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Abstract: In this paper, the complete convergence for maximal weighted sums of extended neg-

atively dependent (END, for short) random variables is investigated. Some sufficient conditions

for the complete convergence and some applications to a nonparametric model are provided. The

results obtained in the paper generalise and improve the corresponding ones of Wang el al. (2014b)

and Shen, Xue, and Wang (2017).

MSC (2010): 60F15.

Keywords: Complete convergence; Maximal weighted sums; Extended negatively dependent.

1 Introduction

In this paper, we consider a sequence {Xn, n ≥ 1} of random variables defined on some probability
space (Ω,F , P ).

It is well known that the complete convergence plays an important role in establishing almost sure
convergence of summation of random variables as well as weighted sums of random variables. The concept
of the complete convergence was introduced by Hus and Robbins (1947) as follows.

Definition 1.1 A sequence of random variables {Xn, n ≥ 1} is said to converge completely to a
constant C if for any ε > 0,

∞∑
n=1

P (|Xn − C| > ε) <∞.

For independent and identically distributed (i.i.d., in short) random variables {X,Xn, n ≥ 1}, let
Sn =

∑n
k=1Xk, n ≥ 1 be the partial sums, Hsu and Robbins (1947) proved that Sn/n converge completely

to EX, provided DX < ∞. Erdős (1949) proved the converse theorem. This Hus-Robbins-Erdős’s
theorem was generalized in different ways. Kate (1963), Baum and Katz (1965), and Chow (1988)
formed the following generalization of Marcinkiewicz-Zygmund type.

Theorem 1.1 Let {X,Xn, n ≥ 1} be a sequence of i.i.d. random variables and let αp ≥ 1, α > 1/2.
The following statements are equivalent:

(i) E|X|p <∞ and EX = 0 if p ≥ 1;
(ii)

∑∞
n=1 n

αp−2P (|Sn| > εnα) <∞ for all ε > 0;
(iii)

∑∞
n=1 n

αp−2P (max1≤i≤n |Si| > εnα) <∞ for all ε > 0;
If αp > 1, α > 1/2 the above are also equivalent to
(iv)

∑∞
n=1 n

αp−2P (supi≥n i
−α|Si| > ε) <∞ for all ε > 0.

In convenient, we call item nαp−2 as the weight function of the tail probabilities. Many useful lin-
ear statistics are weighted sums of independent and identically distributed random variables, such as,
least-squares estimators, nonparametric regression function estimators and jackknife estimates, and so
on. However, in many stochastic model, the assumption that random variables are independent is not
plausible. Increases in some random variables are often related to decreases in other random variables,
so an assumption of dependence is more appropriate than an assumption of independence. One of the
important dependence structure is the extended negatively dependent structure, which was introduced
by Liu (2009) as follows.

1Supported by the National Natural Science Foundation of China (No. 11701403, 11571250)
2Correspondence: yanjigao@suda.edu.cn(Jigao Yan), Tel: (86)512-65112637, Fax: (86)512-65112637
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Definition 1.2 Random variables Xk, k = 1, · · · , n are said to be lower extended negatively depen-
dent (LEND) if there is some M > 0 such that, for all real numbers xk, k = 1, · · · , n,

P

{
n⋂
k=1

(Xk ≤ xk)

}
≤M

n∏
k=1

P{Xk ≤ xk}; (1.1)

they are said to be upper extended negatively dependent (UEND) if there is some M > 0 such that, for
all real numbers xk, k = 1, · · · , n,

P

{
n⋂
k=1

(Xk > xk)

}
≤M

n∏
k=1

P{Xk > xk}; (1.2)

and they are said to be extended negatively dependent (END) if they are both LEND and UEND. A
sequence of infinitely many random variables {Xk, k = 1, 2, · · ·} is said to be LEND/UEND/END if
for each positive integer n, the random variables X1, X2, · · · , Xn are LEND/UEND/END, respectively.

The END structure covers all negative dependence structures and, more interestingly, it covers certain
positive dependence structures. Some results for END sequence have been found. See, for example, Liu
(2009) obtained the precise large deviations for dependent random variables with heavy tails. Liu (2010)
studied the sufficient and necessary conditions of moderate deviations for dependent random variables
with heavy tails. Shen (2011) gave the probability inequalities. Chen, Chen, and Ng (2010) considered
the SLLN for END random variables and applications to risk theory and renewal theory, and so on.

Recall that the sequence {Xn, n ≥ 1} is stochastically dominated by a random variable X if

sup
n≥1

P{|Xn| > t} ≤ CP{|X| > t}, (1.3)

for some positive constant C and all t ≥ 0. A real valued function l(x), positive and measurable on
[A,∞) for some A > 0, is said to be slowly varying if

lim
x→∞

l(λx)

l(x)
= 1 for each λ > 0.

Motivated by applications in statistics, many researchers extended the Baum-Katz type result for
independent random variables to some dependent random variables, such as some mixing random vari-
ables, NA sequences, NOD random variables, END random variables and even WOD random variables.
Recently, Wang et al. (2014b) established the following result on complete convergence for weighted sums
of END random variables.

Theorem 1.2 Let {X,Xn, n ≥ 1} be a sequence of identically distributed END random variables
with EX = 0 and E|X|p <∞ for some αp > 1 and 1/2 < α ≤ 1. Let {ani, 1 ≤ i ≤ n, n ≥ 1} be an array
of real numbers such that

n∑
i=1

|ani|q = O(n), for some q > p. (1.4)

Then for any ε > 0,

∞∑
i=1

nαp−2P

(∣∣∣∣∣
n∑
i=1

aniXi

∣∣∣∣∣ > εnα

)
<∞. (1.5)

Based on the above work, Shen, Xue, and Wang (2017) generalised the weight functions of tail prob-
abilities in Theorem 1.2 for non-identical distributed END random variables, and obtained the following
result about complete convergence:
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Theorem 1.3 Let 0 < p < 2, α > 0, αp > 1, and {Xn, n ≥ 1} be a sequence of END random
variables, which is stochastically dominated by a random variable X. Let l(x) > 0 be a slowly varying
function. Assume further that EXn = 0 for each n ≥ 1 if p > 1 and {ani, 1 ≤ i ≤ n, n ≥ 1} is an array
of real numbers such that

n∑
i=1

a2ni = O(n).

If

E[|X|pl(|X|1/α)] <∞, (1.6)

then for any ε > 0,

∞∑
n=1

nαp−2l(n)P

(∣∣∣∣∣
n∑
i=1

aniXi

∣∣∣∣∣ > εnα

)
<∞, (1.7)

Motivated by the above works, we will further study the complete convergence for weighted sums of
END random variables, the purpose of this article is threefold:

(1) generalise the condition of weight {ani, 1 ≤ i ≤ n, n ≥ 1} in Theorem 1.3 to one in Theorem 1.2;
(2) take into account the maximum of weighted sums.
(3) the values of p and α are extended to α > 1

2 , αp > 1.
This work is organized as follows: main results on complete convergence for maximal weighted sums

of END random variables and the applications to a nonparametric model are provided in Section 2. Some
lemmas and the proofs of the main results are presented in Section 3.

Before we present our main results, we note that C will be numerical constants whose value are without
importance, and, in addition, may change between appearances. an = O(bn) stands for an ≤ Cbn for all
n ≥ 1 and I(A) is the indicator function on the set A. Denote X+ = max(X, 0) and X− = max(−X, 0).

2 Main Results

Our main results on complete convergence for maximal weighted sums of END random variables are
as follows.

Theorem 2.1 Let α > 1
2 , αp > 1 and `(x) be a slowly varying function at infinity. Let {Xn, n ≥ 1}

be a sequence of END random variables, which is stochastically dominated by a random variable X. Let
{ani, 1 ≤ i ≤ n, n ≥ 1} be an array of real numbers such that ani = 0 or |ani| > 1 and,

n∑
i=1

|ani|ξ = O(n), for some ξ > p. (2.1)

Moreover, additionally assume that EXn = 0 for α ≤ 1. If

E|X|p`(|X|1/α) <∞, (2.2)

then, for arbitrary ε > 0,

∞∑
n=n0

nαp−2`(n)P

(
max
1≤j≤n

|Tj | ≥ εnα
)
<∞, (2.3)

where Tk =
k∑
i=1

aniXi, 1 ≤ k ≤ n, n ≥ 1 and, n0 ≥ 1 be a suitable constant such that `(n) ≥ 0 well

defined.

In the case of ani = 0 or |ani| > 1, we give the following two Remarks on Theorem 2.1.
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Remark 2.1 Comparing Theorem 2.1 with Theorem 1.2, the identical distribution in Theorem 1.2 is
extended to the case of non-identical distribution. In addition, there are many examples of slowly varying
functions which are positive and monotone non-decreasing, such as `(x) = 1, `(x) = log x, `(x) = (log x)2,
and so on. on the other hand, it is obvious that the complete convergence of maximal weighted sums imply
(1.5). Hence, the main result of this paper generalise the corresponding one of Wang el al. (2014b).

Remark 2.2 Comparing Theorem 2.1 with Theorem 1.3, we extend the condition (2.1) on weight
{ani, 1 ≤ i ≤ n, n ≥ 1} from ξ = 2 to some ξ > p with the same moment condition. In addition,
0 < p < 2, α > 0, αp > 1 in Theorem 1.3 implies α > 1

p >
1
2 .

Theorem 2.2 Let α > 1
2 , αp > 1 and `(x) be a slowly varying function at infinity. Let {Xn, n ≥ 1}

be a sequence of END random variables, which is stochastically dominated by a random variable X. Let
{ani, 1 ≤ i ≤ n, n ≥ 1} be an array of real numbers such that |ani| ≤ 1, 1 ≤ i ≤ n, n ≥ 1. Moreover,

additionally assume that EXn = 0 for α ≤ 1. If there exists a constant θ > max
{
p, αp−1

α− 1
2

, 2(αp−1)
α(p−δ)−1

}
,

such that

E|X|p`(|X|1/α)(log |X|)θ <∞, (2.4)

where 0 < δ < p, α(p− δ) > 1, and p− δ > 1 for p > 1, then (2.3) holds.

Remark 2.3 Comparing Theorem 2.2 with Theorem 2.1, the moment condition (2.4) is a little
stronger than (2.2). It is reasonable since we consider the complete convergence of tail probability for
weighted partial sums

∑n
i=1 aniXi, where decreases in weights are related to increases in random variables.

Combining Theorem 2.1 and Theorem 2.2, we can give the following result.

Corollary 2.1 Let α > 1
2 , αp > 1 and `(x) be a slowly varying function at infinity. Let {Xn, n ≥ 1}

be a sequence of END random variables, which is stochastically dominated by a random variable X. Let
{ani, 1 ≤ i ≤ n, n ≥ 1} be an array of real numbers satisfying (2.1). Moreover, additionally assume that
EXn = 0 for α ≤ 1. Then (2.4) implies (2.3).

Remark 2.4 For αp > 1, 1/2 < α ≤ 1, {X,Xn.n ≥ 1} be a sequence of identically distributed
END random variables with EX = 0 and E|X|p < ∞, and {ani, 1 ≤ i ≤ n, n ≥ 1} is an array of real
numbers satisfying (2.1), Zhang (2014) obtained (2.3) for `(x) ≡ 1. Although we sacrificed a little bit
of the moment condition, we generalized not only the non-identical distribution and the slowly varying
function, but also the parameter α to α > 1/2.

In what follows, we apply the result of Corollary 2.1 to a nonparametric regression model and inves-
tigate the strong convergence for the nonparametric regression estimator based on END errors.

Consider the following nonparametric regression model:

Yni = f(xni) + εni, i = 1, 2, · · · , n, n ≥ 1, (2.5)

where xnk are known fixed design points from a given compact set A ⊂ Rm for some m ≥ 1, f(·) is
an unknown regression function defined on A and εni are random errors. Assume that for each n ≥ 1,
(εn1, εn2, · · · , εnn) have the same distribution as (ε1, ε2, · · · , εn). As an estimator of f(·), the following
weighted regression estimator will be considered:

fnk(x) =

k∑
i=1

Wni(x)Yni, k = 1, 2, · · · , n, x ∈ A ⊂ Rm, (2.6)

where Wni(x) = Wni(x;xn1, xn2, · · · , xnn), i = 1, 2, · · · , n are the weight functions.
The class of estimator (2.6) was first introduced by Stone (1977) and next adapted by Georgiev

(1983) to the fixed design case. Until now, the estimator (2.6) has been studied by many authors, such as
Georgiev and Greblicki (1986), Müller (1987) and Georgiev (1988) among others for independent errors,
and Roussas (1989), Fan (1990), Tran et al. (1996), Hu et al. (2002), Liang and Jing (2005), Yang et
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al. (2012), Wang et al. (2014a), Wang et al. (2014c), Shen (2016) and Yan (2017) among others for
dependent errors. The aim of this section is to investigate the strong convergence of the nonparametric
regression estimator fnk(x) by using the complete convergence that we established in Section 2.

For any function f(x), we denote c(f) as all continuity points of the function f on A. The norm ‖x‖
is the Euclidean norm. For any fixed point x ∈ A, the following assumptions on weight functions Wni(x)
will be used:

H1: max
1≤k≤n

∣∣∣∣ k∑
i=1

Wni(x)− 1

∣∣∣∣→ 0 as n→∞;

H2:
n∑
i=1

|Wni(x)| ≤ C <∞ for all n ≥ 1;

H3:
n∑
i=1

|Wni(x)| · |f(xni)− f(x)|I(‖xni − x‖ > a)→ 0 as n→∞ for all a > 0.

Based on the assumptions above, we can get the following results on complete convergence of the
maximum of the nonparametric regression estimator fnk(x).

Theorem 2.3 Let α > 1/2, p > 2/α and `(x) be a slowly varying function at infinity. Let {εn, n ≥
1} be a sequence of zero mean END random variables, which is stochastically dominated by a random
variable ε and E|ε|p`(|ε|1/α)(log |ε|)θ < ∞, where θ as one in Theorem 2.2. Assume that assumptions
(H1)− (H3) hold. If

max
1≤k≤n

|Wnk| = O
(
n−α

)
as n→∞, (2.7)

then for any x ∈ c(f),

max
1≤k≤n

|fnk(x)− f(x)| → 0, completely, as n→∞. (2.8)

Theorem 2.4 Let α > 1/2 and {εn, n ≥ 1} be a sequence of zero mean END random variables,
which is stochastically dominated by a random variable ε and E|ε|2/α(log |ε|)θ < ∞, where θ as one in
Theorem 2.2. Assume that assumptions (H1)− (H3) hold. Then for any x ∈ c(f), (2.7) implies (2.8).

3 Some Lemmas and Proofs

To prove the main results of the paper, we need the following important lemmas.

Lemma 3.1 (cf.Liu (2009)) Let {Xn, n ≥ 1} be a sequence of END random variables.
(i) For each n ≥ 1, if f1, f2, · · · , fn are all nondecreasing (or nonincreasing) functions, then random

variables f1(X1), f2(X2), · · ·, fn(Xn) are also END.
(ii) For each n ≥ 1, there exists a constant M > 0 such that

E

(
n∏
i=1

X+
i

)
≤M

n∏
i=1

EX+
i .

Lemma 3.2 (cf.Wang et al. (2014b)) Let p ≥ 2 and {Xn, n ≥ 1} be a sequence of END random
variables with EXn = 0 and E|Xn|p < ∞ for each n ≥ 1. Then there exists a positive constant Cp
depending only on p such that

E

∣∣∣∣∣
n∑
i=1

Xi

∣∣∣∣∣
p

≤ Cp

 n∑
i=1

E|Xi|p +

(
n∑
i=1

E|Xi|2
)p/2 , for all n ≥ 1.

and

E

(
max
1≤j≤n

∣∣∣∣∣
j∑
i=1

Xi

∣∣∣∣∣
p)
≤ Cp(log n)p

 n∑
i=1

E|Xi|p +

(
n∑
i=1

E|Xi|2
)p/2 , for all n ≥ 1.
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Lemma 3.3 Let p ≥ 2 and {Xn, n ≥ 1} be a sequence of END random variables with EXn = 0
and E|Xn|p < ∞ for each n ≥ 1. Let {ani, 1 ≤ i ≤ n, n ≥ 1} be an array of real numbers. Then there
exists a positive constant Cp depending only on p such that

E

(
max
1≤j≤n

∣∣∣∣∣
j∑
i=1

aniXi

∣∣∣∣∣
p)
≤ Cp(log n)p

 n∑
i=1

E|aniXi|p +

(
n∑
i=1

E|aniXi|2
)p/2 ,

for all n ≥ 1.

Proof of Lemma 3.3 By Lemma 3.1, it’s easy to see that {a+niXi, 1 ≤ i ≤ n} and {a−niXi, 1 ≤ i ≤ n}
are still END random variables respectively for each n ≥ 1. It follows from Lemma 3.2 that

E

(
max
1≤j≤n

∣∣∣∣∣
j∑
i=1

a+niXi

∣∣∣∣∣
p)
≤ C ′p(log n)p

 n∑
i=1

E|a+niXi|p +

(
n∑
i=1

E|a+niXi|2
)p/2 , n ≥ 1, (3.1)

and

E

(
max
1≤j≤n

∣∣∣∣∣
j∑
i=1

a−niXi

∣∣∣∣∣
p)
≤ C ′′p (log n)p

 n∑
i=1

E|a−niXi|p +

(
n∑
i=1

E|a−niXi|2
)p/2 , n ≥ 1, (3.2)

where C ′p, C
′′
p are positive constants depending only on p. Let

C̃p = max{C ′p, C ′′p },

then by Cr inequality, (3.1) and (3.2) we have

E

(
max
1≤j≤n

∣∣∣∣∣
j∑
i=1

aniXi

∣∣∣∣∣
p)

= E

(
max
1≤j≤n

∣∣∣∣∣
j∑
i=1

a+niXi −
j∑
i=1

a−niXi

∣∣∣∣∣
p)

≤ 2p−1E

(
max
1≤j≤n

∣∣∣∣∣
j∑
i=1

a+niXi

∣∣∣∣∣
p

+ max
1≤j≤n

∣∣∣∣∣
j∑
i=1

a−niXi

∣∣∣∣∣
p)

≤ 2p−1C ′p(log n)p

 n∑
i=1

E|a+niXi|p +

(
n∑
i=1

E|a+niXi|2
)p/2

+2p−1C ′′p (log n)p

 n∑
i=1

E|a−niXi|p +

(
n∑
i=1

E|a−niXi|2
)p/2

≤ 2p−1C̃p(log n)p

 n∑
i=1

E|aniXi|p +

(
n∑
i=1

E|aniXi|2
)p/2 .

Therefore, the result holds for Cp = 2p−1C̃p, which depends only on p. �

Lemma 3.4 (Adler and Rosalsky (1987); Adler, Rosalsky, and Taylor et al. (1989)) Let {Xn, n ≥
1} be a sequence of random variables, which is stochastically dominated by a random variable X. For any
α > 0 and β > 0, the following two statements hold:

E|Xn|αI(|Xn| ≤ β) ≤ C1 [E|X|αI(|X| ≤ β) + βαP{|X| > β}] ;

E|Xn|αI(|Xn| > β) ≤ C2E|X|αI(|X| > β),

where C1 and C2 are positive constants. Consequently, E|Xn|α ≤ CE|X|α.
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Lemma 3.5 (Yan J.G. (2018)) Let {ani, 1 ≤ i ≤ n, n ≥ 1} be an array of real numbers such that

n∑
i=1

|ani|ξ ≤ n for some ξ > 0, (3.3)

then
(i) for every 0 < ζ < ξ,

n∑
i=1

|ani|ζ ≤ n. (3.4)

(ii) for all m ≥ 1, κ > ξ,

∞∑
j=m

](Inj)(j + 1)−κ/ξ ≤ C(m+ 1)1−
κ
ξ . (3.5)

and then for all n > m ≥ 1, κ > ξ,

n−1∑
j=m

](Inj)(j + 1)−κ/ξ ≤ C(m+ 1)1−
κ
ξ , (3.6)

where Inj =
{

1 ≤ i ≤ n : n1/ξ(j + 1)−1/ξ < |ani| ≤ n1/ξj−1/ξ
}
, for each n ≥ 1, j ≥ 1.

(iii) for arbitrary s ≥ 1,

s∑
j=1

](Inj) ≤ min{n, s+ 1}. (3.7)

We will use the following properties of slowly varying functions.

Lemma 3.6 (cf.Seneta (1976)) If `(x) is a function slowly varying at infinity, then for any s > 0,

C1n
−s`(n) ≤

∞∑
i=n

i−1−s`(i) ≤ C2n
−s`(n),

and

C3n
s`(n) ≤

n∑
i=1

i−1+s`(i) ≤ C4n
s`(n),

where Ci, i = 1, 2, 3, 4 are positive constants depending only on s.

Proof of Theorem 2.1. Without loss of generality, we may assume that ani ≥ 0 for 1 ≤ i ≤ n, n ≥ 1
and

n∑
i=1

|ani|ξ ≤ n, for some ξ > p.

We choose a number q such that
1

αp
< q < 1.

For 1 ≤ i ≤ n, n ≥ 1, denote

Yni = aniXi;

Y
(1)
ni = −nαqI(Yni < −nαq) + YniI(|Yni| ≤ nαq) + nαqI(Yni > nαq);

Y
(2)
ni = (Yni − nαq)I(Yni > nαq);

Y
(3)
ni = −(Yni + nαq)I(Yni < −nαq).
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Obviously,

Yni = Y
(1)
ni + Y

(2)
ni − Y

(3)
ni , Y

(2)
ni ≥ 0, Y

(3)
ni ≥ 0,

and

∞∑
n=n0

nαp−2`(n)P

(
max
1≤j≤n

|Tj | ≥ εnα
)

=

∞∑
n=n0

nαp−2`(n)P

(
max
1≤j≤n

∣∣∣∣∣
j∑
i=1

Yni

∣∣∣∣∣ ≥ εnα
)

≤
∞∑

n=n0

nαp−2`(n)P

(
max
1≤j≤n

∣∣∣∣∣
j∑
i=1

Y
(1)
ni

∣∣∣∣∣ ≥ εnα

3

)
+

∞∑
n=n0

nαp−2`(n)P

(
max
1≤j≤n

∣∣∣∣∣
j∑
i=1

Y
(2)
ni

∣∣∣∣∣ ≥ εnα

3

)

+

∞∑
n=n0

nαp−2`(n)P

(
max
1≤j≤n

∣∣∣∣∣
j∑
i=1

Y
(3)
ni

∣∣∣∣∣ ≥ εnα

3

)

=

∞∑
n=n0

nαp−2`(n)P

(
max
1≤j≤n

∣∣∣∣∣
j∑
i=1

Y
(1)
ni

∣∣∣∣∣ ≥ εnα

3

)
+

∞∑
n=n0

nαp−2`(n)P

(
n∑
i=1

Y
(2)
ni ≥

εnα

3

)

+

∞∑
n=n0

nαp−2`(n)P

(
n∑
i=1

Y
(3)
ni ≥

εnα

3

)
, I1 + I2 + I3.

To prove (2.3), it suffices to show that Ik <∞ for k = 1, 2, 3. Since the convergence of I2 and I3 are the
same, we will just present the proof of I2 <∞.

For I1, we first show that

n−α max
1≤j≤n

∣∣∣∣∣
j∑
i=1

EY
(1)
ni

∣∣∣∣∣→ 0, n→∞. (3.8)

By (2.2), it is easy to see that
E|X|p−η <∞, for all 0 < η < p.

We choose η such that

0 < η < p, α(p− η) > α(p− η)q > 1 and, p− η > 1 if p > 1.

We prove (3.8) through the following three cases.
Case I. α ≤ 1. By αp > 1 we have p > 1. Therefore, EXn = 0, n ≥ 1, and then EYni = 0 for
1 ≤ i ≤ n, n ≥ 1. By Lemma 3.4 and Lemma 3.5, we get

n−α max
1≤j≤n

∣∣∣∣∣
j∑
i=1

EY
(1)
ni

∣∣∣∣∣
≤ n−α max

1≤j≤n

[∣∣∣∣∣
j∑
i=1

EYniI(|Yni| ≤ nαq)

∣∣∣∣∣+ nαq
j∑
i=1

P (|Yni| > nαq)

]

= n−α max
1≤j≤n

[∣∣∣∣∣
j∑
i=1

EYniI(|Yni| > nαq)

∣∣∣∣∣+ nαq
j∑
i=1

P (|Yni| > nαq)

]

≤ 2n−α
n∑
i=1

E|Yni|I(|Yni| > nαq) ≤ Cn−α
n∑
i=1

E|aniX|I(|aniX| > nαq)

≤ Cn−α(nαq)1−(p−η)
n∑
i=1

E|aniX|p−η ≤ Cn−α(nαq)1−(p−η)
n∑
i=1

|ani|p−η

≤ Cn−α(nαq)1−(p−η) · n = Cn−[αq(p−η)−1] · n−α(1−q) → 0, n→∞. (3.9)
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Case II. α > 1, p > 1. By ξ > p > 1, Lemma 3.4 and Lemma 3.5, we have

n−α max
1≤j≤n

∣∣∣∣∣
j∑
i=1

EY
(1)
ni

∣∣∣∣∣ ≤ n−α max
1≤j≤n

j∑
i=1

[E|Yni|I(|Yni| ≤ nαq) + nαqP (|Yni| > nαq)]

≤ Cn−α

[
n∑
i=1

E|aniX|I(|aniX| ≤ nαq) +

n∑
i=1

nαqP (|aniX| > nαq)

]

≤ Cn−α
n∑
i=1

E|aniX| ≤ Cn−α
n∑
i=1

|ani| ≤ Cn−α · n = Cn−(α−1) → 0, n→∞. (3.10)

Case III. α > 1, p ≤ 1. By Lemma 3.4, Lemma 3.5 and Markov’s inequality we have

n−α max
1≤j≤n

∣∣∣∣∣
j∑
i=1

EY
(1)
ni

∣∣∣∣∣ ≤ n−α
n∑
i=1

E|Y (1)
ni |

≤ n−α
n∑
i=1

[E|aniXi|I(|aniXi| ≤ nαq) + nαqP (|aniXi| > nαq)]

≤ Cn−α

[
n∑
i=1

E|aniX|I(|aniX| ≤ nαq) +

n∑
i=1

nαqP (|aniX| > nαq)

]

≤ Cn−α

[
n∑
i=1

nαq[1−(p−η)]E|aniX|p−η +

n∑
i=1

nαq(n−αq)p−ηE|aniX|p−η
]

≤ Cn−α · nαq[1−(p−η)]
n∑
i=1

|ani|p−η ≤ Cn−[αq(p−η)−1] · n−α(1−q) → 0, n→∞. (3.11)

By (3.9), (3.10) and (3.11), we get (3.8).
Therefore, in order to prove I1 <∞, it suffices to show that

I∗1 ,
∞∑

n=n0

nαp−2`(n)P

(
max
1≤j≤n

∣∣∣∣∣
j∑
i=1

(
Y

(1)
ni − EY

(1)
ni

)∣∣∣∣∣ ≥ εnα

6

)
<∞. (3.12)

By the expression of Y
(1)
ni and Lemma 3.1, for each fixed n ≥ 1, {Y (1)

ni − EY
(1)
ni , 1 ≤ i ≤ n} remain

END random variables. From α(p− η)q > 1 and 0 < q < 1, we get

α− 1

2
− α(1− p− η

2
)q > α− 1

2
− α(1− p− η

2
) =

α(p− η)− 1

2
> 0 if p ≤ 2.

We choose a constant τ such that

τ > max

{
2, p,

αp− 1

α− 1
2

,
αp− 1

α− 1
2 − α(1− p−η

2 )q
,
p− (p− η)q

1− q

}
.

Then, by Markov’s inequality, Lemma 3.3 and Cr inequality we have

I∗1 ≤ C

∞∑
n=n0

nαp−2`(n)n−ατE

(
max
1≤j≤n

∣∣∣∣∣
j∑
i=1

(
Y

(1)
ni − EY

(1)
ni

)∣∣∣∣∣
)τ

≤ C

∞∑
n=n0

nαp−2`(n)n−ατ (log n)τ
n∑
i=1

E
∣∣∣Y (1)
ni

∣∣∣τ
+C

∞∑
n=n0

nαp−2`(n)n−ατ (log n)τ

(
n∑
i=1

E
∣∣∣Y (1)
ni

∣∣∣2) τ
2

, I∗11 + I∗12.
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To prove (3.12), it needs only to prove I∗11 <∞ and I∗12 <∞ respectively.
By Cr inequality, Markov’s inequality, Lemma 3.4 and Lemma 3.5, we have

I∗11 ≤ C

∞∑
n=n0

nαp−2−ατ `(n)(log n)τ
n∑
i=1

[E|Yni|τI(|Yni| ≤ nαq) + nαqτP (|Yni| > nαq)]

≤ C

∞∑
n=n0

nαp−2−ατ `(n)(log n)τ

[
n∑
i=1

E|aniX|τI(|aniX| ≤ nαq) +

n∑
i=1

nαqτP (|aniX| > nαq)

]

≤ C

∞∑
n=n0

nαp−2−ατ `(n)(log n)τ

[
n∑
i=1

nαq[τ−(p−η)]E|aniX|p−η +

n∑
i=1

nαqτ (n−αq)p−ηE|aniX|p−η
]

≤ C

∞∑
n=n0

nαp−2−ατ `(n)(log n)τnαq[τ−(p−η)] ·
n∑
i=1

|ani|p−η

≤ C

∞∑
n=n0

n−α(1−q)[τ−
p−(p−η)q

1−q ]−1`(n)(log n)τ <∞. (3.13)

Next for I∗12. By Cr inequality and Lemma 3.4 we have

I∗12 ≤ C

∞∑
n=n0

nαp−2−ατ `(n)(log n)τ

[
n∑
i=1

E|Yni|2I(|Yni| ≤ nαq) +

n∑
i=1

n2αqP (|Yni| > nαq)

] τ
2

≤ C

∞∑
n=n0

nαp−2−ατ `(n)(log n)τ

[
n∑
i=1

E|aniX|2I(|aniX| ≤ nαq) +

n∑
i=1

n2αqP (|aniX| > nαq)

] τ
2

.

If p > 2, by Markov’s inequality and Lemma 3.5,

I∗12 ≤ C

∞∑
n=n0

nαp−2−ατ `(n)(log n)τ ·

(
n∑
i=1

a2niEX
2

) τ
2

≤ C

∞∑
n=n0

nαp−2−ατ `(n)(log n)τ ·

(
n∑
i=1

a2ni

) τ
2

≤ C

∞∑
n=n0

n−(α−
1
2 )[τ−

αp−1
α−1/2

]−1 `(n) (log n)τ <∞. (3.14)

If 0 < p ≤ 2, again by Markov’s inequality and Lemma 3.5,

I∗12 ≤ C

∞∑
n=n0

nαp−2−ατ `(n)(log n)τ

[
n∑
i=1

(nαq)2−(p−η)E|aniX|p−η +

n∑
i=1

n2αq(n−αq)(p−η)E|aniX|p−η
] τ

2

≤ C

∞∑
n=n0

nαp−2−ατ `(n)(log n)τnαq[2−(p−η)]·
τ
2 ·

(
n∑
i=1

|ani|p−η
) τ

2

≤ C

∞∑
n=n0

nαp−2−τ [α−
1
2−αq(1−

p−η
2 )] `(n) (log n)τ <∞. (3.15)

By (3.14) and (3.15), we see that I∗12 <∞. Thus, combine (3.13), (3.12) holds, that is I1 <∞.
Next for I2. Let

Z
(2)
ni = (Yni − nαq)I(nαq < Yni ≤ nα + nαq) + nαI(Yni > nα + nαq), 1 ≤ i ≤ n, n ≥ 1.

Thus, Z
(2)
ni ≥ 0 and

Y
(2)
ni = Z

(2)
ni + (Yni − nα − nαq)I(Yni > nα + nαq), 1 ≤ i ≤ n, n ≥ 1.
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Therefore,

I2 ≤ C

∞∑
n=n0

nαp−2`(n)P

(
n∑
i=1

Z
(2)
ni >

εnα

6

)

+C

∞∑
n=n0

nαp−2`(n)P

(
n∑
i=1

(Yni − nα − nαq)I(Yni > nα + nαq) >
εnα

6

)

≤ C

∞∑
n=n0

nαp−2`(n)P

(
n∑
i=1

Z
(2)
ni >

εnα

6

)
+ C

∞∑
n=n0

nαp−2`(n)

n∑
i=1

P (Yni > nα + nαq)

, I21 + I22. (3.16)

To prove I2 <∞, it suffices to show that I21 <∞ and I22 <∞.
For I21, we first show that

n−α
n∑
i=1

EZ
(2)
ni → 0, n→∞. (3.17)

If p > 1. By Lemma 3.5, we have

0 ≤ n−α
n∑
i=1

EZ
(2)
ni ≤ n

−α
n∑
i=1

EYniI(Yni > nαq)

≤ n−α(nαq)1−(p−η)
n∑
i=1

E|aniX|p−η

≤ n−α(nαq)1−(p−η)
n∑
i=1

|ani|p−η ≤ Cn−[αq(p−η)−1]−α(1−q) → 0, n→∞. (3.18)

If 0 < p ≤ 1. By Markov’s inequality, Lemma 3.4 and Lemma 3.5, we have

0 ≤ n−α
n∑
i=1

EZ
(2)
ni ≤ n

−α
n∑
i=1

[E|Yni|I(|Yni| ≤ 2nα) + nαP (|Yni| > 2nαq)]

≤ Cn−α
n∑
i=1

[E|aniX|I(|aniX| ≤ 2nα) + 2nαP (|aniX| > 2nα) + nαP (|aniX| > 2nαq)]

≤ Cn−α
n∑
i=1

[E|aniX|I(|aniX| ≤ 2nα) + nαP (|aniX| > 2nαq)]

≤ Cn−α
n∑
i=1

[
(nα)1−(p−η)|ani|p−η + nα(n−αq)p−η|ani|p−η

]
≤ Cn−αnαn−αq(p−η)

n∑
i=1

|ani|p−η ≤ Cn−[αq(p−η)−1] → 0, n→∞. (3.19)

Obviously, (3.17) follows from (3.18) and (3.19). Therefore, to prove I21 <∞, it needs only to prove

I∗21 ,
∞∑

n=n0

nαp−2`(n)P

(∣∣∣∣∣
n∑
i=1

(Z
(2)
ni − EZ

(2)
ni )

∣∣∣∣∣ > εnα

12

)
<∞. (3.20)

From Lemma 3.1, for each fixed n ≥ 1, {Z(2)
ni − EZ

(2)
ni , 1 ≤ i ≤ n} are still END random variables.

We choose constant κ such that

κ > max

{
ξ,

αp− 1

α− 1
2

,
αp− 1

α− 1
ξ

,
2(αp− 1)

α(p− η)− 1

}
.
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And by αp− 1 > α(p− η)− 1 > 0, we see that 2(αp−1)
α(p−η)−1 > 2, therefore, κ > 2.

By Markov’s inequality, Cr inequality and Lemma 3.3, we have

I∗21 ≤ C

∞∑
n=n0

nαp−2`(n)n−ακE

∣∣∣∣∣
n∑
i=1

(Z
(2)
ni − EZ

(2)
ni )

∣∣∣∣∣
κ

≤ C

∞∑
n=n0

nαp−2−ακ`(n)

n∑
i=1

E
∣∣∣Z(2)
ni

∣∣∣κ + C

∞∑
n=n0

nαp−2−ακ`(n)

(
n∑
i=1

E
(
Z

(2)
ni

)2)κ
2

, I∗211 + I∗212.

To prove (3.20), it suffices to show that I∗211 <∞ and I∗212 <∞.
We will proceed with two aspects.
(i) If p ≥ 2. First for I∗212. If p > 2, then by Cr inequality, Lemma 3.5 and ξ > p, we have

I∗212 ≤ C

∞∑
n=n0

nαp−2−ακ`(n)

(
n∑
i=1

E |Yni|2
)κ

2

≤ C
∞∑

n=n0

nαp−2−ακ`(n)

(
n∑
i=1

a2ni

)κ
2

≤ C

∞∑
n=n0

nαp−2−ακ`(n) · nκ2 = C

∞∑
n=n0

n
−(α− 1

2 )

(
κ−αp−1

α− 1
2

)
−1

`(n) <∞. (3.21)

If p = 2. Similarly we have

I∗212 ≤ C

∞∑
n=n0

nαp−2−ακ`(n)

(
n∑
i=1

E |Yni|2 I(|Yni| ≤ 2nα) + n2αP (|Yni| > nα)

)κ
2

≤ C

∞∑
n=n0

nαp−2−ακ`(n)

(
n∑
i=1

nαηE |Yni|2−η I(|Yni| ≤ 2nα) + n2α · (n−α)2−ηE|Yni|2−η
)κ

2

≤ C

∞∑
n=n0

nαp−2−ακ`(n)

(
n∑
i=1

nαηE |Yni|2−η
)κ

2

≤ C

∞∑
n=n0

nαp−2−ακ`(n)
(
nαη+1

)κ
2

≤ C

∞∑
n=n0

n−
α(p−η)−1

2 (κ− 2(αp−1)
α(p−η)−1 )−1 `(n) <∞. (3.22)

Next for I∗211. By Cr inequality, we get

I∗211 ≤ C

∞∑
n=n0

nαp−2−ακ`(n)

n∑
i=1

[E|Yni|κI(nαq < Yni ≤ nα + nαq) + nακP (|Yni| > nα + nαq)]

≤ C

∞∑
n=n0

nαp−2−ακ`(n)

n∑
i=1

[E|Yni|κI(|Yni| ≤ 2nα) + nακP (|Yni| > nα)]

= C

∞∑
n=n0

nαp−2−ακ`(n)

n∑
i=1

E|Yni|κI(|Yni| ≤ 2nα) + C

∞∑
n=n0

nαp−2`(n)

n∑
i=1

P (|Yni| > nα)

, I∗2111 + I∗2112. (3.23)

Thus, to prove I∗211 <∞, we need to prove I∗2111 <∞ and I∗2112 <∞.
Firstly, in view of Inj and ani = 0 or |ani| > 1, it is easy to see that

n−1⋃
j=1

Inj = {1 ≤ i ≤ n : |ani| > 1}.
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We thus by Lemma 3.5 that

I∗2112 ≤ C

∞∑
n=n0

nαp−2`(n)

n−1∑
j=1

∑
i∈Inj

P (|aniX| > nα)

≤ C

∞∑
n=n0

nαp−2`(n)

n−1∑
j=1

P (|X| > nα(
j

n
)

1
ξ ) ](Inj)

= C

∞∑
n=n0

nαp−2`(n)

n−1∑
j=1

P (|X|t > n · j
t
ξ ) ](Inj) (

1

t
= α− 1

ξ
)

≤ C

∞∑
n=n0

nαp−2`(n)

n−1∑
j=1

](Inj)

∞∑
m=[n·j

t
ξ ]

P (m < |X|t ≤ m+ 1)

≤ C

∞∑
n=n0

nαp−2`(n)

∞∑
m=n

P (m < |X|t ≤ m+ 1)

(n−1)∧[(m+1
n )

ξ
t ]∑

j=1

](Inj)

≤ C

∞∑
n=n0

nαp−2`(n)

∞∑
m=n

P (m < |X|t ≤ m+ 1)

(
n ∧

[(
m+ 1

n

) ξ
t

]
+ 1

)

≤ C

∞∑
n=n0

nαp−2`(n)

[n1+
ξ
t ]∑

m=n

P (m < |X|t ≤ m+ 1)

([(
m+ 1

n

) ξ
t

]
+ 1

)

+C

∞∑
n=n0

nαp−1`(n)

∞∑
m=[n1+

ξ
t ]+1

P (m < |X|t ≤ m+ 1)

, I∗21121 + I∗21122.

We will prove I∗21121 <∞ and I∗21122 <∞.
From 1

t = α− 1
ξ , it is easy to see that

t(1− 1

αξ
) =

1

α
,

ξ

ξ + t
=

1

αt
,
ξ

t
= αξ − 1,

and then

ξ

t
+

ξ

ξ + t
(αp− 1− ξ

t
) = αξ − 1 +

αξ − 1

αξ
(αp− 1− αξ + 1)

= (αξ − 1)(1 +
p− ξ
ξ

) = (αξ − 1) · p
ξ

=
p

t
.

By Lemma 3.6 and (2.2), we have

I∗21121 ≤ C

∞∑
n=n0

nαp−2−
ξ
t `(n)

[n1+
ξ
t ]∑

m=n

P (m < |X|t ≤ m+ 1) ·m
ξ
t

≤ C

∞∑
m=n0

P (m < |X|t ≤ m+ 1) ·m
ξ
t

m∑
n=[m

ξ
ξ+t ]

nαp−2−
ξ
t `(n)

≤ C

∞∑
m=n0

P (m < |X|t ≤ m+ 1) ·m
p
t `(m1− 1

αξ )

≤ C + CE|X|p`(|X| 1α ) <∞. (3.24)
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Similarly,

I∗21122 ≤ C

∞∑
m=[n

1+
ξ
t

0 ]+1

P (m < |X|t ≤ m+ 1)

[m
ξ
ξ+t ]∑

n=n0

nαp−1 `(n)

≤ C

∞∑
m=[n

1+
ξ
t

0 ]+1

P (m < |X|t ≤ m+ 1) ·m
p
t `(m

t
α )

≤ C + CE|X|p`(|X| 1α ) <∞. (3.25)

From (3.24) and (3.25), we get I∗2112 <∞.
Next for I∗2111. By Lemma 3.4 and Cr inequality, we have

I∗2111 = C

∞∑
n=n0

nαp−2−ακ`(n)

n∑
i=1

E|aniXi|κI(|aniXi| ≤ 2nα)

≤ C

∞∑
n=n0

nαp−2−ακ`(n)

n∑
i=1

E|aniX|κI(|aniX| ≤ 2nα)

+C

∞∑
n=n0

nαp−2`(n)

n∑
i=1

P (|aniX| > 2nα)

, J1 + J2.

Similarly to the process of I∗2112 <∞, we can get that J2 <∞. It remains to show that J1 <∞.
For simplicity, we will prove

J∗1 , C
∞∑

n=n0

nαp−2−ακ`(n)

n∑
i=1

E|aniX|κI(|aniX| ≤ nα) <∞.

In fact,

J∗1 = C

∞∑
n=n0

nαp−2−ακ`(n)

n−1∑
j=1

∑
i∈Inj

E|aniX|κI(|aniX| ≤ nα)

≤ C

∞∑
n=n0

nαp−2−ακ`(n)

n−1∑
j=1

(
n

j
)
κ
ξ E|X|κI

(
|X| ≤ nα · (j + 1

n
)

1
ξ

)
](Inj)

≤ C

∞∑
n=n0

nαp−2−ακ+
κ
ξ `(n)

n−1∑
j=1

j−
κ
ξ ](Inj)

[n·(j+1)
t
ξ ]∑

m=0

E|X|κI(m < |X|t ≤ m+ 1)

≤ C

∞∑
n=n0

nαp−2−ακ+
κ
ξ `(n)

n−1∑
j=1

j−
κ
ξ ](Inj)

2n∑
m=0

E|X|κI(m < |X|t ≤ m+ 1)

+C

∞∑
n=n0

nαp−2−ακ+
κ
ξ `(n)

n−1∑
j=1

j−
κ
ξ ](Inj)

[n·(j+1)
t
ξ ]∑

m=2n+1

E|X|κI(m < |X|t ≤ m+ 1)

, J∗11 + J∗12. (3.26)

It remains to show that J∗11 <∞ and J∗12 <∞.
We have by Lemma 3.5 and Lemma 3.6 that

J∗11 = C

∞∑
n=n0

nαp−2−ακ+
κ
ξ `(n)

2n∑
m=0

E|X|κI(m < |X|t ≤ m+ 1)

n−1∑
j=1

j−
κ
ξ ](Inj)
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≤ C

∞∑
n=n0

nαp−2−ακ+
κ
ξ `(n)

2n∑
m=0

E|X|κI(m < |X|t ≤ m+ 1)

≤ C

∞∑
m=1

E|X|κI(m < |X|t ≤ m+ 1)

∞∑
n=[m/2]

nαp−2−ακ+
κ
ξ `(n)

≤ C

∞∑
m=1

E|X|κI(m < |X|t ≤ m+ 1)mαp−1−ακ+κ
ξ `(m)

≤ C

∞∑
m=1

P (m < |X|t ≤ m+ 1)mαp−1`(m)

≤ C + CE|X|p−t(1−
p
ξ )`(|X|t) ≤ C + CE|X|p`(|X|1/α). (3.27)

On the other hand, again by Lemma 3.5 and Lemma 3.6, we have

J∗12 ≤ C

∞∑
n=n0

nαp−2−ακ+
κ
ξ `(n)

[n
1+ t

ξ ]∑
m=2n+1

E|X|κI(m < |X|t ≤ m+ 1)

n−1∑
j=[(m/n)

ξ
t ]−1

j−
κ
ξ ](Inj)

≤ C

∞∑
n=n0

nαp−2−ακ+
κ
ξ `(n)

[n
1+ t

ξ ]∑
m=2n+1

E|X|κI(m < |X|t ≤ m+ 1)
(

[(m/n)
ξ
t ]− 1

)1−κξ
≤ C

∞∑
m=2n0+1

E|X|κI(m < |X|t ≤ m+ 1)m−
κ−ξ
t

∞∑
n=[m

ξ
ξ+t ]

nαp−2−ακ+
κ
ξ−

ξ
t (1−

κ
ξ )`(n)

≤ C

∞∑
m=2n0+1

E|X|κI(m < |X|t ≤ m+ 1)m−
κ−ξ
t ·m

ξ
ξ+t (αp−1− ξt )`(m

ξ
ξ+t )

≤ C

∞∑
m=2n0+1

P (m < |X|t ≤ m+ 1) ·m
p
t `(m

t
α ) ≤ C + CE|X|p`(|X|1/α). (3.28)

From (3.27) and (3.28), we have J1 <∞, and then I∗211 <∞.
The case of 0 < p < 2 is similarly to the process of p ≥ 2, so we omit it. Thus, (2.3) holds. This ends

the proof. �
Proof of Theorem 2.2. Without loss of generality, for 1 ≤ i ≤ n, n ≥ 1, we assume that ani ≥ 0 and

denote

X
(1)
ni = −aninαI(Xi < −nα) + aniXiI(|Xi| ≤ nα) + anin

αI(Xi > nα);

X
(2)
ni = ani(Xi − nα)I(Xi > nα);

X
(3)
ni = −ani(Xi + nα)I(Xi < −nα).

Then
aniXi = X

(1)
ni +X

(2)
ni −X

(3)
ni , X

(2)
ni ≥ 0, X

(3)
ni ≥ 0,

and
∞∑

n=n0

nαp−2`(n)P

(
max
1≤j≤n

|Tj | ≥ εnα
)

≤
∞∑

n=n0

nαp−2`(n)P

(
max
1≤j≤n

∣∣∣∣∣
j∑
i=1

X
(1)
ni

∣∣∣∣∣ ≥ εnα

3

)
+

∞∑
n=n0

nαp−2`(n)P

(
n∑
i=1

X
(2)
ni ≥

εnα

3

)

+

∞∑
n=n0

nαp−2`(n)P

(
n∑
i=1

X
(3)
ni ≥

εnα

3

)
, D1 +D2 +D3.
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In the sequel, we will prove that Di < ∞, i = 1, 2, 3. Since the proof of D2 < ∞ and D3 < ∞ are the
same, we will only present the convergence of D2. In fact, by Lemma 3.4, Lemma 3.6 and (2.4)

D2 ≤
∞∑

n=n0

nαp−2`(n)

n∑
i=1

P (|Xi| > nα) ≤ C
∞∑

n=n0

nαp−1`(n)P (|X| > nα)

= C

∞∑
n=n0

nαp−1`(n)

∞∑
m=n

P (mα < |X| ≤ (m+ 1)α)

≤ C

∞∑
m=n0

P (mα < |X| ≤ (m+ 1)α)

m∑
n=n0

nαp−1`(n)

≤ C

∞∑
m=n0

mαp`(m)P (mα < |X| ≤ (m+ 1)α) ≤ CE|X|p`(|X|1/α) <∞. (3.29)

For D1, we first prove that

n−α max
1≤j≤n

∣∣∣∣∣
j∑
i=1

EX
(1)
ni

∣∣∣∣∣→ 0, n→∞. (3.30)

When α ≤ 1, it follows from EXi = 0, |ani| ≤ 1, Lemma 3.4 and (2.4) that

n−α max
1≤j≤n

∣∣∣∣∣
j∑
i=1

EX
(1)
ni

∣∣∣∣∣
≤ n−α max

1≤j≤n

[∣∣∣∣∣
j∑
i=1

EaniXiI(|Xi| ≤ nα)

∣∣∣∣∣+

∣∣∣∣∣
j∑
i=1

anin
αP (|Xi| > nα)

∣∣∣∣∣
]

= n−α max
1≤j≤n

[∣∣∣∣∣
j∑
i=1

EaniXiI(|Xi| > nα)

∣∣∣∣∣+

∣∣∣∣∣
j∑
i=1

anin
αP (|Xi| > nα)

∣∣∣∣∣
]

≤ Cn−α
n∑
i=1

E|Xi|I(|Xi| > nα) ≤ Cn1−α(p−δ)E|X|p−δI(|X| > nα)→ 0, n→∞. (3.31)

When α > 1 and p > 1, we have from Lemma 3.4 and (2.4) that E|X| <∞, and

n−α max
1≤j≤n

∣∣∣∣∣
j∑
i=1

EX
(1)
ni

∣∣∣∣∣ ≤ n−α
n∑
i=1

[E|Xi|I(|Xi| ≤ nα) + nαP (|Xi| > nα)]

≤ Cn1−αE|X| → 0, n→∞. (3.32)

When α > 1 and p ≤ 1, by Lemma 3.4, Chebyshev’s inequality and (2.4) we get

n−α max
1≤j≤n

∣∣∣∣∣
j∑
i=1

EX
(1)
ni

∣∣∣∣∣
≤ n−α

n∑
i=1

[E|Xi|I(|Xi| ≤ nα) + nαP (|Xi| > nα)]

≤ Cn1−α
[
nα(1−(p−δ))E|X|p−δI(|X| ≤ nα) + nαn−α(p−δ)E|X|p−δ

]
= Cn1−α(p−δ)E|X|p−δ → 0, n→∞. (3.33)

Thus, formula (3.30) follows from (3.31) ∼(3.33). To get D1 <∞, it suffices to show that

D∗1 ,
∞∑

n=n0

nαp−2`(n)P

(
max
1≤j≤n

∣∣∣∣∣
j∑
i=1

(
X

(1)
ni − EX

(1)
ni

)∣∣∣∣∣ ≥ εnα

6

)
<∞.
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By Lemma 3.1, it is easy to see that {X(1)
ni −EX

(1)
ni } remain END random variables for every n ≥ 1. We

have from Chebyshev’s inequality and Lemma 3.3 that

D∗1 ≤ C

∞∑
n=n0

nαp−2−αθ`(n)E

(
max
1≤j≤n

∣∣∣∣∣
j∑
i=1

(
X

(1)
ni − EX

(1)
ni

)∣∣∣∣∣
)θ

≤ C

∞∑
n=n0

nαp−2−αθ`(n)(log n)θ
n∑
i=1

E
∣∣∣X(1)

ni

∣∣∣θ + C

∞∑
n=n0

nαp−2−αθ`(n)(log n)θ

(
n∑
i=1

E
∣∣∣X(1)

ni

∣∣∣2)θ/2
, D∗11 +D∗12,

since θ > 2(αp−1)
α(p−δ)−1 > 2. We will prove that D∗11 <∞ and D∗12 <∞, respectively. By Cr inequality and

Lemma 3.4, we have

D∗11 ≤ C

∞∑
n=n0

nαp−2−αθ`(n)(log n)θ
n∑
i=1

[
E|aniXi|θI(|Xi| ≤ nα) + (anin

α)θP (|Xi| > nα)
]

≤ C

∞∑
n=n0

nαp−2−αθ`(n)(log n)θ
n∑
i=1

[
E|Xi|θI(|Xi| ≤ nα) + nαθP (|Xi| > nα)

]
≤ C

∞∑
n=n0

nαp−1−αθ`(n)(log n)θ
[
E|X|θI(|X| ≤ nα) + nαθP (|X| > nα)

]
= C

∞∑
n=n0

nαp−1−αθ`(n)(log n)θE|X|θI(|X| ≤ nα) + C

∞∑
n=n0

nαp−1`(n)(log n)θP (|X| > nα)

, D∗111 +D∗112.

Similarly to the proof of (3.29) we have

D∗112 ≤ CE|X|p`(|X|1/α)(log |X|)θ <∞.

For D∗111, we get from Lemma 3.6 and (2.4) that

D∗111 = C

∞∑
n=n0

nαp−1−αθ`(n)(log n)θ
n∑

m=1

E|X|θI((m− 1)α < |X| ≤ mα)

≤ C

∞∑
m=1

E|X|θI((m− 1)α < |X| ≤ mα)

∞∑
n=m

nαp−1−αθ`(n)(log n)θ

≤ C

∞∑
m=1

mαp−αθ`(m)(logm)θE|X|θI((m− 1)α < |X| ≤ mα)

≤ CE|X|p`(|X|1/α)(log |X|)θ <∞.

We thus get D∗11 <∞. Finally, for D∗12, it follows from Cr inequality and Lemma 3.4 that

D∗12 ≤ C
∞∑

n=n0

nαp−2−αθ+
θ
2 `(n)(log n)θ

(
EX2I(|X| ≤ nα) + n2αP (|X| > nα)

)θ/2
.

If p > 2, then we have EX2 <∞. Since θ > αp−1
α− 1

2

, we get

D∗12 ≤ C
∞∑

n=n0

nαp−2−αθ+
θ
2 `(n)(log n)θ <∞.
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If p ≤ 2, it follows from Chebyshev’s inequality that

D∗12 ≤ C

∞∑
n=n0

nαp−2−αθ+
θ
2 `(n)(log n)θ

(
nα(2−(p−δ))E|X|p−δI(|X| ≤ nα) + n2αn−α(p−δ)E|X|p−δ

)θ/2
≤ C

∞∑
n=n0

nαp−2−
θ
2 (α(p−δ)−1)`(n)(log n)θ <∞,

since θ > 2(αp−1)
α(p−δ)−1 . This ends the proof of Theorem 2.2. �

Proof of Corollary 2.1. Without loss of generality, we may assume that
∑n
i=1 |ani|ξ ≤ n for some

ξ > p. For fixed n ≥ 1, let

An1 = {1 ≤ i ≤ n, |ani| ≤ 1}, An2 = {1 ≤ i ≤ n, |ani| > 1},

and let
a
(1)
ni = aniI(i ∈ An1) a

(2)
ni = aniI(i ∈ An2).

Then

max
1≤j≤n

∣∣∣∣∣
j∑
i=1

aniXi

∣∣∣∣∣ ≤ max
1≤j≤n

∣∣∣∣∣
j∑
i=1

a
(1)
ni Xi

∣∣∣∣∣+ max
1≤j≤n

∣∣∣∣∣
j∑
i=1

a
(2)
ni Xi

∣∣∣∣∣ .
It follows from Theorem 2.1 and Theorem 2.2 that

∞∑
n=n0

nαp−2`(n)P

(
max
1≤j≤n

∣∣∣∣∣
j∑
i=1

aniXi

∣∣∣∣∣ ≥ εnα
)

≤
∞∑

n=n0

nαp−2`(n)P

(
max
1≤j≤n

∣∣∣∣∣
j∑
i=1

a
(1)
ni Xi

∣∣∣∣∣ ≥ εnα

2

)
+

∞∑
n=n0

nαp−2`(n)P

(
max
1≤j≤n

∣∣∣∣∣
j∑
i=1

a
(2)
ni Xi

∣∣∣∣∣ ≥ εnα

2

)
< ∞,

which ends the proof of Corollary 2.1. �
Proof of Theorem 2.3 Let ani = Wni · nα. For any ξ > p, it follows by (2.7) that

n∑
i=1

|ani|ξ =

n∑
i=1

|Wni|ξ · nαξ = O(n · n−αξ) · nαξ = O(n).

It can be found that condition (2.1) in Theorem 2.1 is satisfied. For any x ∈ c(f), it is easy to see that

fnk(x)− Efnk(x) =

k∑
i=1

Wni(x)εni.

Hence, it follows by (2.3) of Corollary 2.1 that

∞∑
n=n0

nαp−2`(n)P

(
max

1≤k≤n

∣∣∣∣∣
k∑
i=1

Wni(x)εni

∣∣∣∣∣ ≥ ε
)

=

∞∑
n=n0

nαp−2`(n)P

(
max

1≤k≤n

∣∣∣∣∣
k∑
i=1

ani(x)εi

∣∣∣∣∣ ≥ εnα
)
<∞,

since (εn1, εn2, · · · , εnn) have the same distribution as (ε1, ε2, · · · , εn) for each n ≥ 1. By the property of
the slowly varying function, it follows that for any x ∈ c(f),

max
1≤k≤n

|fnk(x)− Efnk(x)| → 0, completely, as n→∞. (3.34)
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Hence, to prove (2.8), it suffices to show that for any x ∈ c(f),

max
1≤k≤n

|Efnk(x)− f(x)| → 0, as n→∞. (3.35)

For any x ∈ c(f) and a > 0, it follows from (2.5) and (2.6) that

max
1≤k≤n

|Efnk(x)− f(x)| ≤ max
1≤k≤n

∣∣∣∣∣
k∑
i=1

Wni(x) · (f(xni)− f(x))

∣∣∣∣∣
+|f(x)| max

1≤k≤n

∣∣∣∣∣
k∑
i=1

Wni(x)− 1

∣∣∣∣∣
≤

n∑
i=1

|Wni(x)| · |f(xni)− f(x)| · I(||xnk − x|| ≤ a)

+

n∑
i=1

|Wni(x)| · |f(xni)− f(x)| · I(||xnk − x|| > a)

+|f(x)| max
1≤k≤n

∣∣∣∣∣
k∑
i=1

Wni(x)− 1

∣∣∣∣∣ . (3.36)

Since x ∈ c(f), for any υ > 0, there exists a ϑ > 0, such that |f(x′) − f(x)| < υ when ‖x′ − x‖ < ϑ.
Select 0 < a < ϑ in formula (3.36), we have

max
1≤k≤n

|Efnk(x)− f(x)| ≤ θ

n∑
i=1

|Wni(x)|+ |f(x)| · max
1≤k≤n

∣∣∣∣∣
k∑
i=1

Wni(x)− 1

∣∣∣∣∣
+

n∑
i=1

|Wni(x)| · |f(xni)− f(x)|I(||xni − x|| > a),

which together with conditions (H1)− (H3) yields that (3.35) holds. This completes the proof. �
Proof of Theorem 2.4 The proof is similar to that of Theorem 2.3. We will apply Corollary 2.1

with p = 2/α and `(x) ≡ 1. Hence, the desired result (2.8) follows by Corollary 2.1 immediately. The
proof is ended. �
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