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Dansk Resumé

Denne afhandling bestar af tre uafhaengige kapitler. Hvert kapitel analyserer ligeveegtsudfald pa
arbejds- og boligmarkedet ved at beskrive adfserden af deltagerne i markederne ved the perturbed util-
ity model, da denne klasse af modeller tillader for mere generelle substitutionsmgnstre end den mest
anvendte klasse af modeller, the additive random wutility model. Substitutionsmgnstre er vigtige, da
lgnninger og boligpriser ikke kun afspejler henholdsvis produktiviteten af arbejdskraften og kvaliteten
af boligerne, men ogsa afspejler tilgaengeligheden af teette substitutter.

Det fgrste kapitel Multidimensional matching and labor market complementarity er skrevet i
samarbejde med Young Jun Lee. Vi foreslar et empirisk framework for matching i et friktionslgst
arbejdsmarked, hvor arbejdere og virksomheder forhandler lgnninger savel som andre kontraktuelle
forholds (som f.eks. at arbejde deltid eller fuldtid). Arbejdernes og virksomhedernes adfeerd er
beskrevet af en klasse af statiske perturbed utility models, hvor alternativerne kan vaere bade kom-
plementer eller substitutter. Vi viser, at der eksisterer en unik ligevaegt, og hvordan denne kan findes.
Som et proof-of-concept estimerer vi modellen pa aggregeret data for det danske arbejdsmarked, og
vi finder, at arbejdere med forskelligt uddannelsesniveau kan veere komplementer in produktionen,
hvilket ikke kan veere tilfeeldet for the additive random utility model.

I det andet kapitel A perturbed spatial equilibrium model foreslas et empirisk framework for en
spatial ligeveevgtsmodel for bolig- og arbejdsmarkedet, hvor husholdninger omkostningsfyldt kan
flytte og pendle mellem lokationer. Husholdningernes adfserd er beskrevet af en statisk perturbed
utility model, der indebaerer at ethvert fremadskuende motiv er ignoreret. Den foreslaede statiske
ligevaegtsmodel muligggr en analyse af de spatiale substitutionsmegnstre for huspriser og lgnninger,
og pa grund af modellens simple struktur er det muligt at lgse modellen for et stort antal lokationer.
Som et proof-of-concept er modellen estimeret pa dansk data, hvor det er antaget at husholdninger

kan veelge at bo og arbejde i 92 kommuner. Baseret pa den estimerede model er der foretaget en
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kontrafaktisk analyse af en 1 procent stigning i udbuddet af boliger i Kgbenhavn. Som forventet
viser analysen, at kvadratmeterpriserne og lgnningerne er mest pavirkede i Kgbenhavn og omegns-
kommunerne. Pa grund af det hgjere udbud af boliger og arbejdskraft falder de gennemsnitlige
kvadratmeterpriser og lgnninger med henholdsvis 10,3 og 0,5 procent i Kgbenhavn.

At flytte bolig er forbundet med store finansielle og ikke-finansielle omkostninger. Derfor er
boligvalget i sagens natur et dynamisk valg, da husholdningerne tager deres fremtidige velfeerd med
i betragtning, nar de skal treeffe beslutningen. Det tredje kapitel A dynamic spatial equilibrium
model for the housing and labor market viser at perturbed utility kan anvendes til at beskrive dy-
namiske valg. Pa baggrund af en dynamisk perturbed utility model foreslas en spatial ligeveegtsmodel
svarende til kapitel 2. Da dynamiske modeller er beregningstunge at estimere, fokuserer den speci-
ficerede model pa hovedstadskommunerne, der bestar af 23 kommuner. Den kontrafaktiske analyse
viser, at de gennemsnitlige kvadratmeterpriser og lgnninger i Kgbenhavn falder med henholdsvis
10,8 og 0,2 procent. At de kontrafaktiske effekter er relativt ens i de to kapitler, afspejler til dels
at antagelsen om statiske forventninger til boligpriser og lgnninger er fasthold i kapitel 3. Dette
fgrer til at priser og lgnninger reagerer for kraftigt til at begynde med. At indbygge fremadskuende

forventninger i modellen er efterladt til fremtidig forskning.
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Summary

This thesis consists of three independent chapters. Each chapter analyzes the equilibrium outcomes
of the labor and housing market by describing the behavior of the participants in the markets by
the perturbed utility model. This class of models allows for a more general substitution patterns
as opposed to the mostly used model class in the literature, the additive random utility model.
Substitution patterns is important, as wages and housing prices not only reflect the productivity of
labor and the quality of the properties, but also reflect the availability of close substitutes.

The first chapter Multidimensional matching and labor market complementarity is written in
cooperation with Young Jun Lee. We propose an empirical framework for matching in a friction-
less labor market, where workers and firms negotiate over wages and other contractual terms (e.g.
whether to work part time or full time). The behavior of workers and firms is described by a class
of static perturbed utility models in which alternatives may be complements or substitutes. We
show that a unique equilibrium exists and how the equilibrium of the model is obtained. As a proof
of concept, we estimate the model based on aggregated data for the Danish labor market and find
that workers with different educational levels can be complements in production, which the additive
random utility model rules out.

The second chapter A perturbed spatial equilibrium model proposes an empirical spatial equilib-
rium framework for the housing and labor markets, where households can only move and commute
between locations at a cost. Household behavior is described by a static perturbed utility model,
which implies that any forward-looking motive is ignored. The proposed static equilibrium model
allow spatial substitution patterns of housing prices and wages to be analyzed, and due to the sim-
plicity of the model it is possible to solve it for a large choice set of locations. As a proof of concept,
the model is estimated on Danish data, where the households are assumed to choose their residential

and work location among 92 municipalities. Based on the estimated model, a counterfactual analysis

v



of an increase of 1 percent in the supply of housing in the capital municipality, Copenhagen, is con-
ducted. As expected this shows analysis that the square meter prices and wages are most affected
in Copenhagen and the nearby municipalities. Due to the higher supply of housing and labor the
average square meter prices and wages decrease by 10.3 and 0.5 percent in Copenhagen.

Moving house is associated with large financial and none-financial costs. Hence, the housing
decision is inherently a dynamic decision, as the households take their future welfare into account
when they making a decision. The third chapter A dynamic spatial equilibrium model for the housing
and labor market shows that perturbed utility can be used to describe dynamic decision. Based on
a dynamic perturbed utility model, the chapter then proposes a spatial equilibrium model similar
to the model in chapter 2. As dynamic models are computationally costly to estimate, the proposed
model focuses on the capital municipalities that constitutes of 23 municipalities. The counterfactual
analysis shows that the average square meter prices and wages in Copenhagen decrease by 10.8 and
0.2 percent, respectively. The similar sizes of the counterfactual changes in the two chapter are
partly due to the maintained assumption of static expectations with respect to square meter prices
and wages in chapter 3. Initially this leads prices and wages to respond too strongly. Incorporating

forward-looking expectations into the model is left for future research.
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Multidimensional Matching and Labor Market

Complementarity”

Esben Scriver Andersen' Young Jun Lee?

February 1, 2022

Abstract

We propose an empirical framework for multidimensional matching in a friction-
less labor market, where the employment level can be identified, and workers and
firms are allowed to negotiate over other contractual terms than wages and who
matches with whom. The behavior of workers and firms is described by a class of
perturbed utility models in which alternatives may be complements or substitutes.
We show that a unique equilibrium exists and how the equilibrium of the model is
obtained. As a proof of concept, we estimate the model based on aggregated data
for the Danish labor market and find that workers with different educational levels

can be complements in production.

KEYWORDS: multidimensional matching, complementarity, perturbed utility, similar-
ity.
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1 Introduction

In the field of macro and labor economics, a fundamental question is whether different
workers are substitutes or complements in production. As this affects wages and the
allocation of workers, the answer to this question has important empirical and policy
implications. For instance, fierce debates in the Western world have centered on whether
immigrants and native workers are substitutes (see, e.g., Borjas (2003); Card (2005); Ot-
taviano and Peri (2012)), as the policy recommendation - whether to restrict immigration
policies or not - from the native workers’” point of view depends on this. In contrast, the
empirical literature on matching models primarily describes the behavior of workers and
firms by the random utility (RU) model, which restricts inputs to be substitutes. Further,
this branch of the literature has mostly studied firms’ composition of workers, thereby
ignoring how the number of matches is determined and the fact that similar workers can
be employed in different occupations.

This paper proposes an empirical framework for two-sided matching in a frictionless
labor market for representative workers and firms, where wages and allocation of workers
are determined in equilibrium. The proposed framework addresses three issues partly
ignored by this branch of the literature: (1) alternatives in the choice sets of workers
or firms are allowed to be complements, (2) the number of matches can be determined
in equilibrium, and (3) matching is multidimensional as workers and firms can negotiate
over other contractual terms than wages and whom to match with.

Most of the existing empirical work describes the choices of the workers and firms by
the RU model, which entails overly simplistic substitution patterns between the different
alternatives that constitute the choice sets of the workers and firms. In particular, the
RU model restricts alternatives to be substitutes. This is especially restrictive for the
firm side since it is well-known that different inputs can be complements® in production.
Instead, this paper describes the behavior of the workers and firms by the perturbed
utility (PU) model. This class of behavioral models rationalizes behavior as maximizing
a utility function that consists of a linear term and a concave perturbation function. Due
to the concavity, the perturbation function can be interpreted as representing preferences
for taste-for-variety of the workers. In the presence of maximal quotas - such that the
representative firms cannot hire more workers than are present in the economy - we
show that the perturbation function can be interpreted as the production function of
the firm. The PU model can be seen as a more general class of models than the class
of RU models. Consequently, Hofbauer and Sandholm (2002) showed that the choice

"'We use the classical definition of complementarity that labels two alternatives as complements if the

cross-price derivative of compensated demand is negative.



probabilities generated by any RU model could be derived from a PU model. Allen and
Rehbeck (2019a), Fosgerau et al. (2020, 2021b), and Fosgerau and Nielsen (2021) all
showed that some PU models can allow for complementarity.

In the existing literature, workers only choose which firm they want to work for, and
firms only choose which workers to hire. However, in practice, most firms hold a variety of
occupations making matching multidimensional as the worker and firm have to negotiate
over other contractual terms than wages and who to match with. For instance, occupations
can vary with respect to working hours, job-tasks, managerial responsibilities, etc. By
allowing for multidimensionality, the use of matching models can be extended to analyze
occupation composition and substitution patterns between different labor inputs along
multiple dimensions.

An obvious empirical issue for one-to-one matching models of the labor market is
that unmatched firms are not observed in the data. For instance, Dupuy et al. (2020)
only consider matched college football coaches when studying the deadweight loss due
to taxation. As a result, the aggregate demand for given types of football coaches is
exogenous, which by construction implies that the employment level is unaffected by
changes in the tax rate. Instead, this paper proposes a many-to-one matching model
where several workers can match to the same firm and where the firm chooses how many
workers to employ.

The proposed framework is closely related to Galichon et al. (2019) as matching is
frictionless and wages can be seen as an imperfect transfer of utility between workers and
firms. However, as alternatives are not restricted to be substitutes in our framework, the
existence and uniqueness of an equilibrium can not be obtained from the gross substi-
tutability condition of Kelso and Crawford (1982). Instead, we use the convexity of the
indirect utility and profit functions to show the unique existence of an equilibrium. In
equilibrium, workers and firms behave optimally, and there is market clearing within each
type of worker. The equilibrium wages and allocation of workers reflect the distribution
of workers, workers’ preferences, and firms’ production functions.

For our empirical application we specify the perturbation functions in terms of the
similarity function as suggested by Fosgerau and Nielsen (2021). We then propose a
maximum likelihood estimator closely related to Dupuy and Galichon (2022) who, unlike
Galichon et al. (2019), allow estimation to be based on both observed choices and observed
wages.

As a proof of concept, we estimate the model based on administrative data for the
Danish labor market and find complementarity between workers of different education
level. Based on our estimated model, we study of the welfare consequences of a counter-

factual skill-bias technological change and a counterfactual decrease in the bottom tax



rate. Our welfare analysis is inspired by Dupuy et al. (2020), who analyze the deadweight
loss from matching distortion?. However, as our framework allows the total employment
to be an equilibrium outcome, our welfare analysis includes changes along the extensive
margin.

The counterfactual study of a skill-bias technological change analyzes the welfare ef-
fects of increased productivity of highly educated workers matched with firms in the man-
ufacturing industry in occupations that demand a high level of skills. The analysis shows
that wages for matches in the manufacturing industry tend to increase if they are com-
plements to the match that experiences increased productivity. In contrast, wages tend
to decrease for matches that are substitutes. This illustrates that skill-bias technological
changes can have very different welfare effects for different labor inputs, and ignorance
of the possibility of complementarities can mislead the effect of technological changes on
wages. On the aggregate level, the welfare of skilled and unskilled workers decreases,
whereas the welfare increases for medium and highly educated workers increases.

The welfare analysis of a counterfactual reduction in the bottom tax rate of a one
percentage point implies that wages fall across matches, as firms do not have to pay as high
wages for compensating the workers for matching with them. However, the average wages
are predicted to increase across worker types as workers sort into more productive matches
with higher wages. As a result, the reduced tax rate implies the the total employment
increases by 1,300 workers, and total welfare increases by 1,550 million DKK. However,

the government budget is worsened by 4,850 million DKK due to the lower tax revenue.

Relation to the literature. This review focuses on the empirical framework for one-
to-one matching. This framework was initiated by the pioneering work of Becker (1973),
who analyzes the equilibrium outcomes in a frictionless matching market, where heteroge-
nous tastes over partners are taken as primitives. Choo and Siow (2006) introduced an
empirical equilibrium framework with perfect transferable utility, where the choices of the
participants were described by the RU model of McFadden (1973). This was followed by
Galichon and Salanie (2021), who showed the existence and uniqueness of the matching
equilibrium are guaranteed under more general forms of unobserved heterogeneity and
proposed an empirical framework. Fox et al. (2018) study the nonparametric identifica-
tion of distributions of unobserved match heterogeneity and agent heterogeneity. Galichon
et al. (2019) unified the matching model of Becker (1973) and the collective model of Chi-
appori (1992) in order to allow for imperfect transfers of utility between agents when

matched.

2Matching distortion is when, e.g., workers choose to work for a firm they like instead of choosing to

work for a firm at which they are most productive.



This branch of the literature assumes a finite number of types of agents on each
side of the market and a continuum of each type exists. Dupuy and Galichon (2014)
extended this framework to account for possible continuous multivariate attributes of the
participants. For an application to the labor market, see Bojilov and Galichon (2016)
who use distributional assumptions to derive closed-form formulas for the equilibrium
matching problem. Even though wages were included in this literature, estimation was
only based on observed choices, which made this framework less appealing for analyzing
the labor market. Dupuy and Galichon (2022) proposed a maximum likelihood estimator
based on observed matches and observed wages.

Various extensions of the framework of Choo and Siow (2006) have been applied to
study, for example, the marriage market, the formation of supply chains, gender differences
in educational attainment, and discrimination in the US (see Chiappori et al. (2009); Fox
(2018); Dupuy et al. (2020); Dupuy and Galichon (2022)). This list is necessarily very

incomplete.

Organization of the paper. The remainder of this paper is organized as follows. Sec-
tion 2 provides a class of two-sided matching framework for labor market. Section 3 shows
the unique existence of equilibrium. Section 4 introduces the similarity model used for
estimation, and Section 5 specifies the model and sets up the applied maximum likelihood
estimator. This is followed by Section 6 that describes the data used for estimation and
presents the estimation results. Finally, based on the estimated model a counterfactual
study of the welfare effects of a skill-biased technology change and a reduced bottom tax

rate is conducted in Section 7, and Section 8 concludes.

2 The model

We study a two-sided many-to-one matching of representative workers and firms in which
alternatives may be substitutes or complements. Unlike the existing literature®, match-
ing between workers and firms can be multidimensional as both worker and firm, when
matched, have to mutually agree on the characteristics of the match. We assume that
the type of the match is defined over a finite set, for example, full-time or part-time jobs,
or jobs requiring cognitive, manual, or social skills. Without loss of generality, we will
assume that the type of the match, which workers and firms have to agree on, is one-
dimensional. We will refer to this additional dimension as occupation. Hence, workers

have to choose which firm to match with and which occupation to perform. Similar firms

3Azevedo and Leshno (2016) provide a theoretical framework for the model with transfers and other

contractual terms.



have to choose which workers to employ and which occupation the worker should perform.
The results from our model are not restricted to a labor market. For example, the model
may be applied to matching of students to schools with majors in specific subjects.

This section is organized as follows. Subsection 2.1 defines the participants of the
matching model. Subsections 2.2 and 2.3 set up the optimization problem for workers
and firms, respectively. This is followed by Subsection 2.4 that defines the aggregate

equilibrium.

2.1 Participants

The economy consists of firms and workers, and only the type of the participants can be
observed. Let x € X index the types of workers; let y € ) index the types of firms. We
further assume that the number of types, |X| and |Y|, are finite. Further, let N, denote
the number of workers of type , and N denote the total number of workers, > N, = N.
Finally, let z € Z index the types of occupations and let there be | Z] different occupations

that any worker can perform for any firm.

2.2  Worker’s problem

The worker of type x can either choose a pair of firm and occupation types (y,z) € Y x Z
or choose to become unemployed. When working in the pair (y, z), the worker receives
the wage w,,., and when unemployed the worker receives the exogenous unemployment
benefits w,. Let W,.. := (wa:yZ)(y,z) cyxZ denote the vector of wages. The worker’s base
their choices on their optimal choice probabilities, p* (W,..) € APIZH! where AMIZIFL =
{p c RE’\IZHI : Zy,z Dyz + Do = 1}, that maximize the worker’s perturbed utility:

peAVIIZI+1

max {Zpyzuxyz (Way=) + Potieo (Wa0) + G (p)} (1)

where u,,, and u, are utility indexes that depend on the wage w,,. and unemployment
benefit w,y. G, : RB’”Z‘H — R is the perturbation function of the worker of type x. If G,
is strictly concave and satisfies that V,, .G, (p) — oo as p,. — 0, then there exists a unique
optimal p® (W,..) for Eq. (1). This perturbation function represents taste for variety as it
penalizes small values of p,.. Together with utilities, the perturbation function encodes
whether the alternatives are substitutes or complements. However, as each worker only
chooses one pair of (y, z), complementarity between two pairs is not a desirable scenario.

As noted by Allen and Rehbeck (2019a), the choice probabilities p* (W,..) can be the
result of aggregating the discrete choices of workers of type x. Hence, the perturbed utility



model can be seen as a representative agent model®.

2.3 Firm’s problem

It is assumed that the representative firm of each type has the same quota, N, which
implies that the firm at maximum can hire all workers. It is assumed that firms of type y
have preferences regarding how many workers of each type to employ and how to allocate

them across the types of occupations, (nxyz)( As a result, workers of identical type

z,2)EXXZ"
are perfect substitutes. The preference for labor inputs for firms of type y is described by

the production function Fj, ((nxyz) (2.2)EX % z>7 which is assumed to be strictly increasing,

strictly concave, and satisfies the boundary condition, V,,_ _F, (n) — 0o as ng,, — 0. For

Nzyz

a given wage schedule (wg,,) the representative firm of type y chooses its bundle

(z,2)eXx 2
of workers (1) (r.)exxz 1l order to maximize its profit given by the production minus
wage costs:

max {Fy ((”xyz)(m,z)esz> - Z wxyzn:vyZ} ,

(nmyz)(x,z)EXXZ

8Fx((nxyz)(x7z)ex><z> _
Oy

subject to the constraint that ng,, > 0. The first-order condition is
Wgy. for all x and z.

This specification of a firm’s problem allows different labor inputs in the production
to be substitutes or complements®, and allows total employment to be endogenously

determined under the following weak assumptions.

Assumption 1 (Technology). Each representative firm y has the same quota for labor

and its production depends on the unused quota:

Ey ((nﬂ?yZ)(x,z)EXxZ> - Fy ((nﬂﬂyZ)(x,z)EXXZ V= Z nxyz> ’

T,z

and F, satisfies for any constant C' > 0 that

- = Ny N — szn:c z
Fy <(n”3yz>(x72)6?€xz N = anyz> = CFy (< 63 )(:1: 2exxz’ 07 : ) RO

4We can alternatively interpret p* (W,..) as generated by a preference for randomization (Fudenberg

et al., 2015). A worker of type x chooses an optimal probability over (Y x Z)U {0}, and the worker uses

this to choose among alternatives randomly.
®Our output function F, is familiar from the one in Eeckhout and Kircher (2018), but we do not

impose the additive separability across its types. As Eeckhout and Kircher (2018) mentioned, additive

separability is restrictive because it does not allow for interactions between workers.



.............. i §
] ™ /"‘zl i‘ ....... =
............ i i e -
.................. L :
gu| | | Gs (11 JE
S TR T E
\ | i —— -
Occupation ( 2) — 5
o Nt (b) Firm of type y

Figure 1: Worker’s and firm’s choice probabilities

Our assumption of quotas is related to Eeckhout and Kircher (2018), who include
scarce managerial resources in a firm’s production function. Assumption 1 allow the

firm’s profit maximization problem to be rewritten as:

gENIXIIZI+1

max N{Fy(Q)_wayzqu}+fy(N)v (2)

T,z

with ¢ = ((qxz)(x,z)eXXZ , q0> , where ¢, = ng,,/N and ¢y = <N — Z“ nxyz> /N. For a
given wage schedule, W.,. := (wxyz)(mﬁz) cxxz let ¢? (W.,.) denote the solution to the profit
maximization problem. As ¢¥ (W.,.) belongs to the probability simplex, AXIZ+1 it can
be interpreted as the optimal choice probabilities of the representative firm of type y. As
N is a constant, it does not affect the optimal choice probabilities of the firm. Hence,
the maximization problem, max g xijz+1 {Fy (q) — Zx’z wxyquz}, is a perturbed utility
model.

As F, is strictly increasing, strictly concave, and satisfies the boundary condition,
Vi.F, (@) — o0 as g, — 0, the optimal vector of choice probabilities,¢¥ (W.,.), is in
the interior of Al*IZI+1 The implications of our boundary conditions are similar to the
implications of the Inada conditions, as both imply that when any input is absent, no

output is produced.

2.4 Market clearing and aggregate equilibrium

This subsection defines the equilibrium of the model. Without loss of generality, we
normalize the mass of workers to unity, > 7, = 1, where r, > 0 denotes the mass of

workers of type x. However, as the mass of firms equals to unity for all types y € Y by



assumption, it can be ignored. For a given wage schedule W, the optimal choices of the
worker of type x and firm of type y are given by the choice probabilities p* (W,..) and
¢V (W.,.), respectively. This is illustrated by Figure 1. In equilibrium, markets must clear
such that the mass of workers of type x choosing a pair of industry and occupation, (y, z),
should coincide with the mass of workers of type x in occupation z chosen by a firm of
type y:

TPy, Wa) = ¢, (W), V(z,y,2) €X' XY x 2. (3)

Let p},, be the equilibrium mass of workers of type z assigned to the pair (y, z). Let
M (r) be the set of distributions, p = ((,uxyz)(y z)eyxznuxﬂ) , over (X x)Y x Z)U
’ reX
(X x {0}) with first margin r = (r1,...,rx|):

M (r) = {M e AIXIVIZ+X] Zumyz H lgo = 70,V € X} (4)

y?z

This leads to the following definition:

Definition 1 (Aggregate equilibrium). An aggregate equilibrium is characterized by a set

*

*
of wages W = (wmyz)(‘ft,y,z)eé\’xyxz

and mass of workers p* = <(u$yz)(yyz)€yxza Mzo> ek’

satisfying:
(i) (Market clearing) pu* € M (r).

(ii) (Optimality for worker) A representative worker of type x solves the following per-

turbed utility model for the wage schedule W :

[}, € argmax {Zpyzuxyz (w,2) + Potiao (Wao) + G (p)} :
Y,z

peAVIIZI+1

(iii) (Optimality of firm) A representative firm of type y solves the following perturbed
utility model for the wage schedule W’;

<:u?ky~7 1- Z /‘L;yz) € argmax {Fy (Q) - Z w;yzqacz} .

T genl®IIZI+1
)

If a |X| x| Y| x| Z| wage matrix W* exists such that (u*, W*) is an aggregate equilibrium
for a given vector of unemployment benefits, wy = (wm, . ,w|X|0)/, we say that p* is
stable and W* supports p*. Hence, in equilibrium, no workers or firms want to deviate.
This concept of equilibrium corresponds to the competitive equilibrium in Kelso and
Crawford (1982) and Dupuy et al. (2020).

10



3 Aggregate equilibrium: existence and uniqueness

We prove the unique existence of the equilibrium under the following regularity conditions.

Assumption 2. The perturbation function G, (p) (and F, (q)) satisfies the following con-
ditions for allz € X (andy € Y):

(i) G (p) is a proper, closed strictly concave function with domain AMIZIF1,

(it) For all p € Int (AWIZHY) "G, (p) is twice differentiable with invertible V>G,(p),

and

(iti) For any sequence (p*) C Int (AMIEHY) “we have V,,, G, (p°) , Vp,Ge (p°) — oo if
and only z'fpf;z,pg — 0, respectively.
Fosgerau et al. (2021a) show that G, (p) and F,, (¢), and their conjugates are essentially

smooth under Assumption 2. Then, it follows that VG, (p) and VF, (q) are homeomor-
phic from RBJJUZ‘H and RK‘JZ'H, respectively. With functions H, and M, defined by

H, (p) = VG, (p) + uyjzi+1, My (q) = VE,(q) + vy zi+1,

the optimal choice probabilities can be expressed in closed form

P (We.) = H' (=Up (Wi, wy)) e @ Ur(We)) — z \T ’
LTJ}HZHle ! (_Uz (Wg;, wxo))

(5)
[ M_l (W )

qy (W ) = Mfl (W _)eny(Wy) — Y — Y :

' ’ Hapzn Myt Wy

where G (-) and F; are the convex conjugates,

(6)

peAVIIZI+1

G; (Ux (Wx; wxo)) = max {Zpyzuzyz (wxyz) + Polo (wIO) + Gm (p>} )
Y,z

Fy (Wy) = qEAI%(E}éHl {Fy (Q) - Z wxyquz} 5

and U, (W, wy) = ((uxyz (wxyz))(y,z)eyxz s U0 (wx0)> is the vector of utilities for a
worker of type x given a wage schedule W,... Note that the optimal choice probabilities
are given by the multinomial logit choice probabilities when the perturbation function is
given by Shannon entropy, H(p) = — logp.

The aggregate equilibrium is affected by the total indirect utility and profit of workers

and firms defined as

G* (U (W,wo)) = > 10G% (Uy Wy wio)),  F* (W)=Y Fy (W),

11



where U (W, wy0) = (Uy (Wy.., Wa0)) ,er- Since the convex conjugates G (Uy (W, wao))
and Fr (W.,.) are convex in U, and concave in W.,., then G* (U (W, wy)) and F* (W)
are also convex in U and concave in W, respectively. From the Williams-Daly-Zachary
theorem, it follows that the mass of workers of type x choosing a pair (y, z) and the mass

of firms of type y choosing a pair (z, z) are given by the quantities

_ 9G" (U (W, wap)) 0G7, (Uz. (Wi, wao))

p:}cpmz (Wz) =Ty )
v auwyz ~ auacyz
OF* (W)  OF: (W)
q:cz ( Yy ) 8 wxyz a wxyz )

respectively. This leads to the following equivalence between our equilibrium outcome
and the one in Galichon et al. (2019).

Proposition 1. Let Assumption 2 hold. Then there exists an aggregate equilibrium out-

come (pu*, W*) given the utility indez, perturbation functions, and unemployment benefit
if and only if

(i) (Market clearing) p* € M (r);

(i1) (Optimality) Given the vector of equilibrium wages W*,

o 0G U (We ) _ OE; (W)
Yz au:cyz z=WE. awxyz W.y.=W3,.
and
OO (U (W i)
Hao = Ta O W =WE. .

Furthermore, pi* € Int (AXIVIZHIAT)

We follow the results in Galichon et al. (2019) to study the aggregate equilibria in terms
of a demand system. The matching of types (x,y, 2) is treated as a good, with workers as
producers and firms as consumers. Each worker of type x chooses to produce one of the
goods of type (z, vy, z), where (y, z) € Y X Z or the outside option 0; similarly, each industry
of type y chooses to consume one of the goods of type (z,y, z), where (z,2) € X x Z or
the outside option 0. Then, r,0G%: (U, (Wi.., wy)) /Otgy, and OFJ (W.,.) /Owgy, can be
interpreted as supply and demand of the good (z,y, z), respectively, if the price matrix is
W. Let D,,. define the excess demand function for the good (x,y, 2)

Doy (W, W) := OF* (W) [Owgy, — OG* (U (W, wy0)) /Oty
= OF; (W.,.) /0wy, — 1.0G (Uy (Wa.., Weo)) /Oty

12



As a result, D (W) = {Dyy, (W,.,W,.):x € X,y € Y,z € Z} can be interpreted as
the excess demand function and W as a matrix of market prices: if w,,, increases and
all the other entries of W remain constant, the utility w,,, (wy,.) of the worker in match
(z,y, z) increases. Hence, the excess demand, D,,, for the match (x,y, ) increases.

We now state and prove a theorem that ensures the existence and uniqueness of an
equilibrium using the characterization of aggregate equilibrium as a demand system. We

show there exists a unique price matrix W*, at which the value of excess demand is 0.

Definition 2. A function D : RI¥IVIZI 5 RIZIVIZ! ig called monotone if it has the prop-
erty that (D (W) — D (W?)) (W' — W?) > 0 for all W' and W2, and strictly monotone
if this inequality is strict when W' #£ W?2.

The monotonicity is a valuable tool in the solution mapping and is connected to the
complementarity condition in convex analysis’®. However, as the wages satisfying the
complementarity condition do not guarantee D (W) to be zero in RL«:(H)JHZ\’ it is required
to extend our domain to RI*IWIIZl and specify the worker’s utility function for the extended

domain.

Assumption 3. gy, (Way.) = QuWay, + By with nonnegative o, for all (z,y,z) € X x
Y x Z.

Lemma 1. Under Assumption 2 and 3, —D is monotone.

Our results can be employed in the classical matching model with perfectly transferable
utility, where the total welfare of the match is unaffected of the utility transfer. Although
recent studies such as Galichon and Salanie (2021) do not constrain the model to the
generalized extreme value class, alternatives are always substitutes in an additive random
utility model. Our model may allow for complementarity.

By applying the perturbed utility model, we allow for more general substitution pat-
terns, including complementarity. However, we need to limit u,,, (-) for workers of type
x to be linear in wages for matching models with imperfectly transferable utility. This
linearity condition on deterministic utilities is more restricted than in Galichon et al.
(2019)7, requiring monotonicity in w. However, we can still apply the following unique
existence result to the wage market with proportional taxation or agent-specific taxation
in Dupuy et al. (2020).

6The monotonicity shares the same definition with the stable game in Hofbauer and Sandholm (2007)
and we can think of the existence of equilibrium in Hofbauer and Sandholm (2007). In the stable game,

the Nash equilibrium is characterized in terms of invasion.

"Under the gross substitutability in the class of an ARUM, both G* (U (W)) /OU and —0F* (W) /OW
are strictly diagonally isotone and in the type of an M-function, which is off-diagonally antitone and
inverse isotone. This allows us to use theorems in Rheinboldt (1970) and Berry et al. (2013) for the

unique existence of equilibrium.
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Theorem 1. Under Assumptions 2 and 3, there exists a unique matrix W* such that

D (W*) =0.
Corollary 1. Under Assumptions 2 and 3, there exists a unique equilibrium (p*, W*).

We established a new existence result for the aggregate equilibrium outcome that is
not based on the gross substitutability condition of Kelso and Crawford (1982). We note
from Fosgerau and Nielsen (2021) that

Vg (W) = VM, (¢ (W)™ = ¢ (W) ¢ (W,.) .

For the logit model, M, (¢) = log ¢ and the gross substitutability condition holds. How-
ever, we obtain the result for the model with the general class of perturbation functions
G, and F,, which leads to a model in which complementarity may arise. Fosgerau et al.

(2021Db) give a simple example of the model with taste for variety at the group level.

4 Complementarity and substitutability with simi-

larity model

The perturbed utility model is a general class of behavioral models that nests the class
of additive random utility models (ARUM). Hence, our matching model allows for more
general forms of unobserved heterogeneity compared to Galichon and Salanie (2021).

By specifying the perturbation function in terms of a similarity function, defined
below, Fosgerau and Nielsen (2021) introduced a class of perturbed utility models that

allow alternatives to be both substitutes and complements.

Definition 3 (Similarity function). Let C = {1, ..., C} index a finite set of characteristics
among a menu J = {1,...,J} and let ® = (¢;).cc ;c; With nonnegative entries ¢.; > 0
and columns that sum to 1, Y .. ¢; = 1. A similarity function S : Ri — R has the form

SRS I

ceC jeTJ €T

where A = (A1,...,A¢) € RY is a vector of parameters associated with the characteristics
in C satisfying ) ... max {\;, 0} ¢,; < 1 for all j € J.

Fosgerau and Nielsen (2021) show that the similarity function is strictly concave when
Y ece max {A., 0} ¢c; < 1 for all j € J and satisfies Assumption 2.

A can be interpreted as measuring the degree of substitutability within a set of al-
ternatives, J. = {j € J : ¢; > 0}, compared to the logit model. If A, > 0, alternatives
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in J. are more substitutable compared to the logit model. For \. < 0, alternatives in 7.
are less substitutable and may be complementary. Below we give examples for different

similarity functions that nest well-known ARUM models.

Example 1 (Multinomial logit model). Given that A. = 0 for all ¢ € C, the similarity

function reduces to the Shannon entropy:
— Y g;logg;.
J

Then, as shown by Fosgerau and Nielsen (2021), the optimal choice probabilities are given

by the multinomial logit choice probabilities

Example 2 (Nested logit model). Consider a simple two-level nested logit model that

partitions a menu of alternatives into nests, {1, ..., Jc}. Then the similarity function is
==Y A (Z qj> log (Z %‘) ) (1=X)gilogg
c VISNE VISNE c jeT.
{Jejc}qj
=—) qiloggi+ ) A ) ljeqq5log
05+ 303 e o i

with the nesting parameters {\.:c=1,...,C} and 0 < A\, < 1.
For A\. < 1, the model extends to the generalized nested choice model by Allen and
Rehbeck (2019b), where complementarity can occur between any two alternatives in any

nest J. with parameter A\. < 0.

Fosgerau et al. (2021b) introduced the Inverse Product Differentiation Logit (IPDL)
model, which allows for complementarity. As another example of similarity function,
we consider the IPDL model for the following simple firm’s problem: two characteristics

divide the set of workers into four groups.

Example 3. We consider the representative firm’s problem with a menu J = (X x Z)U
{0} where X = Z = {1,2}. Let C = {Cx‘l,CX|2,Cz‘1,Cz|2} where

cx: ={(x,2):x e X}, czp={(z,2):2€ Z},

and ¢.; = 1jeq/2 indicates that the alternative j belongs to nest c. Then the firm faces

the maximization problem

q=(q0,q911,912,921,q22) EA®

max { Z wxquz} )
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BI

Figure 2: Nesting parameter region for similarity function

where A = {q € R Jgo + Zi vl Qoz = 1} is the probability simplex and

2

r,z=1

2
+ dzz )\X\z log 2 -+ /\2|g; log = .
r,2=1 [ Zaz’:l Ve Zzlzl Qa2

This similarity model includes the multinomial logit and (generalized) nested choice
models as special cases. The region for the nesting parameter of the similarity model is
shown in Figure 2. When Ax|; and Ay, are zero, the model reduces to the nested choice
model with a hierarchical nesting structure, where the worker type is the first layer and
the occupation type is the second layer. Conversely, when Az; and Az, are zero, the
occupation type is the first layer and the worker type is the second layer. The lines A
and A’ indicate the regions of nesting parameters for the nested logit model, and AU B
and A’ U B’ indicate the regions of nesting parameters for the generalized nested choice
model. Hence, the similarity model has a more general structure as it allows the nesting
structure to be non-hierarchical.

We now illustrate the substitution patterns for different values of the nesting param-
eters. Let Ay1 = Axj2 = Ax and Az;1 = Az = Az and let the wages be identical across
alternatives, W = (Wu.) ey ez = (w, w,w,w)'.

by ¢.. (W) = m for all alternatives. However, the substitution between the

different alternatives are not identical. This is illustrated by Figure 3 that, for different

Then the choice probabilities are given

values of (Ay,Az), plots the derivatives of the choice probabilities, 0q,, (W) /0w, for
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(c) 9g3, (W) /6w11|W:(1,1,1,1) (d) 9g3, (W) /8w11|W:(1,1,1,1)

Figure 3: Demand substitutability and complementarity over (Ax,Az) € [—0.25,0.75] x
[—0.85,0.15]: A blue area represents the values of zero.

each (x,z) € X x Z. Note dqy; (W) /0wy is negative for all pairs of (Ax,Az), which
means that the probability of choosing alternative (1,1) decreases as its own wage in-
creases. Figure 3.(b) shows that alternatives (1,1) and (1,2) become closer substitutes
as Az increases. However, interestingly, Figure 3.(c) shows that alternatives (1,1) and
(2,1) become complements as Ay decreases. This illustrates that the substitution pattern

depends on Az as well as Ay and the model can allow for complementarity.

5 Model specification and estimation

The choice specific payoft, U,, and the perturbation functions, (Gx, F‘y) represent the
preferences of the workers and the technology of the firms. This section specifies workers’

preferences and firms’ technologies, and proposes a maximum likelihood estimator.

5.1 Model specification

The utility of the worker linearly increases in post-tax income

Uzyz (Wayz) = @ (Waye = T (Wayz)) + Brye, (7)
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U0 (’UJ()) =« (’U)O -7 (U)O)) )

and the parameters (v, f,,,) represent the marginal utility of post-tax income and the
utility of working in a given match, respectively. It should be noted that « has to be
nonnegative in order to obey Assumption 3 and to guarantee existence and uniqueness of
the equilibrium. The tax function, 7 (+), is a smooth and convex function which in turn
implies that worker’s utility is concave in pre-tax income®.

The perturbation function is assumed to be identical across worker types and, as

suggested by Fosgerau and Nielsen (2021), it is given by the similarity function,

G (p) =Y Pyzhy Py 1-2) + Poho (po) |

y?Z

where the functions {(hyz Py =)y 2 eynz » o (po)} describe workers’ taste-for-variety

over different types of firms and occupations

Dyz Dyz
hy: (Py., p.z) = —log (py:) + 1y log (#) + 1z log ( 4 ) ,

y Dz D Dy

ho (po) = —log (po) -

The nesting parameters (1y,7z) determine the degree of substitution between similar
types of firms and similar types of occupations, respectively. As we illustrated in Example
3, the perturbation function G, (p) satisfies Assumption 2 if max {7y, 0}+max {nz,0} < 1.
If ny =nz =0, hy, (py.,p..) = —log(py.) and hg (po) = —log (po), then the similarity
function reduces to the Shannon entropy and the optimal choice probabilities are given
by the multinomial logit choice probabilities.

As already noted the perturbation function for the firms represents the production

function

Fy (Q) = Z Qzz (nyz + My (QI-: QZ)) + qdo (7Ty0 + myg (QO)) 3

T,z

where the functions {(mm (e @) (o 2yexx 2 » 0 (qo)} are defined as

Mz (@) G2) = — 108 (daz) + A log (Zq—q) +Azlog (Zqz; ) :

mo (q0) = —log (qo) -

(Tayz) (.2)EXxZ reflects the productivity of matches and the functions m,, () and mq (-)

describe how the firms’ production is affected by the input shares of different worker

8The applied tax function is described in Subsection 6.3.
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and occupation types. Note that <(7Txyz)(x,z)eXxZ : 7Ty0> and ((mxz () @m)exxz » Mo ())
represent the linear and nonlinear parts of production, respectively. For identification,
myo is normalized to zero for all y € V.

Higher positive values for Ay imply stronger substitution between matches with sim-
ilar worker types relative to the logit model. In contrast, smaller values lead to weaker
substitution, and workers can become complements when Ay is sufficiently negative. The
interpretation of Az is similar to Az, but with respect to matches with similar occupations.
Similar to workers’ perturbation function, the firms’ production function F, (q) satisfies
Assumption 2 if max {A\y,0} + max{Az,0} < 1.

5.2 Maximum likelihood estimation

Given the observed number of matched workers and observed average wages, {ﬁ, W},
the vector of structural parameters, 8 = {5, a,n,m, A}, can be estimated by maximum
likelihood estimation.

Equations (5) and (6) can not be used to compute the optimal choice probabilities for
workers and firms as H~'(-) and M~!(-) cannot be expressed in closed form even though
they exist. Following Fosgerau and Nielsen (2021), it is shown in Appendix A that the

optimal choice probabilities can be expressed as fixed points

= pfc o) er(Wx--)“‘H(px) y qy o) e(”-y~_va~)+M(qy)
p= (p*, eUs(Wa-)+H (™)) = (q¥, e(my- =Wy )+M(g¥)) " (8)

Fosgerau and Nielsen (2021) also provide a contraction mapping and prove that, for
any initial guess of the choice probabilities, the contraction mapping converges to the
optimal choice probabilities. The contraction mapping is given in Appendix.B. For later

use define the logarithm of the denominator of the fixed points
ws, = log <p$7 eUz(Wz..)+H(pz)>7 fs, = log <qy7 e(ﬂAyA7Wy»)+M(qy)> i (9)

These equal respectively the worker and firm surplus up to a constant. By inserting the
fixed point of the optimal choice probabilities, Eq. (8), into the market clearing condition

given by Eq. (3) we can derive an expression for equilibrium wages
1
Wayz = 1ta log (¢y/pz) + (Tay> — [5y) = (Bayz — aT (Way2) — wSa) (10)
(g + s (6%) = (log 5 + 1y 7)) -

Equation (10) is a fixed point for equilibrium wages since (7 (Wyy.) , WSy, fSy, D*, ¢¥)

are also functions of equilibrium wages. This fixed point based on the similarity model

19



generalizes the expression for equilibrium wages that Dupuy et al. (2020) derived for
the logit model. Let w,,, (6) denote the derived equilibrium wage for a given vector of
structural parameters, 6.

When estimating the structural parameters, we allow observations of matches and
wages across several time periods. Hence, let superscript ¢t = 1,2,..., T denote the time
period of any given variable. Similar to Dupuy et al. (2020), we assume that the equi-
librium wage is observed with an independent identical normal distributed measurement
error, &b, . ~ N (0,0%),

Waye = Way, (0) + €4y

Let 7, denote the observed number of unmatched workers and let 2, . denote the
observed number of workers in a given match. Due to the assumption of independence
between the measurement errors the likelihood contribution of any matched worker type
is given by the product of the likelihood of the observed number of matches and the
likelihood of the observed wage

Lo () = Pr (utol6) = pg* (WL (6) ]6) ™o

where p2f (W} () |0) is the choice probability of the worker? and f (w%,.|0) is the density
function of the observed wage. Note that, for any type of unmatched worker, the likelihood
contribution is simply given by the likelihood of the observed number of unemployed, since
it is assumed that the benefit payment, w’,, is known with certainty. The corresponding

likelihood function is given by the product of the individual likelihood contributions

_ {ﬁnm} {Hnew }

t=1 «x t=1 z,y,z

As a result, we can express the log-likelihood function as the sum of the log-likelihood
function of observed matches, log Lj(f), and the log-likelihood function of observed
wages, log Ly (6)

log L(0) = log L (0) + log Ly (), (11)

where the likelihood function of the observed matches is

log Ly (6 ZZuzo log pg* 0)10) +ZZMW log pit (WE.(0)10) .

t=1 z,y,z

9Since the fixed points of the optimal choice probabilities, Eq. (8), are not ensured to converge, we
cannot use these to calculate the choice probabilities. However, Fosgerau and Nielsen (2021) provide
a contraction mapping and prove that for any initial guess of the choice probabilities, the contraction
mapping converges to the true choice probabilities. Hence, when evaluating the likelihood function we

use this contraction mapping to find optimal choice probabilities of firms and workers.
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Since the measurement errors are assumed to be normal distributed the log-likelihood

function of the observed wages is

o ue(9) =~ 33" (. — v e 0) 5y — g og (07 0).

t=1 z,y,z

and as it can be shown that the variance of the measurement error that maximizes the

likelihood function can be expressed in closed form

T|X| D}| |Z|ZZ IZ/Z_ xyz(e))Qa

t=1 x,y,z

o® (0) =

we can concentrate this parameter out of the log-likelihood function and thereby reduce
the number of parameters we maximize the likelihood function with respect to.

Note that, for each guess of 8, the model has to be solved T times in order to find the
equilibrium wages for each period. This is by far the most computational costly operation
when evaluating the full likelihood function. Two methods are available when solving for
equilibrium wages. The equilibrium wages can for an initial guess for W' be found by
successful approximation by iterating on Eq. (10), or the equilibrium wages can be found
by the use of gradient-based numerical methods in order to set excess demand to zero.
The latter method is applied during estimation since we find that this is the most efficient
method.

6 Data and estimation results

This section describes the data source used for estimation and presents the estimation
results. The section is organized as follows. Subsection 6.1 outlines our data sources
and construction of the data set used for estimation and Subsection 6.2 presents some
descriptive statistics for the Danish labor market. Subsection 6.3 presents the used tax
function that mimics the key features of the Danish tax system. Finally, Subsection 6.4
presents the estimation results and Subsection 6.5 graphically illustrates the fit of the

model.

6.1 Data construction

Our data is drawn from several administrative registers from Statistics Denmark that
cover the entire population of individuals. Since all individuals are associated with a
unique identifier, the individual information can be combined across registers.

Observed matches between firms and workers are based on the register-based labor
force statistics (Registerbaseret Arbejdststyrke Statistik, RAS). RAS records the labor
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market status in week 48 each year. For employed individuals, this register also contains
information on occupation and industry. By excluding individuals with the labor market
status of employer, self-employed, or self-employed spouses, we can divide the population
into employed wage-earners and non-employed individuals. For employed wage-earners,
we have detailed information on industry affiliation and occupation. Inspired by Traiber-
man (2019) and Hummels et al. (2014), we define four industries and six occupations. We
also define four types of workers based on the individual’s highest attained education. In
turn, we consider 96 different triples of worker types, industries, and occupations.

The definition of the four industries is based on the Nomenclature of Economic Ac-
tivities (NACE) two-digit industry code. 1. Manufacturing (including utilities and con-
struction) contains industries with NACE code 1-45; 2. FIRE (including R&D) contains
industries with code 46-82; 3. Public services contains industries with code 84-90; and 4.
Other services contains the residual group of industries.

For the definition of the six occupation groups (1. Management; 2 High level skills; 3
Medium level skill; 4. Basic level skills; 5. Other wage earners; 6. Missing observations),
we use a definition of Statistics Denmark that is based on the International Standard
Classification of Occupations (ISCO). We treat missing observations as its own group,
since this is a relatively big group of employed individuals, and we expect that these
missing observations differ substantially from the remaining groups of occupation.

Lastly, the definition of the four types of workers is based on the International Standard
Classification of Education (ISCED) two-digit code. Information on education comes
from the register of education attainment (Uddannelsesregistret, UDDA). 1. Unskilled
workers include individuals with high school completion or less (ISCED code 10-20 or
missing); 2. Skilled workers include individuals with vocational education (ISCED code
30); 3. Medium educated workers include individuals with short- or medium-cycle higher
education or a bachelor degree (ISCED code 35-60); 4. Highly educated workers include
individuals with a master or PhD degree (ISCED code 70-80).

Observed wages are based on the register of employment for wage-earners (Beskaeftigelse
for lgnmodtagere, BFL) that contains individual information on wages, industry affilia-
tion, and occupation across employment spells. By merging BFL with UDDA, we can
calculate the total wage payments across the 96 triples of educational, industry, and oc-
cupational groups. We then calculate the average wages for the 96 triples by dividing
the corresponding total wage payments from BFL by the number of matches from RAS.
When calculating observed matches and wages, we only include individuals in the age
interval 18-65, where 65 is the official pension age in Denmark throughout the period we

consider.
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6.2 Descriptive statistics of the Danish labor market

Table 1 shows the aggregated numbers of individuals of the four education groups from
2010 through 2018. From the table, we see that most of the labor force is comprised of un-
skilled and skilled labor. Further, we see that the general level of education has increased
for the labor force. More specifically, the number of medium and highly educated indi-
viduals has increased. Especially the relative increase among highly educated individuals
has been dramatical. From 2010 to 2018, the number of highly educated individuals has
increased from 242,000 to 367,000, corresponding to a 52 pct. increase. The number of
medium educated individuals has also increased considerably. This group has increased
from 676,000 to 782,000 corresponding to an increase of 16 pct. In contrast, the numbers

of unskilled and skilled individuals have slightly decreased over the period.

2010 2011 2012 2013 2014 2015 2016 2017 2018

1. Unskilled 1,240 1,233 1,225 1,217 1,210 1,200 1,196 1,194 1,185
2. Skilled 1,108 1,098 1,086 1,073 1,061 1,052 1,043 1,032 1,021
3. Medium educ. 676 687 697 706 720 737 757 767 782
4. Highly educ. 242 253 264 276 201 308 327 347 367
Total 3,266 3,271 3,273 3272 3,281 3,297 3,322 3,341 3,356

Table 1: Number of individuals across years and education groups, 1,000. The table only
includes individuals between 18-65 years old; employer, self-employed, and self-employed spouses

have been excluded.

Table 2 shows the number of individuals across industries or unemployment. The
largest industry is the residual group Other Services, with 971,000 employed individuals
in 2018 followed by Public Services and Manufacturing. The smallest industry is FIRFE,
with 249,000 employed individuals in 2018. Further, we note that Non-employed is the
largest group as this group constituted 885,000 individuals in 2018. However, this group
has decreased over the period as it constituted 962,000 individuals in 2010. The number
of individuals employed in the public sector has been almost constant throughout the
period, whereas the number of individuals employed in the three other industries has
increased. With an increase of 90,000 employed workers Other services has experienced
the largest increase in employment. However, the percentage increase has been of similar

magnitude across these three industries.
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2010 2011 2012 2013 2014 2015 2016 2017 2018

0. Non-employed 962 972 987 979 964 948 932 913 885
1. Manufacturing 489 494 487 481 490 498 510 522 532
2. FIRE 223 223 223 225 227 232 238 242 249
3. Public Services 713 703 699 704 705 708 707 711 718
4. Other Services 880 879 878 884 896 912 935 952 971
Total 3,266 3,271 3,273 3,272 3,281 3,297 3,322 3,341 3,356

Table 2: Number of workers in the labor force across years and industries, 1,000. The table
only includes individuals between 18-65 years old; employer, self-employed, and self-employed

spouses have been excluded.

Table 3 shows the number of employed individuals across occupation groups of varying
size. The largest group consists of occupations that require Basic Level of skills, which
in 2018 constituted more than a million employed individuals, whereas Management only
constituted 104,000 individuals. Further, we see that the number of individuals employed
in jobs classified as demanding High level of skills has increased the most from 573,000
to 686,000 employed individuals, corresponding to an increase of 20 pct. However, the
number of individuals with missing information shows a similar relative increase of 17
pct. The only occupation group where the number of employed individuals has decreased
is occupations that demand Medium Level of skills. This occupation group has decreased

from 301,000 to 274,000 employed individuals, corresponding to a decrease of 9 pct.

2010 2011 2012 2013 2014 2015 2016 2017 2018

1. Management 100 101 98 97 102 101 103 103 104
2. High Level 573 586 592 602 618 637 653 669 686
3. Medium Level 301 283 279 275 265 267 270 274 274
4. Basic Level 980 974 957 951 972 983 997 1,007 1,015
5. Other 197 196 191 193 198 200 206 @ 211 213
6. Missing 154 158 169 175 162 160 161 164 180

Total Employment 2,305 2,209 2286 2,293 2,317 2,349 2,391 2428 2471

Table 3: Number of employed workers across occupations and year, 1,000. The table only
includes individuals between 18-65 years old; employer, self-employed, and self-employed spouses

have been excluded.
Table 4 shows the empirical choice probabilities for the four worker types for 2018

(excluding the outside option of non-employment). The tables show that unskilled and

skilled individuals are mostly concentrated in occupations that only require basic level
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of skills and primarily work in Manufacturing and Other Services. Medium educated
individuals are especially concentrated in Public Services, where they are mostly employed
in jobs that require High level of skills. Finally, highly educated individuals are to a
great extent employed in occupations that require a high level of skills and are mostly

concentrated in Public Services and Other Services.

1. Manufac. 2. FIRE 3. Public 4. Other 1. Manufac. 2. FIRE 3. Public 4. Other
1. Management 0.3 0.1 0.1 0.7 1. Management 1.0 0.2 0.1 1.5
2. High Level 0.3 0.8 2.6 1.6 2. High Level 0.6 1.4 1.4 1.6
3. Medium Level 0.6 0.7 0.7 2.1 3. Medium Level 2.1 1.6 1.9 4.6
4. Basic Level 7.6 1.4 6.8 16.0 4. Basic Level 17.6 2.1 13.0 16.4
5. Other 2.4 0.4 1.3 5.7 5. Other 2.3 0.2 1.1 3.3
6. Missing 1.6 0.6 0.7 4.0 6. Missing 1.8 0.7 04 2.8

(a) Unskilled workers (b) Skilled workers

1. Manufac. 2. FIRE 3. Public 4. Other 1. Manufac. 2. FIRE 3. Public 4. Other
1. Management 1.2 0.6 1.2 1.5 1. Management 1.2 1.5 0.9 3.0
2. High Level 2.6 4.3 30.5 6.9 2. High Level 6.1 12.1 23.7 19.6
3. Medium Level 2.8 2.4 2.2 4.6 3. Medium Level 1.2 2.2 0.8 3.4
4. Basic Level 2.8 1.3 2.8 7.3 4. Basic Level 1.1 1.0 1.4 3.6
5. Other 0.4 0.1 0.3 1.8 5. Other 0.2 0.1 0.1 1.2
6. Missing 0.9 0.7 0.3 2.0 6. Missing 0.6 0.6 0.2 1.3

(c) Medium educated workers (d) Highly educated workers

Table 4: Empirically choice probabilities in 2018 for each of the four worker types, pct. None

of the tables sum to 100 pct. since non-employed workers are excluded.

Table 5 shows the average wages for the four educational groups across the 24 pairs of
industries and occupations for 2018. The tables show that the average wages, in general,
are highest for Management and Missing observations. This strongly indicates that infor-
mation on occupations are not missing at random and serves as an additional justification
for these observations to be treated as their own group of occupations. Further, we see
that in general, the wages deceases as skill level decreases, as the wages tend to be higher
for individuals in jobs that require High level of skills than jobs that require Medium or
Basic level of skills. The tables also show that the average wages, in general, are highest
for individuals employed in Manufacturing and FIRE. Further, the average wages tend
to be lowest in the Public Services. Finally, the tables also show that average wages tend

to increase with education level.
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1. Manufac. 2. FIRE 3. Public 4. Other 1. Manufac. 2. FIRE 3. Public 4. Other

1. Management 699 1,067 602 680 1. Management 623 870 626 657
2. High Level 521 509 274 418 2. High Level 528 566 361 519
3. Medium Level 444 455 318 438 3. Medium Level 468 489 333 463
4. Basic Level 322 282 243 257 4. Basic Level 358 379 341 344
5. Other 334 248 253 258 5. Other 368 340 304 340
6. Missing 444 490 292 375 6. Missing 1,028 638 507 676
(a) Unskilled workers (b) Skilled workers

1. Manufac. 2. FIRE 3. Public 4. Other 1. Manufac. 2. FIRE 3. Public 4. Other
1. Management 846 1,077 563 830 1. Management 1,194 1,485 767 1,012
2. High Level 596 549 409 488 2. High Level 684 659 583 546
3. Medium Level 502 483 435 456 3. Medium Level 594 711 460 574
4. Basic Level 406 370 306 396 4. Basic Level 480 577 346 718
5. Other 369 301 277 283 5. Other 393 423 317 315
6. Missing 874 1,099 699 779 6. Missing 925 2,259 2,325 1,247

(¢) Medium educated workers (d) Highly educated workers

Table 5: Average wages in 2018 for each of the four worker types, DKK 1,000 wages are

measured in 2018 numbers.

For simplicity, the benefit payments are set to DKK 134,000, corresponding to the

maximum yearly payments of the unemployment insurance.

6.3 Tax function

Recall from Section 5.1 that the utility of the worker is increasing in post-tax income.
Hence, in order to estimate the model we need to specify the tax function, 7(-), from Eq.
7. As we use Danish register data for estimation the specified tax function mimics the
key features of the Danish tax system which is a progressive and highly complicated tax
system. Since we only include four different types of workers several aspects of the tax
system have to be ignored. Hence, our tax function ignores, for example, pension savings,
whether the worker is married, or whether the worker is a house owner.

Figure 4 illustrates for 2018 the marginal tax rate of wage income and the correspond-
ing post-tax wage income based on the specified tax function. Note that we have used
the LogSum function to smooth out any kink of the tax-function.!® We do so in order

to apply gradient-based numerical methods when maximizing the log-likelihood function

10The LogSum function is specified as

T =clog(e™ +¢e™)+m,
m = (B —maz(ry, B)) /¢,

where r is the tax rate paid when income, y, is above the tax-bracket, B. Finally, € is a smoothing

parameter. In turn T is the paid taxes after smoothing.
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with respect to the structural parameters of the model. The figures show that a wage
earner pays the labor market contribution of 8 percentage points for income less than the
personal allowance of DKK 46,000. Above this threshold, the marginal tax rate increases
to approximately 43 percentage points as the wage earner starts to pay the bottom tax
rate, the municipal income tax and health contribution. For wage income that surpass
DKK 361,000. the wage earner exempts her employment deduction and the marginal tax
rate increases to approximately 46 percentage points. Finally, for income that exceed
DKK 498,900. the wage earner starts to pay the top tax rate of 15 percentage points. As

a result the marginal tax rate increases to approximately 60 percentage points.
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(a) Marginal tax rate, 2018. (b) Post-tax wage income, 2018.

Figure 4: Post-tax wage and marginal rate of taxation for employed workers, 2018

6.4 Estimation results

Based on the Danish administrative register data we estimate the structural parameters
of the described model in Subsection 5.1 by maximum likelihood. The used data set
contains almost 30 million observations for the time period 2010 to 2018. Table 6 shows
the estimated key parameters for two different specifications of the model. For the logit
model, all the nesting parameters are restricted to zero, 7y = nz = Ay = Az = 0,
which implies that alternatives are substitutes. In contrast, for the similarity model, only
the nesting parameters describing the preferences of the workers are restricted to zero,
Ny = Nz = 0. The nesting parameters describe the technology of the firms and are
estimated freely. Hence, this model nests the logit model. Based on a likelihood ratio
test statistic of size 2,018, we find that the inclusion of the two additional parameters
in the similarity model increases the log-likelihood significantly. Since the estimated

nesting parameter, Az = 0.8963, is positive, matches with different occupations are closer
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substitutes than for the logit model. In other words, Az > 0 implies that similar worker
types are close substitutes as matches with different occupations share the same worker
type. In contrast, the negative estimate of the nesting parameter, Ay = —0.1944, implies
that matches of workers with different education level are less substitutes and can even

be complements. In other words, matches with similar occupations are complements.

Logit model Similarity model

é 2.1185 2.1906
(0.0001) (0.0001)

Az - 0.8963
- (0.0001)

Ay - -0.1944
- (0.0001)

o 0.1956 0.2746
logL  -68,435,700 -68,434,691
log Ly -68,437,542 -68,436,240
log Ly 1,842 1,549
Obs. 29,678,958 29,678,958

Table 6: Maximum likelihood estimates based on observed matches and wages for the time
period 2010 through 2018. wages are measured in DKK 1,000,000 in 2018 numbers. Standard

error, calculated from the scores of the log-likelihood, are in parentheses.

The estimated marginal utility of consumption, & = 2.1606, is relatively low compared
to the estimated utilities of the matches, Bxyz, given in Table 7. To see this, note that
income is measured in million DKK, and recall from Table 5 in Subsection 6.2 that
the average pre-tax wages for most matches are less than a million DKK and the pre-tax
benefit paiments are exogenous set to DKK 134, 000. Hence, for most matches, the worker
derives more utility from the matches than the induced additional utility of consumption.
Due to the relatively low estimates of the marginal utility of consumption any wage change
only leads to modest changes in the supply of labor.

Note that the estimated utility parameters of the matches from Table 7 are highly
correlated with the empirical choice probabilities in Table 4. For instance unskilled work-
ers are typically employed in Other services and in occupations that require Basic level
of skills and Table 7 shows that for for unskilled workers the estimated Bxyz takes its
largest value for this match. Similarly, skilled workers are typically employed in manu-
facturing or other services in occupations that require Basic level of skills and the two

largest estimates of Bwyz for this type of worker is for these matches. For medium and
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highly educated workers, the estimated Bxyz takes its largest value for matches in the pub-
lic sector where the occupations, in which these types of workers are typically employed,
require high level skills. Note that almost all the estimates of Bxyz are negative. This is
a result of non-employed workers being the biggest group even though they receive the

lowest income, see Table 2.

1. Manufac. 2. FIRE 3. Public 4. Other 1. Manufac. 2. FIRE 3. Public 4. Other
1. Management -5.57 -6.74 -6.82 -4.66 1. Management -3.55 -5.38 -5.81 -3.10
2. High Level -5.45 -4.52 -2.51 -3.73 2. High Level -4.16 -3.31 -2.53 -3.09
3. Medium level -4.58 -4.37 -4.16 -3.21 3. Medium level -3.06 -3.13 -2.25 -3.18
4. Basic Level -1.48 -3.18 -2.04 -0.71 4. Basic Level 0.03 -2.60 -0.27 -0.02
5. Other -2.67 -4.93 -3.47 -1.77 5. Other -2.07 -4.76 -2.85 -1.68
6. Missing -3.61 -4.86 -4.27 -2.21 6. Missing -3.36 -4.07 -4.64 -2.57

(a) Unskilled workers (b) Skilled workers

1. Manufac. 2. FIRE 3. Public 4. Other 1. Manufac. 2. FIRE 3. Public 4. Other
1. Management -3.52 -4.45 -2.86 -3.35 1. Management -3.36 -3.26 -3.24 -2.27
2. High Level -2.55 -2.05 0.66 -1.58 2. High Level -1.39 -0.70 0.40 -0.23
3. Medium level -2.09 -2.34 -1.66 -1.52 3. Medium level -3.03 -2.39 -3.40 -1.93
4. Basic Level -2.52 -3.23 -2.42 -1.03 4. Basic Level -3.30 -3.25 -2.88 -2.03
5. Other -4.58 -5.26 -4.16 -3.10 5. Other -5.14 -4.82 -4.76 -3.19
6. Missing -3.79 -4.21 -4.72 -2.97 6. Missing -3.88 -5.02 -5.64 -3.23

(¢) Medium educated workers (d) Highly educated workers

Table 7: Estimated utility of the matches, Bxyz, of the preferred model for each type of worker.

Similarly, the productivity parameters of the matches, 7,., are relatively big compared
to the costs of the matches given by the pre-tax wages, w,,.. Hence, the choices of the
firms are to a larger extent driven by differences in productivity than differences in pre-
tax wages. For instance, from Table 8 we see that the estimates of 7,,. on average are
relatively large for Other services, which captures that this is the industry where the most
workers are employed, see Table 2. Further, note that all estimates of 7,,, are negative.
This is because the maximum quotas are very large relative to the number of matched
workers in the different industries, N > L,
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1. Uskilled 2. Skilled 3. Medium 4. Highly 1. Uskilled 2. Skilled 3. Medium 4. Highly

1. Management -2.53 -2.01 -2.61 -3.36 1. Management -3.45 -3.01 -2.79 -2.62
2. High Level -2.92 -2.31 -2.87 -3.60 2. High Level -3.90 -3.19 -3.07 -3.06
3. Medium level -2.76 -1.60 -3.16 -4.13 3. Medium level -3.84 -2.97 -3.34 -3.49
4. Basic Level -2.78 -2.13 -3.22 -4.52 4. Basic Level -4.07 -3.27 -3.33 -3.75
5. Other -2.79 -2.40 -3.53 -4.78 5. Other -3.81 -3.50 -3.69 -4.14
6. Missing -2.46 -1.61 -3.18 -4.27 6. Missing -3.69 -3.19 -3.03 -2.26

(a) Manufacturing (b) FIRE

1. Uskilled 2. Skilled 3. Medium 4. Highly 1. Uskilled 2. Skilled 3. Medium 4. Highly
1. Management -2.82 -2.58 -1.81 -2.88 1. Management -1.39 -1.63 -1.77 -2.18
2. High Level -3.05 -3.07 -1.77 -2.82 2. High Level -1.69 -1.83 -1.93 -2.21
3. Medium level -2.84 -2.62 -2.29 -3.18 3. Medium level -1.65 -0.02 -2.34 -2.76
4. Basic Level -2.25 -2.38 -1.90 -3.34 4. Basic Level -1.73 -1.86 -2.61 -3.00
5. Other -2.54 -2.65 -2.50 -4.03 5. Other -1.78 -2.09 -2.35 -3.11
6. Missing -2.42 -1.85 -1.16 -1.60 6. Missing -1.86 -1.60 -2.16 -2.63

(c) Public Services (d) Other Services

Table 8: Estimated productivity of the matches, 7., ., of the preferred model for each type of

industry.

6.5 Model fit

This sub-section illustrates the model fit of the similarity model. Figure 5a compares the
observed choice probabilities of the workers to the model predictions. Since the choice
probabilities are relatively constant across years and due to the very flexible specification
of the payoff functions, it is not surprising that the model does a relatively good job in
predicting the observed choice probabilities. The model does a worse job when predicting
the observed wages, see figure 5b. The reason why the estimated model does a better job
in explaining the choice probabilities compared to wages may be that we assume that the
measurement errors are on the aggregate level. Recall that the full log-likelihood function
is given by the sum of the log-likelihood function of the wages and the log-likelihood func-
tion of matches. Hence, there exists a trade-off between improving predictions of matches
and improving the predictions of the wages. Since, we only have a single observation for
the wage of any match, we weight this log-likelihood contribution of wages with just one.
In contrast, we weight the log-likelihood contribution of a given match with the num-
ber of employed workers in that match. Hence, it is not surprising that the model does
a worse job when predicting the observed wages than when it predicts observed choice

probabilities.
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Figure 5: Model fit of the preferred model.

7 Counterfactual studies

In this section we conduct two counterfactual studies based on the similarity model.
Firstly, in order to illustrate the implied substitution patterns of the model we study a
counterfactual increase in the productivity of highly educated workers in occupations that
require high level skills in the manufacturing industry. Secondly, we study a counterfactual
reduction of the bottom tax rate of 1 percentage point. For both studies we analyze the
changes in equilibrium employment and wages across the different types of workers and
firms. For both studies we analyze the changes in equilibrium employment and wages
across the different types of workers and firms. Since we assume that utility is linear in
consumption, we can measure utility in monetary units. Hence, we can compare changes
in the welfare of the different types of workers and firms by the total welfare of the worker,
WW,, and total welfare of the firm, WF,, defined as

WW, = éwstx, (12)
WE, = fs,N, (13)

where the the worker and firm surplus, (ws,, fs,), is given by Eq. (9). In order to study
the total welfare changes we include a government sector that collects taxes and pays
benefits to unemployed workers. For each type of worker, we measure their contribution

to the government’s budget, GB,,
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6B, = (p%: (v (o) —wo) + S p. - <wxyz>) N.. (14)

The total welfare is given by the sum of the welfare of the workers and firms and the

government budget

W=> (WW,+GB,)+ Y WF,. (15)

The change in welfare is measured as the difference between the welfare in the counter-
factual scenario and the model consistent welfare in the baseline scenario. This definition
of welfare is related to Dupuy et al. (2020), who study the deadweight loss due to matching
distiortion.!! However, as our empirical model includes unmatched workers who receive
an exogenous benefit payment, we can identify the level of the wages and not just the wage
differences. Further, the inclusion of unmatched firms and workers implies that the total
employment level in each industry and for each type of work is determined in equilibrium.
Hence, we can include changes along the extensive margin in our analysis. Changes along

the extensive margin reflect changes in the number of workers and firms that match.

7.1 Increased productivity

In this counterfactual study we analyze the welfare consequences of an increase in the
linear productivity parameter my9; of DKK 100,000, (Ao = 0.1). More specifically, we
consider an increase in the productivity for highly educated workers, (z = 4), employed in
the manufacturing sector, (y = 1), in occupations that require high level of skills, (z = 2),
and we will refer to this particular match as match P. The purpose of this counterfactual
study is twofold. Firstly, this counterfactual study illustrates substitution and comple-
mentarity between the different workers and occupations of the preferred model. Secondly,
it illustrates how skill-bias technology changes can have different effects on employment,
wages and welfare for different types of workers and firms. The degree of substitutabil-
ity and complementarity between different matches determines the welfare effects of the
skill-bias technology change. For comparison we have repeated the welfare analysis of this

counterfactual study for the logit model in section E in the appendix.

" As Dupuy et al. (2020) restrict &« = 1 and do not consider unmatched workers or firms, their welfare

measure can be expressed as

Z p;jz (ﬂryz - Trfyz) Nra

T,Y,z

where wages and taxation are ignored since the total welfare is independent of how the workers, firms

and goverment split the wages.
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For fixed wages Table 9a shows the excess demand for labor across matches due to the
increase in productivity. When keeping the wages fixed changes in productivity only affect
the payoffs of the firms. Hence, excess demand merely reflects changes in firms’ demand.
Note that excess demand only differs from zero for firms in the manufacturing industry,
(y = 1), since only this industry experiences the increase in productivity. The increase in
productivity for match P implies that excess demand becomes positive for this match. For
the remaining matches in the manufacturing industry the sign of excess demand reflects
whether the match is substitute or complement to match P. From the table we see as
expected, that excess demand is largest for match P and that excess demand is negative
for all the remaining matches where highly educated workers are employed, (x = 4). This
is partly due to the positive estimate of Az > 0, which implies that matches with similar
worker types are substitutes. For the remaining worker types, we see that the excess
demand is positive for matches that require high skill level, (z = 2) . This is due to the
negative estimate of Ay < 0, which implies that similar occupations are complements in
firms’ production. The analysis of the sign of excess demand is complicated by the fact
that the gradient of the firms’ choice probabilities is a non-linear function of the choice
probabilities. Hence, for most of the remaining matches excess demand becomes negative.
This is mainly due to the fact that the absolute size of Az is larger than the absolute size
of Ay, which implies that matches with different occupations and different worker types
tend to be substitutes. As illustrated in table 18a in appendix E, the excess demand of
the estimated logit model is negative for all matches in the manufacturing industry except
for the match that experiences the shock, which is an implication of the restrictive IIA
property of the logit model.

Tables 9¢ and 9b show the changes in wages and employment across matches. The
adjustment to equilibrium is a complicated process, since the model includes multiple
types of workers, firms and occupations. In a simplified description of the equilibrium
adjustment the increased productivity of match P increases the demand for this match by
1,200 workers and increases the wage DKK 66,500. Since the remaining matches of highly
educated workers in the manufacturing industry are substitutes to match P, the demand
for these matches are decreased which in turn leads to a decrease in wages by DKK 15-
17,000. Due to the large wage increase of match P, firms in the remaining industries have
to increase the wages for highly educated workers to compensate them. However, as wages
for highly educated workers increase in these industries, the demand for highly educated
works is reduced. Hence, the employment decreases by 0-200 and increases the wages by
DKK 2-3,000. for these matches. Lastly, matches that require high skill level performed
by the remaining types of workers are complements. Hence, the increased demand for

these matches drives up the employment by 0-100 and wages by roughly DKK 3,500. The
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effects on wages and employment for the remaining matches are small.

y=1 y=2 y=3 y=4 y=1 y=2 y=3 y=4 y=1 y=2 y=3 y=4
z=1z=1/]-021 0.00 0.00 0.00| -0.00 -0.00 -0.00 -0.00 -0.71 -0.13 -0.05 -0.06
z=2z=1]| 036 0.00 0.00 0.00 0.01 -0.00 -0.00 -0.00 3.59 -0.13 -0.03 -0.14
z=3,z=1/|-0.20 0.00 0.00 0.00| -0.00 -0.00 0.00 0.00 -0.40 -0.01 0.02 0.01
z=4,z=1]| 0.06 0.00 0.00 0.00| -0.02 0.00 0.00 0.01 -0.13  0.02 0.03 0.03
z=5z=1]| 0.03 0.00 0.00 0.00] -0.01 0.00 0.00 0.00 -0.13  0.03 0.04 0.03
z=6,z=11]-0.23 0.00 0.00 0.00| -0.01 0.00 0.00 0.00 -0.25 0.00 0.01 0.02
z=1,2=21]-0.58 0.00 0.00 0.00| -0.01 -0.00 -0.00 -0.00 -0.69 -0.15 -0.08 -0.08
z=2,z=21| 0.59 0.00 0.00 0.00 0.02 -0.00 -0.00 -0.00 3.55 -0.16 -0.05 -0.16
z=3,z=21|-0.57 0.00 0.00 0.00| -0.01 0.00 0.00 0.00 -0.45 -0.03 -0.01 -0.01
z=4x=21| 029 000 0.00 0.00| -0.04 000 0.01 0.01 -0.15  0.00 0.00 0.01
z=5,z=21| 0.06 0.00 0.00 0.00| -0.01 0.00 0.00 0.00 -0.15 0.01 0.01 0.01
z=06,z=2|-0.18 0.00 0.00 0.00| -0.00 0.00 0.00 0.00 -0.29 -0.02 -0.02 0.00
z=1,2=3]-0.69 0.00 0.00 0.00| -0.01 -0.00 -0.00 -0.00 -1.00 -0.08 -0.00 -0.00
z=2,x=3| 1.94 0.00 0.00 0.00 0.06 -0.00 -0.01 -0.01 3.53 -0.08 0.01 -0.09
z=3,z=3|-0.80 0.00 0.00 0.00| -0.02 0.00 0.00 0.00 -0.67 0.04 0.05 0.06
z=4,z=3|-0.17 0.00 0.00 0.00| -0.01 0.00 0.00 0.00 -046 0.08 0.09 0.09
z=95,z=3|-0.02 0.00 0.00 0.00| -0.00 0.00 0.00 0.00 -0.46 0.08 0.08 0.09
z=6,z=3|-0.12 0.00 0.00 0.00| -0.00 0.00 0.00 0.00 -0.56 0.06 0.06 0.08
z=1,z=41|-1.14 0.00 0.00 0.00| -0.09 -0.01 -0.01 -0.03| -17.28 2.73 252 281
z=2,xz=41| 549 0.00 0.00 0.00 1.17 -0.11 -0.17 -0.17 66.46 2.70 2.35 2.71
z=3,z=41-0.8 0.00 000 0.00| -0.09 -0.02 -0.01 -0.02| -16.18 2.81 2.54 2.77
z=4,z=41-0.58 0.00 0.00 0.00| -0.06 -0.01 -0.01 -0.02| -16.18 2.83 2.58 2.88
z=95,z=41-0.09 0.00 0.00 0.00| -0.01 -0.00 -0.00 -0.01| -15.48 2.66 242 2.84
z=6,x=41-036 000 0.00 0.00| -0.04 -0.00 -0.00 -0.01| -16.73 2.86 2.61 2.89

(a) Changes to excess demand, 1,000 (b) Changes to employment, 1,000 (c) Changes to wages, DKK 1,000

Table 9: Changes to excess demand, equilibrium employment and equilibrium wages due to
an increase in productivity for highly educated workers employed in the manufacturing sector

performing high level skill occupations.

Table 10 summarizes the welfare effects of the four different types of workers. As
shown in the previous tables the increase in productivity mostly affects highly educated
workers. For this type of worker, the employment increases by 260 and the average
wage increases by DKK 6,000. In turn, the total welfare of the highly educated workers
increased by DKK 809 million. Unskilled and skilled workers experience a small decrease
in their welfare due to lower wages and employment, whereas medium educated workers
experience a small increase in their welfare. The change in total welfare for all worker
types is DKK 791 million.
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Employment Avg. wages Avg. WW  Total WW

1. Unskilled labor -0.01 -0.01 -0.01 -6
2. Skilled labor -0.01 -0.03 -0.03 -28
3. Medium education 0.01 0.07 0.02 17
4. Long education 0.26 6.15 2.20 809
All 0.25 0.83 0.24 791

Table 10: Changes in total welfare of workers due to an increase in productivity for highly
educated workers employed in the manufacturing sector performing high level skill occupations.
Changes in employment are measured in 1,000. Changes in average wages and average in welfare
of the worker are measured in DKK 1,000, whereas changes in total welfare of the worker are
measured in DKK 1,000,000.

Table 11 shows that mainly firms in the manufacturing industry are affected by the
increased productivity. In this industry, employment increases by 800 and average wages
increase by nearly DKK 3,000. Despite the higher wages, the increased productivity
increases total welfare of the firms in the manufacturing industry by DKK 288 million.
Due to the higher wages, employment in the remaining industries is reduced. Further,
the total welfare is similar reduced in these industries. However, when summing over all

industries, the total welfare of the firms is increased by DKK 168 million.

Employment Avg. wages Avg. WE Total WF

1 Manufacturing 0.83 2.93 0.24 288
2 FIRE -0.15 0.60 -0.04 -42
3 Public Services -0.19 0.29 -0.06 -49
4 Other Services -0.23 0.24 -0.08 -29
All 0.25 0.83 0.01 168

Table 11: Changes in total welfare of firms due to an increase in productivity for highly
educated workers employed in the manufacturing sector performing high level skill occupations.
Changes in employment are measured in 1,000. Changes in average wages and average welfare
of the firm are measured in DKK 1,000, whereas changes in total total welfare of the firm are
measured in DKK 1,000,000.

The government’s budget is improved by DKK 1,212 million, see Table 12. This is
mostly driven by higher tax payments of highly educated workers which constitutes DKK
1,158 million. However, the expenditures to unemployment benefits is reduced by DKK 34
million. which is especially a result of the increased employment among highly educated

workers.
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Avg. taxes Avg. benefits Revenue Expenditure Total GB

1. Unskilled labor 0.00 0.00 1 1 -0
2. Skilled labor -0.01 0.00 -6 2 -7
3. Medium education 0.03 -0.00 25 -1 26
4. Long education 3.15 -0.10 1,158 -35 1,193
All 0.35 -0.01 1,178 -34 1,212

Table 12: Changes in welfare of the government sector due to an increase in productivity
for highly educated workers employed in the manufacturing sector performing high level skill
occupations. Changes in average tax payments of workers and average benefit payments to
workers are measured in DKK 1,000, whereas changes to Government budget (GB), expenditure,

and net revenue are measured in DKK 1,000,000.

Finally, the total welfare is increased across workers, firms and the government sector.
Hence, the welfare has increased by DKK 2,171 million in total, see Table 13.

Welfare of the workers 791
Welfare of the firms 168
Government budget 1,212
Total Welfare 2,171

Table 13: Changes in total welfare due to an increase in productivity for highly educated
workers employed in the manufacturing sector performing high level skill occupations. Changes
in welfare are measured in DKK 1,000,000.

7.2 Reduction in bottom tax rate

In this sub-section we study the counterfactual reduction of the bottom tax rate by
1 percentage point. Before turning to the welfare analysis note that taxes distort the
matching of workers and firms, as it makes it more costly for firms to compensate workers
for matching with them. Hence, under high taxes workers may to a higher degree choose
the matches they like rather than the most productive matches. Dupuy et al. (2020) refer
to this as matching distortion, but since they do not include unmatched agents, they
cannot analyze matching distortions along the extensive margin, which is the change in
the number of matches.

As the unmatched workers have a relatively low income compared to matched workers,
the reduction in the bottom tax rate leads to a relative decrease in the post-tax income
of unmatched workers. As a result, the supply of workers increases, which drives post-

tax wages down and the number of matched workers up for most matches. For some
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low-paid matches, the reduction in the tax rate reduces the post-wage income relative to
the remaining matches. For these matches the supply of workers decreases which drives
post-tax wages up and the number of matches down. However, Table 14 shows that the
average wages are increased for all types of workers. This is because the dominating effect
is that matches with higher wages experience a larger tax-reduction. Hence, the supply
of workers will increase the most for these matches, which implies that the composition
of matched workers to a higher degree consists of workers in high-paying matches. In
total employment increases by 1,350 and the average wage increases by DKK 1,480. As a
result the total welfare of the workers increases by DKK 6,135 million. For comparison,
the Danish Ministry of Taxation assumes that a reduction of the bottom tax rate by 1
percentage point increases the employment by only 250 individuals. (see DMT (2019)).'2
Compared to the computational procedure of the Ministry of Taxation the employment

effect is relatively large.

Employment Avg. wages Avg. WW  Total WW

1. Unskilled labor 0.09 0.37 0.98 1,162
2. Skilled labor 0.53 3.65 1.96 2,002
3. Medium education 0.38 0.51 2.02 1,582
4. Long education 0.34 0.06 3.78 1,389
All 1.35 1.48 1.83 6,135

Table 14: Changes in welfare of the workers due to a reduction in bottom tax rate of 1
percentage point. Changes in employment are measured in 1,000. Changes in average wages
and average welfare of the workers are measured in DKK 1,000, whereas total changes in welfare
of the workers are measured in DKK 1,000,000.

For industries with a sufficiently high wage level at the starting point, the tax reduction
leads to falling post-tax wages and increased employment, which increase the welfare of
the firms. However, as wages are relatively low for the Public service industry, the tax
reduction tends to increase the wages and reduce the employment, which leads to a
decrease in the total welfare of DKK 95 million. in this industry, see Table 15. However,

the total welfare of the firms across industries is increased by DKK 272 million.

12The Danish Ministry of Taxation assumes more specifically that a 0.08 pct. point reduction in the
bottom tax rate increases the employment by 20 individuals. The increased employment of 250 individuals

is computed from this relationship.
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Employment Avg. wages Avg. WF Total WF

1 Manufacturing 0.21 0.85 0.06 73
2 FIRE 0.68 -1.88 0.18 188
3 Public Services -0.38 1.31 -0.12 -95
4 Other Services 0.83 2.54 0.29 106
All 1.35 1.48 0.10 272

Table 15: Changes in welfare of the firms due to a reduction in bottom tax rate of 1 percentage
point. Changes in average wages and average welfare of the firms are measured in DKK 1,000,

whereas total changes in welfare of the firms are measured in DKK 1,000,000.

The contribution of each worker type to the government finances have decreased, see
Table 16. This is because the additional tax revenue from the higher average wages and
the saved expenditures due to lower unemployment cannot offset the reduced tax revenue
from the reduction in the bottom tax rate. Hence, the government budget is reduced by
DKK 4,853 million.

Avg. taxes Avg. benefits Revenue Expenditure Total GB

1. Unskilled labor -1.03 -0.01 -1,218 -13 -1,205
2. Skilled labor -0.74 -0.07 =752 -71 -680
3. Medium education -2.05 -0.07 -1,607 -52 -1,555
4. Long education -3.97 -0.13 -1,458 -46 -1,412
All -1.50 -0.05 -5,035 -182 -4,853

Table 16: Changes in welfare of the government sector due to a reduction in bottom tax rate
of 1 percentage point. Changes in average tax of workers and average benefit payments to
workers are measured in DKK 1,000, whereas changes to Government revenue, expenditure and

net revenue are measured in DKK 1,000,000.

Even though the public finances have decreased, the total welfare has increased by
DKK 1,554 million from this counterfactual tax reduction, due to the large increase in

welfare of the workers, see Table 17.

Welfare of the worker | 6,135
Welfare of the firm 272
Government budget | -4,853
Total Welfare 1,554

Table 17: Changes in total welfare due to a reduction in bottom tax rate of 1 percentage point.
Changes in welfare are measured in DKK 1,000,000.
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8 Conclusion

This paper proposes an empirical framework for multidimensional matching where the
behavior of participants is described by perturbed utility models. We show that a unique
pair of the equilibrium wages and matching distribution exists based on the convexity of
indirect utility and profit functions. Our result does not rely on the gross substitutability
condition.

For our empirical application, we specify the perturbation function in terms of the
similarity function and propose a maximum likelihood estimator. As a proof of concept,
we apply our estimator to aggregate Danish data and find that workers with different
education levels can be complements. As our framework allows the total employment to
be determined as an equilibrium outcome, our welfare analysis includes changes along the
extensive margin of the participants.

We highlight three directions for future work. The first direction is to extend our
framework in order to allow the attributes of the participants to be continuously dis-
tributed as suggested by Dupuy and Galichon (2014). This would make the modeling of
the matching process more realistic, as workers and firms are likely to consider a variety
of attributes when matching.

Our analysis is restricted to a frictionless labor market. However, many questions
about matching between workers and firms have been raised for markets with matching
frictions. Hence, as a second direction of future research, introducing matching friction
into the model in order to extend the analysis of the determinants of unemployment would
be another interesting issue. For instance, search costs could be introduced in an optimal
sequential search setting similar to Moraga-Gonzalez et al. (2021).

Finally, much of the empirical two-sided sorting literature uses the nested CES produc-
tion function in order to analyze substitution in firms’ demand for heterogeneous workers
(see, e.g., Ottaviano and Peri (2012), Diamond (2016), and Piyapromdee (2021)). Follow-
ing Anderson et al. (1988) and Verboven (1996) for the (nested) CES and (nested) logit,
linking the similarity functions and the CES-type functions will broaden substitution
patterns further by accommodating complementarities.

Our model is open to many other economic applications beyond the labor market.
Complementarities are used interchangeably with other terms such as team chemistry,
synergy, peer effect and are prevalent throughout firms, sports teams, and classrooms.
Further, the generalization to multidimensional matching could be assigned to many-
to-one or many-to-many matching markets, for example, players and sports teams or a

network of firms.
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A Derivation of fixed point

This section derives the fixed point, characterizing the optimal choice probabilities of the
workers. Since the derivation of the fixed point of the optimal choice probabilities of the

firms is identical, this is left out. The first order condition of workers problem is
Ue (Wa..) + H (p*) — ¢+ Lyjz41 = 0,

where ¢ is some constant. Exponentiate and multiply by the the vector of choice proba-

bilities to have

Ue(Wa. )+H(P") _ T c

p“oe pre,

and divide by the sum of both sides

pr o 6Uz(WgD.A)—I—H(pJ”) pxec pxec .

<pz’ 6UI(WI”)+H(pZ)> B <pac7 1|.)7||Z|+1€c> ec

B Contraction mapping

As suggested by Fosgerau and Nielsen (2021) the following iterative algorithms are applied

in order to obtain the optimal choice probabilities of workers and firms

g G WG
p = <px,m’ e[Ur(Wm~~)+Hm(Px’m)]/§>

qyzm e} G[Vy(Wy)JrMy(qy’m)]/iﬂ

z ym+l Yy
TP T Wi,y 4

(16)
where

E=max) [, v =maxy T/l.

Fosgerau and Nielsen (2021) show that Eq. (16) are contraction mappings. Hence, for
any initial guess of p™* € AWIIZH1L and ¢v0 ¢ AYIZIHL Eq. (16) will eventually converge

to the true choice probabilities of workers and firms (p®, ¢¥).

C Proofs of the results in the main text

Proof of Proposition 1. We first note that u* € Int (A'XW”Z‘HM) under Assumption 2.
Assume (p*, W*) is an aggregate equilibrium outcome. Then, a generalized Williams-

Daly-Zachary theorem implies that
e = 120G, (Uy (W7, w0)) [OUsy.. = 8F; (W’;) [ OWgys-
Conversely, it follows with Assumption 2 that Wy and 7, are the strategies that maximize

workers’ and firms’ problems with wages W, and W7 , respectively. O
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Proof of Lemma 1. Since —F* (W) is convex in W, Theorem 12.17 in Rockafellar and
Wets (1998) implies that —dF* (W) /dW is monotone and maximal monotone. It is
suffice to show that G7 is also monotone in W,... convex in W,. for all x. We first
note that G% is convex in U, (W,..) = a,W,.. + (..., where [,. = (ﬁryz)(y,z)eyxz' Then
dG* (U, (W,.)) /dU, is monotone in U,, and is monotone in W,,.. by Exercise 12.4.(b) and
(d) in Rockafellar and Wets (1998). It follows from Exercise 12.4.(c) in Rockafellar and
Wets (1998) that —D (W) = —dF* (W) /dW +dG* (U (W, wy)) /dU is also monotone and

maximal monotone in W. O

Proof of Theorem 1. We employ Theorem 12.51 in Rockafellar and Wets (1998) to show
that D' (0) is nonempty and bounded. We first note that D (W) is continuous in W,
which implies that —D (V) is maximal monotone. The remaining condition for Theorem
is the existence of W e RI¥IVIZ] with <D (W) ,W> < 0 for each nonzero W € RIXIMIZ,
Let Dy == {(2,y, 2) : Wy, <0} and Dy := {(2,y, 2) : wyy. > 0}. We define a sequence of
wages, {W’“ = (ﬁ)k by

xyz)(a:,y,z)EXXyXZ k=12 )

geen

w];yz =
-k, (z,y,2) € Ds.
Then, as k£ — oo,
OF* Wk) =) (z,y,2) € Dy,

oG* (U <Wk,wo>> JUgy. = 0, (x,y,z2) € Ds.

Thus, for k large enough, <D (W) ,W> < 0.

For the uniqueness, it is suffice to show the strict monotonicity of G or —Fy* because
the strict monotonicity of —D implies that the solution set can have no more than one
element. We note from Assumption 2 that F (W) is essentially smooth. Then Corollary
26.4.1 in Rockafellar (1970) implies that —F™* (W) is strictly convex, in turn, it is strictly

monotone. O

Proof of Corollary 1. The result follows directly from combining Proposition 1 and The-

orem 1. []
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D Identification

Before moving on the estimation, we discuss identification issues. The parameter to be

identified is (a[, Yo, Betk, Qorre, 17, 5\). The optimality conditions yield

T — (1 —1ny — 772) log :Uszc + ny log (Z u;zx) + nzlog <Z ,UZz/x> +1
yz|z Y 2

= Qg (wiyz - T (w;yZ)) + ﬂmyz’
aGw </jlt|x) ¢ t t
Tm = logﬂou +1=aq, (wo -7 (wo)) + 5205
oF, (it
—gﬂ(ﬂ'y') = (1 - Ay — Az)log . + Axlog (Z Mi/yz> +Azlog (Z Niyz'> +1
TYZz ! 2’
= Mayz — wiyz
oF, (ut,
% = log (p1y0) + 1 = my0.

a, and my are easily identified with 0G, <;ﬁ|x> /Ouoj, and OF, (;ﬁy,) /Opy0, Tespec-
tively. Then (1y,7nz) is also identified with {8G$ (,ul‘x> /Oty — G, <u2|x> /3uyz|x}$’y7z,

and ;. is in turn identified by {Gx (uﬁm) /8,uyz|x}. For the firm side, (Ax, Az) is iden-
tified by {8Fy (/fy,) / 8,uxyz}z, and 7, is in turn identified.
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E Counterfactual study of increased productivity

y=1 y=2 y=3 y=4 y=1 y=2 y=3 y=4 y=1 y=2 y=3 y=4
z=1x=11]-0.00 0.00 0.00 0.00]| -0.00 0.00 0.00 0.00 -0.16 0.03 0.03 0.06
z=2,x=11]-0.00 0.00 0.00 0.00| -0.00 0.00 0.00 0.00 -0.15 0.03 0.02 0.06
z=3,=11]-0.00 0.00 0.00 0.00| -0.00 0.00 0.00 0.00 -0.13 0.03 0.03 0.05
z=4,2=11]-006 0.00 000 0.00]| -0.02 0.00 0.00 0.01 -0.09 0.02 0.03 0.03
z=95,x=11]-0.02 0.00 0.00 0.00]| -0.00 0.00 0.00 0.00 -0.13 0.03 0.03 0.03
z=06,=11]-0.01 0.00 0.00 0.00| -0.00 0.00 0.00 0.00 -0.13 0.03 0.03 0.03
z=12=21]-001 0.00 0.00 0.00| -0.00 0.00 0.00 0.00 -0.17 0.01 0.01 0.04
z=2,2=21-0.00 0.00 0.00 0.00| -0.00 0.00 0.00 0.00 -0.15 0.01 0.01 0.03
z=3,x=21]-001 0.00 0.00 0.00| -0.00 0.00 0.00 0.00 -0.17 0.01 0.01 0.04
z=4,2=21]-011 0.00 0.00 0.00| -0.03 0.00 0.01 0.01 -0.10 0.01 0.01 0.02
z=95,x=21]-001 000 000 000| -0.00 0.00 0.00 0.00 -0.15 0.01 0.01 0.02
z=06,=21]-001 000 000 000| -0.00 0.00 0.00 0.00 -0.17 0.01 0.01 0.03
z=1,2=31]-001 000 000 000| -0.00 0.00 0.00 0.00 -0.14 0.04 0.04 0.07
z=2,z=31]-001 000 0.00 000| -0.00 0.00 0.01 0.00 -0.14 0.04 0.03 0.07
z=3,x=31-0.01 0.00 0.00 0.00| -0.00 0.00 0.00 0.00 -0.12 0.04 0.04 0.06
z=4,2=31]-0.01 0.00 0.00 0.00| -0.00 0.00 0.00 0.00 -0.14 0.04 0.04 0.07
z=5,x=31-0.00 0.00 0.00 0.00| -0.00 0.00 0.00 0.00 -0.13 0.03 0.04 0.06
z=06,=31-0.00 0.00 0.00 0.00| -0.00 0.00 0.00 0.00 -0.14 0.04 0.04 0.07
z=12=41]-0.00 0.00 0.00 0.00| -0.01 -0.02 -0.01 -0.03 2.58 276 272 2.79
z=2,z=41| 221 0.00 0.00 0.00 094 -0.12 -0.14 -0.18 | 56.30 2.71 1.63 2.73
z=3,x=41]-0.00 0.00 0.00 0.00| -0.01 -0.02 -0.01 -0.03 233 266 232 245
z=4,2=41-0.00 0.00 0.00 0.00| -0.01 -0.01 -0.01 -0.03 2.38 255 248 2.72
z=95,x=41-0.00 0.00 0.00 0.00]| -0.00 -0.00 -0.00 -0.01 2.16 1.65 2.32 247
z=06,=41-0.00 0.00 000 0.00]| -0.01 -0.01 -0.00 -0.01 257 276 277 2.79

(a) Changes to excess demand, 1,000 (b) Changes to employment, 1,000 (¢) Changes to wages, DKK 1,000

Table 18: Changes to excess demand, equilibrium employment and equilibrium wages due to
an increase in productivity for highly educated workers employed in the manufacturing sector

performing high level occupations.
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Employment Avg. wages Avg. WW  Total WW

1. unskilled labor 0.00 0.00 0.00 2
2. skilled labor -0.01 -0.02 -0.01 -15
3. medium education 0.00 0.01 0.01 9
4. long education 0.27 6.34 2.36 868
All 0.27 0.84 0.26 864

Table 19: Changes in total welfare of workers due to an increase in productivity for highly edu-
cated workers employed in the manufacturing sector performing high level occupations. Changes
in employment are measured in 1,000. Changes in average wages and average in welfare of the
worker are measured in DKK 1,000, whereas changes in total welfare of the worker are measured
in DKK 1,000,000.

Employment Avg. wages Avg. WF Total WF

1 Manufacturing 0.82 2.91 0.29 342
2 FIRE -0.16 0.64 -0.05 -53
3 Public Services -0.15 0.26 -0.06 -44
4 Other Services -0.25 0.26 -0.10 -37
All 0.27 0.84 0.02 207

Table 20: Changes in total welfare of firms due to an increase in productivity for highly edu-
cated workers employed in the manufacturing sector performing high level occupations. Changes
in employment are measured in 1,000. Changes in average wages and average welfare of the firm
are measured in DKK 1,000, whereas changes in total total welfare of the firm are measured in
DKK 1,000,000.

Avg. taxes Avg. benefits Revenue Expenditure Total GB

1. unskilled labor -0.00 -0.00 -1 -0 -0
2. skilled labor -0.00 0.00 -3 1 -4
3. medium education 0.00 -0.00 2 -1 2
4. long education 3.01 -0.10 1,105 -36 1,141
All 0.33 -0.01 1,103 -36 1,139

Table 21: Changes in welfare of the government sector due to an increase in productivity for
highly educated workers employed in the manufacturing sector performing high level occupa-
tions. Changes in average tax payments of workers and average benefit payments to workers are
measured in DKK 1,000, whereas changes to Government budget (GB), expenditure and net
revenue are measured in DKK 1,000,000.
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Welfare of the workers 864
Welfare of the firm 207
Government budget 1,139
Total Welfare 2,211

Table 22: Changes in total welfare due to an increase in productivity for highly educated
workers employed in the manufacturing sector performing high level occupations. Changes in
welfare are measured in DKK 1,000,000.
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A perturbed spatial equilibrium model*
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Abstract

This paper proposes an empirical spatial equilibrium framework for the housing and
labor market, where the spatial substitution patterns of housing prices and wages can
be analyzed. Unlike the existing literature, the proposed model introduces adjustment
costs in the housing size decision and describes the behaviour of the households by the
perturbed utility model, in order to allow for a rich and meaningful parameterization
of spatial substitution patterns. As a proof of concept, the model is estimated on
high-quality Danish administrative data, and the importance of distinguishing between
adjustments in the demand for housing, along the intensive and extensive margins is
illustrated by a counterfactual analysis of an increase in the supply of housing in the
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1 Introduction

This paper proposes an empirical spatial equilibrium model for the housing and labor market,
where the spatial substitution patterns of housing prices and wages can be analyzed. Unlike
the existing literature, the proposed model introduces adjustment costs in the housing size
decision and describes the behavior of the households by the perturbed utility model, in order
to allow for a rich and meaningful parameterization of the spatial substitution patterns.
Substitution patterns are important for the determination of equilibrium housing prices,
since housing prices are not only affected by the quality of the location, but also by the
availability of close substitutes. As a simple illustrative example, consider the case where
the availability of locations with a view over the ocean is scarce, whereas the availability
of locations with a view over grass fields is abundant. If these two attributes are close
substitutes, then housing prices for locations with an ocean view will be relatively low. By
contrast, if these two attributes are not close substitutes, the housing prices for locations
with an ocean view will be relatively high.

Most of the existing empirical literature analyzes the residential choice through the ad-
ditive random utility model of McFadden (1973, 1978), where choices are deterministic, as
the decision maker - after observing the random taste-shock - chooses the residence with
the highest payoff.! Conversely, choices in the perturbed utility model are stochastic, as the
decision maker chooses a random alternative based on an optimal vector of choice probabil-
ities that maximizes the decision maker’s perturbed utility, which is given by the sum of the
expected payoffs and the perturbation function. The latter term can be interpreted as rep-
resenting taste-for-variety, and the specification of this perturbation function has important
implications for the substitution patterns in the model. The perturbed utility model allows
for more flexible substitution patterns than the additive random utility model, as it can
allow different alternatives to be complements, which the random utility model rules out.
Allen and Rehbeck (2019); Fosgerau et al. (2021); Fosgerau and Nielsen (2021) all showed
that some perturbed utility models can allow for complementarity.?

Inspired by Buchinsky et al. (2014) and Carstensen et al. (2020), this paper proposes an
empirical framework, where a population of heterogeneous households choose where to work,
where to reside and the size of their houses. The households can - when deciding on their
residential location and the work locations of their household members - choose between a

set of locations that differ with respect to their spatial location. Households and household

1Bayer et al. (2004) and Bayer et al. (2007) both use this framework to study residential sorting.

2This paper is one of the first empirical applications of the perturbed utility model. Three notable
examples of empirical applications are Fosgerau et al. (2021, 2022); Andersen and Lee (2022), who study
consumption of cereal, route choices and matching between workers and firms.
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members move and commute costly among locations.® The demand for housing and supply
of labor is determined by the choices of the households. By contrast, the supply of housing
and the demand for labor is assumed to be inelastic in the short run. A competitive housing
and labor market determines the square meter prices and wages of each location.

This paper contribute to the existing literature on equilibrium models with moving costs
by allowing both wages and square meter prices to be determined in equilibrium. Further,
the existing literature assumes that households can change their housing size at no extra
cost. By introducing adjustments costs to the housing size decision the proposed model
discards this assumption, and illustrates that this has important implications for the spatial
price substitution patterns, which is the focus of this paper. In order to allow for a rich pa-
rameterization of the substitution patterns, the perturbation function is specified in terms of
the similarity function, as proposed by Fosgerau and Nielsen (2021). As the degree of substi-
tution between different locations is important for the determination of equilibrium housing
prices, a rich parameterization of the perturbation function allow substitution patterns to
be determined by the data instead of being determined by the chosen functional form of the
perturbation function. Further, the similarity function gives a meaningful interpretation of
the substitution patterns in the model, as locations with similar characteristics are closer
substitutes. For instance, such characteristics could be the type of view each residential
location provides. In this case, the similarity function can accommodate that locations with
a similar view are closer substitutes than locations with a different view.

This paper contributes to the existing literature on equilibrium models for housing by
illustrating the importance of distinguishing between housing demand adjustments along the
extensive and intensive margins when analyzing spatial price substitution patterns. Changes
along the extensive margin reflect households that move from one location to another, and
thereby reduce the demand for housing in the location the household moved away from,
whereas the demand for housing is increased in the location the household moved to. By
contrast, changes along the intensive margin reflect households that move within their current
location, and thereby change the demand for housing within that location. Hence, changes
along the intensive margin only affect the demand in one particular location and do not
affect the demand for housing in any of the remaining locations. For instance, if the supply
of housing increases in one location, this leads to a decrease in the square meter prices of
that particular location, as demand and supply must equate. If the increase in demand for

housing in this location only works through the intensive margin, the demand for housing

3Empirical papers, that considers sorting in both housing and labor market, include Kuminoff et al.
(2012); Ahlfeldt et al. (2015); Monte et al. (2018). However, these papers assume frictionless markets. Bayer
et al. (2016) and Kennan and Walker (2011) include switching costs, but only consider sorting in either
housing or labor market.
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in the remaining location will be unaffected, and as a result the square meter prices of the
remaining locations will be unaffected as well. However, if part of the demand adjustment
happens along the extensive margin, square meter prices of the remaining locations will be
affected, as the demand in these locations have to adjust as well.

As a proof of concept, the proposed spatial equilibrium model is estimated on high-quality
administrative register data for the entire population of Danish households from 2010 to 2013,
where the choice set in the residential and work location problems consist of 92 locations
given by a subset of the municipalities of Denmark. The equilibrium mechanisms of the
estimated spatial equilibrium model are illustrated by analyzing a counterfactual increase of
1 percent in the supply of housing in the capital municipality, Copenhagen, that constitutes
the most populous municipality. This counterfactual analysis shows that the square meter
prices in Copenhagen decrease by 10.3 percent in the short run, and the average square
meter prices decrease by 4.4 percent in the remaining municipalities of the Capital Region
of Denmark that constitute the municipalities closest to Copenhagen. Conversely, if the
counterfactual analysis is based on an estimated model where households can adjust their
housing size at no cost and substitution patterns of the residential choice are determined
by the independence of irrelevant alternatives property, the counterfactual increase in the
housing supply of Copenhagen only leads to a 0.5 percent decrease in the square meter prices
of these locations. This is because the demand adjustment only works through the intensive
margin in this model. As a result, the square meter prices in the remaining locations are
unaffected of the increased supply of housing.

Finally, the counterfactual analysis shows that average wages in Copenhagen in the short
run are reduced for females and males, by 0.6 and 0.4 percent, respectively. This is because,
as more households move to Copenhagen, the supply of labor increases, which in turn implies
that wages must decrease in order to equate demand and supply of labor. The effect is
smallest for males, as they, in line with existing literature, are more willing to commute
in order to receive a higher wage than females. Locations sufficiently far from Copenhagen
experience an increase in the average wages, as the supply of labor is reduced in these

locations.

Organization of the paper. Section 2 introduces the perturbed utility model used to de-
scribe the behavior of the households and firms. This is followed by Section 3 that introduces
the data used for estimation, and Section 4 sets up the proposed spatial equilibrium model.
Section 5 describes the applied estimation procedure and Section 6 presents the estimation
results. Section 7 conducts a counterfactual analysis of an increase in the housing supply of

Copenhagen, and Section 8 concludes.
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Some notation. Vectors are denoted q. The probability simplex in the J — 1 dimensional
simplex is denoted A7 = {7 € Ri : Z;‘le q; = 1}. The integers between A and B, where the
end points are included, is denoted {A .. B} = {A, A+ 1, ..., B}.

2 The perturbed utility model

This section introduces the perturbed utility model used to describe the joint residential and

work location decision of the households.

Definition 1 (Perturbed utility model) A decision maker (DM) faces a discrete choice
problem with J different alternatives. The discrete choice, d € {1, ..., J}, is stochastic with
choice probabilities, ¢ = (¢}, q5,-..,q%), given as the solution to the utility maximization

problem

max { Z:;qjvj = Y(Q)}’ (1)

where v = (v1,vy,...,v5) s a vector of choice-specific payoffs and Y : RLr — R is the
perturbation function.

If the perturbation function, Y, is strictly convex and satisfies that VY — oo as ¢; — 0
for any 7, then there exists a unique optimal solution in the interior of the probability simplex.

In this case, the perturbation function can be interpreted as representing taste-for-variety as

it penalizes small choice probabilities.

Example 1 (Shannon entropy) When the perturbation function is the negative Shannon

entropy
J
Y(q) =) glogq;,
j=1

it can be shown that the solution to the DM’s utility maximization problem is the multinomial

logit choice probabilities

e (u)
G = =7
Zj:l exp (Uj)

For the logit choice probabilities, the substitution patterns are governed by the independence

, fork=1,2... J.
of wrrelevant alternative property, and the corresponding expected utility of the DM is given

v e { oo () .

j=1

by the well-known log-sum
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Fosgerau and Nielsen (2021) introduce a class of perturbation functions that provide a
way to parameterize the degree of substitutability among groups of alternatives. Definition

2 is based on their work.

Definition 2 (Similarity function) Let C = {1,...,C} be a finite set of characteristics
and let UV = {¢}eecjes be a C x J matric with nonnegative entries .; and columns that
sum to 1, ZCC:l Yej = 1. A similarity function G : R;’LJF — R takes the form

G(q) = qu~gj<c7),

C C K
gj (Q) = (1 - Z ncwcj> lOg q; + Z ncwcj lOg (Z wcka> )
c=1 c=1 }C:l

where 7 = (1,12, ...,Nc) € R is a vector of parameters associated with the C' characteristics
and satisfies Zle max (7., 0) - . <1 forall j € {1 .. J}.

Fosgerau and Nielsen (2021) show that for Y(§) = G(q) the choice probabilities that

maximize the DM’s utility are determined by the unique fixed point equation

exp (Uk +logq;; — g (q*>>

25:1 exp <Uj +logg; — g; (T))

*

qy =

,for k=1,2,....J. (2)

As shown in Appendix A the corresponding expected utility can be shown to be given as

EV—log{éeXp (vj+1ogq; _gj<g*>)}, (3)

Note that the similarity function reduces to the negative Shannon entropy if 7. = 0 for all
c € {1 .. C'}, which implies that the optimal strategy is given by the multinomial logit choice
probabilities of the logit model. Further, the class of similarity models nests the nested logit
and inverse product differentiation logit model of Fosgerau et al. (2021) as special cases.

For each alternative, the parameter v.; describes the degree to which alternative j is
associated with characteristic c. Options that lie close together in the space of characteristics
are considered to be more similar than alternatives far from each other. Higher positive values
of 7. result in stronger substitution among similar alternatives relative to the logit model,
while negative values result in weaker substitution, and even complementarity when 7, is

sufficiently large negative.
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3 Data

This section outlines the data sources and the construction of the data set used for estimation.
The section ends by showing some descriptive statistics for the housing and labor market of
Denmark.

The geographical units of this paper - the locations where households can choose to reside
and work - are given by the municipalities of Denmark. Denmark consists of 98 municipal-
ities that belong to five different regions (see Figure 1). As Frederiksberg is surrounded by
Copenhagen, these two municipalities are treated as a single location throughout this paper,
and this location will be referred to as Copenhagen. Further, the municipalities Bornholm,
Hro, Fang, Samsg and Furesg are ignored, as these municipalities are all relatively small is-
lands and not well-connected to the remaining municipalities. Hence, in the proposed model,

households can only choose to reside or work in 92 different locations.

Capital Region of Denmark
Central Denmark Region
North Denmark Region
Region Zealand

Region of Southern Denmark

Figure 1: Regions and municipalities of Denmark.
The data are drawn from several administrative registers that cover the entire population

of Denmark. Since all individuals are associated with a unique identifier, each individual

can be followed over time, and information from the different registers can be linked. The
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main data source is the population register, which each year records all individuals who
are officially registered with an address in Denmark on January 1st. This register contains
information on demographics, address of residency, and a household identifier such that all
household members can be linked. Statistics Denmark defines households as individuals who
reside together at the same address. Households can consist of singles or couples with and
without children.

Based on the household’s address, it is possible to link information on the dwelling. The
key variable housing size can be found in the dwelling register for each household. Another
key variable is square meter prices, which is based on the register for sales of real property
that contains information on sales prices for every property sold in a given year.

The income register contains detailed income history on, for example, pension benefits,
transfer payments, and wages. Further, this register also classifies each individual by their
attachment to the labor market in a given year based on their income history. Information
on workplace is recorded on a monthly basis, and as a default the workplace in January is
linked to each individual. Finally, the attainment register gathers information about the
highest level of completed education for each individual.

The constructed data set contains all households where both members are 25 years of
age or older with an address in one of the 92 considered municipalities in a given year, and
where at least one of the household members had an address in one of the 92 municipalities
the year before. The data set contains 10 million households or 15 million individuals. Table
1 shows some descriptive statistics for the data set.

Individuals who do not work and who, based on their labor market attachment, are de-
fined as retired in the income register are in this paper defined as outside the labor force.*
Hence, this group includes non-working individuals who receive public pension, early retire-
ment pay, and early retirement pension. This groups constitutes 31 percent of the population.
Individuals who are not classified as outside the labor force are classified into four mutually
exclusive groups based on their highest attained education level. This classification is based
on the International Standard Classification of Education (ISCED) two-digit code. Un-
skilled household members include individuals with high school completion or less (ISCED
code 10-20 or missing); Skilled household members include individuals with vocational ed-
ucation (ISCED code 30); Medium educated household members include individuals with
short- or medium-cycle higher education and bachelors (ISCED code 35-60); Highly educated
household members include individuals with a masters or PhD degree (ISCED code 70-80).

Highly educated household members is the smallest group. This group constitutes 7 percent

4The definition of individuals outside the labor force is based on the variable BESKST02 that describes
each individual’s labor market attachment.
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of the population and Medium educated individuals constitutes around 17 percent of the
population. Skilled and Unskilled individuals constitute roughly 26 and 20 percent of the
population, respectively. Figures 10 and 2a in Appendix B show that the municipalities are
heterogeneous with respect to their composition of the four educational groups and the av-
erage wages differ across educational groups and municipalities. Hence, the proposed model

describes the population of households by these four educational groups.

Data set
Households 10,036,748
Individuals 15,007,505
(1) mean  (2) std.
Wage (DKK 1,000) 235.004  358.437
1 if working 0.615 0.487
1 if commuting™ 0.252 0.434
1 if unskilled** 0.193 0.394
1 if skilled** 0.260 0.439
1 if medium educ.** 0.169 0.375
1 if highly educ.** 0.071 0.256
1 if outside the labor force 0.308 0.462
1 if couple 0.495 0.500
1 if moved address 0.100 0.299
1 if moved municipality 0.029 0.168
Sales 130,467
Housing size (m?) 124.588 44.854
Sales prices (DKK 1,000) 2,030.264 1,483.385

Sales prices (DKK 1,000/m?) 16.808 14.777

Table 1: Descriptive statistics. The samples include individuals of age 25 older from 2010 to
2013. Individuals who reside or work in Bornholm, &rg, Fang, Samsg or Furesg are excluded. All
monetary units are measured in 2018 prices. * Commuting refer to individuals who work in another
municipality than they reside in. **Individuals outside the labor force are not included.

Table 1 shows that 61 percent of the population are working and 25 percent of the
employed individuals commute to another municipality than the one they reside in. Given
that a relatively large fraction of the employed individuals commutes, this favors that the
residential and work location choices should be modelled jointly. Figure 2 illustrates the

relation between average wages and share of commuters. The figures show that the average
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wages are relatively high in the four biggest cities (Copenhagen, Odense, Aarhus, and Aalborg)
and the municipalities north of Copenhagen and that the share of commuters is relatively
high in the surrounding municipalities. This shows that individuals residing outside high-

paying areas often choose to commute to these areas instead of moving to these areas.

(a) Average wages (b) Share of commuters

Figure 2: Average wages (DKK 1,000) and share of employed individuals who commute to an-
other municipality (percent). Average wages are based on the municipality the individual work.
Commuters are defined as individuals who work in a different municipality than the reside in.

Commuting time is another key variable in the presented model, as household members
are expected to receive compensation for longer commuting time in both the housing and
the labor market (see Rosen (1986) and Zax (1991)). This paper relies on data from Google
Maps to measure commuting time. The commuting time between any pair of municipalities
is calculated as the travel time by car between the centroids of the municipalities. Figure 3
illustrates the share of commuters that commute to Copenhagen and the commuting times to
Copenhagen. Commuters are defined as individuals who work in another municipality than
the one they reside in. The figures show, as expected, that the shares of commuters who com-
mute to Copenhagen are negatively correlated with commuting time to Copenhagen. Similar
figures are shown in Appendix C for Odense, Aarhus, and Aalborg, which all show similar
patterns. Figure 3 shows that the share of commuters to Copenhagen reduces drastically
with commuting time, and very few individuals commute to Copenhagen from municipalities

with commuting time longer than one hour.
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(a) Share of commuters that commute to Copenhagen (b) Commuting time to Copenhagen

Figure 3: Share of commuters that commute to Copenhagen (percent) and travel time to Copen-
hagen (hours), 2010-2013. Commuters are defined as individuals who work in a different munici-
pality than they reside in. By definition the share of commuters that commutes from Copenhagen
to Copenhagen is zero. Commuting time is based on data from Google Maps.

Note from Table 1 that only 10 percent of the households moved address and only 3
percent moved to another municipality. As a small fraction of the households move, any
realistic modelling of the residential location choice needs to incorporate frictions, such as
moving costs. Further, any model should also be able to capture that households tend to
move inside the municipality in which they currently reside, and if they move municipality,
they tend to move to locations close by. The latter is illustrated for Copenhagen in Figure 4.
Figure 4b shows for all municipalities the probability of moving to Copenhagen conditioned
on moving municipality. The figure shows that the probability of moving to Copenhagen
is higher for municipalities close to Copenhagen. However, the figure also shows that this
probability is relatively big for the three second largest municipalities (Odense, Aarhus, and
Aalboryg).
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(a) Share of movers that moves from Copenhagen (b) Share of mowvers that move to Copenhagen

Figure 4: Share of movers that move from Copenhagen (percent) and share of movers that move
to Copenhagen (percent), 2010-2013. Movers are defined as households that move to another
municipality.

Figure 5 illustrates the average square meter prices and housing size across municipalities.
The figure does not indicate a clear correlation between square meter prices and housing size.
However, it should be noted that the average housing size is relatively low for the four biggest
municipalities (Copenhagen, Odense, Aarhus, and Aalborg), where the square meter prices

are relatively high.
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(a) Average housing size (b) Average square meters

Figure 5: Average housing size (m?) and average square meter prices of sold properties (DKK
1,000/m?).

4 Model

Inspired by Carstensen et al. (2020), this section sets up a spatial equilibrium model for

the housing and labor market based on the joint residential and work location decision of
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a population of heterogeneous households. In the presented model, the economy consists of
H; households at time ¢t and N different geographical locations that differ with respect to
their spatial position. The households consist of single females, single males, and couples.
It is assumed that households are not forward-looking and have static expectations, which
implies that a static discrete choice model can be used to describe the behavior of the
households.® Further, when faced with a discrete choice, it is assumed that the behavior of
households can be described by the perturbed utility model from the previous section, where
the perturbation function is specified in terms of the similarity function.

At each point in time, the household chooses its residential location, its housing size and
the work location of each of its household members based on its residential and housing size
choices in last period. Household members not participating in the labor force receive a
fixed income and do not face a work location choice. Finally, it is assumed that in each time
period the household makes its decisions sequentially in three stages.

In the first stage, household i chooses its residential location, d¥ € {1 .. N}. If the
household chooses to move to another location than its previous location, dff # df_,, it
pays a moving cost. Secondly, the household chooses its housing size h; € R, where it
is assumed that for any given square meter price there exists an optimal housing size. If
the household in the previous stage chose to incur the moving costs and moves to another
location, dff # df |, it will with certainty choose the optimal housing size by assumption.
In contrast, if the household chose to stay, d¥ = df_,, it faces the binary choice, d5 € (0, 1),
of keeping its previous housing size, d¥ = 0, or paying the moving costs and updating to the
optimal housing size, d5 = 1. In the final third stage, each household member chooses its
work location, dj, € {0 .. N}, based on the household’s chosen residential location choice,
where the household member takes into account the offered wages and commuting time.
Let superscript ¢ = {F, M} denote whether the household member is female (F) or male
(M). For d}, = 0 the household member chooses the outside option of not working and for
d? € {1.. N} it chooses to work in one of the N locations.

Since the household decides sequentially, the household - when deciding on its residential
location - does not know the outcomes of the work location and housing size decisions. Hence,
the model is solved by backward induction, such that each household member first solves the
work location problem and the binary housing size problem - for any given residential choice
- and then finally solves the residential location choice problem, where it bases its decision
on the expected utility of the work location and housing size decision.

The supply of housing is fixed across locations, whereas the demand for workers in each

5This is in contrast to Carstensen et al. (2020) who describe the behaviour of the households by a dynamic
discrete choice model.
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location is described by a representative firm that uses the different types of household
members as inputs in its production. The equilibrium can is determined by a set of market
clearing conditions such that the demand for housing and labor equals the supply. The
market clearing conditions are defined at the end of this section after the choice problems of

the households and firms are presented.

4.1 Work location

Let ¢; € {S,C} denote the civil status of the household. For ¢; = S the household consists
of a single female or single male household member and for ¢; = C' the household is a
couple that consists of household members of each gender. Further, let f; € {0 .. E'} denote
the educational type of the female household member and let m; € {0 .. E} denote the
educational type of the male household member. f; = m; = 0 refers to a female or male
household members outside the labor force, who does not face a work location decision.

Let subscript s denote the residential location of the household. Then household member
g chooses its work location based on the vector of choice probabilities, g%, = (g%, -, @ane) Te

ANTL that maximizes its perturbed utility

N
qg;; = argimax { Z qfsjt ’ u?sjt —YY (@it) }7 (4>
B eANT LG5

where Y9 : RYF — R is the perturbation function of household member g and ui,;; is the

choice-specific utility of not working or working in location 57 = 1,..., N. For the female
household member the choice-specific utilities are given as

F

WUjsjt =

Uiy = o, - wi iy + AT - dist(s, )+ pt, for j=1,..,N,

a3 .
O, - W i, for 7 =0,

()

where a, is the utility of money for household ¢, wJIZ; ot 1S some exogenous benefit payment
the female household member receives when unemployed, and wy,;; for j = 1,..., N is the
offered wage at location j for the female household member of type f;. Further, dist(s, j)
refers to the travel time between location s and j, and A\'" is the marginal cost of commuting
for female household members. The parameter uf captures the location-specific utility of

working. The choice-specific utilities of the male household member are given by similar

expressions
M M .
Uisjt = Qg * wmijt7 for ] = O’ (6)
Wl = ag w4 N dist(s, j) + pl, for j=1,..,N.
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To sum up, for a household member ¢ in the labor force with the residential location
s, the optimal choice probabilities, i, and the corresponding expected utility, EV;?, of the
work location decision can be found from Eq. (2) and Eq. (3), for a given vector of choice-
specific utilities, (u,q;, ..., uZ,y,) ", and for a given specification of the perturbation function,
Y9, Household members outside the labor force, f; = m; = 0, choose with certainty the
outside option of not working by assumption, g7, = (1,0,...,0)". Hence, their expected
utility of any given residential choice is EV}Y, = a., - w§,. Where wf, is a fixed income that

household members outside the labor force receive.

4.2 Housing size

Recall, that subscript s denotes the the household’s chosen residential location, and that any
household that moves to another residential location will with certainty choose the optimal
housing size, hf(ps:), where pg; denotes the square meter price of the chosen location. Hence,
in this case the vector of choice probabilities of this binary decision is gZf = (0,1)" by
assumption.

In contrast, a household that chooses to stay at its residential location faces a binary
housing size choice of keeping its housing size or updating to the optimal housing size.
This household makes its binary decision based on the vector of choice probabilities, g2 =

(a2, qgﬁ)T € A? that maximizes its perturbed utility

1
—Bx B B B( =B
Qis¢ = argmax { Z Gisht * Wispy — Y (%st) }a (7)

qﬁteAQ b=0

B

where Y : R? . — R is the perturbation function of the household and uZ,

, is the choice
specific value, when residing in location s with housing size h;;_;. The choice-specific payoff
is
uiBSOt = —Q¢ O pst - hig—1 + Pre; - it + % - By hi,_y, )
Uy, = —Qe; & Pt hig + B, - hie + % By hi—pP,
where p is the moving costs and ¢ is the annual user cost of housing. Hence, ¢ - pg - hir—1
is the annual housing cost when keeping the housing size. In the spirit of Carstensen et al.
(2020), the utility of housing is quadratic in housing size. As a result, the optimal housing

size can be found from the first-order condition

B
Oy,

Ohi

=0 hi(pst) = —ﬁ;{;i + O;;i “ @ Pst 9)

2

This implies that if the marginal utility of money is positive, a,., > 0, and the utility of
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housing is concave, By < 0, then the optimal housing size decreases linearly in the square
meter price of the chosen location. Hence, households of the same type will choose the same
housing size if they move to the same location. In turn, the utility of updating housing size

can be rewritten as
uglt = _% “Pa h?(I?st)z - PB- (10)

Due to the inclusion of moving costs - when the household chooses to update its housing
size - the housing size choice problem must be solved for any value of h;;_1. However, as this
is computationally costly, it is assumed that h;_; is common for all households of the same
type that reside in the same location. This is consistent with the long-run equilibrium of the
model, as in the long run all households that move will choose the same housing size as the
households - of the same type - that already reside in that location. It is shown in Section
7 that it is important to obtain realistic results to include cost when the household changes
its housing size.

For a household that chooses to stay at its residential location, the optimal choice proba-
bilities, 2, and the expected utility, EV.2

o> of the binary housing size decision can be found

from Eq. (2) and Eq. (3), respectively, for a given the vector of choice-specific utilities,
(uZ,,,uB,,)", and for a given specification of the perturbation function, Y2. For households
that choose to move to another location, the choice probabilities are g2; = (0,1)7, and the
expected utility is simply given by the utility of having the corresponding optimal housing

size of the chosen residential location, EV.Z = uB,,.

4.3 Residential location

For simplicity let subscript r» denote the previous chosen residential location of the house-
hold. The individual household chooses its residential location based on the vector of choice

probabilities, ¢/t = (¢, -, qﬁ}‘w)T € AN that maximizes its perturbed utility

qzrt - arg max { Z Qirst zrst - YR( zrt> } (11)

qm"t EA

where Y# : RY, — R is the perturbation function of the residential problem and uf, is the
choice specific value of the residential location s when residing in location r.

As the outcomes of the work location and housing size decisions are unknown, the house-
hold bases its decision on the expected utilities of these decisions. For a couple, the expected
choice-specific utilities are

+ EUE

ist

+ EUM fors=1,...,N, (12)

15t

ull, = ks + pP - dist(r,s) + EUS

irst 15t
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where r, is the utility of residing in location s and p” is the cost of moving from location r
to s. This term is included in order to capture that most households, when moving, move to

a location close to their previous location. EUS, i

is the expected utility of the binary housing
size decision when location s is chosen. Similarly, (EUf,, EUM) are the expected utilities of
the female and male household members’ work location decision when the household chooses
location s. For a single female household or single male household, the expected utility of
the work location decision of the opposite gender drops out.

Given the vector of choice-specific utilities, (uf,,,...,ulty,)", and for a given specification

of the perturbation function, Y#, the optimal choice-probabilities, ¢%,, can be found from
Eq. (2).

4.4 Firms’ choices

The representative firm in location j uses the different household members as input in it
production. However, the production is independent of the residential location of the hired
household members, and the representative firm is assumed to have an inelastic aggregate
demand for labor given by @j;. As shown by Andersen and Lee (2022), the firm’s profit
maximization problem can be written as a perturbed utility maximization problem, where the
firm chooses the composition of household members, qﬁ* = (qjcl}t, - qngFt, qjc1 Mt - qfﬁMt)T

)

in order to maximize its profit

q]t = arg max { Z Z q]egt ]egt ~-Y© (%Ct)} - Qji- (13)

*C
1EA% e=1 ge(F,M)

Y¢ : R*Y — R is the perturbation function of the firm that represents the non-linear part

of the profit function, and vjeg

member of type e and gender g, and constitutes the linear part of the profit function. The

. 1s the choice-specific net revenue from hiring a household

choice-specific net revenue for hiring a female or male household member is given as

c _ _F F B
Vjept = Tjet — Wjets fore=1,...,F, (14)
c  _ M M o
Vjenst = Tjer — Wje, fore=1,.. F.

(nf’., w) represent the productivity of a female or male household member of educational

getr "jet
,wM

type e employed in the representative firm at location j, and (w jet) represent the as-

jet7
sociated wage for the female and male household member that the firm must pay when
hiring.

As the optimal composition of household members is independent of @)}, the represen-
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tative firm’s optimal composition of household members, cjjct*, can be found from Eq. (2)
for a given vector of choice-specific net revenues, (vﬁ Fiy oo U]-CEFt, vjcl Mt -3 UJ-CEMt)T, and for

a given specification of the perturbation function, Y¢.

4.5 Perturbation functions

Recall that the perturbation functions are specified in terms of the similarity function de-
fined in Section 2. In order to reduce the computational complexity, the similarity functions
for the work location and binary housing size problem of the households, (Y2, Y YM) are
given by the Shannon entropy. Similarly, the similarity function of the firm, Y, is given
by the Shannon entropy. Hence, for these decision problems the optimal choice probabili-
ties or optimal composition of household members and the corresponding expected utilities
and profits simplify to the multinomial logit choice probabilities and the log-sum, respec-
tively. This implies that the substitution patterns between the alternatives of these decision
problems are governed by the IIA property.

As this paper focuses on the spatial substitution patterns, the similarity function for
the residential location problem, Y is given a rich parameterization in order to allow
substitution among the residential locations to be determined by the data. Hence, it is
assumed that the locations can belong to two nests to a varying degree. The degree by which
the locations belongs to the first nest is described by the vector @ = (wi, ..., wy) . As aresult,
the degree by which the locations belong to the second nest is given by (1 —wy,...,1—wy)".
The nesting parameter that determines the degree of substitution inside each nest is assumed

to be identical for both nests, n; = n, = 1.
J
v (q_ﬁt) = Z Givgt - 95 <q§t)7
s=1
K
g ((iﬁ) = (1 - 77> log gfty, + 1 - ws log (Z Wi - qi’ffkt>

k=1

+1- (1 —ws)log (i(l — w) - qffkt)-

k=1

As described by Fosgerau and Nielsen (2021), the parameter 7 describes the degree of of
substitution inside the nests relative to the logit model. For n = 0 the function reduces to
yR <q{ft> = log ¢%t,; and substitution is described by the ITA property. For n > 0, locations
with similar sized w, are closer substitutes than for the logit model. In contrast, for n < 0,

locations with similar sized w; are less substitutes than for the logit model. For n > 0, the
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model is closely related to the generalized nested logit model by Wen and Koppelman (2001).
Further, for n > 0, the similarity model reduces to the nested logit model if w, equals 0 or
1 for s =1,..., N, as each location in this case only belongs to either the first or the second

nest.

4.6 Equilibrium

In equilibrium, the demand for housing must equal the supply of housing across all locations,
and the supply of labor must equal the demand for labor across all locations and types
of household members in the labor force. This paper takes a short run perspective and
assumes a fixed supply of housing and fixed aggregated demand for labor. Thus the longer
run dynamics, where the supply of housing and the aggregated demand for labor adjust to
changes in square meter prices and wages, are ignored.

All households face the same vector of square meter prices, p; = (pit, ..., pnt) |, but the
different types of household members face different offered wages. Hence, the household
member of gender g and type e faces the vector of wages w?, = (w?,,...,w’y,)". For later
use, define the stacked matrix W, = (@f;, ..., Wp_y ,, @y, ..., 0y ,) that contains all the
vectors of wages.

The demand for housing in location s = 1,..., N is given in terms of the housing sizes,
the choice probabilities of the residential location problem, and the choice probabilities of

the binary choice

pta Wt Z qzrst (qu;St ' h’it—l + qu;Tt ) h;k (pst))7 (15)

where ¢2%, = 0 and ¢5}, = 1 for s # r. Since utility increases with consumption of the
outside good, households prefer to reside in less expensive locations. In turn, the demand
for housing decreases with square meter prices. In contrast, the presence of commuting costs
implies that the demand for housing increases with the offered wages of that location, as
households prefer to reside close to locations that offer higher wages.

The supply of female or male labor of type e = 1,.., E —1 in location s = 1, ..., N is given

in terms of the choice probabilities of the residential and work location problems
set pt? Wt Z qz]st qz]st fl = 6)7 (16)

set pt’ Wt Z qz]st qz]st m; = 6)' (17)
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The resulting supply of labor at a given location therefore decreases with square meter prices
and increases with the offered wages, since households prefer to reside close to where they
work and receive high wages.

) is given by the firm’s

The demand for female and male workers of each type, (DL, DM

choice probabilities
Dit(W*) Qé’t qseFt<W*)

Di‘gt(W*) Qst - q$eMt<Wt*>'
Note that the aggregated demand for labor in location s is fixed at ;;, but the firm can

(18)

adjust its composition of household members, (¢, ¢<%).

As the supply of square meters, S is fixed across locations, the square meter prices and
wages, (pg, W), must adjust such that demand equals supply for type e = 1,..., F — 1 and
location s =1,..., N

Di(p;, W}) = S

st

D, (Wy) = Sie(, W7), (19)
Dy (W) = Seas(B7, Wy)-

Given the decentralized nature of the housing and labor market, square meter prices
and wages are assumed to adjust in order to clear the markets. If, for example, the supply
of housing exceeds the demand in a given location, square meter prices must decrease in
order for the demand to increase. As prices fall, more households will be willing to move to
this particular location, which in turn leads to an increase in the supply of workers in that
location. As a result, wages will also have to decrease in order to clear the labor market. In
contrast if the supply of labor exceeds the demand in a given location, wages of that location
must decrease. As a consequence, the demand for housing in that location will decrease,

which leads to a decrease in the square meter price of that location.

5 Estimation

This section describes the estimation procedure used when estimating the structural pa-
rameters of the proposed model. The user cost parameter, ¢, is set to 0.05. Hence,
the remaining structural parameters to be estimated are denoted by the vector § =
(@, Br, Ba, By p, ANE XM ' ™ om0, 7%, #M). The structural parameters can be divided into
two sets 6 = (01, 60,), where 0, = (&, By, Ba, K, p, NI, MM iF', i™  n, ©) describes the prefer-
ences of the households and 6, = (7%, #M) describes the productivity of the firms. The two
vectors of parameters, (61,6s), are estlmated independently of each other.

In order to reduce the computational complexity, is 6 estimated in two steps, as proposed
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by Carstensen et al. (2020). The first step is based on Eq. (9), that describes the optimal
housing size. The reduced form parameters v, . = —f1./0f2 and Y2, = /B2 can be

estimated from the following equation by simple OLS

Eit: Z {’yLk—F’}/Q’k'gb']f;it}]]_(Ci :k)+5ita for 1 = ]_,...,Ht, (20)
ke{S,C}

for t = 1,...,T. The variable ﬁit is the observed housing size, p;; is the observed square
meter price and ¢ is assumed to be a random measurement error. Recall that ¢; € {S,C}
indicates whether household 7 consists of a single or a couple.

Given the reduced form estimates, (91,5,%1,05792,5,Y2,c), the corresponding structural

parameters (ag, ac, f1.5, f1.c) can be expressed in terms of [y

Bl,ci = _’?1701- N 52, fOl" C; = 57 C’

(21)
A, = ’3/2,@ : 627 for ¢; = 57 C.

As a result, these structural parameters can be concentrated out of the likelihood func-
tion, such that the dimensionality of the maximum likelihood problem solved in the second
step of the estimation procedure is reduced. The likelihood contribution of household 7 - that
previously resided in location df , with housing size hy_; - can be written as the product
of the choice probabilities of the household’s residential location decision, the choice prob-
abilities of the households binary choice, and the choice probabilities of the work location

decision of the household members in the labor force

R dg t(gl)’

Pr(dff,dff, dff, d}|dfi_y, hin1,60) = al%n o (hiv1,60) - i am o (hie1,60) T] 0% 0
’ 22)
where the product is over the individual household members of household ¢. It is assumed
that households that move to another address choose to update their previous chosen housing
size to the optimal housing size, d5 = 1.

The maximum likelihood estimator is the vector § that maximizes the log-likelihood
function, which due to Eq. (22) can be expressed by the sum of the log-likelihood function
of the residential choices, Lg (), the log-likelihood function of the binary choices, Lg (), and

the log-likelihood function of the work location choices, Ly (6),

0, = argemax L(0,) = Lr(6h) + Lp(61) + Lw(6y), (23)
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respectively given as
T H

Z Z log ¢ aran (i1, 01),

t=1 i=1
T H;

Z Z log C]Z dﬁ,dB hig—1,01), (24)

t=1 =1
T H;

Z Z Z logq (AR.d9, ¢ (61).

t=1 =1

The remaining structural parameters describing the productivity of the representative
firms, 0y, are estimated non-parametrically for each time period, t = 1,...,7T, from the

observed choice probabilities and average wages

it =10g(G5m) — 10g(q515m) + Wiy — Wy, for j =2, E,

(25)
~ ~C'x ~C'x ~ ~ .
ﬂ'%t = log(qjeMt) — log(qlet) + wj-\gt — wflt, forj=1,...,F,
where ﬂﬁt is normalized to zero across representative firms and time periods in order to

identify the productivity parameters.

6 Results

This section presents the estimation results of the first and second step of the estimation
procedure described in Section 5. In order to compare the quantitative implications on the
counterfactual analysis in Section 7 of the assumptions behind the proposed model, three
different models are estimated for the households choices, (d%,d%, d%, d2F).

The proposed model in Section 4 is referred to as model {3}. Model {2} is similar,
except that 7 is restricted to be zero. This implies that the perturbation function of the
residential choice problem is specified in terms of the Shannon entropy, and the resulting
choice probabilities are given by the multinomial logit choice probabilities. Hence, for this
model, the substitution patterns are solely described by the IIA property.

For model {1}, n is restricted to be zero as well, but the households in this model can,
similarly to Carstensen et al. (2020), adjust their housing size at no extra cost. Hence,
households in this model do not face the binary housing size decision, as they will always
choose the optimal housing size. As a result, when estimating this model, the information

on households that move inside their current municipality is ignored.
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6.1 Estimation Results

Table 2 shows the reduced-form estimates of the first step of the estimation procedure, on
which the estimation of the structural parameters of all the three models are based. This
first step is based on observed housing sizes and observed square meter prices for 130,000
property sales across all the included municipalities in the period 2010 to 2013.

The table shows that the estimates are statistically significant at a 99% significance level
and the estimates have the expected sign. However, the R? is relatively low, R? = 0.064.
Hence, the model can only explain 6 percent of the variation in housing sizes of the sold
properties. The estimated constants (%1 g,%1,c) are both positive, and since 41 5 < J1.¢
couples have a higher baseline demand for square meters. Further, the price coefficients
(42,8, 92,c) are both negative, which implies that the demand for square meters decreases
with square meter prices as expected. Since 4, ¢ < 42, the demand of couples is less price
sensitive compared with the demand of singles. The estimates imply that the demand for

housing is higher for couples compared with singles, for any given square meter price.

coef. s.e. t-stat.
A5 1.388 0.004 335.970
e 1.505 0.004 367.998
Yo -2.498 0.045 -55.967
Ao -2.359 0.045 -52.828

Table 2: Reduced form estimates are based on 130,467 property sales from 2010 to 2013. R? =
0.0643.

Table 3 shows the estimated structural key parameters and log-likelihood values of the
models. It should be stressed that model {1} is not nested in any of the other models,
which implies that the log-likelihood values of this model cannot be compared with the
other models. In contrast, model {2} is nested in model {3}. Hence, the log-likelihood val-
ues are comparable for these two models. The table shows that the log-likelihood value
increases when 7 is not restricted to zero, but estimated freely.® However, model {5}
contains 372 parameters to be estimated, whereas model {2} only contains 280 parame-
ters. A comparison of the AIC scores of the two models clearly favors model {3}, since
P = exp((52,361,218 — 53,593,792)/2) ~ 0. The estimated value of 7 is 0.55 for this
model, which implies that the substitution patterns between the different residential loca-

tions are not governed by the ITA property of the logit model. Hence, municipalities with

6As the null hypothesis, wj = 0, is on the boundary of the parameter set, a likelihood ratio test is not
applicable, as the test-statistic is not y2-distributed.
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similar w; are closer substitutes compared with the logit model.

The estimates for w are shown in Figure 20 in Appendix E. The figure shows that munic-
ipalities closest to Copenhagen mostly belong to the second nest, whereas the municipalities
on the mainland mostly belong to the first nest. As a result, the municipalities closest to

Copenhagen are closer substitutes compared with the logit model.

model {1}  model {2}  model {3}

big 5.7983 5.8333 5.6367
(0.0004) (0.0004) (0.0004)

e 5.4764 5.5094 5.3238
(0.0003) (0.0004) (0.0004)

Bis 3.2214 3.2408 3.1316
(0.0001) (0.0001) (0.0002)

Bic 3.4937 3.5147 3.3963
(0.0001) (0.0001) (0.0002)

s -2.3215 -2.3355 -2.2568
(0.0001) (0.0001) (0.0001)

o8 -6.2420 -3.2792 -2.69834
(0.0002) (0.0002) (0.0002)

pP -1.0989 -4.2789 -0.8221
(0.0002) (0.0002) (0.0002)

AF -4.6085 -4.6010 -4.5827
(0.0001) (0.0001) (0.0002)

AM -3.6665 -3.6625 -3.6403
(0.0001) (0.0001) (0.0001)

i 0 0 0.5515
] (-) (-) (0.0001)
L(6)) -23,632,958 -26,796,616 -26,180,237
Lr(6y) -2,482,564  -2,987,275  -2,481,013
Ly(6,) - 22,658,572 -2,537,002
Ly(6) 21,150,394 -21,150,768 -21,162,221
Parameters 280 280 372
AIC 47,266,476 53,593,792 52,361,218

Table 3: Structural parameters are estimated by maximum likelihood based on the choices of
10,186,442 households. Commuting time is measured in hours. All monetary units are measured
in DKK 1,000,000. Housing size is measured in 100 m?.
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The estimated productivity parameters of the firms, (7, 7#), are difficult to interpret,

as the reference alternative differs across municipalities. Hence, the productivity parameters
can only be compared within municipalities and not across municipalities. The average
estimated productivity parameters of the representative firms in the different municipalities
are shown in Table 11 in Appendix E.

Since utility is linear in income, utilities can for comparison be transformed into monetary
units. Table 4 shows the average estimated (annual) value of housing and moving. The table
shows that the average estimated value of housing is DKK 4,700 per square meter across
models. The identical estimates reflect that the monetary value of housing only depends
on the reduced form ratios - which are identical across models - and not the structural
parameter.” As the average user cost per square meter is DKK 900, the average estimated

value of housing is relatively big.

model {1} model {2} model {3}

Housing (DKK 1,000/m?) 4.7 4.7 4.7
Moving* (DKK 1,000) 0 229.0 247
Moving municipality** (DKK 1,000) -65.0 -68.2 -32.2

Table 4: Average estimated annual monetary value of attributes. *refers to the costs of moving
inside the municipality in which the household currently resides. **refers to the costs of moving to
another municipality than the municipality in which the household currently resides. The average
estimated annual monetary values of moving address or municipality are conditioned on moving
inside the current municipality or moving to another municipality, respectively. For comparison,
the moving costs are turned into a infinite annuity based on a 5 percent interest rate.

The average estimated costs of moving differs across the models. For model {1} house-
holds can freely move inside their current municipality. Hence, the average costs of moving
address is zero for this model. In contrast, the average costs of moving to another mu-
nicipality is DKK 65,000 for this model. Recall that moving costs include financial and
none-financial costs of moving. However, this is a very high estimate for moving costs. It
is a general result of the literature on dynamic discrete choice models that the estimated
switching costs are upward biased, as all relevant unobserved heterogeneity cannot be in-
cluded in the model, see, for example, Honoré and Kyriazidou (2000). For that reason,
most of the existing literature does not report the average estimated value of moving. Due
to the inclusion of the additional parameters of the similarity function, (n,@), the average
estimated moving costs of moving municipality is considerably lower (DKK 32,000), as the

additional parameters control for unobserved heterogeneity.

"Recall that utility of housing is f1.¢, - hit + B2.c, - h%. Dividing by o, it can be shown that the monetary
value of housing equals —v; , - 727; ~hi + 752 - h2,.
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Table 5 shows the average estimated cost of commuting one hour. Note that monetary
costs, lost time and discomfort are included in the commuting costs. Across models, the
estimated commuting costs for females and males are DKK 1,900 and 1,500, respectively.
These estimates are much higher than those found in the empirical literature on commuting
costs®. Similar to the high estimates of moving costs, this is a consequence of unoberserved
heterogeneity. However, the relative difference in commuting costs between females and
males is in line with Le Barbanchon et al. (2020), who find that females value commute

around 20 percent more than males do.

model {1} model {2} model {3}
Females (DKK 1,000) -1.9 -1.8 -1.9
Males (DKK 1,000) 15 15 15

Table 5: Average monetary value of commuting one hour. The average monetary values of
commuting for e.g. females is an average of of the term (A /&;)/(2-224) for females that commute.
224 refers the number of yearly workdays and household members are assumed to commute back
and forth between the residential and work location each day.

6.2 Model fit

This subsection illustrates the model fit of the estimated spatial equilibrium model, where
households’ behavior is described by model { 3}. Hence, the equilibrium concept of Subsection
4.6 is applied to the estimated model, and predicted square meter prices and wages are given
by the equilibrium square meter prices and wages such that markets clears.

Figure 6a compares the predicted and observed number of inhabitants across municipali-
ties. Since households rarely move and the proposed model includes moving costs, the model
does as expected a relatively good job in predicting the number of inhabitants. Hence, most
of the observations are located on the 45-degree line.

The model does a slightly worse job in predicting the observed square meter prices, as
illustrated by Figure 6b. This is because square meter prices are determined by the marginal
buyer, which implies that small initial differences between supply and demand for housing
can result in relatively large adjustments of square meter prices. Differences between demand
and supply in the labor market can magnify the adjustment of the square meter prices due

to spill-over effects.

8E.g Van Ommeren and Fosgerau (2009) find that, on average, workers’ marginal costs of one hour of
commuting are about EUR 17 (roughly DKK 160 in 2018 prices). It should be noted that the estimates in
Table 5 is based on gross wages. The average Danish tax rate is close to 50 percent.
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(a) Observed and predicted number of inhabitants.  (b) Observed and predicted square meter prices.

Figure 6: Model {3}: Observed and predicted number of inhabitants (1,000) and square meter
prices (DKK 1,000).

In contrast to the residential location decision, the work location decision does not include
switching costs and since commuting to another municipality is more prevalent in the data
than moving to a another municipality, it is more difficult to predict the labor supply than
the housing demand. Hence, the model does a relatively worse job in predicting the observed

wages for females and males. This is illustrated by Figures 7a and 7b.
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Figure 7: Model {3}: Observed and predicted wages (DKK 1,000).
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7 Counterfactual study

Based on the estimated models presented in the previous section, this section conducts a
counterfactual study of an increase of 1 percent in the supply of housing in Copenhagen. The
counterfactual analysis has two purposes. First, the analysis illustrates the consequences of
relaxing the assumption by Carstensen et al. (2020) that households can adjust their demand
for housing at no extra cost. Second, it illustrates the importance of spatial substitution
patterns.

Before turning to the results, it should be noted that the demand for housing can change
along the extensive and intensive margins. Changes along the extensive margin reflect house-
holds that move from one municipality to another, and thereby increase the demand for
housing in the municipality they move to and reduce the demand for housing in the mu-
nicipality they move away from. In contrast, changes along the intensive margin reflect
households that move inside their current municipality, and thereby only affect the demand
for housing in that particular municipality. To illustrate the importance of distinguishing
between changes along these two margins, consider the case where the supply of housing in a
single municipality increases. The square meter price of that municipality must decrease in
order for the demand and supply of housing to clear. If the demand only adjusts along the
intensive margin, this implies that the demand for housing in the remaining municipalities
will be unaffected, as the demand and supply in the starting point equates. Hence, the
square meter prices of these municipalities will be left unaffected.

Table 6 shows, for each of the three estimated models, the corresponding changes in the
number of inhabitants and square meter prices for Copenhagen due to the counterfactual
increase in the supply of housing in this location. At the bottom of the table, the total
adjustment of the demand for housing in Copenhagen decomposed into the percentage change

along the intensive and extensive margin is shown.

model {1} model {2} model {3}

Inhabitants (1,000) 0.0 2.3 2.5
Inhabitants (percent) 0.0 0.5 0.5
Avg. sqm. prices (DKK 1,000) -0.1 -3.4 -2.6
Avg. sqm. prices (percent) -0.5 -13.5 -10.3
Intensive margin (percent) 98.8 40.0 43.8
Extensive margin (percent) 1.2 60.0 56.2

Table 6: Changes in equilibrium outcomes for Copenhagen due to a 1 percent increase in housing
supply in Copenhagen. The adjustment in demand for housing in Copenhagen is decomposed into
changes along the intensive and extensive margins.
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The table shows for model { 1} that the intensive margin accounts for 98.8 percent of the
total adjustment of the demand for housing in Copenhagen. This is due to the high estimated
cost of moving to another municipality and due to the assumption that households can change
their housing size at no extra cost. Due to the high moving costs, the square meter prices
must decrease a lot to make it attractive for households to move to Copenhagen. However,
since households that already reside in Copenhagen can increase their housing size at no
extra cost, a small reduction in the square meter price is sufficient for demand and supply to
equate. As a result, the increase in the number of inhabitants in Copenhagen is below 100,
and the 1 percent increase in the supply of housing in Copenhagen only reduces the average
square meter price by 0.5 percent (corresponding to a decrease of DKK 100). Table 8 and
Figure 18 in Appendix D show that the number of inhabitants and average square meter
prices for the remaining municipalities are unaffected for this model, as very few households
move to Copenhagen.

Table 6 shows for model {2} that the intensive margin only constitutes 40.0 percent
of the total adjustment. This is because households in this model can only adjust their
housing size at a cost. As a result, the square meter price of Copenhagen must decrease
by a relatively large fraction for the demand and supply of housing to clear. This implies
- despite the high moving costs - that a substantial number of households in the remaining
municipalities are willing to move to Copenhagen. As some of the adjustment works through
the extensive margin, the square meter prices are reduced in the remaining municipalities
(see Table 9 in Appendix D). For model {2}, the population in Copenhagen increases by 0.5
percent (or 2,300 inhabitants) and the average square meter price of this location decreases
by 13.5 percent (corresponding to DKK 3,400). The large decrease in the square meter price
of Copenhagen is a result of the high estimates of the moving costs parameters.

Finally, Table 6 shows that the changes along the intensive margins are of similar size for
model {3} and model {2}. Hence, the changes in the number of inhabitants and square meter
prices for Copenhagen are relatively similar for these models. For model {2}, the population
in Copenhagen increases by 0.5 percent (or 2,500 inhabitants) and the average square meter
price of this location decreases by 10.3 percent (corresponding to DKK 2,600).

However, the changes in the counterfactual equilibrium outcomes for the remaining mu-
nicipalities differ for these two models. For model {2} and model {3}, tables 9 and 10 in
Appendix D show the counterfactual changes for the remaining municipalities, which are
grouped by the five regions (as given by Figure 1). The tables show that the average square
meter prices in the Southern, Central and North Regions of Denmark are more affected in
model {3} compared to model {2}. These regions constitute the municipalities located fur-

thest away from Copenhagen, and the fact that the average square meter prices are more
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affected for these municipalities in model {3} compared to model {2} is due to the lower
estimated moving costs. This is especially due to the lower estimate of the moving cost
parameter p”, as this implies that the costs of moving from any of these municipalities to
Copenhagen are relatively low.

Figure 8 shows the counterfactual changes in the number of inhabitants and square meter
prices across municipalities for model {3}. As mentioned above, the square meter prices are
mostly affected in the municipalities close to Copenhagen due to the relatively high estimates
of pP. Further, the figure shows that the counterfactual change in the supply of housing
mostly affects the number of inhabitants in the municipalities on Zealand, and especially for
the municipalities located closest to Copenhagen. However, this figure shows that the number
of inhabitants in the three second largest municipalities, Odense, Aarhus, and Aalborg, are
also affected by the counterfactual change in the supply of housing. Hence, the changes in
the number of inhabitants as illustrated by this figure mimic the moving patterns described
Figure 4b in Section 3 relatively well. In contrast, model {2} predicts that the number of

inhabitants in these municipalities are almost unaffected (see Table 19a in Appendix D).

0.05 0.5
' 4 0.00 0.0
L o
*® —0.05 —0.5
.
-0.10 w -1.0
(a) Changes in inhabitants. (b) Changes in square meter prices.

Figure 8: Model {3}: Counterfactual changes in the number of inhabitants (1,000) and square
meter prices (DKK 1,000). For illustrative reasons, changes in Copenhagen are not included in the
figures.

Figure 9 shows the counterfactual changes to the average wages for females and males.
The figures show that the average wages decrease the most for Copenhagen and for the mu-
nicipalities closest to this location, as the supply of labor increases for these municipalities.
For the municipalities sufficiently far from Copenhagen the average wages increase as the
supply of labor is reduced. Notice that the average wages for municipalities far from Copen-
hagen decrease more for males than females. This is because males commute longer than

females due to the lower estimated commuting costs.
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(a) Changes in average wages for females (b) Changes in average wages for males

Figure 9: Model {3}: Counterfactual changes in average wages for females and males (DKK
1,000). Changes in average wages are based on the municipality the household members work in.

Table 7 summarizes the counterfactual changes in the average wages for the different
regions, and shows, for example, that the average wages for males and females in Copenhagen
decrease by 0.6 and 0.4 percent, respectively (corresponding to a decrease of DKK 2,100 and
DKK 1,800).

Southern Central North

Copenhagen Capital® Zealand
Denmark Denmark Denmark

Females:

Avg. wages (DKK 1,000) -2.1 -0.8 -0.1 0.5 0.5 0.4
Avg. wages (percent) -0.6 -0.2 -0.0 0.2 0.2 0.1
Males:

Avg. wages (DKK 1,000) -1.8 -0.9 -0.3 0.5 0.6 0.5
Avg. wages (percent) -0.4 -0.2 -0.1 0.1 0.1 0.1

Table 7: Model {3}: Changes in equilibrium wages for females and males due to a 1 percent
increase in housing supply in Copenhagen. *Changes in wages of Copenhagen are not included.
Average wages are based on the municipality that the household members work in.

It should be stressed that the mentioned upward bias of the estimated moving costs
implies that the counterfactual predictions overestimate the decreases in the square meter
prices. For the same reasons, assuming households can adjust their housing size at no extra
cost leads to a downward bias in the counterfactual predictions of the decreases in square
meter prices. Similarly, the upward bias of the estimated commuting cost parameters implies

that the absolute changes in wages are overestimated.
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8 Conclusion

This paper proposes a spatial equilibrium model for the housing and labor market, where
square meter prices and wages are determined in equilibrium. In contrast to the existing
literature households can only costly adjust their housing size, and the behavior of the house-
holds are described by the perturbed utility model, which allows for a rich parameterization
of the substitution patterns. As a proof of concept, the model is estimated on high-quality
Danish administrative data. A counterfactual analysis of an 1 percent increase in the supply
of housing in Copenhagen shows that the proposed model improves the realism of the price
substitution patterns of housing for two reasons. First, when households freely can adjust
their housing size most of the adjustment in the demand for housing only works through the
intensive margin, which implies that square meter prices of the remaining municipalities are
unaffected. In contrast, when households only costly can adjust their housing size, the a large
fraction of the adjustment in the demand for housing works through the intensive margin,
which implies that the square meter prices of the remaining municipalities are affected. Sec-
ond, a rich parameterization of the perturbation function of the residential location problem
implies that the counterfactual decreases in the square meter prices are largest for munici-
palities, where a large share of households move to Copenhagen, as these municipalities are
close substitutes to Copenhagen. In contrast, when the perturbation function is given by the
Shannon entropy, the counterfactual decreases in the square meter prices do not match this
observed moving pattern.

I now highlight three directions for future work. A first direction is to extent the static
perturbed utility model to a dynamic perturbed utility model in order to allow the households
to be forward-looking - which the moving costs of the model inherently imply - but maintain
the more general substitution patterns of the model compared to the random utility model.
Andersen (2022) extents the proposed model of this paper to a dynamic spatial equilibrium
model. However, due to the computational burden of solving the dynamic model, he only
considers a choice set constituting of 24 locations.

As household members tend to stay at their current job, a second direction for future
research is to incorporate frictions into the work location decision. This could be modelled
by introducing switching costs into the work location decision similar to the moving costs in
the residential location decision. However, this will greatly increase the number of different
households in the model, as most types of households consist of two household members,
which both need to be described by their previous work location. This extension will increase
the realism of the model, as it induces households to move to locations close to their current

work location.
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Finally, a serious problem of the proposed empirical framework is that observed wages and
square meter prices are equilibrium outcomes and therefore endogenous variables. Hence,
the estimates are likely to be biased, as unobserved heterogeneity may affect both the choices
of the households and the square meter prices and offered wages. Hence, a third direction
of future research is to apply instrumental variable techniques in order to control for endo-
geneity. This is complicated, as there exists no generally accepted instrument for housing

prices.
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A Appendix

To ease notation define the function K; : Ri +—R
c c K
Ki(@) = =) netbejlog g + Y netbe; log (Z Yok ) : (26)
c=1

c=1 k=1

Insert the optimal choice probabilities, ¢*, into the function g; (given in Eq. (?7)) that

describes the similarity function, G

C C K
g](‘j*) = (1 - Z ncl/}cj> log Q; + Z ncwcj log (Z wckQZ) 3
c=1 c=1 k=1

= log qj + K;(q"),

J
= <Uj +1ogq; — g;(7") — log { > exp (vk +1og i — g (ci*)) }) + K570,

k=1

J
= (vj +logq; — (10g q; + Kj(ti*)) — log { > exp (Uk +log g; — gk (@*)) }) + K5(7°),
k=1
J
= v — log { > exp (Uk: +log g; —gk<q*)) }
k=1

where the expression for the optimal choice probabilities (given by Eq. 2) are inserted in
the third line and g,(¢*) is inserted in the fourth line. Insert this expression and the optimal

choice probabilities into Eq. (1) that describe the expected utility prior to the realized choice
EV =) vq—G({@),
J
=D vdi =y 4 9@,
J J
J
=Y viqi =) d- (Uj — log { > exp (vk +log g — gk(q*>) }
J J

k=1

J
= Zq;-log{zexp (Uk+10gq}: —9k<§*>>},
j

k=1
J
= log { Zexp (vk + logq; — gk((j*>) }
k=1

This ends the proof.
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B Appendix
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(a) Shares of unskilled. (b) Shares of skilled.
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(c) Shares of medium educated. (d) Shares of highly educated.

Figure 10: Educational composition of municipalities (percent). The share are based on the
residential location of the individuals.
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Figure 11: Average wages across educational groups (DKK 1,000). Average wages are based on
the municipality that the individuals work in.
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C Appendix

(a) Share of commuters that commute to Odense (b) Commuting time to Odense

Figure 12: Share of commuters that commute to Odense (percent) and travel time to Odense
(hours), 2010-2013. Commuters are defined as individuals who work in a different municipality
than they reside in. Commuting time is based on data from Google Maps.

(a) Share of mowvers that moves from Odense (b) Share of movers that move to Odense

Figure 13: Share of movers that move from Odense (percent) and share of movers that move to
Odense (percent), 2010-2013. Mowvers are defined as households that move to another municipality.
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(a) Share of commuters that commute to Aarhus (b) Commuting time to Aarhus

Figure 14: Share of commuters that commute to Aarhus (percent) and travel time to Aarhus
(hours), 2010-2013. Commuters are defined as individuals who work in a different municipality
than they reside in. Commuting time is based on data from Google Maps.

(a) Share of movers that moves from Aarhus (b) Share of mowvers that move to Aarhus

Figure 15: Share of movers that move from Aarhus (percent) and share of movers that move to
Aarhus (percent), 2010-2013. Mowvers are defined as households that move to another municipality.
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(a) Share of commuters that commute to Aalborg (b) Commuting time to Aalborg

Figure 16: Share of commuters that commute to Aalborg (percent) and travel time to Aalborg
(hours), 2010-2013. Commuters are defined as individuals who work in a different municipality
than they reside in. Commuting time is based on data from Google Maps.

(a) Share of movers that moves from Aalborg (b) Share of movers that move to Aalborg

Figure 17: Share of movers that move from Aalborg (percent) and share of movers that move to
Aalborg (percent), 2010-2013. Mowvers are defined as households that move to another municipality.
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D Appendix

Southern Central North

Capital® Zealand
Denmark Denmark Denmark

Inhabitants (1,000) -0.0 -0.0 -0.0 -0.0 -0.0
Inhabitants (percent) -0.0 -0.0 -0.0 -0.0 -0.0
Avg. sqm. prices (DKK 1,000) -0.0 -0.0 -0.0 -0.0 -0.0
Avg. sqm. prices (percent) -0.0 -0.0 -0.0 -0.0 -0.0

Table 8: Model {1}: Changes in equilibrium outcomes due to a 1 percent increase in housing
supply in Copenhagen for each of the five regions that constitute the remaining municipalities of
Denmark. *Changes in the equilibrium outcomes of Copenhagen are not included in this table.

Southern Central North

Capital® Zealand
Denmark Denmark Denmark

Inhabitants (1,000) 1.8 0.5 0.0 0.0 0.0
Inhabitants (percent) -0.3 -0.1 -0.0 -0.0 -0.0
Avg. sqm. prices (DKK 1,000) -1.0 -0.6 -0.1 -0.0 -0.0
Avg. sqm. prices (percent) -4.0 -4.7 -0.5 -0.1 -0.0

Table 9: Model {2}: See footnote of Table 8.

Southern Central North

Capital® Zealand
Denmark Denmark Denmark

Inhabitants (1,000) -1.2 -0.6 -0.3 -0.2 -0.1
Inhabitants (percent) -0.2 -0.1 -0.0 -0.0 -0.0
Avg. sqm. prices (DKK 1,000) -1.1 -0.9 -04 -0.3 -0.2
Avg. sqm. prices (percent) -4.4 -6.2 -3.3 -2.1 -2.1

Table 10: Model {3}: See footnote of Table 8.
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(a) Changes in inhabitants. (b) Changes in square meter prices.

Figure 18: Model {1}: Changes in inhabitants (1,000) and square meter prices (DKK 1,000).

illustrative reasons, changes in Copenhagen are not included in the figures.
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(a) Changes in inhabitants. (b) Changes in square meter prices.

Figure 19: Model {2}: Changes in inhabitants (1,000) and square meter prices (DKK 1,000).

illustrative reasons, changes in Copenhagen are not included in the figures.
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Figure 20: Estimates for w;.

Table 11 shows the estimated average productivity parameters across municipalities for un-
skilled, skilled, medium educated and highly educated household members. Across repre-
sentative municipalities unskilled female household members are used as a reference group.
For the representative firm in municipality j, the average productivity for the educational

group e is given as

T ~
Zt:l de(F,M) 7Tjget " Qje - q?egt
T g )
Zt:l ZgE(F,M) th : q]‘egt

Unskilled Skilled Medium educ. Highly educ.

Copenhagen 0.1912  0.3903 0.6318 0.5068
Ballerup 0.3607 1.4204 1.0451 0.2290
Brgndby 0.8309 1.5716 0.6800 -0.9891
Draggr 0.1326  1.0281 0.2024 -2.0870
Gentofte 0.0582  0.5020 1.0086 0.7803
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Unskilled

Skilled Medium educ.

Highly educ.

Gladsaxe
Glostrup
Herlev
Albertslund
Hvidovre
Hgje-Taastrup
Lyngby-Taarback
Ragdovre
Ishgj
Tarnby
Vallensbaek
Furesg
Allergd
Fredensborg
Helsinggr
Hillergd
Hgrsholm
Rudersdal
Egedal
Frederikssund
Greve

Kogge
Halsnaes
Roskilde
Solrgd
Gribskov
Odsherred
Holbaek
Faxe
Kalundborg
Ringsted
Slagelse
Stevns

Sorg

Lejre

0.3227
0.4598
0.3013
0.7941
0.5912
0.4512
0.2156
0.5558
0.4915
0.5485
0.1690
0.2727
0.3560
0.1268
0.1396
0.2032
0.0529
0.2316
0.3141
0.3075
0.4937
0.4081
0.1725
0.2873
0.1353
0.2116
0.1830
0.2425
0.2705
0.3090
0.4968
0.2312
0.3421
0.3103
0.2208

1.2049
1.6155
1.5693
1.6515
1.3889
1.3821
0.8423
1.6286
1.0947
0.7701
1.0840
1.3592
1.2769
0.9127
0.8764
1.5447
0.9397
0.9374
1.5359
1.4192
1.4425
1.5150
1.0674
1.5676
1.2799
1.1553
1.2226
1.3396
1.3529
1.6897
1.6485
1.3975
1.3850
1.7169
1.4892

1.4090
1.0675
1.2706
0.6269
0.7368
0.1288
1.0910
0.3115
-0.1477
-0.7879
0.1453
0.9245
1.1285
0.5894
0.2880
1.2195
0.9173
1.0389
0.8114
0.3854
0.0734
0.2680
-0.2971
0.8935
0.1029
-0.0978
-0.3600
0.3026
-0.1142
0.4198
0.3112
0.2603
-0.2353
0.4470
0.4187

0.6734
-0.0083
-0.1894
-1.6281
-1.0561
-1.4068

0.8988
-2.1104
-2.2373
-3.3561
-1.8355
-0.8385
-0.2668
-0.8767
-1.7152

0.1522

0.1245

0.5790
-1.2627
-2.2596
-2.4492
-1.7618
-2.8401
-0.1132
-2.1991
-2.3948
-3.0657
-2.0838
-2.9937
-2.0962
-2.3450
-2.2970
-3.1762
-1.1323
-2.2611
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Unskilled

Skilled Medium educ.

Highly educ.

Lolland
Neaestved
Guldborgsund
Vordingborg
Middelfart
Assens
Faaborg-Midtfyn
Kerteminde
Nyborg
Odense
Svendborg
Nordfyns
Langeland
Haderslev
Billund
Sgnderborg
Tonder
Esbjerg
Varde
Vejen
Aabenraa
Fredericia
Horsens
Kolding
Vejle
Herning
Holstebro
Lemvig
Struer
Syddjurs
Norddjurs
Favrskov
Odder
Randers
Silkeborg

0.1698
0.2210
0.2580
0.2093
0.2351
0.2355
0.3261
0.5600
0.2414
0.1771
0.1091
0.2549
0.2779
0.3053
0.1228
0.1337
0.2057
0.3362
0.3205
0.4554
0.2649
0.4351
0.2652
0.2764
0.2941
0.4617
0.3423
0.3762
0.3266
0.2779
0.3802
0.3069
0.0556
0.2636
0.2761

1.3427
1.4906
1.6448
1.2816
1.5515
1.4342
1.5225
1.8108
1.3373
1.3028
1.5416
1.3749
1.4648
1.4598
0.9357
1.5095
1.3799
1.5375
1.3921
1.5184
1.5804
1.5440
1.3034
1.4641
1.3230
1.5000
1.5651
1.5091
1.1998
1.4477
1.5739
1.5886
1.5832
1.4832
1.6400

-0.3340
0.4784
0.2476
0.0058
0.4323
0.2474
0.3364
0.2596
0.4695
0.7937
0.7466
0.0335

-0.2729
0.1761

-0.3065
0.6690

-0.2725
0.6254

-0.2184

-0.0454
0.1630
0.6769
0.3757
0.5347
0.4577
0.4511
0.4375

-0.0765
0.0849
0.2259

-0.1057
0.6950
0.4712
0.4514
0.7824

-3.4050
-1.8754
-2.3945
-2.7181
-2.2451
-2.9009
-2.8370
-3.2373
-2.8730
-0.9259
-1.7963
-3.2779
-3.9435
-2.2737
-2.5180
-1.8661
-3.1927
-2.1719
-3.4123
-3.1326
-2.5545
-1.8001
-2.0943
-1.8890
-1.7726
-2.3055
-2.2116
-2.3576
-2.7293
-2.2840
-2.7426
-2.0316
-2.0725
-1.7099
-1.4976
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Unskilled Skilled Medium educ. Highly educ.
Skanderborg 0.2170 1.3286 0.7462 -2.0116
Aarhus 0.3464 1.3942 1.3133 0.2242
Ikast-Brande 0.2740 1.2855 0.2431 -2.5217
Ringkgbing-Skjern 0.3526  1.5590 -0.0544 -2.9423
Hedensted 0.3883  1.3083 0.1466 -3.4618
Morsg 0.4897 1.5487 -0.2610 -3.3905
Skive 0.3251 1.4381 0.1268 -2.8948
Thisted 0.3337 1.3832 -0.2996 -3.1365
Viborg 0.3465 1.5692 0.5875 -1.1603
Brgnderslev 0.3225 1.7239 0.3747 -2.4649
Frederikshavn 0.2449  1.5260 -0.1902 -3.1967
Vesthimmerlands 0.4030 1.3335 -0.1338 -3.2124
Rebild 0.3469 1.5192 0.0660 -2.5715
Mariagerfjord 0.3676  1.5034 0.2243 -2.6544
Jammerbugt 0.3006 1.2205 -0.2475 -3.3939
Aalborg 0.3216  1.5575 0.8391 -0.6382
Hjorring 0.2886 1.5052 0.1942 -2.2817

Table 11: Average estimated productivity parameters. Unskilled female workers are used as
reference group in each location. Wages are measured in DKK 1,000,000 in 2018 prices.
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A dynamic spatial equilibrium model for

the housing and labor market”

Esben Scriver Andersen®

February 1, 2022

Abstract

This paper proposes a dynamic spatial equilibrium model based on the joint res-
idential and work location decision of heterogeneous households. The model allows
square meter prices and wages to be determined in equilibrium. The discrete choices
of the households are described by the perturbed utility model, which includes a larger
class of models than the random utility model and allows for a rich and meaningful
parameterization of the spatial substitution patterns between the locations. As proof
of concept, the model is estimated based on high-quality administrative data for the
entire population of Danish households from 2010 to 2013. Based on the estimated
model, this paper finds strong responses in square meter prices and wages following a
counterfactual increase in the supply of housing of 1 percent in Copenhagen. For this
location the average square meter price and wages decrease by 10.8 and 0.2 percent,

respectively.

Keywords: Spatial sorting, residential location, work location, dynamic discrete choice

model, equilibrium model, perturbed utility, similarity.
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1 Introduction

Due to large transaction costs, households’ location decision is inherently dynamic in nature,
as these costs induce households to be forward-looking. However, most studies of the housing
market have adopted the static approach, that ignores any forward-looking motive. Further,
since at least Roback (1982) it has been well understood that the spatial distribution of
wages and housing prices is determined simultaneously in equilibrium. However, the exist-
ing literature on dynamic equilibrium models of the housing market has until now ignored
this fact by assuming exogenous wages. In contrast, this paper sets up a dynamic spatial
equilibrium model where both housing prices and wages are determined in equilibrium.

Unlike the existing literature on dynamic discrete choice models, the proposed model does
not describe the discrete choices of the households by the random utility model of McFadden
(1973, 1978). Instead, households’ choices are described by a wider class of perturbed utility
models that allows for a rich and meaningful parameterization of the spatial substitution
patterns between the residential locations. A rich parameterization of substitution pattern
between the set of residential locations allows the data to determine the substitution patterns,
which is important as the housing prices are not only affected by the quality of the locations,
but also by the availability of close substitutes. As a simple illustrative example, consider
the case where the availability of locations with a view over the ocean is scarce, whereas
the availability of locations with view over grass fields is abundant. If these two attributes
are close substitutes, then housing prices for locations with an ocean view will be relative
low. In contrast, if these two attributes are not close substitutes, then the housing prices for
locations with an ocean view will be relative high.!

In the perturbed utility model, the decision-maker faces the discrete choice of choosing
between a set of alternatives and makes a random decision based on a probability distribution
given by the vector of choice probabilities that maximizes the decision-maker’s perturbed
utility. This perturbed utility consists of a term that is linear in the choice probabilities, and
the perturbation function that is concave in the choice probabilities. As the perturbation
function penalizes small choice probabilities, it represents taste-for-variety. This model can
accommodate more flexible substitution patterns, and can even allow different alternatives
to be complements, which the random utility model rules out. Allen and Rehbeck (2019);
Fosgerau et al. (2021); Fosgerau and Nielsen (2021) all showed that some perturbed utility
models can allow for complementarity. As suggested by Fosgerau and Nielsen (2021), the
perturbation function for the residential choice is given by the similarity function, which

allows locations with similar characteristics to be closer substitutes. For instance, the simi-

!This example was originally proposed by Andersen (2022).
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larity function can allow locations close to each other to be closer substitutes than locations
far apart. To the best of my knowledge, this paper is the first to set up and solve a dynamic
discrete choice problem based on perturbed utility. The solution is given in terms of the
expected value function, which can be expressed as a fix point equation, and it is shown that
this equation defines a contraction mapping. Hence, there exists a unique solution to the
fixed point, which can be obtained through iterations of the fixed point equation.?

In the proposed dynamic spatial equilibrium model, forward-looking households and
household members sort themselves into the set of available residential and work locations
based on housing prices, offered wages and commuting distances. The model is inspired by
Carstensen et al. (2020), who set up a dynamic discrete choice model of the joint residential
and work location decision. As they include a continuous housing size decision, they are
unlike the existing literature on dynamic equilibrium models able to identify housing prices
from a set of market clearing conditions. Besides describing the discrete choices by the
perturbed utility model, this paper makes two notable extensions to this type of dynamic
equilibrium models. First, by introducing an additional set of market-clearing conditions,
wages can be determined in equilibrium. Second, this paper relaxes the assumption that
households can costlessly adjust their housing size.> Hence, in contrast to Carstensen et al.
(2020), the households not only face a cost when moving to another residential location,
they also face a cost when adjusting their current housing size.* Further, to set up estimate
a dynamic spatial equilibrium model for both the combined housing and labor market.

Andersen (2022) shows that this has important implications for the adjustment to equi-
librium. To see this, note that changes in the demand for housing at a given location can be
due to changes along the extensive and the intensive margin. Changes along the extensive
margin reflect households that move to another location and thereby increase the demand
for housing in that location and reduce the demand for housing in the location they move
away from. Changes along the intensive margin reflect households that choose to stay in
their current location, but change their demand for housing. Hence, in contrast to changes
along the extensive margin, changes along the intensive margin do not have spill-over effects
on the demand for housing in the remaining locations. Similarly to Carstensen et al. (2020),
Andersen (2022) analyzes a counterfactual increase in the supply of housing in Copenhagen,

and shows that ignoring adjustment costs in the presence of large moving costs leads the

2Until now, the only empirical applications of the perturbed utility model study static decisions. Three
notable examples are Fosgerau et al. (2021, 2022); Andersen and Lee (2022), who study the consumption of
cereals, route choices and matching between workers and firms.

3Andersen (2022) considers similar extensions but uses a static perturbed utility model to describe the
discrete choices.

4In contrast to Carstensen et al. (2020), this paper ignores any life-cycle motives and any stochasticity
in the work location choice is ignored. Hence, in this paper unemployment is assumed to be voluntary.
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model to predict that 99 percent of the adjustment in the housing demand is along the
intensive margin. As a result, square meter prices adjust only in Copenhagen. In contrast,
when adjustment costs are included in the model, the demand adjustment is approximately
evenly distributed along the intensive and extensive margins. As a relative big fraction of the
adjustment in the demand for housing in Copenhagen happens along the extensive margin,
square meter prices in the remaining municipalities are affected, which is not the case when
adjustment costs are ignored.

As a proof of concept, the proposed model is estimated on high-quality administrative
register data for the entire population of Danish households from 2010 to 2013. The equi-
librium mechanisms of the model are illustrated by analyzing a counterfactual increase of
1 percent in the supply of housing in Copenhagen. The counterfactual analysis shows that
the square meter prices of Copenhagen decrease by DKK 2,700 and DKK 1,300 on average.
for the remaining Capital municipalities, respectively (this corresponds to a decrease of 10.8
and 4.8 percent, respectively). The analysis shows that 60 and 40 percent of the demand
adjustment works through the intensive and extensive margin, respectively. The increased
housing supply further decreases the average wages by DKK 700 and DKK 500 (0.2 and
0.1 percent) in Copenhagen and the remaining Capital municipalities as the supply of labor
increases in the Capital municipalities, since more households move to this area. In contrast,
the average wages for the remaining municipalities increases by DKK 200 (0.1 percent) as

the supply of labor is reduced in this area.

Related literature. Spatial equilibrium models date back to Rosen (1974) and Roback
(1982), but they were made popular by Bayer et al. (2004, 2007), who combined the discrete
choice framework of McFadden (1973, 1978) with a set of market clearing conditions to study
residential sorting and estimate households’ preferences for neighbors’ socio-demographics.
More recently, Diamond (2016) and Piyapromdee (2021) studied the skill sorting and immi-
gration in an extended model framework, where workers sort across locations based on wages
and housing prices. Even though these papers use data on finely-detailed spatial units, little
attention was paid to the spatial linkages between these units. In contrast, Ahlfeldt et al.
(2015) and Monte et al. (2018) emphasize the spatial location of the location units, as they
model the joint residential and work location decision. Note that this strand of the liter-
ature uses a static approach that focuses on long-run equilibrium outcomes as individuals
are implicitly assumed to behave myopically and any forward-looking motive is therefore
ignored.

However, individuals face large financial and non-financial costs when moving. As a re-

sult, individuals rarely move. Due to the presence of moving costs, the location choice is
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inherently a dynamic choice. However, the estimation of dynamic models comes with sub-
stantial computational costs, and often requires very rich data. Hence, empirical applications
of dynamic models of the location choice are limited. Kennan and Walker (2011) set up a
dynamic discrete choice model based on the empirical framework of Hotz and Miller (1993)
to analyze how income differences across spatial units effect the migration decision over the
life cycle. Bishop and Murphy (2011) and Bayer et al. (2016) use a similar framework to
estimate the willingness to pay for non-market amenities, such as neighborhood air pollution,
violent crime, and racial composition. Buchinsky et al. (2014) were the first to set up and
estimate a dynamic discrete choice model where the spatial location is taken seriously, as
they model the joint residential and work location choices of immigrants and spouses. These
papers consider a partial equilibrium model in which housing prices and/or wages are taken
to be exogenous. Carstensen et al. (2020) extended the model of Buchinsky et al. (2014)
to a general equilibrium model, where square meter prices of housing can be determined in
equilibrium. They then evaluate the changes in equilibrium outcomes due to a local increase
in the supply of square meters. Andersen (2022) uses a static version, to analyze the spatial

substitution patterns of both housing prices and wages of a similar counterfactual change.

Organization of the paper. Section 2 introduces the perturbed utility model that is used
to describe the discrete choices of the households. The Danish administrative register data
used for estimation is then described in Section 3. Section 4 sets up the economic model
for the joint residential and work location decision and specifies the equilibrium concepts
of the model and Section 5 sets up the maximum likelihood estimator used to estimate the
structural parameters of the model. Section 6 shows the estimation results and the model fit.
Section 7 analyzes the changes to the equilibrium outcomes due to a counterfactual increase

in the housing supply of the municipalities of Copenhagen and Section 8 concludes.

Some notation. Vectors are denoted q. The probability simplex in the J — 1 dimensional
simplex is denoted A7 = {7 € Ri : ijl q; = 1}. The integers between A and B, where the
end points are included, is denoted {A .. B} ={A,A+1,..., B}.

2 The perturbed utility model

This section builds on Andersen (2022), when introducing the perturbed utility model in the
static case. The section then shows how to set up a simple dynamic discrete choice problem
based on perturbed utility. In Section 4, these perturbed utility models are used to describe

the joint residential and work location decision of the households.
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Definition 1 (Perturbed utility model) A decision-maker (DM) faces a discrete choice
problem with J different alternatives. The discrete choice, d € {1, ..., J}, is stochastic with
choice probabilities, ¢ = (¢}, q5,-..,q%), given as the solution to the utility maximization

problem

max { iqﬂj - Y(@)}a (1)

where v = (vq, Vg, ...,v5) is a vector of choice-specific payoffs and Y : R‘L_ — R s the

perturbation function.

If the perturbation function, Y, is strictly convex and satisfies that VY — oo as ¢; — 0
for any 7, then there exists a unique optimal solution in the interior of the probability simplex.
In this case, the perturbation function can be interpreted as representing taste-for-variety as

it penalizes small choice probabilities.

Example 1 (Shannon entropy) When the perturbation function is the negative Shannon

entropy
J
Y(q) =) glogq;,
j=1

it can be shown that the solution to the DM’s utility maximization problem is the multinomial

logit choice probabilities

e (v)
9% = =7 __/ \
Zj:l €xp (Uj)

For the logit choice probabilities, the substitution patterns are governed by the independent

, fork=1,2,..., J.

of irrelevant alternative property, and the corresponding expected utility of the DM is given

v - e { S ()}

=1

by the well-known log-sum

Fosgerau and Nielsen (2021) introduce a class of perturbation functions that provides a
way to parameterize the degree of substitutability among groups of alternatives. Definition

2 is based on their work.

Definition 2 (Similarity function) Let C = {1,2,...,C} be a finite set of characteristics

and let V = {¢}eecjes be a C x J matric with nonnegative entries 1.; and columns that
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sum to 1, chzl Ye; = 1. A similarity function G : R4Jr+ — R takes the form
J
G@) =) q 9@, (2)
j=1

C C K
g; (q_) - (1 - Z 77c¢cj> 10g q; + Z 770¢cj log (Z wcka> y (3)
c=1 c=1 k=1

where 7] = (N1, M2, ...,Nc) € R is a vector of parameters associated with the C' characteristics
and satisfies chzl max(n.,0) - e <1 forall j € {1 .. J}.

Fosgerau and Nielsen (2021) show that for Y(g) = G(q) the choice probabilities that

maximize the DM’s utility are determined by the unique fixed point equation

exp ('Uk +log q;; — g (6?‘))

Z}]:1 exp (vj +log q; — g; (q*))

q, = ,for k=1,2,...,J. (4)

As shown in Appendix A the corresponding expected utility can be shown to be given as

Ev_log{ilexp (vj+1ogq;_gj(q*))}_ (5)

Note that the similarity function reduces to the negative Shannon entropy if 7. = 0 for all
¢ € {1 .. C}, which implies that the optimal strategy is given by the multinomial logit choice
probabilities of the logit model. Further, the class of similarity models nests the nested logit
and inverse product differentiation logit model of Fosgerau and Nielsen (2021) as special
cases.

For each alternative, the parameter v.; describes the degree to which alternative j is
associated with characteristic c. Options that lie close together in the space of characteristics
are considered to be more similar than alternatives far from each other. This implies that
higher positive values of 7. result in stronger substitution among similar alternatives relative
to the logit model, while conversely negative values result in weaker substitution, and even

complementarity when 7, is a sufficiently large negative.

2.1 Dynamic perturbed utility model

This subsection illustrates by example that perturbed utility can be used to describe a

dynamic discrete choice problem. Let the DM base its sequence of discrete choices, {d}22,

105



on the corresponding sequence of choice probabilities {gs}52, that maximizes its discounted

expected perturbed utility over an infinite time of horizon

{3}, €A’

EVi(d;—1) = max E; [2 55t < Zj; Gjstjs(ds—1) — Y(qs)) |dt—1} ) (6)

where the state variable in period ¢ is assumed to be the choice in the previous period, d;_;.
§ is the discount factor and w;s(d;—1) is the choice-specific instantaneous utility of the DM.
Since the perturbed utility is additive across time periods, the maximization problem of Eq.

(6) can be written in terms of a Bellman equation

J J
EVi(dy) = max { S qutldes) — V(@) + 63 quBEVeon (ds = j)},
j=1

‘thAJ j=1
J
= quéagg { Z thvjt(dt—l) - Y@t)}v
t j=1

where EV;i1(d, = j) is the expected value function and vj;(d;_1) is the choice specific value
of the current period

vje(di-1) = uj(de—1) + 0EViqa(de = ). (7)

This implies that the stated dynamic problem has a representation similar to Definition 1,
that defines the perturbed utility model. Hence, for a given vector of choice-specific values
the optimal choice probabilities and the corresponding expected utility are given by Eq. (4)
and Eq. (5). As the DM has an infinite time horizon, the time subscript can be dropped
from E'V. By inserting the choice-specific values of Eq. (7) into the formula for the expected
utility, the EV can be described by the fixed point

EV(d=k) = log { Z:;exp (uj(d — k)46 EV(d=j)+logq —y; <q>> } (8)

for k=1,2,...,J. As shown in Appendix B Eq. (8) defines a contraction mapping for EV.
This implies that the fixed point algorithm proposed by Rust (1987) can be used to efficiently
solve for EV.
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3 Data

This section outlines the data sources and the construction of the data set used.® The section
ends by showing some descriptive statistics for the housing and labor market of the Capital
municipalities of Denmark.

The geographical units of this paper - the locations where the households can choose to
reside and work - are given by the municipalities of Denmark. However, for computational
reasons, this paper focuses on the Capital municipalities.® Denmark consists of 98 munic-
ipalities, of which 24 municipalities constitute the Capital municipalities, see Figure 1. As
Frederiksberg is surrounded by Copenhagen these two municipalities are treated as a single
location throughout this paper, and this location will be referred to as Copenhagen in the
remaining if this paper. Further, as this paper focuses on the Capital municipalities, the re-
maining 74 municipalities are combined into a single location. Hence, in the proposed model,
households can only choose to reside or work in one of the 23 defined Capital municipalities

or they can choose to reside or work outside the Capital municipalities.
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(a) Municipalities of Denmark. (b) Capital municipalities.

Figure 1: Municipalities and capital municipalities of Denmark.

The data are drawn from several administrative registers that cover the entire population

5The construction of the data set is similar to Andersen (2022).

6This definition of the Capital municipalities is based on Statistics Denmark’s classification of municipality
groups. Statistics Denmark classifies the municipalities into five groups based on accessibility to jobs and
the number of inhabitants in the largest city in the municipality. The Capital municipalities constitute one
of these five groups.
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of Denmark. Since all individuals are associated with a unique identifier, each individual can
be followed over time, and information from the different registers can be linked. The main
data source is the population register, that each year records all individuals who are officially
registered with an address in Denmark on January 1st. This register contains information
on demographics, address of residency and a household identifier such that all household
members can be linked. Statistics Denmark defines households as individuals that reside
together at the same address. Households can consist of singles or couples with and without
children.

Based on the household’s address, it is possible to link information on the dwelling. The
key variable housing size can be found in the dwelling register for each household. Another
key variable is square meter prices, which is based on the register for sales of real property
that contains information on sales prices for every property sold in a given year.

The income register contains detailed income history on e.g. pension benefits, public
transfers and wages. Further, this register also classifies each individual after their attach-
ment to the labor market in a given year based on their income history. Information on
workplace is recorded on a monthly basis and as a default the workplace in January is linked
to each individual. Based on the the residential address and workplace address in Novem-
ber, Statistics Denmark calculates the commute distance for employed individuals. Finally,
the attainment register gathers information about the highest completed education for each
individual.

The constructed data set contains all household members 25 years of age or older with
an address in Denmark in a given year, and where at least one of the household members
had an address in Denmark in the year before. The data set contains 10 million households
or 15 million individuals. Table 1 shows some descriptive statistics for the data set. The
column All municipalities shows the descriptive statistics for the entire data set, whereas the
column Capital municipalities shows the descriptive statistics for all individuals residing in

the Capital municipalities.
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All municipalities Capital municipalities

Households 10,186,442 2,809,618
Individuals 15,232,708 3,993,647

(1) mean  (2) std. (3) mean (4) std.
Wage (DKK 1,000). 234.589  357.171  276.316 424.490
1 if working 0.615 0.487 0.643 0.479
1 if working in Copenhagen 0.089 0.285 0.290 0.454
1 if commuting* 0.251 0.434 0.385 0.487
1 if commuting to Copenhagen* 0.047 0.212 0.129 0.335
1 if unskilled** 0.193 0.394 0.212 0.409
1 if skilled** 0.260 0.439 0.206 0.404
1 if medium educ.** 0.169 0.375 0.193 0.394
1 if highly educ.** 0.070 0.255 0.133 0.339
1 if outside the labor force 0.308 0.462 0.257 0.437
1 if couple 0.495 0.500 0.421 0.494
1 if residing in Copenhagen 0.130 0.337 0.473 0.499
1 if moved address 0.100 0.300 0.108 0.310
1 if moved municipality 0.031 0.174 0.044 0.205
Property sales 132,473 40,462

(1) mean  (2) std. (3) mean (4) std.
Housing size (m?) 124.550 44.855 112.450 46.943
Sales prices (DKK 1,000) 2,017.987 1,479.334 2,889.966  1,956.326
Sales prices (DKK 1,000/m?) 16.711 14.706 25.180 8.946

Table 1: Descriptive statistics. The samples includes individuals of age 25 or older from 2010 to
2013. All monetary units are measured in 2018 prices. The top of the table describes the individuals
of the samples, whereas the bottom describe property sales in the samples. *Commuting refer to
individuals who work in another municipality than they reside in. **Individuals outside the labor
force are not included.

Individuals who do not work and the income register defines as retired based on their
labor market attachment are defined as outside the labor force.” Hence, this group includes
non-working individuals who receive public pension, early retirement pay and early retire-

ment pension. This groups constitutes 31 percent of the population. Individuals that are

"The definition of individuals outside the labor force is based on the variable BESKST02 that describes
each individual’s labor market attachment. Unemployed individuals that are not retired are included in the
labor force.
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not classified as outside the labor force are classified into four mutual excluding groups based
on their highest attained education level. This classification is based on the International
Standard Classification of Education (ISCED) two-digit code. Unskilled household mem-
bers includes individuals with high school completion or less (ISCED code 10-20 or missing);
Skilled household members includes individuals with vocational education (ISCED code
30); Medium educated household members includes individuals with short- or medium-cycle
higher education and bachelors (ISCED code 35-60); Highly educated household members
include individuals with a masters or PhD degree (ISCED code 70-80). Highly educated
household members is the smallest group. This group constitutes 7 percent of the popu-
lation and Medium educated individuals constitutes around 17 percent of the population.
Skilled and Unskilled individuals constitute roughly 26 and 20 percent of the population,
respectively.

For the Capital municipalities 64 percent of the population are working and 39 percent
commute to another municipality than where they reside. Given that a relatively large
fraction of the employed individuals commutes, this favors that the residential and work
location choices should be modelled jointly. Further, note that 10 percent of the households
changed address and only 2 percent moved to another capital municipality. Hence, any
realistic modelling of the residential choice needs to incorporate frictions such as moving
cost.

Figure 2 illustrates the average square meter prices of sold properties and housing size for
the Capital municipalities. The figure does not indicate a clear correlation between square
meter prices and housing size. It should be noted that the smallest average housing size is

observed in Copenhagen, where the square meter prices are relative high.

s N
" A 5.0
'\‘% \‘ 225

(a) Average square meter prices (DKK 1,000/m?). (b) Average housing size (m?)

Figure 2: Average square meter prices of sold properties and average housing size of households,
2010-2013.
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Figure 3 illustrates the average commuting distances to Copenhagen and the shares of
employed individuals that commute to Copenhagen. The figures show, as expected, that the
shares of commuters are negatively correlated with commuting distance to Copenhagen. A

similar pattern recurs for the other Capital municipalities.
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(a) Average commuting distance (km). (b) Share that commutes (percent).

Figure 3: Average commuting distance to Copenhagen and share of employed individuals that
commute to Copenhagen. The latter is based on the municipality the individuals reside in.

Figure 4 shows the educational composition of the different Capital municipalities. The
figures show that the percentage share of the different educational groups varies across the
municipalities. E.g skilled individuals are to a relative high degree concentrated in the mu-
nicipalities south-west of Copenhagen, whereas highly educated individuals are more con-
centrated in Copenhagen and the municipalities north of Copenhagen. The average wages
for the different educational groups can be found in Appendix C. These figures show that
the wages offered vary over the educational groups and across municipalities. Across educa-
tional groups, wages offered are highest for the municipalities north of Copenhagen, where
the square meter prices are highest as well. This indicates that educational level is an im-
portant source of heterogeneity to include when modeling the residential choice, and square

meter prices and wages influence each other.
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(a) Shares of unskilled (percent). (b) Shares of skilled (percent).

(c) Shares of medium educated (percent). (d) Shares of highly educated (percent).

Figure 4: Educational composition of the Capital municipalities. The share are based on the
municipality the individuals reside in.

4 Model

Based on the joint residential and work location decision of the households, this section sets
up a dynamic spatial equilibrium model for the housing and labor market for the Capital
municipalities of Denmark. In this model, the economy consists of H; different households at
time ¢ and at NV 4 1 different geographical locations, that differ with respect to their spatial
position, square meter prices of housing, offered wages etc. N refers to the number of Capital
municipalities and in addition the households can choose to reside and/or work outside this
region. The households consist of single females, single males and couples. When facing a
discrete choice, it is assumed that household behavior can be described by the perturbed
utility model discussed in Section 2.

At each point in time, the individual household chooses its residential location, its housing
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size and the work location of each of its members. Household members not participating in
the labor force receive a fixed income and do not face a work location choice.

As the wealth accumulation motive is ignored in this model, the forward-looking behavior
is only induced by the moving costs. The households have static expectations about the
future square meter prices and wages and have an infinite time horizon. Finally, it is assumed
that in each time period the households make the decisions sequentially in two stages.

First, the household chooses its residential location and housing size based on its previous
residential location and housing size choices. If the household decides to move to another
residential location or adjust its housing size, it incurs a moving cost. Secondly, each house-
hold member chooses its work location based on the chosen residential location choice. When
choosing work location, each household member only takes into account the offered wages
and the commute distances.

The model is solved by backward induction, such that each household member first solves
the work location problem for any given residential choice, and then solves the residential
location choice problem, where the member takes into account the expected utility of the
work location choice for any chosen residential location choice.

The remainder of this section is organized as follows. Subsection 4.1 introduces the
choices, specifies the instantaneous utility function on which the household bases its decisions
and derives the optimal housing size. Subsections 4.2 and 4.3 set up and solve the dynamic
discrete work and residential location problem, respectively. Subsection 4.4 specifies the

perturbation functions and Subsection 4.5 explains the equilibrium concept of the model.

4.1 Instantaneous utility

Let dff € {0 .. N 4 1} denote the residential location choice of household i at time ¢.
For df = 0 the household moves out of the Capital municipalities and for dff € {1 .. N}
the household chooses to move to one of the N Capital municipalities. In both cases the
household chooses a new housing size, h; € R, as well. For dff = N + 1 the household
stays at its previous chosen location, n;—1 € {0 .. N}, and keeps its housing size, hy = hi—1.
The chosen residential location is then denoted by n; € {0 .. N}.

Let superscript g € {F, M} denote the gender of the household member and let df, €
{0 .. N + 1} denote the work decision of the female (F) or male (M) household member.
For dj, = N + 1 the household member chooses the outside option of not working and for
dj, € {0 .. N} the household member chooses to work in one of the N + 1 geographical
locations.

It is assumed that any household member belongs to one of F different educational
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types. Hence, let f; € {0 .. E'} denote the type of the female member of household i, and let
m; € {1 .. E'} denote the type of the male member. For both genders f; = m; = 0 refers to
household members not in the labor force. Further, ¢; = {S,C} denotes the civil status of
the household. For ¢; = S, the household is characterized as a single female or single male,
and for ¢; = C, the household is characterized as a couple.

In the spirit of Carstensen et al. (2020) the instantaneous choice-specific utility for a

couple that moves, d¥ € {0 .. N}, is

ui(dg7nita hit; df;: df\t/[) = Q; * (wﬁ(dﬁ) + wrj‘r{i (df\t/[) - (b 'pt(nit> ’ hlt)

+ B, - hie + 5 Ba - by + K(n) + p1+ p2 - L(ni # ni—1) (9)
+ M dist(d, ngg) + MM - dist(dY ng,)
+t (dig) + 7 (di),

and the instantaneous choice-specific utility of a couple that stays, d¥ = N + 1, is

ui(dﬁ, Nit—1, Nit—1, dﬁ, d%) = Qg; - <w?(d£) + w%(d%) — ¢ - pe(ni—1) - hit—l)

+ Bie - hi—1 + % B - h?t_l + K(ni—1) (10)
+ N dist(dl, ng_1) + MM - dist(dY  ng_)
+ it (dyy) + 7 (dy)).

The instantaneous choice-specific utilities are given by similar expressions for households of
single females or single males, but the terms related to a household member of the opposite
sex drops out of Eq. (9) and (10).

The income of the household is given by wy,(d%) + wy,, (d}) and depends on the chosen
work location. Household members not in the labor force do not face a work location choice
and receive a fixed exogenous income. Let py(n;) denote the square meter price of the
chosen residential location, and let ¢ denote the annual user cost. Hence, ¢ - pi(ny) - hy
constitutes the housing expenses of the household. In turn, a., can be interpreted as the
marginal utility of consumption of the outside good. Utility is quadratic in square meters of
housing, and the parameters (/5 .,, 52) describe the curvature of this second order polynomial
function. The parameter k(n;) represents the utility of residing in a given location and
p1 + p2 - L(nyg # ny—1) < 0 represents the financial and non-financial moving costs that for
p2 # 0 vary for households that move within their previously chosen residential location and
households that move to another location. The commuting distance between the residential

and workplace location is given by dist(d?,,n;), and N represents the marginal costs of
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increasing the commuting distance for the household member. Household members that
choose not to work do not face any commuting costs, as dist(0,n;) = 0. Finally, the
parameter 79(d?,) represents the (dis-)utility of working in a given location.

Since utility is linear in consumption of the outside good, this implies that the work
location decisions of the household members are independent of each other, and the derived
utility from this decision only depends on the offered wage and commute distance to the
chosen work location. Let subscript j = n; denote the realized residential choice of the
household and subscript & denote the work location choice. Then the choice-specific utilities

of the female work location problem are given as

uf;kt = Qy, -w]l::_kt + A dist(j, k‘) + ﬁ,f, for k=0,...,N, (11)

r F —
u’ijk‘t —_— Oéci * wfikt, fOI‘ k — N + 1,

where wJIZ; i 15 the offered wage to the female workers of type f; in location £ =0, ..., N and
wi Ni14 18 some exogenous benefit payments the female household member receives when
unemployed.

The choice-specific utilities of the male work location problem have similar specifications

uf»\fkt = ag, - wpb i + AN dist(j, k) + ), for k=0,..., N, (12)
U?fkt = a, .w%kt, for k=N +1.

7

Let subscript » = n;_; denote the previously chosen residential location of the house-
hold and let subscript s denote the residential location choice. The expected choice-specific

utilities of the residential location problem are

Uffﬁst(him) = —Q¢, - @ Pst - hit + ﬁl,ci “h + % “Ba - hft

+ Ks + P1 + P2 ]I(nzt # nit_l) + EU;; + EU%, for s = 0, ey .]V7
Ut (Pis—1) = =, & Doy - hi—1 + Bre, - ha—1 + % Bo - Yy

+ K, + BEUL, + EUY,

irt wrt)

(13)
fors=N+1,

where (EUL, EUM) are the expected utilities of the female and male household members’

work location choices if residential location s is chosen, and (EUL, EUM) are the expected
utilities from staying at the current residential location, . A closed form expression for
expected utility of the work location decision is derived in next subsection.

Finally, as the household has static expectations, wealth accumulation is ignored and
utility is linear in consumption of the outside good, and the resulting housing size problem

is static. Hence, the optimal housing size - when moving - can be found from the first order
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condition

auzrst (hit—l )

* 51 c; Qe
—0e i Pher 4 %o 14
ahit 0 i (pst) + ¢ Dst- ( )

This implies for o, > 0 and 32 < 0 that optimal housing size decreases linearly with the
square meter price of the chosen location. Hence, households of the same type will choose

the same housing size if they move to the same location.

4.2 Work location problem

This subsection sets up and solves the work location choice problem of the female and male
household member. Conditioned on the chosen residential location the work location choice
can be seen as a static choice, as the household members can freely change their work location
and any wealth accumulation motive is ignored.

The individual household member chooses its work location based on the vector of choice
probabilities, ¢ = (g, s QN Ht)T € AN*2 that maximizes the member’s perturbed

utility

N+1
ngt = arg max { Z qz]kt z]kt —Y? <qut> }7 (15)

cAN+2

where the choice-specific utility, ufj x> of working in location k, when residing in location j, is
given by Eq. (11) or (12) for the female or male household members. In order to reduce the
computational complexity of solving the model, the perturbation function, Y9 : Rfﬁ — R,
equals the negative Shannon entropy. As a result, the optimal choice probabilities are given

by the logit choice probabilities

exp <ufjkt)
@ = , for k=0,...N +1. (16)
El]io exp (ugjlt>

For a household member residing in location j, the expected perturbed utility from the work

location decision is given by the logsum

N+1
EUY, = log { Z exp < W) } (17)

Hence, the choice-specific utilities of the residential choice problem can be evaluated by
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inserting Eq. (17) into Eq. (13) of last subsection.

4.3 Residential location problem

This subsection sets up and solves the residential location problem. Due to the presence of
moving costs, the realization of the residential location choice affects the future welfare of
the household. Hence, the residential choice problem is a dynamic discrete choice problem,
where the state variables at time ¢ are given by the previously chosen residential location and
housing size, (n;_1,hy;—1). Let subscript r = nj;_1 denote the previously chosen residential
location.

The individual household chooses its residential location based on the vector of choice
probabilities, g% (hi—1) = (g5 (hit—1), ., qff:"NH’t(hit_l))T € ANT2_ that maximizes its per-
turbed utility

N+1

qzrt (h’lt 1) - arg max { Z irst * gst(hlt 1) YR (qzljrt) }7 (18)
EAN+2

where v, (hi;_1) is the choice-specific value from residing at location s when previously

residing in location r with housing size h;;_;. The perturbation function, Y : RYf? — R, is

specified in terms of the similarity function in order to allow for a flexible parameterization

of the substitution patterns between the set of residential locations

N+1

(qzrt> Z Qirst * Yr (qzrt) (19)

where the exact specification of y is given in Subsection 4.4. In turn, the choice probabilities

are given by the fixed point

exp ( R i(hi—1) +log ¢l (hy—1) — yE (qﬁ}‘(hit_l)))

Girst(hit—1) = — , (20
> u—o €XD ( it (hiz—1) +log gffey(hir—1) — y& (@ﬁ?(hn_l)D
for s =0,..., N 4+ 1.8 The corresponding expected utility of the residential decision is
N+1
BV () =tox { S exp (sl + log o) ~ o (@l J. - (21)

8Fosgerau and Nielsen (2021) provide a contraction mapping that can be used to obtain the optimal
choice probabilities.

117



for 7 = 0,..., N. The choice-specific value function, v, (hs;_1), is given by the sum of the

instantaneous choice-specific utility and the discounted expected value function

vi]zst(hit—l) = U’iﬁ;st(hit—l) 5E‘/;st+1(h;k(pst))7 for s = 0,..., N,

(22)
0l (hi—1) = ufl gy (hi—1) + OEViE  (hi—1), for s = N +1,

where EVE (hf(pr)) is the expected value from residing in location s with the optimal
housing size and EV/E +1(hit—1) is the expected value from staying in the previously chosen
location and keeping the housing size.

Since the household has an infinite time horizon, the time subscript on the expected

value function, EV;%, can be dropped. Similar to Subsection 2.1, a contraction mapping for

wr

EVE can be derived by plugging the expression for the choice-specific value function, Eq.
(22), into the formula for the expected-choice specific value function, Eq. (21). However,
due to the additional choice and state variable, the expression is more complicated. The
obtained contraction mapping is given by Eq. (23) and (24) stated below, where Eq. (23) is

the expected value of residing in location » = 0, ..., N with the optimal housing size

EV(h; (pr)) = log { Zexp ( Uiy s (P} (Pst))
BBV )+ log a1 ) — o2 (a5 42 ) )
R )
BBV (o) + 108 e (11 0r) — s (50 00) )}

and Eq. (24) is the expected value of staying in the previously chosen location and keep the

housing size

E‘/’Zit 1( it— 1 10g{zexp( znlt 1,st(hit*1>
+ 0 EV,E (ha—1) +logql,,, | o(hi—1) =yl (q_fmtl,t(hz‘t—l)>)
+exp( Wi mip1,N+1, t(hit—l)

+ 5E‘/; MNit—1 (hlt_l) _I_ log qfnit_l,N—&-l,t(hit—l) - y]}\%[-‘rl <qfnit_1,t(hit_1)>) }
(24)
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In principle, the residential choice problem must be solved for any value of h;; 1. However,
as this is computationally costly, it is assumed that h;_; is common for all households of the
same type that reside in the same location. This is consistent with the long-run equilibrium of
the model.? As a result, the number of state and choice combinations of the joint residential
and work location decision is proportional to 2(N +1)(N +2). As the number of dimensions
is quadratic in the number of geographical locations, the model is subject to a curse of
dimensionality. Note that the combination of a static solution to the work location decision
and the sequential decision process reduces the number of state and choice combinations.
If the household had to choose its residential and work location simultaneously rather than

sequentially, the number of combinations would be proportional to (N + 1)(N + 2)2.

4.4 Perturbation function

In order to break down the ITA property, the perturbation function of the residential choice
problem is given by the similarity function, Y : RfiQ — R. Recall that Y is described by
the vector function yf : RYf?> — R (see Eq. 19). It is assumed that {te;}ecio . 21.jef0. v} 8
a 3 x N matrix that describes to which degree the N + 1 residential locations belong to three
different nests, and the associated parameters are identical across nests, 79 = 171 = 172 = 7.

Hence, the function yt for s =0, ..., N is given as

2 N
vy (qgt) = (1 —n)log gjis +1 Z Yes log (qz‘li,N—&—l,t “Yeni_y T Z vt wcu> )

c=0 u=0

and for s = N + 1 this function is given as

2 N
yjj\%f—&-l (@‘i) = (1 —n)log qg,NJrl,t +n Z Yeng,_, 10g (qg,N+1,t “WYenge_y T Z qgut : @/qu> .
=0 u=0
It is further assumed that the location outside the Capital municipalities belongs to its own
nest, ¢ = 0, which implies that 1o9 = 1 and y; = 0 for j =1, ..., N. Further, 51 = o2 = 0
as the outside location does not belong to the remaining two nests.
In contrast, the Capital municipalities can, to a varying degree, belong to the remaining
nests. Define the vector of structural nesting parameters, @ = (w1, wa, ..., wx), Where w; €
[0,1] for all 7 = 1,..., N. The remaining elements of v.; are given in terms of this vector.

More specifically 1;; = w; and ¢; =1 —w; for j =1, ..., N.

9Andersen (2022) shows that it is important to relax the assumption that a household can costlessly
adjust their housing size. The proposed model is a simple way to introduce adjustment costs, and implies
that the proposed model should be interpreted as a representative agent model.
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(n,@) are all parameters to be estimated. This rich parameterization of the function y%
is chosen in order to allow the substitution patterns to be determined by the data instead of
a predetermined functional form.

@ describes to which degree the residential locations belong to the nests, and 7 describes
the degree of substitution inside the two nests relative to the logit model. For n = 0, the
function reduces to y% (cj{ft> = log ¢%,, and substitution is described by the ITA property.
For n > 0, locations with similar sized w, are closer substitutes than for the logit model.
In contrast for n < 0, locations with similar sized w, are less substitutes than for the logit
model. For n > 0, the model is closely related to the generalized nested logit model by Wen
and Koppelman (2001). Further, for n > 0, the similarity model reduces to the nested logit
model if w, equals 0 or 1 for s = 1,..., N, as each location in this case only belongs to either

the first or the second nest.

4.5 Equilibrium

In equilibrium, the demand for housing must equal the supply of housing across all locations,
and the supply of labor must equal the demand for labor across all locations and types of
household members in the labor force. This paper takes a short-run perspective and assumes
a fixed supply of housing and a fixed demand for labor. Thus, the longer run dynamics, where
the supply of housing and the demand for labor adjust to changes in square meter prices
and wages, are ignored.

All households face the same vector of square meter prices, p; = (pos, ..., py¢) |, but the
different types of household members face different offered wages. Hence, the household
member of gender g and type e faces the vector of wages w?, = (wy,, ..., w’y,) . For later
use, define the stacked matrix Wy = (wf,, ..., u_)g’t, wil, .. u‘;%t), that contains all the vectors
of wages.

The demand for housing in location s = 0,..., NV is given in terms of the housing sizes

and the choice probabilities of the residential location problem

Hy
DX (pe, Wy) = Z {qg“:t hi(pst) + Gvn - i1 - L(nge—y = 3)}- (25)

i=1
Since utility is increasing in consumption of the outside good, households prefer to reside in
less expensive locations. In turn, the demand for housing is decreasing in the square meter
prices. In contrast, the presence of commuting costs implies that the demand for housing
is increasing in the offered wages of that location, as households prefer to reside close to

locations that offer higher wages.
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The supply of female or male labor of type e = 1, .., E in location s = 0, ..., N is given in

terms of the choice probabilities of the residential and work location problems

H

St 0 =3 (qR s gy = s>) 1 =), (26)
=

Sset pe, W) = Z (%‘?Zt + qi?,*]\f—&-l,t 1(ny—1 = 5)) : qzj\ﬁt ~L(m; =e). (27)

The supply of labor at a given location is therefore decreasing in square meter prices and
increasing in the offered wages, since households prefer to reside close to where they work
and receive high wages.

As the supply of square meters, S%, and the demand for female and male workers of each

type, (DE,, DM

set? set

must adjust such that demand equals supply for type e =1, ..., ' and location s =0, ..., N

), are fixed across locations, the square meter prices and wages, (p;, W;),

Dﬁ(ﬁa W*) - Sﬁ?
DsFet = SL(or, W), (28)

set Sé\/[et(pﬂw*)

Given the decentralized nature of the housing and labor market, square meter prices and
wages are assumed to adjust in order to clear the markets. If e.g. the supply of housing
exceeds the demand in a given location, square meter prices must decrease in order for the
demand to increase. As prices fall, more households will be willing to move to this particular
location, which in turn leads to an increase in the supply of workers in that location. As
a result, wages will also have to decrease in order to clear the labor market. In contrast,
if the supply of labor exceeds the demand in a given location, wages of that location must
decrease. As a consequence the demand for housing in that location will decrease, which

leads to a decrease in the square meter price of that location.

5 Estimation

This section describes the estimation procedure used to estimate the structural parameters
of the proposed model and builds on Andersen (2022). As is standard in the literature, the
discount factor, d, is not estimated but set to 0.95 and the user cost parameter, ¢, is set to

0.05.1° The remaining structural parameters to be estimated are denoted by the vector 6 =

10K ennan and Walker (2011); Bishop and Murphy (2011); Bayer et al. (2016); Carstensen et al. (2020) all
set the discount factor to 0.95.
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(as,ac, Bis, Br.c, B2, By p1, p2, N, A 7 7M p )T, In order to reduce the computational
complexity of the estimation procedure, the structural parameters are estimated in two steps,
as proposed by Carstensen et al. (2020).

Based on Eq. (14) that describes the optimal housing size the reduced form parameters
Yei = —P1e /P2 and Yo, = /P2 can be estimated in a first step based on the following
equation by simple OLS

fﬁz‘t: Z {71,k+72,k'¢']’5it}1]-(ci :k>+5ita fOI"iZ ]_,...,Ht, (29)
ke{S,C}

and for t = 1,...,T. The variable ﬁit is the observed housing size, p;; is the observed square
meter price and e is assumed to be a random measurement error. Recall that ¢; € {S,C}
indicates whether household i consists of a single or a couple.

Given the reduced form estimates, (91,5,91,0:792.s,Y2,c), the corresponding structural

parameters (ag, ac, f1,5, f1,c) can be expressed in terms of [,

BLci = —’AY1,ci B, forc;=5,C,

(30)
e, = V2.0, * P2, for ¢; = 5,C.

As aresult, these structural parameters can be concentrated out of the likelihood function,
such that the dimensionality of the maximum likelihood problem solved in the second step
of the estimation procedure is reduced. The likelihood contribution of household 7 - that
previously resided in location n;_; with housing size h;;_1 - can be written as the product
of the choice probabilities of the household’s residential location decision and the choice

probabilities of the work location decision by the household members in the labor force

Pr(dga dg; d%|nit—lv h’it—la 8) = ql??;itfl,dﬁ,t(hit_l’ 0) H qfi;it,dgt,t(e)a (31)
g
where the product is over the individual household members of household 7. The maximum
likelihood estimator is the vector § that maximizes the log-likelihood function, which due to
Eq. (31) can be expressed by the sum of the log-likelihood function of the residential choices,
Lg(0), and the log-likelihood function of the work location choices, Ly (0),

0= arg max L(0) = Lr(0) + Lw (), (32)
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respectively given as

T H
La(0) =) > loga i (hu-1,0),

t=1 i=1

T (33)
Lw(0) =D D logdl,, s (0)

t=1 i=1 g

This second step of the estimation procedure is based on observed choices, average square
meter prices across locations and time, average wages for the different educational groups
across locations and time and average commuting distance for all combinations of residential

and workplace location.

6 Results

This section presents the estimation results of the first and second step of the estimation
procedure described in Section 5. For comparison, the model is estimated both when the
perturbation function for the residential choice problem is specified in terms of the negative
Shannon entropy and in terms of the similarity function. Recall that when the perturbation
function is specified in terms of the negative Shannon entropy, the choice probabilities reduce
to the logit choice probabilities that suffer from the IIA property. In contrast, the choice
probabilities based on the similarity function allow for more complex substitution patterns,
as it allows similar residential locations to be closer substitutes. For a comparison of the
two estimated models, the estimated monetary values of different attributes are calculated

afterwards. The section ends by illustrating the fit of the preferred model.

6.1 Estimation Results

Table 2 shows the reduced-form estimates of the first step of the estimation procedure. This
estimation step is based on observed housing sizes and observed square meter prices for
132,000 property sales across all the municipalities of Denmark in the period 2010 to 2013.

The table shows that all estimates are statistically significant at a 99% significance level
and the estimates have the expected sign. However, the R? is relatively low, R? = 0.063.
Hence, the model can only explain 6 percent of the variation in housing sizes of the sold
properties. The estimated constants (%1 s,71,¢) are both positive, and since 415 < 1.0
couples have a higher baseline demand for square meters. Further, the price coefficients
(%2,5, Y2,c) are both negative, which implies that the demand for square meters is decreasing

in square meter prices as expected. Since ;g < 2, the demand of couples is less price
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sensitive compared to the demand of singles. The estimates imply that the demand for

housing is higher for couples compared to singles, for any given square meter price.

Reduced form estimates:
(1) coef. (2) s.e. (3) t-stat.
Y,5 1.374  0.005  305.130
M.c 1.481  0.004  334.640
Aos  -2.372  0.050 -47.439
Ao -2.107  0.050 -42.294

Table 2: Reduced form parameters. Estimation is based on 132,473 property sales. All monetary
units are measured in 1,000,000 DKK. Housing size is measured in 100 m?. Standard errors are
based on the sum of squared residuals.

The structural parameters are estimated in the second step by maximum likelihood based
on the choices of 10 million households from 2010 to 2013. Table 3 shows the estimated key
parameters for the two different specifications of the perturbation function. The estimated
model, based on the Shannon entropy, is referred to as the Logit model and the estimated
model, based on the similarity function, is referred to as the Similarity model. For both
models, all the parameters have the expected signs and are significant on a 99 significance
level. However, the table shows that the likelihood is higher for the Similarity model com-
pared to the Logit model. This is primarily driven by a better fit of the residential location
choices.!! It should be noted that the Similarity model includes 23 additional parameters.
A comparison of the AIC scores of the two models clearly favors the Similarity model, since
P = exp((32,912,326 — 33,030,294)/2) ~ 0. It should be noted that the estimation of
the Similarity model turned out to be sensitive to the initial values. Hence, the reported

estimates for the Similarity model are obtained from a sequence of different starting values.

1 As the null hypothesis, wj = 0, is on the boundary of the parameter set, a likelihood ratio test is not
applicable, as the test-statistic is not y2-distributed.
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Structural estimates:

(1) Logit model

(2) Similarity model

big 3.9979 5.1505
(0.0004) (0.0005)

o 3.5522 4.5764
(0.0003) (0.0004)

Bis 2.3167 9.9847
(0.0001) (0.0002)

Bie 2.4959 3.2154
(0.0002) (0.0002)

By -1.6856 -2.1716
(0.0001) (0.0001)

1 -2.3566 -2.7925
(0.0001) (0.0002)

f2 -3.8714 -4.0418
(0.0002) (0.0002)

T -5.2375 -5.6423
(0.0001) (0.0001)

T -4.3712 -4.5636
(0.0001) (0.0001)

i 0 -0.1828
(-) (0.0001)

L(0) -16,515,094 -16,456,087
Lr(0) -4,094,294 -4,053,706
L, (6) -12,420,800 -12,402,381
Parameters 53 76
AIC 33,030,294 32,912,326
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Table 3: Structural parameters are estimated by maximum likelihood based on the choices of
10,186,442 households. Commuting distance is measured in 100 km. All monetary units are mea-
sured in 1,000,000 DKK. Housing size is measured in 100 m?.

The applied specification of the similarity function allows the degree to which the Capital
municipalities belongs to the two nests to be estimated instead of being pre-specified. Figure
5 illustrates the estimates of @ that describes the degree to which the different municipali-
ties belong to the first nest. To ensure identification, the nesting parameter characterizing

Copenhagen is set to zero, w; = 0. For all the municipalities, the corresponding parameter



estimate is either 1 or 0. The figure shows that the municipalities closest to Copenhagen
belong to the first nest, and the municipalities in the outskirts of the region belong to the
second nest. Hence, the municipalities closest to Copenhagen are in the same nest and
are relatively close substitutes compared to the municipalities in the outskirt. Note that,
as 1 < 0, the model differs from the nested logit model, as the residential locations are

substitutes to a lesser degree.
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Figure 5: Estimated similarity parameters, &.

6.2 Estimated values of attributes

Since the utility scale differs for the two estimated models, the estimated structural param-
eters are not comparable. However, as utility is assumed to be linear in consumption of the
outside good, the implied utilities can for comparison be transformed into monetary units.
Table 4 shows the estimated average annual value of different attributes of the households’
choices. As estimation is based on gross wages, the reported estimates reflect pre-tax values.
As the average tax rate in Denmark is approximately 50 %, the estimated value can be
divided by two get a rough estimate for the net values.

The table shows that the estimated average value of housing is DKK 3,700 per square
meter for both models. The identical estimates reflect that the monetary value of housing
only depends on the reduced form ratios - which are identical for both models - and not
the structural parameter.'? As the calculated average user costs are DKK 900 per square
meter, the estimated average values of housing are relative large. Further, for both models
the estimated average monetary costs of moving are very large. E.g. for moving residential
municipality the estimated costs are DKK 80,800 for the Logit model and DKK 68,800 for

the Similarity model. A general result of the literature on dynamic discrete choice models

12Recall that utility of housing is Bie; - hit + Poc, - h?,. Hence, the monetary value of housing equals
Ve Voo - hit + Vae, - B
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is that the estimated switching costs are upward biased, unless all relevant unobserved het-
erogeneity is included in the model, see e.g. Honoré and Kyriazidou (2000).'* Hence, it is
not surprising that the estimated moving costs are lower for the Similarity model, as the
additional parameters capture some of this unobserved heterogeneity.

Further, Table 4 shows that the estimated marginal costs of commuting an additional
kilometer to the work location for females and males are respectively DKK 12,000 and DKK
9,700. These costs include financial costs, travel time and discomfort. The estimates indicate
that men are more willing to commute than women, as men on average only need to receive
an additional annual income of DKK 9,700 for commuting an additional kilometer, whereas
women require DKK 12,000. Note that the cost of commuting is on average 24 percent higher
for females than males. This is in line with the existing literature. E.g. Le Barbanchon et al.
(2020) find that females value commute around 20 percent more than males.!* The large
estimates for commuting costs are due to unobserved heterogeneity in the work location
choice. As the household members are assumed to freely choose their work location, this
parameters are primarily identified by differences in commuting distances and differences in
wages. However, if household members cannot freely choose their work location they will
tend to search for job where the probability of finding a job is highest, and where the cost
of searching is lowest. Hence, if commuting distances and wages are correlated with these
unobserved variables, the estimated commuting costs will be biased.

Compared to the existing literature, the estimated commuting costs are very high. In
proportion to the average yearly income, females or males have to be compensated by 3.6
or 2.6 percent of yearly income in order to commute an additional kilometer. In contrast,
based on administrative data on Danish firms that relocate, Mulalic et al. (2014) find that
a 1 km increase in commuting distance induces a wage increase of only 0.15 percent three
years after the relocation.

In order to interpret the implications of the estimated commuting costs, the average
hourly cost of commuting is calculated by assuming 224 annual work days and a commuting
speed of 33.8 km per hour.'® Based on these rough calculations, the average hourly costs of
commuting for females and males are DKK 450 and DKK 350 per hour post-tax, respectively.
For a comparison Van Ommeren and Fosgerau (2009) find that, on average, workers’ marginal
costs of one hour of commuting are about EUR 17 (roughly DKK 160 in 2018 prices) and
Small et al. (2005) estimate the value of time to be USD 21.46 per hour (roughly DKK 230 in

13For that reason, most of the existing literature does not report the estimated value of moving.

14Van Ommeren and Fosgerau (2009) also find that the marginal costs of commuting are larger for women
than for men, but the difference is insignificant.

15 According to the Danish commuting survey the average speed when commuting in the Capital region is
33.8 kilometers per hour.
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2018 prices). Hence, the reported estimates of this paper are roughly 50-180 percent higher

than the reported estimates in the existing literature.

Average annual monetary value:
(1) Logit model (2) Similarity model

Housing (DKK 1,000/m?) 3.7 3.7
Moving address (DKK 1,000 ) -30.5 -28.1
Moving municipality (DKK 1,000 ) -80.8 -68.8
Females commuting (DKK 1,000 /km) -14.3 -12.0
Males commuting (DKK 1,000 /km) -12.0 -9.7

Table 4: All monetary units are measured in 2018 prices. The average annual value of commuting
is conditioned on working. The average annual monetary value of moving is conditioned on moving
and is transformed into an infinite annuity based on a 5 percent interest rate for comparison.

Figure 6 shows for the similarity model the estimated average monetary values of residing
in the different capital municipalities. The estimated monetary values are measured relative
to Copenhagen. The figure shows that the monetary values are positive for the municipalities
north of Copenhagen, where square meter prices are high. E.g. the monetary value of
residing in Rudersdal is DKK 22,000 annually. In contrast, the monetary values are negative
for the municipalities south-west of Copenhagen. E.g. the monetary cost of residing in
Hgje-Taastrup is DKK 15,000 annually.
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Figure 6: Average estimated annual monetary value of residing in the Capital municipalities
(DKK 1,000). Estimates are based on £ of the Similarity model.

6.3 Model fit

This subsection illustrates the model fit of the Similarity model by comparing the model’s

predictions with the observed outcomes. Recall that the observed average square meter
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prices and observed average wages are used when estimating the model. However, given the
estimated structural parameters the model-consistent predictions for the different equilibrium
outcomes can be solved by applying the equilibrium concept of Subsection 4.5.

Figure 7a illustrates the observed and predicted number of inhabitants in the different
municipalities. As the figure shows, the predicted numbers of inhabitants match the observed
numbers across the municipalities closely. This is not surprising, since most households do
not move and the model includes moving costs (p1, p2)-

In contrast, the model generally underestimates the square meter prices, as illustrated
by Figure 7b. Equilibrium square meter prices reflect the marginal buyer’s willingness to
pay, and this is a more difficult equilibrium outcome to predict, as small differences between

supply and demand for square meters can lead to large changes in square meter prices.
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Figure 7: Observed and predicted inhabitants (1,000) and square meter prices (DKK 1,000). For
illustrative purpose the number of inhabitants in Copenhagen is not included in panel (a).

Figure 8 illustrates the observed and predicted wages for females and males across munic-
ipalities. The figures show that the model is worse at predicting wages than predicting the
square meter prices. Further, the figures show that the predicted wages are more spread than
the observed wages. This is especially the case for female workers, where the observed wages
are more compactly distributed. The relative poor fit of the observed wages is because the
model is relatively bad at predicting the work location choice based on the observed wages.
Hence, wages have to adjust a lot in order to clear the labor market. As the labor and
housing markets are interlinked, this implies that the square meter prices have to adjust.

Hence, the fit of the square meter prices would be better if wages were taken as exogenous.
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Figure 8: Observed and predicted wages (DKK 1,000).

7 Counterfactual study

This section studies the adjustments of the equilibrium outcomes of the estimated Similar-
ity model due to a counterfactual increase of 1 percent in the supply of square meters in
Copenhagen.

Before turning to the analysis of the equilibrium adjustment, note that changes in the
demand for square meters can be due to changes along the extensive and the intensive margin.
Changes along the extensive margin reflect households that move from one municipality to
another, and thereby decrease the demand for square meters in the municipality they move
away from and increase the demand in the municipality they move to. In contrast, changes
along the intensive margin reflect households that move inside the municipality in which
they already reside, and thereby change their demand for square meters in that municipality.
Hence, changes along the intensive margin do not have spill-over effects on the demand for
square meters in any other municipality.

Figure 9 illustrates the changes in the number of inhabitants and changes in the square
meter prices across the Capital municipalities due to the counterfactual increase in the supply
of housing in Copenhagen. The figures show that the number of inhabitants decreases across
all other municipalities than Copenhagen and the square meter prices decrease across all
Capital municipalities. However, as shown later, the expected decreases in the square meter

prices are largest for Copenhagen.
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Figure 9: Changes in square meter prices and inhabitants. For illustrative purpose the changes
in inhabitants of Copenhagen and Frederiksberg is ignored in panel (a)

The changes in the equilibrium outcomes can be summarized as follows. The counter-
factual increase in the supply of square meters in Copenhagen leads to an excess supply
of square meters in this location. In order to equate demand and supply, the square me-
ter prices have to decrease for this location. As some of the increased demand propagates
through the extensive margin, this leads to excess supply of square meters in the remaining
municipalities as well. In turn the square meter prices decrease for all municipalities. Figure
9b shows that the square meter prices of the municipalities that belong to the same nest as
Copenhagen are more affected by the counterfactual increase in supply, since these are closer
substitutes.

As more households move to Copenhagen, this leads to excess supply of labor in Copen-
hagen and the municipalities closest to this location. Hence, wages will decrease for these
municipalities. For municipalities sufficiently far from Copenhagen, this will in contrast lead
to excess demand for labor. As a result, wages will increase for these municipalities. This
is illustrated by Figure 10, that shows the counterfactual changes in the average wages for
females and males. As the estimated costs of commuting are largest for female, the effects

on wages are largest for this group.
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Figure 10: Changes in average wages (DKK 1,000).

Table 5 summarizes the counterfactual changes to different equilibrium outcomes. The

table shows that the counterfactual increase in the housing supply of 1 percent implies that

the number of inhabitants in Copenhagen increases by 0.6 percent, corresponding to 2,600

individuals. In contrast, the number of inhabitants decreases by 1,000 for the remaining

Capital municipalities and by 1,600 for the outside location. Further, the counterfactual

increase in the supply of housing leads to a large decrease in the square meter prices in the

Copenhagen. For this location, the square meter prices decrease by DKK 2,700, correspond-

ing to a decrease of 10.8 percent. For the remaining areas, the average square meter prices
decrease by DKK 1,300 and DKK 700, corresponding to a decrease of 4.8 percent and 5.2

percent, respectively. The large decrease in average square meter prices is a result of the

large estimates of the moving cost parameters, as prices have to decrease a lot in order for

households to move or adjust their housing size.

Copenhagen and Other Capital

Outside Capital

Frederiksberg municipalities municipalities
Inhabitants (1,000) 2.6 -1.0 -1.6
Inhabitants (percent) 0.6 -0.2 -0.1
Avg. sqm. prices (DKK 1,000) -2.7 -1.3 -0.7
Avg. sqm. prices (percent) -10.8 -4.8 -5.2
Avg. wages (DKK 1,000) -0.7 -0.5 0.2
Avg. wages (percent) -0.2 -0.1 0.1

Table 5: Changes in equilibrium outcomes due to a 1 percent increase in housing supply in

Copenhagen.

The counterfactual change in the supply of housing also affects the labor market. Due to
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the higher supply of labor in the Capital municipalities, the average wages decrease by DKK
700 and DKK 500 in Copenhagen and in the remaining Capital municipalities, respectively.
In contrast, the average wages increase by DKK 200 in the outside location due to a lower
supply of labor in this location.

Finally, Table 6 decomposes the adjustment in the demand for square meters in Copen-
hagen into adjustments along the extensive and intensive margins. The table shows that
60.4 percent of the increase in the demand for square meters in Copenhagen is along the
intensive margin and the remaining 39.6 percent is along the extensive margin. This result
illustrates that when households cannot costlessly adjust their demand for housing, a sub-
stantial fraction of the adjustment will propagate along the extensive margin. However, as
it is less costly to move inside a municipality, a larger fraction of the adjustment is along
the intensive margin. In contrast, if households can costlessly adjust their housing demand,
adjustment will mostly propagate along the intensive margin, and as a result the increased
supply of square meters in one location will in this case have a much lower spill-over effect

on the square meter prices of the other locations.

Adjustment in demand

Intensive margin (percent) 60.4

Extensive margin (percent) 39.6

Table 6: Decomposition of the adjustment of the demand for square meters in Copenhagen into
changes along the extensive and intensive margin.

8 Conclusion

This paper is the first paper to propose a dynamic discrete choice model in which the
behavior of the decision-makers is described by the perturbed utility model. Based on the
joint residential and workplace location decision of heterogeneous households, this paper
proposes an empirical spatial equilibrium model for the housing and labor market of the
Capital municipalities of Denmark, where square meter prices and wages are determined in
equilibrium, such that markets clear.

As a proof of concept, the structural parameters of the proposed model are estimated in
two steps by maximum likelihood based on the observed choices of the entire population of
Denmark from 2010 to 2013. Based on the estimate, a counterfactual analysis is conducted
of equilibrium adjustment of the model due to a 1 percent increase in the housing supply of
Copenhagen and Frederiksberg. This analysis shows that the equilibrium square meter prices

and wages respond strongly to the counterfactual change in the supply of housing.
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[ now highlight three directions for future work. The first direction is to include additional
dynamics into the model. One problem of the proposed model is the maintained assumption
of static expectations with respect to square meter prices and wages. This leads initially
prices and wages to respond too strongly. Incorporating forward-looking expectations into
the model would eliminate this issue. In addition, the model should include financial wealth
accumulation similar to Bayer et al. (2016), as a household may anticipate selling their house
at some point in the future and thus explicitly consider the expected evolution of housing
prices when deciding where and when to purchase or sell a house.

As household members tend to stay at their current job, a second direction for future
research is to incorporate frictions into the work location decision. This could be modelled
by introducing job-change costs into the work location decision similar to the moving costs
in the residential location decision. However, this will greatly increase the state space of the
model, as most types of household consist of two household members. For these households,
a state variable that describes their previous work location has to be included for each
household member. However, this will increase the realism of the model, as it will induce
households to move to locations close to their current work location.

Finally, in the presented model the supply of housing and demand for labor are assumed
to be exogenous given in the short run. However, even in the short run the supply side for
housing and demand side for labor should be allowed to adjust to price and wage changes.
As adjustments in these quantities most realistic are costly a dynamic model is the obviously
starting point to analyze responses of demand and supply to changes in house prices and
wages. By allowing the supply of housing and demand for labor to adjust due to changes
in house prices and wages will most likely reduce the obtained counterfactual equilibrium
changes in house prices and wages, as the equilibrium quantities now will adjust and therefor
house prices and wages do not have to absorb the entire equilibrium adjustment.

The dynamic discrete choice model based on the perturbed utility is open to many other
economic applications, where forward looking behaviour and a flexible parameterization of
the substitution patterns are considered to be important. As the existing literature on static
perturbed utility models has shown, alternatives are even allowed to be complements, which

is ruled out in the random utility model.
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A Appendix

To ease notation define the function K; : Ri +—R
c c K
Kj (Q) = - Z TIC¢Cj 10g Qj + Z 770¢cj IOg (Z @Dcka, ) . (34)

c=1 c=1 k=1

Insert the optimal choice probabilities, ¢*, into the function g; (given in Eq. (2)) that

describes the similarity function, G

C C K
g](‘j*) = (1 - Z ncl/}cj> log Q; + Z ncwcj log (Z wckQZ) 3
c=1 c=1 k=1

= log qj + K;(q"),

J
= <Uj +1ogq; — g;(7") — log { > exp (vk +1og i — g (ci*)) }) + K570,

k=1

J
= (vj +logq; — (10g q; + Kj(ti*)) — log { > exp (Uk +log g; — gk (@*)) }) + K5(7°),
k=1
J
= v — log { > exp (Uk: +log g; —gk<q*)) }
k=1

where the expression for the optimal choice probabilities (given by Eq. 4) are inserted in
the third line and g,(¢*) is inserted in the fourth line. Insert this expression and the optimal

choice probabilities into Eq. (1) that describe the expected utility prior to the realized choice
EV =) vq—G({@),
J
=D vdi =y 4 9@,
J J
J
=Y viqi =) d- (Uj — log { > exp (vk +log g — gk(q*>) }
J J

k=1

J
= Zq;-log{zexp (Uk+10gq}: —9k<§*>>},
j

k=1
J
= log { Zexp (vk + logq; — gk((j*>) }
k=1

This ends the proof. The proof is similar to Andersen (2022).
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B Appendix

For ease of notation let EV;, = EV(d = k) denotes the expected value of the DM that
in previous period chose alternative k, and define the vector of expected values EV =
(EV4, ..., EV;)T. Lastly, define the function f; : R — R as the expected value function

J
f(EV) =log { > exp (vkj(EV}) +log q3; — ¥ <q2)> } for k=1,...,J, (35)

j=1

where vy (EV;) = wg; + 6 - EV; is the expected payoff from choosing alternative j given
alternative k was chosen in last period. For later use differentiate Eq. (35) with respect to

EV; and apply the envelope theorem

exp (Ukj + log g; — 9; (@Z))

Z;}n:l exp ('Ukm +logq;,, — 9m (%ﬁ))

Vv, fi(EV) = 0 =0-G,(EV). (36)

Next, define Q*(EV) = (¢}, ..., q}) as the stacked matrix of choice probabilities, and based
on Eq. (35) and (36) define the vector function f(EV) = (fi(EV), ...,fJ(E7V))T and the
(J x J) matrix Vf(EV) =6 - Q*(EV) containing its derivatives.

The mean value theorem implies
F(EVY) = f(EV,y) = VF(EV) - (EVy — EVYy),

for some EV € (EV,, EV). Eq. (35) can be shown to define a contraction, by the use of

the infinity norm as distance metric

IF(EV) = [(EVo)lleo = [[VF(EV) - (EV1 = EVo)|ox,
<[ Q(EV)|oo - [[(EV1 = EV)]|oo,
<O |[EV) = EVolloo

Where it has been used that ||Q*(EV )|« = 1, since every row of Q*(EV') sums to unity. This
ends the proof. As a result for any EV the sequence of iterates EV g, f(EVy), f(f(EVy)), ...

converges to a unique fixed point of f.
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Figure 11: Average wages for educational groups based on the municipality the individuals reside.
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