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Abstract

Equilibria and optima generally differ in imperfectly competitive markets.
While this is well understood theoretically, it is unclear how large the wel-
fare distortions are in the aggregate economy. Do they matter quantitatively?
To answer this question, we develop a multi-sector monopolistic competition
model with endogenous firm entry and selection, productivity, and markups.
Using French and British data, we quantify the gap between the equilibrium
and optimal allocations. In our preferred specification, inefficiencies in the
labor allocation and entry between sectors, as well as inefficient selection and

output per firm within sectors, generate welfare losses of about 6-10% of GDP.
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1 Introduction

In imperfectly competitive markets, equilibria and optima generally differ in many respects
such as the number of firms and firm-level outputs. While this is well understood theoret-
ically, it is unclear how large the welfare losses from these distortions are in the aggregate
economy. Do they matter quantitatively? To answer this question, we develop a multi-sector
model of monopolistic competition with endogenous firm entry and selection, productivity,
and markups. Using data from France and the United Kingdom (UK), we quantify the gap
between the equilibrium and optimal allocations, and document patterns of inter- and intra-
sectoral distortions that translate into welfare losses of about 6-10% of Gpr. The welfare
costs of monopolistic competition are hence sizable.

The theoretical literature on equilibrium versus optimum allocations under monopolistic
competition dates back at least to Dixit and Stiglitz (1977). They analyze the tradeoff between
product diversity and output per firm as a source of inefficiencies in general equilibrium
models with unspecified utility functions. More recently, Zhelobodko, Kokovin, Parenti, and
Thisse (2012) introduce heterogeneous firms into those models, and Dhingra and Morrow
(2017) show that markets generally deliver a socially inefficient selection of firms.

While these insights are valuable, they are derived from models with a single monopolis-
tically competitive sector. Extant studies thus abstract from a first-order feature of the data:
sectors are highly heterogeneous. In France in 2008, for example, there are 4,889 textile and
footwear producers, which compete for an expenditure share of 2% by French consumers.
Those firms operate, arguably, in a different market and face different demands than the
4,607 manufacturers of wood products or the 124,202 health and personal service providers,
on which French consumers spend less than 0.1% and almost 20% of aggregate income,
respectively.’

Therefore, to answer the basic ‘so-what” question—how great the overall welfare losses
from imperfectly competitive markets are—we need to enrich existing general equilibrium
models to have both between-sector and within-sector heterogeneity. For instance, the textile
industry may have some firms that produce too little and others that produce too much, and
at the same time, it may also attract too many (or too few) firms and workers in equilibrium.
This, in turn, means that some other industries may have fewer (or more) firms and workers
than are socially optimal.

Quantifying the magnitude of the aggregate welfare distortion in such a general equilib-

'See Table 1 in Section 4 for more details about the data. The large number of firms in each sector suggests
that monopolistic competition is a reasonable approximation of the market structure.



rium framework is important for at least two reasons. First, since the seminal contribution
by Dixit and Stiglitz (1977), the existence of a gap between the equilibrium and optimal
allocations has been one of the most influential theoretical results in various applied fields
of economics. Yet, despite its importance, we are not aware of any attempt to put numbers
on it while taking into account heterogeneity both between and within sectors. Second,
the rationale for government interventions in a particular sector typically relies on a partial
equilibrium analysis, thus ignoring the interdependencies between heterogeneous sectors.
For example, the question of excess or insufficient entry into industries should be viewed
from a general equilibrium perspective: limited resources imply that excessive entry in some
industries is likely to go hand-in-hand with insufficient entry in others.

Assessing the welfare costs of imperfect competition in a general equilibrium setting is
also difficult for at least for two reasons. First, to capture misallocations within and between
sectors, we need a model with heterogeneous firms and sectors. Developing such a model
is challenging, especially with general utility functions and productivity distributions that
can accommodate various specifications used in the literature. Second, we need to compare
the equilibrium and optimal allocations. While the former is observable from the data, the
latter is not. It is thus not obvious how we can measure the gap between the equilibrium
and the optimum-—quantifying something unobservable is not an easy task.

We address the first problem by building on Zhelobodko et al. (2012) and Dhingra and
Morrow (2017), who study the positive and normative aspects of a single monopolistically
competitive industry. We extend their approach to incorporate multiple sectors and allow
the sectors to differ in many respects such as utility functions and productivity distributions.
Imposing standard assumptions on the upper-tier utility function, we establish existence
and uniqueness of the equilibrium and optimal allocations. Comparing those two alloca-
tions enables us to characterize various distortions, which include inefficiencies in the labor
allocation and the masses of entrants between sectors, as well as inefficient firm selection
and output per firm within sectors.

We cope with the second problem by using a novel way to quantify the gap between the
equilibrium and the optimum: the Allais surplus (Allais, 1943, 1977). Roughly speaking, we
consider a planner who minimizes the resource cost while achieving the equilibrium utility
level. Since by definition the planner can do better than the market economy, it requires
less resources, thus generating a surplus. The advantage of the Allais surplus is that it can
be used for comparing the equilibrium with the first-best allocation, i.e., even in contexts
where equivalent or compensating variations—or other related criteria to compare different

equilibria—cannot be readily applied due to a lack of prices.



Previewing our theoretical findings, we show that the distortion in the labor allocation
depends on the interaction between two types of elasticities: the elasticities of the upper-tier
utility that govern the inter-sectoral allocation; and the elasticities of the subutilities that shape
the intra-sectoral allocation. These elasticities are related to the equilibrium and optimal
entry conditions. In equilibrium, entry in each sector occurs until the expected revenue
equals the expected cost of labor allocated to that sector. Since each firm takes consumers’
demands as given, its expected revenue depends on both types of elasticities that govern
consumers’ expenditure allocations between and within sectors. In contrast, the planner
equates the marginal social benefit of entry with the marginal social cost of labor required
for entry. Since the former equals the expected sectoral utility, it depends only on the upper-
tier elasticities and does not require information on the elasticities of the subutilities. In fact,
the planner does not face consumers’ demand functions when determining entry in each
sector, whereas firms do. This difference creates distortions in the sectoral labor allocation.

One key message of multi-sector general equilibrium models is that, contrary to the
conventional approach that has studied single industries in partial equilibrium, distortions
in one sector depend on the characteristics of all sectors in the economy. Indeed, sectors are
interdependent, so that an excessive labor allocation to some sectors, for example, implies
an insufficient labor allocation to others. The inefficient labor allocation across sectors, in
turn, causes distortions in entry patterns. In particular, sectors with an excessive labor share
tend to feature an excessive number of entrants. Thus, too many entrants in some sectors
are accompanied by too few entrants in others, though this inter-sectoral prediction on entry
needs to be adjusted by standard intra-sectoral business stealing and limited appropriability
effects as in Mankiw and Whinston (1986).

Our general framework nests many specifications—in terms of utility functions and pro-
ductivity distributions—that are used in the literature. We take two of those specifications to
data. The first one builds on Cobb-Douglas upper-tier utility functions and constant elastic-
ity of substitution (ces) subutility functions. Dhingra and Morrow (2017) show that selection
and firm-level outputs are efficient in a single-sector economy if and only if the subutility
function is of the ces form. This result is shown to hold in our multi-sector setting, thus
implying that there are no intra-sectoral distortions. However, with multiple sectors, distor-
tions in the labor allocation and firm entry still arise in general. Both disappear if and only if
the elasticities of the ces subutility functions are identical across all sectors. Otherwise, the
labor allocation and firm entry are efficient within but not between sectors. In particular, sec-
tors with a higher elasticity of the subutility attract too many workers and firms, regardless

of productivity distributions.



Our second example is a tractable model with variable elasticity of substitution (VEs),
where demands exhibit smaller price elasticities at higher consumption levels. Unlike the
ces model, this vEs model can account for variable markups and incomplete pass-through
(e.g., Weyl and Fabinger, 2013; Mrdzova and Neary, 2017). It features all the kinds of dis-
tortions that we highlight in the general framework. We show that high-productivity firms
always produce too little and low-productivity firms too much, and that the market de-
livers too little selection compared to the social optimum. Entry and the labor allocation
are also inefficient, and with Pareto distributions the market allocates too many firms and
workers to sectors where a larger mass of the productivity distribution is concentrated on
low-productivity firms.

Previewing our empirical findings, we establish four key results using data from France
and the UK. First, there are substantial aggregate welfare distortions. In the multi-sector vEs
model, they equal 6-10% of the total labor input in either country. Second, inter-sectoral
misallocations are crucial for these aggregate distortions. When we constrain the economy
to consist of a single sector, thereby shutting down inefficiencies in entry and the labor
allocation, the aggregate distortion can be 30% lower than the one predicted in the multi-
sector case. Put differently, a single-sector model yields downward-biased predictions for
the total welfare loss. Third, the multi-sector ces model predicts an aggregate distortion of
0.3—2.5%, which is much smaller than the viEs model. The intuition is that this model displays
by construction efficient selection and firm-level outputs, thereby missing distortions within
sectors. Last, we find similar patterns of inefficient entry and selection between France and
the UK. Insufficient entry arises almost exclusively for services, while manufacturing sectors
tend to exhibit excessive entry. Equilibrium firm selection is generally closer to optimal one
in manufacturing sectors. These results are robust to using different measures of firm size,
e.g., employment or revenue, and different strategies to deal with fixed costs.

Our paper is closely related to the recent literature on the equilibrium and optimal al-
locations in models with a single monopolistically competitive sector, most notably Zhelo-
bodko et al. (2012), Nocco, Ottaviano, and Salto (2014), Dhingra and Morrow (2017), and
Parenti, Ushchev, and Thisse (2017). Relative to this recent strand of literature, we make
two contributions. First, we characterize both the equilibrium and optimal allocations in a
multi-sector monopolistic competition model. Second, while those papers focus exclusively
on theory, we take our model with heterogeneous sectors and firms to data to assess the
quantitative importance of the distortions under monopolistic competition—a question that
remains unanswered since Spence (1976) and Dixit and Stiglitz (1977). Our work is further

related to the classic literature in industrial organization that studies welfare implications of



market power and inefficient entry for single industries in partial equilibrium. Harberger
(1954) is a seminal reference for the former, and Mankiw and Whinston (1986) for the lat-
ter. Our monopolistic competition model is complementary to this line of research, and
recognizes general equilibrium interdependencies between sectors.

The rest of the paper is organized as follows. Section 2 presents our general model, while
Section 3 turns to the specific solvable examples. The quantification procedure and results

are discussed in Section 4. Section 5 concludes.

2 General model

Consider an economy with a mass L of agents. Each agent is both a consumer and a
worker, and supplies inelastically one unit of labor, which is the only factor of production.
There are j = 1,2,...,J sectors producing final consumption goods. Each good is supplied
as a continuum of differentiated varieties, and each variety is produced by a single firm
under monopolistic competition. Firms can differ by productivity, both within and between
sectors. We denote by G the continuously differentiable cumulative distribution function,
from which firms draw their marginal labor requirement, m, after entering sector j. An
entrant need not operate and only firms with high productivity 1/m survive. Let NV ]E and
m? be the mass of entrants and the marginal labor requirement of the least productive firm
in sector j, respectively. Given N¥, a mass N JE G (m;l) of varieties are then supplied by firms

with m < m;l.
2.1 Equilibrium allocation
The utility maximization problem of a representative consumer is given by:

max U=U(U1,U,,...,Uy
{a5(m), Vj,m} (& )

st L Nf | "7 pi(m)g; (m)dG; (m) = w, (1)

where U is a strictly increasing and strictly concave upper-tier utility function that is twice
continuously differentiable in all its arguments; u; is a strictly increasing, strictly concave,

and thrice continuously differentiable sector-specific subutility function satisfying u;(0) =



0; pj(m) and g¢j(m) are the price and consumption of a sector-j variety produced with
marginal labor requirement m; and w denotes a consumer’s income. We assume that
limy; ,0(0U /0U;) = oo for all sectors to be active in equilibrium.

Let A\ denote the Lagrange multiplier associated with (1). The utility-maximizing con-

sumptions satisfy the following first-order conditions:

A

ouU/ou;” @)

u3(gi(m)) = Ajpj(m), where X; =

To alleviate notation, let pf = p;(m9) and ¢} = ¢;(mJ) denote the price set and quantity

sold by the least productive firm operating in sector j, respectively. From the first-order

conditions (2), which hold for any sector j and any firm with m < m;-l, we then have
u;(qf) = p? and u; (q;i) = ij (3)
i (gj(m))  pi(m) uy(af)  Aepd

which determine the equilibrium intra- and intersectoral consumption patterns, respectively.

We assume that the labor market is competitive, and that workers are mobile across
sectors. All firms hence take the common wage w as given. Turning to technology, entry
into each sector j requires to hire a sunk amount F} of labor paid at the market wage. After
paying the sunk cost, Fjw > 0, each firm draws its marginal labor requirement m from G,
which is known to all firms. Conditional on survival, production takes place with constant
marginal cost, mw, and sector-specific fixed cost, fjw > 0.

Let 7;(m) denote the operating profit of a firm with productivity 1/m, divided by the
wage rate w. Making use of condition (2), and of the equivalence between price and quantity
as the firm’s choice variable under monopolistic competition with a continuum of firms

(Vives, 1999), the firm maximizes

uj(g;(m)
mj(m) = L [# —m| gj(m) = fj (4)
W
with respect to quantity ¢;(m). Although Ajw contains the information of all the other
sectors by (2), each firm takes this market aggregate as given because there is a continuum

of firms. From (4), the profit-maximizing price satisfies

mw

T1- ru; (g5(m)) ' ®

pj(m)



where 7, (v) = —au](r)/u} () denotes the ‘relative risk aversion” or the ‘relative love for
variety’ (Behrens and Murata, 2007; Zhelobodko et al., 2012).> In what follows, we refer to
1/[1 = ry;(g;(m))] as the private markup charged by a firm that produces output g;(m).

To establish the existence and uniqueness of an equilibrium cutoff, (m?)eqm, and equi-
librium quantities, ¢;7" (m) for all m € [0,m]], we consider the zero cutoff profit (zcp)

condition, given by wj(m;-l) = 0, and the zero expected profit (zer) condition, defined as

md
Jo ? mj(m)dG;(m) = Fj. Using (2), (4), and (5), the zcp and zEP conditions can be expressed

respectively as follows:

1 f;
ll—v"uj(qjl)_ll mief = 7, (©6)
L/ { . qj( m)) 1] mg;(m)dG;(m) = f;Gj(m]) + Ej, ?)

which—even in our multi-sector economy—allow us to prove the existence and uniqueness

of the sectoral cutoff and quantities. Formally, we have the following result.

Proposition 1 (Equilibrium cutoff and quantities) Assume that the fixed costs, f;, and sunk
costs, F;, are not too large. Then, the equilibrium cutoff and quantities {(m )eqm q?qm(m), Vm €

[0, (mj )ed™) } in each sector j are uniquely determined.

Proof See Appendix A.1. U

d
Turning to the labor allocation, L; = NJE[L fom] mg;(m)dGj(m) + ijj(m;i) + Fj], and
the mass of entrants, NV jE, in each sector j, we first provide two important expressions that
must hold in equilibrium.3 We then establish the existence and uniqueness of the equilib-
rium labor allocation and entry. To this end, we introduce the following notation. Let
oU U; wj(qj(m))g;(m)

& =—— and &, ,(m
= oD s gy (m)

(8)

denote the elasticities of the upper-tier utility and of the subutility, respectively. Let further

/
_ uj(gi(m _ uj(gj(m))gj (m)
Glam) = ——9)ng (g (m)) = — 2
Jo 7 uj(g;(m))dG; (m) Jo 7 wj(q;(m))q; (m)dG; (m)
2We assume that the second-order conditions for profit maximization, Ty (z) = —au}'(z)/uf(z) <2 for all

j=1,2,...,J, hold (Zhelobodko et al., 2012, p.2771).
3To alleviate notation, we henceforth suppress the ‘eqm’ superscript when there is no possible confusion.
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denote the shares that a variety produced with marginal labor requirement m in sector j
contributes to the lower-tier utility U; and to sectoral expenditure, respectively. Using these

expressions, we obtain the following result.

Lemma 1 (Labor allocation and firm entry) Any equilibrium labor allocation in sector j = 1,2,
..., J satisfies B
gU,Ujguj,qj (m)

4 L, )

ZZZZI 5U1Ué guér‘M (m)

J

_ md
where €, 4(m) = Jo? Eujq;(m)Gi (4 (m))dG; (m) is a weighted average of the elasticities of the
subutility functions, where the weights are given by the contribution of each variety to the sectoral

utility. Furthermore, any equilibrium mass of entrants satisfies

1= [0 = 1y, (5 (m)]v (g(m)) G (m)
fiGj(md) + F;

E
Nj =1

(10)

Proof See Appendix B.1. U

Lemma 1 shows that, in any equilibrium, the labor allocation L; can be expressed by
the elasticities £y p; of the upper-tier utility function and the weighted average Euj,qj(m) of
the elasticities of the subutility functions. We will discuss the intuition for those terms in
Section 2.3. The mass of entrants is affected not only by L;, but also by effective entry cost
ijj(m;l) + Fj, the distribution of the markup terms 1 —ry,(g;(m)), and the expenditure
shares v;(g;(m)). It is worth emphasizing that we have not specified functional forms for
either utility or productivity distributions to derive those results.

Note that Lemma 1 does not yet imply existence and uniqueness of the equilibrium labor
allocation and the equilibrium mass of entrants. The reason is that, while the expression
in the braces in (10) is uniquely determined by Proposition 1, the labor allocation L; can
depend on {NJE }i=12,...7 via Eyy;. Thus, to establish those properties, we impose some
separability on the upper-tier utility function. More specifically, assume that the derivative
of the upper-tier utility function with respect to the lower-tier utility in each sector can be
divided into an own-sector and an economy-wide component as follows:

ou

— TS
O—U,j—’}/]Uj]U, (11)

where v; > 0,¢; < 0,and £ > 0 are parameters.# Specification (11) includes, for example, the

4The crucial points are that, under condition (11), the ratio of the derivatives in (2) with respect to j and ¢



cases where the upper-tier utility function is of the Cobb-Douglas or the cEs form. When

condition (11) holds, we can prove the following result:

Proposition 2 (Equilibrium labor allocation and firm entry) Assume that (11) holds. Then,
the equilibrium labor allocation and masses of entrants {qum, (N JE eI} i1 0,5 are uniquely de-

termined by (9) and (10).

Proof See Appendix A.2. [

2.2 Optimal allocation

Having analyzed the equilibrium allocation, we now turn to the optimal allocation.> Assume
that the planner chooses the quantities, cutoffs, and masses of entrants to maximize welfare

subject to the resource constraint of the economy as follows:

max L-U(th,Uy,...,Uy)
{Qj (m),m;j,NJE,Vj,m}
d

U = NF [ ()G (m)

s.t. ZNE{/ "

The planner has no control over the uncertainty of the draws of m, but knows the underlying

[Lmgj(m) + f;]dG;(m) + Fj} = L. (12)

distributions G;. Let § denote the Lagrange multiplier associated with (12). The first-order

conditions with respect to quantities, cutoffs, and the masses of entrants are given by:

)
u;(q](m)) = om, 0;= W (13)
(g
Lw((;lj) _ Lm?qf%— £ (14)
j
L/ i UJ dG (m) = /Omj [Lmgj(m) + f;]dG;(m) + F}. (15)

is independent of IV, E for k # j,£, and that it satisfies some monotonicity properties. Otherwise, the resulting
system of equations becomes generally intractable.

5In the main text, we consider the ‘primal’ first-best problem where the planner maximizes utility subject
to the economy’s resource constraint. When quantifying the gap between the equilibrium and the optimum in
Section 4, we will analyze a ‘dual’ problem where the planner minimizes the resource cost subject to a utility
level. The latter allows us to derive the Allais surplus (Allais, 1943, 1977) that can be used for comparing the
equilibrium with the first-best allocation, i.e., even in contexts where equivalent or compensating variations—
or other related criteria to compare different equilibria—cannot be readily applied due to a lack of prices.
More details are relegated to Appendices D and F.
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d
7

From the first-order conditions (13), which hold for any sector j and any firm with m < mj

we then have

ui(ef) _ mj uj(gf) _ &;mj
! - and  — dy d’ (16)
U; (gj(m)) ~ m wpap) — demg

which determine the optimal intra- and intersectoral consumption patterns, respectively.
We start again with the cutoff and quantities. Noting that J; = uj(g;(m))/m for any

value of m from (13), we can rewrite condition (15) as follows:

md

L/O ’ [51 - 1] mq;(m)dG;(m) = f;G;(m9) + Fj (17)

uj,q;(m)

where &, . (,) is defined in (8). We refer to 1/&,_ () as the social markup that a firm with
marginal labor requirement mn should optimally charge, and to m/&, ;. () as the shadow
price of a variety produced by a firm with m in sector j.° Condition (17)—which equates
the marginal social benefit of entry in sector j with its marginal social cost—may then be
understood as the zero expected social profit (zesp) condition, which is analogous to the zep
condition (7). Furthermore, evaluating (13) at m? and plugging the resulting expression into

(14), we obtain an expression similar to the zcp condition (6) as follows:

1 .
(5 - 1) m;-lq? = %, (18)

Uer;l

which we call the zero cutoff social profit (zcsp) condition. Using (17) and (18), we can establish

the existence and uniqueness of the sectoral cutoff and quantities.

Proposition 3 (Optimal cutoff and quantities) Assume that the fixed costs, fj, and the sunk
costs, F}j, are not too large. Then, the optimal cutoff and quantities {(m;’-{)OPt, q?pt(m), Vm €

[0, (m;-l)OPt]} in each sector j are uniquely determined.
Proof See Appendix A.3. [

Turning next to the optimal labor allocation, L;, and the optimal masses of entrants, IV JE ,

we proceed in the same way as for the equilibrium case, and provide the following two

expressions.

®Dhingra and Morrow (2017) refer to 1 — Euygim) = [j(g(m)) = d;mg;(m)]/uj(g;(m)) as the social
markup, which captures the utility from consumption of a variety net of its resource costs. Moreover, they
label [p;(m) — mw]/pj(m) = ru;(g;(m)) as the private markup. We adopt their terminology but redefine the
two markups in a slightly different way.
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Lemma 2 (Labor allocation and firm entry) Any optimal labor allocation in sector j = 1,2,...,J

satisfies
Euu;
L, (19)
LYl v,
Furthermore, any optimal mass of entrants satisfies
md
NE = L. 1- fo J Euj,qj(m)gj(q]'(m))de(m) o
P Gi(md) + F;
fj 7 m j

J

Proof See Appendix B.2. U

Lemma 2 shows that, in any optimum, the labor allocation L; can be expressed by the
elasticities &y y; of the upper-tier utility. The mass of entrants is affected not only by L;,
but also by effective entry costs f;G) (m?) + F}, the distribution of the social markup terms
gU]/Qj (m) ’

duced with marginal labor requirement m to utility in sector j.

and the shares (j(g;(m)) that capture the relative contribution of a variety pro-

Finally, similarly to the equilibrium analysis, Lemma 2 does not yet imply the existence
and uniqueness of the optimal labor allocation and the optimal masses of entrants. We thus

impose again the separability condition (11) to establish those properties as follows:

Proposition 4 (Optimal labor allocation and firm entry) Assume that (11) holds. Then, the
optimal labor allocation and masses of entrants {L;.’pt, (N JE )Pt} =10,y are uniquely determined by

(19) and (20).

Proof See Appendix A.4. [

2.3 Equilibrium versus optimum

Having established existence and uniqueness of the equilibrium and optimal allocations in
Propositions 1-4, we now investigate the difference between these two allocations.

The novel feature of our model lies in labor and entry distortions between sectors. It is
important to notice that characterizing labor and entry distortions for one sector requires
information on all sectors. Put differently, the labor allocation and, thus, entry are interde-
pendent when there are multiple sectors. Hence, entry distortions in our multi-sector model
generally differ from those in models with a single imperfectly competitive sector such as

Mankiw and Whinston (1986) and Dhingra and Morrow (2017).
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To characterize the labor distortions, we compare expressions (9) from Lemma 1 with

(19) from Lemma 2. We then obtain the following proposition.

Proposition 5 (Distortions in the labor allocation) The equilibrium and optimal labor alloca-
tions satisfy L?qm % ?p ' if and only if

geqm geqm Z‘Zfl geqm geqm

7y = U ua5(m) > U, U™ ug,qe(m) (21)
J = gopt < ZJ gopt :
U,Uj =1 U,U[

Assume, without loss of generality, that sectors are ordered such that T; is non-decreasing in j. If
there are at least two different 1’s, then there exists a unique threshold j* € {1,2,...,J — 1} such
that the equilibrium labor allocation is not excessive for sectors j < j*, whereas it is excessive for

sectors j > j*. The equilibrium labor allocation is optimal if and only if all T; terms are the same.
Proof See Appendix A.5. U

As can be seen from (21), the interdependence of heterogeneous sectors is important for
distortions in the labor allocation. Which sectors have an excessive labor allocation depends
on two types of statistics: the elasticities EU,Uj of the upper-tier utility function, evaluated at
the equilibrium and the optimum; and the weighted averages &, ,.(m) of the elasticities of
the subutility functions, evaluated at the equilibrium.

To build intuition for these statistics we focus on expressions (9) and (19) from Lemmas 1
and 2. The former comes from the equilibrium free entry condition (7) and the latter from

the optimal entry condition (15). Multiplying (7) and (15) by N JE and rearranging, we have

o L(NEYeam  .md .

g = T 4y om) o) (22
o L(NEYopt md

o _ % [ wiasm))ac; (m) (23)

The key difference is that the former reflects zero expected profit by each firm, whereas
the latter equates the marginal social benefit and the marginal social cost of entry for the
planner to maximize social welfare. Since firms and the planner have different objectives,
the two allocations differ in general. Using (22) and (23) we discuss them in terms of &y v,

for equilibrium and optimum and of Eu,-,qj (m) for equilibrium.

Elasticities of the upper-tier utility function. Expressions (22) and (23), together with the

definition of ); in (2) and the definition of 4, in (13), reveal why L;qm and L?pt involve the

13



elasticities of the upper-tier utility function, & and Egpé_.
Y Yj

Intuitively, at the free entry equilibrium, the private cost ijqm /(N JE )¢I™ of an en-

trant in equation (22) is just offset by the private benefit, i.e., firms’ expected revenue

(L/ X)) fom? u}(g;(m))g;(m)dG;(m). Since the latter depends on the inverse demand func-
tions (2), the equilibrium labor allocation qum is affected by the elasticities of the upper-tier
utility via A;.

By contrast, the social cost of an additional entrant is proportional to L?pt /(N jE )OPt,
which by equation (23) must be equal to (L/;) fom? u;(gj(m))dG;j(m) at optimum. Note
that the latter reflects the (expected) marginal social benefit generated by the additional
entrant. Thus, the optimal labor allocation L;)pt depends on the elasticities of the upper-tier
utility via ;.

It is worth emphasizing that even when the equilibrium and optimal elasticities of upper-

tier utility in each sector are the same, i.e., Ele]qglj = Sgpéj, their sectoral heterogeneity plays
eqm

ujg;(m)°
Indeed, although EBC};}; and 58%]_ in the left-hand side of (21) cancel out when they are

a crucial role in the labor distortions as long as there is sectoral heterogeneity in &

identical, the elasticities in the right-hand side remain. We will elaborate on this point in the

next section where we illustrate some examples.

Weighted average of the elasticities of the subutility functions. Expressions (22) and
(23) reveal why L;qm depends on the weighted averages of the elasticities of the subutility
. —Seqm opt
functions, £ w5 (m)” whereas L ; does not.
To understand this difference, recall that the private benefit of an entrant is given by
d
(L/ X)) meJ u’(gj(m))gj(m)dG;(m). Since this expected revenue for the entrant involves the
consumers’ inverse demand functions, the equilibrium labor allocation qum depends not
eqm _ . . seqm . A
only on SU,Uj via \; but also on Euj/qj(m) via u;(gj(m)).”
While the equilibrium labor allocation is determined by the firms that care about zero
expected profit conditional on the consumers” demand, the optimal labor allocation is de-

termined by the planner who maximizes social welfare with respect to the mass of entrants.
eqm

—eqm uj,q5(m)’
Other things equal, the higher 5uj,q]~(m) the more labor is allocated to sector j by (9)

Since the latter does not involve the inverse demand functions, it is independent of &

because consumers allocate a large share of their budget to that sector by (22). Furthermore,

a sector with higher £ ' relative to the other sectors tends to display an excessive labor
uj,q5(m)

7The weighted average satisfies Ezcjl_rf;j(m)

and because [, 7 &y, 4. (m)¢j(g;(m))dG;(m) <[5 ¢j(g;(m))dG;(m) = 1 by the definition of (;(g;(m)).

< 1because &, 4.(m) < 1forallm e [0, m;l} by concavity of u;,
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allocation by (21).

To see why a sector with higher gz(jlzj (m) tends to display an excessive labor allocation,
assume that Sle]qg; = ggplt]j for all j, which is the case with the Cobb-Douglas upper-tier

- seqm 7 geqni
utility. If g’LLj,Qj(m) = & (m)

holds for all j # 1, then the equilibrium labor allocation is
optimal by (9) and (19). However, if ?ffn; ( gem ™ for j =2,3,...,J—1,

1as(m) = Cujgim) = Cupg(m)
then expenditure on—and thus the labor allocation to—sector J gets larger at the expense

of the other sectors, whereas the optimal labor allocation does not change. Thus, sector J
displays an excessive labor allocation, whereas the other sectors j = 1,2, ..., J — 1 exhibit an
insufficient labor allocation. The latter is a general equilibrium effect: an excessive allocation
to one sector must go hand in hand with an insufficient allocation to the other sectors.

Note that what matters is the relative magnitude of ?Zgr;(
77

S (m)" Indeed, it is easy to see

that a proportionate increase in EZ‘F’;‘_( for all j does not affect the equilibrium allocation
J74]

m)
by (9) and, hence, excess or insufficient labor allocation by (21).

Turning to entry distortions, we compare expression (10) from Lemma 1 with (20) from

Lemma 2 to obtain the following proposition.

Proposition 6 (Distortions in firm entry) The equilibrium and optimum masses of entrants sat-
isfy (NF)eam /(N F)opt % 1, if and only if

eqm

B AP + B 1= "= g (60 o (65 0)) A5 (m)

opt NeP d\eqm ' ma)opt
L GOm0 G ()G (m)

AV

1. (24)

Proof Expression (24) directly follows from (10) and (20). [

Expression (24) shows that (V. ]E )e ™ /(N ]E )°Pt depends on three terms. The first term
L;qm / L;’pt vanishes in a single-sector model, because L;qm = L;-)pt = L. In a multi-sector
model, however, the gap between L;qm and qup ‘ plays a crucial role, as mentioned above.

The second and third terms in (24) capture two additional margins, namely ‘effective
fixed costs” and “private and social markups’, which depend on the cutoffs and quantities
both at equilibrium and optimum. Recall that by the proofs of Propositions 1 and 3, Ajw and
d; are uniquely determined without any information on the other sectors. Hence, even in
our multi-sector framework, the analysis of cutoff and quantity distortions in each sector j
turns out to work as in the single-sector model by Dhingra and Morrow (2017). We shall
not repeat their theoretical analysis here, but we first briefly discuss them, and then provide

specific examples in the next section. Those examples will be taken to the data in Section 4.
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Effective fixed costs. The second term in (24) shows that if the market delivers too little
selection, (m;l)eqm > (m;l)oPt, entry tends to be insufficient. The reason is that the higher
survival probability in equilibrium, as compared to the optimum, increases the expected
fixed costs that entrants have to pay. This reduces expected profitability and discourages
entry more in equilibrium than in optimum. In contrast, other things equal, too much

equilibrium selection, (m‘f )eam < (m;l)ol’t, leads to excessive entry.

Private and social markups. The last term in (24) shows that the gap between equilibrium
and optimal entry depends on the private and social markup terms, which may exacerbate
or attenuate excess entry (Mankiw and Whinston, 1986; Dhingra and Morrow, 2017). The
numerator can be related to the business stealing effect: the higher the private markups 1/[1 —
ruj(qj(m))], the more excessive the entry. The denominator, in turn, captures the limited

appropriability effect: the greater the social markups 1/&, (), the more insufficient the

m)
entry. Thus, the last term in (24) depends on the relative strength of these two effects,
as well as on the weighting schemes v;(gj(m)) and (;(¢j(m)) that are determined by the

properties the subutility function «; and the productivity distribution function Gj.

To sum up, the difference between market equilibrium and social optimum in terms of
the labor allocation and firm entry across heterogeneous sectors depends, in general, on four
key ingredients: the elasticities of the upper-tier utility; the weighted averages of the elastic-
ities of the subutilities; effective fixed costs; and private and social markups. While distor-
tions in a single-sector model are characterized solely by w; and G for that sector (Dhingra
and Morrow, 2017), in a multi-sector setting characterizing distortions for one sector requires
additional information on the elasticities of the upper-tier utility, £y, and the weighted
averages of the elasticities of the subutilities, £ wj g (m) for all sectors. Hence, when assess-
ing distortions we need to take into account the interdependence between heterogeneous

sectors.

3 Examples

Our results in the Propositions and Lemmas presented so far are general enough to encom-
pass various specifications of utility functions and productivity distributions used in the
literature. We now consider specific upper-tier utility and subutility functions that enable
us to express the two types of elasticities, &y,y; and ?uj,qj(m), in simple parametric forms.

We then take the parametric models to data in Section 4.
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Concerning the subutility function u;, we first analyze in Section 3.1 the ubiquitous cEs
case that has dominated much of the literature on monopolistic competition. We then turn
to a tractable ‘variable elasticity of substitution’ (VvEs) model in Section 3.2

In doing so, notice that the lower-tier utility U; in specification (1) does not nest the stan-
dard homothetic cEs aggregator. To nest it, we consider a simple monotonic transformation

of the lower-tier utility in (1) as U;(U;). In Section 3.1 we assume that U;(U;) = U; /P =

md ~
[NJE Jo 7 ¢j(m)PidG;(m)]Y*i, whereas we retain U;(U;) = U; in Section 3.2.
Even with the transformation U; of the lower-tier utility, we can re-establish the general
results shown in Section 2, as long as we let U;(0) = 0, U 7 >0, and limy; e U;(Uj) = oo,

while replacing the condition in (11) with

o o = WS (25)
where v; >0, & <0,and £ > 0 are parameters.8
Turning to the upper-tier utility function, we consider in the remainder of this paper
the standard ces form: U = {Z‘j]:l B;[U; (U le=D/eye/(e=1) where ¢ > 1, 8; > 0 for
all j, and Z}]:l B = 1. Thus, the elasticity of the upper-tier utility function is given by
Euu, = (0U/0U;)(0U;/0U;)(U;/U) = B;(0U;/0U;)(U; /U;)(U;/U) @~ 1/7. When o — 1,
the upper-tier utility reduces to the Cobb-Douglas form, U = H}]:1 [U;(U;)]%, so that

oU; U;

The Cobb-Douglas upper-tier utility function always satisfies condition (25) that guarantees
the existence and uniqueness of the equilibrium and optimal allocations. When the upper-
tier utility function is of the ces form, whereas the lower-tier utility is of the homothetic ces
form with U;(U;) = U;/pj, we have (89U /0U;)(8U; /9U;) = (ﬁj/pj)ﬁ;%lfijl/". Hence, in
that case, it is required that (¢ — 1)/0 < p; for condition (25) to hold with &; < 0.9
Retaining 0 — 1 for now, we consider two specific forms for the subutility functions for

which the weighted averages of the elasticities of the subutility functions display a simple

8The proofs are virtually identical to the ones in Appendices A and B, except that 90U /0U; needs to be
replaced with (0U / (9@)(86]- /0U;). Observe that in a single-sector model, the choice of ﬁj does not affect
distortions because it is a monotonic transformation of the overall utility in that case. In a multi-sector model,
however, sectoral allocations and thus aggregate distortions are affected by U -

9Should (o —1)/0 > pj hold, goods are Hicks-Allen complements (see, e.g., Matsuyama, 1995) so that
multiple equilibria with some inactive sectors may arise. Since §; < 0 is not satisfied in that case, we exclude
it from our analysis.
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behavior. We will return to the case with ¢ > 1 in Section 4 where we quantify the model.

3.1 CES subutility

We first discuss the case of the cEs subutility that has been widely used in the literature.

Assume that u;(qj(m)) = ¢j(m)? and U;(U;) = U;/pj, where p; € (0,1) for all sectors j.
The labor distortion in Proposition 5, and thus the first term of (24) that characterizes

Using (26), the

elasticity of the upper-tier utility function can be rewritten as &, = Egp;]_ = Bj/p;. Fur-
() ()

entry distortion in Proposition 6, depend on 8;?5; , 88}75],, and Ezjfzj (m)-
thermore, when the subutility function is of the ces form, we know that 5,'uj,qj(m) = p; for
all m, so that gglf}j = pj by the definition in Lemma 1.

The entry distortion in Proposition 6 depends also on the cutoffs and quantities. Since
we have shown that the cutoff and quantity distortions can be studied on a sector-by-sector
basis even in our multi-sector model, we can apply the single-sector result by Dhingra and
Morrow (2017), i.e., in the CEs case (m?)eqm = (m?)OPt and q?qm(m) = q;pt(m) for all m
irrespective of the underlying productivity distribution G;. Furthermore, since £, ; () =
1—r;(gj(m)) and v;(gj(m)) = ¢;(g;(m)) hold for all m, the second and the third terms in
(24) vanish, so that (V. jE )eam /(N ]E )oPt = L;qm / L?pt. Hence, we can restate Propositions 5

and 6 for this specific example as follows:

Corollary 1 (Distortions in the labor allocation and firm entry with ces subutility) Assume
that the subutility function in each sector is of the cEs form, uj(q;(m)) = q;(m)Pi. Then, the labor
allocation and the masses of entrants satisfy qum % ;’pt and (N 7E yeam % (N ]E )OPt, respectively, if
and only if

= 1

< 2‘{:1 54/le

Assume, without loss of generality, that sectors are ordered such that p; is non-decreasing in j. If

Pj (27)

there are at least two different p;’s, there exists a unique threshold j* € {1,2,...,J — 1} such that
the equilibrium labor allocation and firm entry are not excessive for sectors j < j*, whereas they
are excessive for sectors j > j*. The equilibrium labor allocation and firm entry in the CEs case are

optimal if and only if all p;’s are the same.
Proof See above. [

Several comments are in order. First, since there are no cutoff and quantity distortions

in the case of cEs subutility functions, the market equilibrium is fully efficient if and only if
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the p;’s are the same across all sectors. However, there are distortions in the labor allocation
and in the masses of entrants when the p;’s vary across sectors.™®

Second, p; in the ces model can be related not only to the inverse of the markup, but
also to &y,y; and to ?uj,qj(m). It is the latter two elasticities that matter for the labor and
entry distortions. The reason is that the difference between the equilibrium and optimal

labor allocations comes from &y, = B;/p; and & = p;, which are determined by the

uj,qj(m
first derivatives of U. ; and u; as seen from (26) and ‘Zhé(difinition of ?Uj,q]'(m)' In contrast, the
markup depends on ry,;, which involves the second derivative of u;. Thus, in the case of the
Cobb-Douglas upper-tier utility and cEs subutility functions, markup heterogeneity is not a
determinant of labor and entry distortions.

Third, Corollary 1 holds irrespective of the functional form for ;. Hence, productivity
distributions play no role in the optimality of the market outcome for the standard case with
the Cobb-Douglas upper-tier utility and cEs subutility functions.

Last, since Corollary 1 only pertains to the class of ces subutility functions, it must not
be read as a general ‘if and only if” result for any subutility function. Indeed, as we show in
the next subsection, the labor allocation and entry can be efficient even when the subutility

function is not of the ces form.

3.2 VES subutility

We have so far examined the case of cEs subutility functions without cutoff and quantity
distortions. We now turn to our ves example where all types of distortions—cutoff, quantity,
labor, and entry distortions—can operate. Specifically, we consider the ‘constant absolute
risk aversion’ (carA) subutility as in Behrens and Murata (2007), u;(g;(m)) = 1 — e~ %% (™),
where «; is a strictly positive parameter.

This specification can be viewed as an example of the vEs subutility analyzed in the sem-
inal paper by Krugman (1979). It is analytically tractable, and generates demand functions
exhibiting smaller price elasticities at higher consumption levels. Unlike the cks model,
this vEs case can therefore account for the empirically well-documented facts of incomplete
pass-through and higher markups charged by more productive firms within each sector.

In what follows, we assume that U;(U;) = Uj, so that 55‘151 = Eg%j = f; by (26). To
express ?Z?Zj(m) in a parametric form, we also assume that G; follows a Pareto distribution

Gj(m) = (m/ m}“ax)kj, where both the upper bounds m}'®* > 0 and the shape parameters

'°Hsieh and Klenow (2009) consider a heterogeneous firms model where the mass of firms is either fixed or
invariant, and where the p;’s are the same across all sectors. In contrast, Epifani and Gancia (2011) allow for
heterogeneity in the p;’s across sectors, yet consider homogeneous firms within sectors.
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k; > 1 may differ across sectors. We relegate most analytical details for the case with cara
subutilities and Pareto productivity distributions to Appendix E. We show there that the
equilibrium and optimal cutoffs are given as follows:

max)kj

J
kL

1 1
K o Fj (mi)% (kj +1)2 1 5571

o Fi(m
J J( and (m}i)opt: J 7 ,

(mfj)eam = (28)

where r; = kje (k1) fol(l +2) (271 +2-2) (z¢*)" e*dz > 0 is a function of the shape

parameter k; only. Using expressions (28), we can establish the following result:

Proposition 7 (Distortions in the cutoff and quantities with cAra subutility) Assume that
the subutility function in each sector is of the cARA form u;(g;(m)) =1 — e~% (™) and that the
productivity distribution follows a Pareto distribution, G;(m) = (m/ m;.“ax)ki. Then, the equilib-
rium cutoff exceeds the optimal cutoff in each sector, i.e., (mg)eqm > (m;l)ol’t. Furthermore, there
exists a unique threshold m; € (0, (m?)oPt) such that q'eqm(m) < q?pt(m) for all m € [0, m}) and

J
q;-'qm(m) > q;-)pt(m) forall m € (m], (m;l)eqm).
Proof See Appendix A.6. [

Three comments are in order. First, in this model, more productive firms with m < m;‘
underproduce, whereas less productive firms with m > mJ overproduce in equilibrium
as compared to the optimum in each sector j. Notice that both types of firms coexist in
equilibrium since the threshold m satisfies the inequalities 0 < m} < ('m?)"]?’t < (m;-l)eqm.11

Second, using (28), the gap between the equilibrium and optimal selection can be ex-
pressed as a simple function of the sectoral shape parameter only: (m?)"Pt/ (m?)eqm =
[k (k; +1)2]V/(B+1) < 1. Since this expression increases with k;, the larger the value of
k; (i.e., a larger mass of the productivity distribution is concentrated on low-productivity
firms) the smaller is the magnitude of insufficient selection in sector j.

Finally, Proposition 7 holds on a sector-by-sector basis, regardless of the labor allocation
and the masses of entrants. Thus, our results on cutoff and quantity distortions would also
apply to a single-sector version of the cArRA model.

Turning to the labor and entry distortions, the combination of cArRA subutility functions

and Pareto productivity distributions yields the equilibrium and optimal masses of entrants

"'This need not always be the case, however. For example, Dhingra and Morrow (2017) derive general
conditions for cutoff and quantity distortions in a single-sector framework. In their model with an arbitrary
subutility function and an arbitrary productivity distribution, it is possible that m’ exceeds (m?)eqm. In that
case, all firms (even the least productive ones) would underproduce, whereas in our model some firms (the
least productive ones) always overproduce from a social welfare point of view.
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as follows (see expressions (E-15)-(E-16) and (E-30)-(E-31) in Appendix E):

eqm opt
NEyeqm _ J d (NEyopt — J ]
) CESVTERAE (kj + 1) F; )

Thus, as in the cEs case, we have (NJE yeam/ (NjE JoPt = qum / L?pt. From Proposition 5
we know that distortions in the labor allocation are determined by ?Z?_rsj(m), together with
Sle]c,lglj = 581,3;]]_ = ;. When the subutility function is of the CARA form and the productivity
distribution follows a Pareto distribution, we can show that &, , (,,;) depends solely on the

sectoral shape parameter £; as follows:

Lemma 3 (Weighted average of the elasticities of the cara subutility functions) Assume that
the subutility function in each sector is of the CARA form, u;(g;(m)) =1 —e %% (m), and that the
productivity distribution follows a Pareto distribution, G;(m) = (m/ m;-“ax)kj. Then, the weighted
average &, .. (m) of the elasticities of the subutility functions in each sector can be rewritten as

fol(l —2)e" 1+ 2)e ! (zez_l)kjf1 dz
Jo (1= )1+ 2)es ! (zex )" T dz

<P
Il

(30)

Proof See Appendix B.3. U

To characterize the labor and entry distortions, we rank sectors such that ; < 6, < ... <
6. Since ¢; is increasing in k;, ranking sectors by 6; is equivalent to ranking them by ;.
Plugging (30) into (21), using &y,y; = B; from the upper-tier Cobb-Douglas specification,
and noting that (N JE)eqm /(N jE)OPt = qum/ L?pt by (29), we can restate Propositions 5 and 6

for this example as follows:

Corollary 2 (Distortions in the labor allocation and firm entry with cArA subutility) Assume
that the subutility function in each sector is of the CARA form, uj(g;(m)) =1 — e~% (™), and that
the productivity distribution follows a Pareto distribution, G;(m) = (m/ m;nax)ki. Then, the labor
allocation and the masses of entrants satisfy qum % ?pt and (NJ)eam % (N7)°Pt, respectively, if
and only if

J
0,2 Y st (31)
/=1

Assume, without loss of generality, that sectors are ordered such that 0; is non-decreasing in j. If
there are at least two different 0;'s, there exists a unique threshold j* {1,2,...,J — 1} such that
the equilibrium labor allocation and firm entry are not excessive for sectors j < j*, whereas they are



excessive for sectors j > j*. The equilibrium labor allocation and firm entry in the CARA case are

optimal if and only if all 0;’s, and thus all k;’s, are the same.
Proof See above. []

Corollary 2 states that sectors with larger values of k; (i.e., sectors where a larger mass of
the productivity distribution is concentrated on low-productivity firms) are more likely to
display excess entry and excess labor allocation in equilibrium. As mentioned after Propo-
sition 77, sectors with larger values of k; also display smaller cutoff distortions. Thus, more
excessive entry comes with more efficient selection. Furthermore, Corollary 2 shows that
all sectors with 6; above the weighted average Y-7_; 3,6, display excess entry and labor al-
location, whereas the opposite is true for all sectors with ¢; below that threshold. Hence,
interdependence of heterogeneous sectors matters for those distortions. If there is no het-
erogeneity in k;, then the labor allocation and entry are efficient although the cutoffs and

quantities are inefficient in all sectors.

4 Quantification

In this section, we take our model to the data in order to quantify the gap between the
equilibrium and optimal allocations.”> Our approach only requires data that is accessible
for many countries. In particular, we need the expenditure shares across sectors, and some
aggregate statistics of the firm-size distribution within sectors. We make use of firm-level
data from France in 2008 and from the UK in 2005. Using two different countries enables us
to assess the robustness of our quantification approach, and to compare the distortions in
those two different cases. We show that our results are robust to the use of two alternative
measures of firm size (employment and revenue). In the employment case, we further
consider two alternative measures of fixed costs (R&D expenditure and aggregate profits).
As explained below, the revenue case does not require information on fixed costs.

We first focus on the vEs model from Section 3.2 that captures all types of distortions.
We then quantify the ces model from Section 3.1, where cutoff and output distortions are

absent. Finally, we put the quantitative predictions of the two models into perspective.

20ur paper differs from the literature that uses various equilibria to quantify the impact of resource misal-
location on aggregate TFP. Hsieh and Klenow (2009), for example, compare observed equilibria in China and
India with counterfactual equilibria in which those countries would attain the “U.S. efficiency” level. Unlike
this literature, we compare the observed market equilibrium and the optimal allocation that the social planner
would choose.
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4.1 Data

Our quantification procedure requires expenditure shares at the sectoral level and a firm-
level measure of size (employment or revenue). The employment case further requires R&D
outlays or aggregate profits at the sectoral level.”> Data on sectoral expenditure shares and
R&D outlays are rather standard and available for many countries, while at the same time
information on firm-level revenue and/or employment is becoming increasingly accessible.
In this respect, France and the UK are two ideal countries for our study because in both
instances data on firm-level employment and revenue are available for virtually the whole
tirm population.

For France, the firm-level data come from the ‘Elaboration des Statistiques Annuelles
d’Entreprises’ (ESANE) database, which combines administrative and survey data to produce
structural business statistics. We use the administrative part of the dataset that contains rev-
enue and employment figures for almost all business organizations in France. It is compiled
from annual tax returns that companies file to the tax authorities and from annual social se-
curity data that supply additional information on the employees. We focus on the year 2008,
for which there are 1,100,220 firms with positive employment records."* For each firm, we
also have information about its sectoral affiliation. The French input-output tables contain
information on 35 sectors, the public sector plus 34 private sectors, roughly corresponding
to 2-digit NACE (revision 1.1) codes. This dictates the level of aggregation in our analysis.
We discard the public sector (12.12% of expenditure) and focus on the remaining 34 private
sectors. For those sectors, we obtain expenditure shares ¢; by re-scaling total expenditure
such that the shares sum up to one. These observed expenditure shares are reported in
Table 1.

The data for the UK have the same structure. We use the ‘Business Structure Database’
(BsD), which contains a small number of variables, including employment, revenue, and sec-
toral affiliation for almost all business organizations in the UK. The BsD is derived primarily
from the ‘Inter-Departmental Business Register’ (IDBR), which is a live register of data col-
lected by ‘Her Majesty’s Revenue and Customs’ (HMRcC) via VAT and ‘Pay As You Earn’
(pAYE) records. We focus on the year 2005 for which there are 1,704,543 firms with positive
employment records.”> We can distinguish the exact same 34 sectors as for France for the

sectoral affiliation of those firms, for which we obtain expenditure shares from the British

BFurther details concerning the datasets can be found in Appendix C.1.

'4The dataset contains 3 employment variables. We use employment on December 31st from the French
Business Register (OCSANE) source.

'5The dataset contains 2 employment variables. We use employment count excluding the firm owners.
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input-output tables. These observed expenditure shares, ¢;, re-scaled again to sum to one,
are reported in Table 2.

In order to assess the robustness of our quantification exercise we consider several vari-
ants of our procedure. In the baseline quantification procedure we use firm employment
in order to back out heterogeneity in productivity across firms and employ a measure of
industry-level fixed costs based on R&D outlays. More specifically, we measure fixed costs
as the industry-level ratio of R&D expenditure to gross output (see below for more details).

As a first robustness check, we use firm revenue in order to back out heterogeneity in
productivity across firms. In this case, we do not need a measure of fixed costs to quantify
the gap between the equilibrium and optimal allocations. Despite being less demanding
in terms of assumptions on the measurement of fixed costs, the analysis based on firm-
level revenue is more vulnerable than the analysis based on firm-level employment to the
presence of measurement error. This is why we see them as complementary.’® Revenue
data are in fact more likely to be measured with error than employment because the latter
are cross-validated, for both France and the UK, from information coming from different
sources (social security, tax returns, balance sheets, etc.), while the former is sometimes
estimated /imputed for small firms.

As a second robustness check, we use firm employment as in the baseline case to back out
heterogeneity in productivity across firms but employ a different measure of industry-level
fixed costs. More specifically, we use the profits-to-revenue ratio, where data on industry-
wide profits and revenue are obtained via aggregation of firm-level profits and revenue.
Firm-level profits for the whole firm population are available only for France from the ESANE

database. Thus, this procedure is not readily applicable to the UK."”

4.2 Quantifying distortions: the CARA subutility case

To quantify the veEs model, we first match a theory-based moment of the sector-specific
firm-size distribution to its empirical counterpart.

In our baseline case we derive an analytical expression for the standard deviation of (log)
firm-level employment in sector j, excluding the labor input F that all firms have to bear as

a sunk entry cost. The resulting expression depends only on the shape parameter k; of the

16Part of the variation in revenue data is thus attributable to measurement error rather than to differences in
underlying productivity across firms. This is less of a problem in the case of employment data.

7The BsD dataset for the UK contains information on firm revenue but not profits. Some UK datasets, like
the Annual Respondents Database, do contain information on both variables but cover only a small portion
(roughly 70,000 firms) of the UK firm population.
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sector-specific Pareto productivity distribution (see equation (C-1) in Appendix C.2).

To construct its empirical counterpart, we compute for each sector j the ratio of R&D
expenditure (our proxy for sectoral sunk entry costs) to gross output and then multiply
the ratio by total employment in that sector. Dividing this by the number of firms yields a
measure for Fj, which we then subtract from the employment of each firm in the respec-
tive sector (see Appendix C.1 for more details). Finally, we calculate for each sector j the
standard deviation of the resulting (log) number of employees. This data moment and the
number of firms in each sector are reported in Table 1 for France, and in Table 2 for the UK.

With the standard deviation of the (log) number of employees at hand, we can then
uniquely back out k; for each sector and compute §; and %;, which depend solely on %;.
Using 5]- and the observed expenditure shares ¢;, we obtain Bj by solving ¥7_, B =1and
e = Ej@\j /Y], Befy.*® We can proceed in a similar way in the case of CEs upper-tier utility,
and the details are provided in Appendix F.

We summarize the structural parameters that we obtain for the two countries in Tables 1
and 2. Observe the substantial heterogeneity across French sectors: the shape parameters
@j of the sectoral Pareto distributions range from 2.0 to 24.3, with an (unweighted) average
of 5.7. In the UK, the differences are even larger, as the values of Ej range from 1.5 to 41.3,

with an (unweighted) average of 7.4.

Cutoff distortions. Given the values of 7{:\]-, gj, kj, and Bj, we can now quantify the distor-
tions in France and in the UK. We first compare the equilibrium and optimal cutoffs in each
sector. Using the expressions in (28), we compute for each sector j the following measure of

cutoff distortions:

1
ki+1

dyegm __ d\opt -
(m§)ed (mj)°P % 100 — {[Hj(kj+1)2:| g —1} % 100, (32)

J J
d t
(mj)Op

which depends only on k; as x; is a function of k; only. Since there is too little selection
by Proposition 7, (m4)*¥™ > (m)°P* holds, so that expression (32) is always positive. The
gap between the equilibrium and optimal cutoffs is smaller the larger is the sectoral shape
parameter k;, i.e., a larger mass of the productivity distribution is concentrated on low-
productivity firms.

Tables 1 and 2 report the magnitudes of cutoff distortions for all sectors in France and

the UK, which we illustrate in Figures 1 and 2 for those two countries. We find substantial

BThe latter equality can be obtained by noting that the total revenue equals the total wage in each sector,
ie, Lejw = wL;, which implies e; = L;/L. We then evaluate (9) for the case of Cobb-Douglas upper-tier

utility and cara subutility functions, where &y 7, = ; and fuj/qj(m) =0;.
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distortions due to insufficient selection. For France, the simple average across sectors is
15.9%, but with huge sectoral variation from only 2.8% to almost 30%. In the UK, the
average is 16.7% and the range goes from 1.7% to 37.8%. The correlation of those distortions
between the two countries is 0.356, while the Spearman rank correlation is 0.328. Thus, the
model makes roughly similar predictions on which sectors in France and the UK exhibit

greater cutoff distortions. We discuss this point in more detail below.

Entry distortions. Turning to the gap between the equilibrium and optimal entry, or equiv-
alently the gap between the equilibrium and optimal labor allocations in our examples, we
use expressions (29) and Proposition 5, together with (30), to compute the following measure

of intersectoral distortions for each sector j:

NE eqm __ NE opt L.)eam _ (], opt 0
( j )(NE)O(th ) % 100 = (L;) Z )o;(yt i) x 100 = 721 Jﬁ o 1] x100. (33)
j J i=1DPe0¢

Based on (33), our model predicts that 25 sectors in the French economy exhibit excess entry
by up to 12.2%. The remaining 9 sectors display insufficient entry by up to -4.1%. In the
UK, excess entry arises in 23 sectors, whereas insufficient entry occurs in 11 sectors, with a
range of entry distortions from -8.1% to 12.5%. See Tables 1 and 2 for the detailed numbers,
and Figures 1 and 2 for a graphical illustration of those distortions.

Digging deeper into these patterns, we find some similarities between France and the
UK. In both countries, excess entry typically occurs in manufacturing. See, for example,
[11] ‘Basic metals” and [15] “Electrical machinery and apparatus’ in France, or [8] ‘Chemical
products” and [19] ‘“Transport equipment’ in the UK, where it is particularly strong. By
contrast, insufficient entry is almost exclusively a phenomenon of service sectors.' See, for
example, [24] ‘Hotels and restaurants” and [27] ‘Finance and insurance’ in France, or [28]
‘Real estate” and [32] ‘Other business services” in the UK, where we find strongly negative
values. Overall, the correlation of entry distortions across sectors in the two countries is
0.330 and the Spearman rank correlation is 0.328. Furthermore, the direction or ‘sign’ of
inefficient entry is the same in 26 out of 34 sectors, i.e., in more than three-quarter of the
sectors. Put differently, the model makes similar predictions as to which sectors in the two

countries tend to display excessive or insufficient entry.

9The sector [1] “Agriculture” also exhibits insufficient entry in both countries, and particularly so in the UK,
but hardly any manufacturing sector in either country has too few entrants. Notice that these findings do,
of course, not imply that the mass of entrants in manufacturing is larger than that in services in equilibrium,
since they refer to a sector-by-sector comparison of the equilibrium and the optimal entry.
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Recall that in the cArRA model the larger the value of k;, the more excessive are the firm
entry and the labor allocation, but the smaller is the magnitude of insufficient selection.
In other words, manufacturing sectors in both countries not only tend to attract an exces-
sive number of firms and workers, but also display relatively smaller cutoff distortions, i.e.,
equilibrium firm selection relatively closer to the optimum. By contrast, there are too few
entrants in many service sectors, and firm selection is far less severe than it should be from
a social point of view. It is worth emphasizing that those predictions are based on a gen-
eral equilibrium model that recognizes all interdependencies across sectors in the economy.
Thus, our analysis differs from the conventional approach in industrial organization that

has typically studied entry and selection for a single industry in partial equilibrium.

Aggregate welfare distortion. Having analyzed cutoff and entry distortions in each sector,
we now consider the aggregate welfare distortion in the economy. To this end, we use the
concept of the Allais surplus (Allais, 1943, 1977) since compensating and equivalent varia-
tions, which are used to analyze the welfare change between two equilibria, are not readily
applicable to measuring the welfare gap between the equilibrium and optimum. Intuitively, we
measure the amount of labor—which is taken as the numeraire—that can be saved when the
planner minimizes the resource cost of attaining the equilibrium utility level.

Let LA(U®™) denote the minimum amount of labor that the social planner requires to
attain the equilibrium utility level. By construction, L4(U/®¥™) is not greater than the amount
of labor L that the market economy requires to reach the equilibrium utility level because
the labor market clears in equilibrium and because their may be distortions. As shown in
Appendix D, we can define a measure of the aggregate welfare distortion based on the Allais
surplus as follows:

Bi

J 2, 154
AU L) [(kj +1)%h,] 57

L Y71 Bty

% 100. (34)

Plugging the values of Ej, Ej, Kj, and /Bj from Tables 1 and 2 into (34), we can compute the
magnitude of the aggregate welfare distortion in France and in the UK, respectively.

Table 3 summarizes our results. For France, the aggregate welfare distortion is 5.93%,
and for the UK it is 5.85%. In words, to achieve the equilibrium utility level in each of
the two countries, the social planner requires almost 6% less aggregate labor input when
compared to the case with utility maximizing consumers and profit maximizing firms.

Disentangling the relative contribution of the cutoff and entry distortions is difficult,
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Table 3: Aggregate welfare distortions as measured by the Allais surplus.

France UK
CARA CES | CARA CES

Aggregate distortion 5.93 034 | 585 0.99
(% of aggregate labor input saved)

Cutoff and quantity distortion 81.81 0 95.11 0
Entry and labor distortion 18.19 100 | 4.89 100

(as % of aggregate distortion)

since it is generally not possible to shut down one without affecting the other.?® To gauge
the potential importance of within and between sector distortions, we hence proceed as
follows. We pool our data across all sectors and proceed as if there were only a single sector.

Distortions in the labor allocation cannot arise in this single-sector case—since by definition

ream _
J

equilibrium and optimum depends only on cutoff and output distortions. We then estimate

L?pt = L—and entry is efficient by (29). Therefore, the welfare gap between the

the value of k for that single sector in the same way as before, by matching the standard
deviation of the (log) employment distribution across all firms. This yields k = 3.5687 for
France and k& = 3.0598 for the UK. Plugging that common value into (34), we compute
the associated Allais surplus for the single-sector economy and compare it with the Allais
surplus in the multi-sector case. The results are summarized in the bottom part of Table 3.
As can be seen, the distortions in the single-sector case are 18.19% smaller for France, and
4.89% smaller for the UK. Put differently, disregarding entry and labor distortions would
lead to an underestimation of the aggregate welfare distortion by 5%-18% in our cara

example with a Cobb-Douglas upper-tier utility function.

CES upper-tier utility. We have also considered the case of an alternative upper-tier utility
function. In particular, we have replaced the Cobb-Douglas upper-tier function with the
CEs function U = {Z}-le 8;[U;(U;))le=1/oyo/(e=1) The Allais surplus for that case with cEs
upper-tier utility and cara subutility is given by (see Appendix F for details):

LA reamy — J, 1 J }fo
_(L) x100=[1— . {Eﬂj {(k] +1)2/@]} kj+1

T
x 100.  (35)
Zi:l Bebe j=1 }

2*We know from the results in Corollary 2 that entry in the cAra case is efficient if and only if all &;’s are
the same. Hence, one could think of setting all k;’s to same common value to shut down entry distortions.
However, the common value of £ that is chosen has an effect on the magnitude of cutoff distortions.
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Notice that, once we choose a value of o, this expression for the aggregate welfare distortion

can be computed using Ej, Ej, kj, and Bj from Tables 1 and 2, respectively.

Figure 3: Aggregate welfare distortions in the CES - CARA model as a function of o.
(a) France. (b) UK.

Welfare distortion(%) Welfare distortion(%)

8.0 80

Figure 3 illustrates the magnitude of the aggregate welfare distortion given by (35) as a
function of ¢ for France (panel (a)) and the UK (panel (b)). We find that the higher is the
elasticity of substitution between sectors, the stronger is the aggregate welfare distortion in
both countries. It ranges between 6% and 7% in France, and between 6% and 8% in the UK.
Treating the economy as if it consisted of a single sector, as before, we re-quantify the entry
and labor distortions as a percentage of the aggregate welfare distortion. For o € (1,10),
it ranges between 18% and 27% in France, and between 5% and 29% in the UK. Thus,
the higher the elasticity of substitution for the upper-tier utility function, the stronger the
underestimation of the aggregate welfare distortion from disregarding inefficient entry and

labor allocation. It can reach almost 30% for reasonable parameter values.

4.3 Quantifying distortions: the cEs subutility case

Finally, we quantify the workhorse model with Cobb-Douglas upper-tier and ces subutility
functions. Recall that there are no cutoff distortions with ces subutility functions. However,
by Corollary 1, there are still labor and entry distortions due to heterogeneity in the elasticity
Eu,u; of the upper-tier utility function and in the weighted average Euj,qj (m) of the elasticities
of the subutility functions when the p; terms differ across sectors. How large are the welfare
distortions for France and the UK predicted by the ces model?

To quantify this model, we use the same sector-specific statistics as before: the standard
deviation of (log) firm-level employment, not including the labor input for R&D which we

use as a proxy for sunk entry and fixed costs. To match this observed data moment, we
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also assume sector-specific Pareto distributions for productivity draws, and then derive the
corresponding theoretical expression for the CEs case. As can be seen from equation (C-3)
in Appendix C.2, this expression now depends on two parameters: p; and k;. Since the k;’s
are technology parameters that do not depend on consumer preferences, we keep the same
values of Ej from the vEs model above. We can then uniquely back out the corresponding
values for 7;. Since the equilibrium expenditure share is j; for this case, the value of f3; for
each sector can be obtained by setting 3; = ¢;, where Z}Ll B = Zle e; = 1 by definition of
the observed expenditure share.

The parameter values thus obtained for France and the UK are reported in Tables 1 and 2.
Equipped with those numbers, we can quantify the magnitude of entry distortions for each

sector j as follows:

J _J J _
(NE)OPt x 100 = T x 100 =
j .

(NJ_E)eqm _ (NE>opt Leqm _ LOpt (
J

L B
pi Yy —— 1> x 100. (36)

¢
=1 Pe

As can be seen from Tables 1 and 2, in both countries the ces and vis models make very
similar predictions as to which sectors display excess or insufficient entry. Yet, the cEs model
implies larger magnitudes than the veEs model. In France, the range of inefficient entry and
labor allocation goes from -12.2% to 30.9%, and in the UK from -24.3% to 32.4%.

To quantify the aggregate welfare distortion, we again rely on the Allais surplus and

compute the following expression (see Appendix D for details):

Bj/pj

LA(Ueqm) L J J Be Ezlzl(ﬁ[/pg)
L T s100= |1- Yy 100.
7 x 100 ]1]1 p]g;lpz x 100 (37)

The results are 0.343% for France, and 0.99% for the UK, as summarized in Table 3. In
other words, less than 1% of the aggregate labor input could be saved if the social planner
minimized the resource cost to attain the equilibrium utility level. Compared to the vEs
model, where the corresponding number is roughly 6%, it appears that the aggregate welfare
distortion in the CEs model is much smaller than that in the viEs model. However, correcting
the inefficiencies between sectors would still lead to substantial changes in entry patterns

and sectoral employment shares.
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4.4 Quantifying distortions: robustness checks

Tables G-1 to G-3 in Appendix G provide a set of results for two additional robustness
checks. Details on the data we use and the various expressions required to compute the
numbers are contained in Appendix C.

In the first robustness check, we back out heterogeneity in productivity across firms
from revenue data as compared to the employment data used in the baseline quantification.
Tables G-1 and G-2 in Appendix G provide detailed results. In this instance we do not need
a measure of fixed costs but, as explained above, revenue data are more likely to contain
measurement error. The correlation between the standard deviation of log employment and
log revenue is 0.67 for the UK and o0.39 for France. Patterns of excess/insufficient entry
are broadly in line with the baseline cases, with manufacturing (service) industries being
characterized by excess (insufficient) entry. In terms of aggregate welfare distortions, we
get 10.29% with cArA subutilites and 2.48% with cEs subutilities for France; and 9.85% for
CARA subutilities and 1.06% for cEs subutilities for the UK. These numbers are again similar
between the UK and France and close to those obtained in the baseline specification.

In the second robustness check, we employ an alternative measure of fixed costs based
on industry-level profits rather than R&D outlays. Such an exercise can be performed for
France only and results are reported in Table G-3. In terms of the correlation between the
standard deviation of log employment from Tables 1 and G-3 the value stands at 0.56. Pat-
terns of excess/insufficient entry are similar in those tables. More specifically, excess entry
is a manufacturing-industry phenomenon (the only common exception being the “Food
products, beverages and tobacco” industry) while service industries are often characterized
by insufficient entry. Crucially, as far as aggregate welfare distortions are concerned, we get
6.62% for the cARrA case and 0.95% for the CEs case, which are again in line with our baseline
quantification results (5.93% and 0.34%, respectively).

To summarize, throughout our quantification analyses we find consistent patterns and
numbers using different data to back out productivity differences across firms (and different
proxies for fixed costs). These findings suggest that our key results are robust and we may
conclude that the aggregate welfare distortions for France in 2008 and the UK in 2005 are in

the 6-10% range.
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5 Conclusions

We have developed a general equilibrium model of monopolistic competition with multiple
sectors and heterogeneous firms. Comparing the equilibrium and optimal allocations in
our general framework with unspecified utility functions and productivity distributions, we
have characterized the various distortions that operate in our economy. We have considered
two examples that can be readily taken to the data. Using French data for 2008 and UK data
for 2005, we have quantified the aggregate welfare distortions while uncovering substantial
sectoral heterogeneity and assessing the contribution of each type of distortions to the overall
welfare losses.

Our preferred specification implies substantial aggregate welfare distortions for France
and for the UK, each of which amounts to almost 6% of the respective economy’s aggregate
labor input. Our results suggest that inefficiencies within and between sectors both matter
in practice. Removing those distortions would presumably require rather different interven-
tions: industry policies to address the latter problem, combined with policies targeted at
specific firms to address the former. A general lesson that one can deduce from our analysis
is that interdependencies are important for the design of such programs: the optimal policy
for one sector is not only influenced by conditions of that particular sector, but it depends
on the characteristics of all sectors in the economy. We leave it to future work to explore the

details of feasible policy schemes that alleviate misallocations.
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Appendix

A. Proofs of the propositions

This appendix provides all the proofs of the propositions. To alleviate notation, we suppress

indices for sectors and arguments wherever possible.

A.1. Proof of Proposition 1. This result can be established using a similar method as in
Zhelobodko et al. (2012). However, we provide an alternative proof that can be readily ap-
plied to the optimal cutoff and quantities (see Appendix A.3). Using the profit-maximizing

price (5) for the marginal variety, we can rewrite the zcp condition (6) as

d d
ru(45) 4y NI
—_— Mg = T,,. )—q; = —,
1 —ry, (qg) 39 i (qj) wl L

which, together with the first-order condition (2) for the marginal variety, ug(qf) = /\jp?,
yields

fA
ru; () (6 = — ()0 () = F A,
The left-hand side is increasing in q;-l since
9 Ayt (q4)

gt uff (¢f)

where we use the second-order condition r,/ (g;(m)) < 2. Thus, we know that q? is increas-
J
ing in the market aggregate \;w.
Furthermore, using the first-order condition (2) and the profit-maximizing price (5) for

the marginal variety, we have
[1 — Tu, (qjd)} u) (qu) = ()\jw)m? (A-1)

The left-hand side is decreasing in qf since

0

o L= @] ()} = (@) [2-ry@h)] <o

Hence, since we have shown above that aqjd /O(Njw) > 0, the left-hand side in (A-1) decreases

as A\jw on the right-hand side of (A-1) increases. It then follows that m? is decreasing in Ajw.
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Similarly, using the first-order conditions (2) and the profit-maximizing prices (5) for other

varieties, we have
[1 =74, (gj(m))] wj(q;(m)) = (Njw)m

Since the left-hand side is decreasing in ¢;(m), we know that ¢;(m) is decreasing in \jw.

Next, we rewrite the zZEP condition (7) as

Ly {[7%%(»—qmwm—%}awm=ﬂ. (A2

Given that mji and ¢;j(m) are decreasing in \jw, we differentiate the left-hand side of this

expression with respect to Ajw as follows:

1 i om{
L { [T](qjd) - 1] m?Qj (mf) - f} gj(m?>8(/\jw)

+L/ { uj qj(m)))]ij(nﬂbwr : ru;(gj(m)) }mﬁ%‘(m)dgj(m).

= ru;(g5(m) —ru;(gi(m)) | 9(A\w)

The first-term is zero by the zcp condition (6). Noting that

oy 4 (m)uf(gi(m))
) = =)
ooy = )+ a0 ) = ) )

the second term can be expressed as:

md [ 2= 1 @y (m)lrg (@m) | agy(m)
g { 1=, ()P }mmymd@“”<a

where we use the second-order condition T (gj(m)) < 2. Hence, the left-hand side of the
zEp condition (A-2) is decreasing in Ajw.

Assume that fixed costs, f;, and sunk costs, F}j, are not too large. The former ensures
that profits are non-negative (see the zcr condition in (6)). The latter ensures existence. The
left-hand side of the zer condition is strictly decreasing in A;w, whereas the right-hand side
is constant. Hence, if fixed costs, f;, and sunk costs, Fj, are not too large, then there exists a
unique solution for A\jw. Using the unique Ajw thus obtained, we can establish the existence

and uniqueness of m{ and ¢;(m) since both are decreasing in Ajw. O
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A.2. Proof of Proposition 2. The first-order conditions (2) and (3), when combined with

equation (11), imply that

S

d

mé &
I oG]

rf pd i (gd)

I

d (A-3)
[NzE o we(ge(m))dG(m)

When f; and Fj are not too large, the market aggregate \;w is uniquely determined by the
zEP condition and so are sector-specific cutoffs m}i and the associated prices p? and quantities
q;»i and g¢j(m) (see Appendix A.1). Since the zEp condition does not include N]E, those
variables are independent of N JE Thus, the integrals in (A-3) are independent of N ]E and
NF. The right-hand side of equation (A-3) is strictly positive and finite. By monotonicity,
there clearly exists a unique N JE (NF). This relationship satisfies (V. ]E ) >0,N jE (0) =0 and
limpyp o, NF(NF) = co.

d
In each sector j, labor supply L; equals labor demand N JE { fomj [Lmg;(m) + f;] dG;(m) +
Fj}, so that

L md
N—% - L/O ’ mgq;(m)dG;(m) = ijj(m;i) + Fj. (A-4)
J

Plugging expression (A-4) into (7) yields

g (™ mg(m) , _ Ly )
N /O ] (m))dej(m) _—— (A-5)

Substituting N jE (NF) obtained from (A-3) into (A-5), summing over j, and using the over-

all labor market clearing condition L = Y/

i—1 Lj, we then have the following equilibrium

condition: p )

NE(NE) / ™M) ey = 1, (A-6)

];1 7 1=y (gi(m)

Observe that all integral terms on the left-hand side of (A-6) are positive and independent
of the masses of entrants, whereas the right-hand side equals one. Since the limit of the left-
hand side is zero when N/ goes to zero, and infinity when N/ goes to infinity, the existence
and uniqueness of a solution for N7 follows directly by the properties of N JE (+). Since the
terms in braces of the right-hand side of (10) are uniquely determined by Proposition 1, the

existence and uniqueness of N JE implies those of L;, which proves Proposition 2. [
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A.3. Proof of Proposition 3. Plugging the first-order condition for the marginal variety

md = (q] )/d; into (18), we have

_ b,

u;i (qf) — uj(qf)qf (A-7)

The left-hand side is increasing in qj (since u < 0), which establishes that q is increasing

in §;. Thus, v’ (q}i) is decreasing in ¢;. Then, from the first-order condition for the marginal

variety, we see that when §; increases, m;-l
m}i is a decreasing function of ¢;. From the first-order conditions for the other varieties,

must decrease because u/; (q}-i) /0; decreases. Hence,

u/(gj(m)) = d;m, we know that ¢;(m) is decreasing in 4;.

Next, we rewrite the zesp condition (17) as

L/ [( B )—1) mgq;(m) —%] gj(m)dm = F}.

Given that mji and ¢;j(m) are decreasing in §;, we differentiate the left-hand side of this

expression with respect to d; as follows:

1 f i om4
L -1 Tn q5 d_ 23 gj (m>_J
[(‘guj/q;l ) ! L] 17054

4L /m‘f [_ 1 aguj,qj (m) @j (m) 1- guj,qj (m)] m0q7 (m) p

_I_
Eujgim) 005(m) Eujgim)  Eujgy(m)

where the first term is zero by (18). Using

O&0;,45(m) q5(m)
aqj (m) gu]-,qj (m)

=1—ry;(gj(m)) = &y, 4, (m)-

we finally have

d
m5 ru; (g (m))  dgj(m)
L/O Eu oo m 29, gj(m)dm <0,

)44
where the inequality comes from 9dq;(m)/9d; < 0.

Assume that fixed costs, f;, and sunk costs, F}j, are not too large. The former ensures that
social profits are non-negative (see the zcsp condition (18)), and the latter ensures existence.
The left-hand side of the zesr condition is strictly decreasing in §;, whereas the right-hand
side is constant. Hence, if fixed costs, f;, and sunk costs, F}, are not too large, then there

exists a unique solution for ;. Using the unique ¢; thus obtained, we can establish the
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existence and uniqueness of m? and ¢;j(m) since both are decreasing in §;. [J

A.4. Proof of Proposition 4. The first-order conditions (13) and (16), when combined with

equation (11), imply that

[N]E fomg Uj(%'(m»de(m)rj o(qf

(;l)'

\_/

u

~ S

—~ l (A-8)
I
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[Nf Jo W(CM(W))dGe(m)}

When f; and F} are not too large, ¢; is uniquely determined by the zesp condition, and so
are the sector-specific cutoffs m;l and the associated quantities q}i and ¢;(m). Since the zEsp
condition does not include N jE , those variables are independent of N ]E Thus, the integrals
in (A-8) are independent of NV jE and NF. The right-hand side of equation (A-8) is strictly
positive and finite. By monotonicity, there clearly exists a unique N JE (NF). This relationship

satisfies (N;”)' > 0, N;7(0) = 0 and limye_,, NF(NJ) = oco.

Plugging expression (A-4) for the optimal allocation into (17) yields
™ ma;(m) L
g [™ mgi(m) _ =

Usj, QJ( )

Substituting N ]E(N f) obtained from (A-8) into (A-9), summing over j, and using the over-
all labor market clearing condition L = Z‘j]:l Lj, we then have the following equilibrium

condition:

4 E(nE m mg;(m)
Y N7 (Ny) . F —1—2dG;(m) = 1. (A-10)
j=1

ujgj(m)

Observe that all integral terms on the left-hand side of (A-10) are positive and independent
of the masses of entrants, whereas the right-hand side equals one. Since the limit of the left-
hand side is zero when N/ goes to zero, and infinity when N/ goes to infinity, the existence
and uniqueness of a solution for N7 follows directly by the properties of N ]E (+). Since the
terms in braces of the right-hand side of (20) are uniquely determined by Proposition 3, the

existence and uniqueness of N ]E implies those of L;, which proves Proposition 4. [
A.5. Proof of Proposition 5. The former claim—substantiated by equation (21)—can read-

ily be obtained from (9) and (19). The latter claim can be shown as follows. Without loss of

generality, we order sectors by non-decreasing values of 7; such that 17 <71, < ... <717

43



Then, by that ranking, we must have

' . eqm Feqm opt opt eqm Feqm .
< TJ' VJ = gU,Ulgul,ql(m)gUU < 8 gU,Ujguj,qj(m)’ vj‘

Taking the sum of each side with respect to j and rearranging yield

ceqm geqm Z geamgeqm
T = U,Uy U1/Q1(m) UU7 u;,q;(m)
- opt — opt
Eu ZJ:

Conversely, we must have

) . eqm “zeqm opt opt oeqm seqm .
T, 27, Vj = gU,UJgUJ/QJ(m)gUU > &y UJgU Uyg“j/qj'(m)' Vi

Taking the sum of each side with respect to j and rearranging yield

eqm seqm eqm oeqm
Ty = gU'UJ ug,q(m) Z 5“7 45 (m)
- opt — 0 t :
SUI,)UJ Z p

Since the 7 are non-decreasing in j, we have 77 < 7; if there are at least two different 77’s.
In that case, there exists a unique threshold j* € {1,2,...,J — 1} such that no sector with
j < j* attracts too much labor in equilibrium, whereas all sectors with j > j* attract too
much labor in equilibrium.

To see that the intersectoral allocation is optimal if and only if all 7;’s are the same, we
proceed as follows. First, assume that 7; = c for all j, where c is independent of j. Then,
geqm &eqm eqm zeqm

o opt . . . J
U0, € w5 (m ) =cX gU,Uj for all j, so that summing over j we have ) 5_4 EU’UJ_ ;a5 (m)

c X ZJ 15U U, which implies that the right-hand side of (21) equals c. Since all 7}’s equal

¢ by assumption and are equal to the right-hand side, this proves the if part. To see the

only if part, assume that qum = L?pt for all j. Equating (9) and (19) for all j, it can be
. . e .. . . . seqm

readily verified that this is only possible if 7; = Y7, [e]qg; Eupan(m)’ Y EUPU for all j.

This completes the proof of Proposition 5. [

A.6. Proof of Proposition 7. Taking the ratio of (m )Opt and (m )eqm from (28) yields

(mtyopt %51
[ j ] = rj(kj+1)% (A-11)

d
(mj )eqm

44



Since x;(k; + 1)?2 < 1 (see the discussion below (E-22) in Appendix E.1), this immediately
implies that (m4)°Pt/ (m)ea™ < 1.

Next, takmg the difference between the optimal quantity (E-23) and the equilibrium
quantity (E-2), evaluated at the equilibrium price (E-3), we have the following two cases.
First, when 0 < m < (m?)OPt, we obtain

-7 L
J

(m )OPt 1 m
(m])eqm] — a—jan <6W> . (A-12)

Recalling that W (0) = 0 by the property of the Lambert W function, we know that
g y property

limm_>+0[q;’Pt( ) — q]eqm(m)] > 0. Second, when (m)°P' < m < (m9)*4™, we know that
q;-)pt( ) =0, and that qeqm(m) > 0, so that

1 m 1 m
opt eqm o

Recalling that W(e)
lim,, e olaP (m

) —
and that ( 4)oPt < (mg)eam, it is verified that lim, , (ot +0[q?pt(m) — q;qm(m)] <0.
(m

= 1 by the property of the Lambert W function, we know that

eqm(m)] = 0. Noting that (A-13) is strictly increasing in m,*'
(
Finally, since ¢; P (m) — qje-qm(m) is continuous at (m?)opt by expressions (A-12) and (A-
13), lim , ﬁ(mj)opt_o[qypt( m) — q;'qm(m)] < 0 must hold in (A-12). Noting that expression
(A-12) is strictly decreasing in m, and that limm_>+0[q;)pt(m) - q;'qm(m)] > 0, we know that
there exists a unique m} € (0, (m;l)oPt) such that q;pt(m) > qje.qm(m) for m € (0,m}) and
q;.)pt(m) < q]e.qm(m) for m € (m], (m;l)(’pt]. This, together with the inequality in (A-13) for
m e ((m;l)OPt, (m?)eqm) proves our claim. [J

B. Proofs of the lemmas

B.1. Proof of Lemma 1. Multiplying the zer condition (7) by NV jE and using (5), we get

NP [ B g m)aciy ) = NF [L " magm)dGy(m) + Gy md) + | = L. @)

21To derive this property, we use W' (z) = W (z)/{z[1 + W (z)]}.
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Eliminating p;(m) in the left-hand side by using (2), we get

E d
N g

AT]w /Om uj(gj(m))q;(m)dGj(m) = % (B-2)

Using the definition of \; from (2), noting that N jE u;j(g;(m))/U; = (j(g;(m)), and setting

Eujgi(m) = Jo? Eu;,q;(m)6i (i (m))dG;j (m), equation (B-2) can be rewritten as

L

wjgi(m) =

U _
Euu,E

Summing over j and noting that 23-]:1 L; = L, we obtain

U 1

— = =3 _ .
Aw Zj:l gU,Ujgu]-,qj(WL)

U =
w 21 Euu; 8 qm) =1 =
]:

Hence, any equilibrium labor allocation in sector j = 1,2, ..., J satisfies

U — EU0; € g (m)
L; = —((:U,U,gu. (m L= L L. (B-3)
’ Aw 7% w395 (m) Zgzl gU,UggUZ,(]Z(TIL)
Turning to the mass of entrants, from (B-1) we obtain
L .
E _ J
NP = (B-4)

L [y mg;(m)dG;(m) + f;G;(m?) + F

Plugging mq;(m) = q;(m)p;(m)[1—ru;(g;(m))]/w = ¢;(m)[1 = ru;(g;(m))]uj(g;(m))/ (Ajw),
which is obtained from profit maximization and the consumer’s first-order conditions, into
(B-4), using A\jw = (LNJE/Lj) Jo 7 @(q;(m))q;(m)dG;(m) from (B-2), and noting the def-
inition of vj(¢j(m)), we can solve the resulting equation for NjE, which yields (10). This

completes the proof of Lemma 1. UJ

B.2. Proof of Lemma 2. Multiplying (15) by N E we get

v [ Wdaj (m) = NP { [ magtm) + 514G, m) + Fj} — L. (Bs)
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Since the left-hand side equals LU;/§; by definition of U;, we have L;/L = U;/d;. Using
the definition of ¢; from (13) we thus have
L, U

Since 23]:1 L; = L, it then follows using (B-6) that
v v__ 1
) )

J
) v, =1 = BRIV
| Yi—1€uu;

Hence, any optimal labor allocation in sector j = 1,2,..., J satisfies

U Euu;

SR By
= e

3 (B-7)

Finally, turning to the mass of entrants, from (B-5) we can obtain (B-4) for the optimal
allocation. We know from (13) that mg;(m) = g;(m)u}(q;j(m))/d;. Using the definitions
of dj, Eyu;, and &, 4. (m), and (B-6) then yields mg;(m) = (Lj/L)gj(m)u’(q;(m))/U; =
(Lj/L)Ey, 4,(m)wi(aj(m))/Uj for the optimal allocation. Plugging this into (B-4), noting that
U; depends on N jE , and using the definition of ;(¢;(m)), we can solve the resulting equation

for N jE , which yields (20). This completes the proof of Lemma 2. [

B.3. Proof of Lemma 3. By definition, the weighted average of the elasticities of the subu-
tility functions is given by
d

Jo (g5 (m))g; (m)dG; (m)

— m§ gu-, mu(q(m))
wj g (m) = /0 L dGj(m) = = . (B

S i (g5(m))dG; (m) S wi(g5(m))dG; (m)

In what follows, we rewrite the numerator and the denominator of (B-8) by using cAra

subutilities with Pareto productivity distributions. As shown in Appendix E, the equilib-
rium quantities are given by ¢;(m) = (1/a;)[1 — W(em/ m?)], where W is the Lambert W
function defined as ¢ = W(p)e"(¥). To integrate the foregoing expressions, we use the

change in variables suggested by Corless et al. (1996, p.341). Let

m m
zEW(e—d>, so that e — = ze%.

d

J
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This change in variables then yields dm = (1 + z)ez_lm;ldz, with the new integration
bounds given by 0 and 1. Substituting the expressions for quantities into the numerator

of (B-8), using the definition of IV, and making the above change in variables, we have:

d

| s )y )Gy m) = [ 1= W em /i le € g ()
1
= m?/o (1—z)ez_l(l—f—z)ez_lgj(zez_lm?)dz. (B-9)

Applying the same technique to the denominator of (B-8), we obtain

d

mé md
/o " uj(q;(m))dG;(m) = /0 "1 Ve M g (m)dm

1
= mzi/o (1— ez_l)(l + z)ez_lgj(zez_lm?)dz. (B-10)

Dividing (B-9) by (B-10), we then obtain:

. Jo (1= 2)e* (14 2)e g, (ze* Tmd)d

’ (B_Il)

where (1 —2)e*"! < 1 —e*! for all z € [0,1). With a Pareto distribution, we have
gj(z€* " 'mY) = kj(ze*"tm)ki~1(mMaX) ki, so that expression (B-11) can be written as (30).
O

C. Additional details for the quantification procedure

This appendix provides details on the data that we use and derives additional expressions

required for the different variants of the quantification procedure.

C.1. Data. Besides the firm-level ESANE dataset for France and the BsD dataset for the UK,
we build on industry-level information from the oEcp sTAN database for both countries.
More specifically, we obtain sectoral expenditure shares and R&D expenditure data by 1s1c
Rev. 3 from the French and UK input-output tables. These input-output tables contain
information on 35 sectors and dictate the level of aggregation in our analysis. We discard
the ‘Public Administration and Defense’ aggregate (12.12% of expenditure for France and
11.29% for the UK). Expenditure for each sector is computed as the sum of ‘Households

Final Consumption” (code C39) and ‘General Government Final Consumption” (code C41).
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In the baseline quantification we use the ratio of R&D expenditure to gross output at
basic prices to proxy for sunk entry costs and fixed costs. We also trim the employment data
by getting rid of the top and bottom 1.5% of the firm-level employment distribution across
all sectors.”?

In the first robustness check, we do not need to construct a proxy for sunk entry costs
and fixed costs and directly use revenue data. We trim the data by focusing on firms with
revenue higher or equal to 50,000 GBP/EUR for the UK/France and trim the top 2.5% of the
revenue distribution across all sectors.

In our second robustness check, we use the industry-level profits-to-revenue ratio as a
proxy for sunk entry costs and fixed costs. Industry-level revenue and profits are obtained
by summing firm-level revenue and profits. We trim the data by getting rid of the top and

bottom 1.5% of the firm-level employment distribution across all sectors.?3

C.2. Additional expressions. We derive the expressions needed to back out the structural

parameters of the model for the different variants of our quantification procedure.

CARA subutility. In the cARA case, firm variable employment used for production in the

market equilibrium with Pareto productivity distribution is given by:

emp{ARA (m) = = (1-1W;),
J

where W; = W(em/ m;l) denotes the Lambert W function. Using z = W (em/ m;l), em/ m;l =

ze*and dm = (1+ z)ez_lm?dz, the conditional mean of ln[emijARA(m)] is given by:
tnempCARA — L (" [ ] 46 (m) = My 4t — Ina,
mean_lnemp; = m/o n a—]( — W) j(m) = Mj +Inm§ — Inay,

22We first match the R&D expenditure data with our 34 sectors and compute, for each sector, the ratio of
R&D expenditure to gross output at basic prices (code R49) with the latter information coming from input-
output tables. We then multiply the ratio by total employment in that sector, divide it by the number of firms
to get a proxy measure of F; and f;, and subtract it from the employment of each firm. We ignore those firms
ending up with a non-positive employment.

23We multiply the industry-level profits-to-revenue ratio by total employment in that sector, divide it by the
number of firms to get a proxy measure of F; and f;, and subtract it from the employment of each firm. We
ignore those firms ending up with a non-positive employment.
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where M; = —1/k; + k; fol ze* Dk ~1(1 + 2)e*1In(1 — 2)dz is a function of k; only. In

CARA( l)]

turn, the standard deviation of In[emp becomes:

1 mg m
sd lnempCARA J m/o {ln Lé_j(l — W])} mean lnempCARA} dG;(m)

\/— — M2 4k / In[(ze*-1)2(1 — 2)] (ze*~1)%~1(1 + 2)e*~1In(1 — 2)dz. (C-1)
Moving to firm revenue, we have:

revARA () = "1 1),

aj
Hence, the conditional mean of ln[reVCARA( )] is given by:
mean_InrevSARA — ! /mj In [ (Wt = )] dG;(m) = M; 4+ Inm? + In(w/a;)
’ Gj (m?) 0 Qj ’ ’ ! ’

where M; = —1/k; + k; f() (ze* 1)k 71(1+ 2)e* 1 In(2~! — 1)dz is a function of k; only. The

CARA( )]

standard deviation of In[rev; is then:

md
sd_InrevSARA — J #d)/ ’ {ln [@(W1 - 1)} mean lnreVCARA} dG;(m)
0

J (m a; J

\// In[ze*~1(271-1)] — Mj}zkz (ze== 1)1 (1 4 2)er-1d2. (C-2)

CEs subutility. Turning to the CEs case, firm variable employment used for production in

the market equilibrium with Pareto productivity distribution is given by:

Pj
d T—p;
N mY J
ernpjCES (m) = tivi (—‘7> .
1—pj \ m

CES

The conditional mean of In[emp}©°(m)] is given by:

’j
md o {mé\ ey . .
mean lnempCES 1 / " In fiei (™M dG;(m) = In 1ipj n Pj
Gj(mg) Jo 1—pj \\m )k (
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Using the same approach than in the CARA case, one can obtain the standard deviation of

CES

In[emp$"°(m)], which depends on k; and p;, as follows:

0
Sd_lnemprs = ]{;‘7(171;)]) (C_B)

Moving to firm log-revenue, its standard deviation is identical to that of log-employment:

sd_Inrev¢ES = S B (C-
Y !

Indeed, both firm revenue and variable employment in the CES case are given by a bundle

of parameters multiplied by m~"i /(1=rj). When taking the log, the standard deviation of the

whole expression is thus simply the standard deviation of In[m~*;/(1=7;)] in both cases.

D. Allais surplus

This appendix derives the Allais surplus (Allais, 1943, 1977), which is the welfare measure
we use when quantifying aggregate welfare distortions. In our context, the Allais surplus is
defined as the maximum amount of the numeraire that can be saved when the social planner
minimizes the resource cost of providing the agents with the equilibrium utility. We thus

consider the following optimization problem:

J

min A=Y NF { /0 " [Lmgj(m) + f;]dG;(m) + Fj} (D-1)

s.t. U(ﬁl(Ul),ifz(Uz),...,ﬁJ(UJ)) ZU,

where U is a fixed target utility level that needs to be provided to each agent. The solution
to this problem yields the minimum resource cost, A (U), required to achieve the target

utility level. Setting U = U®I™, the Allais surplus is formally defined as:
A= L—LAUsm), (D-2)

where the first term L is the amount of labor needed for the market economy to attain the
equilibrium utility since the labor market clears in equilibrium. If there are distortions, the
planner requires, by definition, less labor to attain the equilibrium utility than the market
economy does. Thus, the minimum resource cost must satisfy LA(U eam) < I, so that A > 0.

Let 1 denote the Lagrange multiplier associated with the utility constraint. From (D-1),
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the first-order conditions with respect to g;(m), m?, and N ]E are given by

/ L oU U,
wj(qj(m)) = ;jm/ Hj = Mﬁain (D-3)
J
niui(af) = Lmiq) + f; (D-1)
wi [ ey )Gy m) = [ Lmgym) + £14G, )+ B (D)

as well as the constraint U = U (Uy(U1), Uz(Ua),...,Us(Uy)). Comparing (D-3)~(D-5) with
(13)—(15) reveals that the first-order conditions are isomorphic. Thus, we can conclude that
the optimal cutoffs and quantities are the same in the Allais surplus problem and the ‘primal’
optimal problem in Section 2.2. In what follows, we focus on the optimal labor allocation

and entry.

D.1. CARA subutility. Assume that the subutility function is of the cara form u;(¢;(m)) =
1 — e %%("), that the upper-tier utility function U is of the cEs form as in (E-1), that
U;(U;) = Uj, and that G; follows a Pareto distribution. We also assume that f; = 0 in

the cAara subutility case.

To derive the optimal masses of entrants, we use the multipliers y; = &y v, U% Given
the cEs upper-tier utility, the ratio of multipliers in sectors j and ¢ is
1 d
W:BJ<W>U _ ey (D-6)
pe B \Uj ajmd’

where we have used (D-3) evaluated at m = m? to get the last equality. It follows from (D-6)

that
agfBy md\ 7
y4
Up = fj Uj
a;Bj my

which, together with the utility constraint U = [Y7_; 5,U. 6(071)/ 7)0/(e=1), yields

d o—1 J d 1-0o %
T=u,- g <ﬁ> > 57 (@> . (D-7)

Oéj /—1 Qy

Since the optimal quantities and cutoffs are the same in the ‘primal” and ‘dual” problems, we
can plug (E-24) into (D-7) to eliminate U;. We can then use Gj(m?) = a;F;(kj +1)%/ (Lm?)
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from the expression of the optimal cutoff (E-28) to solve for NV JE as follows

c—1p0 d t1l1—o 33

[ijl a‘;_lﬁg[(mg)opt]l—a}ﬁ Fj(kj+1) = (N e

E _
NE =

where Ut = {Y3/; af7187[(md)oPt]1=7}1/(=1) as given by (E-33) and where (NF)ePt is
given by (E-30). As can be seen from (D-8), the mass of entrants in sector j needed to
achieve U is proportional to this target utility level.
Summing up, to achieve the target utility U in the resource minimization problem, the
. . i d t . e ye opt -
planner 1mp0ies the socially optimal cutoffs (m§)°P* and firm-specific quantities a (m) =
(1/e) ln(m?P /m), and chooses the mass of entrants (D-8) that is proportional to U. Thus,
to achieve a higher U the planner would allow more entrants, but always choose the same
level of selection. The associated resource cost L4(U) can be obtained by plugging this

solution back into the objective function as follows

(m%)opt
/ " Lmg™ (m)dG(m) + Fj| = v
0

opt U -
J ~ popt

yopt

LAD) = éwff)

The last equality holds because the optimal allocation in Appendix E, by definition, clears
the labor market. Setting U = U™ yields

LA(Ueqm) reqm ) I — LA(Ueqm) [opt _ [reqm
= <1, ie, =

L T yopt L - [yopt ’ (D'9)

where the numerator of the left-hand side is the Allais surplus. This expression provides a
measure of the aggregate welfare distortion in the economy. Note that we may use the wel-

fare measure based on utility and the measure based on the Allais surplus interchangeably.

D.2. cEs subutility. Assume that the subutility function is of the cEs form wu;(g;j(m)) =

q;(m)Ps, that the upper-tier utility function U is of the ces form as in (E-1), that U;(U;) =
1/p;

U;”", and that G; follows a Pareto distribution. We also assume that f; > 0.

To derive the optimal masses of entrants, we use the multipliers p; = ,u(%]%. Given
5 OV

the cEs upper-tier utility, the ratio of multipliers in sectors j and / is

1-0(1-py) 1
Wi BilpiU, " peld) (D-10)
- B / 1-o(l-p;) ~— . d)l*[)é d’
I 0/ pe s i (qf myg
U J

J
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where we have used (D-3) evaluated at m = m? in the second equality. Since the optimal

cutoffs and quantities are as in Appendix E, using (E-35) allows us to rewrite expression

(D-10) as follows:

1-0(1-p;)
op; L _ .
Yy (&) [ fip; ]p] 1{ fepe T o (mg) =" (D-11)
U;*”{S);ﬂﬂ ﬁg L(]. — pj) L(l — pg) (mg>_l)€

Since the right-hand side of (D-11) is the same as that of (E-40), we obtain

170(1fpj) . 1-o(1-p;)
U] Pj B (U]OP ) ap;

1-o(l—pp) ot 1Z2=pg) ©
u, " (U)o

As in Appendix E, we now consider that ¢ — 1 in order to derive closed-form solutions.
We then have U; /U, = Uj(-)pt/ U, P* and from the definition of U we obtain:

By By
- S S AN N - A & § N LA
U = Ut <f> =TTu | ¢
Q 7O g N
By v/ Be
J opty 2L L Ui \" opt [ Ui o
= E(UE )pel[[l ot = U ot . (D-12)
- - J J

Using (E-38), and because m¢ = (m%)°Pt, we know that U;/U®" = NE/(NF)oPt, Pluggin
5 j J i’U; FRAC gging

this expression into (D-12), we obtain

_ 1
U \y/ &
NF = (NF)ort <_Uopt> =1

Thus, we have

1

= J T \y7 2 [ plmhert o
D) = L0 (o) { [T [t om) + 1) de<m>+Fj}

o 1
U vl ﬁﬁ
= (UOpt> e L,

where the last equality holds because the optimal allocation clears the labor market. Hence,
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evaluating U at U®I™, we obtain

1
I — LA [yeqm [yeqm 7 Pt
% 1— (W) Yo [ (D-13)

This expression provides a measure of the aggregate welfare distortion in the economy.
Note that we may not use the welfare measure based on utility and the measure based on
the Allais surplus interchangeably in this case, as we could in the CARA case in Appendix
D.1. The reason is the presence of U;, which is a transformation of the lower-tier utility.
Without that transformation, which in the ces case would amount to setting all p,’s that
appear in the power of (D-13) equal to one, the foregoing result that utility and the Allais

surplus can be used interchangeably would still hold.

E. Analytical expressions

We assume that the upper-tier utility is of the ces form:

7 _ o1\ /o a/(c—1)
U= {Zlﬁj [Uj(Uj)}( v } , (E-1)
iz

where o > 1 is the intersectoral elasticity of substitution, and where the ; are strictly pos-
itive parameters that sum to one. The lower-tier utility is U; = N JE fom? u;j(g;(m))dG;(m).
In what follows, we focus on cases in which the ces form in (E-1) satisfies condition (25),
so that there exist unique intersectoral equilibrium and optimal allocations. As explained in
the main text, this is always the case for cara subutility functions and U;(U;) = Uj, and it is
the case for homothetic lower-tier cEs utility functions with U;(U;) = U ;/’0 7 when the lower-
tier elasticity of substitution exceeds the upper-tier elasticity of substitution. Observe that
(E-1) includes the Cobb-Douglas form as a limit case. All results based on the Cobb-Douglas
specification, as given in the main text, can be retrieved from the following expressions by
letting o — 1.

E.1. cArRA subutility. We provide detailed derivations of the equilibrium and optimal allo-

cations in the CARA case.
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Equilibrium allocation. We first derive the equilibrium cutoffs and quantities.** Assume
that U;(U;) = Uj, and that u;(g;(m)) = 1—e %™, so that u/(g;(m)) = aje”%u(m),
uf(gj(m)) = —a?e‘“iqf(m), and r,(q;(m)) = ajq;(m). We assume in what follows that
there are no fixed costs for production, i.e., f; = 0 for all sectors j. We can do so since,
as in Melitz and Ottaviano (2008) but contrary to Melitz (2003), the marginal utility of each
variety is bounded at zero consumption so that demand for a variety drops to zero when
its price exceeds some threshold. Since for the least productive firm, which is indifferent
between producing and not producing, we have qjl = qj (mf) = 0, the first-order conditions

(2) evaluated for any m and at the cutoff m;l imply the following demand functions:

1 ! ? d
. - < < ! -
gj(m) ; In [p](m)] for 0<m <mj, (E-2)

where p? = pj(m?). Making use of the profit maximizing prices (5), r,(gj(m)) = ajq;(m),

and qg = 0, we have

md —rAa.(m m?
qj<m>:i1n[ Lol >>]:§1n{#1_ajq]-<m>]}.

1- Tuy (QEZ) m J

This implicit equation can be solved for ¢;(m) = (1 — W;)/a;, where W; = W(em/ mgl)
denotes the Lambert IV function, defined as ¢ = W (p)e"(¥) (see Corless et al., 1996). We
suppress its argument to alleviate notation whenever there is no possible confusion. Since
ry; = 1 —Wj, we then also have the following profit maximizing prices, quantities, and

operating profits divided by the wage rate:

muw 1 Lm
) N ) -~ (1-W.: . .z -1 S _2). E-
pj(m) W q;(m) o; ( Wj), mj(m) o; (W] + W ) (E-3)
By definition of the Lambert W function, we have W (y) > 0 for all ¢ > 0. Taking logarithms
on both sides of ¢ = W (p)e"(¥) and differentiating yields

W(p)

() +1] 0

W'(p) =

for all ¢ > 0. Finally, we have: 0 = W (0)e" (%), which implies W (0) = 0; and e = W (e)e'V'(®),
which implies W(e) = 1. Hence, we have 0 < W; < 1if 0 < m < m?. The expressions

*4Additional information on the equilibrium cutoffs and quantities can be found in Behrens and Murata
(2007) and in Behrens et al. (2014).
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in (E-3) show that a firm with a draw m;l charges a price equal to marginal cost, faces zero

demand, and earns zero operating profits. Furthermore, using the properties of W'/, we

readily obtain dp;(m)/0m > 0, dg;(m)/dm < 0, and drj(m)/Om < 0. In words, firms with

higher productivity 1/m charge lower prices, produce larger quantities, and earn higher

operating profits. Our specification with variable demand elasticity also features higher

markups for more productive firms. Indeed, the markup
p;(m)

1

(E-4)

is such that 94;(m)/dm < 0.
Using (E-3) and ry,; = 1—Wj, and recalling that f; = 0, the zero expected profit condition
(7) can be expressed as
_

m?
e (W=t o s — | ]
/0 m (W4 W; = 2) dGj(m) = 2L, (E-5)

To derive closed-form solutions for various expressions with cara subutility functions, we
need to compute integrals involving the Lambert W function. This can be done by using the

change in variables suggested by Corless et al. (1996, p.341). Let

d

m m
zzW(e—d>, so that e — = ze”.
J

The change in variables then yields dm = (1 + z)ez_lm;-ldz, with the new integration bounds

given by 0 and 1. Using the change in variables, the LHS of (E-5) can be expressed as follows:
md 1
/0 m (Wj_l +W; — 2) dG;j(m) = (m?)z/o 2(14 2)2E V(71 4 2 —2)g; (zez_lm?)dz

for an arbitrary distribution g;(-) of draws.
We consider the Pareto distribution Gj(m) = (m/ m;“ax)kj with upper bound m[™® > 0

and shape parameter k; > 1. Then, the integral reduces to

/m
0

where k; = kje~(kit1) fol(l +2) (> 14+ 2—-2) (2¢")"e*d> > 0 is a constant term which

solely depends on the shape parameter k;. Plugging (E-6) into (E-5), we obtain the equilib-

<

i (I W = 2) 4G ) = 5 ™)™ (i, o
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rium cutoffs

1

aij (m;nax)kj kj+1
(midyeam = | (E-7)

J ;L
and quantities qje-qm(m) =[1-W;lem/ (m;-l)eqm)] /a;j. Note that (E-7) implies that
k;
(mf)eam]™ d a;F 1

. =@, eqm J=J , E-8
[ miy 5 ((m5)™) ;L (m;l)eqm (E-8)

a relationship that we will use in what follows.
We now turn to the equilibrium labor allocation and masses of entrants. Using (E-3),

labor market clearing in sector j can be written as

md
NJE [L/o " mg;(m)dG;(m) + Fj

L m
= [%/o "m(1—W;)dG;(m) + Fj| = L;. (E-9)

Making use of the same change in variables for integration as before, and imposing the

Pareto distribution, we have
md ks
| m (= W) 4G (m) = ey ()7 ()5, (E-10)

where xy; = ke~ kit fol(l — 22) (ze*)" e*dz > 0 is a constant term which solely de-
pends on the shape parameter k;. Plugging (E-10) into (E-9) and using (E-7), we have
Lj = N Fj[(r15/#;7) + 1]. It can be verified that r1;/x; = kj, so that

Lj = NFF;(k; +1). (E-11)

To determine the masses of entrants, we insert the definition of \; into (3). Computing
oU /dU; from (E-1) for U;(U;) = U; and recalling that q;i = 0 and pj = m}lw for all j, we

obtain
d dyegm] 9
Qi mé \. U a:\? ﬁ c (m)q

oy my ¢ Uy oy By (mg)eqm

Using the definition of 5U,Uj, (E-1), and (E-12), it is verified that

a1
giv; e Bi _ Ba7H(mg)eam]e

o1 o-1 T «J -1 —c’
Eladlc” plap ()T T T
J

v, = (E-13)
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From Lemmas 1 and 3, we have

8U,U'9'
= s (E-14)
Y1 v,
Substituting (E-11) and (E-13) into (E-14) yields
o—1po d\eqmll—o
of 70 [(m%)ed
(NjE)eqm B ! 6_31 ][( J) d ] L ’ (E-IS)
Y1 a7 1 B70,[(mf)eam|1=o (k;j + 1) F)
so that from (E-11) we obtain
Jeam _ _0F 870 l(m)e e (E-16)
T Xl a7 1876 (mf)eam)i=e

Turning to the lower-tier utility, equation (B-8), the definition of U;, and Lemma 3 imply
that .
Jo ” uj(g;(m))g; (m)dG; (m)

Uj =
! 0;/NF

(E-17)

Making use of the same change in variables for integration as before, and imposing the
Pareto distribution, the numerator of (E-17) can be rewritten as

mé ,

/O Y(1— W;)ei1dG; (m) = sy (mi™) 7 ()i, (E-18)
where ky; = kje~(kith) fol(l — 22) (z¢?)" ! (e*)2dz > 0 is a constant term which solely
depends on the shape parameter k;. Using (E-18), (E-8), and (E-11), we can rewrite (E-17)
as U;qm = [(oy /Hj)(qum/L)/(m?)eqm] [(k2j/Kj)/(kj 4+ 1)]. It can be verified that xp;/k; =
k; +1, so that

eqm
eI — &M (E-19)
5T (mfe
Making use of the upper-tier utility (E-1), (E-16), and (E-19), the utility U is then

o

eam _ { 2}]:1 a?*lﬁ;'[(m?)eqm]lfo' }01 _ {231:1 a?_lﬁ;[(m?)eqm]l_g}m

[ 07~ B 0n]mi)eam]=<] 7 Lz f A0 (m)eam]i=
' (E-20)

When the upper-tier utility function is of the Cobb-Douglas form, ¢ = 1, so that (E-14)
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becomes L?qm /L = pB;0;/ Z‘Z:l(ﬁgeg). Hence, (E-20) reduces to

J B
[ream _ ;5 1 .
H [Ez_l(ﬁeez) (m;—l)eqm]

Another way of deriving the equilibrium utility is useful for proving some analytical
results. Using the demand functions (E-2) and the profit-maximizing prices in (E-3), the

lower-tier utility is given by

Uj =Ny

1 md
Gj(m?) - _d/ ! ij_lde(m)] , (E-21)
mg Jo
which can be integrated (using again the same change in variables as before) to obtain:

d
m; _ — ks )
/0 mW; 1dG;(m) = k3 (m7®) (m;l)kfﬂ,
where k3; = kje*(’“-iﬂ) fol(z*1 +1) (ze* )kj e*dz > 0 is a constant term which solely depends
on the shape parameter k;. One can verify that 1 — x3; = ﬁ — (k1j + Kj), so that the

lower-tier utility (E-21) becomes

E d
U; = [ — (k15 + Kj) | N Gj(m5). (E-22)
Since U; > 0 by construction of the lower-tier utility, we have (x1; + x;)(k; +1) < 1, which

is equivalent to r;(kj +1)% < 1 since r1; = r;k;.

Optimal allocation. We next derive the expressions for the optimal cutoffs and quantities

in the cARrA case. From the first-order conditions (13), the optimal consumptions must satisfy

Oéje_ajqj (m?) md je—anj (de) 5j mzl

-~ —=— and ——— = 2 —.
— d

aje a;q;(m) m age aeqe(my) O¢ mg

~.Q,

The first conditions, together with qj(m;l) = 0, can be solved to yield:

md
gj(m) = 5 In <mj> for 0<m< m?. (E-23)
j
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Plugging (E-23) into U; and letting m; = (1/G; (m;l)] Jo 7 mdGj(m) denote the average

value of m, we obtain:

NEG: (md
Uj:( —m> NfGj(m )_]kjj’(Zl]), (E-24)
J

where we have used the property of the Pareto distribution that m; = [k;/(k; + 1)]m§l to
obtain the second equality.
Assuming that the upper-tier utility function is given by (E-1), the planner’s problem can

be redefined using (E-24) as follows:

o1y 71
s [NEGm)]
max E-2
{NJE,m?} { Z IBJ [ ]{ +1 ( 5)
4 g|L k; d d
]:

where the resource constraint is obtained by plugging (E-23) into (12) and integrating the
resulting expression. Denoting by 4 the Lagrange multiplier of this redefined problem, the

first-order conditions with respect to N f and m;-l are given by

o=1
R NJEGJ-(m?) o
BV ki+1 [ L k.
N o1 = 0 ;(ki—l)zm?Gj(m?)ﬂLFj (E-27)
j N/ Ge(my)] @ Jj \j
Ze 186 [W}
o—1
R [N]EGJ(W?) 7 ]
. k;j+1 =N . G (md
/BJ‘E/ ’ — = 5£ i 5 f( ‘Zl> [Gj(m?)—}-m?G;-(m“f)}.
Nj J NEG,(m$) o aj (kj +1) G]‘(m]‘)
Zz:1 Be {W}

Because the left-hand side is common, we obtain the optimal cutoffs

o By (mi ) (k; + 1)
L

dyopt _

(mj ) (E-28)
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and quantities q;)pt(m) = (1/aj) ln[(m?)(’pt/ m|. Note that (E-28) implies that

k.

(mg)opt]™ aiFi(ki+1)2 1

[m];“ = Gy((myr) = 2D (md)opt (E-29)
J

a relationship that we will use repeatedly in what follows.
Using (E-29), the right-hand side of (E-27) becomes gFj(kj +1). Moreover, taking the

ratio of (E-27) for sectors j and ¢, we have

Ny _ <ﬂ_)
NEF Be

forall j = 1,2,...,J. Plugging this relationship into the resource constraint (E-26), and

o—1
Gj(m)

kj-i-l

Go(mf)
ke+1

using (E-29), we readily obtain the optimal mass of entrants in sector j:

A i "

NEyopt — )
(N7) Y1 ag 187 [(md)ert]i=o (k; + 1) F

(E-30)

Plugging (E-28) into (E-26), we have L; = N jE Fj(kj + 1), which implies the optimal labor

allocation as follows:

71 _
opt_ 95 B7Imi) e
J Eszl agflﬁg[(m?)opt]lfa

Finally, plugging (E-29) and (E-30) into (E-24), the lower-tier utility from sector j at the

(E-31)

optimal allocation can be expressed as

L'/ 1)
opt ( j _
i T (m;l)opt ’ (E-32)
so that )
J =
UoPt = { B [(m?)""t]l“’} - (E-33)
j=1

When the upper-tier utility function is of the Cobb-Douglas form, ¢ = 1, so that (E-31)
reduces to L?pt/ L = j3;. Expression (E-32) can then be rewritten as U;-)pt = «a;f;/ (m?)OPt.
Hence, (E-33) reduces to

o J a;f; &
Upt:H[W] .

Jj=1 J
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E.2. cEs subutility. We briefly summarize the equilibrium and optimal allocations in the
case with cEs subutility functions, u;(g;(m)) = g;(m)?, where 0 < p; < 1, and Pareto
distribution functions, Gj(m) = (m/m®)%. As in the existing literature, we also assume
that U;(U;) = U}/pj and that f; > 0.

First, with cs subutility functions, 1 —ry,(g;(m)) = €, 4,(m) = p; holds for all m, and
gj(m) = (m;i /m)V/ (=p; )qjl holds for both the equilibrium and optimal allocations. Thus, the
zeP and zcp conditions, (7) and (6), are equivalent to the zesp and zcsr conditions, (17) and
(18). The resulting equilibrium and optimum cutoffs are therefore the same and given by

1
(m?)eqm _ (m;i)opt _ m;nax ij(l - pj) —pj |t ) (E-34)
i Pj
which implies that the demand functions ¢;(m) are common between the equilibrium and
the optimum for all m < m?. In particular q? can be obtained from (6) or (18) as follows:
a_tfi pi 1

1 _ JJ iy E-

Second, given the foregoing results, v;(g;(m)) = (;j(¢j(m)) holds for all m < m;-l, so that
the expressions in the braces of (10) and those of (20) are the same. Thus, the equilibrium

and optimal masses of entrants satisfy

pi t Pj
(NjE)eqm = L;qm—kj}j and (N]E)Opt = L;)p ﬁ (E-36)

Third, the conditions (3) for equilibrium intersectoral consumption can be rewritten as

1—U(l—pj)

u (ﬁjﬂj) [ fipj ]pj_l [ fepe T_p‘ (mg)~*
e = () lia =) =] e
l

To obtain closed-form solutions, we assume that o = 1, so that the above expression reduces

to the Cobb-Douglas case:

Y _ Ba’f’j){ fipi YH[ fepe ]1_”(7”?)”-7' ]
v (BW L =) Ld=p)]  (mf)r (E-37)

Using (E-34) and (E-35), together with ¢;(m) = (m;Z /m)V (1*01')(]‘? and the Pareto distribu-
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tion, the lower-tier utility is given by

U — NP [ fips
L(

pi—1
dy=pj -
J= I 1 —pj)] (mj) o1 (E-38)

Plugging (E-38) into (E-37) and using (E-36), we then obtain

eqm
(N7 )eam _ Bipj kel _ L™ pj ke ~opeam _ @qum‘
(NZE)eqm Bepe kij qum pr k‘ij ¢ j J

Since Y°/_; Ly = L, we finally obtain

L™ = gL, (E-39)

Using (E-36) and (E-39), expression (E-38) can be rewritten as

7

U — g firi o [(m®)*T™)
i TR T ) f

which yields

I —pj

j=1

Bj
J iPj pi—1 eqmy —p. [
Ut = H {ﬁjpj [L(f]pj )] [(m?) ! ] pj} :

Turning to the optimal allocation, the conditions (16) for optimal intersectoral consump-

tion can be rewritten as

170'(17/)]-)
u; " Bj fipj ]pjl [ fope TW (mg)
j _ (5 iPj i E-
Ulfaﬁ)f” (Be) [L(l ) L(1 = pe) (m) e (40)
,

Assume again that the upper-tier utility is Cobb-Douglas, i.e., ¢ — 1. In that case, we can

use the same procedure as above to obtain

E opt
(N} )opt _ BikeFe _Lj pj keFy Lpoet_ Pe/ P opt
(NF)oPt BekjFy L pe kjF C o Bile
so that
Lopt o Bj /pj L

T (Bl pe)
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Using (E-36), expression (E-38) can be rewritten as

-1
yoPt = b [ 1P r" 1y°PY 55
’ Y7 1(Be/pe) LL(1—pj) [(m§)™]
which yields
B
Uort = li[ 2 [ Jit; rjl [(md)(’pt] "
izt | S (Be/ pe) LL( = pj) j :

F. Expressions for quantifying the Cces-cArA case.

Quantifying the Cobb-Douglas-CARA case is relatively easy because when o — 1 the equilib-
rium and optimal expenditure shares are independent of the «; parameters and the cutoffs
m;l (which subsume other parameters such as the sunk entry costs ;). This no longer holds
in the cEs-cArA case, which makes the quantification more involved. However, we can
proceed as follows.

Let {Aeqm} /_| be the equilibrium expenditure shares from the data, and let {#;} 3]:1 be the
weighted averages of the elasticities of the subutility functions obtained from the standard
deviation formula in Appendix C.2. Recall that in the Cobb-Douglas case those two pieces

Seqm

of information allow us to back out { B; :1 by solving

~Seqm7
~eqm 6 9

j W ﬁeqm:
! EZ 1ﬁq ;

In the cEs case, using (E-16) and noting that the total revenue equals the total wage in each

sector, i.e., Lejw = wLj, the equilibrium expenditure share can be rewritten as

o a8 |7 D ~eqme
seqm _ g1B70;[(mdyeam e ng)eqm} Hi03 _ BT,
! Y 0‘5 15279€[(m4)eqm] D . [ j)eqm]a_l 5,0, Y1 B0,
L
where 351" = [(a;8;)/ (md)eam] 718,, and where e and 6; come from the data. Clearly,
6§q = const. x B;qm is a solution to the foregoing equation, i.e., the 5§qm parameters in the

CES case are proportional to the B]e-qm parameters in the Cobb-Douglas case. The constant
term is shown to disappear in the end.

Using the same transformation for the 5 terms as above, the equilibrium utility (E-20)
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can be rewritten as

o

S {Z laa 1/30[( J)eqm]l—g}ﬁ (Z lBeqm>a T

Y af 15396[( ¢)eam]i-o Y 1Beqm

4

. . -eqgm -Segm .
which, using qu = const. X ﬁjq , can be rewritten as

an s (B2 B
U™ = (const.)7-1~ 7,50, = (const.) T m.
Turning to the optimal labor share, we have
o-1
L?pt AT 1ﬁa[( )opt]l . [#ﬁipt] B - gypt
LT R sl oy Eaar

where B;pt = [(«jB;)/ (m9)°Pt] J_lﬂj. We know that

Beqm dyopt 191 dyopt 1170 dyopt 117¢
5~j = [(mj)op ] = ﬁOpt li(mj) ’ ] B]e'qm = const. x li(mj) ] e,
m
J

ﬁ;pt (m;_l)eqm (m?)eqm

The optimal utility in (E-33) can be rewritten as

o1 J aﬁ o—1 o—1 J oot P
Ut = {ZO‘U 167 [(m) P } =1L [(m;)gpt] B = (Z ij> :
J

Hence, using (F-1), we have

J o—1
[JOPt — (COl’lSt.)ﬁ (Z B;)Pt> ,

where ﬁ;)pt = [(mf)°rt/ (m;?)eqm]l‘”qum. Finally, taking the ratio of U™ and U°P!, we
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obtain

-7 -1 1 1
const.) o1~ ——gmr =7 eqmy
gem ( ) YlaB 6 18,70
7ot 1 L . .
(COHSt.)ﬁ (2}]:1 /B;Pt) 1 EJ (m?)opt U’Beqm 1
=1 (m?)eqm 7

We already know B?qm and §j, Since the cutoff ratio is a function of k; only, the above
expression can be quantified for any given value of 0. Then, using (D-9), we can compute

the associated Allais surplus required to quantify the distortions.

G. Robustness checks
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