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Discovering optimal weights 
in weighted‑scoring stock‑picking models: 
a mixture design approach
I‑Cheng Yeh1*   and Yi‑Cheng Liu2

Highlights

•	 Finding the connection between weights of stock-picking concepts and perfor-
mances.

•	 Discovering the optimal combination of weights of stock-picking concepts.
•	 Meeting various investors’ preferences.

Abstract 

Certain literature that constructs a multifactor stock selection model adopted a 
weighted-scoring approach despite its three shortcomings. First, it cannot effectively 
identify the connection between the weights of stock-picking concepts and portfolio 
performances. Second, it cannot provide stock-picking concepts’ optimal combination 
of weights. Third, it cannot meet various investor preferences. Thus, this study employs 
a mixture experimental design to determine the weights of stock-picking concepts, 
collect portfolio performance data, and construct performance prediction models 
based on the weights of stock-picking concepts. Furthermore, these performance pre‑
diction models and optimization techniques are employed to discover stock-picking 
concepts’ optimal combination of weights that meet investor preferences. The samples 
consist of stocks listed on the Taiwan stock market. The modeling and testing periods 
were 1997–2008 and 2009–2015, respectively. Empirical evidence showed (1) that our 
methodology is robust in predicting performance accurately, (2) that it can identify sig‑
nificant interactions between stock-picking concepts’ weights, and (3) that which their 
optimal combination should be. This combination of weights can form stock portfolios 
with the best performances that can meet investor preferences. Thus, our methodol‑
ogy can fill the three drawbacks of the classical weighted-scoring approach.

Keywords:  Portfolio optimization, Stock-picking, Weighted-scoring, Mixture 
experimental design, Multivariable polynomial regression analysis
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Introduction
The efficient-market hypothesis asserts that financial markets reflect all relevant infor-
mation. Consequently, stocks always trade at their fair value on stock exchanges, mak-
ing it impossible for investors to either purchase undervalued stocks or sell overvalued 
stocks. Certain empirical studies show that stock markets do not reach semi-strong mar-
ket efficiency (Hong and Stein 1999; Hong et al. 2000; Piostroski 2000; Richardson et al. 
2010; Fama and French 2012; Asness et al. 2013; Yeh and Hsu 2014; Kong et al. 2019; 
Daniel et al. 2020; Wen et al. 2019). Banz’s (1981) size effect suggests that the return on 
investment (ROI) in stocks of small corporations is higher than that in stocks of large 
corporations. Rosenberg et al.’s (1985) value effect indicates that value stocks have higher 
ROI than growth stocks. Bondt and Thaler’s (1985) overreaction and reversal effects 
illustrate that winner stocks have a lower ROI than loser stocks do in the long term. 
The results of the momentum effect observed by Jegadeesh and Titman (1993) show that 
rising asset prices increase further, whereas falling prices keep decreasing. Thus, stocks 
with strong past performance will continue outperforming stocks with poor past perfor-
mance during the next period.

Several recent studies have shown that a combination of effects could be used to con-
struct a stock selection model with a high rate of return (RoR) (Piotroski 2000; Hart 
et al. 2003, 2005; Mohanram 2005; Qian et al. 2007; Roko and Gilli 2008; Yeh and Hsu 
2011; Shen et al. 2015; Yu et al. 2014; Yeh et al. 2015; Rasekhschaffe and Jones 2019; Dai 
and Zhou 2019; Wu et al. 2020; Gu et al. 2020). Many studies also adopted a weighted-
scoring approach to construct a multifactor stock selection model (Piotroski 2000; Kang 
and Ding 2006; Duran-Vazquez, et al. 2014; Kim and Lee 2014; Tikkanen and Äijö 2018; 
Jeong and Kim 2019; Mehta, et  al. 2019). For example, Hart et  al. (2003) studied the 
profitability of various stock selection strategies in 32 emerging markets from 1985 to 
1999. Value, momentum, and earnings revision strategies were the most successful as 
they generated significant excess returns when compared with size, liquidity, and mean 
reversion strategies. A strategy can be improved efficiently by combining various stock-
picking factors. Finally, large institutional investors can implement these strategies suc-
cessfully regardless of liquidity constraints and significant transaction costs.

Mohanram (2005) proposed combining traditional fundamentals, such as earn-
ings and cash flow, with company growth indicators, such as earnings stability, growth 
stability, R&D intensity, capital expenditures, and advertising, to establish an index, 
that is, a G-score. A long/short equity based on G-score generated significant excess 
returns although most of the returns were generated through shorting. The results were 
robust to in size, analyst coverage, and liquidity issues and persisted after controlling 
for momentum, price-to-book value ratios (P/B ratio), and accruals. Firms with a high 
G-score demonstrated strong market reaction to future earnings announcements and 
unannounced analyst forecast. In addition, a risk-based approach cannot explain the 
results because returns were positive in most years and low-risk companies earned high 
returns. Finally, fundamental analysis worked best when traditional and growth-based 
analyses were paired with stocks with high and low P/B ratio, respectively.

Noma (2010) combined traditional fundamentals, such as return on assets, operat-
ing cash flow, and operating margins, as an F-score index. F-score was applied, and it 
demonstrated that the mean return can increase by 7.8% through a hedging strategy 
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that buys high-F-score firms and that shorts firms with a low F-score. Additionally, an 
investment strategy that buys firms with a high P/B ratio and F-score and shorts those 
with a low P/B ratio and F-score earns a 17.6% annual return. The empirical result 
also reveals that the F-score can predict future earnings.

However, this method either sets up weights subjectively or uses a simple aver-
age, leading to three drawbacks. First, it cannot effectively identify the connection 
between the weights of stock-picking concepts and portfolio performances. Second, it 
cannot provide an optimal combination of stock-picking concepts’ weights. Third, the 
method cannot meet various investor preferences. For example, a conservative inves-
tor may only withstand low risks; hence, returns would not be the first priority. There-
fore, stock selection factor weights should differ from those of an aggressive investor 
who considers returns the top priority.

We address these shortcomings by adopting the following methodology (Fig. 1):

(1)	 We design stock-picking concepts’ weight combinations with a mixture design 
(Myers and Montgomery 2008; Montgomery 2012). Accordingly, we generate a set 
of weighted combinations (x) of stock-picking concepts to collect information on 
performances with different weight combinations of stock-picking concepts.

(2)	 Based on the mixture design, we simulate stock-picking concepts’ weight combina-
tions to obtain investment performances (y) through backtesting using stock mar-
ket trading historical database. These results can be collected and matched as (x, y) 
to construct a data set.

(3)	 Based on the data set, we construct a performance prediction model, y = f(x), by 
employing a multivariable polynomial regression analysis. The prediction model 
can examine the relationship between the performances and weights of stock-pick-
ing concepts and identify the interactions between concepts.

Optimization Model
(objective & 
constraints)

Optimal 
Weights

Mixture 
Design of 
Weights of 

Factors
(x)

Performances of 
Portfolios 

(Return, Risk)
(y)

Investor’s 
Preference

Weight-Performance 
Prediction Model

y=f(x)

Stock-picking with 

Weighted Scoring

Stock Market 
Database

Fig. 1  Diagram of stock selection decision support system
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(4)	 Based on the prediction model, we discover stock-picking concepts’ optimal com-
bination of weights that can form a stock portfolio with the best performance to 
meet investor preferences by way of optimization techniques.

(5)	 We verify stock-picking concepts’ optimal combination of weights through back-
testing using stock market trading historical database to determine whether they 
can meet investor preferences.

Therefore, this methodology can resolve the three drawbacks of the aforementioned 
extant literature. The remainder of this paper is organized as follows. “Mixture experi-
mental design” section explains how we develop a mixture design. “Experimental design 
and implementation” section describes how we generate stock-picking concepts’ weight 
combinations through this mixture experimental design and simulate them by way of 
backtesting. “Model building and verification” section constructs and analyzes the per-
formance prediction model through a multivariable polynomial regression analysis. 
“Weight optimization and validation” section presents the determination of stock-pick-
ing concepts’ optimal weight combinations through optimization and the validation of 
them through backtesting. Last, “Conclusion” section concludes the paper.

Mixture experimental design
We systematically explore the relationship between different weight combinations of 
various factors and portfolio performances through mixture design, that is, a type of 
experimental designs, given that the sum of the weight combinations equals 1. The com-
ponents of mixture experiments are their factors, the levels of which are dependent. 
Thus, each factor used in stock selection is assigned a weight, which is a level. We use 
the simplex-centroid design to conduct the mixture experimental design and thus pro-
duce various weight combinations (Montgomery 2012). The simplex-centroid design’s 
q-type composition is expected to have 2q − 1 experimental mixes. For example, Figs. 2 
and 3 show the simplex-centroid design for a mixture with three and four components, 
respectively.

Then, we construct the model by employing a regression analysis using the experimen-
tal data obtained through backtesting. The polynomial functions of the simplex-centroid 
design are expressed as follows (Montgomery 2012):

(1)

E(y) =

q
∑

i=1

βixi +

q
∑

i<j

∑

βijxixj +

q
∑

i<j<k

∑∑

βijkxixjxk + · · · + β12...qx1x2 . . . xq ,

No. X1 X2 X3

1 1 0 0
2 0 1 0
3 0 0 1
4 1/2 1/2 0
5 1/2 0 1/2
6 0 1/2 1/2
7 1/3 1/3 1/3

(1,0,0)   X1

(1/2,1/2,0)         (1/2,0,1/2)

(1/3,1/3,1/3)

(0,1,0)X2  (0,1/2,1/2)  X3(0,0,1)
Fig. 2  Simplex centroid design for mixture with three components
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where y, xi, and β represent the response variable of the mixture, the proportion of the 
i-th component of the mixture, and the regression coefficient of the regression model, 
respectively.

The effects of the higher-order terms can be ignored because they are usually small. 
In most real applications, only the first, second, and third terms may be significant. For 
instance, if q = 3 and three-order terms are included, then we have the following:

According to Eq. (2) above, if the three-component mix is at the one-component mix 
(1, 0, 0), mix (0, 1, 0), or mix (0, 0, 1), then their expected responses are β1,β2 , and β3 , 
respectively.

Figure 4 shows that the coefficient of the linear term is the regression estimates of the 
three apexes, and the average value of the coefficients of the three linear terms is the 
regression estimates of the central point. This finding indicates that the slope between 
the central point and apexes is positive if the coefficient of the linear term is larger than 
the average value of the coefficients of the three linear terms. Therefore, the correspond-
ent regression estimate increases if the component is large. Conversely, the slope is neg-
ative if the coefficient is smaller than the average, the regression estimate decreases if the 
component is large.

If the three-component mix is at the two-component mix (1/2, 1/2, 0), (1/2, 0, 1/2), or 
(0, 1/2, 1/2), then according to Eq. (2), their respective expected responses are as follows:

(2)E
(

y
)

= β1x1 + β2x2 + β3x3 + β12x1x2 + β13x1x3 + β23x2x3 + β123x1x2x3

No. X1 X2 X3 X4

1 1 0 0 0
2 0 1 0 0
3 0 0 1 0
4 0 0 0 1
5 1/2 1/2 0 0
6 1/2 0 1/2 0
7 1/2 0 0 1/2
8 0 1/2 1/2 0
9 0 1/2 0 1/2
10 0 0 1/2 1/2
11 1/3 1/3 1/3 0
12 1/3 1/3 0 1/3
13 1/3 0 1/3 1/3
14 0 1/3 1/3 1/3
15 1/4 1/4 1/4 1/4

1(X1)

5            7
6 12

11 15 13
2(X2) 9

14            4(X4)
8           10
3(X3)

Fig. 3  Simplex centroid design for mixture with four components

Fig. 4  The coefficient of the linear term is the regression estimates of the three apexes
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Thus, the coefficient of quadratic term βij is four times the difference between the cen-
tral-point regression estimate of side E(y) and average regression estimate values from 
the two apexes of side (βi + βj)/2 . Therefore, the regression estimate of this side is a con-
vex function if the coefficient of the quadratic term is greater than zero. Otherwise, the 
regression estimate of this side is a concave function if the coefficient of the quadratic 
term is less than zero (Fig. 5).

Experimental design and implementation
Factor Screening and stock‑picking concepts

Stock selection factors can be divided into five categories as follows:

Value factors

Returns from cheap stocks are higher than those of expensive stocks. Commonly used 
ratios for these factors include the price-to-earnings (P/E) and P/B ratios.

Growth factors

Stocks from profitable companies have higher returns than those from unprofitable 
companies do. Commonly used ratios include return on equity (ROE).

Momentum factors

Stocks with high recent returns have higher returns than those with low recent returns 
do. Quarterly and monthly RoRs are used to measure the momentum effect.

Size factors

Stocks from small firms have higher returns than those from large firms do. The total 
market capitalization (or market value) is commonly used to measure company size.

(3)E(y) =
(β1 + β2)

2
+

β12

4

(4)E(y) =
(β1 + β3)

2
+

β13

4

(5)E(y) =
(β2 + β3)

2
+

β23

4

β1 β2

X1=1 0.75  0.5 0.25 0
X2=0 0.25  0.5 0.75 1

Fig. 5  The coefficient of this quadratic term is four times the difference between the central-point regression 
estimate of the side and the average value of regression estimates from the two apexes of this side
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Liquidity factors

Stocks with low liquidity have higher returns than those with high liquidity do. Quar-
terly trading volume is commonly used to measure stock liquidity.

The performance indicators of portfolio investment can be divided into three catego-
ries, namely, returns, risks, and liquidity. Appropriate stock selection factors should be 
chosen to build a decision-making model that optimizes and satisfies these performance 
indicators as discussed below:

Returns

The P/B ratio and ROE are the most representative indicators of value and growth 
stocks. In addition, the last quarterly and monthly RoRs may affect the RoR because of 
reversal or momentum effects in stock markets. This study uses the P/B ratio, ROE, and 
monthly RoR as stock selection factors.

Although the forward P/E ratio may depict the highest RoR for a portfolio, it is based 
on analysts’ earnings forecasts. In fact, using appropriate combinations of weights, com-
bining the P/B ration and ROE (based on historical earnings), can achieve a RoR com-
parable with that achieved by the forward P/E ratio. Therefore, the forward P/E ratio 
was not used in this study because of the lack of evident advantages. Moreover, the P/B 
ratio and ROE represent stock value and growth, respectively, while the P/E ratio mixes 
value and growth. In terms of regulating the portfolio’s various performance aspects, 
two independent factors are better than a single, mixed factor, which is another reason 
for not using the P/E ratio in this study.

Risks

The β value of a stock is often continuous in nature; that is to say, stocks with large cur-
rent β will usually have large future β, and vice versa. Therefore, previous β is chosen as a 
stock selection factor to control the systematic risks of the selected stocks.

Liquidity

Market capitalization needs considerable time to grow or decline. Thus, stocks with large 
(or small) market value usually remain unchanged in the future. Although stocks with a 
small market value may generate a high return, certain investors may prefer investment 
targets that demonstrate significant liquidity and investment availability; hence, market 
value should not be extremely low. Therefore, stocks were ranked according to total mar-
ket capitalization from large to small in order to ensure high market capitalization for 
selected stocks, whereby stocks with a large market value would have a corresponding 
high score.

This study employed the multifactor weighted method to select stocks that were sorted 
by default order according to stock selection factors. The scores for top- and bottom-end 
stocks were 100 and 0 points, respectively, whereas those for the remaining stocks were 
obtained through interpolation. Each factor’s score was weighted to obtain the total 
weighted score. Furthermore, the stock with the highest total weighted score was con-
sidered the most profitable. Different weights form various stock-picking strategies and 
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have different performances. Hence, performance is a function of weights. Therefore, 
weights should be employed as design variables of the optimization model. Each factor 
also needs a default-sorting direction for the stocks as described below:

Small P/B ratio concept

The smaller the P/B ratio the higher the future returns. Therefore, stocks were sorted in 
ascending order according to the P/B ratio, with a smaller P/B ratio receiving a higher 
score.

Large ROE concept

The higher the ROE, the higher the future returns. Therefore, stocks were sorted in 
descending order according to ROE, with a higher ROE receiving a higher score.

Large monthly return concept

Stock market returns are usually characterized by short- and long-term reversals and 
middle-term momentum. Momentum effects typically occur during one or several 
months. Therefore, future stock returns may be high or low depending on the domi-
nation of either reversal or momentum effect, given a most recent high quarterly or 
monthly return. However, most investors psychologically prefer to buy stocks with high 
recent return. Therefore, stocks were sorted in descending order according to monthly 
returns, with a high monthly return receiving a corresponding high score.

Large total market capitalization concept

Total market value indicates company size. A company may be at the growing stage when 
it has low total market value. By contrast, a large total market capitalization implies that 
the company has established a leadership position in its industry. Although stocks of 
small firms may generate a high return, many investors may prefer investment targets 
that demonstrate significant liquidity and investment availability; hence, market value 
should not be extremely low. Therefore, stocks were sorted in descending order accord-
ing to the total market capitalization to ensure that the selected stock had an appro-
priately high market capitalization, with a large total market capitalization receiving a 
corresponding high score.

Small beta concept

Beta (β) measures stock return fluctuation relative to a benchmark (market), that is, sys-
tematic risks. A higher β implies that the stock return fluctuation is higher than that of 
the benchmark. If a stock’s β is greater than 1, its return fluctuation is greater than the 
benchmark, and vice versa. A stock’s beta value is often persistent; that is to say, stocks 
with large (small) current β would typically have large (small) future β in the near future. 
Although a large β may imply higher returns according to classic theory, many investors 
may prefer investment targets demonstrating significant low systematic risk; therefore, β 
cannot be too large. Hence, stocks were sorted in ascending order according to their β to 
reduce the selected stock’s systematic risk. Stocks with small β receive high scores.

The weighted-scoring approach is employed to construct the weighted-scoring multi-
factor stock selection model in two steps:
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(1)	 A single-factor scoring method is used to sort stocks. The top stock is assigned a 
score of 100, whereas the bottom stock is assigned a score of 0. An interpolation 
method is applied to the rest of stocks.

(2)	 The multifactor scoring method is employed. We obtain each stock’s overall score 
by assigning a certain weight to the score for each factor. Thus, the stock with the 
highest overall score is the best stock, and vice versa.

For example, previous literature results show that rate of return is high if the ROE is 
large and P/B ratio is small and vice versa. Therefore, the stock with the highest ROE or 
lowest P/B ratio is assigned a score of 100, whereas the stock with the lowest ROE or 
highest P/B ratio is assigned a score of 0. An interpolation method is applied to the rest 
of stocks. For example, a stock is assigned a score of 80 if its ROE is larger than those 
of 80% of all sample stocks. Similarly, a stock is assigned a score of 40 if its P/B ratio is 
lower than that of 40% of all sample stocks. Furthermore, we assume that the weights of 
the two stocks are 1/2 and 1/2. Then, the weighted scores are (1/2)*80 + (1/2)*40 = 60.

Definitions of performance indicators

Portfolio performance is evaluated through three categories: returns, risks, and liquidity. 
This paper adopts these three performance indicators as shown below:

Excess rate of return α

Excess rate of return is estimated by the following regression equation:

where Rf = risk-free rate of return, Rm = market return, R = return of the portfolio. The 
equation denotes a positive excess return from the portfolio if α > 0.

Systematic risk β

Systematic risk β can be estimated using Eq. (6). The higher the coefficient β, the higher 
the systematic risk. Portfolio volatility is higher than overall market if β > 1.

Stock market value in the portfolio

The larger the total market value of corporate stocks, the larger the trading volume of 
the stocks. The median of total market values of the portfolio’s corporate stocks is cho-
sen as a proxy variable in assessing the portfolio’s liquidity.

Data set partition

A relationship exists between the weights of stock-picking concepts and each invest-
ment performance indicator. For instance, the qualitative relationship of stocks indicates 
that the returns of low-priced stocks with a small P/B ratio are usually higher than those 
of high-priced stocks with a large P/B ratio are. However, stocks’ quantitative relation-
ship can vary and change over time and thus can be highly volatile. Previous data cannot 
be used to construct models for selecting stocks for future investment when the quanti-
tative relationship between the weights of stock-picking concepts and each investment 
performance indicator indicates high volatility. Therefore, it is necessary to consider the 

(6)R− Rf = α + β
(

Rm − Rf

)
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time factor in order to explore whether the quantitative relationship is stable when we 
separate the data into two types, namely, in-sample and out-of-sample.

This study covers 19 years divided into two periods: the modeling and testing periods. 
Investment performances obtained through backtesting the weights of stock-picking 
concepts during the modeling period 1997–2008 and testing period 2009–2015 com-
prise the in-sample and out-of-sample data, respectively.

Experimental design

The simplex-centroid design’s q-type composition is expected to have 2q − 1 experimen-
tal mixes. This study has five components, that is, 25 − 1 = 31 experimental mixes. Thus, 
31 combinations of stock-picking concept weights are obtained. Each factor can be set 
up with six levels of weighting percentages, including 1, 1/2, 1/3, 1/4, 1/5, and 0 as exhib-
ited on the left-hand side of Table 1.

Experimental implementation

The following steps are used to obtain performance indicators through the 31 combina-
tions of stock-picking concept weights proposed in this study.

Establishing a monthly database of corporate stocks

We collect information on the P/B ratio, ROE, monthly rate of return, market values, 
and 250-day β of stocks between 1997 and 2015 from the Taiwan Stock Exchange and 
over-the-counter (OTC) markets.

Establishing monthly investment portfolios and calculating their performances

The holding duration of investment portfolios is 1 month. We establish investment port-
folios with the top 10% weighted-scoring stocks at the end of each month according to 
the 31 combinations of stock-picking concept weights in Table 1. We also calculate the 
median market value of the stocks in the portfolios and their following monthly rate of 
return of the portfolios.

Measuring the overall performances of each mixture design

We calculate the monthly excess rate of return α and systematic risk β using Eq. (6) with 
the portfolios’ and market monthly rates of return. We also calculate the mean using the 
median market value of corporate stocks of each monthly portfolio.

The right-hand side of Table 1 presents the results of experimental implementation.

Model building and verification
Constructing the performance prediction model

The dependent variables of the regression model are the three performance indica-
tors, namely, excess rate of return α, systematic risk β, and market value of the stocks in 
the portfolio. Hence, there are three regression models. Furthermore, the experimen-
tal results in Table 1 show that the distribution of medians of the market values devi-
ates from the normal distribution. Therefore, natural-logs of market values were used to 
address the issue.
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The independent variables of the regression model are the weights of the five stock-
picking concepts. Regression analysis was conducted by way of polynomial regression 
in Eq. (1). Effects of the higher-order terms can be ignored because they are extremely 
small. This study selects the first, second, and third terms only. Given that the stock-
picking concepts have five weights, each regression equation has five linear terms, 10 
two-factor interaction terms, and 10 three-factor interaction terms, totaling 25 regres-
sion coefficients. A stepwise regression was adopted to eliminate certain insignificant 
terms.

Table 2 summarizes the regression coefficients and their t-statistics and significance 
from the models based on the three-order multivariable polynomial stepwise regression 
analysis. We use the regression coefficients to identify the impacts of the independent 
variables and their relationship with the dependent variables based on the following 
rules (Myers and Montgomery 2008; Montgomery 2012):

1	 Coefficients of the linear terms

	 Linear terms have positive effects if their coefficient is larger than the average coef-
ficient of linear terms, and vice versa.

Table 2  Regression coefficients of regression models of portfolio performances

Notation: PBR = Concept of small PBR; ROE = Concept of large ROE; R = Concept of large monthly return; beta = Concept of 
small beta; MV = Concept of large total market value

Term 
of the regression 
model

Monthly excess rate of return (α) 
of the portfolio

Monthly systematic risk (β) 
of the portfolio

The mean of the median 
of the market value of the stocks 
in the portfolio

Coef t-stat Significance Coef t-stat Significance Coef t-stat Significance

PBR 1.088 * * 0.900 * * 3.348 * *

ROE 1.077 * * 0.874 * * 3.980 * *

R 0.479 * * 1.121 * * 3.908 * *

beta 0.706 * * 0.777 * * 3.509 * *

MV 0.324 * * 0.588 * * 6.616 * *

PBR * ROE 0.782 4.100 0.001 – – – – – –

PBR * R 1.318 6.890 0.000 – – – – – –

PBR * beta 1.387 8.270 0.000 – – – − 3.494 − 4.170 0.000

PBR * MV − 0.552 − 2.920 0.012 – – – – – –

ROE * R 1.021 5.400 0.000 – – – – – –

ROE * beta 1.787 10.660 0.000 – – – – – –

ROE * MV – – – – – – 3.370 4.220 0.000

R * beta 1.486 8.340 0.000 – – – – – –

R * MV – – – – – – 2.613 3.110 0.005

beta * MV 0.922 5.170 0.000 – – – – – –

PBR * ROE * R 5.994 4.660 0.000 – – – – – –

PBR * ROE * beta – – – – – – – – –

PBR * ROE * MV 3.615 3.010 0.010 – – – – – –

PBR * R * beta – – – − 8.020 − 2.870 0.009 – – –

PBR * beta * MV – – – – – – 14.811 2.740 0.012

PBR * R * MV − 2.922 − 2.420 0.031 – – – – – –

ROE * R * beta – – – − 4.223 − 1.510 0.146

ROE * R * MV − 1.912 − 1.670 0.118 – – – – – –

ROE * beta * MV – – – − 8.288 − 2.960 0.007 – – –

R * beta * MV − 4.136 − 3.430 0.004 – – – − 9.468 − 1.750 0.095
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2	 Coefficients of the quadratic term
	 The regression estimate between two independent variables is a convex function if 

the coefficient of the quadratic term is larger than zero. Otherwise, it is a concave 
function if the coefficient of the quadratic term is less than zero.

Monthly excess rate of return

Table  2 shows that the two stock-picking concepts, namely, small P/B ratio and large 
ROE, positively impact monthly excess rate of return. In contrast, the other three 
stock-picking concepts, particularly large market capitalization concept, have negative 
impacts. These findings indicate that low-priced stocks tend to have higher return than 
high-priced stocks do. Similarly, profitable corporate stocks have higher return than less 
profitable ones do. These two long-term stock-picking concepts remain solid.

The concepts of large monthly return and small β negatively impact monthly excess 
rate of return. However, distinctively positive relationships exist among the four stock-
picking concepts, namely, small P/B ratio, large ROE, large monthly return (R), and 
small β (beta) at the quadratic interactions terms, including P/B*ROE, P/B*R, P/B*beta, 
ROE*R, ROE*beta, R*beta, and beta*MV. They are all significant at the level of 0.001. 
These results indicate the stock-picking concepts’ synergy effects and ability to enhance 
returns. The effect is particularly outstanding in the case of ROE*beta and signifies that 
the return of corporate stocks with a large ROE and small β is relatively stable relative to 
the return of corporate stocks only with a large ROE because of the attribution of corpo-
rate stock’s small β. This finding also implies that low volatility can help to sustain profit-
ability, then to obtain high returns.

Additionally, the monthly excess rate of return model has five significant coefficients 
of cubic terms. The first two, PBR*ROE*R and PBR*ROE*MV, are positive and share the 
characteristics of stock-picking concepts, namely, small P/B ratio and large ROE. The 
last three, PBR*R*MV, ROE*R*MV, and R*beta*MV, are negative and share the common 
characteristics of a stock-picking concept, that is, large total market value.

Monthly systematic risk β

Two stock-picking concepts, namely, small β and large total market value, negatively 
impact monthly systematic risk β. The other three stock-picking concepts, namely, small 
P/B ratio, large ROE, and large monthly rate of return positively impact monthly system-
atic risk β. This finding indicates that the systematic risk of a portfolio, including cor-
porate stocks with a small β and large total market value in the past, is relatively small. 
In contrast, the coefficients of the three cubic terms, P/B*R*beta, ROE*R*beta, and 
ROE*beta*MV, are significantly less than zero, whereas none of the coefficients of the 
quadratic terms are significant. The above three cubic terms share the common char-
acteristics of a stock-picking concept, that is, small β. These results imply that the small 
β is the most important concept to lower portfolios’ systematic risk, and the systematic 
risk can be reduced by considering additional stock-picking concepts.

Stock market value median of the portfolio

The concept of large total market value positively impacts the median market value of 
corporate stocks of the portfolio, whereas the other four stock-picking concepts have 
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negative impacts. Although linear terms of these four concepts have negative impacts, 
several of these concepts still have positive interactions with the concept of the large 
total market value and therefore can increase the median of market values of stocks 
in the portfolio. The most distinguished cases are ROE*MV and R*MV. However, the 
interaction term PBR*beta negatively impacts the median market value of stocks in the 
portfolio.

Out‑of‑sample prediction power of the regression models

The scatter diagrams in Figs. 6, 7 and 8 are drawn from the predicted values and actual 
values of the testing period data (out-of-sample) for the three regression models of per-
formance indicators. The above data are produced from the 31 combinations of weights 
of stock-picking concepts through a mixture experimental design. These data help verify 
whether the prediction model based on the modeling period (1997–2008) data can also 
be applied to predict the performances during the testing period (2009–2015). The pre-
diction model’s out-of-sample prediction effects indicate that the mean of the median 
stock market value of the portfolio has the best accuracy, followed by monthly excess 
rate of return α, whereas monthly β has the worst performance.

A few actual values of monthly β of the testing period data (out-of-sample) deviate 
from the predicted values of the modeling period data (in-sample). Figure 7 illustrates 
the code of the mixture design of the data to investigate further as to which data 
show a large deviation. Table 3 also presents their combinations of weights and indi-
cates that large data deviation results from employing only one or two stock-picking 
concepts. Three of the five data through single stock-picking concepts, that is, large 
monthly rate of return, small β, and large market value, have a large deviation. Two 
of the 10 mixtures through two stock-picking concepts, and one of the 10 mixtures 
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through three stock-picking concepts have large deviations. None of the mixtures 
through four or more stock-picking concepts has a large deviation. Thus, we may 
conclude that employing several stock-picking concepts can stabilize the relationship 
between the weights of stock-picking concepts and monthly systematic risk β.
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Table 4 exhibits a comparison of adjusted coefficients of determination of the pre-
diction model in the modeling period (in-sample) and testing period (out-of-sample). 
We found that the explanatory powers of the prediction model in the out-of-sample 
are lower than those in the in-sample are. Although the prediction model’s explana-
tory power for monthly excess rate of return α in the out-of-sample (76.4%) is lower 
than that in the in-sample (98.1%), its coefficient of determination maintains a high 
level. The prediction model’s explanatory power for monthly systematic risk β in the 
out-of-sample (31.9%) is much lower than that in the in-sample (56.9%).

Visualization of the regression model

The mix-contour plots exhibit each prediction model to investigate the interactions 
of the weight of each stock-picking concept. The mix-contour plot in Fig. 9 is a regu-
lar triangle chart, whose apexes, sides, and interior are single-, two-, and three-com-
ponent mixes, respectively. The midpoint of each side is a two-component mix (1/2, 
1/2), whereas the centroid of the triangle is a three-component mix (1/3, 1/3, 1/3). 
The contour lines of the dependent variable (response) in the triangle are employed to 
visualize the impacts of each component on response.

Only three components can be shown in a triangle’s mix-contour plot; hence, we 
select three of the five components and assume the other two components as zero 
to construct a mix-contour plot. If we select three of the five components each time, 
10 combinations are generated, resulting in 10 mix-contour plots. Therefore, we 
produced 10 mix-contour plots from the five stock-picking concepts (components) 
adopted in this paper. Then, we investigate the mix-contour plot of each performance 
indicator (response) below.

Table 3  Out-of-sample with large predictive deviation on the monthly systematic risk β

No Concept 
of small PBR

Concept 
of large ROE

Concept of large 
monthly return

Concept of small 
beta (β)

Concept 
of large market 
capitalization

3 0 0 1 0 0

4 0 0 0 1 0

5 0 0 0 0 1

11 0 0 1/2 1/2 0

12 1/2 0 0 0 1/2

18 1/3 0 1/3 1/3 0

Table 4  Adjusted coefficients of determination of the in-sample and out-of-sample

Period Monthly excess rate 
of return (α) (%)

Monthly systematic risk 
(β) (%)

Market 
capitalization

Performances of the Portfolio 
between 1997 and 2008 (in 
sample)

98.1 56.9 95.4

Performances of the Portfolio 
between 2009 and 2015 (out of 
sample)

76.4 31.9 94.2
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Excess rate of return

Responses from the midpoints of the sides of “small P/B–large ROE,” “small P/B–
large momentum,” and “large ROE–large momentum,” are significantly higher than 
their two apexes according to the first mix-contour plot on the upper-left-hand side 
of Fig. 9. Therefore, the three sets of two-component mix have significantly positive 
interactions. Their regression coefficients are all statistically significant (5% threshold 
value) as shown in Table 2. Thus, the implication of the first mix-contour plot in Fig. 9 
confirms the results in Table 2.

Small PBR

Big ROE    Big Mom.

Small PBR

Big ROE   Small beta

Small PBR

Big ROE      Big MV
Small PBR

Big Mom.   Small beta

Small PBR

Big Mom.    Big MV

Small PBR

Small beta     Big MV
Big ROE

Big Mom.   Small beta

Big ROE

Big Mom.    Big MV

Monthly excess rate of 
return (α) (%)

Notation: Small PBR= Concept 
of small PBR; Big ROE= 
Concept of large ROE; Big 
Mom. = Concept of large 
monthly return (momentum 
effect); Small beta= Concept of 
small beta; Big MV= Concept 
of large total market value.

Big ROE

Small beta      Big MV

Big Mom.

Small beta    Big MV
Fig. 9  Mix-contour lots of stock-picking-concept weights and portfolio performances: Monthly excess rates 
of return α (%)
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The second mix-contour plot of “small P/B–large ROE–small beta” denotes that the 
three sets of two-component mix have significantly positive interactions. These results 
are consistent with those in Table 2.

The third mix-contour plot of “small P/B–large ROE–large market value” signifies 
that the two sides have monotonous responses. The response increases if the side moves 
from the apex of large market value closer to either of the two other apexes, namely, the 
small P/B ratio and large ROE. These findings indicate that the two sets of two-compo-
nent mix, namely, “small P/B–large market value” and “large ROE–large market value,” 
have no interactions, which are consistent with the results in Table 2. The same explora-
tions can also be applied to the other plots.

Monthly systematic risk β

The first three charts on the upper side of Fig.  10 are “small P/B–large ROE–large 
momentum,” “small P/B–large ROE–small beta,” and “small P/B–large ROE–large mar-
ket value” mix-contour plots. Their two-component mixes do not interact because the 
responses of each side are all monotonous.

The fourth, seventh, and ninth charts are the mix-contour plots of “small P/B–large 
momentum–small beta,” “large ROE–large momentum–small beta,” and “large ROE–
small beta–large market value,” respectively. They are commonly characterized by the 
smallest responses of the triangle’s midpoints. In other words, their three-component 
mixes have significantly negative interactions. Moreover, their regression coefficients 
of the cubic terms are all negative values as shown in Table 2. Thus, these mix-contour 
plots match the results in Table 2.

Total market capitalization

The second mix-contour plot on the upper-left-hand side of Fig. 11 illustrates that the 
response from the midpoints of the sides of “small P/B–small beta” is significantly lower 
than that of the two apexes. Table 2 results show that this two-component mix has sta-
tistically significantly negative regression coefficient (5% threshold value), which is con-
sistent with the mix-contour plot.

Weight optimization and validation
The most important benefit of a mixture experimental design is that it can provide an 
optimal composition of the mixture. Hence, this study can provide the optimal combina-
tion of weights of stock-picking concepts as follows.

To find optimal weights, W  , perform the following operations:

Subjected to

(7)Maximize α = fα(W)

(8)β = fβ (W) ≦ specified upper bound

(9)MV = fMV (W) ≧ specified lower bound
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where α =  fα(W) = monthly excess rate of return, β =  fβ (W) = monthly systematic risk, 
and MV =  fMV(W) = market value of the portfolio.

The above optimization model is a simple classical nonlinear programming prob-
lem, which can be solved using classical nonlinear programming algorithms. We used 
the generalized reduced gradient (GRG) algorithm to solve the optimization models. 
The details of the algorithm can be found in the literature (Nocedal and Wright 1999).

(10)
5

∑

i=1

Wi = 1

Small PBR

Big ROE Big Mom.

Small PBR

Big ROE Small beta

Small PBR

Big ROE Big MV
Small PBR

Big Mom.   Small beta

Small PBR

Big Mom.  Big MV

Small PBR

Small beta    Big MV

Big ROE

Big Mom.  Small beta

Big ROE

Big Mom.  Big MV

Monthly Systematic risk 
(β)

Notation: Small PBR=
Concept of small PBR; Big 
ROE= Concept of large ROE; 
Big Mom. = Concept of large 
monthly return (momentum 
effect); Small beta= Concept 
of small beta; Big MV= 
Concept of large total market 
value.

Big ROE

Small beta     Big MV

Big Mom.

Small beta     Big MV
Fig. 10  Mix-contour plots of stock-picking-concept weights and portfolio performances: Monthly systematic 
risk β
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We can use the above model to determine the optimal combination of weights of 
stock-picking concepts. By doing this, we can maximize excess rate of return and limit 
the portfolio’s systematic risk and market value to satisfy upper and lower bounds. Then, 
we apply the optimal combination of weights of stock-picking concepts to form a portfo-
lio with the highest-scoring decile stocks.

Rate of Return Maximization with Risk Limitation

Figure  12 exhibits the weights of stock-picking concepts for maximizing the monthly 
excess rate of return α by limiting the monthly systematic risk β to less than 1, 0.95, 
0.9,…, 0.55. Implications of the results of Fig. 12 include the following:

Small PBR

Big ROE    Big Mom.

Small PBR

Big ROE   Small beta

Small PBR

Big ROE     Big MV
Small PBR

Big Mom   Small beta

Small PBR

Big Mom.    Big MV

Small PBR

Small beta    Big MV
Big ROE

Big Mom.   Small beta

Big ROE

Big Mom.    Big MV

The natural logarithm of 
the mean of the monthly 
median of the market 
value (100 million NT 
dollar) of the stocks in 
the portfolio

Notation: Small PBR=
Concept of small PBR; Big 
ROE= Concept of large ROE; 
Big Mom. = Concept of large 
monthly return (momentum); 
Small beta= Concept of small 
beta; Big MV= Concept of 
large total market value.

Big ROE

Small beta    Big MV

Big Mom.

Small beta    Big MV
Fig. 11  Mix-contour plots of stock-picking-concept weights and portfolio performances: Natural logarithm 
of the median of the total market value
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(1)	 When the limit of the systematic risk β is set at a loose level (β > 0.9), the weights of 
the small P/B ratio, large ROE, large momentum, and small beta are 38%, 35%, 23%, 
and 4%, respectively.

(2)	 When the limit of systematic risk β is set at a relatively loose level (0.7 < β < 0.9), the 
weights of the small P/B ratio, large ROE, and large momentum decrease, whereas 
that of the small beta increases.

(3)	 When the limit of the systematic risk β is set at the middle level (0.6 < β < 0.7), the 
weights of the small P/B ratio and large momentum drop sharply, whereas those of 
large ROE and small beta increase. Besides, the stock-picking concept of large mar-
ket value becomes important.

(4)	 When the limit of the systematic risk β is set at a strict level (β < 0.6), the weights 
of large ROE and small beta decrease, whereas those of small P/B ration and large 
momentum become zero. Then, the weight of large total market value becomes the 
most important. However, the optimal combination of weights of stock-picking 
concepts is not available if the limit of the systematic risk is set at a further stricter 
level lower than 0.4.

Validation in modeling period

Figure  13 illustrates the portfolio performances of the 31 combinations of weights 
of stock-picking concepts during the modeling period (1997–2008) in round, black 
spots. The upper-left-hand-side curve in Fig. 13 is the risk–return relationship curve 
comprising the predicted values of the prediction model of the optimal weights. This 
risk–return curve is drawn from the optimization model and close to the edge of the 
upper-left-hand-side area of the portfolio performances of the 31 combinations of 
weights of the mixture experimental design, forming a risk–return efficient frontier. 
This curve has 11 spots, which are estimated results when the limits of the monthly 
systematic risks β are set at the level of 0.9, 0.85, 0.8,…0.45 and 0.4. The estimated 
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systematic risk β is set up at a certain level
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results are the same as the monthly systematic risk limit at the level between 0.9 and 
1.0. Therefore, these performances generate overlapping spots, except for one of the 
portfolio performances of the 31 combinations of weights lying beyond the efficient 
frontier. This condition may be attributed to the prediction model’s inaccuracy.

Validation in testing period

The optimization model is associated with the prediction model based on the per-
formances during the modeling period (1997–2008). We further conduct backtest-
ing on the testing period (2009–2015) using the above optimal weights generated by 
the optimization model to verify whether the optimal weights can also be applied 
to stock markets during this period. Figure  14 shows the portfolio performances of 
the 31 combinations of weights of stock-picking concepts during the testing period 
in round, black spots. The upper-left-hand-side curve depicts a risk–return relation-
ship and is drawn through actual backtesting values of the optimal weights during 
the testing period. The 11 spots along this curve are the backtesting results when the 
limits of the monthly systematic risk β are set at the levels of 0.9, 0.85. 0.8,…, 0.45, and 
0.4. The risk–return curve is close to the edge of the upper-left-hand-side area of the 
portfolio performances of the 31 combinations of weights and forms a risk–return 
efficient frontier. Only two of the portfolio performances of the 31 combinations of 
weights lay beyond the efficient frontier. Therefore, we may conclude that the optimal 
weights have a good performance not only in the modeling period but also in the test-
ing period.

In sum, Figs. 13 and 14 demonstrated that our approach could create a group of port-
folios close to the risk–return efficient frontier not only during the modeling period (in-
sample) but also during the testing period (out-of-sample).
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Rate of return maximization with market value limitation

Figure  15 displays the weights of stock-picking concepts for monthly excess rate of 
return α maximization by limiting the market value to greater than 1, 2, 5, 10, 20, 
50, and 100 billion NT dollars. The median market value of stocks in Taiwan Stock 
Exchange is approximately 3 billion NT dollars. The implications of the results in 
Fig. 15 include the following:

0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

0.4 0.5 0.6 0.7 0.8 0.9 1 1.1 1.2

M
on

th
ly

 e
xc

es
s r

at
e 

of
 re

tu
rn

 (α
) 

Monthly systema�c risk (β) 
Fig. 14  The risk-and-return relationship when the return maximization obtained by the monthly systematic 
risk β limited at the specific level: testing period (out-of-sample)
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(1)	 When the market value requirement is set at a lower level (< 2 billion NT dollars), 
the weight of small P/B ratio, large ROE, large momentum, and small beta are 38%, 
35%, 23%, 4%, respectively.

(2)	 When the market value requirement is set at a normal level (2–5 billion NT dol-
lars), the weights of large ROE, small P/B ratio, and large momentum increase, 
decrease, and remain unchanged, respectively.

(3)	 When the market value requirement is set at a high level (5–10 billion NT dollars), 
the weights of large ROE, small P/B ratio, and large momentum increase, decrease, 
and becomes zero, respectively. Then, the concepts of small beta and large market 
value become more important.

(4)	 When the market value requirement is set at an extremely high level (10–50 billion 
NT dollars), the weights of small P/B ratio and small beta gradually decrease to 
zero. Moreover, the weight of large ROE slightly becomes lower, and large market 
value stock-picking concept becomes the most important. No weight combination 
is available from the optimization model when the size requirement is larger than 
100 billion NT dollars. The optimal combination of weights with the greatest mar-
ket value of 78 billion NT dollars is that of large market value at and large ROE con-
cepts at 90% and 10%, respectively.

Validation in modeling period

The 31 round, black spots shown in Fig. 16 are the portfolio performances of the 31 com-
binations of weights of stock-picking concepts during the modeling period. The curve on 
the upper-right-hand side comprises the prediction model’s predicted values of optimal 
weights drawn from the optimization model and depicts the relationship between mar-
ket value and return. This curve is close to the edge of the upper-right-hand-side area of 
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the portfolio performances of the 31 combinations of weights of the mixture experimen-
tal design. The curve forms a market-value-and-return efficient frontier. The six spots 
along the curve are the estimated results when market value size requirements are 2, 
5, 10, 20, 50, and 100 billion NT dollars. The prediction model is significantly accurate 
because no spot lies beyond the efficient frontier.

Validation in testing period

We further conduct backtesting on the testing period with the above optimal weights 
to verify whether the optimal weights can also be applied to the stock markets of the 
testing period. The round, black spots in Fig.  17 depict the portfolio performances of 
the 31 combinations of weights of the mixture experimental design during the testing 
period. The upper-right-hand-side curve depicts the relationship between market value 
and return, which comprises the actual backtesting values. The six spots along this curve 
are the backtesting results when market value requirements are set at 2, 5, 10, 20, 50, and 
100 billion NT dollars. This curve is close to the upper-right-hand-side edge of round, 
black spots, which depicts market value and return performances of the portfolio of 
the 31 combinations of weights. The curve forms a market-value-and-return efficient 
frontier because no spot lies beyond the curve. This condition signifies that the optimal 
weights have a good performance not only in the modeling period but also in the testing 
period.

Conclusion
Considerable literature has revealed that the more factors are included, the higher the 
rate of return would be. Several studies adopted a weighted-scoring approach to con-
struct a multifactor stock selection model. However, this method sets up weights 
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subjectively or uses a simple average and thus cannot effectively identify the connec-
tion between the weights of stock-picking concepts and portfolio performances, provide 
optimal weights of stock-picking concepts, and meet various investor preferences.

This study addresses these drawbacks by employing mixture experimental designs to 
collect the weights of stock-picking concepts and portfolio performance data and to 
construct performance prediction models based on the weights of stock-picking con-
cepts. Moreover, we employed these performance prediction models and optimization 
techniques to determine the optimal combination of weights of stock-picking concepts.

The samples consist of all stocks listed in the Taiwan Stock Exchange. Backtesting is 
conducted on the 19 years between 1997 and 2015. The 1997–2008 and 2009–2015 peri-
ods are employed as the modeling period (in-sample) and testing period (out-of-sam-
ple), respectively. The results provide important implications for stock investment.

First, mixture experimental designs and multivariable polynomial regression can con-
struct performance prediction models based on the data set from the training period. 
These models are accurate not only during the training period but also during the testing 
period.

Second, the methodology can discover significant interactions between the weights of 
stock-picking concepts. The ROE and beta significantly positively impact the portfolios’ 
excess rate of return and hence can effectively increase portfolio’s return. P/B*R*beta, 
ROE*R*beta, and ROE*beta*MV significantly negatively impact portfolios’ systematic 
risk β. Thus, they can effectively reduce portfolio’s risk. Furthermore, ROE*MV and 
R*MV significantly positively impact portfolios’ market value. Therefore, they can effec-
tively increase the portfolio’s liquidity.

Third, the optimization techniques can efficiently determine the optimal combination 
of weights of factors that can form stock portfolios with the best possible performance 
and can meet various investor preferences.

Thus, our methodology can resolve the three drawbacks of classical weighted-scoring 
approach.
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