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Abstract

We consider an allocation problem with a finite number of objects, and
agents that demand at most one of the objects. The study provides a
characterization of a class of strategy-proof price mechanisms. A me-
chanism belongs to the class if and only if the price space is restricted
in a special way and, given that restriction, the outcome prices are
minimal. The domain of the mechanisms is the set of general prefe-
rence profiles (Ry),¢ 4, i-e., where R, is agent a's rational, monotonic
and continuous preference ordering over objects and prices.

Keywords Characterization, House-allocation, Strategy-proofness, Multi-
object auction.

JEL Classification D44, D47, D63, D78, D82

1 Introduction

We consider an allocation problem with a finite number of indivisible objects,
and a finite number of agents that demand at most one of the objects. Since
an agent’s willingness to pay for an object is private information, we ana-
lyze mechanisms (allocation rules) that use agents’ reported information of
preferences to determine an allocation consisting of an assignment of objects
to agents in connection with a price vector telling how much an agent has
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to pay (or receive) for the object he is assigned. A mechanism is strategy-
proof if for all preferences and all agents it is a dominant strategy to report
preferences truthfully. It is well known that strategy-proofness is obtained
if the mechanism always chooses an equilibrium allocation with the minimal
equilibrium price vector (see e.g., Vickrey (1961), Leonard (1983), Demange
and Gale (1986), Sun and Yang (2003) and Andersson and Svensson (2008).

The present study shows that minimal prices are not only sufficient but
also necessary for mechanisms, the range of which are equilibrium allocations,
to be strategy-proof. We also show how the set of feasible prices has to be
restricted in order to be consistent with strategy-proofness. The domain of
the mechanisms is the set of general preference profiles (R,),. 4, i.e., where
R, is agent a's rational, monotonic and continuous preference ordering over
objects and prices. The proofs of our results are fairly short.

There are papers in the literature that characterize the set of strategy-
proof mechanisms under various conditions. A common result is the necessity
of minimal prices for mechanisms to be consistent with strategy-proofness,
while conditions on the price space are not in general analyzed. Miyake
(1998) considers a multi-object model where the price space is defined as
all prices above exogenously given lower bounds (the reservation prices). A
similar model is considered in Morimoto and Serizawa (2014). Also in that
case minimal prices follows from strategy-proofness. However, their result
follows without assuming the outcome to be price equilibria. It is rather a
consequence of strategy-proofness and some other assumptions, e.g., that the
outcomes of the mechanisms are assumed to be efficient allocations and that
the number of agents is strictly greater than the number of objects. Svensson
(2009) shows in a multi-object model that not only prices have to be minimal
but also that price vectors p necessarily have to satisfy a restriction p > p.
In that study the number of agents are the same as the number of objects. A
more detailed comparison of the various studies is made at the end of Section
4.

The paper is organized as follows. Section 1 is an introduction and Section
2 gives a simple graphical illustration of the model and the problem analyzed,
while Section 3 provides the formal model. The main results are derived in
Section 4. A dynamic implementation of the results are suggested in Section
5, while Section 6 provides an informal discussion of the relationship between
the concept of fairness and our main result.



2 An Introducing Example

In this section we give a graphical presentation of the model and the problem
to be analyzed. Consider the situation in Figure 1. There are two agents,
called 1 and 2 and there are two objects, also called 1 and 2, the prices of
which are p; and py. There is an outside option with price py = 0. The BB
line denotes a lower bound for feasible prices while the remaining lines de-
note agents’ monotonic preferences ( Ry, Ry). The 45-degree lines denote price
vectors where agents are indifferent between consuming object 1 and object 2
while at the horizontal and vertical lines the price vectors denote indifference
between consuming an object and the outside option. Monotonicity means
that an agent strictly prefers a lower price to a higher price on an object.

Given these presumptions, the area A denotes equilibrium price vectors,
i.e., both agents can be assigned their most preferred object at an equilibrium
price vector. Note that prices may be negative as well as positive. If the
objects are e.g. houses prices may be non-negative while if the objects are
jobs, the prices may be negative, i.e., w = —p is a vector of wages. In that
case the BB line is an upper contour line for a production possibility set.

In the paper price mechanisms, i.e., functions that maps preference pro-
files on equilibrium allocations, are analyzed. The problem is to find out
which conditions on the set of feasible price vectors and which equilibrium
allocations are consistent with strategy-proofness. The existence of such me-
chanisms is well known from the literature but here we are looking for a
full characterization of the class of strategy-proof mechanisms in this type of
model.

3 The Formal Model

Let A={1,2,...,n} be a finite set of agents and H = {1,2,...,m} a finite
set of indivisible objects. There are various interpretations of the objects,
e.g., as houses or jobs. In particular, negative prices may be interpreted as
positive wages, so in that case the objects may be jobs. In this paper the
objects will mainly be called houses, while consequences of the main result
for the concept of fairness will be discussed shortly in Section 6 in the job
interpretation of the model. There is also an outside option, called null house,
denoted by 0, the copies of which are unlimited. No agent in A owns a house
in H. There may be several owners but that will not affect the analysis.

An assignment is a mapping p : A — H U {0} such that p, = u,, for
a,a’ € A and a # d/, only if u, = 0. The set of assignments is denoted .A.

Prices on houses are real numbers and a price vector is p € R™*! where



|

Figure 1:

p = (po,p1,---,pn) and py, denotes the price on house h € H U {0}. A set
P c R™*! is a set of feasible price vectors if (i) - (iii) below are satisfied:

(i) Forall p e P, py = 0.

(ii) P is a closed subset of R™* and bounded below, i.e., there is a lower
bound p € R™** such that P C {p € R™™ : p > p}.

(iii) P is monotonic: if p € P and p’ € R™™! p/ > p and pj, = 0, then p’ € P.

Each agent a € A has rational preferences R, on houses and prices,
i.e., on "bundles" like (h,p,) € (H U {0}) x R. To simplify notation, let
(h,p) = (h,pn) , i.e., by (h,p) we mean house h at price pj, in the price vector
.

All houses are (boundedly) desirable in the following meaning. To each
agent a € A there is a "price vector" ¢* € @mﬂ, where R is the extended
real line, with ¢§ = 0 and ¢ € [—00,00) for all h € H, such that for all
h,h' € HU{0} with ¢f,q € R, (h,q*) I, (I, q"*). This means that ¢* is an
indifference point for preferences R,. Of course, ¢ = —oo means that agent
a cannot or will not consume house h at any price (or, in a job interpretation
of the model, cannot or will not take job h at any wages).

Preferences are further assumed to be strictly monotonic, i.e., for all
houses h € H where ¢ € R, (h,p},) P, (h, pn) if p}, < pn, and continuous, i.e.,
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forall h € H, thesets {p, € R: (h,pn) Ra (h,p},)} and {p, € R: (h,p},) Ra (h,p)}
are closed for all p) € R.

A (preference) profile is alist R = (R,), 4 of agents’ preferences. The set
of profiles is R = X,c4R,, where agent a’s preferences are in the set R, of
rational, monotonic, continuous and desirable preferences on (H U{0}) x R.
A state is a pair x = (i, p), where p is an assignment and p a price vector.
Here z, = (u,,p) for a € A. The set of unassigned houses in state z is
denoted g, i.e., g = {h € H: p, # hfor all a € A} U {0} . Since there is
an unlimited number of copies of the null house, also 0 € . The set of states
is denoted S.

Definition 1 For a profile R € R, a state x = (u,p) is a (price) equilibrium
if: (i) p € P, (i) for all a € A, x,R.(h,p) for all h € HU{0}, and (iii) for
all h € py and e >0, (p, —e,p_p) € P. For a given profile R € R, the set of
equilibria is denoted Er and the set of corresponding price vectors Ilg.

The definition of equilibrium is the usual one; each agent is assigned
his best alternative at the equilibrium price vector according to (ii). This
is also an individual rational condition since z,R,(0,p). Further, prices on
unassigned houses are on the lower bound of the price space according to
(ii).

The existence of equilibrium in this type of model is well known. See e.g.
Alkan and Gale (1990) eller Kaneko and Yamamoto (1986).

Denote by P" sets of the type P'={h € HU {0} : p, > 1.}, where r €
R™ ! and ry = 0. Clearly P" satisfies the conditions for a feasible set of price
vectors and the vector r is a lower bound for P". Note that for feasible sets
IP" of prices, the equilibrium condition (iii) means that p, = ry, if h € ug. If r
is a vector of house owners’ reservation prices and house h is not assigned to
any agent at equilibrium, then its price is on its lower bound, i.e., p, = 7.

Definition 2 A mechanism s a mapping f : R — S of profiles to states.
It is a price mechanism if for all R € R, the outcome f(R) = (u,p) is an
equilibrium state such that the number |a € A : u, = 0| is minimal s.t. (i)
and (i) in the definition of an equilibrium.

The requirement of minimal number of assignments in a price mechanism
is introduced to reduce the number of utility equivalent assignments. In
particular, this is relevant when agents may be indifferent between the null
house and a real house. In that case the assignment shall be the real house
instead of the null house. Hence, the price mechanism prefers trade to no
trade.



Definition 3 A mechanism f is manipulable at a profile R € R by an
agent a € A if there is a profile (R, R_,) € R such that ), P,x, for some
¥ = f(R,,R_,) and some x = f(R,). A mechanism f is strategy-proof (SP)
if no agent can manipulate at any profile.

4 The Class of Strategy-Proof Price Mecha-
nisms

In this section necessary conditions on a strategy-proof price mechanism are
investigated. First, we show that the set of feasible price vectors P has to
be restricted to a set P" = {p € R™™ : p > r} were r € R™ and ry = 0.
Clearly P" is closed, bounded below and monotonic and, hence, consistent
with the definition of a set of feasible prices vectors. Second, we show that
for a price mechanism f(R) = (i, p) to be strategy-proof the outcome price
vector p has to be chosen minimal in the set IIg of equilibrium price vectors.
Finally we conclude that minimal prices and the restricted domain for feasible
price vectors also are sufficient for the price mechanism f to be strategy-proof.

Restrictions on the set of feasible price vectors

Theorem 1 Let f : R — AXP be a price mechanism. Then f is manipu-
lable if P # P" for all r € R™*L,

Proof. Suppose that f is strategy-proof and P # P" for all » € R™*!, and let
p be a lower bound for P. Then, since P # P, there are two vectors ', r” € P,
' % 7", both minimal in P. To see this let 7 be minimal in P. There is such
a vector since P is closed and bounded below. Then consider a set P". Since
P C P and P # P, there is a vector r’ € P—P", and 7 can be chosen
minimal in P. Then " as well as r” are minimal in P and 7’ # r”.

The vectors ' and r” can be chosen so there are houses h; and hy such
that v, <y andry, >, . W.lg., we assume that h; = 1 and hy = 2. Now
define preference profiles R’ = (R}),.4 and R" = (R}) .4, according to:

e Preferences R/ are quasi-linear and represented by utility functions
uizh (p)>

e uy(p) =0, uyy(p) =71 — p1 and for h > 1, uj,(p) = —oo,
o uh(p) =0, uhy(p) =rh — py and for h =1 and h > 2, uly, (p) = —o0,

o fora>2:uy(p) =0 and u,(p) = —oo for all h € H.



Preferences R! are defined analogously where v’ is replaced with v” and
r’ replaced with r”.

Clearly 2/ = (¢, p') € Er and 2" = (p”,p") € Epr if (f/ = p" and p, = a
for a < 2 and pf, = 0 for a > 2. Moreover, pj, = r}, for h = 1,2 while for
h > 2, p' must be chosen minimal in {p € P : p, = r}, for h = 1,2} . The price
vector p” is chosen analogously. Note that all equilibria in g and g must
have this form. For instance, one cannot choose p}] < | because then p’ & P
by the equilibrium condition Definition 1(iii), and if pj > 7} then 1 € puj
which is not consistent with equilibrium (Definition 1(iii)). Also p} = ]
and g} = 0 is not consistent with the maximal trade requirement of a price
mechanism (Definition 2). Since all equilibria have this form we also have
f(R')=2a" and f(R") = 2".

Now consider the profile R = (R},R’ ;) and let f(R) = =z = (,p).
Equilibrium also now implies that u, = a for a < 2 and p, = 0 for a >
2. Moreover, by strategy-proofness, p; = pj = rj. But then p = p’ (not
necessarily for h > 2). This means that a = 2 has Rj-utility ub,(p) = rh—rf =
0, at state x while, with the same preferences (Rj), the utility at state z”
becomes uh,(p) = 75 — 5 > 0. Hence, agent 2 can manipulate at state x by

change preferences from R} to R}, contradicting strategy-proofness. Note

that R, = R for a > 2. Q.E.D.

Minimal prices

According to Theorem 1 the set of feasible price vectors has to be restricted
to sets of the type P", for some r € R™*! with ry = 0, in order to have a
strategy-proof mechanism. Now we will show that strategy-proofness also
requires the output prices to be minimal equilibrium prices. For a profile
R € R a price vector p™ € Il is minimal if for any p € Ilg, p < p™ only
if p = p™. The set [Ix of equilibrium prices is closed and bounded below. It
is also a lattice! if P = P" so, in that case, there is a unique minimal price
vector in IIz. Further,

Definition 4 A mechanism f is a minimal-price mechanism if [ is a price

mechanism and f(R) = (u™,p™), where p™ is the minimal price vector in
IIg.

Theorem 2 A price mechanism f: R — AXP is strategy-proof if and only
if the set of feasible price vectors is P = P" for some r and f a minimal-price
mechanism.

Proof. By Theorem 1, P = P" for some 7 is necessary for strategy-proofness.
W.l.g., assume that 7, = 0 for all h € H U {0}. Now suppose that f is

ISee e.g., Demange and Gale (1985).



strategy-proof but that there is a profile R € R such that f(R) = 2° =
(0, p°) and p° > p™, p° # p™, where p™ is minimal in p. Then p) > pi* for
some h € H, and h # 0 since pJ = pg* = 0. W.1.g., assume that p{ > p7* and
pd = 1. Then for 2™ = (u™, p™) € Eg, 7" Pat, since 7" Ry (g, p™) Py (1, p°)
by monotonicity. Alsolet S = {h € HU{0} : (h,p™)[ 27"} . This means that
0 ¢S and uf* #0.

Let preferences R; € R4 be represented by utility functions wuy,(p), h €
H U {0}, with ujo(p) = 0. Then define preferences R} € R; by utility func-
tions u};,(p) = win(p) — an, h € HU {0}, where the numbers «y, satisfy the
following conditions:

1. o =0, so u}y(p) = u1o(p) = 0. Note that for all p € P, py = 0.
2. For h € S, let u}, (p™) = uip(p™) — aq > 0.

3. For h € S, u),,(p°) = uin(p®) — a1 < 0.

4. For h ¢ SU{0}, uy,(p™) = —o0.

Note that 27" Pi2?, i.e., uy,(p™) > win(p) for all b € S, since p§ > pP
and u{ = 1 by assumption. This means that for i € S, there is oy such that
up(p°) — oy < 0 < ugp(p™) — ay, i.e., conditions 1-3 are consistent.

We first prove that p™ is minimal in Il g ,). Consider uj,m(p™). Now
for all h € S,

Uy (P™) = U, (™),
while for h & S,
Uy (P™) > 0 >> g, (p™).

Since 2™ = (u™,p™) € &g, it now follows that 2™ € &g g ,) and, hence,
that p™ € H(R/lR—l)‘

To prove that p™ also is minimal in Iz r_,), assume there is p' eIl R,R_1)
such that p’ < p™ and p' # p™. Let o' = (', p') € Eryr_,) and let

H ={heH:p,<py} and H' = H - H'.

Then H' # @ by assumption. Moreover, by the definition of equilibrium,
HNuy = (h € ugt = pj* = 0, and hence, p}, > p}") and by monotonicity,
w, € H' if u* € H'. But then by monotonicity, for a € A with u,, € H”,
P, (h,p™) for all h € H'. Then, according to Alkan, Demange and Gale
(1991), prices p}*, h € H’, can be decreased such that there is an equilibrium
(u",p") € Eg with p” < p™ and p” # p™. This is a contradiction to p™ being
the minimal price vector in Ilz. Hence, p™ is minimal also in Iz g_,).



Now let ' = (u', p') = f(R}, R—1) and, w.lg., uj = h1. ' € Emy p_y) SO
1R (0,p"), ie., uf, (p') > 0. We first show that hy = 0.

If hy € S then hy # 0 and u}, (p°) < 0 by point 3 above. Moreover, by
equilibrium uj,, (p') > ujy(p') = 0, so uy, (p') > uf, (p°), and a = 1 can
manipulate at the state 2°, contradicting strategy-proofness. On the other
hand, if by & S, then ujy(p') = 0, and u}, (p') = —oo if hy & S U {0} by
point 4 above. Hence, h; = 0 is the only possible case.

Now we have pi = 0 and " # 0. Let H' = {h € H : p} > pi"}. Then,
pe N HY = @. Moreover, ul € H' implies that ;™ € H' by monotonicity.
But then, since uy N H' = @ and pul = 0 and " # 0, there are more
agents assigned a house in H! at 2° then at x'. This is not consistent with
equilibrium. Hence, p° = p™ must be the case.

Finally, a minimal-price mechanism is strategy-proof, see e.g., Leonard
(1983), Demange and Gale (1985) or Andersson and Svensson (2008). Q.E.D.

Remark. Some of the results in Theorem 2 can be found in the literature.
Svensson (2009, 2004) obtains the restriction on feasible prices (wages) as
well as the necessity of minimal prices (wages) in a simplified version of the
model in this paper; e.g., preferences are quasi-linear, no outside option and
n = m, i.e., the same number of agents and objects. Miyake (1998) considers
a model that is logically similar to ours with a domain for the mechanism
somewhat smaller than ours. However, a main difference is that the set of
feasible price vectors is exogenously given to be of type P, r;, > 0. As in
the present study, the characterization problem in Miyake assumes a price
mechanism. That is not the case in Morimoto and Serizawa (2015) but
they assume only that the range of the mechanism is efficient states. Given
this weaker assumption, the minimal prices follows from the strategy-proof
condition. Compared to the present study the domain for the mechanism is
somewhat smaller and n > m, i.e., the number of agents are greater than the
number of objects. The method of proofs in the mentioned studies is also
different from the method used in the present study.

5 Dynamic Implementation

The minimal-price mechanism is a direct mechanism where agents are asked
to report their entire preference relations. In Andersson and Svensson (2018)
a dynamic mechanism is constructed and analyzed where only partial pre-
ferences are required to reach the minimal-price equilibrium. A simplified
version of that mechanism can also be applied here and a short description
of the mechanism is as follows. W.l.g. we assume that feasible prices are the



vectors in P = {p € R7"*" : py = 0}.
The price space is partitioned by a grid where each box is of type S, C P
satisfying?:

ON™ = {a € RT :a; = 6k; for some k; € N},
foreach a € 6N™ S, =(0,0,...,0) X (Xpenm [an, ap +6)).

The vector « is the minimal corner in a box and ¢ > 0 defines the size of
the boxes. The outcome of the dynamic mechanism is a finite increasing
sequence (p"/)ir:1 of price vectors, called an FEnglish Price Sequence, and a
corresponding finite increasing sequence of boxes, where no price is increased
more than 0. In each box only prices on over-demanded houses are raised.
Agents’ demands are required only in the various boxes in the sequence, and
the sequence of boxes ends when the unique minimal-price equilibrium is
achieved. The sequences are formally defined in the following way.

Let a € A and p € P, and denote by d2 C HU{0} the (reported) demand
set at the price vector p, i.e.,

A2 ={h e HU{0}: (h,p) R, (W ,p) forall i € HU{0}}.

A set H' C H of houses is over-demanded if |a € A:dl C H'| > |H'|?
and a minimal over-demanded set if there is no over-demanded set H” C H’,
H" + H'.

In each box S,, © = (u,p) is a temporary state if p € S, and p, € db.
Given S, and a temporary state © = (u,p), p € Sa, & price regime II* C S,
is defined according to:

p’ € II* iff there is a temporary state @’ = (¢, p), with p’ € S,, such that
pj, = pp, if b is not in a minimal over-demanded set at p and for such an h,
Mo = Mo = h.

Let © = (u,p) be a temporary state and let {(x) = supII*. Note that
¢(z) need not be a singleton. Now we can recursively define a price sequence
in the following way.

Definition 5 Given the partition {S, : « € SN} of the set of feasible price
vectors, a sequence (pt)thl of price vectors constitutes an English Price Se-
quence (EPS) if there is a sequence (xt)le of supporting temporary states,
with ' = (u', p'), such that p'™ € £(zt). The starting point is p' with p;, = 0

for all h € H U {0}. The EPS terminates at step T if p* # p'~ ! and
pT+1 = T

’N=1{0,1,2,...}
3|S| denotes the number of elements in a set S.
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Note that there can be several price changes in one and the same box, so
the corresponding sequence of boxes can have fewer steps than 7. It can be
proved that 7' < oo and that the end-point p’ is the unique minimal-price
vector, while the sequence (pt)tT:l is not necessarily unique. Let (S,; )]T-;l,
T < T, be the sequence of boxes containing a price vector from the EPS
(pt);f:1 . Then the measure of the set U;S,; — 0 as § — 0, so the part of the
price space where agents recursively report their demand can be arbitrarily
small by choosing ¢ small. For proofs of the results in this paragraph, see
Andersson and Svensson (2018). The EPS can be seen as the outcome of an
auction rule defined as follows.

The Iterative English Auction Rule. Initialize the price vector to p'.
For each Stept:=1,...,T:

1. Each agent a € A reports his demand set dgt at prices p’.
2. Calculate a supporting temporary state z* = (uf, p*).
3. Define a small price regime II*" and calculate p*! € &(at).

4. If pt** = pt, stop. Otherwise, set t := ¢ + 1 and continue.

If the reported demand sets d” in the Iterative Auction Rule are consistent
with rational preferences R € R, i.e., a reported demand set d? can be derived
from some preference ordering R, € R,, then bidding truthfully is an ex post
Nash equilibrium.

6 Fair Wages

Any definition of fairness is faced with two fundamental problems. It is the
uniqueness problem and it is the implementation problem. For instance,
if fairness requires an allocation to be envy-free there are in general many
allocations satisfying this condition.

If we consider the job interpretation of our model, Theorem 2 may be
useful in analyzing those two problems. Let H be a set of various jobs,

and negative prices be wages, e.g., w; = —p;, j € H. Feasible wages are
W c R™™ where w € W if and only if w = —p for some p € P". Suppose
now that necessary for fairness is a state z = (u,w) with no envy, i.e.,

rq Rz, for all agents a,a’ € A. Since the calculation of such a state requires
agents’ private information, and that information can be obtained by using
a strategy-proof mechanism, Theorem 2 shows that the degree of freedom
in choosing a fairness criterion is reduced to the choice of a feasible set W”"

11



of wages of the type, W" = —P" C —P, where —P is the exogenously given
set of production possibilities. Hence, the choice for the mechanism designer
is one choice of a feasible wage structure r which determines W”, and then
there is only one mechanism that solves the uniqueness problem and the
implementation problem, and that is the maximum-wage mechanism.

Here the vector » may be interpreted as a vector of reservation wages of
the employers. Such a choice of mechanism results in a non-manipulable rule
for the employees, while the employers may manipulate by their choice of r.
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