E E D I‘l :T U R /; Service of

Make Your Publications Visible. I: B LU

Leibniz-Informationszentrum
Wirtschaft

Leibniz Information Centre
for Economics

Koziuk, Andzhey; Spokoiny, Vladimir

Working Paper

Instrumental variables regression

IRTG 1792 Discussion Paper, No. 2018-031

Provided in Cooperation with:

Humboldt University Berlin, International Research Training Group 1792 "High Dimensional

Nonstationary Time Series"

Suggested Citation: Koziuk, Andzhey; Spokoiny, Vladimir (2018) : Instrumental variables regression,
IRTG 1792 Discussion Paper, No. 2018-031, Humboldt-Universitat zu Berlin, International Research
Training Group 1792 "High Dimensional Nonstationary Time Series", Berlin

This Version is available at:
https://hdl.handle.net/10419/230742

Standard-Nutzungsbedingungen:

Die Dokumente auf EconStor durfen zu eigenen wissenschaftlichen
Zwecken und zum Privatgebrauch gespeichert und kopiert werden.

Sie dirfen die Dokumente nicht fiir 6ffentliche oder kommerzielle
Zwecke vervielféltigen, 6ffentlich ausstellen, 6ffentlich zugénglich
machen, vertreiben oder anderweitig nutzen.

Sofern die Verfasser die Dokumente unter Open-Content-Lizenzen
(insbesondere CC-Lizenzen) zur Verfiigung gestellt haben sollten,
gelten abweichend von diesen Nutzungsbedingungen die in der dort
genannten Lizenz gewahrten Nutzungsrechte.

WWW.ECONSTOR.EU

Terms of use:

Documents in EconStor may be saved and copied for your personal
and scholarly purposes.

You are not to copy documents for public or commercial purposes, to
exhibit the documents publicly, to make them publicly available on the
internet, or to distribute or otherwise use the documents in public.

If the documents have been made available under an Open Content
Licence (especially Creative Commons Licences), you may exercise
further usage rights as specified in the indicated licence.

Mitglied der

Leibniz-Gemeinschaft ;


https://www.econstor.eu/
https://www.zbw.eu/
http://www.zbw.eu/
https://hdl.handle.net/10419/230742
https://www.econstor.eu/
https://www.leibniz-gemeinschaft.de/

IRTG 1792 Discussion Paper 2018-031

Instrumental
variables regression

Andzhey Koziuk *
Vladimir Spokoiny *

* WIAS, Germany

Q\|
()]
N
—
@)
-]
@)
N
O
@]
=
k=
©
S
|_
e
(@)
l
®
]
7p)
)
e
®
c
O
]
®
c
-
)
s
c

This research was supported by the Deutsche
Forschungsgemeinschaft through the
International Research Training Group 1792
"High Dimensional Nonstationary Time Series".

http://irtgl792.hu-berlin.de
ISSN 2568-5619




arXiv:1806.06111v1l [math.ST] 15 Jun 2018

Instrumental variables regression

Andzhey Koziuk

Weierstrass Institute,
Institute for Information Transmission Problems of RAS
Mohrenstrasse 39
10117 Berlin, Germany
andzhey.koziuk@wias-berlin.de

Vladimir Spokoiny

Weierstrass Institute and
Humboldt University Berlin,
Moscow Institute of Physics and Technology
Mohrenstr. 39,

10117 Berlin, Germany
spokoiny@wias-berlin.de

Abstract

IV regression in the context of a re-sampling is considered in the work. Comparatively, the contri-
bution in the development is a structural identification in the IV model. The work also contains a

multiplier-bootstrap justification.
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1 Introduction

In the work a non-parametric regression with instrumental variables is considered. A general frame-
work is introduced and identification of a target of inference is discussed. Furthermore, multiplier
bootstrap in a general form is considered and justified. Moreover, the procedure is used to test a
hypothesis on a target function.

2 Identification in non-parametric IV regression

2.1 iid model

Introduce independent identically distributed observations

<YX {Wi’“}k:L—K> en (2.1)

i=1,n

from a sample set

2Y¥ Ro Qe R

on a probability space (2, F (£2), IP). Let Q C IR be a compact and random variables are respectively
coming from Y] € IR, X1 € Q and Wlk € R.
Assume a system of K + 1 non-linear equations

EW (Y1 — f(X4))
EWE (1 — f(X1)) =

0,
0,
(2.2)
EW{* (Y1 - f(X1)) =0,

Ja f?(x)dx = const.

A parametric relaxation of the system introduces a non-parametric bias. For an orthonormal functional
basis {¢;(z) : Q = IR}._1 define

7j=1,00

J

Fl2) €3 vi(2)0; € w(x)Te* (2.3)

J=1

such that .
« de
@:Ammmm



Then a substitution f(z) — f(x) transforms (2.2) and gives

EW! (Y1 - f(X1)) = 41,

EW? (Y1 - f(X1)) = &,

(2.4)
EW{ (Yl - f(X1)> = 0K,
L/q F2(2)dz = const,
with a bias
Vk>0 & < EWL <f(X1> - A(X1)> : (2.5)

Particular case of (2.4)) under parametric assumption (6 = 0) and with a single instrument (K = 1)
is a popular choice of a model with instrumental variables ([1],[8]). The system is rewritten as

~ *Tn __ 1
EW;} (Yl—f(X1)> =0, T = EW}Y,

L. 2 (2.6)
fQ P(x)dx = const, 21 05 = const
]:

with the definition 73}’ def (EWllz/Jl (X1), EWiio (X)), ..., ]EWlle(Xl)).
Lemma 2.1. The statements are equivalent.

1. There exists and unique solution 8* to .

2. 3B > 0 such that 0* = Bn7 is a solution of .

Proof. A solution to (2.6) can be represented as
6" = aQ.n' + B

for a fixed o, 8 and Q17 such that n’j_Tn’l‘ = 0 and @ is a rotation of an orthogonal to n] linear
subspace in IR”7. If the vector 8* is unique then o must be zero otherwise there exist infinitely many
distinct solutions (Q n% # Q| n% ). On the other hand for a = 0 the vector 6" is unique. O

The second statement helps to obtain exact form of a solution to ([2.6)

J

y > (@) EW;(X1). (2.7)
> (W (X0)" =
=

EWY;

J
Flx)=BY )iy =
j=1

Hence, the correlation of instrumental variable W' with features X; (note mj = EWly;(X1)) identi-

fies f(m) (up to a scaling) making the choice of the variable W a crucial task. An empirical relaxation



to (2.6)) in the literature (see [1],[8]) closely resembles the following form

Y, =Z"nB+ e,
Yo=2Z"n+ e,

for Y,Yq,e1,e0 € R", Z € R, # € R’, B € IR and
; A
€2, p A2

EW}Y; = niTo, N Wi Y1, = Wi (X1,)0 + e,
W@ (X1,3)|1? = Wi @7 (X1,:)0/8 + ea,

or alternatively (lemma [2.1)

7] = const

corresponding to the latter system up to a notational convention

def def

def def
WiV S Y, [WELE(X0)I1PE Yau, Wb (X1,) S =

= Zj; and 0 = (.

The model was theoretically and numerically investigated in a number of papers (see [I],[8]) and in
the article (see 'Numerical’) is used as a numerical benchmark.
The lemma is a special case example of a more general statement on identification in (2.4]).

Lemma 2.2. The statements are equivalent.

1. There exists and unique solution f(az) to the system .

-~ J : .

2. A solution to is given by f(x) = > q/}j(:c)eg.d where 0 is a solution to an optimization

j=1
problem

n’{T:D = EWllYl — 01,
77§Tac = IEW12Y1 — 09,

6' = argmin ||z||? s.t. (2.9)
xcR’ ey
nz?w ::ﬂELVf{}ﬁ _'dK
. T def
with i = (EWFY(X1), EW 1y (X1), ..., EW 1) 5(X1)).
Proof. The model (2.4]) turns into
EW! (v — f(X1)) =61, niT0 = EW]Y) — 6y,
~ *T'n _ 2
EW? (Y1 — f(X1)) = 6, Ny 0 = EWY1 — 02,
= (2.10)

" Tg — EWKY, — ok,
EW{{ (Yl _ f(Xl)) _ 5K7 Nk 1 11 K

Ja F2(x)dx = const,

J
> 0]2- = const.
\j=1



A solution to is an intersection of a J-sphere and a hyperplane IR/~K. If it is unique the
hyperplane is a tangent linear subspace to the J-sphere and the optimization procedure is solved
by definition of the intersection point. Conversely, if there exist a solution to the optimization problem
then it is guaranteed to be unique as a solution to a convex problem with linear constraints and by

definition f(:r) satisfy (2.4). O

An important identification corollary follows from the lemma .

Theorem 2.3 (Identifiability). Let f(x) € H[Q] and instrumental variables {Wk}k:ﬁ to be such
that

lim §, =0,
J—o00
then 3! C7 > 0 s.t. a functions on a ball

def
FEAIf12,q = Cr}

contain a single solution to .
Proof. In 1) identifiability is equivalent to fQ f(2)®(z)dz = 0" with [0 < oo (lemma ) and
the approximation converges lim y_, . f(m) = f(z) in complete metric space H [Q] to a solution of

EW] (Vi - f(X1)) = 41,
BEW? (Y1 - f(X1)) = 6,

EW! (Y1 — f(X4))
EWE (Y1 — f(X1))

0,
0,
BEWE <Y1 _ f(X1)> — b,
fQ F2(2)dz = const,

EW{ (Y1 - f(X1)) =0,
fQ f?(x)dx = const.

Then it inherits the equivalence from the lemma and the ball

def
F = Al ,q = Cr}

with O & HHidHiQ iq < ©0, contains only a single solution.

Assume otherwise, there exists C' # C7 s.t. {HinQ[Q] = C} and {HfH%Q[Q] = C7} contain unique
solutions, then they must be distinct as {Hf”iﬂQ] =C}n {HinQ[Q] = Cr} = 0. Thus, by definition
solutions to a respective parametric relaxations of are unique and distinct for any J > Jy greater
than some fixed Jy (6 # 5,?)

EW] (Y - f(X1)) = o7,
EWE (V1 —f(X1) =45,

EW{ <Y1 — J?(Xl)) = 0%,
Jq F(z)dz = C,

EW} (vi - F(X1)) =697,
EW? (i — f(X1)) =657,

EWE (vi - Flxn) = o,

/g 2 (z)dz = Cy.



Alternatively the lemma states that there exist two distinct solutions to the respective optimiza-
tion problem 1} However, in the limit J — oo - 5,?1 — 0 and (5,? — 0 - optimization objectives
coincide contradicting the assumption. O

Remark 2.1. One can trace in the lemma as well as in the theorem that a restriction in
Ly [Q] norm in enables identifiability. Otherwise an Ly [Q] norm leads to an ill-posed problem.
2.2 non-iid model

Redefine
(i Xo, (W!hg) € 2= Re Qe ROK (2.11)

on a probability space (£2,F (£2),IP). Let Q C IR be a compact, random variables from Y; € IR,
X, €Q, Wf € IR and let the observations identify uniquely a solution to the system

EW}! (Vi — £(X,)) = 61, nLmii0 =iz,
EW?2(Y; — f(X;)) = 62, M550 = 3,2,
vi=Tn (.. SVi=T,n (2.12)
BWE (Y - J(X0)) = b MiciMici = i i
fQ F2(x)dx = Cy. ;'932 -

in the particular case with

i def

T (Emkwl(xi),JEWf%(Xi),...,JEWZ.% J(Xi)) and 78 % why; — 5.

Identification in non iid case complicates the fact that n is normally larger than J leading to possibly
different identifiability scenarios. Distinguish them based on a rank of a matrix

r < rank (Z Z MMk z) = rank (Z Z EWre (X)) EPT (X )Wf) . (2.13)
i=1 k=1 i=1 k=1
Note that the rank and, thus, a solution to depends on a sample size n (K is assumed to
be fixed). However, there is no prior knowledge of what r corresponds to the identifiable function
f(z) € H[Q]. Therefore, the discussion requires an agreement on the target of inference.

A way to reconcile uniqueness with the observed dependence is to require the function f(z) € H [Q]
and r to be independent from n. The model makes sense if it points consistently at a single
function independently from a number of observations. Define accordingly a target function.

Definition 2.4. Assume 3N < 0o s.t. Yn > N the rank r = const, then call a function f(x) € H[Q]
a target if it solves Vn > N.

Remark 2.2. In the case of n < N a bias between a solution and the target n > N has to be
considered. However, in the subsequent text it is implicitly assumed that a sample size n > N.



Based on the convention [2.4] introduce a classification:
1. Complete model: VJ > 0 AN < oo s.t. Vn > N the rank r = J.

2. Incomplete model: 4J7 > 0 s.t VJ > J1,n > 0 the rank r < Jj.

Identification in the ’incomplete’ model is equivalent to the iid case with the notational change for
the number of instruments K < J; and respective change of K equations with instruments to the
J1 equations from . Otherwise ’completeness’ of a model allows for a direct inversion of .
Generally a complete model is given without the restriction F def {IIf ||1%2 Q= Cr}

EW, f( ) = 01,
| EWz - f(x0) =&,
Vn>N:Vi=1n (2.14)

}éwiK (Y - f(XZ-)> = 0k

In this case a natural objective function for an inference is a quasi log-likelihood

K n
g) & _%ZZ (Zi — ni"0)? (2.15)

k=1 i=1
again with
nil (Wi’wl(xi), Wpe(X5), ..., W@-%(Xi))
and
i def Wk — 5.

3 Testing a linear hypothesis: bootstrap log-likelihood ratio test
Introduce an empirical relaxation of the biased ([2.4)
(WleT(X,)0 = W'Y; — 6, + €14,

WAPT(X;)0 = W2Y; — 65 + €2,

WEPT(X)0 = WEY; — 6k + ek,
L16]* =

with centered errors €, ;. Courtesy of the lemma , a natural objective function is a penalized quasi
log-likelihood

6) défzn:ei(e = —722 n’6)’ A”g”2 (3.2)
=1

k=1 i=1



with
) ef ; def
nde: (Wi’“wl(Xi),sz/zg(Xi),...,Wi’“sz(Xi)) and Z¢ 9 WEY; — 6.

Maximum likelihood estimator (MLE) and its target are given

g argmax L (@) and 6% def argmax IEL (0) .
OcIRP 0cRP

For a fixed projector {II € IR’*’ : R/ — IR/, J; < J} introduce a linear hypothesis and define a
log-likelihood ratio test
Ho: 0" € {II6 = 0},

Hy: 0" € {RP\ {116 = 0}},

T sup L (@) — sup L(0). (3.3)
0 6cHo

The test weakly converges Trr — X?h to chi-square distribution (theorem and it is convenient to
define a quantile as
Yo JP((TLR—J)/\/j<za) >1-a.

It implies that limj_ o0 2o = %erf‘l(l — «a) and that z, weakly depends on a dimension 3C' < oo s.t.
VJ >0, zo < C.

For a set of re-sampling multipliers

define bootstrap L”(8) conditional on the original data

n n K i _ il )2 2
L’(6) = ;@(a)ui =Y <Z <_ i :k o) _ A;f}l >> u;.

i=1 \k=1

and corresponding bootstrap MLE (bMLE) and its target
~b def b ~ def b
0 = argmax L’ (0) and O = argmax [EFL’ (0) = argmax L (0).
Ocirp OcrP OcRp

A centered hypothesis and a respective test are defined accordingly
H: 0 {II(0—6)=0},
TeLr e sup L’ (8) — sup L’ (6). (3.4)
0 0}

And analogously 22 : IP° ((TBLR ~ NV < zg) > 1 — a. The theorem || enables the same
convergence in growing dimension limj_,. 22 = %er 11— a).

Under parametric assumption - Vk > 0 the non-parametric bias is zero 6 = 0 - the bootstrap
log-likelihood test is empirically attainable and the quantile zg is computed explicitly. On the other



hand an unattainable quantile z, calibrates 11, r. Between the two exists a direct correspondence. In
the section [??] it is demonstrated that z2 can be used instead of z,.

Multiplier bootstrap procdeure: (3.5)
e Sample {u; ~ N (1,1)},_15 computing 2} satisfying IP° ((TBLR ~ D)V < z&) >l-a
o Test Hg against H; using the inequalities

Ho : TLR<J+Zg\/j and Hq : TLR>J—|—ZK\/3.

The idea is numerically validated in the section 'Numerical’. Its theoretical justification follows im-

mediately.

4 Finite sample theory

In a most general case neither an objective estimates consistently f(x) € H [Q] nor a model is
justified as a suitable for arbitrary L(@). Moreover, a regression with instrumental variables adds an
additional concern, chosen instruments can be weakly identified (see section [7]) and an inference in
the problem might involve a separate testing on weakness complicating an original problem.

Finite sample approach (Spokoiny 2012 [9]) is an option to merry a structure of L(6) with a
properties of a probability space and automatically account for an unknown nature of instruments
in a regression problem.

Finite sample theory: (4.1)
e [Identifiability] 02 & [E (Zi — n76%)* < 0o and n 3. (02 — 1) EnlnlT < A
k=1
e [Error/IV] Vk an error Z; — ni/ 6* is independent from Z} and ni’
K ‘ K
e [Design] sup, || > Dgln}ch < 1/2 with D3 = <n > En,in,?) + Al
k=1 ’ k=1
e . def & . ,
e [Moments] I\g, Cpy < oo s.t. Feo < Cy with ¢, = > (Z;c — EZ,Q)
k=1
e [Target] IN > 0 s.t. for a sample size Vn > N and any subset A of the size |[A| > N of the

index set {1,2,3...,n} the solution to > VIE¢;(#) = 0 is unique.
€A

Remark 4.1. The conditions validate the one from Spokoiny 2012 [9] p. 27 section 3.6 on penalized

generalized linear model with the link function g(v) : IR — IR in the considered case g(v) ©F 02 4s
for the condition Target’ see the discussion below.



4.1 Wilks expansion

The conditions give a ground to statistical analysis of a quasi log-likelihood. An objective function
assumes concentration of an estimation @ around the parameter *. Thus, the log-likelihood behavior
dominantly depend on a local approximation in the vicinity of the target. Based on the conditions
one can derive formally the Wilks expansion (Spokoiny 2012 [9]) for the quasi log-likelihood
L(6).

Theorem 4.1. Suppose conditions are fulfilled. Define a score vector

¢ ¥ (AELO%) V2 VL6").

then it holds with a universal constant C > 0

‘\/2L(§, 0*) — HEH‘ <C(J+z)/VKn

at least with the probability 1 — be™™.

Bootstrap analogue of the Wilks expansion also follows. It was claimed in theorem B.4, section
B.2 in Spokoiny, Zhilova 2015 [I1].

Theorem 4.2. Suppose conditions are fulfilled. Define a bootstrap score vector
&= (ABL(O7) PV (L°(67) - L(#")),

then it holds with a universal constant C > 0

M%%ﬁ@—mw

at least with the probability 1 — 5e™*.

<C(J+z)/VKn

Moreover, the log-likelihood statistic follows the same local approximation in the context of hy-
pothesis testing and the T g satisfies (see appendix - section ({8.5))).

Theorem 4.3. Assume conditions are satisfied then with a universal constant C' > 0

V2T - €7

with probability > 1 — Ce™. The score vector is defined respectively

<C(J+z)/VKn

s def !

¢ Dgl/Q (VHGL(Q*) — (I —I)AEL0*)IIT ((1 —II) AIEL(6*) (I — H)T>7 V(I_H)()L(a*)> ;

and Fisher information matrix

DY _[TABLO)IT+(I — IT) AEL(0*)ITT ((I — 1) AEL(6*) (I — U)T) T HABL@OY) (I ).



Similar statement can be proven in the bootstrap world.

Theorem 4.4. Assume conditions are fulfilled then with probability > 1 — Ce™" holds

‘\/ 2Tsrr — ||&5 |

with a universal constant C' > 0, where a score vector is given

<C(J+a)/VEn,

¢ < p 2 (VHng(O*) —(I— 1) AELO) " ((1 — IT) AIEL(6%) (I — U)T) - V(I_H)ng(G*)) :

The theorem is effectively the same for L(0) as the re-sampling procedure replicates sufficient for
the statement assumptions of a quasi log-likelihood (shown in section Appendix).

4.2 Small Modelling Bias

In view of the re-sampling justification a separate discussion deserves a small modeling bias from
Spokoiny, Zhilova 2015 [I1]. The condition appears from the general way to prove the re-sampling
procedure. Namely, for a small error term it is claimed

sup [IP (Trr < t) — P (Tprr < t)| < error+ ||Hy ' BEHy | op
t

with the matrices

n n

H§ =Y EVL(07)VTL:(0%) and Bf =Y VIE((0")VTEL(67),

i=1 =1
where the term ||H, 'B2H; |,y is assumed to be of the error order essentially meaning that the
deterministic bias is small. However, the assumption

HHO_IBSHO_IHOP ~ error

appears in the current development only in the form of the condition "Target’ in (4.1)). The substitution
is possible due to the next lemma.

Theorem 4.5. Assume that the condition 'Target’ holds, then || Hy ' B3Hy ||op = 0.

Proof. By definition of a target of estimation

N N
> VIE((6;) =0, and VIE((07) + > VIE((67) = 0.
i=1 i=1

The condition 'Target’ implies that 8* = 65 = 0]. Meaning, that any particular choice of the term
N N

VIE(;(6*) with the index j € {1,2,3...,n} is also zero - > VIE(;(03) = > VIE(;(07). Thus, B3 =0
i=1 i=1

KA
and the statement follows. O



5 Gaussian comparison and approximation

There are two results that constitute a basis for the re-sampling (3.5)). The first - Gaussian comparison
- is taken from Gotze, F. and Naumov, A. and Spokoiny, V. and Ulyanov, V. [4] and adapted to the
needs and notations in the work.

Theorem 5.1. Assume centered Gaussian vectors €y ~ N(0,Xy) and & ~ N(0, X1) then it holds

Sgpllp(H&H <t) =P (&l <)l < .SFOPI}C\/TTEJ'HI_ Zo ' Z1llop
]: )

with a universal constant C < oo, where || - [|op stands for the operator norm of a matriz.

The second - Gaussian approximation - has been developed in the appendix (section [8.7]).
Introduce the notations for the vectors

n n
def def
£ = 251,2‘7 and &y = Zfo,z'
i=1 i=1

such that

1. &, and &, are independent and sub-Gaussian

2. B&&] = B¢ = 2.
Then a simplified version of the theorem from the appendix holds.
Theorem 5.2. Assume the framework above, then

Tr5)%?
sup P (1] < 1) = P (o]l < )] < c“ﬁ)

with the universal constant C < oco.

Finally, the critical value z, and the empirical zg are glued together by a matrix concentration
inequalities from the section .

The essence of the re-sampling is to translate the closeness of z, and zg into the closeness of the
matrices IFE°€T ~ Eéié‘gT -with the help of the Wilks expansion (theorems ) and Gaussian
comparison result - and approximate unknown &, £} by the respective Gaussian counterparts. It all
amounts to the central theorem.

Theorem 5.3. The parametric model in the introduction - d; = 0 - under the assumption

enables )
J3/? JlogJ 4+ x
P((Trp—J J ) ’<C’ Ci\| ——
’ (Tor =) VT > 2) ~a| < Tin TN Tk

T

with a dominating probability > 1 — Coe™™ and universal constants Cy, Cq < oo.

Remark 5.1. Note that the critical value zg depends on experimental data at hand and is fized when
the expectation is taken IE 1 ((TLR —J) /\/j > z&) with respect to the data generating Trr statistics.



6 Numerical: conditional and bootstrap log-likelihood ratio tests

Calibrate BLR test on a model from Andrews, Moreira and Stock [I]. In the paper the authors
proposed conditional likelihood ratio test (CLR - Torr) used here as a benchmark. The simulated
model reads as

Y, =Z"nB + €, (6.1)
Y, = ZTTF + &9, (62)
where Y1,Y 9, 61,60 € R, Z € R’*", w € IR’ and € IR with a matrix Z;; o os (277;”), 6 =1

and 7} ~ i (see section 1). And the hypothesis

Hy: B* = By against Hy: 8" # Bo

on a value of a structural parameter 5. For the hypothesis Moreira [§] and later Andrews, Moreira
and Stock [1] construct a CLR test based on the two vectors

S=(272)2ZTYb(b" 2b) 2
and
T=(2"2):2Z"Ya(a" 2 'a) 2

with the notations Y % [Y1,Y5], a” def (Bo,1) and b def (1,—Bp). S and T are independent and
together present sufficient statistics for the model with only T' depending on instruments’ iden-
tification, thus conditioning on T and CLR test. Log-likelihood ratio statistics in is represented
as (see Moreira 2003 [§]) -

Tir=STS — T7T + /(ST — T7T) + 4(STT)”.

Additionally Lagrange multiplier and Anderson-Rubin tests are given by

(8TT)?

fn =g
sTs
Tar = 7

The latter two are known to perform acceptably except for weakly identified case.

First, correctly specified model is generated for the sample of n = 200 and with weak instruments
(W*TZZTTI'* = %) In this case powers of Trrr, Torr and true Tr g tests are drawn on the figure
. To be consistent Ty g is also compared to 17,5 and T4r. The comparison is given on the figure
and the data in the case is aggregated in the table .

Moreover an important step is to check how robust Ty r to a misspecification of the model. Three

special examples are simulated:

1. e1,e2 ~ Laplace(0,1),



2. €15,€2; ~ N (0, 202),

3. €14,€9; ~ N(O, (2 + 1.5 sin(67ri/n))(2).

Experiment (1) can be found on the figures ({8.3)), (8.4) and in the table . Numerical study of the
experiment (2) with misspecified heteroskedastic error is given on the figure (8.5 and collected in the
table . The last experiment is shown on the figure and in the table .

Remark 6.1. All the figures and tables are collected in the end of the work.

7 Strength of instrumental variables

On practice one wants to distinguish instruments based on its strength. For the clarity of exposition
the section considers a simplified log-likelihood (2.15) identifying complete model with the Fisher
information matrix

K
= —AEL(0*) = Z EJEnkm = Z > EWE(X)eT (X)W,
=1 k=1 =1 k=1

Weak instrumental variables introduce an unavoidable lower bound on estimation error (lemma [7.1],
see the proof in the appendix ({8.1])).

Lemma 7.1. Let conditions hold then
Cy

3N >0, s.t. Yo > N [E|0 - 6% >

Y

E (uTu'/(Xi)Wik)Z

M:
M=

SUPju=1

i=1k=1

with a factor C; > 0 depending on dimensionality J.

In view of a hypothesis testing it amounts to an indifference region of a test (see the section "Numer-
ical’).
Classification of Instrumental Variables:

1. Weak instruments

n K

||Sl|TplzZE< Wk) ~ K/C and E\|§—0*H2Z%
U= =1 k=1
2. Semi-strong instruments with 0 < a < 1
cc
sup ZZJE(U Wk> ~ Kn®/C and IE|6 — 6*|? > n 1‘]a

=157 k=1



3. Strong instruments

CCy

n K
k n *112
sup Z;E<u W) ~Kn/C and E|§-6"* > —

lull=1%=1

Weak instruments effectively cancel an analysis based on a limiting distribution of a test statistics.
Therefore, an IV regression requires a treatment under the finite sample assumption.

8 Appendix

8.1 Classification of instrumental variables
Lemma 8.1. Let conditions hold then

IN >0, s.t. Vn> N E|— 67| > Cs

Y

(M’W}g)ﬂ/ik)2

||MN

n
SUD|jyy[=1 Z

with a factor C;j > 0 depending on dimensionality J.

Proof. Fisher expansion (Spokoiny [9]) on the set of dominating probability P (Y) > 1 — Ce™™ is

written as

IDo (6 - 67) —€ll < C(J +2)/ V.

n K
with the matrix D3 = Y = EWF® (X))@ (X;)WF. Introduce also an inequality
i=1k=1

Il < (Je Do (8- 0°) |+ 100 (6-6°) 1) <2l ~ Do (8- 6°) I + 2D (6 - 6°) I

It gives

—_

E|Do(6 - 6")|* = Br||Do(6 - 07)|* = S Ex|i€]* — C(J +2)*/n

\V]

and the inquired statement follows with N > 0 s.t. inf y {3 Er[|€||*—C(J+2)?/N > 0} and a constant
def
C; = SEY|€|]> — C(J +2)?/N. O

8.2 Non-parametric bias

The bias term - by % |8 — 6*|| - between parametric and non-parametric functions from the model

in chapter [2] is quantified in the lemma.

Lemma 8.2. Assume that basis functions 1; follow -

Wi < gy



with some positive constant s3. Let f(x) be s.t. f € S°® where
5 € {1 1Dl < Cy),
with the notation D*(-) &f g—;(-). Then the bias satisfies

by =16 -0 <CpJ >

Proof :
Straightforwardly using smoothness of functions from a Sobolev class it can be argued for s < oo that

THNO =07 =T D 05— > 05l < 1D 055%%] < IIDfI < Cf
J J<J J
and the result follows.
End of Proof

8.3 Re-sampled quasi log-likelihood

A basis for the statistical investigation of a re-sampled log-likelihood builds on the probabilistic equiv-
alence with an original quasi log-likelihood. In the section one also uses notations from Spokoiny 2012
[9].

An analogue to (£Dy) condition for re-sampled log-likelihood - will be referred to as (EDBy) -

readily follows from normality of re-sampling weights {uz}lzﬁ

Lemma 8.3. Suppose that conditions are justified, then there exist a positive symmetric matriz

Vo and constants v > 1 and g > 0 such that Var (V((0%)) < V@ and

VTVCb(G*)> vgA?
2

< ;A< g

V|| =1 logIE’exp [ A
Vol

T

with probability > 1 — e~ %,

Proof. Define a vector
o, def Ve (6%)
vl
then using normality of re-sampling weights u; rewrite

T b p* n
v Ve(67) b A T
loglE‘beXp A—">— ) =loglE’exp| —— | ¥ VAUY;, 0%)(u; — 1 =

( Vol o (7 2 VA 800 = 1)

= log IE’ ex Zn:)\ Ts~(u~—1) <ﬁzn:(Ts,)2<V62)\2
= log pi:1’712 _21,:171_72’



where 1) def \/1/3 + (9 for some positive constant C' > 0 and small §. The last inequality is derived

n
using > (’yTsi)2 < 14 C9 from definition of V and matrix concentration inequality (thm [8.20]). O
i=1

Re-sampling analogue to the condition (ED2) (Spokoiny 2012 [9]) also follows.

2
Lemma 8.4. Let conditions hold true then there exist a positive value wy (1) e \/4ugw2x + %(T)

and for each v > 0, a constant g(r) > 0 such that it holds for any v € 1(r)

A ATVEC(0%)7s ) _ N

s AL < g(r).
wi(r) [[Dovy [l [ Dozl 2

Proof. Here it is convenient to reformulate conditions (£) and (€D2). Bound on deterministic co-

log E’ exp (

variance structure can be rewritten as

1Dy (D*(8) = D)Dy || = | Dy ' (= ) V2 E(Y;,8) — D§) Dy || =

i=1

= | (D 'V’ E((Y;,0)Dy" + )|| = n|Dy'VE((Y;, 0)Dy ! + pll <4(r),
i=1
and it follows

105 vy, 005 < P,

Next, rewrite (ED2) mostly in the same fashion, so that it is capable to quantify Dg'V2¢;(0)Dy*.
It follows

TV2C(0) " TV(0),
log IF ex = log IF ex L ¢
BB o FiDe) ~ B el ZHDOMH Dol
A 71V CZ( )
= nlog IF exp
Dol Dol

where (;(v) = £(Y;,0) — IE4(Y;,0). This means that component-wise (£D3) condition holds true,
namely that

ATV2 2
1 V2Gi(0)ye Vo)‘
sup log IF exp{— } < s AL < g(n).
Y1,72ERP w ”DO’YlH [ Dozl
T <72 ’
The two constitute the substance of the proof. Define complementary variables s; def %
and rewrite
VIV (0)7s A
log IE” exp{ } =log IE” -1 2 s2.
w1(r) [[Dovi|l [ Dorzll 2wi(r) = "

n
To claim the statement it is sufficient to limit sum Y s?. Once again rewrite this sum using mentioned

i=1
above (L) -

2
Z":Sz _ Z": ( HV2GOw vlTVQJEE(n,em)
—~ ' = \|Donll [Dovall ~ [[Donll [|1Do7ell




2 n 2
QZ ( V2 (v)y2 > +2Z <7;fv2]E£(Yi,9)72>
Dol 1o} " =2 1 Dol Do

TV2¢(0)y2 )2 202(r)
<2
E:Qammmmﬂ T

The left term in the sum is bounded under (€D2) and Markov exponential inequality

E« T2 (0) ><E VGO Xt

Dol [ Doyall — wl|Donll [Dovell  w
! /
<o B0 - 1) <o)
and
P < 71 V2Gi(0)7 < Vow\/%> <e "
[Dov1|l [[Doll n
Therefore it holds . )
Zs? < 41/(2)w2x + 20‘;(”,

i=1

and now we can see that controlling wy(r) in the way -

mm“Wﬂ22+‘W1

n

justifies inquired in the theorem inequality. O

The lemma in turn helps to bound a stochastic part of re-sampled log-likelihood. The demonstrated
equivalence allows to translate statements for log-likelihood into the re-sampled counterpart.

A result requiring only (€Dyg) is the deviation bound on ||£]|| (Spokoiny Zhilova 2013 [10]). In the
work of Spokoiny [9] it has been proven.

Theorem 8.5. Let (EDg) is fulfilled, then for g > \/2tr(DalV02Dal), where VZ > Var V((0*) it
holds:
P(|€]* = 5*(z, Dy 'V Dy 1)) < 2677 + 8.de ",

for function 3*(x, DSIVUZDO_I) and small positive constant x. (thm .

Let us claim the same for ||€°|| using the lemma .

Theorem 8.6. Let (EDBy) is fulfilled, then for g > /1+ %5\/2tr(D61V02D51), where V@ >
Var{V{(0*)} it holds with dominating probability:

P°(||€°|? > 3%(z, Dy ' VD)) < 2e7 + 8.4¢ %1,

for function 3%(z, DalVOQDal) and small positive constant x.,, specified below.



The function 3(x, X ), where z € IR and X € IRP*P| is given by the following formula

r(X?) + \/m T < 1&\?521 (X?2)
52z, X) & r(X2) + 62 Amaz (X 2), mvjjzifﬂ <z <z,
|2e +2(2 = @)/ gel* Amaa(X?), z > e,
where in tern numerical constants z., z., g. are defined as follows
27, ¥ 2:2/3 + log det(I, — 2X%/3Amaz (X2))
22 ¥ (9924 — 3tr(X2)/2) Az (X?)
9e = Vg7 = 2r(X%) 3/ \ Mnaa(X7).

This technical result is used extensively for the proof of squared-root Wilks result.

Another key result is that (£€D2) condition justifies a bound on stochastic part of log-likelihood
function. The fact formally is stated in the next theorem.

Theorem 8.7. Let (ED3) and (I) hold then Yv € IRP following inequality is fulfilled
IDg'V¢(0,6%)]| < 6row3(2)r.

Also V01,05 € IRP holds
ID5'V¢(01,0s)| < 12v0w3(x)r,

where 3(z) is defined as

H; + V22 + g (g7 2%2 + 1)Ha,
3(x) = < VH; + 2z, if Hy + 2z < g2,
g_lx—f—%(g_ng +9), if Hy + 2z > ¢°.

Here Hy = 4p and H; = Qp% see theorem A.15 in [9].

Let us provide a proof of that statement.
Proof. Consider quantity |[D;'V((8,0%)|| and rewrite it as || Dy V2¢(6')DoD,*(8 — 6*)||, then
introducing vector Y (s) = e D;'V((0,0%), where s & Dy(6 — 6*) we can see that V.Y (s) =

D;'V2((0')Dy*' and from (ED2), which holds for VY (s), we have for stochastic process Y(s)
by an argument from Spokoiny [9]

sup ||D61VC(0,0*)|| < 6vp3(x)wr
QET(T())

which is generally drawn from empirical processes theory. Furthermore, one can use triangle inequality
to generalize result

1Dg ' V¢(01,02)|| < [|[Dg ' V¢(61,0%)]| + [ Dy ' V(82,67 < 12003 (x)wr

and finalize the proof. O



Once again it is obviously translated using (EDBz), justified by the lemma[8.4] Therefore, formally
one comes at the theorem.

Theorem 8.8. Let (EDB3) hold true then Y0 € IRP following inequality is fulfilled
ID5' V¢ (8,0%)|| < 61w (r)3(@)r,
and V01,05 € IRP also holds

D 'VC (61, 02)| < 12v0w1 ()3 (2)r.

8.4 Concentration of MLE and bMLE

This is technical part of the paper and thus the full version of theorems without unnecessary simpli-
fications is presented. An important result in the section 77 is formulated by the theorem below.

Theorem 8.9. Let conditions (Lo), (L), (EDo), (ED2), (), ((EB) ), (SMB) and (ZB) hold true,

then for ro such that following inequalities are fulfilled simultaneously

b(r)r > 23z, B) V 4, [tr(> FELT) + 240w3(z + log 2),
i=1

b(r)r > 33(x, B) + 12103(x + log %)(w + wi(r)),

where B % Dal Var{VL('v*)}Dal following inequalities are fulfilled
1. P(6 ¢ T(ro)) < Cre™®,
2. P8 ¢ Y(ry)) < Coe2.
Up to constants and quantities smaller than \/g the concentration radii follows ro ~ \/p+ x

We will utilize uniform version of local deviation bound on stochastic processes V¢(0) and V¢ (6)
from theorems 8.7/ and (8.8 and also bounds on [|£|| outlined in previous section to prove this result.

Proof. Let us list the key facts needed in the proof in an informal fashion to get an idea of the
background required.

1. (L) condition to bound deterministic part of log-likelihood function
—2IEL(v,v*) > b(r)r?

2. Uniform bound on stochastic processes V¢(v) and V¢°(v)
[C(v,v) = (v —v")V((v7)] < pla, 7)r
C*(v,v") = (v = v*)VC (v*)| < pa(a, 7)r



3. Deviation bound on ||£]| and HEbH
1€l = 3(x, B)
1€°]] > 3(x, B)

These are sufficient to prove results number one and two in the theorem. Let us divide the proof in
parts accordingly to the results provided in the statement.

1.Real world concentration of MLE

Notice that an inequality L(6,6*) > 0 always hold and thus by definition binds MLE 8 structurally
to 8*. So, if one justifies that there exist minimum r¢ such that for r > rg the property breaks than
one can claim that 6 concentrates within Y(ro). Therefore, one need to have a uniform bound on
log-likelihood function. Spokoiny [9] has proven that with dominating probability -

€(0,6%) — (0 — 67)C(67)| < p(x,r)r,

where p(z,r) of 6103 (z + log %)w Local analogue of which is to be proved in the next section. Then
using theorem ({8.5) and condition (£) it is possible to see that ry satisfies

b(r)r > 23(x, B) + 2p(z, 1),

then L(0,0") is most probably (> 1 — 3e™*) less then zero.
2.Bootstrap world concentration of bBMLE

~b
Interestingly in the bootstrap world one needs to extend the set where 8 concentrates. However,
the key idea of the proof remains.
By definition L’(%’, v}) is positive. A uniform bound on ¢°(6,0%) over IRP \ T(ry) translates as

€°(6.0) ~ (0~ )V’ (9)] < pu(a,r)r,
where p1(z,7) e 603 (x + log %)wl (r). Rewriting it one has
L2(6,8) — L(6,6") — L(8,67) — (6 — D)V (B)| < pu(a, v,
and the deviation bound on ||& ° ||, from theorem and part one of the proof enable with probability
>1—3e™* an inequality

r2b(r)

|L(070*)| < ,0(7", ZL‘)T + Tj(l‘,B) - 9

~b ~
And Lb(O ,0) is negative for 7“8 satisfying inequality

b(r)r > 12193(x + log Z)(w +wi(r)) + 33(x, B).



8.5 Square root Wilks expansion

Theorem 8.10. Let conditions to be fulfilled, then with probability > 1 — Ce™ holds

’\/ 2R — [1€7]]

S 7<>(7’0, LL’),

where (r, ) is given by
def

O(ryx) = (6(r) + 6rpw3(z))r.

Proof. Compared to the body of the work redefine
v<0, 0 >1v, n< (I —1)v

In the proof one relies on local linear approximation of the quasi log-likelihood following with domi-
nating probability from bound on stochastic component (theorem [8.7) and (Lg). For a quadratic form

/ 1 __ayl )12
of parameters v’ and v}: L(v',v}) = (v/ — v}))TVL(v}) — M

T(ro)

introduce residual on the set
OL(’U’I, U/Q) = L(U/h ’1)/2) - L(’U,b v/2)
Then from the inequality
1D VIBL(v', v"*) + D (v" — v"*)|| < 8(ro)ro,
directly following from (Lg)and theorem [8.7| one concludes for v’ € 1'(ro)
IDG ' Va(w',v")| < &(ro, @),
with the notation {(r) = (§(r) + 6vp3(x)w)r. Triangle inequality for v}, v € T(rg) gives
IDG Va(v), vh)|| < 20 (ro, ).
and it is evident that
2L}, 05) — /2L (v}, vh) [/ ~2L(w}, vp) < 4]|Do (v} — v3)[[ (0, 2),

fro points v}, v}, such that L(v,v5) > 0. Moving forward consider transformation matrices

K def ! ~Dy' Doy
—D,'Dy 1

—1
K, det ( 1 —Dy,D, ) |

and

-1
D, 6D, 1

then it can be seen that



and furthermore )

D =KD ' =D 'K,

The transformation helps to get rid of non-diagonal entries of matrix Dj, and shape the form of the
score &£°.
Using proven above inequality under the alternative one has

V2Tir — D@’ = wl) + bl|| < 40(ro,2),
def

where " and v/ are such that v = Kwv”. The fact that norm of truncated score vector is less then
norm of full vector and local expansion for D Va yields

~I
~ 0 _ 9//
Do ( e ) | <20(r0.2).

and

1

HEO ( fﬁ//?n// ) *57-[” < Q(To,aj).

Combining these three suffice the announced statement. O

In the bootstrap world an almost complete analogue of the theorem is attainable. It is evident
that it takes place since we show that exactly similar conditions as in real world are replicated in the
bootstrap world.

Theorem 8.11. Let conditions hold then with probability > 1 — Ce™®

V2Tpir — ]| < 70°(ro. )

where P (r,x) is given by
def
O%(r, ) = O(r, @) + 6rown (r)3(2)r.
Let us specify the proof of this fact.
Proof :
The underlying in the previous proof result - local linear approximation of a gradient - is sufficient.
We are aiming thus at establishing -

HDEIVab(v,'U*)H < Ob(ro,x).
It is easy to note that
|Dy Vo’ (v,0")]| < | Dy ' V¢ (v,0")]| + 1Dy ' Va(w, v")|| < 60w (r)r3(x) + O (r ),

which follows from the theorem and the previous proof. Therefore, for bootstrap world square root
Wilks result is true with the same notations and with a minor change for b’ = 0 since the hypothesis
is exact and ¢ — &P,

End of Proof



8.6 Matrix Inequalities

In the section concentration of the operator norm of a random matrix -

def
15| 0o = sup |uTSu],
l|u||=1,ue P

n
with an additive structure § >~ S; is considered.
i=1
The derivations generally follow techniques from Joel Tropp 2012 [13], supported by analysis of
operator functions from works Hansen, Pedersen [5], Effors 2008 [3] and Tropp [12]. The exposition is
self-contained and the chapter contains required prerequisites for the final result.

The main ingredient in the subsequent theory is concavity of the operator function
A — tr{exp(H + log A)}

with respect to ordering on a positive-definite cone with H being fixed self-adjoint operator. This
fact can be found in the paper by Lieb 1973 [7]. This chapter, however, follows mostly more direct
argument of Joel Tropp 2012 [12] exploiting joint convexity of relative entropy function.

Theorem 8.12. (Lieb, 1973) For the fized self-adjoint matriz H function
A — tr{exp(H +1log A)}

is concave with respect to positive-definite cone.

8.6.1 Concavity theorem of Leib

The proof of corollary from Leib’s concavity theorem (theorem requires several supporting lem-
mas. Generalization of the Jensen inequality for operator functions is important, however the core
constructive point in the proof is operator convexity of entropy function. The observation allows to
infer that relative entropy as a perspective of entropy is jointly convex. In view of the fact subsequent
text contains slightly abused notation for relative entropy so that it equals exactly to the perspective.

Lemma 8.13. (Lowner-Heinz) Define operator function (Entropy) - ¢e(X) def Xlog X and define

(relative entropy) - ¢e(X,Y) def XlogX — XlogY. Where X € IRP*P lie in Hilbert space of positive

definite operators H;‘Jr. Then

1. ¢pe(X) - operator conver. Namely for any positive definite X1, Xo and X € (0,1)

¢e()‘X1 + (1 - A)XZ) S )\Qbe(Xl) + (1 - A)Qbe(XQ)

2. ¢o(X,Y) - jointly operator convex. For any positive definite X1,Y1, Xo,Ys and X € (0,1) holds

gf)e()\Xl + (1 — )\)Yi, AXo + (1 — )\)Yg) < )\qbe(Xl,Yl) + (1 — )\)(ﬁe(Xz,Yg)



Generalization of the lemma can be found under the name - Lowner-Heinz theorem. Below is an
adopted proof of the required statement.

Proof :

Let us demonstrate that inverse function f : IRt — IRT* s.t. f(t) = t~! is operator convex function.
It is evident from definition for any invertible matrix A € IRP*P that

)‘%Ail = 1/A;4a 1=1,p

where )\f‘ is i-th eigenvalue of matrix A. And, therefore, also

)‘EHA)A = 1A =1/(1+ F)’ i=1p

which will be useful next. Also it is worth notion that in view of continuity only middle point convexity
needs to be shown for function f(t) = ¢~! being convex.
Therefore, convexity is implied by the inequality

1 1 X+ X\ !
QX;L+2X;V—(1;2) =0

with respect to positive definite cone. Using the fact that matrix C df x 1 1/ 2X2X 1 V20 0is positive

definite helps to rearrange terms to get -
1.1, I+o\ "
—I+-Ccl-|—= .
5 + 2C’ ( 5 > =0
Multiplying from both sides left hand side of inequality with unit vectors from orthogonal basis of

eigenvectors matrix C' and using relations for eigenvalues above the matrix inequality is reduced to
the p inequalities on real line

071
1+X87 21 >0, i=Tp

3

which obviously hold representing difference between arithmetic and harmonic means. Therefore
f(t) =t~ is operator convex.

Next step is to demonstrate that entropy function can be represented as a weighted sum of functions
t~1. For that purpose introduce an integral representation of power of a matrix X. It can be seen
that

XP / Tt L
= C i —
P Iy t t+X77
for p € (0,1) and ¢, is a constant depending only on p. Also multiplying by X we get

oo X 1
XP = =+ —— — D)dt,
%A Grax D



which now converges in the interval p € (1,2). And adding here

XP - X
Xlog X ¥ fim &= — %
p—1 p— 1

)

is sufficient to see that entropy is operator convex function. It follows a representation which is convex
as a sum with positive coefficients of a convex functions.

Now it is left to demonstrate that relative entropy as was defined ¢.(X,Y) = Xlog X — XlogY is
jointly convex function. Joint convexity can be seen via Hansen-Pedersen inequality [5] and relative
entropy being perspective of ¢ (X) -

$e(X,Y) = o (XY HY.
Hansen-Pedersen inequality states
pe(ATX1A+ BT X5B) < AT¢.(X1)A + BT ¢.(X2)B

for A,Bst. ATA+BTB =1. Then for X = AX; + (1 —\)X2 and Y = A\Y; + (1 — \)Y2 and matrices

A= \2y=12y}2 and B = (1 — N)Y2Y~1/2y}/2 we receive

Be(X,Y) = 6(ATSLALBT 2 B)Y < AT (T AY+BT6.(A2)BY < Age(X1, Ya)+(1-A)6 (X2, Vo),
Y Ys Y1 Ys

which ends the proof.

End of Proof

Following article by Tropp 2012 [12] let us rely on geometric properties of ¢.(X). Quantifying the
approach let us use Bregman operator divergence for entropy function and try to built its affine
approximation which is in turn by lemma [8.13| gives inequality

Dy, (X,Y) € 6(X) = 6(Y) = (VH(Y), X —Y) > 0.

Above Bregman divergence was defined - Dy (X,Y), and it is easy to see that Dy (X,Y) = 0 iff
X =Y. Therefore,the following lemma can be concluded.

Lemma 8.14. (Variational Formula for Trace) Let Y be a positive definite matriz, then

trY = sup tr(XlogY — Xlog X + X)
X>0

Informally argument is presented above and one can skip the rigorous formal proof below.
Proof :
Obviously from Dy (X,Y’) > 0 follows inequality for trace of trDgy, (X,Y) > 0. Therefore,

trY > tr(XlogY — Xlog X + X).

But equality holds iff X =Y, then we conclude the statement of the lemma.
End of Proof

Operator concavity also helps to derive the following lemma.



Lemma 8.15. Function supy-qg(X,Y) is concave if g(X,Y) is jointly concave.

Proof :
First, suggest existence of X1, X5 and Y7, Y5 s.t. they provide a partial maximum to function g(X,Y).
Namely define them as
X1, Y1 supg(X, Y1) =g(X1,11),
X

X2, Y : S;PQ(X, Y2) = g(X2,Y2).
Then observe that the set of inequalities hold

sup g(X, A\Y1 + (1 = N)Y2) < g(AX1 4+ (1 — X)X, AY1 + (1 = A)Y3) <
X

<Ag(X1, Y1) + (1= AN)g(Xa, Ya) = ASl}l(pg(Xj Y1)+ (1=X) Sl)l(pg()ﬁ Ya)

where joint operator convexity of g was used along with the definition of points (X1, Y7) and (Xo, Y2).

End of Proof

Now we are in position to provide the proof of the theorem of Lieb, 1973.
Proof :

(Theorem [8.12)).

Let us start with variational formula from Lemma for trace function saying

trY = sup tr(—¢(X,Y) + X).
X>0

Also from Lemma we know that ¢(X,Y) is jointly convex and, therefore the trace of it is also
jointly convex and, thus, supremum of the trace function is convex according to Lemma Now to
demonstrate final result it suffice to substitute Y with matrix exp{H + log A} in variational formula
for trace giving

trexp{H + log A} = supxsotr{—¢(X,A) - XH + X}

and finally providing the advertised statement.
End of Proof

8.6.2 Master Bound

Compared to the use of Golden-Thompson inequality

trexp{X + Y} < trexp{X}exp{Y},



suitable for iid case one can follow theorem and improve upper bounds on tail distribution of
operator norm of the random matrix. This improvement is inherent to the study of independent but
not identically distributed random variables.

Obvious corollary from theorem [8.12] can be useful further applications.

Corollary 8.16. For any probability measure IP and set of independent random matrices {S;,i = 1,n}
holds

n n
FEtr exp{z Si} <tr exp{z log IE; exp S;}
i=1 i=1
Proof :
Product structure of probability measure composed from independent marginal parts - IP def [T, P’

allows to write
n—1

n
IEtr exp{z Si} = IE1IEs...IEytr exp{z S; +logexp S;}.
i=1 i=1
Using theorem helps to arrive at

n—1 n—1

IF\IEs.. . IE,tr exp{z S; +logexp S;} < IFy[Es... B, _qtr exp{z S; +log IE, exp S;}.
i=1 i=1

Iterating n-times the inequality accounting for the independence of {S;} finally relates

Etr exp{z Si} <tr exp{z log IE; exp S; }
i=1 i=1

End of Proof

This result can be easily combined with Markov exponential inequality to receive a bound on operator
norm’s tail probability.

Theorem 8.17. (Master Bound) Suppose {S; € IRP*P,i = 1,n} are independent and let us denote
n

S = > 5. Then following bound hold
i=1

P(||S]|oo > t) < 2inf et log IE; exp 0.S;
(ISlloe > ) < 2inf e rexp(; og IE; exp 05;),

for 0 >0 and [|S|lcc = supjy,=1 |ul Sul.

Proof :
The theorem follows directly from corollary and Markov exponential inequality. Write

P(HSHOO > Z) = P()\mam(s) \ Amam(_s)) <



< P()‘mar(s)) + P<)‘mam(_s))

It will be evident from the subsequent derivation that it is enough to control one of the probabilities.
Also the spectral mapping theorem allows to state Vi

exp{0Amaz(S)} = Amaz exp{0S}
and combined with a trivial inequality A;q. exp{S} < trexp{S} gives
P(Mnaz(S) > t) = IP(exp{OXnaz(S)} > exp{0t}) = IP(Amaz exp{0(5)} > exp{bt}) <

< IP(trexp{f(S)} > exp{0t}) < e " IEtr exp{#S}.

Now, applying corollary [8.16| to the sum S = ) S; of independent matrices we achieve desired result
i

> <9; — 0t <9 —0t . A1
P([|S]loc > t) < 251;%6 Ftrexp{6S} < Qégge tr{exp(;logEl exp6S;)}

End of Proof

The subject of next two chapters - where we derive Bernstein inequality for two types of conditions
on matrices S; - is to bound exponential moment of each independent matrix .S;, amounting to the

bound on Y log IF; exp(65S;).
i=1

8.6.3 Bernstein inequality for uniformly bounded matrices.

The matrix version of Bernstein type inequality requires supporting lemma for uniformly bounded
matrices S; in a sense that ||S;i||cc < R for some positive and universal constant R.

Lemma 8.18. Suppose that random matrices S; for i = 1,n are such that for some positive number

R we can found ||S;||co < R then it holds

log IF; exp{GSi} < EZS?T/JQ(HR)/RZ if V0 >0,

, N o OPES? - 3
log IE; exp{0S;} < 20T if 0<0< 3,

where we denote by Pa(u) = e

Proof :
The proof is classic and relies on the following series of inequalities. Let us decompose the expectation
of exponent

I, 6S, 6252
IE;exp{0S;} = IE; {Ip+9SZ~+92S§ (2’j+ ot 4,’ +>] <



3! 4! -

exp{0[|Silloo} =1 = 0l|Sill
62115113 '

. 2 112

< I, + 0°IF;S? [

exp{u}—1—u
2

y } - is non-decreasing in its argument

To proceed further it is suffice to denote that function - [

and, therefore, last inequality can be substituted with a bound - I, + lE’iSi2 [W . Making

. . . . 2 .
also contribution here from inequalities e — x < e* and 1 + z < e* we arrive at

OR OR)IE;S?
E;exp{05;} < I, + IE;S} 1/12}(%2 ) < eXp{wQ(R)QZ}'

This concludes the first part of our statement. However, it is useful sometimes to have more convenient
expression to work with. In the fashion of sub-exponential random variables it is nice to derive result
with leading term proportional to 62 in the right hand side of inequalities. This can be easily seen if

we estimate series - (% + 93—]!% + 024]!{2 + ) - using inequality k! > 235=2. Explicitly we have for § < %

L O0R 6RO\ _1 i(eR)H B 1
2! 3! 41 ) T2 32 | 2(1-0R/3)’

k=2

finally justifying the second part of the lemma

1 mwm+ww@+d<

[E; exp{0S;} < I, + 6*IE;S? <2' + = 0
<L 02 IF;S? ce 02 IF;S?

— XPp ————=-

=T oM —9Rr/3) = P21 - 0R/3)

End of Proof

Matrix Bernstein inequality is easy step now to accomplish. All essential tools to provide concentration
bound for the norm of random matrix was derived above. In essence one have to have two facts - first
is the lemma and second is master bound from previous section (theorem . Those two are
sufficient to justify Bernstein inequality for matrices.

n

Theorem 8.19. Suppose that random matriz S = > S; is s.t Vi there exist positive number R
i=1

bounding above ||Si||ooc < R. Also denote o> e | 3" FiS?|0 and a(u) = e — 1 then it holds for
i=1

9 dﬁf 4021@2 (‘90ptR)
ot = T RZ

40%)9(Oopt R)

P(|Sle 2 1) < 2pexp{--"127

} = 2p exp{_eoptt}a



which incurs

a. fort< 47’1)2( o? def 2 0w
2t2 9
P([|S||oc > 1) < 2pexp{— 1s(R)o 2} 2pexp{—(t/tmaz)"},

b. Bernstein inequality
£2
202(1 + Rt/30?)

P([|S]loc = 1) < 2pexp{—

}

Proof :
Straightforwardly apply master bound and lemma to get -

> <21 —ot . ) <93 —0t Q2 2| «
P(||S]|ec > t) < 25226 tr exp(;log IE;exp0S;) < 251;%6 tr exp (; IE;S;2(0R)/R > <

<2p égg exp (—6t + UQZDQ(HR)/RQ) .

Analogously for the second case in lemma for0 <0< %

6202
P(||S >1) <2pinfe Ot + ——— | .
(1Slloc 2 ) < 2p inf Xp( Toas 9R/3)>
And the most unwieldy thing here is to optimize over 6. Let us first deal with upper inequality above,
namely we try to choose # in a way to receive almost Gaussian like type of behavior for tails. For that
: def g 42(0R)0>
we introduce a = 7 — TR

upper-bound on right hand side of the first inequality will follow

. Tt is evident that if lover bound on infy~q () is established then an

exp (—0t + 0*Y2(0R)/R?) = exp{—at*} < exp{— ggga(Q)tQ}.

To proceed we rearrange alpha in the following way

2
B Usz(HR)Q _ 02R2 n 6% R?
02R? ¢t 4025 (OR) 4029 (OR)’
and now choose 0 def M to approximate optimal o. Then we have a(f0yy) = %

and finally tail behavior -

40’2w2 (GoptR)
R2

Now we can analyze in more details the last formula. For example in the case O, < 1 it is easily

seen that ¥o(0opR) < 02,42(R) and, therefore, 0,y > 1=z, which in view of ¢ (0o R) > 02, R?
recovers Gaussian tail behavior

P(”SHOO > t) < 2pexp{— } = 2pexp{_00ptt}-

4¢()

2
P([|S]lo 2 1) < 2pexp{—3

S5



This is useful illustration that if R — 0 then obviously one gets more Gaussian like tail behavior
Also Bernstein inequality can be recovered in a classical form. Following below statements are
usually can be seen as an argument to the proof of Bernstein like inequality and were used previously
in the proof of lemma In words using Taylor decomposition with inequality k! > 23%=2 yield
estimate for all 0 < 6 < %
6% R?

90 < opt
T 200t R/3)

Once again from definition of optimal point we can see that 0,,; > W and 0y, > m.

It can be easily verified for new point 6} et t _ that 0

opt 22 (11 Ri/357) R < 3 and, therefore, we receive

1
op
identical to classical Bernstein result

2
02(14+tR/302)

P([|S]eo 2 t) < 2pexp{—3 }-
This finalizes the proof of the theorem. It is left to establish only Bernstein type inequality in a
conventional way. For that purpose let us use the second part of lemma [8.18 which yields inequality

6202
> < 1 — —_— ] .
P([ISllo 2 ¢) < 2p inf exp < 0t + T 9R/3)>

Instead of optimization choosing 6 = 7~ We arrive at

__t
2
o (1—&—3(72

/2
P(||S]|ec > t) < 2pexp <—2)>

and finalize the second part of the theorem.

End of Proof

8.6.4 Bernstein ineqaulity for sub-gaussian matrices

To develop the theory in the section let us explore a bound analogous to the previous, however,

n

requiring only sub-Gaussian tail behavior of a norm of the random matrix S = ) S;. Analogous
i=1

result can be found in the work by Koltchinskii [6].

def

Define for convex function ), (u) €% — 1 (see van der Vaart and Wellner [14]) and operator

norm ||.S;||op & moment

def

ISill%s = Eiexp{[1Si]5,} — 1.

If we bound this distance we will get Gaussian like behavior for tails and thus can complement our
earlier discussion with more soft bound for the tail probability. I essence we can state



n

Theorem 8.20. Suppose that random matriz S = > S; € IRP*P is s.t Vi there exist two positive
i=1

numbers Cy,, > 6 and C, > 0 for which

16152 < Gy

And choose R and § to satisfy

0a(3)e1(3) 1 &
2O - LS esi/RI.
i=1

Then Bernstein matriz inequality holds again

2
o2(1+96)(1 + Rt/302)

P((1Sllop 2 1) < 2pexp{— )

where o2 & I ZEiSz'2||0p'
7

Proof :
Let us start with the bound for exponential moments analogous to the ones in lemma One can
see for some positive constant R

IE;S?y»(0R)

IF; EXp{GSZ'} < Ip + i HS||2

+ IE; (II1Sillcc > R).

The derivation remains the same as in the theorem [8.19]if the term is bounded
B 1 > B)

with the goal to establish R as small as possible such that it further sharpens bound on the quadratic
term above according to the results from theorem [8.19] However, it is also important to keep reminder
term with indicator small or at least proportional to the quadratic one, which naturally requires larger
values of R. Resolving this trade off one comes at an optimal value R.

Proceed with substitution of indicator function with smooth approximation

P1(0]|Sillo) R
1(OR)[|Siloo”

where it was used that v (u)/u is non-decreasing function. Thus, it leads to

1(011Si 1)
;5291015 o)
1512

1([|Sill« > R) <

D1 (0llSilloo) R

1([[Silloe > R) < IE;S7 12— <
(ISl ) 01 (OR)]|Si|2

R D1 (0] Sill)
< IE;
~ Y1(0R) [1Silloo

Ip



And to be consistent sum over i of these terms needs to resemble quadratic one in the inequality above

SWAORAOR) 15 g 01l
R3 D . ‘ Silloe
I B2l = 1]

Observe here that the function to the left is increasing and for sufficiently large values of R and
sufficiently small § equality can be always satisfied. However, one additionally need to bound right
hand side to demonstrate that such an R exists. It can be done by following rough estimate for
0<Cp/2
PRAGUEDS
(2
15l oo

Although it is rough it provides enough evidence to justify existence of R. As to what value it equals

< Ei1(20][Sill o) < Cp-

exactly needs to be addressed implicitly via equality above. Since solution exists one can establish

| 55 E:S? s (0R)

ZloglE‘i exp{0S;} < (1 +§)—= 7
i=1

and the first result follows from theorem [8.191
Let us dwell here finally on the constants R and §. From the proof of theorem [8.19 we have §R* < 3.
Then the definition of R above helps tp built an upper estimate R’ on it given by

Sa(3)1(3) 1
w2<R>/§f1<> = 5 2 Bt (6]Sillo/R).
i=1

and finalize the proof of theorem.
End of Proof

Apply this result to specific case when matrices S; are built based on sub-exponential random vectors
x; € IRP, for which we know that

IE; exp(ya;) < exp{||v][3/2n},

holds for any i = 1,n and v € IRP. Namely, define matrix S; as

def
Si = :BZ:BZT — IEZZBZ:BZT

we can draw from definition following inequality
1Silloc < [lail|3 + || Eiziz || oo

In view of this note one can establish next corollary.



T

Corollary 8.21. For matrices S; def aclac;f - Eiz;x; ,

vectors x;, for which erponential moment
condition above holds with n > 2, the constants from theorem |8.20| are

12
R=-"
n
and there exist 0 < a < 0.012 such that 5
p
0 < X252

Proof :
For this technical proof one need to upper bound 65;. And then applying definition of R and ¢ from
theorem [8.20] leads to the result. Notice that

def . p T
16Si]|% = I exp{8] Silloc} — 1 < 1Pl I exp{6)]ai 5} — 1.

The expectation on right hand side of inequality can be explicitly calculated using exponential moment
condition for x;. It is evident that such an integral converges for § < n/2 and explicit calculation then
gives

1 2
IE; exp{0)||z;|3} = ﬁEz /JRP exp{V20x~y — MQH}dV <

n 2 2
SR DT T

E;exp{f||zi|3} < (1 20/n) 7"/,

which easily gives us

and adapting it to 65; yields
1052 < el Bl lloe (1 — 29 /n)=P/2 — 1

Now choose R = 12p/n. Knowing that #R < 3 we can check that here 20 < n/2 as required for a
norm to be finite. And using theorem 0 is given by the formula

5= — U S™ s o, <
pu— n .
o (3) 1 (B)nda? £ 1M A =
- (12p)? (enlEmalll/ 4112 fp/(p —T) = 1) _
V2(3)1h1(3)n20?
3 n||Ei:BimZTHoo/4p+1/2 “1-1
YOPLAG 22”)/(1’ ) =1,
n2c
If we further note | /E;xz;x! || < C/n, then using assumption on n the order of § is shown to be
3 2
§<al_ ¥

nd3g?2 n?



for a positive constant satisfying o < 0.012.
End of Proof

3
This example of an empirical covariance matrix demonstrates sharp - in view of small parameter % -
bounds on constants R and 4, however not optimal ones.
8.7 (Gaussian approximation
8.7.1 Smooth representation of Kolmogorov distance.

Introduce a smooth indicator function
1
f(z) =1T(z > 0) — 5sigm(x)e—lﬂfl

and define a regular difference

Ja(t) def Ef (aHchH2 — at) —Ef (aHm1H2 — at) .

One aims at studying the limiting object

9oc(t) E BT (ao|? —t) — BT (] —t) = P (o]l < t) — P (1] <)

the difference between multivariate probabilities. The smoothing function on the other hand allows
for a structural characterization of the relation between g, and goo-

Lemma 8.22. Assume that go(t) has smooth second derivative. Then it satisfies an ODE

ga(t)
Sz

ga(t) = ga(t) +

Moreover, an ordering holds
Yo >0 sup |ga(t)] < sup [ga(t)]

Proof. The kernel function f admits an ODE representation
1
Lz (f(all2]? - at)) = Lo (L (2] > 1)) + — (Le (f(all2]® - at)));
with a linear integral operator L, (-) and an inequality
sup[La (f(allz]” ~ at))| < sup L (1 (2] > 1))

follows from the characterization of extreme points - second derivative in maximum is negative and
positive in minimum. The same applies for the difference g, (t). O



A natural candidate for the investigation of an underlying structure of the problem is Fourier
analysis as the ODE in the lemma [8.22] resembles an oscillator with a complex «. Thus, define a
spectrum of g, (t) and goo(t) as follows

o

Gﬂ@szﬂmz/ oo (£)e ™t

—00

dezf@mnz/w%wamﬁ

—0o0
respectively and with the convention for w being a frequency scaled by 27. Additionally we analytically
extend the spectra on w € C which is the derivation crucial in the inversion step and we elaborate on

that later (see lemma [8.23]).

Easy to notice that in the Fourier world the connection between Goo(w) and Gq(w) is straightfor-
ward and given by

which yields
a?G oo (w)
(o —iw)(a +iw)

The central observation for further analysis is that « can be taken as a complex number « € C in the

Golw) = (8.1)

ODE leaving equation [8.1] intact.
Introduce supplementary clockwise oriented contours S(r), —iS(r) in complex plane.

Im(z) Im(z)

S(r) —iS(r)

One option to find the closed-form connection between G (w) and Goo(w) independent from « is to
integrate G, (w) over @ € —iS(r). The step gains an additional smoothness as we will see below. After



inspecting the poles of G (w) on the picture

W

—iS(r)

it is obvious in view of the Cauchy’s residue theorem to conclude for the convolution

.i ' (—a)*1G, (w)da =
T J—iS(ro)

(iw)* G oo (w) w € S(ro),
a =1 (—iw)" Ge(w) —w € S(ro),

else.

1 (—a)" G (W)
/—iS(To) ( 4

in a+iw) (o —iw)

where we also multiplied the spectrum by additional (—a)*~! to generalize and expand on the idea

later (see corollary [8.26]).

The formula gives clear explanation how initial function g.(¢) can be regularized through
the go(t). The answer above suggests that convolution of our ’kernels’ g,(t) is equivalent to the
differentiation. For now the connection is settled in the Fourier world and one need to translate the

result back into the initial objects. For the purpose let us rewrite the Fourier inversion formula as an

integration in a complex plane.

Lemma 8.23. Assume continuous p.d.f. of |zol|? and ||z1||?, then the functions go(t) and geo(t) can

be represented as
1

_ wt
ga(t) = 27 s Ga(w)e™ dw
and 1
Joo(t) = — Goo(w)e™tdw
0= 55 [, Gle)

fort >0 and ry s.t. S(ro) covers all the poles of a spectrum Goo(w).

Proof. Let us compute explicitly G (w) to proceed -

Goo(w) = /OO Goo (e ™tdt = IE [F (I(xg € By)) — F (L1 € By))]

—0o0



. 2 . 2
1V &2TW

Ee—wllzoll® _ [pe—iwl&

iw\2m ’
On the other hand the contour S(r) can be seen as a sum of the real-line and semicircle parts -
S(r) = [-r,r] U Arc(r) - where the latter conforms the limit

lim Goo(W)e™ldw < lim 7r  sup  |Goo(w)| <

=00 J Arc(r) r—roo weArc(r) N

< lim sup
T weAre(r)

s 2 s 2
Ee—lzol? _ pe—iwllzil ‘:0'

Therefore, the inverse is given as an integral over S(co)

def 1 o ; 1 .
HE QG 'Lwtd T G zwtd
Joo(t) 5 /oo co(w)e™ dw + 27 Jareoe oo (w)e dw
1 iwt
= — Goo(w)e™ dw.
2w S(c0)
Defining now the critical points of Goo(w), Ga(w) as {w;_15;} and {w;_13;, —ic, ia} respectively (see

the equation [8.1)) we see that by the assumption of the lemma they are covered by the S(rg).

Therefore, the Cauchy’s residue theorem puts the equivalence

1 ) 1 )
Joo(t) = / Goo(w)e™“tdw = — Goo(w)e™tdw
=35 [, 6= o N

and completes the argument. O

Remark 8.1. Note that in the proof above we conclude from positiveness of ||xol|?, ||21||? that all the
poles but for the ia lie above the real line.



With these two facts - the inversion above and convolution over « - one comes to the concluding
step of the section. From the a perspective the pole structure of the G (w) looks like it is drawn on
the picture below.

- Im(«)

—iS(To)

Where by the definition of ry the convolution over « preserves the pole structure of go(t). Thus,
the inversion from the lemma [8.23] allows to relate explicitly the function go.(t) and a part of the
equation where w € S(rp). Merging the two one can state the theorem.

Theorem 8.24. Assume k-continuous c.d.f. of ||xo|? and ||z1||?, then it holds
g (t) = (—1)k2 / oo (t)dar.
—iS(ro)

for rg s.t. S(rg) covers all the poles of the spectrum Goo(w).

Proof :
Justified by the lemma [8.23] and using the equation [8.2] integrate over «

/ (—a)* Lga(t)da e b / (—a)Ft Go(w)e™ dwda
~iS(ro) 21 J—i8(ro) S(ro)

(k) (k)

1 Goo(w)eiwtdw LB23l Yoo (t)
S(ro)

21 Js(ry)

. . Nk iwt ¢

m Goo dw = —

(3 (Zu.)) (w)e w D) t %
The answer concludes the proof.

Endo f Proo f

The theorem in turn amounts to the corollaries.

Corollary 8.25. Introduce a function
2 L —ofllzl2—¢]
ha(z,t) = max{||x|” —t,0} + 2 ¢
«@

and an integral operator

A 2@/ E () da,
—iS(ro)



then under assumptions in the theorem we have for k=1
P (Ha:0||2 <t)-IP (||ac1H2 <t) = A(ha(®1,t) — ha(xo,1)).

Corollary 8.26. Introduce a function

t
hal@r,@.t) = [ [flala]? - ao) - falao]? - av)] de
0
and an integral operator
B() % 22'/ E () ada,
—iS(ro)
then under assumptions in the theorem we have for densities of |x1]|? and ||xo||?

Pl )2 () = Pllmo|2 (t) = Bha(®1, To, 1)

In essence the theorem and corollary allow for the direct application of a simple Taylor
expansion to the function h,. Namely the statements claim that one can differentiate under the
operator A. It is a subject of the next chapter to explore the use case of Gaussian approximation.

8.7.2 GAR on Euclidean balls.

The road-map of the following application case of the section above is to use purely Taylor decompo-
sition up to the third term. Aside from the fact the proof is technical and presents no specific interest
except for the outcome, which is comparable to the work of Betnkus 2005 [2].

Classic Lindenberg construction entails the following framework -

def & def &
e Define vectors §; = > &, and §5 = ) &y, s.t.
i=1 i=1

1. &, and &, ; are independent mutually and over ¢ = 1,n

2. Esl,z’é{i = Efzz’sz,z‘ =X/n

e and design the chain vector

dof 1—1 n+1

(S}

£, ) &+ Y &y
j=0 j=i+1

with a convention &§; o = &5 ,,41 = 0.
With the introduced notations one claims.

Theorem 8.27. Assume continuous measures and the framework above, then it holds

4
sup P (I63] < 1) = P(l&ll < )] < O (1r2)2 2L



with the universal constant

Cp def 48 sup [JEZ

Y1E + 7Ta”
i=1n,|v[2=1

31
'YTé/i + ')’Ta‘ + T*OE/i

and o distribution dependent only vector a.

Proof :
Let us start the proof forming a chain

goo(t) = > _IEigh (t) =
i=1

=30 [ (1 + 0,0 > ) — B (18 + 0,1 > )]
i=1

where the latter chaining sum is called the Lindenberg device. The main objective of the device is to
exploit independence of §/;, §;; and &, ; amounting to the cancellation of first and second terms in
Taylor expansion.

However to exploit Taylor decomposition we first define smooth counterpart of the Lindenberg

summand g°_(t) as per the corollary

t

hé(&,mfu,t) o E/i [/Ot f (OéHf/i + El,i”2 - ‘m) dx — /0 f (aHE/i + 52,¢HQ - aa:) dx] .

From the theorem the contour integral over || < ro recovers the limiting difference

P (1€ +€0il2 > t) = P (€3 + Ex,l* > 1) = AL (€11, €2001)

=2i Eihi,(&: ;€2 t)da
1S(ro)

for some fixed positive constant rg. On the other hand assuming continuous pdf the function

fa(z,t) o E), /Otf (aHf/i + x| - a:c) dx

is tree times continuously differentiable with respect to  and admits Taylor expansion up to the third
term.
Computing derivatives one has

0fa (0,
o 2D — 20, f (QHE/JP - at) §)i

2
o Tl — 402, (allg sl - at) €€T, + 20 (allgsl? - at) I,



3
* i = 8o Bl (ali+ alf —at) (65 +a) @ (&5 +a) (¢ +a)
+802 ), f’ <a||£/l- tal?— at) (gi + a) ® I,
and, therefore, we obtain for the zero, first and second order approximation of the difference IF; [ fa(€15t) — fa(&a,

L4 Ez [fa(07t) - fa(ovt)] =

T T
o B | Tl - TRlle, | =0

9% fa(0,1) 02 fa(0,t)
Ei [g{zaglf 851 Elz 551855 5,52 52 z:| =0
by the designed independence of the & ;,§; ; and &, ;.
The Taylor expansion of IE;h (& ;,&,,,t) then reads as

agfa(ai7t) angc(bht)
agl,iasl,iagl,i 852,1852,i6£2,i

for some vectors a;, b; depending implicitly on &; ; and &, ; respectively. The difference is obviously
bounded by

. 1
Eih, (&1 4,€2,5t) = éEi [ &1, 08,08, — €y, ®E&y; @&y,

i 1 9 falai,t) 34 agfa(bz t)
Elhza Rl ivt S 7Ei 0 ) 7’
(El, &2, ) 6 852851861 ||€1 ” 6 aglaglasz
and it holds
1 0 fo(a*,t) 1 0 fo(b", )
IE;h, (& €20 l) S = sup | oY QY QY| Eill& P+ sup === @7 ®y
«Eotaet) < 6 jly2=1 | 080806, s 6 jly2=1 | 9€,0€,0¢;
for some constant vectors a*, b*. But additionally we know for a fixed a
a3fa(avt) 3 7 2 T T \°
DO —’404 E,f (Oéﬂf/ﬂra” —Oét) (’Y £+ a) +

+402 By f (allg); +al ~ at) (v7¢)+47a) | <

< 43I W€+ 4T a\ + 43 |47 € i + 4"l
by f/ < 0.5 and f” < 0.5 and thus
i Cprd
/S( R (610 €2, < O OB 3)
iS(ro

Therefore, using the bound on the moments from lemma [8.28 in the appendix and summing over
Lindenberg chain, we come at the inquired statement

4
P& 2 > t) — P&, > )| < Cp (Trx)3/? 10
sgp\ (I€1117 > t) — P(||&5)* > t)| < Cp (TrX) 7



End of Proof
Following the general scheme of a proof of the Berry-Esseen bound we are bound to work with the
moments of a random vector, therefore in need of the technical lemma.

Lemma 8.28. Under the assumptions in the framework above holds

Eil&|° < 14 (Tr5/n)*?

Proof :
Generally for - IE;||€,||* we can write

ko[> B
E||&[|* = 2/0 P(&;))? > 5)s*2/24s

Theorem 3.1 or 4.1 from Spokoiny, Zhilova [10] on the sharp deviation bound for a sub-Gaussian vector

&, suggests for s > 0

P(|&;]? > p+s) < 2¢ 50556,

and additionally for a s € [—p, 0] we know
P(|&]* > p+s) < 1.

We also note that under dimension we understand p = T'rX'/n in the derivation. Since it was mentioned
in the introduction that we work with an appropriately scaled random vectors.
Using following change of variables s = s’ + % we come at the inequality

k [ -
Eill&lF =5 [ P& > p+ )6+ D% <
—-p

[e§) 52 0
< k:/ e~ (s + p)F2/24s" 4 l;/ (s +p) 224" <
0

—-p

< kpk/Z/ 67%(3/+p)(k72)/2d8/+k(p)k:/2 <
0

< k:pk/Z/ e*%(s + 1)(k*2)/2ds + kph/?
0
and explicit calculation for k = 3 yields the result

Ey|l&] < 1472,

End of Proof



8.8 Log-likelihood multiplier re-sampling
Theorem 8.29. The parametric model in the introduction - 0, = 0 - under the assumption

enables )
J3/? JlogJ + x
P((Trr —J J o) — ’<C’ Ci\| ———
P ((Tn =) VT > 20) ol < o oG

T

with a dominating probability > 1 — Coe™™ and universal constants Cy, Ch < oo.

Proof. Using respective Wilks expansions let us reduce the log-likelihood ratio statistics Trr, Trr
to the norms of score vectors ||£°|, ||€;]| - sub-exponential random vectors based on the finite sample
theory assumptions (section [4]). One has from the theorems [4.3]4.4]

V2Ten - I€°)
‘VQTBLR —1€5 1]

Both score vectors are reduced to the respective Gaussian counterparts

<C(J+z)/VEn,

< C(J+z)/VKn.

EIS) ~N (01 % ZE?S?T> ) ES ~N (OlegSSST) .

In view of Gaussian approximation result (theorem [5.2)) one can state

3/2

s [P (1g°) < )~ P (1] < 1) < 0

with a universal constant C' < oo, and analogously the theorem implies

3/2

~s J
sup‘]P £ <t—P(£ <t))gc
| P15 < ) - P (&) N
with the universal constant C' < co. In turn, Gaussian comparison result and Bernstein matrix
inequality allow to derive

sup [P (1] < 1) - P (J&'] < t)| < VI - (meeT) ™ LS e (Bee™) oy

hmiZ.20] /
6 =20 JlogJ 4+ x
Kn

x

with an exponentially large probability 1 — Cae™".
Finally, let us use the anti-concentration result (theorem 2.7) from Goétze, F. and Naumov, A. and
Spokoiny, V. and Ulyanov, V. [4], stating for a Gaussian vector & ~ A (0, X)

Ce
Pt<|z|<t+e) < .
1 2] Fr



It allows to translate Wilks expansions into the probabilistic language. Assembling all the statements

in a cohesive structure one comes at

sgp‘ﬂ? ((TLR—J)/\ﬁ<t) —P((TBLR—J) /\/j<t)’

Wilks+AC+GAR

LM (181 -) 7 <o) = (1) 197 <) #2075 w207

GComp Jlog J + J+x J3/2
< Ci\|———+2C +2C ,
! Kn vVJKn vVEKn
which helps to infer straightforwardly the statement of the theorem. O
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Figure 8.1: The empirical power of Ty r, Tprr and Topr with weak instruments.
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Figure 8.2: The empirical power of T g, Tar and 17 s with weak instruments.
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Figure 8.3: The empirical power of Trr, Tprr and Torr with weak instruments and Laplace errors.
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Table 1: Power weak instrumental variables.

B8i—po | LR | BLR | CLR | AR | LM

0.48 1 1 1 099 | 1
0.56 1 1 1 097 |1
0.64 1 099 |1 0.88 | 0.99
0.72 0.96 | 092 095 |0.74 | 0.92
0.8 0.69 | 0.63 | 0.74 | 0.5 | 0.76

0.88 0.29 1033 |04 0.28 | 0.46
0.96 0.07 | 0.1 0.12 | 0.17 | 0.11
1.04 0.02 | 0.04 | 0.01 | 0.12 | 0.05
1.12 0.13 | 0.1 0.06 |0.12 ] 0.15
1.2 0.46 | 0.39 | 0.37 |0.23]0.29
1.28 0.75 1 0.6 0.71 | 0.37 | 0.49
1.36 0911085 |08 |0.57|0.81
1.44 0.99 | 097 | 094 | 0.77 | 0.95

1.52 1 1 0.99 |0.8810.99
1.6 1 1 099 (095 |1
1.68 1 1 1 098 | 1
1.76 1 1 1 099 |1

n’

1
DATA: n=200, q=5, n*T ZZTn* = 4 ( 0 )
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Figure 8.4: The empirical power of Ty r, Tar and 17 s with weak instruments and Laplace errors.

1.4
LR test
AR test
2 — LM test [

o !
0 0.5

1
DATA: n=200, q=5, w*7 Z Z" fPe= %

15 2

Figure 8.5: The empirical power of Ty r, Trrr and Topr with weak instruments and heteroskedastic

€erTors.
BLR test
1.2 CLR test | 4
LR test

0 - I | )
0 05 1 15 2

DATA: n1=200, q=5, 7*7 Z ZT firPe= 2:56




Table 2: Power - Weak instrumental variables and Laplace noise.

Bi— B | LR BLR | CLR AR [ LM
0.02 1 1 1 1 1

0.16 1 1 1 0.96 | 0.99
0.3 1 1 1 0.93 | 0.97
0.44 1 1 1 0.75 | 0.89

0.58 0.99167 | 0.95833 | 0.98333 | 0.41 | 0.67
0.72 0.83333 | 0.71667 | 0.76667 | 0.24 | 0.39

0.86 0.4 0.30833 | 0.3 0.13 | 0.17
1 0.075 0.05 0.041667 | 0.05 | 0.05
1.14 0.15 0.1 0.19167 | 0.07 | 0.09

1.28 0.49167 | 0.45833 | 0.45833 | 0.07 | 0.16
1.42 0.84167 | 0.75833 | 0.86667 | 0.19 | 0.3
1.56 0.975 0.94167 | 0.95833 | 0.28 | 0.56

1.7 1 1 1 0.45 | 0.77
1.84 1 1 1 0.57 | 0.85
1.98 1 1 1 0.8 |0.92
2.12 1 1 1 0.93 | 0.94
2.26 1 1 1 0.97 | 0.97

DATA: n=200, q=5, n*7 ZZ T n* = 25



Table 3: Power - Weak instrumental variables and heteroskedastic noise.

81— By | LR BLR CLR | AR LM
026 |1 0.99167 |1 1 1
012 |1 0.98333 | 1 1 1
0.02 1 0.98333 |1 1 1
0.16 1 0.975 1 1 1

0.3 0.98333 | 0.95 1 1 1
0.44 0.9 0.89167 | 1 0.98333 | 0.99167
0.58 0.825 0.73333 | 0.95 0.94167 | 0.93333
0.72 0.59167 | 0.51667 | 0.73333 | 0.80833 | 0.8
0.86 0.25 0.2 0.5 0.7 0.50833
1 0.033333 | 0.05 0.24167 | 0.5 0.24167
1.14 0.033333 | 0.0083333 | 0.24167 | 0.50833 | 0.19167
1.28 0.11667 | 0.041667 | 0.35833 | 0.63333 | 0.35833
1.42 0.25833 | 0.18333 | 0.55833 | 0.73333 | 0.59167
1.56 0.475 0.41667 | 0.775 | 0.825 | 0.775
1.7 0.64167 | 0.55 0.89167 | 0.9 0.89167
1.84 0.775 0.68333 | 0.975 | 0.95833 | 0.95
1.98 0.86667 | 0.80833 | 0.99167 | 0.975 | 0.975
2.12 0.91667 | 0.86667 | 0.99167 | 1 0.99167
2.26 0.96667 | 0.91667 | 1 1 0.99167
2.4 0.99167 | 0.93333 | 1 1 0.99167

DATA: n=200, q=5, #*7 ZZ"n* =

2.56
n
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Figure 8.6: The empirical power of Trr, Tprr and Torr with weak instruments and heteroskedastic

(periodic) errors - case 3.
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Table 4: Power - Weak instrumental variables and Heteroskedastic periodic noise.

81— By | LR BLR CLR | AR LM
0.16 1 1 1 1 1

0.3 0.98333 | 0.99167 | 1 0.99167 | 1
0.44 0.95833 | 0.96667 | 0.99167 | 0.96667 | 1
0.58 0.875 0.85 0.95 0.9 0.98333
0.72 0.60833 | 0.55833 | 0.825 | 0.8 0.84167
0.86 0.23333 | 0.26667 | 0.55833 | 0.55 0.49167
1 0.033333 | 0.075 0.21667 | 0.35 0.175
1.14 0.05 0.0083333 | 0.18333 | 0.35 0.16667
1.28 0.18333 | 0.091667 | 0.36667 | 0.525 | 0.325
1.42 0.375 0.35 0.625 | 0.68333 | 0.58333
1.56 0.58333 | 0.6 0.825 | 0.81667 | 0.825
1.7 0.78333 | 0.75833 | 0.94167 | 0.91667 | 0.925
1.84 0.90833 | 0.89167 | 0.975 | 0.95833 | 0.96667
1.98 0.94167 | 0.95833 | 0.975 | 0.99167 | 0.99167
2.12 0.95833 | 0.98333 | 1 1 0.99167
2.26 0.98333 | 0.98333 |1 1 0.99167
2.4 0.98333 | 0.99167 | 1 1 0.99167

DATA: n=200, q=5, n*7 ZZ T n* = 25
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