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A SIR Macro Model: Comparing the Decentralized Economy and the Optimal Policy.
Alejandro Rodriguez?.

July 7, 2020.

Abstract: We present a Simple SIR Macro Model to study the economic impact of an epidemic in
a model were agent types are unobservable. We solve for the decentralized economy equilibrium
and for optimal solution (subject to the constraint that the planner cannot differentiate between
agent types). We find that decentralized economy produces an endogenous lockdown in which
economic activity decreases. We find that the decentralized economy will begin its lockdown
sooner than what the optimal policy prescribes because agents have an incentive to selfishly avoid
infection while waiting for others to get infected, recover and contribute to herd-immunity. The
optimal policy in this model is not necessarily about forcing people to stay at home but to force
people to get infected early on.
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1) Introduction.

The ongoing COVID-19 pandemic has spurred an impressive amount of research on the effect of
an epidemic on the economy. On the Macro SIR? Model literature there are two main lines of
work. One that looks at optimal policies only, like in Alvarez et al. (2020), Acemoglu et al. (2020)
and Garriga et al. (2020). This line of work shows that optimal policies involve lockdowns, but
they do not compare the optimal solution to that of a decentralized economy. Garriga et al. compare
the optimal solution to what they qualify as an “uncontrolled epidemic” which represents a model
in which economic agents do not adjust their behavior in the presence of an epidemic. The other
line of research looks at the behavior of the decentralized economy. In this line we find
Eichenbaum et al. (2020) and Krueger et al. (2020). Our paper is in line with this branch of the
literature.

In this paper, we present a simple SIR Macro Model to study the economic impact of an epidemic
in amodel were agent types are unobservable. We solve for the decentralized economy equilibrium
and for optimal solution (subject to the constraint that the planner cannot differentiate between
agent types). We find that decentralized economy produces an endogenous lockdown in which
economic activity is decreased. We find that the decentralized economy will begin its lockdown
sooner than what the optimal policy prescribes because agents have an incentive to selfishly avoid
infection while waiting for others to get infected, recover and contribute to herd-immunity. This
effect was discussed by Mulligan, Murphy and Topel in their article “Some basic economics of
COVID-19 policy” from which I quote

“The gain from reducing the incidence of infections in the presence of externalities may seem
obvious, but there are important caveats. First, the externality created by an infected individual
can actually benefit others (a positive externality), which would call for less social distancing.
Suppression of the disease delays the development of “herd immunity”—if an individual’s
recovery from the disease creates immunity and so the inability to transmit the disease to others,
it might be better if those at low risk (such as the young) were quickly infected, while vulnerable
groups were isolated.”

The optimal policy in this model is not necessarily about forcing people to stay at home but to
force people to get infected early on. This implies that the optimal lockdown policy involves
having agents work more than what they would like to when faced with an epidemic. The reason,
as suggested by Mulligan et al, is that in this model there are two externalities, one which is
negative, sick agents infect healthy one, and another that is positive, agents that recover from the
disease become immune and contribute to herd-immunity. At the outbreak of the epidemic the
planner lets the disease run free until a sufficiently high number of agents are infected. Once this
number is reached the planner implements a lockdown (the magnitude and duration depend on the

2 SIR stands for Susceptible, Infected and Recovered (or Removed) which refer to the different types of agents
epidemiolocal models.



curvature of the production function) to control the spread and wait for herd immunity to be
reached. In the decentralized solution agents have an incentive to work less and reduce their
probability of becoming infected while waiting for other agents to recover and contribute to herd
immunity. This produces a flatter epi curve as shown in the figures 1.a and 1.b.

Optimal Si with I(0)=1e-06 and R{0}=0

ized Economy: Simulation with I(0)=1e-06 and R(0)=0
! T T

0 100 200 300 400 500 600 700 800

Figure 1. Simulations for an epidemic which starts with 1 infected agent per million people and no
recovered agents. Top figure shows the solution to the planner’s problem and bottom figure shows the
decentralized economy.

In section 2 we develop the model. In section 3 we solve for the optimal plan and in section 4 we
solve for the competitive equilibrium.



2) Model.

There are four types of agents: susceptible, infected, recovered, and dead. The total population is
normalized to one

Ng(t) + N;(t) + Ng(t) + Np(t) = 1

Susceptible, infected, and recovered agents are indistinguishable from each other. Each one has
X (t) contacts with other agents per period which determines their output (or utility) according to
the following production function.

F(X) = X©

We assume that there is a maximum number of contacts, X 4x, that an agent can have per period.
Dead agents have no contacts. Susceptible agents can become infected at a rate ¢ which depends
on the number of contacts and the fraction of infected agents in the overall population

X Ny
O=CA—7//m/m/m/m/m/m™/™/™/™
Ng + N, + Ng

Infected agents leave their state at a rate y. Once they stop being infected, they either die with
probability u or become recovered agents with probability (1 — u). Death and recovery are
absorbing states. Let N(t) = Ng(t) + N;(t) + Ng(t) be the number of agents that are alive at time
t. These are the laws of motion for the state variables.

Ng = —o'Ng
N; = oNs — ¥N,
Nz =y(1— N,
N = —Np = —yuN,

Let S,1, and R be the number susceptible, infected, and recovered agents as a fraction of living
agents. The following laws of motion then apply

[=cXI(1—1—-R)—vyl+8ul*>=G(X,I,R)
R=y(1—wI+yulR=H(,R)
N = —yuIN

We define r0 as the number of agents that an infected agent infects when R(0) = 0 and I(0) is
close to zero.

cXmax
0=
r 5




3) Planner’s Problem.

In our setup the planner cannot distinguish between different types of agents or it is unable to
implement a policy that discriminates among them. Assume that the planner’s problem is to
maximize the expected discounted value of output

pW(LRN) = max (F(X)+W,(I, R, N)G(X, I, R) + W(I,R, N)H(I, R)
0<X=<Xmax

with
[=G(X,ILR)
R=H(,R)
N = —yuIN
Guess that

W(I,R,N) = NV(I,R)
then the planner’s problem can be written as

(vul +p)V(LR) = _max (NF(X) + V(1 G(X,L,R) + Va(L, )H(L, R)}

[=G(X,ILR)
R=H(,R)
The first order conditions is
Fxy +V,Gx =0
which holds with equality if X < X,,4x. The envelope conditions are
yuV + (yud + p)Vp = VG + ViGy + Vg H + Vi H,
(yul + p)Vg = VigG + ViGg + Vg H + Vg Hg
with
F+V,G +VxH
T yul+p

Letp =V,andv = Vg so
¢ = V]IG + VIRH
U == VIRG + VRRH

We can write the optimality conditions as



FXZ—q)GX
F+ oG +vH

+ (yul + p — G, —vH
ol +p (yul +p — G —vH,

@ =yu

v = (yul + p — Hp)v — ¢Gp

If I = 0then X = X,,4x IS a steady state for any value of R. This implies that there is a continuum
of steady states. A segment of this continuum can be discarded right away since stability requires

mm§<0Ja
cXyax(1—R) >y

which implies that
14

R>1-
cXmax

If cXyyax <y then we are in the presence of an disease which is not very contagious and it should
disappear on its own without a considerable loss, i.e. ithasar0 < 1 so it is unlikely that it becomes
an epidemic. If cX,4x > y then the minimum stable steady state value of R is

1
4 1

Xuax 10

Ryin =1-

But it could be the case that the optimal solution converges to a lower value of R with X < Xy 4x-
This solution, if it exists, should not be interpreted as a steady state but as a limit in which I, = 0,
Re < Ryn and X, < Xyax- As We show later this type of solutions do not exist.

A) Stable Steady States: Igs = 0, Rgs > Ry and Xgg = Xppax-

Setting ¢ = v gives
+ (vl +p— G —vH,

0 = (yul + p — Hp)v — ¢Gp
FXZ—(pGX=0

and get

Oss = YUuFyax
5 p(G; —p)

The linear approximation around the steady state is then given by

<0




YHQssGr  (yw)*F

@ p — G P PE + (v — Gi)oss  —GirPss  —Hi|19 — @ss
I|_ I
3 i G 0 0 R — Rg
1) 0 H 0 0 v

| 0 —GRrPss 0 p |

This system has eigenvalues {G;, 0, p, p — G;}. If Rgs > Ry then G, < 0 which implies that the
system has one negative eigenvalue and three positive one and it is saddle path stable.

B) Solutions with I, = 0, R, < Rpyyy and Xoo < Xpyax-

If Xoo < Xppax then Fy = —@pGy. Letw = @l, § = vl, and

I
Z(X,ILR) = 7= cX(1—-1—R)—y+vyul
Since the first order condition holds with equality
X ' = —wec(1 — Ry)
The growth rates for w and & are given by
FI 6

) E+G+_H

—=yu @

10)
—+yul+p—-G,——H; + 7
w vl + p yul +p 1t

5

w
s=vul +p—Hy——=Gp+Z

In a steady state they become

o)
O=p_G[_;HI+Z

0=p+7
Which imply that
Yy —p
Xpy=—""7T<X
c(1—Ry) < Amax
aX, %! aXy.®
woo = — = —
C(l - Roo) y—p
leoo CXoo(l_Roo)_y p
500 = - = - W = Weo
H, y(1 — ) + yuRo y(1 =) + yuRe,

So sign(d4) = sign(we) - This is a contradiction since the marginal value of an infected agent
is negative while the marginal value of a recovered agent is positive. So the solutions to the
planner’s problem has solutions that converge to saddle path stable steady states with Isg = 0,
Rss > Ryyy and Xgg = Xpax-



We now solve numerically for the saddle paths that end in a stable steady state. We assume the
following parameter values

1 003 0,04
“14 HTUYR P T

The value of c is chosen such that when the epidemic starts each infected agent infects r0 = 1.8
susceptible agents. The first figure shows the saddle paths in the I, R plane for different steady
state values of Rgs > Ry v = 0,4444.

14 c = 0.0013, a=04

Figure 2 shows the saddle paths for different steady states. It is important to check if this figure
has saddle paths that cross each other®. If it did then we would have to check at each intersection
which path has the highest value and choose that one. Figures 3-6 show the value and policy
functions from different perspectives. Figure 7 shows the simulation for an economy that starts

with 1(0) = 1e — 6 R(0) = 0. Time is counted in days. The lock down rate is calculated as 1 —

Xxﬂ and the number of infected, recovered, and dead agents are calculated as a fraction of the
MAX

initial population.

3 Increasing the value of r0 can produce this result, especially for high values of infected agents.
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Saddle Paths for Different values of R ¢

Planner’s Problem
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Value Function: V(I,R)
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Figure 3: Social planner’s value function V (I, R).
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11— Value Function: V(I,R)
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Figure 4: Social planner’s value function V (I, R) heat map.
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Policy Function: X(l,R)
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Figure 5: Social planner’s policy function X (I, R).
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Policy Function: X(,R)
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Figure 6: Social planner’s policy function X (I, R) heat map.
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Optimal Solution: Simulation with 1(0)=1e-06 and R(0)=0
I
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Figure 7: Social planner’s simulation starting with 1(0) = 107¢ and R(0) = 0.
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4) Competitive Equilibrium.

Now we set the problem for an individual and solve the symmetric competitive equilibrium.
Agents do not know what type they are. The agent takes as given the evolution of the aggregate
state variables, I and R, and the aggregate number of contacts X (I, R). Let p be the probability that
the agent assigns to being infected conditional on being alive and let g be the probability that the
agent assigns to being recovered conditional on being alive. The agent’s problem is

(yup +p)V(p,q,1,R)
= max {F(xX)+V,(p,q.1,R)g(xp,q.1) +V,(p,q,1,R)r(p,q)

0<x<XpMAx
+V;(p,q,I,R)G(X(I,R),I,R) + Vi(p, q,I,R)H(I,R)}
g(xp,q, D) =cxI(1—p—q) —yp + yup®
h(p,q) =v(1 —wp +vupq
GX(I,R),ILR) = cX(I,R)I(1 — I — R) — yI + yul?
H({,R) =y(1 — ) +yulR
The first order condition is
E+V,9,=0
and the envelope Conditions are
YUV + (yup + p)Vy, = Vg + Vg9, + Vyph + Vyhyy + Vi, G + Ve H
(Yup + p)Vy = Voqg + Vpgq + Vygh + Vyhg + VigG + VpgH

X
(vup + p)V; = p1d + Vpgr + Vgrh + VG +V; (GXW + GI) + VriH + VR H
X
(yﬂp + p)VR = VpRg + Vth + VIRG + VI (GXa_R + GR) + VRRH + VRHR

Let x = x(p, q,1,R) be the policy function that solves to the previous problem. A symmetric
equilibrium is one in which

x(I,R,I,R) =X(,R)

So
13).4 0X
E=xp+x,, ﬁ=xq+xR

with

Vo 9x + VoGaxp Vpq9x + VpGxq
— E . +V, =0 - 1 F V =0
X, = E.. fFe+ Vp9x ’ xg = F if Fx + V,9x
0 o/w 0 o/w

15



Vplgx + Vpgxl . VpRgx
=l g UFthe=0 )=

0 o/w

if Fx + Vg9, =0
Fxx
0 o/w

Since we need V,,, V.4, Vr and V,r We have to differentiate the envelope conditions for p and g
with respect to p,q,I and R. Let v=V, 0 =V,,Y = Vi, ® =V, v, = Vg, Vg = Vygr, g =
Voqr ©p = Vop, U1 = Vg1, 0r =V and @, =V, then we can get the following differential
equations

U= (yup +p — hqg)v — gq9
F+gp+hv+GP+ HY
yup +p

+ (yup + p — gp)o — hyv
. 0X
¥ = (up + p = H)Y = (Gy 5+ Ge ) @

. 0X
CD:(VﬂP+P—GXﬁ—Gl>CD—91(P—HIY

. dx dx
v, = (yup + p — 2hy)v, — (gx@ + 29q) ¥q = Gax 5 ¢
) dx 0x X
Ur=(yup +p—hg —Hr)Vr — 9x == Pq — Ggx == @ — 9q®r — | Gx == + G ) v;
oR R oR
. dx 0x
$q=(rup+p—gp — hg)og — (gx£+gq> R hy,

) 0x 0x
Pp = (Vup +p—2g9,— gx%) Op — gpx%q) — 2h, @,

) X dx 0x
vy = (Vﬂp +p - hq - GXW_ GI)UI - (gxm'l'gI) Qg —9q¥1 — (gql +gqxa)(p _HIUR

) dx 0x X
¢r = (yup +p — gp — Hp)9r ~9x 5P ~ Gpx5p® ~ hpVr = (Gxa_R+ GR) @1+ yuY
. X 0x 0x
Q) = (VMP +p—9gp— Gxﬁ_ Gz) @ — (gx§+gz) Pp — (gpx§+gpz><p — Hypr — hyv,

+yud

16



Y
cXMAx

Again, we have a continuum of steady states, but only the ones with Rg¢ > Ry = 1 — are

stable. The stable steady states in a symmetric equilibrium are

Ugg = 0
_ Fyax
Pss = —VYU—F7——~
p(p - gp)
YSS == 0
Do = g1 Dss = cXpax(1 — Rss) 0
53 p— G 53 p — cXpyax(1 —Rss) +y 53
Uq,SS = 0
Upss =0
Pgss =0
$pss =0
v _ 9q1 0
1SS b -G, ss
PYrss =0
Ip1Pss + hpVy 55 — YUDPss
Prss =

pP—9p— G
Let
Y=[R I v ¢ Y & Vg Vr @ ¢, v Pr Q1]

and Yss be the corresponding vector with the steady state values. We then take the linear
approximation around the steady state

Y:](Y—Yss)

The eigenvalues of the matrix J are {G;,0,p — G;,p — G, p — G, p, p, P, P, P, P, P, £} Again we

have that if Rgg > Ry = 1 — . Y _ then G, < 0 and the system has only one stable root and is
MAX

saddle path stable. The 13 by 13matrix, /, is shown in Table 1.

We now solve numerically the problem of the decentralized economy with the same
parametrization as in the previous section. Figures 8 through 12 present the results. Figure 13
presents a simulation for the decentralized economy starting at 1(0) = 1e — 6 R(0) = 0.
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0 H, 0 0 0 0 0 0 0 0 0 0 0
0 G, 0 0 0 0 0 0 0 0 0 0 0
0 —9q1Pss p |0 0 0 0 0 0 0 0 0 0
yu 140%
0 — G1(9ss + Pss) (7) F —h,| p |0 o o o |o |o o |o |o
— (vu + gp1)@ss
0 —GrPss 0 0 p |0 0 0 0 0 0 0 0
—GirPss p
—yudee — 0 - —H 0 0 0 0 0 0 0
— 91qPss YUPss — GrpPss i -G
0 0 0 0 0 p |0 0 0 0 0 0
0 —GRrVrss 0 0 0 0 0 p |0 0 0 0 0
0 0 0 0 0 0 —h, |0 p |0 0 0 0
0 0 0 0 0 0 0 0 —2hy p |0 0 0
_GIRUI,SS _GIIUI,SS — Y9qi¥P1ss 0 ~Yaqi 0 0 0 _HI —9i 0 g G; 0 0
_GRI(pI,SS O 0 yll O 0 _hp 0 O O p 0
_hquI,SS (Yli —Y9pp — YGp1 — GII)‘PI,SS 0 —9p1 | 0 Yu 0 0 0 —J91 _hp —H, '[i G,

Table 1: ] Matrix.
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Decentralized Economy: Saddle Paths for Different values of R”
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Figure 8: Saddle paths for the decentralized economy in a symmetric equilibrium for different steady states.

19



Decentralized Economy. Value Function: V(I,R,|,R)
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Figure 9: Value function for the decentralized economy in a symmetric equilibrium, V(p = I,q = R, I, R).
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Decentralized Economy. Value Function: V(I,R,|,R)
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Figure 10: Heat map for the value function for the decentralized economy in a symmetric equilibrium, V(p = 1,q = R,I,R).
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D d E Policy F x(LRLR)

Fraction of Infected Agents

Figure 11: Policy function for the decentralized economy in a symmetric equilibrium, x(p = I,q = R, I, R).
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Decentralized Economy. Policy Function: x(I,R,|,R)
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Figure 12: Heat map for the policy function for the decentralized economy in a symmetric equilibrium, V(p =1,q = R, [, R).
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Figure 13: Simulation for a decentralized economy starting at 1(0) = 107¢ and R(0) = 0.
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5) Conclusions

Epidemics have significant economic costs both in terms of lives lost and in forgone output while
trying to control the epidemic. This is true in a decentralized economy and in a centralized one.
Under our parametrization the number of deaths from an epidemic is 1.5% of the original
population in the centralized economy and around 1.8% in a decentralized economy. In an
infinitely lived agent model (absent the epidemic) this represents a permanent loss of output.
Optimal or decentralized lockdowns also add to the cost of and epidemic. In our simulations we
find that lockdowns can last around 200 days and affect between 40 to 50% of the economy. These
results are parameter specific. Numerical results show that a lower curvature of the production
function yields a shorter but more severe lockdown as there are less incentives to smooth things
out.

We think that policy recommendations regarding an epidemic should be conducted with care since
there is great uncertainty, but we should always keep in mind individual incentives when doing so.
In our model we find that the optimal lockdown policy is not about forcing people to stay at home
but to force people to go to work early on when the epidemic starts to spread.

Our model is stripped from many of the various factors that might be relevant when faced with an
epidemic, like capacity constraints, vaccines and other aspects that have been discussed in the
literature, but we think that our framework is flexible enough (although computationally intensive)
to incorporate them.
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