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1 Introduction

Imagine a judge who seeks to balance interests in a divorce battle. In the process,
the judge receives a very valuable, or perhaps not at all valuable, piece of information:
She despises him, but he does still love her. Her contempt is entirely unrelated to the
couple’s economic standing; she rather cannot stand his manners any longer and feels
entitled to see him suffer for that waste of her time. How should our judge process this
piece of information?

Following Harsanyi (1977), one might argue that the judge must ignore her feelings:

“Some preferences ... must be altogether excluded from our social-utility function. In
particular we must exclude all clearly antisocial preferences as sadism, envy, resentment,
and malice. ... A person displaying ill will toward others does remain a member of this
community, but not with his whole personality. That part of his personality that harbors
these hostile antisocial feelings must be excluded from membership, and has no claim to a

hearing when it comes to defining our concept of social utility.”

Following Blanchet and Fleurbaey (2006), one might argue that the judge must also
ignore his feelings; otherwise, she would benefit from his greater willingness to concede
(which would be the effective outcome if the judge was guided by, for instance, Bentham
utilitarianism).

The shortcoming of these arguments, from an economic perspective, is that they
are entirely moral. One could also argue that he should be privileged for his greater
willingness to concede; or, that she should be disadvantaged for seeking awful revenge;
or, to have the Amazons their way, that he must go to helll—All these welfare judgments
seem equally justifiable; they all seem consistent with the Pareto principle.

What is there to lose when abiding, or not abiding, by one of these judgments?
Economically speaking, what are the costs of abiding by one welfare judgment and not
by another (assuming there is at least one good that is valuable to all of the conflicting
parties, in entities of which these costs could be measured)?

Mechanism-design theory, the normative counterpart of positive game theory, can be
an ideal device for studying the matters of distributive and procedural justice on positive,
incentive-theoretical grounds. What it takes is a plausible framework that allows for

results in between arbitrariness and impossibility. This paper analyses such a framework.



In a simple quasi-linear environment, agents are privately informed about their pref-
erences for consumption and their interpersonal, more or less altruistic or spiteful, pref-
erences. (It can well be common knowledge who likes or dislikes whom; what is supposed
to be private information is the intensity of these interpersonal feelings.) That is, next to
their allocative preferences, agents are privately informed about their distributive prefer-
ences, which specify how they internalize the overall distributive effects of a mechanism.

The idea is to endogenize the social goal and search for all those policies (whether
they prescribe the provision level of a public good or how to divide a given resource) that
can be implemented with an ex-post budget-balanced mechanism.!

While the incentive-compatibility constraint is beyond dispute, it should be stressed
that budget (im-)balance constitutes a reasonable qualitative measure for the incentive
costs of the welfare judgment inherent to a policy: Budget (im-)balance is conceptually
attractive because it is measured by tangible entities, not utility, and is thus objective in
this sense. It is a neutral measure in that it is independent of conceptions of distributive
and procedural justice. Moreover, ex-post budget balance is in the interest of the group
of agents: if the mechanism does not run a deficit, then the amount of distributable
material wealth is not diminished; and if the mechanism need not be subsidized from the
outside, then group autonomy is preserved.

The analysis focuses on policies that can be implemented irrespective of the distri-
bution of agents’ preference types. Such policies will be referred to as being definitely
implementable.?

The main result, Theorem 1, states that a non-constant® policy is definitely imple-
mentable with an ez-post budget-balanced mechanism if and only if it is consistent with
materialistic utilitarianism, seeking to maximize aggregate material wealth, not utility;
neither may such policy account for the agents’ interpersonal concerns, nor may it reflect a
social planner’s conception of distributive justice. Any other policy, to be definitely imple-
mentable, must violate budget balance and therefore comes at incentive costs. Moreover,
regarding policy choice, materialistic utilitarianism is not indifferent about its distribu-
tive effects; its zero-cost implementation requires a virtually unique incentive scheme, a

finding that allows for conclusions upon distributive and procedural justice.

1 As the model is one of informational externalities, it must rely on Bayesian implementation; see the
discussion in Section 2.2.

2This restriction will be substantiated on normative grounds in Section 2.3.

3A constant policy is one that selects the same social alternative irrespective of the agents’ preferences.



Two other results clarify the roles of budget balance and agents’ interpersonal con-
cerns. Theorem 2 shows that nearly any policy is definitely implementable if budget
balance is not imposed.* Likewise, by Theorem 3, nearly any policy is definitely imple-
mentable at zero incentive costs if the agents’ social preferences are common knowledge.’
This latter result shows that Theorem 1 does not per se rely on agents exhibiting social
preferences, it rather relies on the asymmetry of information about these preferences.

Theorem 1 contributes to the untiring debate about the appropriate evaluation of over-
all economic outcomes.%” Several prominent studies have argued in favor of (weighted)
Benthamite utilitarianism (seeking to maximize a possibly weighted sum of individual
utilities); these studies argue on purely normative grounds, disregarding incentive com-
patibility (e.g., Harsanyi, 1955; Arrow, 1973; Maskin, 1978). Others have argued, again
normatively, that welfare judgments should be based on the resources or prospects that
individuals are assigned, not their perceived utilities (e.g., Rawls, 1971; Sen, 1992); in
this manner, Piacquadio (2017) has laid out a normative foundation of “opportunity-

7 utilitarianism. Theorem 1 supports these latter conceptions by showing that

equivalen
conflicts of interests must be objectified (reduced to consumption-wise well-being) to be
resolvable at zero incentive costs; in particular, it rationalizes the moral convictions of
Harsanyi (1977) and Blanchet and Fleurbaey (2006), quoted in the beginning, that agents’
interpersonal concerns must be irrelevant, both formally and even strategically.

From a different angle, this study adds to the bargaining literature. Theorem 1 puts
several prominent bargaining solutions (Nash, 1950; Kalai and Smorodinsky, 1975; Kalai,
1977) into incentive-theoretical perspective and proposes a different solution.

Another finding, Theorem 4, contributes to the literature on the economic performance

of dictatorship (e.g., Olson, 1993; Wintrobe, 2000; Acemoglu and Robinson, 2006) by

showing that dictatorial policies come almost always at incentive costs.

4This finding substantiates budget (im-)balance as a qualitative measure of the incentive costs of a
welfare judgment. It shows that the uniqueness result of Theorem 1 does not rely on the incentive-
compatibility constraint alone but on imposing budget balance besides.

5Theorem 3 holds in particular under the conventional assumption of commonly known selfish agents.

6The standard, normative approach to distributive justice takes an ez-ante perspective on the socially
desirable allocation of resources among risk-averse agents whose preferences are common knowledge
(e.g., Harsanyi, 1955; Rawls, 1971; Arrow, 1973; Fleurbaey, 2010; Grant et al., 2010; Eden, 2020). The
present result is based on strategic decision-making at the interim stage, with privately known individual
preferences and risk-neutral agents. While risk neutrality is restrictive, it is interesting that a clear-cut
aggregation result can be obtained without assuming decreasing marginal utility.

"Consistent with the mechanism-design literature on interdependent preferences, the here conceived
model assumes that agents’ utilities are cardinal and interpersonally comparable. For a general discussion
of the informational bases of different approaches to welfare measurement, see Sen (1974).
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While this paper considers a simple framework, its main insights might carry over to
second-best implementation in more complex model economies.® Anyhow, inherent in the
debate about moral principles is a notion of proclaimed universality of these principles.
If there are moral principles that can be deemed universal, those can be uncovered by
considering a simple framework. If, however, these very principles cannot be retrieved
in more complex environments, then universality is merely impossible from an incentive-
theoretical point of view, which would support the conviction of Yaari and Bar-Hillel
(1984) that “[s]weeping solutions and world-embracing theories are not likely to be ade-
quate for dealing with the intricacies inherent in the problem of How to Distribute.” This
paper takes a step in uncovering the incentive-theoretical possibility of moral principles
that are, in fact, universal.

The paper proceeds as follows. Section 2 outlines the model framework (for bilat-
eral bargaining problems). Section 3 establishes the main result. Section 4 scrutinizes
favoritism and dictatorship. Section 5 concludes with an interpretation in terms of dis-
tributive and procedural justice. (Appendix A contains omitted proofs. A supplement

establishes the central results for the n-agents case.)

2 The Analytical Framework

2.1 Allocations, Utility, and Information

There is a continuum K C R of social alternatives, bounded or unbounded, and there
are two agents, indexed by i € {1,2}. (The n-agents case is discussed in the supplement
to this paper.) From alternative k € K and a monetary transfer ¢; € R, agent 7 gains a
private payoff 11;(k,t;|0;) = O;v:(k) + w;(k) + t;, where the functions v; : K — (0, 00)
and w; : K — R are twice continuously differentiable; furthermore, dv;/dk # 0. Agent

i’s payoff type 0; belongs to a closed (proper) interval ©; = [¢™in, gmax] 9

8The here conceived model is one of one-dimensional informational externalities. As shown by Jehiel
and Moldovanu (2001), higher-dimensional informational externalities render first-best efficient imple-
mentation (seeking to maximize aggregate material wealth) impossible, irrespective of further constraints
such as budget balance.

9An example is a bargaining problem in which agents must come to an agreement upon the division
of a given resource; e.g., K = [0,1], v; = Vk, v3 =1 —k, w; = 0. Another example is the provision
of a public good the costs of which, before transfers, are shared equally among agents; e.g., K = [0, 1],
v; = k, w; = —k?/2, for production costs k? at provision level k.



Agents exhibit interpersonal preferences in the form of altruism or spite:!® From the

allocation of payoffs, agent ¢ derives ex-post utility

wi(k,ti t_i,0-16;,6;) = ILi(k,ti|6;) + 0 - T1_;(k,t_; | 0_;),

where the degree §; of i’s altruism or spite towards —i belongs to A; = [6[", 6] C
(—=1,1). Refer to d; as i’s social type. Notice that (—1,1) is the maximum range of
interpersonal altruism, or spite, for which agents care about overall material efficiency
while still being selfish to the extent that each prefers a dollar to be her own rather than
having it given to the other.

Refer to the pair (6;, ;) as i’s type, and denote payoff types by 6 = (6, 6:) and social
types by § = (1,02). For Cartesian products ©® = ©; x O3 and A = A; x Ay, denote
the type space by © x A. For convenience, define also m;(k|6;) = 6;v;(k) + w;(k) and
wi(k,0_;10;,06;) = mi(k|6;) + dm_i(k|0_;).

Each agent is privately informed about her payoff type and social type, which realize
independently according to continuous densities. At the interpersonal level, agents’ types
are independent, too. In particular, the variance of each ¢;, while assumed strictly posi-
tive, is allowed to be arbitrarily small. Consequently, although social types are assumed
independent, reciprocal interpersonal preferences can be captured by letting A; = A,
and oM Az omex,

The agents’ (or, a social planner’s) problem is to choose a social alternative k and

transfers (¢1,¢2) such that the resulting allocation is ‘desirable.” What this can or should

mean is the very topic of this paper.

2.2 Incentives

As agents are free to adapt to the economic environment they are exposed to, a welfare
judgment upon the choice of k, to become meaningful, must be incentive-compatible in
that agents’ behavior is consistent with the specific social goal.

A direct revelation mechanism, or social contract, involves the agents in a strategic

game of incomplete information. In this game, agents are asked to report their types

0For evidence on altruism, see Andreoni and Miller (2002), Charness and Rabin (2002), and Bruhin,
Fehr, and Schunk (2019). For evidence on spite, see Saijo and Nakamura (1995), Fehr, Hoff, and Kshetra-
made (2008), and Prediger, Vollan, and Herrmann (2014).



truthfully.!! Based on their reports, a social alternative will be implemented and transfers
will be made. Specifically, a mechanism is defined by a policy k : © x A — K and a
transfer scheme T = (t1,t5) : © x A — R?. Throughout, attention is restricted to transfer
schemes that are continuous on the social-type space A.

A mechanism (k, T') is Bayesian incentive-compatible if, under the rules of the resulting
game, the strategy to truthfully reveal her type maximizes each agent’s interim-expected

utility, such that truthful revelation by both agents is mutually consistent:
(0;,0;,) € argmax Ey . s , [Ui(kati,t—i,e—i‘91;751)],
(65,0:)
on ©; x A; for both i, where k, t;, and t_; are functions of (éz, 57;, 0_;,6_;). In this case,

the policy k is said to be Bayesian implementable.'?> The mechanism is ex-post budget-

balanced if t1(0,0) + t2(0,0) =0 on © x A.

2.3 Welfare Judgments

For the present purpose, there is no need for starting out from an axiomatization of a
welfare function. Instead, two definitions specify the welfare judgments that are to be

considered.!?

Definition 1 (Generic Policies)
A policy k* : ©xXA — K is generic if it is partially differentiable and satisfies Ok* /00; # 0,
for all (0,6) and both agents i.

UBy the revelation principle, which applies to the present setup (Myerson, 1979), there is no loss of
generality in identifying message sets, from which agents draw their reports, with agents’ type sets.

12Bayesian implementation has been criticized upon assuming that type distributions are common
knowledge. In order to cope with Wilson’s (1987) call for avoiding such strong assumption, Bergemann
and Morris (2005) have proposed ex-post implementation for model economies with interdependent util-
ities (in which dominant-strategy implementation is not feasible; Williams and Radner, 1988), requiring
that truthful revelation of types constitutes a Nash equilibrium under the respective mechanism. How-
ever, as shown by Jehiel et al. (2006) and Zik (2020), ex-post implementation is not feasible in the
presence of informational externalities.

13The results apply in particular to any welfare judgment of the form k* = arg maxyex W, for some
arbitrary welfare function W : (7;)ieq1,2y X © x A x K — R, as long as the choice of W is consistent
with the Definitions 1 and 2 below; agents’ utilities, if made the primitive, would enter W in the form of
m; + d;m—;. Welfare may condition separately on agents’ types and social alternatives k, allowing a social
planner to pursue objectives next to satisfying the agents’ needs, such as punishing spite, or steering
agents towards a specific alternative k. Examples of admissable welfare functions are the materialistic-
utilitarian (W = 71 + m3), the Bentham-utilitarian (W = uj 4 ug), the Nash (1950) product, Atkinson’s
(1970) isoelastic welfare, and Arrow’s (1973) CES welfare. A further admissable policy is the bargaining
solution of Kalai and Smorodinsky (1975). All these functions may depend either on the agents’ utilities
or private payoffs, and they may or may not account for the distributive effects of interpersonal transfers.

7



The welfare judgment inherent to Definition 1 is the following: As each agent is first of all
concerned with her material well-being, the choice between social alternatives should be
responsive to changes in each agent’s payoff type. (As it will turn out, this restriction is
basically without loss of generality; see Corollary 1 in Section 3.) Partial differentiability
can be regarded as a postulate of local consistency.

The second definition states that the implementability of a policy should not depend
on what agents’ preferences could be or could have been, but that a ‘just’ policy is im-
plementable for whatever the agents’ preferences actually are. The implementability of a

policy should not depend on the statistical distribution of agents’ types.

Definition 2 (Definitely Implementable Policies)
A policy k* : © x A — K 1is definitely implementable if it is implementable for arbitrary
type distributions.

This requirement can be interpreted as a variant of the often considered axiom of inde-
pendence of irrelevant alternatives, which has been given different meanings in different
contexts. In the present context, it means that social choice is independent of those
individual characteristics that, in the process of preference revelation, have ultimately
been eliminated and can thus be excluded from the type space © x A when looking at it
from an ex-post perspective. The welfare comparison of social alternatives should only be
concerned with the world’s actual state, irrespective of its likelihood. Likewise, changes
to the type distribution should not change a spectator’s moral judgment upon the conflict
of interests between those very agents she ultimately observes.4

Another way to argue is in terms of procedural justice: The parties to a conflict of
interests should be judged in their own rights, not in their relative standing to the rest
of society.

Notice that definite implementability does not require an incentive-compatible mech-
anism as a whole to be independent of type distributions, which is impossible in the
presence of informational externalities.'® The concept rather draws a normative distinc-

tion between means (the transfer scheme) and ends (the policy).

14 An established, incentive-theoretically founded welfare judgment that does condition on type distri-
butions is the generalized Nash product of Harsanyi and Selten (1972).

I5For this reason, the concept should not be confused with robust, or ex-post implementation in the
manner of Bergemann and Morris (2005); see Jehiel et al. (2006) and Zik (2020).



Contrary to most welfare-economic studies, the present one does not impose the Pareto
principle from the outset. However, next to being attractive on normative grounds, the
Pareto principle is essential from an incentive-theoretical point of view, too. It implies
that implementable policies are renegotiation-proof; otherwise, agents would have an
incentive to seek other, Pareto-efficient, ‘bargaining solutions’ and, thereby, undermine
the practical relevance of the welfare judgment upon the mechanism under considera-
tion. Therefore, mechanisms that are desirable in terms of the above definitions must be
evaluated in terms of Pareto efficiency.

Special attention will be paid to those policies that are implementable through budget-
balanced transfers. Such mechanisms need not be subsidized from the outside, which
guarantees group autonomy, and they do not run a deficit, such that the resolution of
the agents’ conflict of interests is not complicated by diminishing overall material wealth.
If a policy is implementable, but not implementable through budget-balanced transfers,
then this policy will be said to come at incentive costs.'o

In this manner, a policy is considered desirable if and only if it is generic and definitely

implementable at zero incentive costs.

3 Justifying Materialistic Utilitarianism
This Section proves the following Theorem and discusses it from various angles.

Theorem 1 A generic policy k* : © x A — K is definitely implementable through ex-post
budget-balanced transfers if and only if it is consistent with materialistic utilitarianism:
k*(0) = argmaxger mi(k|601) + mo(k|602). The corresponding transfers T* = (t})i=12 are
necessarily of AGV-type: For reported types (é, 5) € O x A, transfers are given by

(1) £00,0) = BEo_ [ i(k*(6:,6-:)]6-3)] — Bg, [m(k*(0:,0-:) | 6:)] + 5:(6,0),

where 5; : © x A — R must be chosen such that sy + s, = 0 on © x A, while Eq, 5,[s:(0, 6)]

is constant for all i,j € {1,2}. The resulting allocations are ex-post Pareto-efficient.

16For the present purpose, there is no value in quantifying these costs; but if one seeks to do so, then
a reasonable measure might be C(k*) = inf(;, 1,)e7(k) Eos| [t1 + t2| |, with T(k*) denoting the set of
all those transfer schemes that (definitely) implement the policy k*. Searching for those policies k* that
minimize C(k*) could then constitute the objective when evaluating welfare judgments on the grounds
of second-best implementation in more complex economic environments.



In what follows, I refer to the mechanisms of Theorem 1 as AG V-type mechanisms, as they
coincide with the expected-externality mechanism of Arrow (1979) and d’Aspremont and
Gérard-Varet (1979) for bilateral bargaining problems. Theorem 1 states in particular
that the mechanisms that implement ‘desirable’ policies are basically unique: The trans-
fer components (s;); must be rendered strategically inoperative and are thus irrelevant
when it comes to the choice between social alternatives k; they capture the possibility of
interpersonal transfers that are (strategically) unrelated to the actual allocation problem.
From the interim perspective, the stage of decision-making, these components represent
a (potential) redistribution bias towards one agent: by Theorem 1, there must exist con-
stants S; such that S; + Sy = 0 and S; = Ey, 5,[5:(6,0)] = Ep,s,[5:(6,0)] for both i,
implying that agents have identical perceptions of this redistribution bias.!”

Under AGV-type mechanisms, when leaving the (s;); aside, each agent i pays to
agent —i the money equivalent of what —i believes to contribute to i’s material well-being
when reporting her payoff type 6_;. As ¢ herself receives Ey_, [W_i(k*(éi, 0_;)| 0_2-)] from
—1, agent ¢’s social type becomes strategically irrelevant: Ey ;5 . [H_i(k*,t*_i | 0_1-)] =
Eq [m(k*(H) \ «91)} In this respect, AGV-type mechanisms are social-preference robust.

That Bayesian implementation can be social-preference robust was shown first by
Bierbrauer and Netzer (2016)."® The present study provides conditions under which
social-preference robustness is even necessary.'’

Interestingly, generic policies that are definitely implementable at zero incentive costs
are automatically ex-post Pareto-efficient. However, this implication requires that agents

are moderately altruistic or spiteful; for two agents, this means that |§;| < 1.2

1"Proof: If Eg, 5,[si(0,0)] is constant for all 4, j, then there exists a constant a; = > Eo;.6,[5:(6,0)].
Taking expectations over (6¢,d;) yields o; = Eyg, 5,[5:(6,0)] + Eg 5[s:(0,9)]. Hence, Eg, s5,[s:(,0)] = S;
for all 4,¢ € {1, 2}, where S; = a; — Eg 5[s;(6, )] is constant.

18 Although these authors are concerned with intention-based social preferences in the manner of Rabin
(1993), they observe that their result does also hold for unconditional pro- or anti-social preferences, such
as altruism and spite. These and other authors (e.g., Bartling and Netzer, 2016, and Bierbrauer et al.,
2017) deem social-preference robustness a desirable property because it allows for avoiding unrealistic
common-knowledge assumptions (here: about social-type distributions), as urged for by Wilson (1987).

19The analysis of the n-agents case reveals that, regarding the choice between social alternatives k,
social-preference robustness is always necessary. However, if n > 3, then the transfer scheme might
leave agents’ social preferences strategically operative; and I show in Daske (2020) how the asymmetry
of information about them can be operationalized to satisfy agents’ participation constraints if those are
considered.

200therwise, the Pareto frontier might be indefinite; either an agent is willing to transfer arbitrary
amounts of money to a grateful recipient (§; > 1 > d3), or both agents are willing to give up arbitrary
amounts (d1,dy < —1). For groups of more than two agents, the constraint on interpersonal degrees of
altruism must be sharper, but the implication prevails qualitatively.

10



The following Propositions give proof of Theorem 1. The results also show that if
the economic environment does not allow for an interior solution to maxgex m(k|6;) +
mo(k | 63), then no generic policy is definitely implementable; in this case, only constant
policies (i.e., 0k*/06; = 0 and 0k*/00; = 0 for both i) are definitely implementable.

The sufficiency part is to be addressed first.?!

Proposition 1 The policy k*(0) = arg maxgex m1(k|601) 4+ ma(k|02) is definitely imple-
mentable through AGV-type transfers. The mechanism (k*,T*) is ex-post Pareto-efficient.

Proof. Definite implementability: Suppose agent —i reveals her type truthfully. Then
agent i reports (9}, 51) so as to maximize her interim-expected utility. Without loss of

generality, normalize s(0,6) = 0. By equation (1),
B o [ws] = Eo [m(k*(0;,0-0)10;) + 7 s(k*(0:,0-:) | 0-3)] — (1= 6,) Eg[mi(k*(0)]6)],

where the second term on the right-hand side is independent of 6. 1f truthfully report-
ing 6; was inferior for 7, then there would exist some 6_; such that m-(k:*(éi, 0_;)]0;) +
mi(k*(0:,0_)) |6_;) > m;(k*(0)]6;) + m_i(k*(8) |6_;), which contradicts the definition
of k*. Hence, agent i has no incentive to misreport her payoff type and, obviously,
she has no incentive to misreport her social type. As this argument holds for any set of
type distributions, AGV-type transfers definitely implement k*.

Ez-post Pareto efficiency: Suppose there exists an allocation k' satisfying m (k" | 01) +
mo(k'|0s) < mi(k*|6) + ma(k* | 62) that, for some types (6,0), Pareto-improves upon
k*(9). As not both agents can be materially better off under &’ than under k*, suppose
that agent 1 suffers a loss and that this loss is (weakly) greater than the (potential) loss of
agent 2. Then the differences d; = m;(k* | 6;) —m; (k' | 0;) satisfy d; > 0 and d; > dy > —d;.
Consequently, ui(k’, 0y |61,01) — ui(k*,02]61,01) = —(dy + 61d2) < 0, since §; € (—1,1).
Hence, agent 1 is worse of under £’ than under £*. By the same line of reasoning,
one obtains that no ex-post budget-balanced transfer scheme Pareto-dominates another.

Hence, AGV-type mechanisms are ex-post Pareto-efficient. m

21That AGV-type mechanisms are incentive-compatible for two other-regarding agents and arbitrary
type distributions has been shown earlier by Bierbrauer and Netzer (2016) and Bartling and Netzer
(2016). The proof is restated in the present notation for the sake of completeness. Bierbrauer and
Netzer (2016) also observe that the standard AGV fails to be incentive-compatible for more than two
other-regarding agents. The supplement to this paper shows why: The mutual-concessions principle of
the bilateral AGV must be applied to each and every bilateral relationship if there are n > 3 agents.
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The next two Propositions give proof of the necessity part of Theorem 1. A Lemma eases

the exposition.??

Lemma 1 A partially differentiable policy k* : © x A — K is definitely implementable
through budget-balanced transfers only if it satisfies

dm(k* |6;) | Ok* | Ovi(k*)
2) j; o so. = =0 =g
A | ok P / (k5. 6.,
(3) ;1:2 o 55— (1= %50 gzminv,(k (5,0_5,6)) ds

o [
- = / vl (5,0_1,8)) ds
i Jo

min
i

d2pz‘ (51) dp; (51)
=0 =~

on © X A for each i € {1,2}, for twice differentiable functions p; : A; — R.
If k* is independent of social types, then k* is implementable through budget-balanced
transfers only if the transfer to each i satisfies Bq_, 5_, [t1(6,0)] = c;i+Eq_, [m_;(k*(0) | 0_;)]

for all (0;,9;) and some constant c;.

Proof. See Appendix A.1. =

Lemma 1 shows that the asymmetry of information about how agents perceive the dis-
tributive effects of a mechanism constrains desirable policies to satisfy a system of in-
tertwined partial differential equations. The Lemma already suggests that materialistic
utilitarianism cannot easily be thrust aside, for the left-hand sides of identities (2) and (3)
entail the derivative of aggregate private payoffs with respect to social alternatives k, and
become the first-order condition of maxyex >, m;(k* | 0;) if the policy is social-type inde-
pendent. The central question is, thus, whether desirable policies may depend on social
types. The second part of the Lemma shows that if a desirable policy is social-type inde-
pendent, then the mechanisms to implement it are necessarily social-preference robust.
The following result rationalizes the moral convictions of Harsanyi (1977) and Blanchet
and Fleurbaey (2006), as outlined in the beginning, that policies shall not depend on

agents’ interpersonal concerns:

22Technically speaking, the focus on definitely implementable policies serves the purpose of eliminating
the expectations operator from the agents’ first-order conditions, resulting in the necessary conditions
stated by Lemma 1.
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Proposition 2 A partially differentiable policy k* : © x A — K is definitely imple-

mentable through budget-balanced transfers only if it is social-preference independent.

Proof. By Lemma 1, the policy &* must satisfy conditions (2) and (3). Integrating (2)
with respect to 6;, while integrating dm;(k* | 0;)/dk by parts,? yields

cwzwj(k*\ej)—/i ok (5,00, 0))ds = (1— 5);35 (K (5,05, )) ds,

j:1,2 einin mm

for some function C; : ©_; x A — R. Differentiating this with respect to 9; yields

96i{0-1,5) i) o 0
852 " [j;Q dk 8(51 852 gin Uz(k (S,Q_l,é))ds

92 3 ) 0;
= -85 /mm 85,008 = 5 [ 0.0 s

Substituting for identity (3) yields

0C;(04,0) pi(6;)  dpi(%) 0 [ .
S o)) - Bl — [ e i

min
i

Differentiating the latter with respect to 6; implies that 0 = 0v;(k*)/09;. As dv;/dk # 0
by assumption, k* must satisfy 0k*(6,9)/06; = 0, for all (0,6) and both agents i. m

Reconsidering Lemma (1), the next result draws the rather obvious conclusion: As agents’
social preferences must be ignored, any costless welfare judgment must be consistent with

materialistic utilitarianism, and the mechanisms to implement it must be of AGV-type:

Proposition 3 A generic, social-preference independent policy k* : © — K s definitely
implementable through budget-balanced transfers only if k*(0) = argmaxyex m1(k|61) +
mo(k | 02). The mechanisms that implement k* are necessarily of AGV-type.

Proof. As k* : © — K is generic, 0k*/00; # 0. By assumption, 0k*/06; = 0. Hence,
condition (2) of Lemma 1 implies that &* must satisfy 0 = ). dm;(k* | 6;)/dk. (If this
equation has no solution, then condition (2) and Proposition 2 imply that £* must be con-
stant: 0k*/00; = 0 = 0k*/09;.) Hence, for each 6, the policy k*(0) is either a minimizer,

saddle point, or maximizer of ) . m;(k | 6;), which we keep in mind for a moment.

2 [ dmE 1) O gy, = [ 0,295 de; + [ 29ELde; = 0,0 (k*) — [ vi(K*)d6; + wi(k*) + C.
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Suppose T* is a budget-balanced transfer scheme that implements k*(6). Notice
that one can always write t*(6,0) = Ey_, [W_i(k*(éi, 0_:)|0-:)] — Eq, [m(k*(6;, 0_,) | 0;)] +
si(é,g), for appropriate functions s; : © x A — R satisfying s; + s = 0 on © x A.
But then, Eq .5 ,[t5(0,8)] = Eq_, [7_i(k*(0) | 0_;)] —Eo[m:i(k*(0) |0;)] +Eo_, 5 ,[5:(6.0)].
When substituting for Eg_, 5, [t:(6,0)] = ¢; + Eq_, [7_;(k*(0) | 6—;)] from Lemma 1, one
observes that each function s; must satisfy Eg_, 5, [si(ﬁ, 5)} =¢+Ey [m(k*(e) | 91)] , which
is constant; as s; + s2 = 0, also Eg_, 5, [s_i(ﬁ, 5)] is constant. Hence, transfers must be
of AGV-type.

Now reconsider the possible nature of k*. Under AGV-type transfers, the mechanism

(k*,T*) yields agent i an interim-expected utility level of
B o [ws] = Eo [m(k*(0:;,0-0)10;) + 7 s(k*(0:,0-:) | 0-)] — (1= 6,) Eg[mi(k*(6) [ 6)].

As k* is supposed to be definitely implementable, one must have m;(k*(0;,60_;)|6;) +
7 (k*(0;,0_5) | 0_;) < m;(k*(0) | 0;) + m_i(k*(0) | 0_;) for all 6;, . This is obviously impos-
sible if £* is a minimizer or saddle point. Hence, k*(0) = argmaxgex m1 (k| 61)+ma(k|602),

and (k*,T*) is of AGV-type. m

Theorem 1 is thus established.
A closer look at condition (2) reveals that Propositions 1 to 3 even establish a more

general result:

Corollary 1 A partially differentiable policy k* : © x A — K 1s definitely implementable
through budget-balanced transfers if and only if it is either constant (i.e., selects the same
social alternative irrespective of the agents’ preferences) or consistent with materialistic

utilitarianism. (In the first case, transfers can be zero, in the second, they must be of

AGV-type.)

Corollary 1 has the following qualitative meaning: If ‘costless’ policies should at all
depend on the agents’ preferences, then they must vary with agents’ preferences for
consumption (and only those), and no agent must be ignored. The latter implication
calls for a closer look at favoritism and dictatorship; in Section 4. The former implication

shows that focusing on generic, payoff-type dependent policies is without loss of generality
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if the social-choice problem, how to aggregate individual preferences, is supposed to be
meaningful.

Another implication is that a social planner, if at all concerned with the agents’ needs,
must not attach value to social alternatives as such. For instance, at most for specific type
distributions could a policy of the form k* = argmaxgex k + (k| 601) + m2(k | 62) (e.g.,
‘as much environmental protection as possible while keeping an eye on the economy’) be
implemented at a balanced budget.

The next Theorem shows that various generic policies are definitely implementable if
one waives budget balance. Hence, many welfare judgments other than the materialistic

utilitarian are feasible, but all of those involve incentive costs.

Theorem 2 If budget balance is not imposed, then a twice continuously partially differ-
entiable policy k* : © x A — K is definitely implementable if it satisfies the following
conditions: (i) infexa Ov;(k*)/00; > 0; (ii) Ov;(k*)/D0; is bounded; (iii) *v;(k*)/D6} is

bounded below.
Proof. The proof is constructive. See Appendix A.2. m

Another Theorem clarifies the critical role of asymmetric information about agents’ in-
terpersonal concerns: It is not social preferences per se that constrict the set of costless

welfare judgments but rather the asymmetry of information about them.

Theorem 3 If social preferences are common knowledge, then any partially differentiable
policy k* : © x A — K satisfying 0v;(k*)/00; > 0 is definitely implementable through

budget-balanced transfers.
Proof. The proof is constructive. See Appendix A.3. =

Notice that Theorems 2 and 3 explicitly allow for policies that depend on agents’ interper-
sonal concerns. Moreover, the mechanism in the proof of Theorem 3 illustrates that other
than AGV-type transfer schemes would implement the materialistic-utilitarian policy if

the agents’ social preferences were common knowledge.
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4 Favoritism and Dictatorship

By Theorem 1, a generic policy is definitely implementable at zero incentive costs only
if it is unbiased. Both agents’ private payoffs, and only those, must enter the welfare
judgment with equal weight. Any form of favoritism, e.g., k* = arg maxye i (yu; + s
or k* = arg maxge (o m + agms), with oy # e, would come at incentive costs.?*

The extreme form of favoritism is dictatorship: k* = arg maxgey u; for one agent 1.
Dictatorship plays a prominent role in social-choice theory; it constitutes a simple bench-
mark for how to derive a ‘social’ preference from the preferences of society’s members,
while preserving rationality and guaranteeing Pareto efficiency (e.g., Arrow, 1950). Con-
cepts of random dictatorship have thus attracted some interest (e.g., Gibbard, 1977).

The results of Section 3 allow us to assess the incentive costs of dictatorship. Notice

that the definite implementability of her policy is in the dictator’s own best interest.

Theorem 4 A dictatorial policy, if it is interior solution to maxger u;(k,0_;|0;,0;), is
definitely implementable through budget-balanced transfers if and only if the dictator is
either perfectly selfish, §; = 0, or perfectly benevolent, 6; = 1. (This equivalence also holds

if the dictator’s preferences are common knowledge.)

Proof. The sufficiency part is trivial for §; = 0 (transfers can even be zero), and it is
immediate from Proposition 1 for §; = 1 (in which case the dictator is indifferent between
any interpersonal transfers).

For the necessity part, let §; ¢ {0,1}. If dictator i’s problem has always an interior
solution k*, then 0 = du;(k*,0_;16;,6;)/dk and 0 > d?u;(k*,0_;|6;,0;)/dk?, implying
that 0k*/00_; = —6; - v_;/(d*u;/dk?®) # 0. As also 9k*/06_; = 0, condition (2) of
Lemma 1, when applied to —i, implies that k* must satisfy 0 = Zj dm;(k*|0;)/dk, while
0 = du;(k*,0_;10;,0;)/dk = dm;(k* | 0;)/dk + 6; - dm_;(k* | 0_;)/dk. These conditions on k*
hold simultaneously only in the null event that dm;(k* |6;)/dk = 0 = dm_;(k*|0_;)/dk,
at most for some specific 0, requiring that ¢ and —i prefer the same social alternative k*.

This line of reasoning, including the derivation of condition (2) for —i, builds solely

on the assumption that the preferences of —i are private information.?> m

24This result, which carries over to the n-agents case, puts into perspective the often conducted social-
utility weights approach in the theory of optimal taxation; see, e.g, Saez and Stantcheva (2016).

25Common knowledge about the dictator’s preferences simply means that the expectations operator
Eg, .5, -] in the proof of Lemma 1 vanishes when taking the perspective of subordinate —i. In this case,
also the restriction to definitely implementable policies becomes superfluous.
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Theorem 4 entails a somewhat surprising non-monotonicity: Contrary to self-serving and
perfectly benevolent dictatorship, malevolent as well as imperfectly benevolent dictator-
ship (d; < 0, or 0 < ¢; < 1) must come at incentive costs. By contrast, Theorems 2 and 3
apply at least to imperfectly benevolent dictatorship, such that the dictator’s will could
be implemented if budget balance was not a constraint or even at zero incentive costs if
the subordinate’s feelings for the dictator were common knowledge.

Theorem 4 builds on the realistic assumption that the dictator’s knowledge about
her subordinate’s allocative preferences is imperfect. This imperfection of dictatorial
knowledge is problematic if the dictator is imperfectly selfish. If she cares about her
subordinate’s material well-being, for the better or worse, then incentive compatibility
with respect to #_; becomes a constraint. As she is also imperfectly informed about
the subordinate’s feelings for her, incentive compatibility becomes even more demanding
because the subordinate might misrepresent #_; due to its effect on the dictator.

The generalization of the theory to the n-agents case implies that costless dictatorship
treats all subordinates as equals, with the dictator either ignoring all of them or regarding
them as equal to herself. In particular, dictatorship favoring one subgroup over another
always comes at incentive costs.

Theorem 4 contributes a simple rationale to the debate on the economic performance
and stability of dictatorship, and it highlights the critical role of the character of dictato-
rial policies: An unbalanced budget means either economic mal-performance, triggering
regime instability, or dependence on outside subsidies, implying non-autonomy. Notice
that a dictator’s perfect selfishness is a null event, not only theoretically but also prac-
tically, because any regime relies to some extent on the goodwill of an elite, be it the
leader’s party, the military, the aristocracy, or the bureaucracy; in these cases, the dicta-
tor’s social preference might merely be instrumental, not intrinsic. On the other hand,
perfect benevolence, which is equally unlikely for the very same reasons, would render
the dictator’s regime effectively non-dictatorial.

While the prominent theories of (or against) dictatorship all take a dynamic, political-
economy perspective (e.g., Olson, 1993; Wintrobe, 2000; Acemoglu and Robinson, 2006),
the present result is in the spirit of Hayek’s (1945) argument against centrally planned

economies, stressing the critical role of information asymmetries.
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5 Distributive and Procedural Justice

Thus far, I have focused on the welfare judgment inherent to the choice between social
alternatives. I conclude the paper with a general interpretation of Theorem 1 in terms of
distributive and procedural justice by taking interpersonal transfers into account.

I have argued, in Section 2.3, that a policy is socially desirable if it is generic and
definitely implementable through budget-balanced transfers. Based on the assumption
that agents’ allocative and distributive preferences are all subject to asymmetric informa-
tion, I have shown that desirable policies must maximize aggregate material wealth. The
corresponding mechanism must oblige agents to make mutual concessions amounting to
the interim-expected material externalities they impose on each other under this policy,
which is precisely the renowned AGV-mechanism for bilateral bargaining problems.

These implications carry over to the n-agents case, as shown in the supplement to
this paper. Interpersonal transfers must then be made by applying the same mutual-
concessions principle to every single bilateral relationship, which differs from the AGV if
n > 3. While the AGV subsidizes or sanctions the average externalities that an agent
imposes on the rest of the group, ‘desirable’ mechanisms treat interpersonal externalities
on the bilateral level.

The results imply that distributive and procedural justice are conceptually not dis-
tinct. Consider, for instance, Rawls’ (1971) conception of perfect procedural justice: It
calls for a fundamental concept of allocative fairness (independent of the means to im-
plement it), and, only second, a procedure that always yields the fair outcome by in-
centivizing agents to act accordingly; it takes distributive justice as the objective and
requires the incentive scheme to serve on its behalf. This conception of justice suggests
that allocative fairness could be specified at will.?

The present study shows that, under reasonable assumptions, there is but one form
of perfect procedural justice that preserves a balanced budget: The choice between social

alternatives must be consistent with materialistic utilitarianism, and agents must com-

26At this point, I should comment on the Rawlsian (1971) maximin-welfare criterion and, like-
wise, the bargaining solution of Kalai (1977): When applied to the choice between social alterna-
tives, whether with respect to private payoffs (k* = argmaxycg min; m;(k|6;)) or utilities (k* =
arg maxge x min; w;(k,0_; | 60;,9;)), then it is Theorem 4 that rejects definite implementability at zero
incentive costs; because, locally, the worse-off agent becomes dictator, whose perfect selfishness or per-
fect benevolence are null events. When taking the distributive effects of budget-balanced transfers into
account, then the maximin principle is egalitarian, seeking to equalize either private payoffs or utilities; it
is easy to see that in neither case is the resulting transfer scheme of AGV-type, in violation of Theorem 1.
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pensate each other for the material externalities they expect to impose on each other
under this policy. As interpersonal transfers thus vary with payoff-type distributions, the
evaluation of ex-post allocations, too, must be consistent with materialistic utilitarianism.
In particular, perfect procedural justice objectifies a conflict of interests by rendering the
agents’ interpersonal concerns entirely irrelevant, both formally and strategically.

Referring to incomplete information and transaction costs, Rawls’ (1971, pp.74-75)
concluded that “[p]retty clearly, perfect procedural justice is rare, if not impossible, in
cases of much practical interest.” He thus invoked pure procedural justice, meaning that
“there is no independent criterion for the right result: instead there is a correct or fair
procedure such that the outcome is likewise correct or fair, whatever it is, provided that
the procedure has been properly followed.” As the properties imposed on ‘desirable’
mechanisms in Section 2.3 are concerned with the procedure, not with allocative fairness,
the results obtained in this paper are equally decisive when interpreting them in terms
of pure procedural justice. Indeed, when imposing budget balance, perfect and pure
procedural justice turn out to coincide.

Concerning the choice between social alternatives, the general features of pure pro-
cedural justice are no favoritism, no dictatorship; independence of agents’ interpersonal
concerns; and a materialistic-utilitarian policy seeking to maximize aggregate material
wealth (which can well be interpreted as maximizing the aggregate money equivalents
of individuals’ prospects and opportunities). The more specific feature is, effectively, a
unique conception of allocative fairness: Redistribution of material wealth on a bilat-
eral basis (also in the n-agents case) determined by the net externalities that individuals
expect to impose on each other when acting freely under the materialistic-utilitarian
policy.—Any other procedure would come at incentive costs, either by diminishing dis-
tributable material wealth or by relying on outside subsidies, thus undermining group
autonomy.

From a different angle, pure procedural justice involves a unique bargaining solution.
The conflicting parties settle on a policy that maximizes ‘what is in for all,” and based
on their ‘promises’ on how to act under this policy, they each request compensation for
how keeping promises would probably favor every single other party. In this respect,

pure procedural justice has an exciting appeal to decentralization (once more echoing
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Hayek, 1945): Incentivizing individuals to act in favor of the social goal requires them to
compensate each other, at least effectively, through bilateral bargains.

While some of these features of procedural justice might critically depend on the
assumptions made, the more general ones might carry over to second-best implementation
in more complex, perhaps more realistic, economic environments. Nonetheless, most of
these features seem practically impossible to implement, but the principal purpose of
moral philosophy, even from an incentive-theoretical perspective, is not to give practical

advice but orientation.
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A Omitted Proofs

A.1 Proof of Lemma 1

Suppose k* : © x A — R is partially differentiable and definitely implementable through
budget-balanced transfers T' = (t1,t5) : © x A — R?. Define

(4) 5:(0,,0;) = Eg 5 [vi(k*(0:,0:,0_,6-,))],

(5) w;(0;,6) = Eo_ .5, [wi<k*(éi7 03, 0—s, 5-4))],

(6) 705,00 = Eo 5, [m(k*(0:,0:,0-4,6-5)|0:)],
(7) 7i(0i,0) = Eo g [moi(k*(0:,0:,0-:,0-3)10-,)],
(8) £(0:,0,) = By i,é,i[ti(éiagiag—iaé—i)}a

(9) ti(0:,0:) = Eo 5, [ti(0:,0:,0-5,0.)].

Denote by U;(0;,6; | 0;,6;) agent i’s interim-expected utility from reporting (6;,4;) if her
true type is (0;, ;) and if agent —i reports her type truthfully:

>

A

Ui(0;,0:10:,6) = 0:5;(6:,6;) + w30, 0;) + 50, 05) + 67 _5(0:, ;) + 0t (65, 0,).

Ease notation by also defining U;(0;,6;) = U;(0;,6; | 0;,9;). Then the following must hold
for all §;,0; € ©; and all &;,0; € A;:

(10) Ui(0:,6)) > U;(0;,6;10:,6,) = Us(6;,8;) + (6; — 0,)0;(6;,6;),
(11) Ui(0:,6,) > Ui(6;,6;0:,6) = Ui(6;,6;) + (0; — 0:,)0;(6;,6;),
(12)  U(6:,0) > Ui(6:,6:16,,6,) = Ui(ei,&)Jr(éi—&)[‘_1(92,61)+£_i(91,51)],
(13)  U(6:.,8) > Ui(6:,0:16,,6,) = Ui(ei,m+(&—51-)[-,1(92,51-)+£,z(ez,5l)]

Without loss of generality, suppose 6; > ;. Then (10) and (11) imply that

Ui(éi75i) —U;(0:,9;)
0; — 0;

(14) vi(0:,6;) > > 5,(6:,6,).
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As v; is continuous on ©;, letting 0, approach 6; yields oU;(0;,6;)/00; = v;(0;,0;). Inte-

grating the latter with respect to 6; yields the identity

0;

(15) Ui(0;,0;) = pi(5i)+/ v;(s,0;) ds,

min
07,'

with some function p; : A; — R. Similarly, suppose &; > ;. Then (12) and (13) yield

> 7_i(0:,0;) +t_i(6;,0;).

As 7_; and ¢_; are continuous on A; by assumption, U;(6;,9;) is differentiable in ¢;;
letting 0; approach d; yields oU;(0;,0;)/00; = T_i(0;,0;) +t_;(6;,0;). Integrating the latter
with respect to ¢; yields

04 05

7Tf_i<0i, ’f’) dr + / {—i(ei; T) d’l“,

min
57,'

(16) Ui(0i,6;) = qi(9i)+/

min
51'

with some function ¢; : ©; — R. Jointly, (15) and (16) imply that

(17) /j E(Or)dr — pi(éi)—qi(ei)—i—/ei 5i(s, 6,) ds—/:i 7 (0s,7) dr.

min Gmin min
i i i

As 9; is differentiable in d;, identity (17) implies that also p; is differentiable in §;. As k*
and T are assumed partially differentiable on A, while each 7; is differentiable in k, the

functions p; are twice differentiable. Differentiating (17) with respect to §; yields

(5. 0;

Budget balance requires in particular that ¢;(6;,0;) = —t_;(6;,9;) on ©; x A;, such that
truthful revelation, (éz, 51) = (0;,9;), is incentive-compatible for agent i only if the follow-

ing partial first-order condition is satisfied:

a 7 ) — A p— I —_ A
(19) 0 = 5 [ini(&, 6;) + w;(0;,0;) + 6;7_5(0;,05) — (1 — 8;)t_s(6;, 5i)]éiei
dr;(k*(0,0) | 0;) Ok A (k*(6,6
R [ I _(_M%],
Jj=12 g i
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where the second equality is implied by (18). As k* is supposed to be definitely imple-
mentable, (19) must hold for arbitrary type distributions. As the argument of Ey_, 5 ,[-]1is

continuous in (6_;, d_;), the policy k* must satisfy condition (2). Similarly, the first-order

condition with respect to oi requires that

o . o . o
0 = 2, [inz’(ez‘, 0;) + wi(0;,0;) + 0;m—i(0;,6;) — (1 — 6;)t_i (6, 0;) s,
= FEy 5. J ! J — (1 =46,
. [ ];2 dk o5, U e T T,

o2 0;
—(1-— (5, —/ V; k* 579_1-,5 ds

0 9
+ a5, egﬂnvi(k (s,0_;,0))ds |,

where the second equality is implied by (18). As k* is supposed to be definitely imple-
mentable, k* must satisfy condition (3). This proves the first part of the Lemma.

For the second part, reconsider identities (15) and (18). Jointly, they imply that

(20) pz‘(@)—i‘/oi vi(s,0;)ds = U;(6;,6;)

min

= 0;0;(0;,0;) + w;(0;,0;) + (6, 0;)

dpi () 0 /ei _
+0; s, +5Z85i ) 0;(s,9;) ds.

min
i

Now suppose 9k*/3d; = 0 for both i. Due to (18) and (20), #; and ¢_; then satisfy

. . O'L
(21) ti(0i,0) = pi(0i) — 6 dp:l((séz) — 0;0:(0;, ;) — w;(6;, 6;) +/ vi(s, ;) ds,
i efinin
(22) t_i(0;,0;) = dpcll((s(i) —7_i(0;,6;),

where, now, only the terms containing p; effectively depend on 9;. Due to budget balance,

identities (21) and (22) imply that p; must solve

(23) a; = pi(6;)+(1— 5z‘>dpdi—((§i)v

where a; is a constant. Differentiating (23) with respect to §; yields d?p;(8;)/dé? = 0,
such that dp;(d;)/dd; = —¢; for some constant ¢;. Hence, identity (22) reads ¢_;(6;, ;) =
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—C; — ﬁ_i(Qi, 51), 1mply1ng that 52(9,, 51) = C; —I— ﬁ_i(ﬁi, 61) = C; —f-Eg_i [T_Z(k?*(é) | 6_1)} s due
to budget balance and 0k*/9); =0. W

A.2 On Theorem 2
A.2.1 Proof of Theorem 2

Be k* as described. For twice differentiable functions p; : A; — R, define T* by

- o~ dpi(d; NP X
t7(0,6) = pi(d;) — i pdé ) — B, 5, [mi(K*(6:,0:,0_5,6_;) ] 0;)]

0; R
+/ Eﬁ_i,é_i [Ui(k*(s76i79—i76—i))]d8
-
G2 .
_5i_A/ Eo_,s_, [vi(K*(s,0:,0-5,6-:))]ds
06; gmin
(5
I p 1(5 i)
do_;
o [0 A
+ — / Eei,&; [U—i(k*(9i7 52'7 S, 5—1))} ds.

min
025

— Bg 5, [mi (k*(0,, 03,03, 0_3) | 0:)]

—1

Then T™ definitely implements k* if the functions p; are chosen such that

i-E —i0—i UZ(/{?*(Q,&)) i 2 0;
M)[géibwwg<<%kmfAMM*WW%mw

min
2

for all (0;,6;). For example, one can choose p;(d;) 