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Abstract: This paper investigates an optimal reinsurance policy using a risk model with dependent
claim and insurance premium by assuming that the insurance premium is random. Their dependence
structure is modeled using Sarmanov’s bivariate exponential distribution and the Farlie–Gumbel–
Morgenstern (FGM) copula-based bivariate exponential distribution. The reinsurance premium paid
by the insurer to the reinsurer is fixed and is charged by the expected value premium principle
(EVPP) and standard deviation premium principle (SDPP). The main objective of this paper is to
determine the proportion and retention limit of the optimal combination of proportional and stop-
loss reinsurance for the insurer. Specifically, with a constrained reinsurance premium, we use the
minimization of the Value-at-Risk (VaR) of the insurer’s net cost. When determining the optimal
proportion and retention limit, we provide some numerical examples to illustrate the theoretical
results. We show that the dependence parameter, the probability of claim occurrence, and the
confidence level have effects on the optimal VaR of the insurer’s net cost.

Keywords: net cost; stochastic insurance premium; copula; value-at-risk

MSC: 62P05; 91B30

1. Introduction

Research on optimal reinsurance models began in the 1960s (see Borch 1960; Kahn
1961; Ohlin 1969). Over almost the past half-decade, it turns out that this research has
remained popular among both academics and practitioners. This is because the optimal
reinsurance model has an appeal that lies in its potential as an effective risk management
tool for insurance companies. Generally speaking, reinsurance is an agreement between an
insurance company (insurer) and a reinsurance company (reinsurer), where the former’s
loss is partially ceded to the latter. The reinsurance contracts have some important points:
the ceded claim function, the reinsurance premium principle, and the optimality criterion
(Chen and Hu 2021). Different optimal reinsurance models can be formulated by modifying
either one or more of the above.

For a given insurance policy, the claim amount of the insurance policy over a fixed time
period is defined as a random variable IX, where I denotes a Bernoulli random variable
(with parameter p) independent of the claim amount X. The value I = 1 means that there
is a claim of the insurance policy with the amount of X. Nonetheless, each insurance policy
may produce a large amount of claims. To protect the insurer from a potentially huge
claim, the insurer applies a reinsurance policy to the claim of the insurance policy. With
such a reinsurance policy, the insurer retains the part of the claim amount of size IR(X)
of the insurance policy, and the reinsurer covers the rest of the claim amount equal to
I(X−R(X)). Due to the different policies in the presence of reinsurance, it is reasonable
that the insurer needs to pay a reinsurance premium π(I(X−R(X))) to the reinsurer. Since
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the insurer receives the insurance premium income, say Y, from the insurance policyholder,
the insurer is thus liable for a (net) cost or loss of size

NC = IR(X) + π(I(X−R(X)))−Y. (1)

There have been some efforts to optimize reinsurance models from a (net) cost or loss
preference. For example, Gajek and Zagrodny (2000) used an optimization criterion of
minimizing the variance of the insurer’s loss. Kaluszka (2004) derived an optimal reinsur-
ance model using a mean–variance approach. Cai and Tan (2007) considered minimizing
the Value-at-Risk (VaR) and Conditional Tail Expectation (CTE) of the insurer’s loss to
obtain an optimal stop-loss reinsurance model. After the work of Cai and Tan (2007), many
researchers extended their works in multiple ways by employing various risk measures,
various sets of the ceded loss functions, or various premium principles. See, for example,
Cai et al. (2008), Tan et al. (2009), Chi and Tan (2011), Cai et al. (2016), Tan et al. (2020),
Syuhada et al. (2021), Sari and Syuhada (2022), and the references therein. Among most of
the studies listed above, the insurance premium Y is fixed, and the correlation between the
claim amount X and the insurance premium Y in the risk model is neglected. However,
Kang et al. (2021) argued the contrary. Kang et al. (2021) suggested that these assumptions
could also be added to make the optimal reinsurance model become more realistic to
describe cases in the industry.

In this paper, we aim to find an optimal reinsurance policy by considering some
assumptions for our risk model to provide a more realistic way to describe many practical
cases. First, we assume a risk model with stochastic insurance premium (see Bao 2006; Bao
and Ye 2007; Kang et al. 2021; Temnov 2004). Taking automobile insurance as an example,
the insurance premium incomes may vary with the types of cars, the ages of drivers, and
so on. Second, the insurance premium income and the claim amount in the risk model
should be positively correlated in practice (Kang et al. 2021). The reason is that higher
insurance premiums mean that the insurer would pay more claim amount to the insurance
policyholders, since policies with higher insurance premiums could include less deductible,
higher policy limit, more insurance coverage, and so on. In addition, we assume that the
reinsurance premium π(I(X−R(X))) is calculated based on two fundamental premium
principles: the expected value and the standard deviation. Both the expected value and
standard deviation premium principles are popular in actuarial science, and they have
received considerable attention in recent years, such as Cai and Tan (2007), Chi (2012),
Liang and Yuen (2016), and Karageyik and Sahin (2017). Subsequently, our reinsurance
form is focused on a combination of proportional and stop-loss reinsurance, where the
insurer first takes their reinsurance contract with a proportion c and then sets a retention
limit d. Moreover, following the suggestions of Zhou et al. (2011) and Zheng and Cui (2014),
there should be a reasonable restriction on the reinsurance premium for an insurer. The
reason is that when the insurer pays the reinsurance premium π(I(X−R(X))) to reduce
the claim amount IX to the retained claim amount IR(X), the cedent of the claim amount
means a reduction in profits.

The innovation points of this paper are mainly in two aspects. First, we design the
optimal reinsurance contract by minimizing the VaR of the insurer’s net cost (1), which
should be as low as possible for chosen proportion c and retention limit d. This is a chal-
lenge because this VaR is an implicit function, and our model also introduces a constrained
reinsurance premium. Second, we account for the dependence between the claim amount
and the insurance premium captured using Sarmanov’s bivariate exponential distribution
and the Farlie–Gumbel–Morgenstern (FGM) copula-based bivariate exponential distribu-
tion. Finally, we present some numerical examples to show the effects of the dependence
parameter, the probability of claim occurrence, and the confidence level on the optimal VaR
of the insurer’s net cost and find the following results. (1) The correlation between the claim
amount and the insurance premium influences the optimal VaR of the insurer’s net cost.
(2) The optimal VaR of the insurer’s net cost for Case 1 (Sarmanov’s bivariate exponential
distribution) is smaller than that for Case 2 (bivariate exponential distribution with the
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FGM copula) when no positive correlation exists. (3) The optimal VaR of the insurer’s net
cost derived under the SDPP is larger than that determined under the EVPP. (4) The effects
of the dependence parameter and the confidence level on the optimal VaR of the insurer’s
net cost for Case 1 are different from that for Case 2, while the effects of the probability of
claim occurrence are always the same for both cases.

The rest of the paper is organized as follows. In Section 2, we describe the reinsurance
contracts, the bivariate models, and the VaR risk measure employed in the optimization
of the combination of proportional and stop-loss reinsurance. We explicitly formulate
the reinsurance optimization problems determined by the VaR of the insurer’s net cost
in Section 3. Section 4 numerically illustrates the theoretical results derived in Section 3,
including the effects of the dependence parameter, the probability of claim occurrence, and
the confidence level on the optimal VaR of the insurer’s net cost. Section 5 concludes this
paper. In addition, technical proofs are given in the Appendix.

2. Reinsurance Contracts and Bivariate Models
2.1. Reinsurance Contracts

The various types of reinsurance contracts are listed below.

Definition 1 (Zhou et al. 2011). Let X be a random variable denoting the (initial) claim amount
when there is a claim of the insurance policy (I = 1) and (c, d) ∈ [0, 1]× [0, ∞). We write the
insurer’s claim amountR(X) and the reinsurer’s claim amount X−R(X) as follows:

(a) The proportional reinsurance contract:

RP(X; c) = cX; X−RP(X; c) = (1− c)X. (2)

(b) The stop-loss reinsurance contract:

RSL(X; d) = min(X, d); X−RSL(X; d) = X−min(X, d). (3)

(c) The combination of proportional and stop-loss reinsurance contracts:

RPSL(X; c, d) = min(cX, d); X−RPSL(X; c, d) = X−min(cX, d). (4)

Inspired by Zhou et al. (2011), we focus on the combination of proportional and stop-
loss reinsurance, where the insurer first takes their reinsurance contract with a proportion c
and then sets a retention limit d.

We see that the stop-loss reinsurance is a special case of the above reinsurance con-
tract for c = 100% (Brachetta and Ceci 2019; Khare and Roy 2021), and the proportional
reinsurance is its special case for d→ ∞ (Tan et al. 2009; Zhang et al. 2018).

Proposition 1. Let X be a random variable denoting the (initial) claim amount with a survival
function SX(x) = P(X > x). Under the combination of proportional and stop-loss reinsur-
ance with a pair of proportion and retention limit (c, d) ∈ [0, 1]× [0, ∞), the survival function
SRPSL(X)(x; c, d) = P(RPSL(X) > x) of the insurer’s claim amount RPSL(X) and the sur-
vival function SX−RPSL(X)(x; c, d) = P(X − RPSL(X) > x) of the reinsurer’s claim amount
X−RPSL(X) are, respectively, formulated as follows:

SRPSL(X)(x; c, d) =


1, x < 0,

SX

(
x

1− c

)
, 0 ≤ x <

d
c

,

SX(x + d), x ≥ d
c

,

(5)
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and

SX−RPSL(X)(x; c, d) =


1, x < 0,

SX

( x
c

)
, 0 ≤ x <

d
c

,

0, x ≥ d
c

.

(6)

The proof of Proposition 1 uses a simple technique, and we thus omit the details here.
Based on Equations (5) and (6), we plot in Figure 1 the survival function of the

insurer’s claim amount and the reinsurer’s claim amount when the initial claim amount X
is exponentially distributed.

Figure 1. Graphical representation of the survival functions SRPSL(X)(x; c, d) and SX−RPSL(X)(x; c, d)
under a combination of proportional and stop-loss reinsurance with c = 75% and d = 20 when the
initial claim amount X follows an exponential distribution (λ = 1/15).

To compare the insurer’s claim amount and the reinsurer’s claim amount in the pres-
ence of proportional reinsurance, stop-loss reinsurance, and a combination of proportional
and stop-loss reinsurance, we quantify them using a measure of tail risk, namely Value-at-
Risk (VaR) (Bargès et al. 2009). For the initial claim amount X, its VaR at a given confidence
level α ∈ (0, 1) is defined as the α-quantile of its distribution, i.e.,1

VaRα(X) = inf{x ∈ R : FX(x) ≥ α}, (7)

where FX(x) = 1− SX(x) = P(X ≤ x) is its distribution function. If this distribution
function is continuous, VaRα(X) is a value of X satisfying the coverage probability equation
FX(VaRα(X)) = P(X ≤ VaRα(X)) = α; that is, VaRα(X) = F−1

X (α). The resulting VaR for
the insurer’s claim amount and the reinsurer’s claim amount is plotted in Figure 2.
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Figure 2. Graphical representation of the insurer’s claim amount and the reinsurer’s claim amount
measured using VaR at the α confidence level under proportional reinsurance with c = 75% (the red
curve), stop-loss reinsurance with d = 20 (the green curve), and a combination of proportional and
stop-loss reinsurance with c = 75% and d = 20 (the blue curve) when the initial claim amount X
follows an exponential distribution (λ = 1/15).

2.2. Bivariate Models

Following Kang et al. (2021), we assume that both the insurer’s initial claim amount
and the insurance premium are exponentially distributed, i.e., X ∼ E(λ1) and Y ∼ E(λ2),
with λ1, λ2 > 0. To capture their dependence, Sarmanov’s bivariate exponential distribution
is considered. In addition, we define another choice of bivariate model, namely, the Farlie–
Gumbel–Morgenstern (FGM) copula-based bivariate exponential distribution.

Definition 2. Assume that both the insurer’s initial claim amount X and the insurance premium
Y are exponentially distributed, i.e., X ∼ E(λ1) and Y ∼ E(λ2), with λ1, λ2 > 0.

(a) Sarmanov’s Bivariate Exponential Distribution
As in Cossette et al. (2015) and Vernic (2016 2017), the joint probability density function
fX,Y(x, y) of X and Y under this distributional assumption is defined as follows:

fX,Y(x, y) = λ1λ2e−(λ1x+λ2y)

+
θλ1λ2

(λ1 + 1)(λ2 + 1)

1

∑
i=0

1

∑
j=0

(−1)i+j(λ1 + i)e−(λ1+i)x(λ2 + j)−(λ2+j)y.

We assume that 0 < θ ≤ (1 + λ1)(1 + λ2)

max(λ1, λ2)
to ensure that their correlation coefficient

ρ(X, Y) =
θλ1λ2

(1 + λ1)2(1 + λ2)2 is positive (Kang et al. 2021).
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(b) The Bivariate Exponential Distribution with the Farlie–Gumbel–Morgenstern (FGM) Copula
The functional form of this copula is given by

CFGM
X,Y (FX(x), FY(y)) = FX(x)FY(y)[1 + θ(1− FX(x))(1− FY(y))],

with the corresponding copula density cFGM
X,Y (FX(x), FY(y)) = 1 + θ(1 − 2FX(x))(1 −

2FY(y)). The joint probability density function

fX,Y(x, y) = fX(x) fY(y)cFGM
X,Y (FX(x), FY(y))

of X and Y is determined by substituting FX(x) = 1 − e−λ1x, FY(y) = 1 − e−λ2y,
fX(x) = λ1e−λ1x, and fY(y) = λ2e−λ2y. To make sure that they are positively corre-
lated, the parameter θ of the FGM copula is assumed to belong to (0, 1] (Bargès et al. 2009;
Kang et al. 2021).

3. Formulation of Reinsurance Optimization Problem

Under the combination of proportional and stop-loss reinsurance, the net cost (NC) of
the insurer for a given policy is given by

NC = IRPSL(X; c, d) + π(I(X−RPSL(X; c, d)))−Y. (8)

We have some assumptions in Model (8) that are as follows. By assuming that both the
initial claim amount X and the Bernoulli random variable I are independent, the insurer’s
claim amountRPSL(X; c, d) and I are also independent. Furthermore, I is independent of
Y. In addition, Y and X are assumed to have a positive correlation.

We also assume that the reinsurance premium is calculated based on two fundamental
premium principles: the expected value and the standard deviation. According to the
expected value premium principle (EVPP) with the reinsurance loading factor β > 0, the
reinsurance premium is defined as

πEVPP(I(X−RPSL(X; c, d))) = (1 + β)E[I(X−RPSL(X; c, d))].

where E[I(X −RPSL(X; c, d))] denotes the expectation of the claim amount paid by the
reinsurer. Meanwhile, based on the standard deviation premium principle (SDPP), the
reinsurance premium is defined as

πSDPP(I(X−RPSL(X; c, d))) = E[I(X−RPSL(X; c, d))] + β
√

V[I(X−RPSL(X; c, d))],

where V[I(X−RPSL(X; c, d))] denotes the variance of the claim amount paid by the rein-
surer.

As argued by Zhou et al. (2011) and Zheng and Cui (2014), the cedent of the claim
amount means a reduction in profits. Therefore, there should be a reasonable restriction
on the reinsurance premium for an insurer. Following their suggestions, we restrict the
reinsurance premium as follows:

π(I(X−RPSL(X; c, d))) ≤ P,

where P denotes the maximum payment.
To measure the net cost of the insurer, we use the VaR risk measure defined in

Equation (7). Accordingly, optimal reinsurance could be defined as a solution to the
following optimization problem:

VaRα(NC; c∗, d∗) = min
c,d

VaRα(NC; c, d) (9)
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subject to {
π(I(X−RPSL(X; c, d))) ≤ P,
(c, d) ∈ [0, 1]× [0, ∞).

3.1. Sarmanov’s Bivariate Exponential Distribution

When the insurer’s claim amount and the insurance premium have Sarmanov’s bi-
variate exponential distribution, the reinsurance optimization determined by the VaR of
the insurer’s net cost is provided in the following theorem.

Theorem 1. Let the insurer’s claim amount X and the insurance premium Y have Sarmanov’s
bivariate exponential distribution and 0 < α < 1.

(a) If VaRα(X) ≤ d
c

, the optimal combination of proportional and stop-loss reinsurance is derived
by minimizing

VaRα(NC; c, d) = π(I(X− cX)) + υ (10)

subject to 
(1− c)

p
λ1
≤ P

1 + β
,

(c, d) ∈ [0, 1]× [0, ∞),

where υ = VaRα(cXI −Y),

α− (1− p)− pδ1

p

=
1

λ1 + λ2c

[
cλ2 + λ1e−(

d
c λ1+dλ2) − cλ2e−

υ
c λ1 − λ1e−(

d
c λ1+dλ2−υλ2)

]
− θλ1λ2

(λ1 + 1)(λ2 + 1)

1

∑
i=0

1

∑
j=0

(−1)i+j

λ1 + i + c(λ2 + j)

×
[
c(λ2 + j)

(
e−

υ
c (λ1+i) − 1

)
− (λ1 + i)

(
e−υ(λ2+j) − 1

)
e−(

d
c (λ1+i)+d(λ2+j))

]
, (11)

and

δ1 =
λ1

λ1 + cλ2
+

θλ1λ2

(λ1 + 1)(λ2 + 1)

1

∑
i=0

1

∑
j=0

(−1)i+j λ1 + i
(λ1 + i) + c(λ2 + j)

.

(b) If VaRα(X) >
d
c

, the optimal combination of proportional and stop-loss reinsurance is derived
by minimizing

VaRα(NC; c, d) = π(I(X− d)) + VaRα(dI −Y) (12)

subject to 
p
(

1
λ1
− d
)
≤ P

1 + β
,

(c, d) ∈ [0, 1]× [0, ∞),

where

VaRα(dI −Y) =
1

λ2
ln

(
α− (1− p)− pe−dλ2

pe−dλ2
+ 1

)
.

The proof of the above theorem is provided in Appendix A.1.
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Remark 1. From Theorem 1a, we find that the objective function (10) is an implicit function in c,
d, and υ. This is because Equation (11) is an implicit function in c, d, and υ. Therefore, this problem
changes to the following optimization problem:

VaRα(NC; c∗, d∗, υ∗) = min
c,d,υ

[π(I(X− cX)) + υ] (13)

subject to 
h1(c, d, υ) = 0,

(1− c)
p

λ1
≤ P

1 + β
,

(c, d) ∈ [0, 1]× [0, ∞),

where

h1(c, d, υ) = −α− (1− p)− pδ1

p
+

1
λ1 + λ2c

[
cλ2 + λ1e−(

d
c λ1+dλ2) − cλ2e−

υ
c λ1

−λ1e−(
d
c λ1+dλ2−υλ2)

]
− θλ1λ2

(λ1 + 1)(λ2 + 1)

1

∑
i=0

1

∑
j=0

(−1)i+j

λ1 + i + c(λ2 + j)

×
[
c(λ2 + j)

(
e−

υ
c (λ1+i) − 1

)
− (λ1 + i)

(
e−υ(λ2+j) − 1

)
e−(

d
c (λ1+i)+d(λ2+j))

]
and

δ1 =
λ1

λ1 + cλ2
+

θλ1λ2

(λ1 + 1)(λ2 + 1)

1

∑
i=0

1

∑
j=0

(−1)i+j λ1 + i
(λ1 + i) + c(λ2 + j)

.

3.2. Bivariate Exponential Distribution with the FGM Copula

When the bivariate exponential distribution for the insurer’s claim amount and the
insurance premium is determined using the FGM copula, the reinsurance optimization
problem formulated by the VaR of the insurer’s net cost is provided in the following theorem.

Theorem 2. Let the insurer’s claim amount X and the insurance premium Y have a bivariate
exponential distribution with the FGM copula and 0 < α < 1.

(a) If VaRα(X) ≤ d
c

, the optimal combination of proportional and stop-loss reinsurance is derived
by minimizing

VaRα(NC; c, d) = π(I(X− cX)) + υ (14)

subject to 
(1− c)

p
λ1
≤ P

1 + β
,

(c, d) ∈ [0, 1]× [0, ∞),

where υ = VaRα(cXI −Y),

α− (1− p)− pδ2

p
= −(1 + θ)ψ(υ; λ1, λ2) + θψ(υ; 2λ1, λ2) + θψ(υ; λ1, 2λ2)

− θψ(υ; 2λ1, 2λ2), (15)

δ2 = 1− c(1 + θ)λ2

λ1 + cλ2
+

2cθ

λ1 + 2cλ2
+

cθλ2

2λ1 + cλ2
− 2cθλ2

2λ1 + 2cλ2
,

and

ψ(υ; λ1, λ2) =
λ1λ2

λ1 + cλ2

[
1

λ2

(
e−υλ2 − 1

)
e−(

d
c λ1−dλ2) +

c
λ1

(
e−

υ
c λ1 − 1

)]
.
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(b) If VaRα(X) >
d
c

, the optimal combination of proportional and stop-loss reinsurance is derived
by minimizing

VaRα(NC; c, d) = π(I(X− d)) + VaRα(dI −Y) (16)

subject to 
p
(

1
λ1
− d
)
≤ P

1 + β
,

(c, d) ∈ [0, 1]× [0, ∞),

where

VaRα(dI −Y) =
1

λ2
ln

(
α− (1− p)− pe−dλ2

pe−dλ2
+ 1

)
.

The proof of the above theorem is provided in Appendix A.2.

Remark 2. From Theorem 2a, we find that the objective function (14) is an implicit function in c,
d, and υ. This is because Equation (15) is an implicit function in c, d, and υ. Therefore, this problem
changes to the following optimization problem:

VaRα(NC; c∗, d∗, υ∗) = min
c,d,υ

[π(I(X− cX)) + υ] (17)

subject to 
h2(c, d, υ) = 0,

(1− c)
p

λ1
≤ P

1 + β
,

(c, d) ∈ [0, 1]× [0, ∞),

where

h2(c, d, υ) = −α− (1− p)− pδ2

p
− (1 + θ)ψ(υ; λ1, λ2) + θψ(υ; 2λ1, λ2) + θψ(υ; λ1, 2λ2)

− θψ(υ; 2λ1, 2λ2),

δ2 = 1− c(1 + θ)λ2

λ1 + cλ2
+

2cθ

λ1 + 2cλ2
+

cθλ2

2λ1 + cλ2
− 2cθλ2

2λ1 + 2cλ2
,

and

ψ(υ; λ1, λ2) =
λ1λ2

λ1 + cλ2

[
1

λ2

(
e−υλ2 − 1

)
e−(

d
c λ1−dλ2) +

c
λ1

(
e−

υ
c λ1 − 1

)]
.

4. Numerical Examples

In this section, we provide some numerical examples in order to determine the optimal
proportion c∗ and optimal retention limit d∗. We illustrate the theoretical results numerically
by using the NMinimize toolbox in Mathematica. NMinimize uses one of the four direct
search algorithms (Nelder–Mead, differential evolution, simulated annealing, and random
search) and then fine-tunes the solution by using a combination of the Karush–Kuhn–Tucker
(KKT) solution, the interior point, and a penalty method. Thus, NMinimize always attempts
to find a global minimum subject to the constraints (see Champion and Strzebonski 2008).
Referring to Kang et al. (2021) and He et al. (2022), we set the basic model parameters given
in Table 1, where the insurer’s initial claim amount X and the insurance premium Y follow
an exponential distribution with E[X] = 15 and E[Y] = 10, respectively, and I follows
a Bernoulli distribution with parameter p = 0.2, 0.5, 0.8. Their dependence is modeled
using Sarmanov’s bivariate model (Case 1) and the FGM copula (Case 2) with dependence
parameter θ = 0, 0.2, 0.5, where θ = 0 indicates that they are uncorrelated. The reinsurance
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premium is assumed to be charged by the expected value premium principle (EVPP) and
standard deviation premium principle (SDPP).

Table 1. Basic model parameters.

λ1 λ2 β P θ p α

Value 1 1/15 1/10 0.6 60 0 0.2 0.950
Value 2 0.2 0.5 0.970
Value 3 0.5 0.8 0.995

Using the NMinimize toolbox in Mathematica, we derive c∗, d∗, υ∗, and the corre-
sponding VaRα(NC; c∗, d∗, υ∗) provided in Tables 2–5 for various values of the dependence
parameter θ, the probability of claim occurrence p, and the confidence level α for Case 1
and Case 2 under the EVPP and SDPP. Based on the four tables, we see that if there is no
correlation between the claim amount and the insurance premium (i.e., θ = 0) for each
case and reinsurance premium principle, then the optimal VaR of the insurer’s net cost
VaRα(NC; c∗, d∗, υ∗) always increases with the increase in the confidence level α.

Table 2. Optimal combination of proportional and stop-loss reinsurance and the resulting
VaRα(NC; c∗, d∗, υ∗) for Case 1 under the EVPP.

θ p α c∗ d∗ υ∗ VaRα(NC; c∗, d∗, υ∗)

0 0.2 0.950 0.222 274.595 9.763 × 10−9 3.733
0.970 0.118 168.979 0.000 4.235
0.995 0.017 2.629 × 107 9.131 × 10−11 4.718

0.5 0.950 0.074 3.347 × 10−15 0.000 11.111
0.970 0.043 4.485 × 10−16 0.000 11.489
0.995 0.007 1.797 × 10−18 0.000 11.919

0.8 0.950 0.066 254.816 0.369 18.295
0.970 0.037 2.995 × 106 0.183 18.677
0.995 0.006 1.439 × 106 0.024 19.117

0.2 0.2 0.950 0.223 0.000 0.000 3.731
0.970 0.118 262.698 0.000 4.233
0.995 0.017 124.323 0.000 4.717

0.5 0.950 0.074 1.215 × 107 1.781 × 10−12 11.107
0.970 0.043 3.504 × 10−16 0.000 11.486
0.995 0.007 1.145 × 10−17 0.000 11.918

0.8 0.950 0.067 1.111 × 106 0.369 18.290
0.970 0.037 3.528 × 106 0.184 18.674
0.995 0.006 5.633 × 106 0.025 19.116

0.5 0.2 0.950 0.224 336.420 6.758 × 10−9 3.727
0.970 0.119 185.575 0.000 4.230
0.995 0.018 95.837 0.000 4.716

0.5 0.950 0.075 7.452 × 106 3.298 × 10−8 11.100
0.970 0.043 3.579 × 106 9.062 × 10−12 11.481
0.995 0.007 128.701 4.854 × 10−6 11.917

0.8 0.950 0.067 1.108 × 106 0.368 18.283
0.970 0.027 1.057 × 10−17 0.000 18.692
0.995 0.006 1.146 × 107 0.026 19.114
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Table 3. Optimal combination of proportional and stop-loss reinsurance and the resulting
VaRα(NC; c∗, d∗, υ∗) for Case 1 under the SDPP.

θ p α c∗ d∗ υ∗ VaRα(NC; c∗, d∗, υ∗)

0 0.2 0.950 0.222 16.139 8.009 × 10−10 6.533
0.970 0.118 6.241 × 108 8.113 × 10−12 7.412
0.995 0.017 208.967 0.000 8.256

0.5 0.950 0.086 58.077 0.173 14.151
0.970 0.047 96.293 0.059 14.641
0.995 0.007 5.997 × 1011 0.003 15.191

0.8 0.950 0.076 57.978 0.557 19.798
0.970 0.042 285.137 0.278 20.232
0.995 0.015 90.263 0.278 20.787

0.2 0.2 0.950 0.223 7.325 × 106 7.160 × 10−15 6.529
0.970 0.118 3.728 × 106 3.453 × 10−11 7.408
0.995 0.017 4.130 × 1016 6.103 × 10−12 8.255

0.5 0.950 0.086 408.227 0.168 14.146
0.970 0.047 3.238 × 106 0.061 14.637
0.995 0.007 7.070 × 1012 0.003 15.190

0.8 0.950 0.076 1.591 × 106 0.556 19.793
0.970 0.042 2.713 × 108 0.280 20.228
0.995 0.328 164.619 0.230 14.215

0.5 0.2 0.950 0.224 7.364 × 105 1.400 × 10−12 6.523
0.970 0.119 2.674 × 107 3.614 × 10−14 7.403
0.995 7.461 × 10−6 88.381 0.341 8.741

0.5 0.950 0.086 29.052 0.163 14.139
0.970 0.047 8.165 × 109 0.057 14.631
0.995 0.007 4.847 × 1013 0.002 15.189

0.8 0.950 0.076 1.741 × 107 0.555 19.785
0.970 0.042 5.126 × 107 0.282 20.222
0.995 0.320 74.085 0.250 14.413

Table 4. Optimal combination of proportional and stop-loss reinsurance and the resulting
VaRα(NC; c∗, d∗, υ∗) for Case 2 under the EVPP.

θ p α c∗ d∗ υ∗ VaRα(NC; c∗, d∗, υ∗)

0 0.2 0.950 0.089 45.344 0.000 4.375
0.970 0.052 3.982 × 104 1.970 × 10−6 4.551
0.995 0.008 5.311 1.101 × 10−32 4.760

0.5 0.950 0.034 39.610 8.265 × 10−12 11.590
0.970 0.020 66.868 0.000 11.756
0.995 0.003 21.742 2.700 × 10−18 11.960

0.8 0.950 0.021 45.050 0.000 18.794
0.970 0.012 45.050 0.000 18.958
0.995 0.002 43.975 0.000 19.160

0.2 0.2 0.950 0.168 0.000 0.000 3.993
0.970 0.191 3.169 × 10−9 0.000 3.883
0.995 0.220 0.000 0.000 3.744

0.5 0.950 0.203 0.000 0.000 9.568
0.970 0.212 0.000 0.000 9.457
0.995 0.224 0.000 0.000 9.317

0.8 0.950 0.211 0.000 0.000 15.142
0.970 0.217 0.000 0.000 15.030
0.995 0.224 0.000 0.000 14.891



J. Risk Financial Manag. 2023, 16, 95 12 of 20

Table 4. Cont.

θ p α c∗ d∗ υ∗ VaRα(NC; c∗, d∗, υ∗)

0.5 0.2 0.950 0.055 6.555 × 10−9 0.000 4.537
0.970 0.062 7.436 × 10−9 0.000 4.501
0.995 0.072 6.159 × 10−9 0.000 4.456

0.5 0.950 2.549 × 10−10 10.966 3.279 × 10−8 12.000
0.970 9.109 × 10−9 5.421 1.535 × 10−4 12.000
0.995 0.072 0.000 0.000 11.128

0.8 0.950 0.069 0.000 0.000 17.879
0.970 0.071 7.624 × 10−8 2.454 × 10−8 17.844
0.995 0.073 2.006 × 10−19 1.189 × 10−26 17.799

Table 5. Optimal combination of proportional and stop-loss reinsurance and the resulting
VaRα(NC; c∗, d∗, υ∗) for Case 2 under the SDPP.

θ p α c∗ d∗ υ∗ VaRα(NC; c∗, d∗, υ∗)

0 0.2 0.950 0.089 33.095 0.000 7.656
0.970 0.052 33.321 0.000 7.964
0.995 0.008 21.506 0.000 8.330

0.5 0.950 0.034 18.982 0.000 14.772
0.970 0.020 73.940 0.000 14.984
0.995 0.003 39.198 0.000 15.243

0.8 0.950 0.021 48.792 0.000 20.378
0.970 0.013 48.792 0.000 20.556
0.995 0.002 72.113 0.000 20.775

0.2 0.2 0.950 0.168 0.000 0.000 6.988
0.970 0.191 0.000 0.000 6.795
0.995 0.220 0.000 0.000 6.551

0.5 0.950 0.203 0.000 0.000 12.194
0.970 0.212 0.000 0.000 12.053
0.995 0.224 0.000 0.000 11.875

0.8 0.950 0.211 4.411 × 10−9 0.000 16.418
0.970 0.217 0.000 0.000 16.297
0.995 0.224 0.000 20.000 16.146

0.5 0.2 0.950 1.137 × 10−9 4.740 3.804 × 10−6 8.400
0.970 3.531 × 10−10 1.587 33.965 × 10−6 8.400
0.995 2.309 × 10−8 0.039 1.723 × 10−6 8.400

0.5 0.950 4.689 × 10−10 12.512 3.746 × 10−4 15.295
0.970 3.176 × 10−10 11.521 5.801 × 10−5 15.294
0.995 0.073 2.702 × 10−8 5.736 × 10−9 14.182

0.8 0.950 0.069 1.914 × 10−9 3.072 × 10−10 19.386
0.970 0.071 4.453 × 10−19 0.000 19.347
0.995 0.073 5.470 × 10−9 1.199 × 10−10 19.299

In this section, we also conduct some numerical simulations to illustrate the effects
of the confidence level α, the dependence parameter θ, and the probability of claim occur-
rence p on the optimal VaR of the insurer’s net cost VaRα(NC; c∗, d∗, υ∗) for each case and
reinsurance premium principle. The results are depicted in Figures 3–6.
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Figure 3. Effects of α on VaRα(NC; c∗, d∗, υ∗) for Case 1 and Case 2 under the EVPP and SDPP when
θ = 0.2 and p = 0.5 are fixed.

Figure 4. Effects of θ and p on VaRα(NC; c∗, d∗, υ∗) for Case 1 and Case 2 under the EVPP and SDPP
when α = 0.950 is fixed.
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Figure 5. Effects of θ = 0 (no correlation between X and Y) on VaRα(NC; c∗, d∗, υ∗) under the EVPP
when p = 0.2, 0.5, 0.8.

Figure 6. Effects of θ = 0 versus θ = 0.5 on VaRα(NC; c∗, d∗, υ∗) under the EVPP when p = 0.2, 0.5, 0.8.

Figure 3 shows the effects of the confidence level α on the optimal VaR of the insurer’s
net cost VaRα(NC; c∗, d∗, υ∗) for each case and reinsurance premium principle. For Case 1,
we observe that VaRα(NC; c∗, d∗, υ∗) increases with the increase in α. This means that the
larger the value of α is, the more aggressive the insurer is about the risks. Meanwhile, for
Case 2, we find that VaRα(NC; c∗, d∗, υ∗) decreases with the increase in α. This indicates
that the FGM copula makes VaRα(NC; c∗, d∗, υ∗) become smaller when the insurer is more
aggressive about the risks.

Figure 4 demonstrates the effects of both the dependence parameter θ and the probabil-
ity of claim occurrence p on the optimal VaR of the insurer’s net cost VaRα(NC; c∗, d∗, υ∗) for
each case and reinsurance premium principle. For Case 1, we see that VaRα(NC; c∗, d∗, υ∗)
decreases with the increase in both θ and p. Meanwhile, for Case 2, VaRα(NC; c∗, d∗, υ∗)
increases and decreases with the increase in both θ and p. Furthermore, VaRα(NC; c∗, d∗, υ∗)
derived under the SDPP is found to be larger than that determined under the EVPP.

Figure 5 illustrates the effects of θ = 0 (no correlation between X and Y) on the
optimal VaR of the insurer’s net cost VaRα(NC; c∗, d∗, υ∗) for Case 1 (Sarmanov’s bivariate
exponential distribution) and Case 2 (bivariate exponential distribution with the FGM
copula) under the EVPP. We find that VaRα(NC; c∗, d∗, υ∗) for Case 1 is smaller than that
for Case 2. This is because of the effect of the FGM copula.
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In Figure 6, we analyze the effects of θ = 0 and θ = 0.5 on the optimal VaR of the in-
surer’s net cost VaRα(NC; c∗, d∗, υ∗) for the two cases under the EVPP when p = 0.2, 0.5, 0.8
and find three aspects. First, no matter whether the positive correlation between the claim
amount X and the insurance premium Y exists (i.e., θ = 0.5) or does not exist (i.e., θ = 0),
VaRα(NC; c∗, d∗, υ∗) increases with the increase in the probability of claim occurrence p.
Second, we find for Case 1 that VaRα(NC; c∗, d∗, υ∗) derived when θ = 0 is approximately
equal to that determined when θ = 0.5. Third, in Case 2, when the positive correlation
exists (i.e., θ = 0.5), and the probability of claim occurrence is equal to p = 0.8, the insurer
considerably reduces the magnitude of the optimal VaR of their net cost.

5. Conclusions

Our study focuses on modeling the optimal combination of proportional and stop-loss
reinsurance with the dependent claim and stochastic insurance premium. To capture their
dependence structure, we use two bivariate models: Sarmanov’s bivariate exponential
distribution (Case 1) and the FGM copula-based bivariate exponential distribution (Case 2).
With the reinsurance premium determined by the expected value premium principle
(EVPP) and standard deviation premium principle (SDPP), we use the minimization of the
Value-at-Risk (VaR) of the insurer’s net cost and a constrained reinsurance premium as
optimization criteria. We first derive the insurer’s net cost, which is an implicit function,
making this study become challenging. Using the NMinimize toolbox in Mathematica, we
provide numerical examples in order to determine the optimal proportion, the optimal
retention limit, and the optimal VaR of the insurer’s net cost. We also analyze the effects of
the dependence parameter, the probability of claim occurrence, and the confidence level on
the optimal VaR of the insurer’s net cost.

Our numerical study provides the following results. (1) The correlation between the
claim amount and the insurance premium influences the optimal VaR of the insurer’s net
cost. Under each reinsurance premium principle, the optimal VaR of the insurer’s net
cost decreases with the increase in the dependence parameter of Sarmanov’s bivariate. In
contrast, it decreases and increases with the increase in the dependence parameter of the
FGM copula. (2) The optimal VaR of the insurer’s net cost for Case 1 (Sarmanov’s bivariate
exponential distribution) is smaller than that for Case 2 (bivariate exponential distribution
with the FGM copula) when no positive correlation exists. However, if a positive correlation
exists, the former is not always smaller than the latter. (3) The optimal VaR of the insurer’s
net cost derived under the SDPP is larger than that determined under the EVPP. This is
because of the effect of the variance of the claim amount paid by the reinsurer under the
SDPP. (4) The effects of the dependence parameter and the confidence level on the optimal
VaR of the insurer’s net cost for Case 1 are different from that for Case 2, while the effects of
the probability of claim occurrence are always the same for both cases; see Figures 3 and 4.
More specifically, the optimal VaR of the insurer’s net cost increases with the increase in
the probability of claim occurrence.

Our study focuses on one line of business. In future research, it would be interesting
and challenging to extend our model to two or more lines of business. Furthermore, we
may also use other bivariate models to capture the dependence structure between the claim
amount and the insurance premium; see, e.g., Vidmar (2018) and Kang et al. (2021).
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Appendix A

Appendix A.1. Proof of Theorem 1

Proof. Theorem 1a.
Define C = cXI −Y and L = cX−Y. In the event that I = 1 and cX ≤ Y, the loss is zero,
i.e., C = 0. Consider that

P(cX ≤ Y) = P
(

X ≤ Y
c

)
=
∫ ∞

0

∫ y
c

0
fX,Y(x, y)dxdy

=
∫ ∞

0

∫ y
c

0

[
λ1λ2e−(λ1x+λ2y)

+
θλ1λ2

(λ1 + 1)(λ2 + 1)

1

∑
i=0

1

∑
j=0

(−1)i+j(λ1 + i)e−(λ1+i)x(λ2 + j)e−(λ2+j)y

]
dxdy

=
λ1

λ1 + cλ2
+

θλ1λ2

(λ1 + 1)(λ2 + 1)

1

∑
i=0

1

∑
j=0

(−1)i+j λ1 + i
(λ1 + i) + c(λ2 + j)

we denote by δ1. If I = 1 and cX ≥ Y, the loss exceeds zero, i.e., C > 0. Next, we obtain

fL(l) =
∫ d

c

l
c

fX,Y(x, cx− l)dx

=
∫ d

c

l
c

[
λ1λ2e−(λ1x+λ2(cx−l))

+
θλ1λ2

(λ1 + 1)(λ2 + 1)

1

∑
i=0

1

∑
j=0

(−1)i+j(λ1 + i)e−(λ1+i)x(λ2 + j)e−(λ2+j)(cx−l)

]
dx

=
λ1λ2

λ1 + λ2c

[
e−

λ1
c l − e−(

d
c λ1+dλ2−λ2l)

]
− θλ1λ2

(λ1 + 1)(λ2 + 1)

1

∑
i=0

1

∑
j=0

(λ1 + i)(λ2 + j)
λ1 + i + c(λ2 + j)

[
e−(

d
c (λ1+i)+d(λ2+j)−(λ2+j)l) − e−(

λ1+i
c )l

]
.

By Equation (8), the VaR of the net loss of the insurer is VaRα(NC; c, d) = π(XI −
cXI) + VaRα(C), where the VaRα(C) satisfies

α = P(C ≤ VaRα(C))

= P(I = 0) + P(I = 1)P(cX ≤ Y) + P(I = 1)P(0 < L ≤ VaRα(C))

= (1− p) + pδ1 + pP(0 < L ≤ VaRα(C)).
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Thus,

α− (1− p)− pδi
p

= P(0 < L ≤ VaRα(C))

=
∫ VaRα(C)

0

λ1λ2

λ1 + cλ2

[
e−

λ1
c l − e−(

d
c λ1+dλ2−λ2l)

]
− θλ1λ2

(λ1 + 1)(λ2 + 1)

1

∑
i=0

1

∑
j=0

(−1)i+j (λ1 + i)(λ2 + j)
λ1 + i + c(λ2 + j)

×
[

e−(
d
c (λ1+i)+d(λ2+j)−(λ2+j)l) − e−(

λ1+i
c )l

]
dl.

For the sake of simplicity, let VaRα(C) = υ. Therefore, the above equation can be written as

α− (1− p)− pδ1

p
=

1
λ1 + cλ2

[
cλ2 + λ1e−(

d
c λ1+dλ2) − cλ2e−

υ
c λ1 − λ1e−(

d
c λ1+dλ2−υλ2)

]
− θλ1λ2

(λ1 + 1)(λ2 + 1)

1

∑
i=0

1

∑
j=0

(−1)i+j

λ1 + i + c(λ2 + j)

×
[
c(λ2 + j)

(
e−

υ
c (λ1+i) − 1

)
− (λ1 + i)

(
e−υ(λ2+j) − 1

)
e−(

d
c (λ1+i)+d(λ2+j))

]
.

Proof. Theorem 1b.
Define C = dI − Y and L = d− Y. In the event that I = 1 and d ≤ Y, the loss is zero, i.e.,
C = 0. Consider that

P(d ≤ Y) = P(Y ≥ d)
= SY(d)

= e−dλ2 .

If I = 1 and d ≥ Y, the loss exceeds zero, i.e., C > 0. Next, we obtain

P(L ≤ l) = P(d−Y ≤ l)
= P(Y > d− l)

FL(l) = e−λ2(d−l).

Then, fL(l) = λ2e−λ2(d−l). By Equation (8), the VaR of the net loss of the insurer is
VaRα(NC; c, d) = π(I(X− d)) + VaRα(C), where VaRα(C) satisfies

α = P(C ≤ VaRα(C))

= P(I = 0) + P(I = 1)P(d ≤ Y) + P(I = 1)P(0 < L ≤ VaRα(C))

= (1− p) + pe−dλ2 + pP(0 < L ≤ VaRα(C)).

Thus,

α− (1− p)− pe−dλ2

p
= P(0 < L ≤ VaRα(C))

=
∫ VaRα(C)

0
λ2e−λ2(d−l)dl

= e−dλ2
(

eλ2VaRα(C) − 1
)

.
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Therefore, the above equation can be written as

VaRα(C) =
1

λ2
ln

(
α− (1− p)− pe−dλ2

pe−dλ2
+ 1

)
.

Appendix A.2. Proof of Theorem 2

Proof. Theorem 2a.
Define C = cXI −Y and L = cX−Y. In the event that I = 1 and cX ≤ Y, the loss is zero,
i.e., C = 0. Consider that

P(cX ≤ Y) = P
(

X ≤ Y
c

)
=
∫ ∞

0

∫ y
c

0
fX,Y(x, y)dxdy

=
∫ ∞

0

∫ y
c

0

[
(1 + θ)λ1λ2e−(λ1x+λ2y) − 2θλ1λ2e−(λ1x+2λ2y) − 2θλ1λ2e−(2λ1x+λ2y)

+4θλ1λ2e−(2λ1x+2λ2y)
]
dxdy

= 1− c(1 + θ)λ2

λ1 + cλ2
+

2cθ

λ1 + 2cλ2
+

cθλ2

2λ1 + cλ2
− 2cθλ2

2λ1 + 2cλ2
,

which we denote by δ2. If I = 1 and cX ≥ Y, the loss exceeds zero, i.e., C > 0. Next, we
obtain

fL(l) =
∫ d

c

l
c

fX,Y(x, cx− l)dx

=
∫ d

c

l
c

[
(1 + θ)λ1λ2e−(λ1x+λ2(cx−l))

−2θλ1λ2e−(λ1x+2λ2(cx−l)) − 2θλ1λ2e−(2λ1x+λ2(cx−l)) + 4θλ1λ2e−(2λ1x+2λ2(cx−l))
]
dx

= − (1 + θ)λ1λ2

λ1 + cλ2

[
e−(

d
c λ1+dλ2−lλ2) − e−

l
c λ1
]
+

2θλ1λ2

2λ1 + λ2c

[
e−(

2d
c λ1+dλ2−lλ2) − e−

2l
c λ1
]

+
2θλ1λ2

λ1 + 2cλ2

[
e−(

d
c λ1+2dλ2−2lλ2) − e−

l
c λ1
]
− 2θλ1λ2

λ1 + λ2c

[
e−(

2d
c λ1+2dλ2−2lλ2) − e−

2l
c λ1
]
.

By Equation (8), the VaR of the insurer’s net loss is VaRα(NC; c, d) = π(XI − cXI) +
VaRα(C), where VaRα(C) satisfies

α = P(C ≤ VaRα(C))

= P(I = 0) + P(I = 1)P(cX ≤ Y) + P(I = 1)P(0 < L ≤ VaRα(C))

= (1− p) + pδ2 + pP(0 < L ≤ VaRα(C)).
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Therefore,

α− (1− p)− pδ2

p
= P(0 < L ≤ VaRα(C))

=
∫ VaRα(C)

0

{
− (1 + θ)λ1λ2

λ1 + cλ2

[
e−(

d
c λ1+dλ2−lλ2) − e−

l
c λ1
]

+
2θλ1λ2

2λ1 + cλ2

[
e−(

2d
c λ1+dλ2−lλ2) − e−

2l
c λ1
]

+
2θλ1λ2

λ1 + 2cλ2

[
e−(

d
c λ1+2dλ2−2lλ2) − e−

l
c λ1
]

− 2θλ1λ2

λ1 + cλ2

[
e−(

2d
c λ1+2dλ2−2lλ2) − e−

2l
c λ1
]}

dl.

For the sake of simplicity, let VaRα(C) = υ. Thus, the above equation can be expressed as

α− (1− p)− pδ2

p
= − (1 + θ)λ1λ2

λ1 + cλ2

[
1

λ2
e−(

d
c λ1+dλ2−lλ2) +

c
λ1

e−
l
c λ1

]
+

2θλ1λ2

2λ1 + cλ2

[
1

λ2
e−(

2d
c λ1+dλ2−lλ2) +

c
2λ1

e−
2l
c λ1

]
+

2θλ1λ2

λ1 + 2cλ2

[
1

2λ2
e−(

d
c λ1+2dλ2−2lλ2) +

c
λ1

e−
l
c λ1

]
− 2θλ1λ2

λ1 + cλ2

[
1

2λ2
e−(

2d
c λ1+2dλ2−2lλ2) +

c
2λ1

e−
2l
c λ1

]
or can be written as

α− (1− p)− pδ2

p
= −(1+ θ)ψ(υ; λ1, λ2)+ θψ(υ; 2λ1, λ2)+ θψ(υ; λ1, 2λ2)− θψ(υ; 2λ1, 2λ2),

where

ψ(υ; λ1, λ2) =
λ1λ2

λ1 + cλ2

[
1

λ2

(
e−υλ2 − 1

)
e−(

d
c λ1−dλ2) +

c
λ1

(
e−

υ
c λ1 − 1

)]
.

Note
1 When X is a profit-and-loss (P&L) random variable denoting, e.g., a financial position or a financial asset return, the VaR of X

at a given significance level α is defined as the negative of its lower α-quantile, i.e., VaRα(X) = − inf{x ∈ R : FX(x) ≥ α}; see
Artzner et al. (1999).
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