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Business Cycle Fluctuations in Mirrlees Economies:

The case of 1.1.d. shocks

. k
Marcelo Veracierto

Federal Reserve Bank of Chicago, U.S.A

December, 2019

Abstract: I consider a real business cycle model in which agents have private information
about the i.i.d. realizations of their value of leisure. For the case of logarithmic preferences I
provide an analytical characterization of the solution to the associated mechanism design problem.
Moreover, 1 show a striking irrelevance result: That the stationary behavior of all aggregate
variables are exactly the same in the private information economy as in the full information case.
Numerical simulations indicate that the irrelevance result approximately holds for more general
CRRA preferences.

Keywords: Risk sharing, business cycles, private information, social insurance, optimal con-

tracts, heterogeneous agents.

1 Introduction

At least since the seminal paper by Krusell et al. (1998) there has been a long literature analyzing

the effects of exogenous forms of market incompleteness on aggregate fluctuations (e.g. exogenous

*An earlier version of this paper circulated as ” Adverse selection, Risk Sharing and Business Cycles”. 1 thank
V.V. Chari, Chris Phelan, Venky Venkateswaran and participants at various seminars and conferences for useful
comments. The views expressed here do not necessarily reflect the position of the Federal Reserve Bank of Chicago
or the Federal Reserve System. Address: Federal Reserve Bank of Chicago, Research Department, 230 South
LaSalle Street, Chicago, IL 60604. E-mail: mveracieQfrbchi.org. Phone: (312) 322-5695.



borrowing constraints, exogenous collateral requirements, etc.). This paper takes a first step
towards building a more primitive approach: It explores the business cycle effects of restrictions
to perfect risk sharing, but when these restrictions arise optimally in response to information
frictions. In particular, the paper merges two basic benchmarks in the macroeconomics and private
information literatures: A standard real business cycle (RBC) model and a Mirrlees economy.
The mechanism design problem for the resulting economy is then solved for and its business cycle
fluctuations compared to those of the full information case. The paper is interested in evaluating
the effects of private information on aggregate fluctuations, in characterizing the cyclical behavior
of the optimal contracts, and in exploring the implications for the optimal amount of consumption
and employment inequality over the business cycle. While realism would require considering
persistent idiosyncratic shocks, the analysis of this type of shocks is significantly more complicated
(e.g. Fernandes and Phelan (2000)). For this reason, I consider the case of i.i.d. idiosyncratic
shocks as a first step and leave the analysis of persistent shocks for future research.

The model used in this paper is a simple RBC model with private information. Agents value
consumption and leisure and receive idiosyncratic shocks to their value of leisure. These shocks,
which are i.i.d. over time and across individuals, are assumed to be private information. The
production technology is standard. Output, which can be consumed or invested, is produced
using capital and labor. The aggregate production function is subject to aggregate productivity
shocks that follow a standard AR(1) process.

A social planner designs dynamic contracts for the agents in this economy. Following the
literature, a dynamic contract is given a standard recursive formulation where a promised value to
the agent describes its state. Given the current state, the contract specifies current consumption,
current hours worked, and next-period state-contingent promised values as a function of the value
of leisure reported by the agent. Since the model has a large number of agents and the shocks to the
value of leisure are idiosyncratic, the social planner needs to keep track of the whole distribution of
individuals across promised values as a state variable. Given this distribution, the aggregate stock
of capital, and the aggregate productivity level, the social planner seeks to maximize the present
discounted utility of agents subject to incentive compatibility, promise keeping, and aggregate
resource feasibility constraints.

For the case in which the utilities of consumption and leisure are both logarithmic (a benchmark

case in the RBC literature), I am able to provide a sharp analytical characterization of the solution



to the mechanism design problem. In particular, I show that the utility of consumption, utility of
leisure, and next-period promised values are all linear, strictly increasing functions of the current
promised value. The slopes of these functions are all independent of the reported value of leisure
and, while the utilities of consumption and leisure have a common slope less than one, the slope
of next-period promised values is equal to one (as a consequence, promised values follow a random
walk). Over the business cycle, all of these functions shift vertically while keeping constant the
differences across reported values of leisure. In turn, the distributions of promised values and log-
consumption levels shift horizontally over the business cycle while maintaining their shapes. While
optimal consumption inequality is constant, the optimal dispersion of the distribution of log-hours
worked is countercyclical. In terms of aggregate dynamics, I find a striking irrelevance result: The
business cycle fluctuations of all macroeconomic variables (i.e., aggregate output, consumption,
investment, hours worked, and capital) are exactly the same under private information as under
full information. Once the information frictions are dealt with in an optimal way, they have no
implications for the aggregate dynamics of the economy.

For more general preferences, analytical results are no longer available and the model must
be solved for numerically. However, I obtain the same basic irrelevance result for all the CRRA
preferences that I consider: The stationary behavior of all macroeconomic variables in the econ-
omy with private information is numerically indistinguishable from the same economy with full
information. This is true even though the cross-sectional distributions of promised values, instead
of shifting horizontally over time, now changes its shape.

The basic reason why the irrelevance result holds exactly under logarithmic preferences is
that the Inverse Euler equations, which characterize the optimality conditions under private in-
formation, become linear. When these equations are then integrated across the cross-sectional
distribution of agents, the Euler equations of the full-information representative-agent economy
are obtained. As a consequence, all aggregate variables become the same under full and private
information. With more general preferences, this exact aggregation result does not hold because
Jensen’s inequality works against it. However, with i.i.d. idiosyncratic shocks, the cross-sectional
amount of heterogeneity generated is so small that the adjustments due to Jensen’s inequality
become negligible, and an approximate aggregation result is obtained.

The paper is organized as follows. Section 2 discusses the related literature. Section 3 builds

intuition for the main results in the paper by analyzing a simple static economy. Section 4 describes



the results for the full dynamic economy. Finally, Section 5 concludes the paper.

2 Related Literature

This paper is closely related to previous work in the social insurance and dynamic public finance
literatures (e.g., Atkeson and Lucas (1992), Green (1987), Golosov et al. (2007), Farhi and Werning
(2012)). However, interactions with aggregate fluctuations have been mostly neglected in the
literature. Notable exceptions are Phelan (1994), da Costa and Luz (2018), Werning (2007),
and Scheuer (2013). Phelan (1994) considered a production economy without capital, hidden
actions, i.i.d. aggregate shocks, and unobservable i.i.d. idiosyncratic shocks. Under assumptions
of CARA preferences and agents facing a constant probability of dying, he characterized the model
analytically and found two main results: that the cross-sectional distribution of consumption
levels depends on the entire history of aggregate shocks, and that there is a well defined long-
run distribution over cross-sectional consumption distributions. The Mirrlees RBC model in this
paper differs from Phelan (1994), not only because it has hidden types instead of hidden actions,
but because it has CRRA preferences and a neoclassical production function with capital and
persistent aggregate shocks. In terms of results, an apparent similarity between the papers is that
even in my model with logarithmic preferences, the cross-sectional distributions of consumption
and leisure depends on the entire history of aggregate shocks. However, this is only due to the
presence of capital. Without it, the cross-sectional distribution would depend only on the current
realization of aggregate productivity.

In fact, this lack of memory in the case of no capital and logarithmic preferences has already
been shown by da Costa and Luz (2018). In that paper, da Costa and Luz consider a finite
horizon version of Phelan’s economy in which agents have CRRA preferences and live as long
as the economy. Contrary to Phelan (1994), their cross-sectional distribution of consumption
becomes degenerate as the time horizon of the economy becomes large. Interestingly, da Costa
and Luz find that when log preferences are used, the cross-sectional distribution of consumption
does not depend on the entire history of aggregate shocks but only on the current realization.
However, when the elasticity of intertemporal substitution is different from one, the cross-sectional
distribution of consumption has memory of the past history. Relative to da Costa and Luz (2018),

a major contribution of the analysis of the logarithmic Mirrlees economy in this paper is that,



in addition to considering an economy with capital and persistent aggregate shocks, I am able to
provide a tight analytical characterization of the optimal contracts and an irrelevance result of the
information frictions for aggregate dynamics. Da Costa and Luz focus on the dependence of the
cross-sectional distribution on past aggregate shocks and they provide no comparisons of aggregate
dynamics under full and private information. For preferences different from the logarithmic case,
[ am able to compute solutions for infinite horizon economies.

Werning (2007) considered an RBC Mirrlees economy with different permanent types of agents,
in which the types are private information. Assuming separable utility functions, he provided a
sharp characterization of the optimal savings and labor wedges over the business cycle. In particu-
lar, he showed that savings wedges are always zero in the cross-section and over the business cycle.
In contrast, labor wedges are positive in the cross-section and, if the distribution of labor produc-
tivity is fixed across types, constant over time. The RBC Mirrlees economy in this paper differs
from his in that the source of the private information is not permanent types but idiosyncratic i.i.d.
shocks that change over time. Consequently, instead of having incentive compatibility constraints
only at time zero, here they must hold at every time period and history of idiosyncratic and ag-
gregate shocks. In addition to this difference in environments, Werning focused on characterizing
optimal wedges and not on the effects of the private information on aggregate dynamics.

Scheuer (2013) considered a static economy with different types of agents subject to idiosyn-
cratic and aggregate shocks. Individual output levels depend on the realizations of the idiosyncratic
and aggregate shocks, probability distributions over idiosyncratic shocks depend on individual ef-
fort levels and on the aggregate shock, and preferences depend on consumption and effort levels.
All these dependencies differ across agent types. While the agent types are public information,
effort levels are hidden. Scheuer shows that in a constrained efficient allocation, the ratios of
expected inverse marginal utilities between different aggregate shocks must be equalized across
the different types of agents. The rest of the paper is devoted to implementing the efficient al-
location as a competitive equilibrium with transfers and taxes on financial markets. In addition
to corresponding to a dynamic economy with hidden types instead of a static economy with hid-
den actions, the optimal allocation of my Mirrlees RBC model is not characterized by Scheuer’s
intratemporal condition because the underlying economy has ex-ante identical agents instead of
heterogeneous types. I don’t address the issue of implementability, but focus instead on the conse-

quences of private information for aggregate dynamics and on characterizing the optimal amount



of inequality over the business cycle (issues not considered by Scheuer).?

The irrelevance result in my RBC Mirrlees economy is related to others in the literature.
Krueger and Lustig (2010) considered an incomplete markets endowment economy with idiosyn-
cratic and aggregate shocks. The economy has a Lucas tree that yields a fraction of an aggregate
stochastic endowment, and a continuum of agents that receive idiosyncratic shocks to their shares
on the non-tree part of the aggregate endowment. Agents cannot insure against their idiosyn-
cratic shocks: They can only trade in a risk-free bond and on the Lucas tree, subject to solvency
constraints. Krueger and Lustig show that if preferences are CRRA, the aggregate endowment
follows a random walk, and the distribution of idiosyncratic endowment shares is independent of
the aggregate endowment shock, then there is no trade in the bonds market and only the stock
market operates. Moreover, the cross-sectional distributions of wealth and consumption are in-
dependent of the aggregate shocks, and the absence of insurance markets is completely irrelevant
for the aggregate risk premium. On the surface, these results are closely related to the irrelevance
result for the Mirrlees economy in this paper.> However, while Krueger and Lustig consider an
endowment economy, I consider a production economy. Thus, while the incomplete markets in
Krueger and Lustig (2010) cannot affect aggregate dynamics by assumption, I am able to address
the effects of information frictions on aggregate dynamics. Furthermore, the structure of equilib-
ria with incomplete markets is very different from those of constrained-efficient allocations under
private information, in which incentive compatibility constraints must be satisfied.

This difference is most clearly seen when comparing this paper with Werning (2015). Most of
Werning’s paper focuses on the demand side of a deterministic Bewley-Huggett-Aiyagari incom-
plete markets model with a fixed outside asset, and shows that under certain conditions, aggregate
consumption and interest rates are related by the Euler equation of a representative agent. How-
ever, this representative agent does not correspond to the one obtained under complete markets
(in particular his discount factor depends on the amount of idiosyncratic uncertainty while the

complete markets representative agent does not). As a result, aggregate consumption levels dif-

2In principle, the implementation with non-linear taxes in Albanesi and Sleet (2006) could be extended to the

stochastic optimal allocation of my Mirrlees economy.

3However, my irrelevance result does not require aggregate consumption to follow a random walk, only log

preferences.



fer under incomplete and complete markets.* By comparison, in this paper I provide conditions
under which aggregate allocations are identical under private or full information.® In the last
section of his paper, Werning introduces capital accumulation and aggregate shocks, and provides
a full irrelevance result for an RBC economy that is closely related to the one in this paper. In
his economy agents value consumption, dislike working, and receive idiosyncratic shocks to their
labor productivity. Agents can save in capital but cannot borrow. There are spot markets for
labor and capital that are used by firms as inputs to a production function, subject to aggregate
productivity shocks. For this economy, Werning shows that if agents value consumption according
to log preferences, their disutility of labor supply is isoelastic, the depreciation rate of capital
is equal to one, and the production function is Cobb-Douglas, then the aggregate dynamics of
capital and labor are identical to their counterparts under complete markets. In this equilibrium,
aggregate hours worked are constant over time. Moreover, if the initial distribution of wealth is at
an invariant steady state, the cross-sectional distributions of consumption and hours worked are
also constant over time. In contrast, the irrelevance result in my paper is obtained under any neo-
classical production function and depreciation rate of capital; and it holds even though aggregate
hours worked and the cross-sectional distribution of hours worked fluctuate over time. The only
requirement is that preferences be logarithmic with respect to consumption and leisure. The sharp
differences between the conditions needed to obtain the irrelevance results in Werning (2015) and
in this paper point to the fundamentally different structures of equilibria with incomplete mar-
kets and of constrained-efficient allocations under private information. Neither irrelevance result
reduces to the other.

The work that is most closely related to the irrelevance result in my paper is Farhi and Wern-
ing (2012). Fahri and Werning consider a very similar Mirrlees economy, except that it has no

aggregate productivity shock, idiosyncratic shocks are persistent, and the social planner is only

4‘However, if the amount of idiosyncratic uncertainty is constant over time, Werning argues that the responses
of aggregate consumption to changes in interest rates are the same under incomplete and complete markets. This

is a potentially useful result that could greatly simplify the analysis of aggregate dynamics in different contexts.

®The aggregate allocations under private and full information coincide with those of a common representative
agent. If the social planner uses a different social discount factor than the private discount factor, then this
representative agent has time varying discount factors (even though the amount of idiosyncratic uncertainty is

constant over time). However, this is completely unimportant for the irrelevance result.



allowed to optimize with respect to the consumption allocations (labor allocations are taken to
be beyond the planner’s control). Starting from the steady state of a Bewley economy, Fahri and
Werning perform the dynamic public finance experiment of evaluating the welfare gains associated
with moving to an optimal consumption plan. They show that when preferences are logarithmic in
consumption, along the transitionary dynamics of the model all aggregate variables behave exactly
the same as in the representative agent of the full information case. Thus, my irrelevance result
in this paper can be seen as extending Fahri and Werning’s result to allow the social planner to
optimize with respect to labor as well as consumption and to do so in an environment subject to

aggregate uncertainty.’

3 A static economy

This section analyzes the optimal provision of social insurance and incentives in a simple static
economy. The purpose is to build intuition towards one of the main results in the paper: The
irrelevance of private information for aggregate allocations in the case of logarithmic preferences.

The economy is populated by a unit measure of agents with preferences given by
E{u(c)+an(l—h)}

where ¢ is consumption, h is hours worked, « is the idiosyncratic value of leisure and u and
n are continuously differentiable, strictly increasing and strictly concave utility functions. The
idiosyncratic value of leisure « takes two possible values: o and ag, with a;, < ay. Realizations of
a areii.d. acrossindividuals and are distributed according to a distribution function ¥ = (¢, ¥y).
A key assumption is that « is private information of the individual.

Output is produced according to the following production function:
Y =e*F(H),

where Y is aggregate output, H is aggregate hours worked and F' is continuously differentiable,

strictly increasing, concave and satisfies the Inada conditions.

6Contrary to Farhi and Werning (2012), the transitionary dynamics in my Mirrlees RBC economy coincide with
those of a representative agent economy only if the agent’s preferences shift over time in a particular way. This
is due to the overlapping generations structure (introduced to obtain a stationary distribution of agents) and only

happens if the social planner discounts the future with a discount rate that is different from the agents’.



A social planner decides utilities of consumption u, and utilities of leisure n, as functions of

the reported value of leisure a,.” The mechanism design problem is the following:

max Z [us + agng) g (3.1)

subject to

> ut (ug) s < € F(H), (3.2)

H< Y [L=n"(n,)] s (3.3)
ur, +arny, EUH—FOZLTLH, (34)

where equation (3.2) is the aggregate feasibility constraint for the consumption good, equation
(3.3) is the aggregate feasibility constraint for hours worked and equation (3.4) is the binding
incentive compatibility constraint.®

The unique solution to this problem satisfies equations (3.2)-(3.4) and the following first order

conditions:
0=y — A@m 1 (3.5)
0 = vy — A@W Y (3.6)
0=y — Aqﬁm Fag, (3.7)
0= oty — Mt — (3.8)
) 39)

where A\, \g, and A{ are the Lagrange multipliers of equations (3.2), (3.3) and (3.4), respectively,
and where ¢, = ™! (uy) and 1 — hy = n~! (ny).
Observe that from equations (3.6) and (3.8) we have

1 B 1 (ag —ap) A
T (1—hyg) U (cm) * Ay '

"I formulate the planning problem in terms of utilities of consumption and leisure (instead of consumption and
leisure levels) in order to obtain a convex feasible set, which is crucial for characterizing the solution using first

order conditions.

8Tt can be shown that the truth-telling constraint for an agent with the high value of leisure will not be binding

under the optimal allocation.



Hence,

(3.10)

Since the marginal rate of substitution of leisure for consumption is less than the shadow wage
rate ¢, it follows that under an optimal plan agents with the high value of leisure are “taxed” their
labor supply. On the contrary, from equations (3.5) and (3.7) we have that
n' (1 —hr)

7o) (3.11)

q=qy

That is, the labor supply decision of agents with the low value of leisure is undistorted.
Consider now the social planner problem of this same economy but under full information.
This problem is to maximize equation (3.1) subject to equations (3.2) and (3.3). Setting £ = 0 in

equations (3.5)-(3.9) we get that the optimal allocation under full information satisfies:

C*=¢e*F(H"), (3.12)
H* = hiyr + hytm, (3.13)
o= (CY), (3.14)

1

Xk 1
0=ay —Nyq A=) (3.16)
¢ = e F'(H"). (3.17)

That is, under full information agents’ consumption is fully insured and hj; < hj.

A crucial question is under what conditions the aggregate allocation of the full information
economy (C*, H*) is identical to that of the private information economy. To see this, lets try to
seek a solution to equations (3.2)-(3.9) that satisfy that H = H*. In fact, in doing so it will be

convenient to rewrite those equations as follows:

cLpr + cupy = C° (3.18)

hpr +huyw = H” (3.19)

uler)+apn(l—nhp)=u(cy)+arn(l—hy) (3.20)
1

0=1p— /\ml/)L + A&, (3.21)

10



1 1
b2 {u AR <cH>¢H] (3:22)
0=oarpr — Aq*M@h + arAg, (3.23)
71 1 . 1 1
ol me + m%{] =q [m@h + m%{ (3.24)

where & = aYr, + agy and where, using equations (3.9) and (3.17), ¢ has already been substi-
tuted by ¢*. Observe that equation (3.22) is obtained by adding equations (3.5) and (3.6), and
that equation (3.24) is obtained by adding equations (3.7) and (3.8) and using (3.22).

Equations (3.18)-(3.24) form a system of 7 equations in 6 unknowns: cr, ¢y, hr, hy, A and
&. As a consequence, a solution will generally not exist. In particular, suppose that we have a
solution (cr, ¢y, hr, hu, A\, §) to equations (3.18)-(3.23). Then, generally equation (3.24) will not
be satisfied. However, there is an exception: when 1/’ is a linear function of ¢ and 1/n’ is a linear

function of 1 — h. Observe that in this case equation (3.24) reduces to

_ 1 . 1
R (cLr + cutm) T (1— hitor — hatom) (3.25)

and, using equations (3.18) and (3.19), to the following:

_ 1 . 1
a @ =d - (3.26)

But this equation is guaranteed to hold since C* and H* correspond to a solution of the full
information planning problem. To see this, multiply equation (3.15) by . and equation (3.16)
by ¥, add them and use equation (3.14) to get:

Loy,
v v a =)t T v a—ny)

Equation (3.26) now follows from equation (3.27) and the linearity of 1/n’.

«a

Vu| - (3.27)

This argument has established that logarithmic functional forms for both u and n are gener-
ally needed to get identical aggregate allocations under private and full information. Moreover,
equation (3.26) indicates that under logarithmic preferences the aggregate allocation of the private
information economy coincides with the aggregate allocation of a representative agent model with
preferences given by

In(C)+aln(l-H).

11



Furthermore, from equations (3.12), (3.17) and (3.26) it can be verified that aggregate hours
worked H* are independent of aggregate productivity 2z (a standard result under separable and
log of consumption preferences). In addition, equations (3.2)-(3.9) imply that h; and hy are
independent of z while ¢;, and ¢y vary proportionately with it. It follows that the cross sectional
variances of log-hours worked and of log-consumption levels are independent of z.

It is also useful to observe from equations (3.14), (3.18) and (3.22) that under logarithmic
preferences A = A\*. From equations (3.5), (3.6), (3.14) and the concavity of u we then see that
cy < C* < ¢p. From equations (3.7), (3.8), (3.15), (3.16), the concavity of n and the fact that
q = q* we also see that 1 —h; < 1—h7 and that 1 —h} <1—hp. Since, 1 —h} < 1— h}; if follows
that under private information agents not only receive less insurance in terms of consumption levels
but also in terms of leisure. Thus, while under logarithmic preferences aggregate allocations are
identical in the private and full information cases, there are key differences in terms of individual

allocations.

4 The dynamic economy

The previous section showed that when preferences are logarithmic (both in consumption and in
leisure), that the presence of private information becomes irrelevant for the optimal aggregate al-
location of a static economy. In what follows I explore if this irrelevance result can be extended to
a dynamic setting. There are three reasons for doing this. First, a static economy with logarithmic
preferences is quite uninteresting from a macroeconomic point of view since, as was previously men-
tioned, aggregate hours are not affected by the realization of aggregate productivity. Second, in a
dynamic setting the social planner uses intertemporal rewards and punishments to induce truthful
revelation in addition to the intratemporal elements already present in a static environment. It is
unclear whether logarithmic preferences will be able to jointly aggregate these intertemporal and
intratemporal margins into those of a representative agent economy with full information. Third,
even if private information under logarithmic preferences plays no role for aggregate allocations
it seems important to characterize the cyclical behavior of the optimal amount of cross-sectional
inequality in consumption and hours worked within the realm of a realistic business cycle model.
The reason is that the presence of private information may be able to shed light on certain cross-

sectional cyclical observations that a representative agent model is not able to address. For these

12



reasons, this section incorporates the private information structure of the previous section into a
standard real business cycle model and characterizes its optimal allocation.

The economy is populated by a unit measure of agents subject to stochastic lifetimes. Whenever
an agent dies he is immediately replaced by a newborn, leaving the aggregate population level
constant.” The preferences of an individual born at date T" are given by

0
Er {Z BTt [u(¢)) + oyn (1 — ht)]} , (4.1)
t=T
where o is the survival probability, 0 < § < 1 is the discount factor, oy € {ay,...,ag} is the
idiosyncratic value of leisure, and v and n are continuously differentiable, strictly increasing and
strictly concave utility functions. Realizations of a; are assumed to be i.i.d. both across individuals
and across time, and private information. The probability that a; = a is given by ;.

Output, which can be consumed or invested, is produced with the following production func-

tion:

Y, = e F (K1, Hy),

where Y; is output, z; is aggregate productivity, K, i is capital, H; is hours worked, and F' is a
neoclassical production function. The aggregate productivity level z; follows a standard AR(1)
process given by:

Zi41 = P2+ Eiq,
where 0 < p < 1 and ;47 is normally distributed with mean zero and standard deviation o..

Capital is accumulated using a standard linear technology given by
Kt - (1 - 5) Kt_l + It,

where [; is gross investment and 0 < 0 < 1. The initial values of zy and K_; are given.

4.1 Recursive mechanism design problem

This section provides a recursive formulation to the problem of a social planner that seeks to
maximize utility subject to incentive compatibility, promise keeping and resource feasibility con-

straints. In order to do this it will be important to distinguish between two types of agents: young

9As in Phelan (1994), the stochastic lifetime guarantees that there will be a stationary distribution of agents

across individual states.
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and old. A young agent is one that has been born at the beginning of the current period. An old
agent is one that has been born in some previous period. The social planner must decide recursive
plans for both types of agents. The state of a recursive plan is the value (i.e., discounted expected
utility) that the agent is entitled to at the beginning of the period. Given this promised value,
the recursive plan specifies the current utility of consumption, the current utility of leisure, and
next-period promised values as functions of the value of leisure currently reported by the agent.
The social planner is fully committed to the recursive plans they choose and agents have no outside
opportunities available.

A key difference between the young and the old is in terms of promised values. Since during the
previous period the social planner has already decided on some recursive plan for a currently old
agent, the planner is restricted to delivering the corresponding promised value during the current
period. In contrast, the social planner is free to deliver any value to a currently young agent
since this is the first period they are alive. Reflecting this difference, I will specify the individual
state of an old agent to be their promised value v and their current value of leisure s (similarly to
Section 3, I will refer to the value of leisure g by its subindex s). At date ¢, their current utility
of consumption, utility of leisure, and next-period promised value are denoted by w,s; (v), npst (V)
and w,s 11 (v), respectively, where w,s ;11 (v) is a random variable contingent on the realization
of 24119 In turn, the individual state of a young agent is solely given by their current value of
leisure s. At date ¢, the agent’s current utility of consumption, utility of leisure, and next-period
promised value are denoted by s, nyse and wy, +41 respectively, where wy, ;41 is also contingent
on the realization of 2.

The aggregate state of the economy is given by the triplet (z;, K;_1, j1;), where z; is the aggregate
productivity level, K;_; is the stock of capital, and pu,; is a measure describing the number of old
agents across individual promised values v. The social planner seeks to maximize the weighted
sum of welfare levels of current and future generations of young agents (the welfare levels of old

agents are predetermined by their promised values at the beginning of the period). In recursive

107 follow the convention that a variable is dated ¢ if it becomes known at date ¢.
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form, the planner’s problem at t > 1 is given by!!

‘/t (Zt> thla ,ut) = max {(1 - U) Z [uyst + asnyst + BUEt (wys,tJrl)] ws + eEt [V;Jrl (ZtJrla Kta ,utJrl)]

(4.2)

subject to:

(1 —=0) ) e (uys) s + /ZC (Uost (V) sdpy + Ky — (1 = 0) Kyy < € F(Ky1, Hy),  (4.3)

H< (U= 0) S ) bt [ SR (o (0) budp (4.4

uyst + Oésnyst + 60Et [wys,tJrl] 2 uyjt + asnyjt + 5O—Et [wyj,tJrl] ) (45)
Uopst (U> + A sNopst (U) + ﬂaEt [wos,tJrl (U)] Z uojt (U) + asnojt (U) + ﬁO-Et [woj,tJrl (U)] 9 (46)
V= Z {uost (U) + QsTpst (U> + ﬁO-Et [wos,t—i-l (U)]} 1/187 (47)

s (B) =0y | b+ (1—0)o S (45)
s {’U: wos,Hl(v)EB}

s: wys,t+1€8B

where E; denotes expectation conditional on z; and fo < 6 < 1 is the welfare weight of the
next-period generation relative to the current-period generation. Equation (4.3) describes the
aggregate feasibility constraint for the consumption good. It states that the total consumption of
young and old agents, plus aggregate investment cannot exceed aggregate output.'? Equation (4.4)
is the aggregate labor feasibility constraint. It states that the input of hours into the production
function cannot exceed the total hours worked by young and old agents. Equations (4.5) and (4.6)
are the incentive compatibility constraints of young and old agents, respectively, and must hold for
every (s, 7). Equation (4.7) is the promise keeping constraint. It states that the recursive plan for
an old agent with promised value v must provide him an expected utility equal to that promised
value. Finally, equation (4.8) is the law of motion for the measure of old agents across promised
values. It states that the number of old agents that at the beginning of the following period will

have a promised value in the Borel set B is given by the sum of two terms. The first term sums

1 Actually, the planning problem described here has a recursive structure and, therefore, the time subscripts of

all variables could be removed. The advantages of leaving them explicitly will become apparent below.

12Qbserve that, given the constant probability of dying 1 — o and the immediate replacement with newborns,

the number of young agents in the economy is always equal to 1 — o.
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all currently old agents that receive a next-period promised value in the set B and do not die.
The second term does the same for all currently young agents. Observe that since next-period
promised values wos 41 (v) and wys 41 are contingent on the realization of next-period aggregate
productivity z;.1, that the same is true for the measure fi;,1.

Since the objective function in equation (4.2) is linear and increasing and equations (4.3)-(4.8)
define a convex feasible set, the solution to the social planning problem starting from any initial
(21, Ko, pt1) is unique. This solution satisfies equations (4.3)-(4.8) and the following first order

conditions:

ws - ¢s + Z éysﬁ Z gy]sta (49)

C

0= C;_j¢ G~ W (1 — hysr) ws + Z sysjt — Z &yt (4.10)
. po Att1
- _ws - 90 )\ 770 t+1 (wys,tJrl) % + 50 Z fysjt - 60' Z ’Syjsta (411)
J J
0= U [ ost ws + Z gosﬁ Z SO]St + Not (U ( ) wsa (412)

1
0 =~ n/ [1 o host (U)] ws + ; Oésfosgt Z Oéjéogst + Tot (U ( ) Oéswsa (413)

At
O - _00-_—’_1770,15—&—1 [wos,t-l-l (U)] ws + 60- Z gosjt 60- Z foyst + Banot ( ) ¢57 (414)

At
0= €ZtFH (Kt717 Ht) — {4, (415)
A
0=—1+0E, { S e e (K, Hin) +1 - 5]} , (4.16)
t

where A, Aqe, M&ysits Mosje (v) and Ayny (v) are the Lagrange multipliers of equations (4.3)-(4.7),
respectively.

From equations (4.12)-(4.13) we have, for every s, that

1 1 1
U= o ]~ W e @] o ; (s — ) oot (V) - (4.17)

Since the last term of this equation is generally different from zero and ¢, satisfies equation (4.15),
it follows that the labor supply decision of old agents is generally distorted (i.e. there is a wedge

between the marginal product of labor and the marginal rate of substitution of old agents).
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From equations (4.12), (4.14), and (4.16) we get, for every s, that

W [eo (0)] = BE: & [ Fye (Ko, Hyoy) 41— 6 [Z 1 (v)]d}s] | (4.18)

/
s (4 [Cos,t—l—l

a relation known in the Dynamic Public Finance literature as the Inverse Euler equation. Applying

Jensen’s inequality to equation (4.18) we get that

u' [cost (V)] < BE; {(ezt“FK (Ko Hin) +1=6) )t [Cos i (v)] 1/13} 7 (4.19)

with strict inequality whenever ¢, 41 (v) varies across s. That is, in general there is a wedge in
the intertemporal Euler equations of old agents. Using equations (4.9)-(4.11) we derive similar
relations to equations (4.17) and (4.18) but for young agents. We conclude that, irrespective of
being young or old, under an optimal allocation agents have their intratemporal and intertemporal

margins distorted. Therefore, individual allocations differ from the full information case.

4.2 An irrelevance result under logarithmic preferences

The previous section described the mechanism design problem in recursive form. However, date
0 is special because it has no ongoing recursive plans in place on which promised values must be
delivered. As a consequence, all agents at date 0 must be treated as young. The date-0 mechanism

design problem is thus given by

max {Z [Uyso + Qsnyso + BoEy (wys1)] s + 0EgVi (21, Ko, Ml)} (4.20)
subject to
D e (tys0) the + Ko — (1= 0) K_y < e F [K_y, Ho) , (4.21)
Hy <> hi(nyso) s, (4.22)
Uyso + QsNyso + BoEy [Wysa] > uyjo + asngo + BoEq [wy;1], for every (s,j), (4.23)
m(B)=o0 > (4.24)
s wys1EB

where V) is the value function in equation (4.2) at t = 1, and (2o, K_1) are taken as given. The
solution to this problem satisfies equations (4.3)-(4.16) for t > 1, equations (4.21)-(4.24), and
equations (4.9)-(4.11) and (4.15)-(4.16) for t = 0.
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By contrast, consider the following non-stationary representative agent planning problem:

max F {Z@ u(Cy) +an (1 - Ht)]} (4.25)

subject to:

Ct -+ Kt — (1 - (5) Kt—l S et F (Kt—b Ht) . (426)

where ¢; > 0 is a deterministic preference shifter with positive limit and (z9, K_1) is taken as

given. Its solution is characterized by equation (4.26) and the following first order conditions:

an’ (1 — Hy) = ' (Cy) e* Fy (Ky_1, Hy) , for t >0, (4.27)

oo+ {u' (Crs1) }
1= B s b (K H ) 41— 6] for £ > 0. 4.28
o2t { O (o (1, i) + 1 (129

In what follows I show that when v and n are both logarithmic, the optimal aggregate allocation
of the economy with private information coincides with the solution to the representative agent
planning problem (4.25) under a particular sequence {¢;},- .

Adding equation (4.9) across all s (which cancels all the Lagrange multipliers &,;;), adding
equation (4.10) across all s (which cancels all terms «a;,s;:) and equating gives the following
intratemporal condition:

1 _ 1
it~ Tt »

Also, adding equations (4.12) across all s (which cancels all the Lagrange multipliers &,;; (v)),
adding equation (4.13) across all s (which cancels all the terms a,&,s5: (v)) and equating gives the
following intratemporal condition:

@)y - . 2ost =a Z (4.30)

Cost
s

Under logarithmic v and n, the intratemporal condition (4.29) becomes linear and we have for
t > 0 that
¢ (1 - H/) = aCy, (4.31)

where HY = Y hyqt)s is the average hours worked of young agents and CY = > c,qt)s is
the average consumption of young agents. Also, under logarithmic v and n, the intratemporal

condition (4.30) becomes linear. Integrating across old agents we have for ¢ > 1 that

¢ (1 — Hp) = aCy (4.32)
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where H? = X f > s Post (V) Ysdpy is the average hours of old agents and Cy = = f > s Cost (V) Ysdpny
is the average consumption of old agents.

Since aggregate consumption is given by

(1-0)C} 4+ 0Cy?, for t > 1,
C§, for t =0,

Ct:

and aggregate hours worked are given by

(1—0)H! +0H?, fort > 1,
H{, for t =0,

Ht:

from equations (4.31) and (4.32) we have that

which is the representative agent intratemporal condition (4.27) under logarithmic preferences,
once equation (4.15) is used.
Deriving the representative agent intertemporal Euler equation (4.28) is somewhat more in-

volved. First, observe that adding equations (4.9) and (4.11) across all s gives

1 1
i < 4.34
At Zs: u' (Cyst)w (4.34)
o )\
B = tH Znot—i-l wyst+1 (O (4-35)

and that adding equations (4.12) and (4.14) across all s gives

" Cost (U)]

Mot (V) =D u[;% (4.36)

/\t
Bone (v +1 Zno 141 [Wos 141 (V)] Vs (4.37)

From equations (4.8), (4.35) and (4.37) we then have that

/ﬁo,tﬂ (U) ditgr1 = © / Z To,t+1 [wos,t+1 (U)] pedpy + (1 - 0) o Z Mo, t+1 (wys,t+1) P

A fo / Bo
= 7 o du; + (1 — fort>1 4.38
O ?7t( ) Mt ( U) s ( )
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and from equations (4.24) and (4.35) we have that

/ Mot (V) Aty = 0 Y oy (wya) s = 5—;1. (4.39)

Let {p;},~, be defined as follows:

_ b
pr = 9
Pry1 = %pt +(1—o0) 5070, for t > 1. (4.40)

From equations (4.38) and (4.39) it follows that

Pt = )\t/not (v) dpy, for t > 1.
Under logarithmic u, from equations (4.34) and (4.36) we have

1
cy = —, fort>0,
i

1
cy = —/nt(v)dut, for t > 1.
o

Then, the ratio of the average consumption of old agents to the average consumption of young

agents is given by
Cy o m)dp 1
Lt =0y - " :—pt,fortzl,
cy A% o
and, consequently,
C;  (1-0)C¢+0C;  (I—0a)+p CY  (1—0)+p An
Cor1 (1=0)Cli+0CY  (1—0)+pnClhy (L—0)+pu1 A
Also, observe that

Co (0/4 1 1 1 A\

fort > 1. (4.41)

Co _ _ I Y 4.42
Ci (1—0)C{4+0C¢ (1—=0)CY+pmCiNg  (1—0)+p1 o (442)
Defining {¢;},, as
1, fort =0
Or = (4.43)
(1—0)+pg, fort > 1,
equations (4.41) and (4.42) can then be written as
A
S ) (4.44)

Ci1 ¢ N
From equations (4.16) and (4.44) it follows that, when w is logarithmic, the intertemporal Euler
equation of the representative agent (4.28) holds for ¢ > 0. Since equations (4.3) and (4.21) imply
equation (4.26), I have thus established the following Lemma:
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Lemma 1 Suppose that w and n are logarithmic. Define ¢ = {¢,},2, as in equations (4.43) and
(4.40). Then, the optimal aggregate allocation of the economy with private information is

identical to the optimal allocation of the representative agent economy with preference shifters ¢.

Observe that the optimal allocation of the full information economy can be obtained by drop-
ping the incentive compatibility constraints (4.5), (4.6) and (4.23), and setting &,s;; and st (V)
to zero in all first order conditions. Also observe that none of those incentive compatibility con-
straints or positive values for £,s;; or &t (v) were used in the derivations of equations (4.33) and

(4.44). I thus have a second important result:

Lemma 2 Suppose that w and n are logarithmic. Define ¢ = {¢,},2, as in equations (4.43) and
(4.40). Then, the optimal aggregate allocation of the economy with full information is identical

to the optimal allocation of the representative agent economy with preference shifters ¢.

In addition, since the optimal aggregate allocations of the economy with private information

and the economy with full information are equal to the same object, I have the following Corollary.

Corollary 3 Suppose that u and n are logarithmic. Then, the optimal aggregate allocation of the
economy with private information is identical to the optimal aggregate allocation of the economy

with full information.

This Corollary provides a strong irrelevance result: Under logarithmic preferences and i.i.d.
shocks, the information frictions play no role for aggregate dynamics. The information frictions
affect individual allocations since agents are not fully insured and suffer from the lack of insurance.
However, this has no effect whatsoever on aggregate variables.

The reason why the allocations of the private information and full information economy do not
aggregate to a representative agent economy with stationary preferences (and preference shifters
are generally needed) is because the social planner is allowed to discount the welfare of future
generations at a different rate than private agents discount future utility. In fact, if we set the
relative Pareto weight 6 to the private discount factor § we see from equation (4.40) that p; = o for
all t > 1 and from equation (4.43) that ¢, = 1 for all ¢ > 0. That is, in this case the representative

agent economy has standard stationary preferences.
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Observe that independently of the value of 6, from equation (4.40) we verify that p; converges
to a positive value and, therefore, that ¢, converges to a positive value as well.'® Since it is well
known that the solution to the representative agent economy with stationary preferences (constant
¢¢) converges to a stationary stochastic process, I can say the same about the aggregate optimal
allocations of the economies with private and full information (using Lemmas 1 and 2). Thus, I

have the following result.

Corollary 4 Suppose that u and n are logarithmic. Then, the aggregate optimal allocations of the
economies with private and full information converge to a stationary stochastic process. Moreover,
this stationary process is the one associated with a representative agent economy with stationary

preferences (zero preference shifters).

4.3 Cross-sectional heterogeneity under log preferences

The previous section showed that private information is irrelevant for aggregate business cycle
fluctuations when preferences are logarithmic. However, even in this case the lack of perfect
insurance generates endogenous heterogeneity across individual agents that may help understand
cross-sectional features of the business cycle that economies with full information cannot address.
This is particularly interesting since logarithmic preferences represent a benchmark case in the
RBC literature (e.g. Cooley and Prescott (1995)).

In order to study cross-sectional properties of the business cycle we need a sharper character-
ization of the private information optimal stationary allocation. The next Lemma provides such

characterization.

Lemma 5 Suppose that u and n are logarithmic. Define AlnX\; = InA; — In\* and Alng, =
Ing; — Ing*, where \* and q* are the deterministic steady state values of \; and q;, respectively.

Then, the stationary solution to the private information planning problem satisfies, for every s,

13Recall that # was assumed to be greater than So.
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that

*
Uyst = UyS—AIII)\t

-
N
Ot

=~
W
D

Nyst = Ny — Aln —Alng

TN
o
e N S N N~ N~

1
Wyst+1 = w;;s — g (A In )\t+1 + A7Tt+1)

Upst (V) = ul,+bv+ Amy

—~ o~ o~ o~~~

Nest (V) = mi,+bv+ Amp— Alng, 4.49
1
Wos,t+1 (U) = w:s + v — E (A In )\t+1 -+ AT(tJrl — Aln )\t — A’/Tt) 4.50
where 0 < b = 1+a < 1 and Am; is given by
Am = —BoAln ) + (1= B0) Y (80)° B [AlnMi] +ba Y (B0)" By [Alngi] .
k=1 k=0

Proof: These functional forms satisfy all constraints and first-order conditions.

Equations (4.45)-(4.47) indicate that for young agents the utility of consumption, the utility
of leisure, and next-period promised values shift over the business cycle by amounts that are inde-
pendent of the reported type. Equation (4.48) states that all u,s (v) are linear parallel functions
that shift vertically over the business cycle by amounts that are independent of the reported type.
While equations (4.49) and (4.50) show that the same is true for the utility of leisure and next-
period promised values, the slopes of all wes 41 (v) are equal to one. Thus, promised values follow
a random walk process with innovations that depend on the realization of the idiosyncratic and
aggregate shocks.!®

I now turn to characterize the behavior of the cross-sectional distributions of promised values,
consumption levels and hours worked implied by the optimal allocation rules described in Lemma

5. Observe, from equations (4.8) and (4.50) that for every interval (aj,as) the steady state

14Gee the Technical Appendix for a complete proof.

5Even with no aggregate fluctuations, promised values follow a random walk. However, contrary to Atkeson
and Lucas (1992), an immizerizing result is not obtained because of the stochastic lifetimes. As people die and are
replaced by young agents, there is enough “reversion to the mean” in promised values that an invariant distribution
is obtained (see Phelan 1994). The immizerizing result actually applies within each cohort of agents: Within each

cohort the distribution of promised values spreads out over time.
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distribution p* satisfies that:
(a1, a2)] = 021/}5 —wi,ay—wi )]+ (1—0)o Z V5. (4.51)
s: w;se(ahaz)
Define
A ln )\t + Aﬂ't

From equations (4.8), (4.47) and (4.50) we have that for every interval (a; — Ayyq, a0 — Ayyq):
pr [(ar = Apy a0 — Agy)] = Uzwsﬂt ar — Ay — wg, a3 — Ay — wy,)]
+(l-0)c > (4.53)
st wZSE(al,ag)

From equations (4.51) and (4.53) it then follows that for every interval (ay, as):

pe (a1 — Ay, ag — Ay)] = p* (a1, a2)] - (4.54)

That is, p; is merely a A; horizontal translation of the steady state distribution p*. In particular,
since promised values increase during a boom, p, shifts to the right during such an episode. We

thus have the following Lemma.

Lemma 6 The dispersion of the cross-sectional distribution of promised values is constant over

the business cycle.

Now let’s consider the associated behavior of the cross-sectional distribution ¢, of utilities of
consumption u;. From equations (4.45) and (4.48) we have that ¢, satisfies that for every Borel

set B,

= sd s-
; /{v: up,+bv+Am € B} d} pet * Z ¢

st oug —Aln)\ € B

It follows that for every interval (aq, as),

(.02 = 3 v (=) ©ow

and

i [(ag — Aln A, as — Aln Ay
ap —Aln )\ —u*, —Am, as — Aln )\, —u*, — Am
[T AT IR

stugg € (a1,a2)
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From equations (4.52) and (4.54) we then have that
o [(ar — Aln A, aa — Aln\)] = ¢*[(a1,a9)]. (4.55)

Thus, ¢; is also a Aln \; horizontal translation of the steady state distribution ¢*. Since w is

logarithmic, we then have the following Lemma.

Lemma 7 The dispersion of the cross-sectional distribution of log-consumption levels is constant

over the business cycle.

Finally, let’s turn to characterizing the behavior of the cross-sectional distribution (; of utilities
of leisure n;. From equations (4.45) and (4.46) we have that cyclical shifts in n, differ from the
cyclical shifts in u,, by the amount —Alng,. From equations (4.48) and (4.49) we also see that
Nost (V) 1s parallel to u,s (v) and that its vertical shifts differ from those in u,g (v) by the amount

—Aln ¢g. Following the same steps as those used to derive equation (4.55) we thus have that,

Gllar —Aln A — Alng,as — Alnd, — Alng)] = (" [(a1,a2)].

That is, ; is a Aln\; + Aln g horizontal translation of the steady state distribution ¢*. Since
the utilities of leisure decrease during a boom, it follows that (; shifts to the left during such an
episode.

Observe that the log of hours worked are related to utilities of leisure according to In(h) =
In(1—e€™). Since this is a strictly decreasing and strictly concave function of n it follows that when
the distribution of utilities of leisure shifts to the left, that the dispersion of the distribution of

log hours decreases. Thus, we have our last Lemma.
Lemma 8 The dispersion of the cross-sectional distribution of log-hours worked is countercyclical.

There is a considerable empirical literature analyzing the behavior of consumption and labor
income inequality over time. While most of the literature has focused on trends a few studies have
considered business cycle frequencies as well. Heathcote et al. (2010) is a recent example. A key
finding in that paper is that U.S. labor earnings inequality widens sharply in recessions and that
this is driven by an increase in labor supply inequality (since the cross-sectional distribution of

wages is not much affected). Krueger et al. (2010) reported similar findings for eight other countries
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considered in their study. This empirical evidence is broadly in line with the theoretical results
obtained in this section. In particular, Lemma 8 indicates that the model’s labor supply inequality
increases during recessions and, since all agents earn the same wage rate ¢, that this translates
into an increase in labor income inequality.'® The empirical evidence on the cyclical behavior
of consumption inequality is less clear. Summarizing the international evidence, Krueger et al.
(2010) reported that most recessions are accompanied by an uptick in consumption inequality that
is much smaller than the associated increase in earnings inequality. Focusing on the U.S. Great
Recession of 2007-2009, Krueger et al. (2016) found that consumption inequality increased during
that recession as well. However, using a structural factor model Giorgi and Gambetti (2017)
found that TFP shocks generate pro-cyclical movement in U.S. consumption inequality. Given
these opposing results it seems that the acyclical consumption inequality described in Lemma 7

represents a rough compromise between the different empirical studies.

4.4 General CRRA preferences

So far I have been able to provide an analytical characterization of the solution to the mecha-
nism design problem by assuming that preferences are logarithmic. However, when preferences
differ from this case such characterization is no longer possible and the model must be solved for
numerically. This is a challenging task: Not only one of the state variables to the social planner
problem, fi, is infinite dimensional but it is state-contingent (since next-period promised values
are contingent on the realization of the aggregate shock). This non-standard feature of the social
planner problem makes previous computational methods unsuitable for the task. Fortunately, in
Veracierto (2019) I introduce a general computational method that can handle this case without
difficulty, making it particularly useful for solving aggregate fluctuations of economies with pri-

vate information.!” It turns out that when this method is applied to the Mirrlees economy with

1Discussing labor income and wages actually requires specifying a decentralization. To fix concepts it may be
useful to consider a simple decentralization in which households have a continuum of members and all the dynamic
contracting is done within the family. Output is produced by competitive firms and the market structure consists

of spot markets for labor and capital, and a complete set of Arrow securities.

17 Aside for being able to solve equilibria of economies with private information, three other features that make

this computational method particularly attractive relative to other alternatives are the following: 1) it keeps track
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logarithmic preferences analyzed above, it reproduces all the analytical results exactly, providing
considerable confidence about its accuracy. In what follows, I use it to solve the case of more
general CRRA preferences. In particular, I consider preferences of the following form:

o0 1—k 1—m
T (1—h) " -1
ET{ZB i [ﬁ*at |

t=T

where k # 1 and ™ # 1. In terms of the production function, I assume a Cobb-Douglas specification
F(Kt*h Ht) = Kt’Yletlin

where 0 < v < 1.

I calibrate the model under different values of x and 7. In order to simplify computations,
I select the model time period to be one year and consider only two values for the idiosyncratic
shocks: ap and ay, with ap < ay. Following the RBC literature, I select a labor share 1 — ~ of

0.64, a depreciation rate d of 0.10, a private discount factor 5 of 0.96, a persistence of aggregate

2

2 equal to

productivity p of 0.95, and a variance of the innovations to aggregate productivity o
4 x 0.0072. The social discount factor 6 is chosen to be the same as the private discount factor
B. The values of leisure oy, and oy are chosen to satisfy two criteria: Aggregate hours worked H
equal 0.31 (a standard target in the RBC literature) and that the hours worked by old agents with
the high value of leisure and the highest possible promised value be a small but positive number.!8
The rationale for this second criterion is that I want to maximize the relevance of the information
frictions while keeping an internal solution for hours worked.!® The probability of drawing a high
value of leisure vy is chosen to maximize the standard deviation of the invariant distribution of
promised values. It turns out that a value of ¥y = 0.50 achieves this. In terms of the life-cycle
structure, I choose 0 = 0.975 to generate an expected lifespan of 40 years.

Before turning to the business cycle results, I describe different steady state features of interest.

In order to streamline the presentation I focus on the x = 2 and m = 2 case as an illustration

throughout most of the discussion, but present results for other cases when needed.

of the full distribution of agents across individual states as a state variable (no summary statistics), 2) it handles

irregular shapes for this distribution, and 3) it incorporates the distribution’s exact law of motion.
13The computational method requires working with promised values that lie in a closed interval.

9Table 1 describes the values for a;, and ay corresponding to the different combinations of (x, ) considered in

this section.
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In computations I represent the allocation rules uyst, nost and wes¢+1 as spline approximations
defined over 20 grid points for the promised value v. Figure 1 shows the invariant distribution
of promised values across the 19 intervals defined by the corresponding consecutive grid points.
While it is hard to see at this coarseness level, the distribution is approximately symmetrical.
More importantly, we see that the invariant distribution puts very little mass at extreme values.
In consequence, in what follows I report allocation rules only between the 6th and 16th grid points.
The reason is not only that there are too few agents at the tails of the distribution for them to
matter, but also that being close to the extremes greatly distorts the shape of the allocation rules.

While not apparent in Figure 1, the invariant distribution of promised values generates too
little heterogeneity. The standard deviations of the cross-sectional distribution of log-consumption
levels and log-hours worked are 0.04 and 0.41, respectively. This compares with values of 0.50 and
0.82 reported by Heathcote et al. (2010) for 1981 (the year of lowest consumption heterogeneity in
their sample).?® The reason for the small amount of heterogeneity is that there is no persistence
in the idiosyncratic shocks: The only way that the model can generate large deviations from the
mean is through long streams of repeated bad shocks or good shocks, and these are unlikely to
happen. Unsurprisingly, an unrealistic idiosyncratic shock process generates an unrealistic amount
of cross-sectional heterogeneity.?!

Figure 2.A reports the utilities of consumption for old agents u,r, (v) and w,y (v) across
promised values v, as well as those of young agents w,; and wu,y (which are independent of
v). Figures 2.B and 2.C do the same for the utilities of leisure and next-period promised values,
respectively. The basic economics behind these Figures is quite intuitive: When an agent (young
or old) reports a high value of leisure, the planner allows them to enjoy more leisure but, in com-
pensation, they receive less consumption and are promised worse treatment in the future. What
I am particularly interested here is in functional forms. We see that, similarly to the logarithmic
preferences case, the allocation rules are approximately linear over the relevant range of promised

values.?? However, contrary to the logarithmic case, the allocation rules are not parallel across

29Gee their Figures 10 and 13.

21For this reason, there is no point in reporting other features of the cross section, such as optimal labor and

capital wedges.

22 Although extending the domain of these functions to much lower values of v happens to make the existence of
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reported types. This is shown in Figure 2.D, which depicts the vertical differences across reported
types. We see that only for the utilities of consumption the differences u,g (v) — u,r (v) are con-
stant: The differences n,y (v) — nor, (v) are decreasing in v while the differences wog (v) — w,p, (V)
are increasing in v. Thus, the allocation rules do not have the same properties as in the logarithmic
case.

Although the allocation rules have different properties from the logarithmic case, the irrele-
vance result of private information for steady state dynamics is still obtained. This is shown in
Table 2, which reports for different values of (k,7) the deterministic steady state values of all
macroeconomic variables for the economies with private information and full information. We see
that in each parametrization, all variables are nearly identical in both information scenarios.

The discussion of business cycle dynamics that follows centers on the analysis of the impulse
responses of different variables to a one standard deviation increase in aggregate productivity. For
simplicity, I once again focus on the x = 2 and m = 2 case.?> Before turning to the behavior of
macroeconomic variables, I establish that the cyclical behavior of the cross-sectional allocation
rules is significantly different from the logarithmic case. For parsimony, I only do this for the
utilities of leisure (however, the utilities of consumption and next-period promised values are also
affected). Figure 3.A shows the impulse responses of the utility of leisure of young agents n,;, and
nyr. Far from being identical as in the logarithmic case, we see that the response of n,y is much
smaller than that of n,;. Figure 3.B shows the impulse response of the utility of leisure of old

agents with a low value of leisure n,., (v), at each of the eleven grid points (vj)JmG. While in the

logarithmic case these impulse responses overlap perfectly, we see that in the Kk = 2 and 7 = 2 case
the response of n,, (v) is larger at low values of v. As a consequence, n,r, (v) increases its slope
as it shifts down on impact, and then slowly reverts to its steady-state shape. Figure 3.B shows
the same for n,y (v). However, differently from the logarithmic case, we see that the response of
nop (v) is smaller than that of n,r (v).

Since the cyclical behavior of the cross-sectional allocation rules are significantly different from

the logarithmic case, it is not surprising that the cyclical behavior of the cross-sectional amount of

inequality is also quite different. This is shown in Figure 4.A. Similarly to the logarithmic case, we

non-linearities quite evident.

23Similar results are obtained in all the other cases.
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see that the amount of consumption inequality is constant. However, contrary to the logarithmic
case, the amount of hours inequality now increases with the aggregate shock and the dispersion
of the cross-sectional distribution of promised values decreases. Despite this, the information
frictions remain irrelevant for aggregate dynamics. Figure 4.B reports the impulse responses of all
macroeconomic variables in the economy with private information while Figure 6.C does the same
for the economy with full information. We see that both sets of impulse responses are identical.
Thus, similar to the log-log case, the stationary behavior of the aggregate variables of the economy
is not affected by the presence of information frictions.

The basic reason why the irrelevance result holds under more general CRRA preferences is
the small amount of heterogeneity that the model with i.i.d. shocks is able to generate. To see
this recall the proof of Lemmas 1 and 2 in Section 4.2. The proof showed that, under logarithmic
preferences, the inverse Euler equations that characterize the optimal allocation under private
information become linear. This allowed me to integrate the inverse Euler equations across all
individuals and obtain a relation between aggregate variables that coincides with the direct Euler
equation of the representative agent. When preference are CRRA, Jensen’s inequality breaks the
integration of the inverse Euler equations into an elemental relation between aggregate variables.
However, under i.i.d. shocks, the amount of cross-sectional heterogeneity is so small that the

correction from Jensen’s inequality becomes negligible.

5 Conclusions

The paper analyzed the effects of restrictions to risk sharing on macroeconomic dynamics when
these restrictions are not exogenously imposed but arise endogenously as the optimal response to
the presence of private information. For this purpose, the paper brought together two benchmark
models in the macroeconomics and information economics literatures, respectively: A real business
cycle model and a Mirrlees economy. In particular, the paper considered a RBC model in which
agents are subject to i.i.d. idiosyncratic shocks to their value of leisure and these shocks are private
information. In this framework the paper analyzed the mechanism design problem of maximizing
utility subject to incentive compatibility, promise keeping and aggregate feasibility constraints.
For the case of log-log preferences, which is a standard case in the RBC literature, the paper

obtained a sharp analytical characterization. In particular, the utility of consumption, the utility
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of leisure and next-period promised values are all linear functions of current promised values. Over
the business cycle these functions shift vertically in such a way that the distributions of promised
values and log-consumption shift horizontally while maintaining their shapes. However, consis-
tent with empirical evidence, the cross-sectional dispersion of log-hours worked is countercyclical.
A striking result of the paper is that under logarithmic preferences the business cycle fluctua-
tions of all macroeconomic variables are exactly the same under private information as under full
information.

For preferences other than the log-log case analytical results are no longer available. However,
numerical simulations indicate that the irrelevance result for aggregate dynamics still holds under
more general CRRA preferences: While the cross-sectional distribution of promised values now
changes its shape, the business cycle fluctuations of all macroeconomic variables are still unaffected
by the presence of private information.

The paper opens wide possibilities for future research. The analysis was done under i.i.d.
shocks, which admittedly are highly unrealistic. Considering the case of persistent shocks would
be essential for giving richer empirical content to the analysis. From a theoretical point of view it
would also be extremely interesting to see if the irrelevance result found in this paper extends to
that case.

Also, the paper compared the constrained-efficient aggregate fluctuations under private infor-
mation with those of the full information counterpart. This isolated the importance of the private
information for aggregate dynamics. However, it would be interesting to compare them with ver-
sions of the model with realistic financial markets and public policy in order to see how far from
their socially optimum fluctuations actual economies may be. One could also compare them to the
aggregate fluctuations obtained under optimal policy instruments restricted to belong to a certain

class, to see how close to achieving constrained-efficient outcomes those policy instruments may

be.
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Table 1

Idiosyncratic shock values

(k, )

(1,1 (1,2) (2,1) (2,2)

ay,

(6%;

1.643 1.394 1471 1.051
2177 2426 2.349 2.770
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Table 2

Steady state macroeconomic variables

(k,m) | Information Y C I H K
(1,1) Private 0.52381 | 0.39070 | 0.13311 | 0.30999 | 1.3311
Full 0.52381 | 0.39070 | 0.13311 | 0.31074 | 1.3311
(1,2) Private 0.42990 | 0.32065 | 0.10925 | 0.25441 | 1.0924
Full 0.42995 | 0.32069 | 0.10926 | 0.25444 | 1.0926
(2,1) Private 0.75151 | 0.56054 | 0.19097 | 0.44474 | 1.9097
Full 0.75168 | 0.56066 | 0.19101 | 0.44483 | 1.9101
(2,2) Private 0.64229 | 0.47907 | 0.16322 | 0.38010 | 1.6322
Full 0.64261 | 0.47931 | 0.16330 | 0.38029 | 1.6330
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Figure 1: Invariant distribution of promised values
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Figure 2: Steady state allocation rules
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Figure 3: Impulse responses for leisure utilities
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Figure 4: Cross-sectional distributions and macro variables
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6 Proof of Lemma 5

6.1 Representative agent economy with stationary preferences

For future reference it will be useful to characterize the solution to the representative agent plan-
ning problem given by equations (4.25)-(4.26), with ¢, = 1 and log preferences. In terms of our

redefined variables, this problem is the following:

max F {Z@t [u; + O_mt]}
t=0
subject to
e+ 1, < e F (K1, Hy)
Ht S 1—e™
K <(1-6)K;1+ 1
with (29, K_1) given.

The first order conditions are:

G = € Fy (K1, Hy) (6.1)

N = 0B, { i1 [ Fe (Ky, Hiyh) +1— 6]} (6.2)
1= \e™ (6.3)

= Aqre™ (6.4)

For any variable x; define Ax; = x; — x, where x is its deterministic steady state value. The

solution to the representative agent planning problem can then be characterized as follows:

G = " Fy (K1, Hy) (6.5)

A = GF, {eA N [ Fye (Ky, Hyr) +1— 0]} (6.6)
Ki=(1-8K_i+1 (6.7)

e"AMMeu [ — e* F (K,_1, Hy) (6.8)

H <1-— e~ AN\ —Alng n (6.9)

where u and n are deterministic steady state values for u; and n;, respectively.



6.2 First-order conditions for the private information economy

Under logarithmic preferences, the first order conditions become the following:

uyst + Oésnyst + BO-Et [wys,tJrl] 2 uyjt + Oésnyﬁf + 50-Et [wyj,t+1] ) (61())
0 = &ysjt [Uyst + Qsnyse + Bo Ly [Wys 1] — wyje — asnyjy — Bo By [wyji11]] (6.11)
0= 77Z)s - )‘teuykgt + Z )‘té.ysjt - Z /\tfyjst (612)
J J

0= Csts - )\tQtenySt + Z as)\tSijt - Z aj/\tfijt (613)

J J
0= Bos — 00 Aet1mop+1 (Wyse1) + Bo Z M&ysjt — Bo Z AeSyjst (6.14)

J J

Upst (V) + QsNost (V) + BOEy [Wos 41 (V)] > Uojt (V) 4+ asngje (V) + PO By [Woje41 (V)] (6.15)

0 = &osjt (V) [tost (V) + snost (V) + BOE) [Wos 141 (V)] — Ugje (V) — csngje (V) — BoEy [Woj 141 (V)]

(6.16)

V= Z {uost _'_ A gNost ( ) + ﬁo_Et [wos,tJrl (U)]} %7 (617)

0= —euwt(y 77st + Z é.osjt Z SOJSt + not )¢ (618)

O - —qtenOSt(v)ws + Z CVsSosyt Z a]£ogst + not ( ) sws (619)
J

O - _QJ)\t+17]o,t+1 [wos,t-l-l (U)] ¢s + 60' Z )\téosjt BO- Z Atéogst + Bo-/\tnot ( ) ¢ (620)

0=e*Fy (K1, H) — ¢ (6.21)

0= 0F; A1 (€ Fie (Ky, Hypy) +1—6)] — A (6.22)

K= (1-0)K;_y + 1, (6.23)

(1—0)) et + / Ze“os*%sdut + 1, =e*F (K, y, H), (6.24)

S

Hy=(1- U)Z( — et )by + /Z erost” 1/Jsd/lt7 (6.25)

pir1 (B) = O'Z Yedpy + (1 —0)o Z Vs, (6.26)

’U Wos, H‘l EB} Si Wys t+1€B
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where, from Corollary 4, we know that the stationary stochastic process for the aggregate variables
K, 1, H; and [; is the stationary solution to the social planner’s problem of the representative

agent economy in Section 6.1.

6.3 Linear allocation rules

In what follows, I will find it convenient to write §,4;+ as

Gysjt ] C —
e = iy =
ysjt =
0, otherwise

where
C
Lygje = Uyst + Qsiysy + BBy [wys 1] — wyje — asnyje — Bo By [wyja] -

Guess that the allocation rules for old agents have the following functional forms:

= Uopst + bv

(v)

Nost (V) = Mgt + b
(v)
(v)

Wos,t+1 \V = Wos,t+1 + v
ot (V — eﬂ't-H?v
Josjt+bv 3 c _
B et T it Iy =0
Cosjt (V) =

0, otherwise

where

1—fBo

1+a

0<b= <1, (6.27)

and

[ggjt = Upst T+ AsNpst + BUEt [wos,t+1] — Upjt — QsNpjt — ﬁUEt [woj,t+1] .

It is straightforward to verify that this guess satisfies equations (6.10)-(6.26) and that these

equations take the following simplified form:

uyst + Oésnyst + 6O-Et [wys,tJrl] 2 uyjt + Oésnyﬁf + 50-Et [wyj,t+1] ) (628>
O — ws . )\teuyst + Z )\teg“jt _ Z )\tegijt (629)

GG, ;=0 3L, =0
0=ty — M@€™" + Y et — Y ahet (6.30)

. 7C L7C
]'Iysjt_o ].ijst—()
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0= Bothy — B0 N €™ 0t 4 Bg Y Nt — Bo Y e

7C L 7C
].Iysjt—(] ].ijst—()

Uopst + QsNpst + BUEt [wos,tJrl] Z uojt + asnojt + BO-Et [woj,tJrl]

0= Z {Uost + QsNost + BO-Et [wos,t+1]} djs,

S
O — _euostws + E egosjt _ E egojst + eﬂtws

JIS,;4=0 GG =0
O — _qtenOSt/I?Z}S + E asegosjt _ E ajegojst + eﬂ—tOés’ébs
JIS,;4=0 G5 =0
0 = —fo g€ Tt 4 Bo E Aedosit — Bo E Aedoist 4+ Ba e
§:I¢ .. =0 §:IC =0

osjt ojst

0=¢€e"Fy (Kt—h Ht) — Gt
0=0F, [>\t+1 (ez“lFK (Kt, Ht+1) +1-— 5)] -\
Ki=(1-0)Ki1+ I

(1 i U) Zeuystws + ‘/t261Lost1/}s + 1, = €ZtF(Kt—17Ht> 7

S S

H, = (1 — 0’) Z (1 - enySt) s+ 0 — ernOStwsa

s

Vigr = ngebwos,ulws + (1 _ O') Uzebwys’t+1¢s

V= /eb“dut

and where equation (6.42) has been derived as follows:

where

Vigr = /ebyd,ut—l-l

— O‘Z / ebwos’t+1(v)¢8d”t + (]_ — 0—) o Z ebwys’t+11/]5
= gZ/ebwos,tH—kbvwsdut + (1 . O‘) Uzebwys’tﬂws
= O'Zeb’wos,t-!—lws / ebvdut + (1 — O') o Z ebwys’t+1ws

_ U‘/t Zebwos,t+1ws + (1 i O') O.Z ebwys,z+1ws

v

(6.31)

(6.32)

(6.33)

(6.34)

(6.35)

(6.36)

(6.37)
(6.38)
(6.39)

(6.40)
(6.41)

(6.42)

(6.43)



6.4 Deterministic steady state

From equations (6.28)-(6.42) we have that a deterministic steady state (with z; = 0) is character-

ized by the following conditions:
Uys + QsNys + BoWys > Uyj + asny; + Bow,,

0 =15 — Ae" + Z Aedvsi — Z Aedvis

j:IyCszo 31, =0
0 = asts — Age™ + g asAedvsi — g aj\edvis
J:I5,;=0 31 ,=0
0 = Both, — Bohe™ 0% 4 Bo E Aedvsi — Bo E Aedvis
§:IC =0 §:IC. =0

ysj yjs

Uops + AsNos + Bo-wos Z uoj + asnoj + ﬁo-woj

O - Z {UOS —'I_ asnos _|_ Bo—wos} QZ}S?

0= —e"*9; + Z eJosi — Z e9s + e,

315, =0 315, =0
O — _qenosws + E asegosj _ § &jeggjs _'_ eﬂ'asws
3:1S,;=0 J:IS=0
0= —0oAe™ "o, + Bo > Ae T — Bo Y Ned + Bode™i),
§:I€ . =0 §:IS =0

0sj ojs

0=Fy(K,H)—q
0=0[Fx (K ,H)+1—6]—1
0=0K—-1
(L=0) ) et + VY ety + 1 = F (K, H)
H=(1-0)Y (1—e")g+0-VY ey,

V=0V ey, + (1—0)o Y ey,

(6.44)

(6.45)

(6.46)

(6.47)

(6.48)

(6.49)

(6.50)

(6.51)

(6.52)

(6.53)
(6.54)
(6.55)
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6.5 Fluctuations of optimal decision rules

We will guess and verify the following: 1) that Aln \; and Alng; are exactly the same as in the

representative agent economy, 2) that for every s

Auyg = —Aln)\

Anygg = —Alnl —Alng
AWy 41 = _EA InA\py1 — %Amﬂ

Agysit = —Alnk

Auye = Amy

Any,g = Am—Alng

1 1 1
—Am+ -Aln X\ + -Am,

Awos,t+1 = ——-AlnXy — b b b

b
Agosjt = Aﬂ-t

and 3) that
AlnV, = —-Aln )\ — Amy,

where A, is given by:

Am = —BoAIn ) + (1= B0) Y (80)" B [Aln \yi] +ba D (B0)" By [Alngi] .
k=1 k=0

Lemma 9 Under this guess
Atpst + @Anyst + BOEy [Aw,s 141] = 0, for every s,
Proof: From equations (6.63), (6.64) and (6.65),

Auost + @Anost + 5O—Et [Awos,tJrl]
1 1
= Aﬂ't + dAﬂ't — @A ln qt + BO'Et |:—3Ahl )\t-i—l — _Aﬂ-t-i—l +

b lA ln At + 1A7T,5j|
Bo

b b

1 1 1
= (1 + — 4 Oé) A']Tt — BO'Et |:EA7Tt+1:| — dA ln qt + /BO'Et |:——A1n )\t+1 + —Aln >\t

b b b

vi

e —~ —~ —~ —~ —~~ —~ —~
< R L L <t S <L R L.
(o)} (= (@) (@) D D
ot =~ w [\) — o
N— SN— S— SN— N— S— S— N—

(6.67)

(6.68)
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Using equation (6.27) we have that

1+%U+a - 1+501+§ +a
 1—pBo+ o+ pfoa+a—afo
N 1—fo
 1+a
 1-80
1
)

Hence,

Auost + @Anost + BUEt [Awos,t+1]

Using equation (6.68) we have that

A’ﬂ't — ﬁO'Et [Aﬂ't_;,_ﬂ

NE

—BoAln A\ + (1 — fo)

i

1

—BoEy
= —poAln )+ (1 — po) i
k=1
—BoE; |—BoAln Ay + (1 — po) Z (Bo)*

—BoAln X + [(1 - Bo) Bo + (Bo)

Therefore,

(50) By [Aln Apyi] +

—BoAIn Ay + (1= B0) Y (80)* Aln Npsrsp + ba
k=1

(B0)* By [Aln \yr] +

k=2
2} Et [A In At+1] + baA In qt

1 1 1 1
BA’H} - 50Et |:EA7TH_1:| —aAln Q¢ + BO'Et |:—EA1I1 >\t+1 + EAID )\t

Mg

(50) By [Aln gy y]

i

0

Z 5‘7 Alngiyiqk

k=0

Mg

(60) Ey [Aln gy ]

|

Aln Atk + ba Z (ﬁa)k_l Aln qt+k]
k=1

b
Il

[e.o]

—BO'A ln )\t —|— BO’Et [A ln )\t+1] + bO_éA ln Qt

Auost + @Anost + BO-Et [Awos,tJrl]

—dA ln qt + /BO'Et

—aAlng — BoE;

Om

—BO’%A In\; + 501

1
E {—/BO'A ln )\t + 60'Et [A ln /\t+l] —|— b@A ln Qt}

[ 1 1
—EAIH/\H_l + EAIH)V

|

Et [A In At-}—l] + alln 4t

b

%Aln At+1:| +/60'Et |:%

A h’l )\t:|
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Under the guess given by equations (6.59)-(6.68), equations (6.28)-(6.42) become the following:

1 1
Uys — Aln Ay + a5 (nys — Aln A\, — Alng) + Bo E; [wys — EA In A\ y1 — ZAﬂ'tH
1 1
> uy; —Aln A +as(ny; —Aln ), — Alng) + foE, [wy]- — EAIH Air1 — EAMH (6.69)
0 = Q/} . eln)\—l—Aln)\teuys—Aln)\t + eln/\—l-Aln)\tegij—Aln)\t
= s E
L 7C
j.Iijt—O
. § : eln)\JrAln)\tegyjszln/\t (670)
L 7C
j.ijst—O
0 = Ozsqu)s . eln)\—i—Aln)\telnq—l—A lnqtenys—Aln)\t—Alnqt
+ § aseln AAln )\tegysijln At § ajelnA+A In )\tegyjszln)\t (671)
J:IS, ;=0 31 =0
0 = Bo,— O e AMA A1 A1 +b(wys —§ Aln Apg1 —§ Ame g )
s
+60_ § eln)\—l—Aln)\tegysj—Aln)\t o 50_ E eln)\+Aln/\tegij—Aln)\t (672)
j:IC =0 j:[c =0

ysjt ygst

1
Ups + ATy + g (N + Ay — Alngy) + foE, lwos + 5 (=Aln Ay — Amy + Aln A\ + Am)]
(6.73)
1
> Up; + AT + 5 (Ng; + Amp — Alng,) + BoEy [woj + i (=Aln Ay — Amg + Aln ) + Aﬂt)]

0 = Z {tos + Ay + a5 (Nos + A — Alngy)

S

1
+ ﬁO'Et Wos + - (—A ln )\t+1 — A7Tt+1 + Ahl )\t + Aﬂ't) w87 (674)
b
D D S R O
J:IS,;4=0 3 IS =0
0 = —ematAlng nos+Am—Aln Gahg + Z u edosi TATE _ Z ajegojs—i—Am + e7r+A7rtas¢S (6.76)
35,5, =0 GIS =0
1 1 1 1
O — _eo_eln)\-I—Aln)\t+167T+A7Tt+1+b(’w0373Aln)\t+175Aﬂ't+1+3Aln)\t+§Aﬂ't)¢s (677)

+ﬁ0' § : eln AAln A egosj +ATy BO, § 6ln AAIn M egojerAﬂ'z + 60’61n AAln Mg e7r+A7rt ws

. 7C L 7C
JiI5s54=0 I:15j51=0

viil



0= ethH (thh Ht> — (¢ (678)
0 =0E, [e®™ A+ (e Fye (Ky, Hypr) + 1= 6)] — e (6.79)
Kt - (1 - (S) thl + Ita (680)
(1 . 0’) ZeuyS_A ln)\t¢5 + ean—AIn)\t*Aﬂ't Zeuos+Aﬂth + It _ eth (Kt—b Ht) ’ (681)
Ht _ (1 _ 0_) Z (1 _ enys*Aln/\t*Aln(It> ’[ps to— ean—AInAt—Aﬂt ZenoerAwthlnths’ (682)
61“ V-AlnApp1—Amgqy _ O_BIHV—A“‘M—AM Zeb(wosf%AlnAt+1f%Aﬂt+1+%AInAt+%Am)ws
+(1-0)o Y lwwidlndum—fama)y, (6.83)
From equations (6.69) and (6.73) we can readily verify that I{,;, = 0 < If,. = 0 and that
IS, = 0 & I§;. Using Lemma 9, equations (6.69)-(6.83) thus become the following:
Uys + Nys + BOEy [wys] > uy; + asnyj + BoEy [wy;] (6.84)
0=, — e A ptiys + Z e A egysi Z e pgujs (685)
JIG,;=0 J:15;,=0
0 = a), — ePremlenvs 1 Z agemredvsi — Z ozjeln)‘egyjs (6.86)
315, =0 315, =0
0 = Borp, — BoemAe™ s 1 By Z emAedusi — B Z elnAeduis (6.87)
IS, =0 3 ,=0
Ups + QsNos + BOWos > Ugj + sNpj + LW, (6.88)
0= {uos + Qsltos + Bowss} s, (6.89)
0= —e"= 1y + Z eJosi — Z e9o7s + e (6.90)
j:IOCSj:O j:IOCJ.S:O
0=—e™e" "+ Y e — Y et + o, (6.91)
j:IESj:O j:IgS:O
0 = —foere™ oy 4 Bo Z e redosi — Bo Z el edois 4 BoemAeTy, (6.92)
jzlocsjzo j:IOCjS:O
0 = €ZtFH (Kt—h Ht) — (693)
0= 0E, [+ (54 Fye (Ky, Hir) + 1 — 8)] — 2N (6.94)

X



Kt == (1 - 5) Kt,1 + Itu (695)

e BinA {(1 —0) Zeuys% + elnvzeu“?ﬂs} + 1= e F (K1, Hy), (6.96)

H, =1— ¢ Alnh-Alng {(1 —0) Ze”ysl/zs + ewZe”(’sws} : (6.97)

e’ = geanZebw"Sws +(1—-0)o Z ePvaq), (6.98)

Observe that equations (6.84)-(6.92) are identical to equations (6.44)-(6.52) and that equation
(6.98) is identical to equation (6.58). As a consequence those equations hold by the definition of a
deterministic steady state. Only equations (6.93)-(6.97) need to be verified to hold. However, by
Corollary 4 we know that at a stationary equilibrium all aggregate variables coincide with those
of the representative agent economy of Section 6.1. Thus, the term within brackets in equation
(6.96) equals the deterministic steady state aggregate consumption e* in the representative agent
economy and the term within brackets in equation (6.97) equals the deterministic steady state
aggregate leisure €™ in the representative agent economy. As a consequence, equations (6.93)-
(6.97) are identical to equations (6.5)-(6.9) and they do hold since they hold in the representative
agent economy.

This establishes that the guess given by equations (6.59)-(6.68) is correct.





