets, edited by 5. Rosen,

Chicago: University of Chicago Press, forthcoming.

Barro, R. J., 1980, "Intertemporal Substitution and the Business Cycle',

University of Reochester Working Paper.

Black, F., 1979, "General Equilibrium and Business Cycles'', MIT Working

Paper, Revised YMovember 1979,

Blume, M. E. and Friend I., 1975, "The Asset Structure of Individual Port-
folios and Some Implications for Utility Functions', Journal of Finance,

30: 585-604.

Blinder, A. and Fischer, S., 1979, "Inventories, Rational Expectations,

and the Businass Cycle,' MIT Working Paper.
J S P

Bohm-Bawerk, E. von, 1891, Positive Theorv of Capital, translated by

W. Smart, Londcon: Macmillan.

Brunner, K., and Meltzer, A. H., 1972, '"Money, Debt, and Economic Activity,"

Journal of Political Economv, &0: 951-77.

Brunner, K., Cukierman, A,, and Meltzer, A, H., 1980, "Stagflation, Persistent

. o ‘ -
Unemployment and the Permanence of Ecounomic Shocks," Journal of Monetary

Economics, 6: 467-92,

Carlton, D.W., 1979, '"Contracts, Price Rigidity, and lMarket Equilibrium",

Journal of Politicel Economy, 87: 1034-62.

Denison, E. F., 1974, Accounting for United Stated FEcovomic Crowth 1929-

1969, washington, D.C.: Brookings Institution.



Grosswan, H. I., 1973, "Aggregate Demand, Job Search, and Employment,"

Journal of Pelitical Economy, 81l: 1353-09,

Hall, R. E., 1977, "Investment, Interest Rates, and the Effects of Stabiliza-

tion Policies', Brookings Papers on Economic Activitv, 6: 61-100.

Hall, R. E. and jorgenson, D. W., 1967, "Tax Policy and Investment Be-

havior', American Economic Review, 57: 391-414,

Hansen, L. P., and Sargent, T. J., 1980, "Formulating and Estimating Dynamic
Linear Rational Expectations Models'", Journal of Economic Dvnamics

and Coutrol, 2: 7-46,

Hayashi, ¥., 1980,"Tobin's Marginal and Average q: A Neoclassical Inter-

pretation', .orthwestern University Working Paper.

Hodrick, R. J. ana Prescott, F.C., 1980, "Post-War U, S. Business Cycles:
An Empirical Investigation', Carnegie-Mellon Working Paper, Revi

November 1980,

w

ed

Ibbotson, R. G. and Fall, C. L., 1979, "The United States Market Wealth

Portfolio', Journal of Portfolio Management, 6: 32-92,

Jorgenson, D. W., 1965, "Anticipations and Investment Behavior,'" in

The Brookings Quarterlv Econometric Model of the United States, edited

by J. S. Duesenberry et al., Chicago: Rand McNally, 35-92.

Kydland,F., 1980, "Analysis and Policy in Competitive Models of Business

Fluctuaticns', Carnegie-Mellon Working Paper.

Lucas, R. E., Jr., 1972, "Expectatiouns and the Neutrality of Money",

Journal of Economic Theorv, &4: 103-24,

Lucas, R. E., Jr., 1975, "An Equilibrium Model of the Business Cycle',

Journal of Political Ecounomy, 83: 1113-44,




Lucas, R. E., Jr., 1977, "Understanding Business Cycles', in Stabilization

of the Domestic and International Econowy, edited by K. Brunaer and

A. H. Meltzer, New York: WNorth-Holland, 7-29,

Lucas, R. E. Jr., and Rapping, L. A., 1969, "Real Wages, Employment and

Inflation’, Journal of Political Economy, 77: 721-54.

Malkiel, B. G., G. M. von Furstenberg, and H. S. Watson, 1979,
"Expectations, Tobin's q, and Industry Investment,' Journal of

Finance, 34: 546-61,

Mayer, T., 1960, '"Plant and Equipment Lead Times', Journal of Business ,

33: 127-32,

Mood, A. M., and Graybill, F. A., 1963, 1Introduction to the Theory of

Statistics , 2nd edition, New York: McGraw-Hill.

Mussa, M., 1977, "External and Internal Adjustment Costs and the Theory

of Aggregate and Fiym Investment", Economica, 44: 163-78.

Prescott, ©. C. and R. Mechra , 1980, "Recursive Cempetitive Equilibrium:

The Czse of Homogeuncous Households'',Econcmetrica, 48:1365-79.

Sargent, T. J., 197%a, "Tobin's q and the Rate of Iavestment in General

Equilibrium', in On the State of Macroeconomics, edited by K. Brunner

and A, H. Meltzer, Amsterdam: North=-Holland, 107-54.

Sargent, T. J., 1979b, Macroeccnomic Theorv, New York: Academic Press.

Taylor, J. B., 1980, '"Aggregate Dyramics and Staggered Contracts,"

Journal of Political Economv, 88: 1-23,

Tobin, J., 1909, "A General Equilibrium Approach to Monetary Theory,'

Journal of Mounev, Credit, and PBanking, 1: 15-29,




