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We describe how our test differs and complements existing tests in Appendix B.
We discuss several extensions in Appendix C. We formally state the asymptotic va-
lidity of our test in Appendix D. All proofs are collected in Appendix E. Additional
empirical results of Section 5 are provided in Appendix G.

APPENDIX B: COMPARISON BETWEEN OUR APPROACH AND THE EXISTING APPROACH

We provide a detailed analytical discussion of how our testing approach differs from
and complements the existing approach in terms of assessing the local continuity (LC)
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Let X € X ¢ R% be observable covariates. Assuming that all the probability densities
in the following equations are well defined, we can write

TRIY4(r), Ty—ry, x (P19, 1, X)
fxir(x|r) fr(r)

FYa), TR x (9, Elr, X) = IY a0, Ty X 00 15, ), (B.1)
where de(r)vT|r—r0|| R,x (¥, t|r, x) denotes the conditional density of (Y4(r), Tj,—,)) given
R, X. On the right-hand side of the equation, the continuity of fzy, (-, Ty X (rly, t, x) in
r near ry is essentially Lee (2008)’s stronger local continuity (SLC) assumption (with dif-
ferent notation), which was originally introduced in the sharp RD framework and later
discussed in Dong (2018) in the context of the FRD setting. Since the SLC assumption is
not directly testable, the existing literature has derived tests for two of its implications:
(i) the continuity of fg(r); see, for instance, McCrary (2008), Otsu, Xu, and Matsushita
(2013), Cattaneo, Jansson, and Ma (2020), and Bugni and Canay (2021), and (ii) the con-
tinuity of Fx|r(x|r) in r, see Canay and Kamat (2018). We can see from equation (B.1)
that LC can be considered as an implication of SLC. It is, however, important to note
that LC neither implies nor is implied by continuity of fz(r) and continuity of Fxr(x|r)
in r. As a result, there are important empirical scenarios in which the conclusions of
the existing tests are not necessarily informative about validity or invalidity of LC, as we
illustrate below.

Scenario 1: The existing approach accepts continuity of fr and Fx|r while our approach
refutes LC

This scenario corresponds to the case that the existing approach of testing continuity of
fr and Fxr at r = ro overlooks the failure of FRD-design, while our approach detects it.
To be specific, consider an empirical context in which multiple programs share the same
running variable R and the common threshold rg, for example, a household can partic-
ipate in two social programs and both of them use the same poverty index and poverty
line to determine eligibility. Let D, Z € {0, 1} denote the treatment statuses, respectively.
The researcher is interested in the causal effect of treatment in the first program, that is,
the effect of D. For simplicity, let us assume that the assignment of the second program
is sharp, Z = 1[R > rg]. In such a context, the potential outcome model can be written as

Y ={YnZ+ Y- 2)}D+{YnZ+ Yoo(1 - 2)}(1 - D), (B.2)

1 Yo

where Y;,(r), d € {1,0}, and z € {1, 0}, are the potential outcomes indexed by the
two treatments. As can be seen, if the researcher is unaware of the second treatment,
the potential outcome Y, that she specifies would be Y; = Y;1Z + Yy 0(1 — Z). Sup-
pose now fR‘de(r)vT|r—r0|vX(r|y’ t, x) is continuous in r for any y, ¢, x, then fr(r) and
Fxr(x|r) are continuous. However, the density fR‘Yd(r):T|r—r0|:X(r|y’ t, x) can be discon-
tinuous if the second treatment Z affects the outcome. Specifically, since we have (for
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d=1)

i fR vy, 24 Y10(1-2), Tjr—rg), X (F1Ys £ X) = i fR1 vy, Z4v10(1-2), Ty, X (1195 1, X)

riro 0 rtro 0

= limfR|Y11,T‘r_, ‘,X(”D’, t, x) - limfR\Ylo,Th_r |,X("|Y» t, x)
rlro 0 o 0

B [lirn Iy iR x W I X) - fyig, T 1R X (0 2l X)

= — lim
r=To lel,T\r—rO\lX(y’ 1x) r=To leo'T|r7r0||X(y’ 1|x)

]fR|X(Volx),

where the first equality follows since the assignment of Z is sharp, and the second equal-
ity follows from Bayes rule and continuity of fry,, (), Ty X (r|y, t, x) inr. The two terms
in the brackets do not have to cancel out as Yo and Y7; are two different potential out-
comes, with and without the second treatment. Therefore, in this scenario, learning
continuity of fg(r) and Fy|r(x|r) does not inform about failure of LC. Our approach,
in contrast, can detect violation of LC, if the distributional differences between Y,y and
Y1 at the cut-off leads to violation of the testable implications of Theorem 1(i) in the
main text.

For ease of exposition, we consider binary Z here and interpret it as an unobservable
treatment sharing the running variable and cut-off. It is straightforward to generalize the
current argument to cases where Z is nonbinary and its discontinuity at ry is in terms of
its conditional distribution given r. We can also interpret Z as any unobservable factor
affecting the outcome, whose distribution changes discontinuously at the cut-off. For
instance, the existence of such a Z is often suspected when geographical boundaries are
used for regression discontinuity.

Scenario 2: The existing approach rejects continuity of fr and Fx|r while FRD-validity
holds (so that our approach does not refute)

This scenario corresponds to the case that FRD-validity holds but the existing approach
finds discontinuity of fg and Fy g at the cut-off. This can happen for a data generat-
ing process in which the discontinuity of either fr(r) or fxr(x|r) (or both) is com-
pensated exactly by the discontinuity of fRIYl(r),T|r_r0|, x(rly, t, x) in such a way that
fy (), Ty IRy x(, tlr, x) remains continuous. This scenario is not pathological, and is
likely to happen in empirical applications where the manipulation is made indepen-
dently of the potential outcomes. For instance, in the context of the empirical applica-
tion relating to Maimonides’s rule in Israel, Angrist et al. (2019) argues that the presence
of discontinuity in the running variable (school enrollment) is mainly due to a school
board administration objective to increase their budgets and was “unrelated to socioe-
conomic characteristics conditional on a few controls” (please refer to Section 5.1 for de-
tailed discussion). This narrative evidence justifies fR‘Yl(r)’Tlr—rol’ x(rly, t, x) = frix(rlx)
in some local neighborhood of the cut-off. This reduces equation (B.1) to

), Ty x (9 1, X)
fx(x)

e, Ty 1R x (5t X) =
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in the local neighborhood of the cut-off, implying le(r)vT|r—r0|| R x (y, t|r, x) is continuous
at ro. However, either fg(r) or Fxr(x|r) (or both) is discontinuous at rq. This example
illustrates that even when the running variable’s density is discontinuous, FRD-validity
can hold.

APPENDIX C: EXTENSIONS

In this section, we briefly discuss several extensions. First, we discuss the relationship
between FRD-validity considered in our paper and other FRD-identifying assumptions
considered in the literature. Second, we show how to incorporate conditioning covari-
ates in our test.

C.1 Relationship with other FRD identifying assumptions

In the LATE framework, de Chaisemartin (2017) argued that the Wald (IV) estimand can
have a well-defined causal interpretation under a weaker version of instrument mono-
tonicity. A parallel of his weaker monotonicity condition in the FRD setting can be writ-
ten as follows: there exists € > 0 such that

P(Tjr—rp) =DF|Y4(r) =y, R=71) < P(Tjr—ry = C|Y4(r) =y, R=7r), de{0,1}, ye)

for all r € (ro — €, 1o + €). It can be shown that our Theorem 1 holds by replacing As-
sumption 1 with this weaker monotonicity assumption and modifying Assumption 2 to
include T = DF. That is, inequalities (2) and (3) remain unimprovable testable implica-
tions under this weaker version of the local monotonicity assumption.

Bertanha and Imbens (2020) considered an alternative local monotonicity assump-
tion that is more restrictive than Assumption 1.

AssumpTioN C.1 (Strong local monotonicity). There exists € > 0 such that any individ-
ual in the population is classified into one of the following three types based on their treat-
ment selection responses:

A, ifD(r)=1, forre(ro—e€,rg+e),
T=3C, ifD(r)=1{r=>r}, forre(ro—e,ro+e), (C.1)
N, ifD(r)=0, forre (ro—e€,ro+e).

This monotonicity implies that in some neighborhood of the cut-off, compliance
status is invariant for any given individual. It can be shown that strengthening Assump-
tion 1 to Assumption C.1 does not yield further testable implications beyond those of
Theorem 1(i), that is, Theorem 1(ii) holds true even if Assumption 1 in the main text is
replaced by Assumption C.1 above.!

10ur proof of Theorem 1 (ii) in Appendix E constructs a distribution of potential outcomes and selection
types that, in fact, satisfies Assumption C.1.
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The literature has considered the local independence assumption,”> which is a
stronger form of identifying assumption than LC.

AssumpTIiON C.2 (Local independence). There exists € > 0 such that for d = 0,1,
(Y, (r), D(r)) is jointly independent of R in the neighborhood (ro — €,r9 + €) and
limrir() Y (r)= limmm Y (r)=Y,(ro) a.s.

The statement of Theorem 1 (i) indeed holds even if LC is replaced by this local in-
dependence assumption.

C.2 Incorporating covariates

The standard FRD design does not require covariates to identify treatment effect at the
cut-off, but they are often included in practice to increase efficiency. See Imbens and
Kalyanaraman (2012), Calonico et al. (2019), and Hsu and Shen (2019). Another motiva-
tion for incorporating the conditioning covariates arises if the potential outcomes can
depend on the covariates whose distribution is discontinuous at the cut-off. In this case,
RD analysis without conditioning on covariates leads to violation of the local continuity
assumption (Frolich and Huber (2019)).

In what follows, we consider testing a version of FRD-validity where local mono-
tonicity and local continuity are imposed conditional on a covariate vector X € X ¢ R%.
We allow X to be discrete or continuous. We assume that there are observations near the
cut-off point conditioning on each realization x. The conditional version of FRD-validity
is stated formally as follows.

AssumpTION C.3. The limits =t (x) = lim,,, P(D = 1|lR =r, X = x) and 7~ (x) =
limy4,, P(D=1|R=r, X =x) existand =" (x) # 7 (x) forall x € X.

AssumpTIiON C.4 (Local continuity conditional on X). For d =0, 1, t € {A, C,N}, and
B C Y be a measurable set, the conditional probability P(Y,(r) € B, T,_, =t|[R=r, X =
Xx) is continuousinr atrg, forall x € X.

AssumpTiON C.5 (Local monotonicity conditional on X). Let t € {DF, I}. There exists a
small e > 0 such that P(T\y—ry = tIR=r,X=x)=0forallr e (ro — €, ro + €) and for all
xeX.

Theorem 1 can be immediately extended to the conditional version of FRD-validity
by conditioning additionally on X. To fit into our testing framework, it is convenient
to rewrite the moment inequalities conditional on X in terms of moment inequalities
unconditional on X.

2This assumption is slightly weaker than the HTV local independence assumption, which involves a lo-
cal exclusion restriction that rules out causal dependence of Y, on R in the neighborhood. See Dong and
Lewbel (2015), and Dong (2018) for discussion comparing local continuity and HTV local independence,
and the restrictions that HTV local independence impose on the distribution of observables.
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To do so,let Z = (Y, X) and Z be the support of Z. We obtain the following inequal-
ities as the testable implications for Assumptions C.3-C.5: for C a hypercube in Z:

limEp[1{Z € C}D|R=r] — limEp[1{Z € C}D|R=r] <0, (C.2)
rtroy rirg
limEp[1{Z € C}(1 - D)|R=r] —limEp[1{Z € C}(1 - D)|R=r] <0. (C.3)
rlro rtro

In comparison to inequalities (2) and (3), the only difference is that the indicator
functions in (C.2) and (C.3) index boxes in Z instead of the intervals in ). Accordingly,
by defining a class of instrument functions as

G. ={ge()=1(- € Cp) : £ =(z,¢) € L}, where
Cp= x?:{l[zj, zj+c]NZand
L={(z0): cl=g, and g -zj € {0, 1,2,...,(9‘,'—1)}51"4rl forg=1,2,...}, (C4)

we can implement the testing procedure shown in the main text to assess the condi-
tional version of FRD-validity.

C.3 Joint test

Our test complements the widely used continuity tests for the distribution of condition-
ing covariates. Since continuity of the conditional distribution of some covariates at the
cut-off is often considered to be supporting evidence for no-selection around the cut-
off, it is worthwhile to combine our test with a continuity test.

Suppose we want to test the continuity of the distribution of covariates X at the
cut-off jointly with the testable implications of (2) and (3). Since continuity of the distri-
bution of X is expressed as a set of local moment equalities, we can obtain a joint test by
adding the additional set of equality constraints to the null hypothesis.

We hence consider testing the inequalities of Theorem 1 (i) in the main text and the
set of equalities indexed by j € 7,

v ()) E}iTI};IEp[l{X eCi}IR=r] - }ig;]Ep[l{X eCi}|[R=r]=0.

where Cj’.‘ is a hypercube or a quadrant in the space of covariates X, and J forms a
countable collection thereof.

We estimate v*(j) by 9*(j), the difference of two local linear estimators. Following
how Andrews and Shi (2013) incorporate moment equalities, we modify the KS test
statistic as

ojoint
Sn

{ Vnh b, q(0)  Vnh-|05())| }

= max sup . , SUp ———— ,

deo,1), e Tna,e(0) ey G e())

where 6-,’1‘_ §( J) is an estimator for the asymptotic standard deviation of +/nh(9*(j) —
v*(j)). Critical values for this test statistic can be obtained by a procedure similar to
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Algorithm 1 in the main text. Some differences are that for the moment equality con-
straints, we do not have the moment selection step, and the absolute values are taken
for the estimators v*(j) and their bootstrap analogues.

APPENDIX D: ASYMPTOTIC PROPERTIES OF THE PROPOSED TEST

In this Appendix, we spell out the regularity conditions and state the theorems that guar-
antee the asymptotic validity of our test. Their proofs are given in Appendix E.3.

We normalize the support of the observed outcome Y to [0, 1].3 Let P be the col-
lection of probability distributions of observables (Y, D, R). We denote the Lebesgue
density of the running variable, R, by fr.

Let h2(-, -) be a covariance kernel on £ x L. Let H2 be the collection of all possible
covariance kernel functions on £ x L. For any pair of hgl) € Ho and h;z) € Ho, we define
the distance between them as

d(hP, ) = sup  [hSP (81, €2) — B (4, £2). (D.1)
{€1,€2eL}

Let op,q(l1, 2|r) = Covp(ge, (Y)D4(1 — D)4, g0, (Y)D?(1 — D)!"4|R =r) for d = 1, 0.
We denote their right and left limits at ry by op 4 4+ (€1, €2) = lim, |, op,4(£1, £2|r) and
op,q,— (L1, £2) =limq4, op 4(L1, £2]r), respectively. Existence of these limits is implied by
the set of assumptions in Assumption D.1, below.

For j=0,1,2,..., let 9; = [;° w/K(u)du. Let f7 (ro) = lim, |, fr(r0) and f (ro) =
lim,4,, fr(ro). Ford =0, 1 and x = +, —, define

o0
/ (92 — ud1)?*K*(u) du - ap,q . (€1, €2)
0 : (D.2)

ha,pas(£1,£2) =
e[ (r0) (D290 — 93)°

which is the covariance kernel of the limiting process of v/nh(#iy ,(£) — mp, 4 .(£)), with
undersmoothing bandwidths. It can be shown that the covariance kernel of the limiting
processes of Vnh(vg(€) —vp 4(£))is ho p.a=hap.a+ + hap.d -

We denote the vth derivative of mp (¢, r) = Ep[g¢(Y)D?(1 — D)'~¢|R = r] with re-
spect to the running variable by m%(z, r), d =1, 0. The vth derivative of fg is denoted
similarly. For 6 > 0, define Ns(ro) = {r: |r — ro| < 8} as a neighborhood of r around ry.
Let N;'(ro) ={r: 0<r—ry<38}and Ny (r0) ={r: 0 <rp—r < 8} be one-sided open
neighborhoods excluding ro.

AssuMPTION D.1. Let fgr be common for all P € P. There exist > 0, € > 0, 0 < fg < 00,
and 0 < M < oo such that for all P € P:

(@) fr(r) > eonNs(rp).

(i) fr(r)iscontinuous and bounded from above byfR onj\/;(ro) UNG (r0), andf;(ro)
and fy (ro) exist.

3This support normalization is without loss of generality. If not, we can define Y= ®(Y) where ®(-) is
the CDF of standard normal, as in the first step of Algorithm 1.
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(iii) fr(r) is twice continuously differentiable in r on Ngr(ro) UNj (o) and |fl(31)(r)| <
M and |f1(32)(r)| <M on N (ro) UN (ro);

(iv) ford=0,1and forallt € L, mp 4(¢, r) is twice continuously differentiable in r on

N (r0) UNG (r0);

(v) ford=0,1and forall ¢ € L, |m},1’)d(ﬁ, r| <M and |m1(u2))d(€, <M on Ng(ro) U
N (r0);

Assumption D.1(iii)—(v) imply that with undersmoothing bandwidths, the bias terms
of 71 (£) and Py (¢) are asymptotically negligible uniformly over ¢ € £. Note that Assump-
tion D.1 does not restrict the support of Y and allows Y to be discrete, continuous, or
some mixture of the two. Note also that we allow fr(r) to be discontinuous at the cut-off,
reflecting the fact that the testable implications of FRD-validity that we are focusing on
do not require continuity of fz(r) at the cut-off.

AssumpTION D.2. The kernel function K (-) and bandwidth h satisfy:

(i) K(-) is nonnegative, symmetric, bounded by K < oo, and has a compact support
(say [-1,1]),

(i) [z K(w)du=1,and [ u?’K(u)du>0,

(iii) h — 0, nh — oo and nh® — 0 as n — oco.

Assumption D.2 is standard, and the triangular kernel used in our Monte Carlo stud-
ies and empirical applications satisfies this assumption. Note that nh° — 0 as n — oo
corresponds to an undersmoothing choice of bandwidth so that the bias term of v, 4
converges to zero even after +/n/ is multiplied.

AssumpTiOoN D.3. Let {U;: 1 <i < n} be a sequence of i.i.d. random variables E[U] = 0,
E[U?) =1, and E[|U|*] < M; for some My < oo, and {U; : 1 <i < n} is independent of the
sample {(Y;, Di, Rj): 1 <i<n}.

Assumption D.3 is standard for the multiplier bootstrap (see, e.g., Hsu (2016)). Note
the standard normal distribution for U satisfies Assumption D.3.

AssumpTION D.A4. {a,} is a sequence of nonnegative numbers satisfying lim,_, o a, = 00
and lim,,_, o an/~nh =0. {B,} isa sequence of nonnegative numbers that is nondecreas-
ing, lim,_, o B, = oo and lim,,_, o, B, /a, = 0.

In our Monte Carlo study and empirical applications, we specify a, = (0.31In(n))!/2
and B, = (0.4In(n)/InlIn(n))'/? following Andrews and Shi (2013, 2014).

Let Py C P be the set of distributions of observables that satisfy the null hypothesis
given in equation (5) in the main text. The next assumption states that Py contains a
distribution of data that satisfies the moment inequalities {vp 4(¢) : d =0, 1, £ € £} with
equality for some ¢ € L.
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AssuMPTION D.5. Let E?’,d ={le L:vp 4(£) =0}. There exists P. € Py such that:
(i) Either L;’)C ,or E?’C,o under P. is nonempty.

(i) For d =0,1, hy p. 4+ € Ho,cpr and hy p._a,— € Ho cpi, Where Hp cp, is a compact
subset of Ho with respect to the norm defined in equation (D.1).

(i) Either ha,p.,1 = h2,p.,1,++ h2,p.1,- restricted to L} | x L}, | is not a zero function
or ha,p,,0 = ha,p.,0,+ + h2,p.,0,— restricted to L3 o x L},  is not a zero function.

Tueorem D.1. Suppose Assumptions D.1-D.4 hold. Then, for every compact subset Hz, cp
of Ha, the following claims hold for the testing procedure presented in Algorithm 1:

(a) Hmsupn—)OO Sup{PE'Po: de{0,1},h p g, 4 ho pa,—€H2,cpt} P(Sn > CTI(a)) =a.

(b) If Assumption D.5 also holds, then

lim limsup,,_, ., sup P(Sp > éy(@)) =a.
n—0 {PePy: dE{O,1},hgyprd,+yhZ,P,d,fe,HZ,Cpt}

Theorem D.1(a) shows that our test has asymptotically uniformly correct size over
a compact set of covariance kernels. Theorem D.1(b) shows that our test is at most in-
finitesimally conservative asymptotically when the null contains at least one P, defined
in Assumption D.5. Theorem D.1 extends Theorem 2 of Andrews and Shi (2013) and The-
orem 5.1 of Hsu (2017) to local moment inequalities in the context of RD designs.

The next theorem shows consistency of our test against a fixed alternative.

THEOREM D.2. Suppose Assumptions D.1-D.4 hold and « < 1/2. If there exists £ € L, such
that either vp,,1(£) > 0 or vp, o(£) > 0, then lim,_, oo P(S, > Cy(a)) = 1.

We can also show that our test is unbiased against some +/nk-local alternatives. We
consider a sequence of P, € P\Py such that

84(€)
Vnh'
for d =1, 0 and some P, € Py defined in Assumption D.5. Here, 6,(£) > 0 specifies local

violation of the null hypothesis inside the interval ¢ € £. We consider local alternatives
that satisfy the next set of assumptions.

(D.3)

vp,,d(€) =vp, q(€) +

AssumpTION D.6. A sequence of local alternatives {P, € P\Po: n > 1} satisfies the fol-
lowing conditions:

(i) (D.3) holds under P,,
(ii) ford=0,1,064(¢) =0 ift €L} ,
(iii) ford=0,1, 6,4(¢) > 0 for some £ € ﬁf,cyd.

(iv) for d = 0,1, lim oo d(hz, pya 40 15 4 ) = 0, and limyoo d(ho,p, q,—, B3, ) =0

* k
for some hz,d,+ € Ho and h2,d,— € Ho.
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Assumption D.6(i) requires that the local alternatives converge to a boundary null
P, at rate (nh)~!/2. Assumption D.6(ii) ensures that our test is unbiased and Assump-
tion D.6(iii) makes sure that each P, in the sequence is not in Py. Assumption D.6(iv)
restricts the asymptotic behavior of the covariance kernels as considered in LA1(c) of
Andrews and Shi (2013).

The following theorem shows that the asymptotic local power of our test is greater
than or equal to « when 7 tends to zero, that is, our test is unbiased against those local
alternatives that satisfy Assumption D.6.

THEOREM D.3. Suppose Assumptions D.1 to D.3 hold and o < 1/2. If a sequence of local
alternatives {Py, : n > 1} satisfies Assumption D.6, then lim,_,¢lim,_. oo P(S, > ¢y(a)) > a.

APPENDIX E: PROOFS

We first introduce a lemma that allows us to extend inequalities (2) and (3) to any Borel
setin ).

LemMA E.1. Under the conditions of Theorem 1 (i), inequalities (2) and (3) hold for any
closed interval [y, y], —oo <y’ <y < o0, if and only if they hold for any Borel setin ).

Proor. We focus on inequality (2). The claim concerning inequality (3) can be shown
analogously. The “if” part is trivial. We apply Andrews and Shi (2013, Lemma C1) to show
the “only if” part. Let C = {[y, y'] : —oo < y <y’ < oo} be the class of intervals and C be a
generic element of C. Let w1 (-) =lim, ,, Ep[1{Y € -}D|R =r] — lim,4,, Ep[1{Y € -}D|R =
r], which is a well-defined set function if Assumptions 1 and 2 hold. See the proof of
Theorem 1(i) below for existence of the left and right limits of Ep[1{Y € -}D|R =r]. It
then holds that u; : ¢ — R is a bounded and countably additive set function satisfying
©1 (@) =0and u1(C) = 0 for any C. Applying Andrews and Shi (2013, Lemma C1), since
the smallest o-algebra generated by C coincides with the Borel o-algebra 5()), it follows
that p1(C¢) > 0 for any C, € £ implies that w1 (B) > 0 for any B € B())). O

E.1 Proofof Theorem 1

Claim (i): Let B C R be an arbitrary closed interval. We have
Eli_r)%IEp[l{Y eBID|IR=ry+ e]
> eli_l)l})Ep[l{Yl(r) €B, Tj—r, €A, C}}|[R =10 + €]
= elii%]Ep[l{Yl(r) €B, Tj—r, =C}|R=r0+ €]

+ lin})]Ep[l{Yl(r) € B, Tjr—p =A}|R =rg+ E],
e—
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where the first inequality follows since the set of selection types such that D(r) =1 at
ro <r < rg + € includes {A, C}. On the other hand, we have

lim Ep[1{Y € BID|R =rq + €|
e—0
< lir%Ep[l{Yl(r) €B, Tj—r €A, C}|[R=r0 + €] + lim P(Tjy—r = IIR=ry+e)
€~ €—
= lin})Ep[l{Yl(r) €B, Ty_yy = C}lR =rog+ 6]
€e—
+ lir%Ep[l{Yl(r) € B, Tir—p =A}|R =ro+ E],
€e—
where the third line follows by Assumption 1. Hence,
lim EP[I{Y €BID|IR=ry+ 6]
e—0
= lil‘%Ep[l{Yl (r) e B, T|rfr0\ = C}|R =ry+ E]
€—>
+liI%EP[1{Y1(F)EB, T\r—r0|=A}|R=”0+€]- (E.1)
€E—>

Similarly, we have lim._,oEp[1{Y € B}D|R = rp — €] > lim_,oEp[1{Y1(r) € B, Ty =
A}R=ry— €] and

Eli_I)l})Ep[l{YeB}D|R=r0 — €]
< Eliir%)Ep[l{Yﬂr) €B, Tjr—ry =A}|[R=r9 — €] + Eli_r)r:)P(T|,_,0| € (L, DF}|R=ro —¢€)
= Eli_lj})EP[l{Yl(V) €B, Tir—r=A}|R=r9 — €],
implying
Eli_%]EP[l{Y €BIDIR=r)—¢€]|= Eli_l;l})]Ep[l{Yl(r) €B, Ty_r =A}|[R=rg—€]. (E2)

Taking the difference of equation (E.1) and equation (E.2) and employing Assumption 2
leads to the desired inequality:

liimIEp[l{Y € B}DIR=r] - liTmEp[l{Y €B}D|R =]
ryro rtro

=limEp[1{Y1(r) € B, T\ € {C}}|R=7r] = 0. (E.3)

riro

Similarly, we can show that
limEp[1{Y € B}(1 — D)|[R=r] — limEp[1{Y € B}(1 — D)|R =]
rtro rirg

= li¢m Ep[1{Yo(r) € B, Tjy—y, € {C}}|R=7] > 0. (E.4)
ryro

Note that the proofis also valid when Assumption 1 is replaced by Assumption C.1.
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Claim (ii): Suppose that the distribution of observables (Y, D, R) satisfies inequal-
ities (2) and (3). By Lemma E.1, they hold for an arbitrary Borel set. By the absolute
continuity assumption, we have the conditional density of (Y, D) given R denoted by
fy,pjr(y, d|r). We denote the left and right limits of fy pjr at ro by fy pr(y, d|ro,-) =
limy4r, fy,pir(y, d|r) and fy pir(y, d|ro,+) = lim,r, fy,p|r(y, d|r), respectively.

In what follows, we construct a joint distribution of potential variables (Y1(r), Yo(r),
D(r) : r € R) that satisfies Assumptions 1 and 2 and matches with the given distribution
of observables.

First, for d € {0, 1}, consider outcome responses that are invariant to the running
variable, Y, (r) = Y, (/) for all r, 7 € R, a.s., that is, the running variable has no direct
causal impact for anyone in the population. We can hence drop index » from the no-
tation of the potential outcomes and reduce them to (Y1, Yo) € V2. For the treatment
selection response to the running variable, consider that only the following selection
responses are allowed in the population:

1{r >ro}, labeledas7 =C,
D(r)=11, labeled as T = A,
0, labeled as T = N.

With these simplifications, we construct a joint distribution of (Y1 (r), Yo(r), D(r) : r €
R) given R by constructing a joint distribution of (Y1, Yo, T) € 2 x {C,A, N} given R,
where T does not vary in |r — rp|. To distinguish the probability law of observables cor-
responding to the given sampling process and the probability law of (Y7, Yo, T) to be
constructed, we use P and f to denote the former probability law and its density, and P
to denote the latter probability law.

Let B C R be an arbitrary Borel set. For the always-takers’ potential outcome distri-
butions, consider

P(Y € B,D=1]r), forr < ry,
P(Y1€B, T=Alr) = / .{fY,DlR(y,D=1|r0,—),
min

du, forr=>ry,
B fy,pir(y, D =1]|r) }

and

Q(B)P(D =1]r), forr < rg,
P(YoeB, T=A|r) = ,D=1|rp_),
(Yo |7) Q(B)/ min{fY.D|R(y |r0,-) } du, forrsr,
y fy,pjr(y, D=1]r)
where Q(-) is an arbitrary probability measure on ). The joint distribution of (Y1, Yo,
T = A) can be constructed by coupling these distributions assuming, for instance, that
Y; and Yy are independent conditional on (T, R).
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For the never-takers’ potential outcome distributions, consider

P(Y € B, D =0|r), for r > ro,
P(YoeB, T=N|r) = / .{fY,D|R(y,D=0|r0,+),
min

du, forr<ry,
fy,pr(y, D=0]r) }

B
and

Q(B)P(D =0|r), for r > rg,
]P)(Y] GB,T:N|}’)= Q(B)/ min {fY,D|R(y!D=0|r0'+)
Y

du, forr <ryg.
fy,p|r(y, D =0]|r) }

13

For the compliers’ potential outcome distributions, if 7+ = 7, we specify that no

compliers exist in the population. If 7+ > 77—, consider

P(Y, € B, T =CJr)

D=1ry_),
P(YeB,D=1|r)—/ min{fY’DlR(y Ir0,-) }du, for r > ry,
B fy,p|lr(y, D=1]|r)
= - D=1 —b
(=t —77) ! |:P(D=1|r)—/ min{fy’DlR(y Ir0,-) }d,u:|
y fy,pir(y, D =1]|r)
x[limP(YeB,D=1|r) —limP(YeB,D=1|r)], for r < ro.
rlro rtro
and
P(YoeB, T=C|r)
, D=0 ,
P(YeB,D:O|r)—/min {fY’DlR(y Ir0,+) }d , forr <o,
B fy,pir(y, D =0]|r)
_ _ ,D=1]|rg,-),
(7t —77) 1|:P(D=1|r)—i——/ min {fY'D|R(y Ir0,-) }d,u:|
Y fy,pir(y, D=1]r)
x[limP(YeB,D=O|r)—1imP(YeB,D=0|r)], for r > ro.
11 riry

If the distribution of (Y, D, R) satisfies the testable implications shown in the first claim,
then it can be shown that the conditional distribution of (Y3, Yy, T) given R = r con-
structed in this way is a proper probability distribution (i.e., nonnegative, additive,
and sum up to one) for all . We can also confirm that the constructed distribution of
(Y1, Yo, T) given R matches with the distribution of observables, that is, it satisfies, for

anyd=1,0,r € R, and measurable set B C ),

P(YeB,D=d|r)= Z P(Y, € B, T|r).
T:D(r)=d



14 Arai, Hsu, Kitagawa, Mourifié, and Wan Supplementary Material

We now check the conditional distribution of (Y1, Yo, T) given R constructed above
satisfies Assumptions 1 and 2. First, by the construction of treatment selection response,
P(T = {DF, I}|r) = 0 for any r. Hence, Assumption 1 holds.

To check Assumption 2, note that

limB(¥y € B, T =Alr) = lim [ min | /72RO D =100 1,
riro riro JB fy,pir(y, D=1{r)

.V fy,pjr(y, D =1ro,-),
= [ min ' ’ d
/B {fY,D|R(}’»D=1|rO,+)
Z/BfY,D|R(Y»D=1|rO,—)dIJ«

=limP(Y eB,D=1|r)

rro
=limP(Y; € B, T =AJr),

rtro

where the third equality follows by the assumption that the distribution of (Y, D, R)
satisfies inequality (2). Hence, P(Y,, T = A|r) is continuous at r = rp. Similar arguments
apply to show that P(Yo, T = Alr), P(Yy, T = N|r), and P(Yy, T = N|r) are all continuous
at rg. For compliers, we have

limP(Y; € B, T =C|r)
rirg

riro B

— lim [P(YGB,D=1|r)—/min{fY'D|R(y’D:1|rO’_)’} dp}

fy,pir(y, D =1]r)

=limP(YeB, D=1|r)— liTmP(YeB,Dz 1|r).
rtro

riro

fy,p|r(y,D=1ro,-),

Also, by noting lim,, [}, min{ fy.pir (. D=111)

}dw = 7, we obtain
limP(Y; € B,T=C|r)=limP(Y € B,D =1|r) — lim P(Y € B, D = 1|r).
rtro rlro rtroy

Hence, we have shown that the constructed distribution of (Y3, Yo, T) given R satisfies
Assumption 2. This completes the proof of the second claim.

E.2 Identification of the compliers’ potential outcome distributions

ProposiTioN E.1. IfAssumptions 1 to 3 hold, then the compliers’ potential outcome dis-
tributions at the cut-off,

Fy\eo)ie, k=ry () = lim P(Y1(r) < [T}y =C, R=7),

Fyyirplc,R=ry (¥) = rli)n}OP(YO(r) <Y1 =C, R= r),
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are identified by
limEp[1{Y < y}D|R=r] — liTm]Ep[l{Y <y!D|R=r]
T FTr
Fy, (r)[C, Rerg (9) = —— T 77‘0 ,
limEp[1{Y < y}(1 — D)|R=r] — limEp[1{Y < y}(1 - D)R=r|
r1ro rro
FYo(r0)|C,R:r0 (Y) = 7T+ g

ProoEr. We first note that under Assumptions 1 and 2, 77 — 7~ = lim,_,, P(Tjr—py) =
C|R =r). Based on (E.3) in the proof of Theorem 1, we have

limEp[1{Y < y}D|R =r] — limEp[1{Y < y}D|R =]
rlro rtro

= FY] (r0)|C,R:r0()’) . ’1Lrlgop(nr—r0\ = ClR = l')

= Fy,(ro)|C,R=ry(¥) - (77 = 77)

Hence, the identification result of Fy, (,,)|c, R=r,(¥) is shown.
The identification result for Fy,,ic,r=r, (¥) can be shown similarly by using equa-
tion (E.4). We omit the details for brevity. O

E.3 Lemmas and proofs for theorems in Appendix D

We show three lemmas that lead to the theorems in Appendix D.

We first present a lemma that shows a Bahadur representation for /74 ., d =0, 1 and
* = 4+, —, uniform in ¢ € £ and P € P subject to Assumption D.1. This lemma extends
the undersmoothing case of Lemma 1 in Chiang, Hsu, and Sasaki (2017) by providing
an approximation that is also uniform over the data generating processes P € P. It also
modifies the undersmoothing case of Theorem 1 in Lee, Song, and Whang (2015) by
focusing on the boundary point and uniformity over the class of intervals rather than
quantiles.

Given a class of data generating processes P, we say that a sequence of random vari-
ables {Z,} converges in probability to zero P-uniformly if SUP{pep) P(|Z,| > €) > 0 as
n — oo for any € > 0, which we denote by Z, = op(1).

Lemma E.2. Let P be a class of data generating processes satisfying Assumption D.1, and
My ., mp,g, and mp 4., d = 1,0 and » = +, —, be as defined in Appendix A. Under As-
sumption D.2,

sup [Vnh(ig () —mp, g,,(£)) — wiEy ()] =op(1), (E.5)
sup (i, P.d, «/_Z 4, P
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Ri—r())
Vo — 0
+ [2 1( Iy

w. =
l e[ (ro) (D002 — 93)

R; —r
) [1924-191( lh, O)
w. =

l c—fg (ro)

£4,i(6) =g (YD (1 — D'~

where

—mp 4(¢, R;).

Proor. We provide a proof for the case of d =1 and « = + only, as the proofs for the
other cases are similar. Substituting the mean value expansion g(Y)Di=mp,1(£, R;) +
E1,i(6) = mp,1,+(0) + hemp), (6, 7o) (B2) + 1 mZ (6, Ro)( B0)2 4 £1,:(0), Ri €0, Ry,
we obtain

V[, 4 (€) —mp 1,4+ (0)]

=+vnh3 C+ZwmmP1(£ r0)< rO)

Iy

2 n 2

. [Ri—

s 23wk m@) e, Ry (2 (E.6)
23 hy

+nh- Zw £1,i(0) (E.7)
i=1

The first-order conditions for the local linear regression implies the first term in (E.6) is
zero. By the boundedness of m (2) | (Assumption D.1)(iv), the absolute value of the second

term in (E.6) can be bounded unlformly in ¢ € L by Mv/nh® 5 A D wJr (R’ 02, Since

we have
~ 2 ~ ~
Zw ( —VO)Z_(ﬂ;) _ﬁfﬁ;
n,i =% N
5 95 — (97)

95— 0193

= “——5 top(),
9200 — 95

where w' . and 19* are as defined in Appendix A, and the second line follows by Lemma 2
in Fan and Gljbels (1992); for nonnegative finite j,

O = fz ()9} + op(1) (E.8)

holds where the P-uniform convergence here follows by Assumption D.1 (i.e., P shares
the common marginal distribution of R). Hence, combined with the undersmoothing
bandwidth (Assumption D.2 (iii)), the second term in (E.6) is op(1).
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The conclusion of the lemma is obtained by verifying sup .z, IVnh3 1, w E1,i(0) —
M Y wiEi(0)] = op(1). Consider

sup
eely

n n
1
vnhE wh.E i) — — § wr &L i)
i=1 e vnh =] c

~

35 B 92
D3t — (91)°  fR 0) (9290 — 97)

@

- sup
{Lel}

SR (B Rz rolén o
nh ;- hy

(ii)
& ~ 91
I0E - (9F)°  fR (o) (92090 — 97

(iii)

sup (E.9)

1 " Ri—ro)(R )
. K L{R; > ro}&1 ()] .
el vVnh ; ( hy hy Wz rolerlt)

1

(iv)

Since (E.8) implies both terms (i) and (iii) in (E.9) are op (1), it suffices to show that the
terms (ii) and (iv) in (E.9) are stochastically bounded uniformly in P € P. Let j be a non-
negative integer and

Depy— L o (Ri=ro\(Ri=ro\ )
fn,i(ﬁ)—\/ﬁK< s )( Iy )1{R12r0}51,l(€)-

Consider obtaining a P-uniform bound for P(ﬁsupwea > fn]l) (0)|>e€)fore>0
(i.e., term (ii) corresponds to j = 0 and term (iv) corresponds to j = 1). By Markov’s in-
equality,

Pl Vn su OIS
( {Zeﬁp} an
“L/nEp| su m(@)
P[ZGE} Z

1J_(Ep|:max{ sup — Zf,(ljl)(ﬁ), sup — Z m(ﬁ) }:|)

feey 1 teecy

:e—lﬁEP[ sup 12f£]3:| (E.10)

leFfur =l
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where F;f = {f/}() : ¢ € £} and F; = {—f/}(€) : ¢ € £}. Note that F;} and F;, are VC-
subgraph classes whose VC-dimensions are equal to 2 (see, e.g., Lemma A.1 in Kitagawa
and Tetenov (2018)) with a uniform envelope K / h and an L, (P) envelope,

172
o |52 O L < |:C+fR/ Kz(u)uzfdu] < o0.

Since F;I U F,; is a VC-subgraph class sharing the same uniform and L (P) envelope,
a maximal inequality for the VC-subgraph class of functions with bounded L;(P)-
envelope (Lemma A.5 in Kitagawa and Tetenov (2018)) applies and (E.10) can be
bounded from above by

S . 1/2
C1 <c+fR/ Kz(u)uzfdu> n~1/2
0

CK?
cifr fooo K2(uw)u? du’
do not depend on P or bandwidth. Since nk — oo, this maximal inequality with j =0
and j = 1 imply term (ii) and term (iv) in (E.9) are stochastically bounded P-uniformly.
Hence,

for all n satisfying nh >

where C; and C; are positive constants that

sup

Vnh £1,i(0) — — &1,i(6)
{LeLl} Zw b \/_Zw b

holds. O

— op(1) (E.11)

The nextlemma shows P-uniform convergence of the covariance kernel of w;&, ;(-),
the summand in the Bahadur representation of Lemma E.2.

LEmMMA E.3. Letd =10r0, and « =+ or —. For £, {2 € L, define
A 1 & "2
ho pa (L1, €2) = pya X;(wi) op,q(€1, L2|R;).
1=

Let P be a class of data generating processes satisfying Assumption D.1 and assume that
the kernel function and the bandwidth satisfy Assumption D.2. Then

sup | hia, pa,x (€1, €2) — ho,p,a (L1, £2)] = 0p(1),
{€1,22€L}

where hy p 4, is as defined in equation (D.2) above.

Proor. We show the claim for the case of d =1 and » = +. The other cases can be
proven similarly. Since

sup |ha p,1,4 (€1, €2) — ha p1,4+ (€1, €2)]
{€1,€2€L}

< sup |f12,P,1,+(51,52)—]EP[flz,P,l,+(51,€2)]|
{€1,€2€L}

)
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+ sup [Ep[ha,pi,+ (01, €2)] — ha,p1,+ (01,
{€1,£2€L}

(vi)

we show P-uniform convergences of term (v) and term (vi) separately.
First, by exploiting Assumption D.1, we can obtain a uniform upper bound of term
(vi) as follows:

5MfR/ (92 — O1u)*uk?(u) du
0

[Ep[h2,p,1,+ (€1, 2)] — o p1,4 (61, £2)] < h, (E.12)

(f[{(ro))z(ﬁoﬁz - 19%)2

which converges to zero as n — oo since & — 0. Since the marginal distribution of R is
common for P, this convergence is uniform in P € P, so term (vi) is op(1).
Regarding term (v), Jensen’s inequality bounds its mean by

EP[ sup |/:12,P,1,+(£1»£2)_EP[]:lZ,P,l.+(£1’£2)]|]
{1,£2€L}

1
< Ep| sup
[c1 f7 (r0) (902 —19%)]2 |:{K1,/é2€£}

an i(€1, £2) —Ep(fr,i(£1, £2))

:|, (E.13)

where f,,i(¢1,£2) = 3192 — 915D IPKA(B0) - LR; = ro}éy,i(61)én,i(L2). Since
&1,i(£1)&1,i(£2) can be viewed as the sum of three indicator functions for intervals (in-
dexed by ¢; and ¢2), {f,i(£1, £2) : £1, €2 € L} is a VC-subgraph class of functions with a
uniform envelope 4~ (9, + 91)2K? and L(P)-envelope,

1/2

1 _ 00
[Ep(f2 (01, 52))]1/2 < ﬁ[@fR/O (V2 — 01u)4K4(u)du]

Applying Lemma A.5 in Kitagawa and Tetenov (2018), we obtain

]EP[ sup anz(fl,fz) Ep(fn,i(€1, £2)) :|
{01,623 1

\/_ c+fR/ (O — S u)4K4 (1) du (E.14)
forall nh > — Co(Dp+01) K" where C; and C; are positive constraints that do not

crfr fy (920 u) K4 (u) du’
depend on P and /. Combining (E.13), (E.14), and Markov’s inequality, we conclude that

term (v) is op(1). O

Exploiting the preceding two lemmas, the next lemma proves the functional central
limit theorem for 1, 4 , along sequences of the data generating processes in P.
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LemMa E.4. Suppose that Assumptions D.1 and D.2 hold, and let {P,} be a sequence of
data generating processes in P. Then, for any subsequence {k} of {n} such that ford =0, 1
and x =+, —, lim,,_, 5 d(hzypkn,d'*, h} da) = 0 for some h3 4 € M2, we have

Vknh(rita, () = mp,,4,.()) = Pps | (), (E.15)

where ®),, denotes a mean zero Gaussian process with covariance kernel hy. In addition,
we have ford =0, 1,

Vknh(Pa() —vp,,,a() = Ppy (),
where hy ;=hy ,  +h5 , _
Proor. To simplify notation, we show this theorem for a sequence {n}. All the argu-
ments go through with {k,} in place of {n}.
By Lemma E.2, (E.15) follows if we show f Y w; &) = CDh* NOZ For this
purpose, we apply the functional central limit theorem (FCLT; Theorem 10.6 of Pol-

lard (1990)) to the triangular array of independent processes, {f;,,;(-) : 1 <i < n}, where
fnil€) = +51 i(€), £ € L. Let their envelope functions be {F,;: 1 <i < n} with

Fpi=(nh)~ 1/2|wl+|. Define empirical processes indexed by ¢ € £ as @j(ﬁ) =3 fui(0).
First, since {f},;(£) : £ € L} is a VC-subgraph class of functions (see, e.g., Lemma A.1 in
Kitagawa and Tetenov (2018)), manageability of {f, ;(¢): ¢ € £,1 < i < n} (condition
(i) of Theorem 10.6 in Pollard (1990)) is implied by a polynomial bound for the pack-
ing number of the VC-subgraph class of functions (see, e.g., Theorem 4.8.1 in Dudley
(1999)). For condition (ii) of Theorem 10.6 in Pollard (1990), note that

~ ~ 1
Ep, [} (1)} (£2)] = ZEP,,[(wi*)zsl,,-(el)&,i(ez)]

=Ep, [ilZ,Pn,l,+(£1; €2)] = ha,p,1,+(£1, £2) + 0(1)
— h3 1 (L1, £2),

as n — oo, where the o(1) term in the second line follows from the bound shown in
(E.12), and the third line follows by the assumption on {P,} in the current lemma. Con-
dition (iii) of Theorem 10.6 in Pollard (1990) can be shown by noting

n ) , f'Rf (92 — 91u)*K?(u) du
Ep,[F5 ] = 7Ep,[(w])] < —2
; h e (fi (r0)* (9290 — 93)°

Condition (iv) of Theorem 10.6 in Pollard (1990) follows by that, for any € > 0,
“ F;ZLI 1 +\4
ZEP” i UF,i > €] < ;:Epn [6_2} =7 Ep,[(w)]

f_R/ (92 — 1u)* K* (u) du

[ 00) (B092 - 99)]'

< (nh)7!

—0 asn— oo,




Supplementary Material Testing identifying assumptions in FRD 21

where the first inequality holds because 1{F,,; > €} < (Fy,;/€)° for any s > 0 and we take
s =2 here.
To show condition (v) of Theorem 10.6 in Pollard (1990), note that

P2 (01, 6) = Ep, (fui(t1) — fui(t2))?

i=1
=ho p,1,+(£1, 1) —2ho p, 1,+ (L1, £2) + h2 p, 1,+ (€2, £2) + 0(1)
— hy 1 (01, 00) = 2R% | (0, €) + hy 1, (L2, ) = p3 (L1, L),

where the second line follows by (E.12). Note that the convergence in the last line holds
uniformly over ¢;, £ € £ by Lemma E.3, and this uniform convergence ensures condi-
tion (v) of Theorem 10.6 in Pollard (1990).

Hence, by the FCLT of Pollard (1990), we obtain «/ﬁ(n%l,qﬁ) —mp,1,+)) =
Oy, , . (£). Similarly, we can show M(rhl,_(e) —mp,1,-(£)) = Pp, , _(£).

To show the second part, note that

Vnh(p1(€) = vp, 1(0)) = Vrh(iin,—(€) — mp, 1, - (£)) — ~nh(in,+(€) — mp, 1,4(£))
= Gpy, gy, (D) =Dy (0),

2,1,+

where the weak convergence holds due to the fact that 71,,1,+ (¢) and 71,1, (£) are esti-
mated from separate samples, so that the two processes are mutually independent. The
same arguments apply to the d = 0 case. This completes the proof. O

Define, ford =1, 0, and » =+, —,

n
ou ) ()= Ui-Vnhw}, (g(Y)D{ (1 = Di)' = = ity a4 ().
i=1
We denote weak convergence conditional on a sample generated from a sample size-
dependent distribution of data P, by L4 4 We denote convergence in probability along
the sequence {P,} by ﬂ;.

Lemwma E.5. Suppose that Assumptions D.1-D.3 hold, and let {P,} be a sequence of data
generating processes in P. For a subsequence {k,} of {n} such that for d =0,1 and x =

. ~ Py,

+, —, llmn%ood(hz,pkwd,*, h;yd’*) = 0 holds for some h;,d,* € Ho, then (Dzn,d,* = (I)hz,d,*'
. ~ ~ ~ Py, ~ ~

In addition, ford =0, 1, (ijbkn = (DZ,I__(Z) - CIDZYLJF(Z) = CIDh;d, and q):fo,k,, = CI)Z"O,JF(Z) —

-~ P
DU\ _(£) = Dy holdwith by = h ,  + s, _ defined in (D.2).

4Extending the definition of conditional weak convergence given in Section 2.9 of Van Der
Vaart and Wellner (1996) to a sequence of data distributions, 5133 %4 @ means for any € > 0,
limnﬁooPn(sup{feBL} |Eu(f(®%)) — E(f(P))]| > €) =0, where f maps random element ®(-) to R, BL col-

lects f with a bounded Lipschitz constant, and E, () is the expectation of (U;:i =1, ..., n) conditional on
the data.
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Proor. To simplify notation, we show this theorem for a sequence {n}, since all the ar-
guments go through with {k,} in place of {n}. For the first part, it is sufficient to show
the case of EI\’Z,L + since the arguments for the other cases are the same. We use the
same arguments as the proof in Hsu (2016). We define (13,,,,-,1,+(Z) = Mw:;i(gg(Yi)D,- —
M1 4+(0)), 80 DL =3 Uy i1, (0).

First, we note that the triangular array {fn,i(f) =U; - qAS,,,i,LJr(E) clel,l<i<n}
is manageable with respect to envelope functions {F,, ; = 2v/nh|U;| - |w;:l.| :1<i<n}

Define hiz,1,+ (£1, €2) = Yy b1, (€1) by i1, + (£2). If we have

sup |ho,1 4 (01, €2) — 51 (€1, £2)] 220, (E.16)
{€1,62€L}
and
n
Y w P 5, (E.17)
i=1
n
P03 w5 M, (E.18)
i=1

for My, M < oo, adopting the proof of Theorem 2.1 of Hsu (2016) yields 63,1,#“ L

d)h;‘H(E), and similarly for @Z‘,L_(ﬁ) iﬁ (Dhﬁ,l,_(z)' For the second part, note that
6,‘,‘1,,[(6) = 52"1,7(6) - EI\)Z,L+(€) and by the independence of the two simulated pro-
cesses, we have fI\D,le,n(K) Pé q)h§,1 0.

Hence, the rest of the proof focuses on verifying (E.16)—(E.18). For positive integer
j < oo and nonnegative integer k£ < oo, a straightforward extension of Lemma 2 in Fan
and Gijbels (1992) gives

o
J _ iy k
j(R r0>k_f0 K/ (u)(92 — u) u” du
he ¢ [Dov2 — 93]

where the first term on the right-hand side is finite, and the assumption that P shares
a fixed distribution for R leads to this convergence being uniform over P. Hence, (E.17)
and (E.18) hold, as {P,} € P.

To show (E.16), it suffices to show

(nh)U=D% w +op(1), (E.19)
i=1

sup |ﬁ2,1,+(51, €2) — ha,p1,+ (€1, £2)|
{€1,02€L}

< sup |21+ (01, €2) — Ep[ho,p1,+ (€1, €2)]]
{€1,62€L}

+ sup |]EP[ilz,P,1.+(£1»€2)]—hz,P,1,+(€1,52)|
{61,02€L}

= op(1). (E.20)
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The proof of Lemma E.3 shows that the second term in (E.20) converges to zero uni-
formly in P. We hence focus on showing that the first term in (E.20) is op(1).
Rewrite ¢, ;1,+(£) as follows by applying the mean value expansion:

i1 ()= hw,) [mp,1(€, R;) — i1, 4 (€) + &1,i(0)]
= w,,,,-fll(ﬁ) +as,;(0) + as,;(¢),
where

a1(0) = —~nh[my, () —mp,1,1.(0)],

v h? 2
dz,i(0) = nhw;i[mm(l) “ R)( . ’0>+7+ o R)< Vo) }
+

as,i(£) = vnhwy £1,(€).

Then we have

n n n
ha, 1,4 (€1, €2) = ai(£1)ar(£2) Z(w:;i)z + Y a,i(01)az,i(L2) + Y as,i(£1)as,i(L2)

i=1 i=1 i=1

@ (ii) (iii)
n
+ szi[&l(fl)(&z,i(ﬁz) + a3,i(€2)) + a1 (£2)(az,i(€1) + a3,i(£1))]
i=1

(iv)

n

+ ) [a,i(£1)a3,i(£2) + G2,i(£2)a3,i(£2)].
i=1

)
By Lemma E.4 and (E.19), term (i) is op(1) uniformly over ¢, £» € L. By Assumptlon
D.1(v), the absolute value of term (ii) can be bounded by {2M (nh) Y7 1(w ) (= R; ro )+

(’h—+"’) 1}-(hy v h+) uniformly over ¢, £, € £, which is op(1) by (E.19) and hy — 0. To
examine term (iv), note that

sup w41 (£1)az,i(£2)
{zmec}z e

< (nh)~1/? sup |a1(¢)| - 2M (nh) Z (hy v HZ)

{te i=1

R;i—r n Ri—r0\?

where the final line follows by Lemma E.4, equation (E.19), nh — oo, and &4 — 0. Note
also that

=op(l),

(nh)3/? Z )2Eni(0))|.

i=1

< (nh)~! sup|ai(0)|- sup

sup w a1 (01)as,i(£2)
Z i t (eeL) (eel}

{1,260 i
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The proof of (E.11) in Lemma E.2 can be extended to claim the following Bahadur repre-
sentation:

sup
{eeL}

(nh)”Z 511(6)——2 )2£1,i(0)| = 0p(1).

As in the proof of Lemma E.4, FCLT applied to ﬁ Y (w)2Ei(0) shows
Supypepy |(nh)¥2 301 (wyr )2€1,i(€)] is stochastically bounded uniformly in 7. Combin-
ing this with Lemma E.4 and nh — oo, we obtain sup,, e | iy W) ;1(€1)as,i(€2)| =
op(1). This implies term (iv) is op(1). Regarding term (v), we have

Zaz i(1)a3,i(€2)

i=1

sup
{€1,€2€L}

< M(nh)_l/z(hJr v W2 1) x { sup
{eel}

R, —rg
(nh)s/zz ( » )61,,-(@‘
3/2 Ri—10
(nh) Z - gl,i(z) ) (E.21)
i +

Similar to the proof of (E.11) in Lemma E.2, the two terms in the curly brackets of (E.21)
admit the following Bahadur representation: for positive integer j < co,

(nhﬁ/zz (R"h+ ) £1,i(0) — —— Z (

Similar to the proof of Lemma E.4, the FCLT applied to —— Zl 1(ufr) (R —10yig) ;(€)
shows that it is stochastically bounded uniformly in P. Accordlngly, since nh — oo and
h; — 0, the upper bound in (E.21) is op(1).

We now show term (iii) is the leading term such that SUP,, ) | Yo as,i(r)as,i(€2) —
Ep [ilzvp, 1,+ (1, £2)]] = op (1) holds. Modifying the proof of (E.11) by replacing fi,i(ﬂ) with
fn,i(€1, £2) defined in the proof of Lemma E.3, we obtain the Bahadur-type uniform ap-
proximation,

+ sup
{eel}

J
0) £1i(0)

sup
{LeLl}

=op(1).

n

> asi(01)as,i(L2) — (nh)~ IZ )2E1,i(€1)EL i(E2)
i=1 i=1

sup
{€1,02€L}

=op(l).

We hence aim to verify | (nh) ™' Y1, (wi)2€1,:(€1)€1,:(€2) — Eplha, p,1,+ (€1, £2)]] = op(1).
Note that

1

= 2Ep|: sup
[er f7 (r0) (B0D2 — 93)] {1, b26L)| 1

(nh)_lz 51 i(€1)&1, 1(52)—]Ep[h2P1+(51,52)]H

anl(zl,ez) Ep(fu,i(01, €2))

:| , (E.22)
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where f, ;(£1, £2) is as defined in the proof of Lemma E.3. Note that this upper bound
coincides with (E.13). Hence, the proof of Lemma E.3 yields |(nh) =} Y"1, (w])?&y,:(€1) x
&1,i(L2) —Eplha,p1,+ (41, £2)]| = op(1). O

Lemma E.6. Suppose that Assumptions D.1 and D.2 hold. Let {P,} be a sequence of
data generating processes in P. For any subsequence {k,} of {n} such that for d =0, 1
and x» = +, —, limnqood(hz_])kn'd’*, hy ;) =0 for some h} , € Ha, then for d =0,1,

" _ Py,
SUP(eer |6 1 (0) — ad,},kwg(m —' 0, where oq,p, ¢(¢) =max{hy,p, 4L, ), £}.

Prookr. Using the notation defined in the proof of Lemma E.5, we note, ford =0, 1,

&a,¢(€) = max|¢, \/izgydﬁ(z, 0) +iz§yd,7(z, 0).

The uniform convergence of (E.20) shown in the proof of Lemma E.5 implies

\/Az 2 Py
;g}y hs 4 (60 +h5 , (4,0) — ha,p,,a(t, O)] = 0.

Due to the fact that the maximum operator is a continuous functional and the fact that

P
04, k,, ¢ is bounded away from zero, SUP(rer) |&;é(£) - "d_Pk g(ﬁ) | X 0 follows by the con-
tinuous mapping theorem. O

REMARK. Note that the results in Lemmas E.4 and E.5 hold jointly ford =0 and d = 1.
We omit the results and proofs for brevity.

Proor oF THEOREM D.1. Having shown Lemmas E.4 to E.6, we prove the current theo-
rem adapting the proof of Theorem 2 in Andrews and Shi (2013). Let H; denote the set of
measurable functions mapping £ to [—oo, 0]. Let h = (h1, h2), where h1 = (h1,0, h1,1) €
H1 x Hi and hy = (hy,0, h2,1) € H2 X Ho. Define

Dy, ,(0)

T(h) = sup ——— 4 hy 4(0).
{de{0,1},£eL} a-d,Pk,,,f(Z)

Define cy(h1, hy, @) as the (1-a)-th quantile of T'(4). Similar to Lemma A2 of Andrews
and Shi (2013), we can show that for any ¢ > 0,

lim sup sup P(Su>co(h}  hapya) +¢) <a,  (E23)

n—>00 {PePy: de{0,1},hy p g, 4, ho p,a,—€H2,cpt}

where hfn = (h’f,O,n’ hf'lvn) such thatford =0, 1, h’l)d .= Vnhvp g, which belongs to H;
under P € Py. Also, similar to Lemma A3 of Andrews and Shi (2013), we can show that
foralla <1/2

lim sup sup P(co(¢n, ho,p, @) < co(hfn, ha,p, @) =0, (E.24)

n—00 {PePy: de{0,1},ho p g +,h2,p a,— €Ha,cpt}
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where ¥, (£) = (¥n,0(£), ¥n,1(£)), £ € L, as defined in Algorithm 1 in the main text. To
complete the proof, it suffices to show thatfor all0 < ¢ < 7,

lim sup sup P(én(a) <co(thn, ho,py 1 —a)+{)=0. (E.25)
n—00 {PePy: de{0,1},ho p g+ ho p a,—€H2,cpt}

Let {P, € Py : n > 1} be a sequence for which the probability in equation (E.25) evaluated
at P, differs from its supremum over P € Py by §,, > 0 or less and lim,,_, » 6,, = 0. By the
definition of limsup, such a sequence always exists. Therefore, it is equivalent to show
thatfor0 < ¢ <7,

Nim_ Py (én,7(@) < co(¥n, ha,p,, @) + ) =0, (E.26)

where ¢, 5 (@) is ¢,(a) with its dependence on the sample size along the sequence of
sampling distributions {P,} notated explicitly. The limit on the left-hand side of (E.26)
exists by the construction of {P,}, and we want to show it is equal to 0. Given that we re-
strict hip p 4+ and hy p 4 to a compact set Hz ¢, there exists a subsequence {k,} of {n}
such thatford =0, 1, hz,Pkwdﬁk and hz,pkn,d _ converge to h2 A+ and h;,d,—' respectively,
for some h2 44 h;,d,— € Haep, d=0, 1.

By Lemmas E.4, E.5, and E.6,

\/kn—h(f/d(-) =vp,,d()) = Py (),

krl /

CANOE L O

sup |3, 1 (0) — o b, g(z)|
ey

ford =0, 1, where CD/h* (¢) is an independent copy of <I>h* ,(0). By the almost sure repre-
sentation theorem (e. g Theorem 9.4 of Pollard (1990)), there exists a probability space
and random objects (¥4(-), CID” 1, () 0a,e() and (CIJ;,* (), s ( )),d =0, 1, defined on

it, such that they have the same probability dlstrlbuuon as (yd(.), @fd,kn (-), 4,¢(-)) and
(®py (), e (), d=0, 1, and satisfy
’ 2,d

\/ﬁ(ﬂd( ) _ VPkn’d(.)) ?h;d(g)
e s Dy 4, (O) - ®,0 |0 (527
€(0,1}, te Ga,£(0) T4, Py, £(4)

as n — 00, a.s. We also define an analogue of ¢, 4 as

l{vknh~17d(~) }
—— < —ai, {

. N
Uiey,a(-) k Fae(0)

an

and let ¢, ,(@) be the (1 — a + 1)-th quantile of sup; 1, (eﬁ{m + :,l/kn 4(0)} plus
1, which by construction shares the probability law with ¢, , ().
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Let Q1 be the subset of the sample space such that the convergence of (E.27) holds.
Following the proof of Theorem 1 of Andrews and Shi (2013), we can show an inequality
analogous to (12.28) in Andrews and Shi (2013); for any sequence {a,} € R that may
depend on /; and P, and for any {7 > 0,

u

. q)Vd k (E) ~
lim sup sup IP’( sup ————+h;4(0) < akn)
n=>00 {hy g,k et} \delo,1},eeL) Od,¢(E)

i, (0) _
=P sup ——————+hyq(f) <ag,+4 ) <0, (E.28)
{de{0,1},£eL} Ud,Pk,,é(E)

where P denotes the measure of the probability space that (74 «,, 5,’de K, (), 0q,¢6(:)in=

1,2,...,) are defined on. By (E.28) and a similar argument to Lemma A5 of Andrews and
Shi (2013), we have thatforall0 < { < {1 <mand w € Qy,

liminfc, (@) (@) = co(Pk,, hz,py,» @) + {1 (E.29)
Given that P({);) = 1, this implies
Jim P(C, (@) < co(Pk,, ha,p,,» @) + ) =0. (E.30)
Since (¢, n(@), Jfkn) share the probability law with (¢, (@), ¥, ), we also have
Mim_ Py, (E,, 5 (@) < coir, ha,py,, @) + ) =0. (E.31)

For any convergent sequence {b,}, if there exists a subsequence {b;,} converging to b,
then {b,} converges to b as well. Therefore, (E.31) is sufficient for (E.26). Theorem D.1(a)
is shown by combining (E.23), (E.24), and (E.25).

We next show Theorem D.1(b). Under Assumption D.5, consider pointwise asymp-
totics under P, € Py. Similar to the proof of Proposition 1 of Barrett and Donald (2003)
and Lemma 1 of Donald and Hsu (2016), we can show S, LY SUP/(q,¢):eeL8, ) Dp, . 4 (€)/
04,p,,¢(£) whose CDF is denoted by H (a). By Tsirel'son (1975), if either @y, Ped restricted
to L3 o x Lp_oo0r Py, ,  restricted to L3 | x L3 , is not a zero function, then H(a) is
continuous and strictly increasing for a € (0, o0) and H(0) > 1/2.

Following the proof of Theorem 2(b) of Andrews and Shi (2013), we can show that
Cn(a) kid qc(1 — a + 1) + n where g.(1 — « + 1) denotes the (1 — a + 7)-th quantile of
SUP (4, 0): teLs (I)hz,PC'd(Z)/O'dypclg(Z). Because H(a) is continuous at g.(1 — «), we have

limy,—0q:(1 —a+n)+n=q.(1—a). This suffices to show that lim, . » PC(§n > Cpla)) =
a. Combined with the claim of (a) in the current theorem, Theorem D.1(b) holds. O

Proor oF THEOREM D.2. Under any fixed alternative P4, the exists (d, £*) such that
v (€*) > 0, so §n/m > vq(L*)/og4p, ¢(£*) in probability that implies that §n will di-
verge to positive infinity in probability. Also, the ¢, («) is bounded in probability, so
limy, s 00 P(S > én(a)) = 1. O
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ProOF OF THEOREM D.3. Define £ = {¢ € Ly 4:8a(6)>0}).Ford=1,0letoy () =

max{&, [(h% (£, €))%+ (h% , (¢, €))?} be the limiting trimmed variance along the se-
2,d,+ 2,d, 8

quence of local alternatives {P,}. It can be shown that §n iﬁ SUD;(d, ¢):te d}(‘bh; d(Z) +

84(£))/0y ¢(£) and &y(a) Lid ¢y + n where ¢, is the (1 — a + 7n)-th quantile of
SUP{(d, ¢):¢eL, ) CDhE,d (6)/0y ((€). Then the limit of the local power is

P( sup  (Pug, (0 +84(0)/0% o (0) = cy 7).
d,0eeLy

We need to consider the following two cases: (a) both h;)o restricted to [,;’,C' 0 X ﬁ?)c,o
and hj , restricted to L3, x L}, | are zero functions and (b) atleast one of 43 , restricted
to L o x L} orhj | restricted to L5 | x L3, | is not a zero function.

For case (a), because h;,o restricted to Lf’c,o X L;’%,O and h§,1 restricted to E;’)DI X E;’,ﬁl
are zero functions, then SUP; (4, 0):6eL8, ) |(Dh;,d(£)| "0 and S, Lid sup{%ﬁ)%eﬁg&d} 64(0)/
o;"g(E) > 0. Also, it is true that ¢,, + n = 7 and when n — 0, we have P (S, > n) =1 when
7 is small enough.

For case (b), when at least one of 43 , restricted to L3 , x L3, or hj ; restricted
to L, | x L3  is not a zero function, then by the continuity of the distribution of
Sup{(d,g);ge[;;&d}(q’h;yd () +6a(£))/ 0y ((£) and supy(g ¢):ec Dy (O] g ((0),

4
Pe,d}

lim P( sup  (®py () +84(8)) /0 4 (0) = ¢ + n)
120 N0y ) ’

=P( sup (B, (0 +84(0) /0] (0 2 ¢),
d,oeecy p

where c is the (1 — «)-th quantile of SUDy(d, ¢):teLy, d}q)h;d(ﬁ)/o-;‘ ¢(£). By assumption,

84(¢) is nonnegative if ¢ € £}, ;, s0 SUP((,0):0eL5 d}(CIDh;d(E) +84(6))/ 0 () first-order
stochastically dominates sup; 4 ;)./c s Dys (Z)/a; ¢(0) and it follows that

P( sup  (®pg, (0) +84(0)) /0 4 (0) = c) > a.
1d,0eecy

This completes the proof for Theorem D.3. O

APPENDIX F: ADDITIONAL SIMULATION RESULTS FOR SECTION 4

In this section, we report additional simulation results. Tables E1 to E3 report detailed
results for the size properties of our test using data-driven choices of MSE-optimal
bandwidths (Al IK, and CCT). We consider undersmoothing, an MSE-optimal plus RBC
implementation, and a CER-optimal plus RBC implementation, respectively. For the
CER implementation, we also implement the data-driven plug-in bandwidth (reported
in the DPI column of the relevant tables) as suggested by (see Calonico, Cattaneo, and
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TaBLE E.1. Size properties (with undersmoothing).

Al IK CCT
DGP n 1% 5% 10% 1% 5% 10% 1% 5% 10%
Sizel 1000 0.013 0.060 0.112 0.005 0.02 0.061 0.004 0.019 0.054
2000 0.025 0.071 0.126 0.003 0.025 0.064 0.005 0.034 0.065
4000 0.018 0.078 0.140 0.003 0.038 0.084 0.006 0.035 0.074
8000 0.021 0.065 0.120 0.012 0.045 0.095 0.01 0.033 0.085
Size2 1000 0.018 0.063 0.115 0.003 0.014 0.046 0.003 0.012 0.040
2000 0.014 0.064 0.116 0.008 0.035 0.074 0.006 0.031 0.062
4000 0.02 0.064 0.119 0.006 0.041 0.074 0.007 0.038 0.080
8000 0.013 0.06 0.101 0.005 0.039 0.072 0.006 0.036 0.077

TaBLE E2. Size properties (MSE-optimal + RBC).

Al IK CCT
DGP n 1% 5% 10% 1% 5% 10% 1% 5% 10%
Sizel 1000 0.006 0.037 0.079 0.004 0.016 0.041 0.003 0.017 0.036
2000 0.016 0.058 0.108 0.002 0.018 0.043 0.006 0.022 0.051
4000 0.020 0.067 0.119 0.008 0.049 0.097 0.002 0.022 0.065
8000 0.020 0.066 0.125 0.007 0.051 0.085 0.008 0.037 0.077
Size2 1000 0.013 0.039 0.083 0.002 0.008 0.034 0.002 0.015 0.029
2000 0.012 0.051 0.122 0.004 0.033 0.061 0.002 0.021 0.044
4000 0.013 0.077 0.130 0.010 0.040 0.078 0.007 0.037 0.077
8000 0.016 0.065 0.125 0.006 0.042 0.090 0.003 0.040 0.085

TaBLE E3. Size properties (CER-optimal + RBC).

Al + adjustment IK + adjustment CCT + adjustment DPI
DGP n 1% 5% 10% 1% 5% 10% 1% 5% 10% 1% 5% 10%
Sizel 1000 0.016 0.055 0.11 0.004 0.025 0.056 0.004 0.024 0.049 0.011 0.042 0.071
2000 0.026 0.076 0.134 0.005 0.022 0.054 0.005 0.024 0.059 0.016 0.044 0.084
4000 0.018 0.086 0.140 0.004 0.043 0.101 0.006 0.035 0.068 0.016 0.054 0.110
8000 0.023 0.057 0.113 0.008 0.045 0.09 0.01 0.036 0.073 0.015 0.064 0.121
Size2 1000 0.018 0.067 0.109 0.002 0.015 0.043 0.003 0.014 0.037 0.005 0.034 0.073
2000 0.013 0.06 0.117 0.009 0.032 0.078 0.005 0.024 0.055 0.016 0.059 0.121
4000 0.017 0.06 0.118 0.011 0.042 0.083 0.008 0.039 0.078 0.017 0.062 0.115
8000 0.013 0.057 0.101 0.008 0.044 0.079 0.007 0.035 0.085 0.017 0.057 0.105

Farrell (2020, Section 4.2)). Tables E4 to E6 show the simulated power properties for the
four specifications violating the null.
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TaBLE F4. Power properties (undersmoothing).
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Al IK CCT
DGP n 1% 5% 10% 1% 5% 10% 1% 5% 10%
Powerl 1000 0.096 0.215 0.303 0.074 0.174 0.244 0.047 0.111 0.183
2000 0.235 0.439 0.557 0.218 0.403 0.504 0.113 0.256 0.359
4000 0.561 0.753 0.816 0.541 0.744 0.824 0.373 0.604 0.693
8000 0.908 0.962 0.977 0.926 0.975 0.987 0.785 0.907 0.94
Power2 1000 0.051 0.122 0.221 0.014 0.061 0.122 0.011 0.052 0.101
2000 0.1 0.271 0.383 0.065 0.194 0.296 0.03 0.14 0.214
4000 0.323 0.554 0.678 0.293 0.511 0.647 0.15 0.342 0.438
8000 0.741 0.885 0.928 0.752 0.888 0.934 0.503 0.732 0.818
Power3 1000 0.052 0.164 0.28 0.037 0.123 0.197 0.023 0.078 0.134
2000 0.128 0.299 0.432 0.114 0.257 0.393 0.062 0.17 0.261
4000 0.359 0.573 0.693 0.283 0.51 0.638 0.187 0.383 0.494
8000 0.758 0.883 0.938 0.724 0.87 0.922 0.526 0.734 0.831
Power4 1000 0.032 0.099 0.175 0.005 0.05 0.089 0.001 0.024 0.053
2000 0.058 0.172 0.252 0.031 0.123 0.209 0.017 0.06 0.134
4000 0.119 0.264 0.399 0.106 0.268 0.383 0.043 0.144 0.24
8000 0.331 0.55 0.673 0.322 0.54 0.656 0.144 0.326 0.458
TaBLE E5. Power properties (MSE optimal + RBC).
Al IK CCT
DGP n 1% 5% 10% 1% 5% 10% 1% 5% 10%
Powerl 1000 0.031 0.103 0.18 0.022 0.081 0.153 0.014 0.05 0.089
2000 0.088 0.221 0.334 0.084 0.207 0.299 0.033 0.115 0.18
4000 0.277 0.476 0.577 0.267 0.459 0.549 0.154 0.305 0.414
8000 0.627 0.812 0.87 0.664 0.82 0.877 0.433 0.654 0.754
Power2 1000 0.024 0.086 0.149 0.005 0.023 0.056 0.002 0.022 0.05
2000 0.04 0.135 0.233 0.029 0.099 0.173 0.009 0.052 0.095
4000 0.13 0.293 0.406 0.1 0.246 0.363 0.043 0.142 0.226
8000 0.396 0.624 0.725 0.4 0.622 0.724 0.186 0.391 0.528
Power3 1000 0.035 0.106 0.176 0.012 0.063 0.12 0.006 0.027 0.071
2000 0.05 0.174 0.289 0.052 0.154 0.247 0.025 0.079 0.147
4000 0.182 0.361 0.484 0.118 0.289 0.416 0.07 0.183 0.296
8000 0.492 0.694 0.781 0.419 0.64 0.744 0.261 0.466 0.582
Power4 1000 0.011 0.057 0.114 0.001 0.024 0.053 0.001 0.017 0.038
2000 0.03 0.118 0.204 0.017 0.06 0.134 0.01 0.042 0.104
4000 0.066 0.181 0.288 0.043 0.144 0.24 0.016 0.079 0.168
8000 0.149 0.341 0.478 0.144 0.326 0.458 0.067 0.201 0.311
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TaBLE E.6. Power property (CER optimal + RBC).

DGP

Al + adjustment

IK + adjustment

CCT + adjustment

DPI

1%

5%

10%

1%

5%

10%

1%

5%

10%

1%

5%

10%

Powerl

Power2

Power3

Power4

1000
2000
4000
8000

1000
2000
4000
8000

1000
2000
4000
8000

1000
2000
4000
8000

0.088
0.228
0.562
0.918

0.045
0.108
0.316
0.744

0.065
0.129
0.368
0.751

0.025
0.055
0.113
0.324

0.225
0.439
0.749
0.964

0.133
0.266
0.56

0.889

0.159
0.306
0.581
0.888

0.101
0.175
0.265
0.545

0.312
0.551
0.816
0.977

0.214
0.384
0.672
0.927

0.273
0.439
0.693
0.933

0.171
0.263
0.403
0.681

0.048
0.171
0.425
0.83

0.008
0.052
0.19

0.587

0.026
0.091
0.205
0.597

0.005
0.027
0.073
0.233

0.143
0.316
0.629
0.935

0.046
0.156
0.399
0.793

0.107
0.209
0.421
0.781

0.036
0.092
0.201
0.438

0.222
0.423
0.719
0.957

0.096
0.244
0.519
0.857

0.171
0.319
0.548
0.859

0.078
0.188
0.324
0.569

0.031
0.081
0.281
0.666

0.006
0.023
0.099
0.368

0.014
0.048
0.143
0.432

0.004
0.016
0.03

0.121

0.09

0.205
0.486
0.831

0.045
0.097
0.248
0.598

0.061
0.128
0.321
0.64

0.027
0.074
0.138
0.283

0.15

0.292
0.609
0.877

0.087
0.178
0.376
0.707

0.118
0.221
0.426
0.734

0.059
0.143
0.23

0.425

0.038
0.071
0.174
0.485

0.015
0.037
0.083
0.225

0.022
0.051
0.122
0.264

0.014
0.034
0.036
0.084

0.102
0.174
0.354
0.658

0.054
0.097
0.215
0.427

0.091
0.151
0.277
0.490

0.055
0.080
0.131
0.245

0.162
0.263
0.487
0.743

0.094
0.179
0.316
0.550

0.142
0.242
0.383
0.606

0.095
0.148
0.216
0.349

APPENDIX G:

ADDITIONAL EMPIRICAL RESULTS FOR SECTION 5

TABLE G.1. Jump size of the propensity score (different choice of 4).

3 5 AL IK CCT

Grade 4
Cut-off 40 0.60 0.65 0.80 0.60 0.77
Cut-off 80 0.47 0.48 0.64 0.51 0.56
Cut-off 120 0.30 0.44 0.56 0.37 0.55

Grade 5
Cut-off 40 0.53 0.47 0.66 0.47 0.47
Cut-off 80 0.42 0.42 0.55 0.42 0.49
Cut-off 120 0.31 0.29 0.44 0.31 0.42
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TaBLE G.2. Testing results for Israeli school data: p-values, £ = 0.0316.
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3 5 AL IK CCT MSE-RBC CER-RBC

gdmath

Cut-off 40 0.986 0.934 0.764 0.978 0.968 0.975 0.974

Cut-off 80 0.909 0.865 0.715 0.944 0.888 0.776 0.973

Cut-off 120 0.443 0.702 0.665 0.604 0.568 0.610 0.646
gdverb

Cut-off 40 0.928 0.627 0.465 0.641 0.529 0.574 0.455

Cut-off 80 0.911 0.883 0.185 0.906 0.720 0.300 0.855

Cut-off 120 0.935 0.683 0.474 0.730 0.186 0.222 0.131
gbmath

Cut-off 40 0.876 0.282 0.482 0.631 0.609 0.903 0.241

Cut-off 80 0.516 0.446 0.930 0.482 0.765 0.814 0.708

Cut-off 120 0.939 0.827 0.626 0.883 0.838 0.832 0.731
gbverb

Cut-off 40 0.594 0.893 0.953 0.900 0.938 0.960 0.957

Cut-off 80 0.510 0.692 0.504 0.519 0.929 0.956 0.979

Cut-off 120 0.696 0.811 0.601 0.699 0.774 0.729 0.762

TaBLE G.3. Testing results for Israeli school data: p-values, ¢ = 0.1706.
3 5 AL IK CCT MSE-RBC CER-RBC

gdmath

Cut-off 40 0.986 0.934 0.945 0.978 0.959 0.961 0.965

Cut-off 80 0.909 0.865 0.713 0.944 0.878 0.763 0.953

Cut-off 120 0.443 0.702 0.660 0.565 0.540 0.599 0.646
gdverb

Cut-off 40 0.924 0.627 0.451 0.637 0.517 0.571 0.469

Cut-off 80 0.911 0.883 0.185 0.906 0.688 0.281 0.836

Cut-off 120 0.935 0.683 0.471 0.730 0.183 0.249 0.125
gbmath

Cut-off 40 0.861 0.275 0.481 0.623 0.600 0.887 0.236

Cut-off 80 0.516 0.429 0.916 0.479 0.762 0.797 0.714

Cut-off 120 0.939 0.827 0.624 0.883 0.836 0.808 0.746
gbverb

Cut-off 40 0.594 0.893 0.953 0.934 0.938 0.944 0.946

Cut-off 80 0.510 0.671 0.496 0.513 0.946 0.946 0.974

Cut-off 120 0.696 0.811 0.594 0.699 0.757 0.740 0.852
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TABLE G.4. Testing results for Israeli school data: p-values, £ =0.5.

3 5 AL IK CCT MSE-RBC CER-RBC

gdmath

Cut-off 40 0.984 0.934 0.940 0.978 0.950 0.957 0.956
Cut-off 80 0.907 0.853 0.832 0.936 0.893 0.774 0.956
Cut-off 120 0.443 0.683 0.633 0.557 0.519 0.592 0.580
gdverb

Cut-off 40 0.907 0.599 0.450 0.637 0.499 0.503 0.422
Cut-off 80 0.907 0.880 0.165 0.906 0.760 0.266 0.939
Cut-off 120 0.935 0.668 0.449 0.719 0.164 0.194 0.130
gbmath

Cut-off 40 0.854 0.678 0.461 0.788 0.829 0.917 0.832
Cut-off 80 0.499 0.419 0.913 0.466 0.749 0.785 0.691
Cut-off 120 0.931 0.812 0.591 0.873 0.818 0.763 0.732
gbverb

Cut-off 40 0.955 0.875 0.946 0.926 0.936 0.945 0.945
Cut-off 80 0.499 0.664 0.930 0.504 0.938 0.946 0.974
Cut-off 120 0.665 0.795 0.708 0.688 0.750 0.673 0.825
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TaBLE G.5. Testing results for Colombia’s SR data: p-values (¢ = 0.00999, full table).
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MPV Bandwidths Other Bandwidth Choices
MSE CER
Outcome variables 2 3 4 Al IK CCT RBC RBC
Risk protection, consumption smoothing
and portfolio choice
Individual inpatient medical spending 053 079 085 056 095 096 063 0.86
Individual outpatient medical spending 095 087 085 0.01 0.61 089 092 0.87
Variability of individual inpatient 050 079 087 066 094 096 067 0.86
medical spending
Variability of individual outpatient 091 095 099 083 068 097 098 0.94
medical spending
Individual education spending 0.15 019 017 002 090 0.09 0.21 0.14
Household education spending 0.00 0.00 000 000 0.1 0.00 000 0.00
Total spending on food 0.00 000 000 000 0.01 0.00 0.00 0.00
Total monthly expenditure 0.00 0.00 000 000 0.00 0.00 000 0.00
Has car 097 076 087 099 0.72 0.99 0.87 0.94
Has radio 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
Medical care use
Preventive physician visit 0.62 099 100 1.00 037 098 0.50 0.75
Number of growth development 073 093 096 092 065 099 085 0.96
checks last year
Curative care use 098 096 096 098 097 0.95 0.99 0.94
Primary care 092 092 094 099 0.96 0.95 0.96 0.88
Medical visit-specialist 098 093 073 093 089 063 083 081
Hospitalization 0.99 1.00 1.00 1.00 0.98 1.00 1.00 1.00
Medical visit for chronic disease 015 049 072 053 009 064 064 0.73
Curative care use among children 095 098 098 1.00 095 099 099 0.99
Health status
Child days lost to illness 060 067 080 076 066 086 076 0.83
Cough, fever, diarrhea 099 1.00 1.00 1.00 099 1.00 1.00 1.00
Any health problem 0.99 1.00 0.98 0.99 0.99 0.99 0.99 0.99
Birthweight (KG) 0.90 100 1.00 0.99 0.90 1.00 1.00 1.00
Behavioral distortions
Drank alcohol during pregnancy 042 074 087 093 019 093 091 0.94
Number of drinks per week during 078 088 091 08 075 0.84 085 0.87
pregnancy
Months child breastfed 094 095 092 086 094 0.87 0.95 0.90
Folic acid during pregnancy 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
Number months folic acid during 092 095 092 096 094 075 085 0.80
pregnancy
Contributory regime enrollment (ECV) 055 054 037 000 074 032 049 0.61
Contributory regime enrollment (DHS) 097 099 099 100 063 1.00 1.00 1.00
Other insurance (ECV) 089 093 092 0.87 0.81 0.90 0.94 0.92
Other insurance (DHS) 0.91 096 097 095 0.88 0.96 0.96 0.97
Uninsured (ECV) 0.67 068 045 0.07 0.75 0.68 0.69 0.68
Uninsured (DHS) 0.99 1.00 1.00 1.00 0.79 0.97 0.83 0.91
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TABLE G.6. Testing results for Colombia’s SR data: p-values (¢ = 0.0316, full table).

MPV Bandwidths Other Bandwidth Choices
MSE CER
Outcome variables 2 3 4 Al IK CCT RBC RBC
Risk protection, consumption smoothing
and portfolio choice
Individual inpatient medical spending 053 078 085 056 094 095 0.60 0.87
Individual outpatient medical spending 093 085 0.82 001 056 084 0.87 0.87
Variability of individual inpatient 049 0.77 086 064 093 095 0.64 0.85
medical spending
Variability of individual outpatient 087 093 097 095 062 095 092 091
medical spending
Individual education spending 0.15 0.18 0.17 0.02 089 0.09 0.18 0.14
Household education spending 0.00 0.00 0.00 0.00 0.01 0.00 0.00 0.00
Total spending on food 0.00 0.00 0.00 0.00 0.01 0.00 0.00 0.00
Total monthly expenditure 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
Has car 097 076 086 099 0.72 099 0.88 0.95
Has radio 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
Medical care use
Preventive physician visit 0.62 099 1.00 1.00 037 098 052 0.73
Number of growth development checks 072 093 096 092 064 099 0.88 0.96
last year
Curative care use 098 096 096 098 097 095 097 095
Primary care 092 092 094 099 096 095 094 0.88
Medical visit-specialist 098 093 073 093 089 063 0.79 0.80
Hospitalization 099 1.00 1.00 1.00 098 1.00 1.00 1.00
Medical visit for chronic disease 0.15 049 0.72 053 0.09 064 0.63 0.72
Curative care use among children 0.96 098 097 1.00 095 1.00 0.99 0.98
Health status
Child days lost to illness 0.60 0.67 0.80 076 066 086 0.77 0.82
Cough, fever, diarrhea 099 1.00 1.00 1.00 099 1.00 1.00 1.00
Any health problem 099 1.00 098 099 099 099 099 099
Birthweight (KG) 090 100 1.00 0.99 090 1.00 1.00 1.00
Behavioral distortions
Drank alcohol during pregnancy 042 0.74 0.87 093 019 093 0.89 094
Number of drinks per week during pregnancy 0.78 0.88 090 0.85 0.72 0.84 0.81 0.86
Months child breastfed 094 095 092 086 094 087 095 0.90
Folic acid during pregnancy 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
Number months folic acid during pregnancy  0.92 095 0.92 0.96 094 0.75 087 0.79
Contributory regime enrollment (ECV) 055 054 037 000 0.74 032 0.50 0.65
Contributory regime enrollment (DHS) 097 099 099 100 063 1.00 1.00 1.00
Other insurance (ECV) 089 093 092 087 081 090 094 093
Other insurance (DHS) 091 096 097 095 0.88 096 095 0.98
Uninsured (ECV) 0.67 068 045 0.07 0.75 0.68 0.68 0.69

Uninsured (DHS) 099 1.00 1.00 1.00 0.79 097 083 091
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TABLE G.7. Testing results for Colombia’s SR data: p-values (¢ = 0.1706, full table).

MPV Bandwidths Other Bandwidth Choices
MSE CER
Outcome variables 2 3 4 Al IK CCT RBC RBC
Risk protection, consumption smoothing
and portfolio choice
Individual inpatient medical spending 043 0.68 0.76 0.99 0.88 0.90 0.5 0.82
Individual outpatient medical spending 0.85 0.84 078 0.64 041 080 0.84 0.83
Variability of individual inpatient 0.37 064 079 097 083 091 0.61 0.85
medical spending
Variability of individual outpatient 0.77 089 095 093 035 091 090 0.90
medical spending
Individual education spending 0.14 0.16 0.16 0.08 0.87 0.26 0.17 0.14
Household education spending 0.00 0.00 0.00 0.00 0.01 0.00 0.00 0.00
Total spending on food 0.00 0.00 0.00 0.00 0.01 0.00 0.00 0.00
Total monthly expenditure 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
Has car 097 076 086 099 072 099 0.87 0.95
Has radio 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
Medical care use
Preventive physician visit 0.62 099 1.00 1.00 037 098 050 0.75
Number of growth development 077 089 095 099 082 098 090 .95
checks last year
Curative care use 098 096 096 098 097 095 099 0.95
Primary care 092 092 094 099 096 095 095 0.88
Medical visit-specialist 098 093 073 093 089 063 0.79 0.78
Hospitalization 099 1.00 1.00 1.00 098 1.00 1.00 1.00
Medical visit for chronic disease 0.15 049 072 053 0.09 064 0.65 0.73
Curative care use among children 095 098 098 1.00 095 099 099 0.99
Health status
Child days lost to illness 0.60 0.67 0.80 076 066 086 0.73 0.83
Cough, fever, diarrhea 099 1.00 1.00 1.00 099 1.00 1.00 1.00
Any health problem 099 1.00 098 099 099 099 099 0.99
Birthweight (KG) 090 100 1.00 099 090 1.00 1.00 1.00
Behavioral distortions
Drank alcohol during pregnancy 042 0.74 0.87 093 0.19 093 0.88 092
Number of drinks per week during pregnancy 0.73 0.85 0.88 0.83 0.69 0.80 0.76 0.80
Months child breastfed 094 095 092 086 094 0.87 096 0.90
Folic acid during pregnancy 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
Number months folic acid during pregnancy  0.92 095 0.92 0.96 094 0.75 0.86 0.80
Contributory regime enrollment (ECV) 055 054 037 000 0.74 032 051 057
Contributory regime enrollment (DHS) 097 099 099 1.00 063 1.00 1.00 1.00
Other insurance (ECV) 0.89 093 092 087 081 090 093 0.93
Other insurance (DHS) 091 096 097 095 088 096 096 0.98
Uninsured (ECV) 067 068 045 007 075 068 0.69 0.68

Uninsured (DHS) 099 1.00 1.00 1.00 0.79 097 0.84 0.92
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TABLE G.8. Testing results for Colombia’s SR data: p-values (¢ = 0.5, full table).

MPV Bandwidths Other Bandwidth Choices
MSE CER
Outcome variables 2 3 4 Al IK CCT RBC RBC
Risk protection, consumption smoothing
and portfolio choice
Individual inpatient medical spending 052 068 0.71 089 076 071 0.58 0.76
Individual outpatient medical spending 0.72 084 093 022 023 090 0.71 0.90
Variability of individual inpatient 037 061 0.69 089 063 076 0.60 0.76
medical spending
Variability of individual outpatient 040 0.75 0.76 054 0.18 078 0.66 0.74
medical spending
Individual education spending 0.10 0.11 0.11 0.29 0.78 0.19 013 0.10
Household education spending 0.00 0.00 0.00 0.03 0.02 0.00 0.00 0.00
Total spending on food 0.00 0.00 0.00 0.00 0.01 0.00 0.00 0.00
Total monthly expenditure 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
Has car 097 076 086 099 0.72 099 0.86 0.95
Has radio 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
Medical care use
Preventive physician visit 0.62 099 1.00 1.00 037 098 051 0.76
Number of growth development 081 0.89 097 098 088 099 0.90 0.96
checks last year
Curative care use 098 096 096 098 097 095 098 094
Primary care 092 092 094 099 096 095 096 0.90
Medical visit-specialist 096 092 072 091 087 0.63 080 0.79
Hospitalization 099 1.00 1.00 1.00 098 1.00 1.00 1.00
Medical visit for chronic disease 0.15 049 0.72 053 0.09 064 0.63 0.74
Curative care use among children 096 099 098 1.00 094 099 099 0.99
Health status
Child days lost to illness 0.60 0.67 0.80 076 066 086 0.75 0.82
Cough, fever, diarrhea 099 1.00 1.00 1.00 099 1.00 1.00 1.00
Any health problem 099 1.00 098 099 099 099 099 099
Birthweight (KG) 090 100 1.00 0.99 090 1.00 091 094
Behavioral distortions
Drank alcohol during pregnancy 042 0.74 0.87 093 019 093 0.89 094
Number of drinks per week during pregnancy 0.66 0.80 0.85 0.73 065 0.75 0.72 0.78
Months child breastfed 094 095 091 086 094 087 095 092
Folic acid during pregnancy 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
Number months folic acid during pregnancy  0.92 095 0.92 0.96 094 0.75 0.88 0.80
Contributory regime enrollment (ECV) 055 054 037 000 0.74 032 0.50 0.63
Contributory regime enrollment (DHS) 097 099 099 100 063 1.00 1.00 1.00
Other insurance (ECV) 0.86 091 091 0.86 080 0.89 094 092
Other insurance (DHS) 090 096 097 095 087 096 096 097
Uninsured (ECV) 0.67 068 045 0.07 0.75 0.68 0.69 0.70

Uninsured (DHS) 099 1.00 1.00 1.00 0.79 0.97 0.83 0.90
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TaBLE G.9. Testing results for Colombia’s SR data by regions (¢ = 0.00999).

MPV bandwidths Other bandwidth choice
2 3 4 Al IK CCT

Atlantica

Household education spending 0.001 0.001 0.001 0.000 0.000 0.001

Total spending on food 0.009 0.008 0.026 0.000 0.015 0.020

Total monthly expenditure 0.000 0.001 0.000 0.000 0.000 0.000
Oriental

Household education spending 0.000 0.000 0.000 0.000 0.000 0.002

Total spending on food 0.000 0.001 0.000 0.000 0.001 0.002

Total monthly expenditure na. n.a. n.a. n.a. n.a. n.a.
Central

Household education spending 0.000 0.098 0.058 0.000 0.000 0.000

Total spending on food 0.000 0.002 0.001 0.001 0.000 0.021

Total monthly expenditure 0.000 0.007 0.008 0.000 0.000 0.001
Pacifica

Household education spending 0.001 0.147 0.073 0.000 0.043 0.003

Total spending on food 0.150 0.237 0.236 0.013 0.107 0.385

Total monthly expenditure 0.091 0.347 0.231 0.002 0.071 0.125
Bogota

Household education spending 0.000 0.000 0.000 0.000 0.014 0.000

Total spending on food 0.000 0.000 0.001 0.003 0.002 0.000

Total monthly expenditure 0.000 0.000 0.000 0.000 0.000 0.000
Territorios Nacionales

Household education spending 0.085 0.247 0.063 0.000 0.037 0.090

Total spending on food 0.029 0.310 0.032 0.000 0.057 0.281

Total monthly expenditure 0.227 0.271 0.349 0.001 0.364 0.752

“not available due to small sample size.

TaBLE G.10. Subsample sizes by regions.

Household Edu. Spending Total Spending on Food Total Monthly Exp.

Atlantica 3969 3969 1480
Oriental 1496 1496 452
Central 5341 5318 2728
Pacifica 6370 6370 3203
Bogota 43,656 41,108 14,634

Territorios Nacionales 1137 1137 643




Supplementary Material Testing identifying assumptions in FRD 39

TaBLE G.11. Sample sizes and bandwidths for the israeli school data.

3 5 Al IK CCT

gdmath
Cut-off 40 (n =984) (n—,ny) 17 67 26 93 102 302 23 84 89 227
(h_, hy) 3 3 5 5 11.1 15.0 3.8 3.9 10.6 10.4

Cut-off80 (n =1376) (n_,ny) 29 45 76 71 292 142 29 45 206 107
(h—, hy) 3 3 5 5 15.0 9.3 2.8 2.8 10.5 10.6

Cut-off 120 (n=976) (n_,ny) 27 20 66 34 189 66 47 34 117 60
(h_, hy) 3 3 5 5 15.0 10.4 4.0 4.2 8.7 9.0

gdverb
Cut-off 40 (n = 984) (n—,ny) 17 67 26 93 57 302 23 84 89 227
(h—, hy) 3 3 5 5 7.7 15.0 4.0 4.0 11.0 10.8

Cut-off80 (n =1376) (n_,ny) 29 45 76 71 270 142 55 54 206 107
(h—, hy) 3 3 5 5 13.7 9.7 3.2 3.2 10.2 10.4

Cut-off 120 (n=976) (n_,ny) 27 20 66 34 189 93 66 34 138 66
(h—, hy) 3 3 5 5 15.0 13.3 4.3 4.4 10.3 10.7

gbmath
Cut-off 40 (n =983) (n—,ny) 19 77 38 112 143 328 29 94 47 130
(h_, hy) 3 3 5 5 15.0 15.0 4.0 4.0 5.6 5.5

Cut-off 80 (n=1359) (n_,ny) 59 44 80 86 285 223 72 65 201 150
(h_, hy) 3 3 5 5 15.0 15.0 3.9 4.0 10.4 10.6

Cut-off 120 (n =905) (n_,ny) 36 22 61 31 166 56 49 25 109 56
(h—, hy) 3 3 5 5 15.0 8.1 3.7 3.9 8.1 8.4

gbverb
Cut-off 40 (n = 983) (n_,ny) 19 77 38 112 58 268 38 112 70 184
(h—, hy) 3 3 5 5 6.4 115 42 4.1 7.2 7.0

Cut-off80 (n =1359) (n_,ny) 59 44 80 86 285 223 72 65 201 154
(h—, hy) 3 3 5 5 15.0 15.0 3.7 3.8 10.5 10.7

Cut-off 120 (n=905) (n_,ny) 36 22 61 31 166 45 49 25 79 45
(h—, hy) 3 3 5 5 15.0 6.8 3.2 3.3 6.7 7.0

Note: h_ and h4 denote the specified bandwidths to the left and right of the cut-off, respectively. The data driven band-
widths presented in this table (AL IK, and CCT) are undersmoothed by multiplying (Y7, 1{R; < roh'/>~1/45 and (Y| 1{R; >
ro1/5=1/45 respectively. We set the upper bound of the data driven bandwidths at 15. n— and 74 denote the number of ob-
servations with values of the running variable in (rg — i#—, rg) and [rg, rg + i), respectively.
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TABLE G.12. Sample sizes and bandwidths for Colombia’s SR data.

Supplementary Material

Outcomes 2 3 Al CCT
HES (n_,ny) 1701 2521 2474 3783 3034 5204 3484 18,798 1082 1423 3586 6611
(h—, hy) 2 2 3 3 4 4 5499 11.8 1.11 1.05 523 4.96
TSF  (n_,ny) 1664 2432 2420 3655 2979 5034 3410 18,247 1050 1384 3512 6385
(h—, hy) 2 2 3 3 4 4 3.78 23.5 136 1.29 3.70 3.51
TME (n_,ny) 402 564 567 828 643 1136 732 4867 285 314 754 1398
(h—, hy) 2 2 3 3 4 4 6.08 8.32 0.99 092 212 1.98

HES: Household Education Spending; TSF: Total Spending on Food; TME: Total Monthly Expenditure.
Note: h_ and h4 denote the specified bandwidths to the left and right of the cut-off, respectively. The data driven band-
widths presented in this table (AL IK, and CCT) are undersmoothed by multiplying (Y7, 1{R; < roh /5145 and (X1 1{R; >

roh1/5-1/45  respectively. We set the upper bound of the data driven bandwidths at 15. n_ and n denote the number of ob-
servations with values of the running variable in (rqg — h—, rg) and [rg, rg + h+), respectively.
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TaBLE G.13. Observations in the maximizing interval (h™ = h~ = 2):
household education spending.

Household education spending # of observations
Subsample of All N{0.5604 < Y < 0.6693} Ratio
{0<R<h"}N{D=0}&NUC 1563 43 2.75%
{h-<R<0}IN{D=0}< N 690 25 3.62%
5 A ‘ 5
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F1GURE G.2. Estimated compliers’ outcome density: Total monthly spending.

TABLE G.14. Observations in the maximizing interval (h™ = h~ = 2):

total monthly expenditure.

Total monthly expenditure

# of observations

Subsample of All
0<R<ht}Nn{D=1} <A 228
{h-<R<0}N{D=1}<AUC 259

N{0.3042 <Y <0.3737}

Ratio

61 26.7%
6 2.32%




42 Arai, Hsu, Kitagawa, Mourifié, and Wan Supplementary Material

REFERENCES

Andrews, D. W. K. and X. Shi (2013), “Inference based on conditional moment inequali-
ties.” Econometrica, 81 (2), 609-666. [6, 8, 9, 10, 25, 27]

Andrews, D. W. K. and X. Shi (2014), “Nonparametric inference based on conditional
moment inequalities.” Journal of Econometrics, 179 (1), 31-45. [8]

Angrist, J. D., V. Lavy, ]. Leder-Luis, and A. Shany (2019), “Maimonides rule redux.” Amer-
ican Economic Review Insights, 1, 309-324. [3]

Barrett, G. E and S. G. Donald (2003), “Consistent tests for stochastic dominance.”
Econometrica, 71, 71-104. [27]

Bertanha, M. and G. W. Imbens (2020), “External validity in fuzzy regression discontinu-
ity designs.” Journal of Business & Economic Statistics, 38, 593-612. [4]

Bugni, E A. and I. A. Canay (2021), “Testing continuity of a density via g-order statistics
in the regression discontinuity design.” Journal of Econometrics, 221 (1), 138-159. [2]

Calonico, S., M. D. Cattaneo, M. H. Farrel, and R. Titiunik (2019), “Regression disconti-
nuity designs using covariates.” Review of Economics and Statistics, 101, 442-451. [5]

Calonico, S., M. D. Cattaneo, and M. H. Farrell (2020), “Optimal bandwidth choice for
robust bias-corrected inference in regression discontinuity designs.” The Econometrics
Journal, 23 (2), 192-210. [28, 29]

Canay, I. A. and V. Kamat (2018), “Approximate permutation tests and induced order
statistics in the regression discontinuity design.” Review of Economic Studies, 85, 1577—
1608. [2]

Cattaneo, M. D, M. Jansson, and X. Ma (2020), “Simple local polynomial density estima-
tors.” Journal of the American Statistical Association, 115 (531), 1449-1455. [2]

Chiang, H. D., Y.-C. Hsu, and Y. Sasaki (2017), “Robust uniform inference for quantile
treatment effects in regression discontinuity designs.” arXiv. [15]

de Chaisemartin, C. (2017), “Tolerating defiance? Local average treatment effects with-
out monotonicity.” Quantitative Economics, 8 (2), 367-396. [4]

Donald, S. G. and Y.-C. Hsu (2016), “Improving the power of tests of stochastic domi-
nance.” Econometric Reviews, 35 (4), 553-585. [27]

Dong, Y. (2018), “Alternative assumptions to identify LATE in fuzzy regression disconti-
nuity designs.” Oxford Bulletin of Economics and Statistics, 80 (5), 1020-1027. [2, 5]

Dong, Y. and A. Lewbel (2015), “Identifying the effect of changing the policy threshold in
regression discontinuity models.” Review of Economics and Statistics, 97 (5), 1081-1092.
[5]

Dudley, R. (1999), Uniform Central Limit Theorems. Cambridge University Press. [20]

Fan, J. and I. Gijbels (1992), “Variable bandwidth and local linear regression smoothers.”
The Annals of Statistics, 20 (4), 2008-2036. [16, 22]


http://www.e-publications.org/srv/qe/linkserver/setprefs?rfe_id=urn:sici%2F1759-7323%282022%2913%3A1%2B%3C1%3ASTTIAI%3E2.0.CO%3B2-C
http://www.e-publications.org/srv/qe/linkserver/openurl?rft_dat=bib:1/AndrewsShi2013&rfe_id=urn:sici%2F1759-7323%282022%2913%3A1%2B%3C1%3ASTTIAI%3E2.0.CO%3B2-C
http://www.e-publications.org/srv/qe/linkserver/openurl?rft_dat=bib:2/AndrewsShi2015&rfe_id=urn:sici%2F1759-7323%282022%2913%3A1%2B%3C1%3ASTTIAI%3E2.0.CO%3B2-C
http://www.e-publications.org/srv/qe/linkserver/openurl?rft_dat=bib:3/angrist2017maimonides&rfe_id=urn:sici%2F1759-7323%282022%2913%3A1%2B%3C1%3ASTTIAI%3E2.0.CO%3B2-C
http://www.e-publications.org/srv/qe/linkserver/openurl?rft_dat=bib:4/BD2003&rfe_id=urn:sici%2F1759-7323%282022%2913%3A1%2B%3C1%3ASTTIAI%3E2.0.CO%3B2-C
http://www.e-publications.org/srv/qe/linkserver/openurl?rft_dat=bib:5/bertanha2014external&rfe_id=urn:sici%2F1759-7323%282022%2913%3A1%2B%3C1%3ASTTIAI%3E2.0.CO%3B2-C
http://www.e-publications.org/srv/qe/linkserver/openurl?rft_dat=bib:6/bugni2018testing&rfe_id=urn:sici%2F1759-7323%282022%2913%3A1%2B%3C1%3ASTTIAI%3E2.0.CO%3B2-C
http://www.e-publications.org/srv/qe/linkserver/openurl?rft_dat=bib:7/Calonico2016&rfe_id=urn:sici%2F1759-7323%282022%2913%3A1%2B%3C1%3ASTTIAI%3E2.0.CO%3B2-C
http://www.e-publications.org/srv/qe/linkserver/openurl?rft_dat=bib:8/calonico2020optimal&rfe_id=urn:sici%2F1759-7323%282022%2913%3A1%2B%3C1%3ASTTIAI%3E2.0.CO%3B2-C
http://www.e-publications.org/srv/qe/linkserver/openurl?rft_dat=bib:9/canay2015approximate&rfe_id=urn:sici%2F1759-7323%282022%2913%3A1%2B%3C1%3ASTTIAI%3E2.0.CO%3B2-C
http://www.e-publications.org/srv/qe/linkserver/openurl?rft_dat=bib:10/cattaneo2016simple&rfe_id=urn:sici%2F1759-7323%282022%2913%3A1%2B%3C1%3ASTTIAI%3E2.0.CO%3B2-C
http://arxiv.org/abs/arXiv
http://www.e-publications.org/srv/qe/linkserver/openurl?rft_dat=bib:12/de2016tolerating&rfe_id=urn:sici%2F1759-7323%282022%2913%3A1%2B%3C1%3ASTTIAI%3E2.0.CO%3B2-C
http://www.e-publications.org/srv/qe/linkserver/openurl?rft_dat=bib:13/donald2016improving&rfe_id=urn:sici%2F1759-7323%282022%2913%3A1%2B%3C1%3ASTTIAI%3E2.0.CO%3B2-C
http://www.e-publications.org/srv/qe/linkserver/openurl?rft_dat=bib:14/dong2016alternative&rfe_id=urn:sici%2F1759-7323%282022%2913%3A1%2B%3C1%3ASTTIAI%3E2.0.CO%3B2-C
http://www.e-publications.org/srv/qe/linkserver/openurl?rft_dat=bib:15/dong2015identifying&rfe_id=urn:sici%2F1759-7323%282022%2913%3A1%2B%3C1%3ASTTIAI%3E2.0.CO%3B2-C
http://www.e-publications.org/srv/qe/linkserver/openurl?rft_dat=bib:17/fan1992variable&rfe_id=urn:sici%2F1759-7323%282022%2913%3A1%2B%3C1%3ASTTIAI%3E2.0.CO%3B2-C
http://www.e-publications.org/srv/qe/linkserver/openurl?rft_dat=bib:1/AndrewsShi2013&rfe_id=urn:sici%2F1759-7323%282022%2913%3A1%2B%3C1%3ASTTIAI%3E2.0.CO%3B2-C
http://www.e-publications.org/srv/qe/linkserver/openurl?rft_dat=bib:2/AndrewsShi2015&rfe_id=urn:sici%2F1759-7323%282022%2913%3A1%2B%3C1%3ASTTIAI%3E2.0.CO%3B2-C
http://www.e-publications.org/srv/qe/linkserver/openurl?rft_dat=bib:3/angrist2017maimonides&rfe_id=urn:sici%2F1759-7323%282022%2913%3A1%2B%3C1%3ASTTIAI%3E2.0.CO%3B2-C
http://www.e-publications.org/srv/qe/linkserver/openurl?rft_dat=bib:4/BD2003&rfe_id=urn:sici%2F1759-7323%282022%2913%3A1%2B%3C1%3ASTTIAI%3E2.0.CO%3B2-C
http://www.e-publications.org/srv/qe/linkserver/openurl?rft_dat=bib:5/bertanha2014external&rfe_id=urn:sici%2F1759-7323%282022%2913%3A1%2B%3C1%3ASTTIAI%3E2.0.CO%3B2-C
http://www.e-publications.org/srv/qe/linkserver/openurl?rft_dat=bib:6/bugni2018testing&rfe_id=urn:sici%2F1759-7323%282022%2913%3A1%2B%3C1%3ASTTIAI%3E2.0.CO%3B2-C
http://www.e-publications.org/srv/qe/linkserver/openurl?rft_dat=bib:7/Calonico2016&rfe_id=urn:sici%2F1759-7323%282022%2913%3A1%2B%3C1%3ASTTIAI%3E2.0.CO%3B2-C
http://www.e-publications.org/srv/qe/linkserver/openurl?rft_dat=bib:8/calonico2020optimal&rfe_id=urn:sici%2F1759-7323%282022%2913%3A1%2B%3C1%3ASTTIAI%3E2.0.CO%3B2-C
http://www.e-publications.org/srv/qe/linkserver/openurl?rft_dat=bib:8/calonico2020optimal&rfe_id=urn:sici%2F1759-7323%282022%2913%3A1%2B%3C1%3ASTTIAI%3E2.0.CO%3B2-C
http://www.e-publications.org/srv/qe/linkserver/openurl?rft_dat=bib:9/canay2015approximate&rfe_id=urn:sici%2F1759-7323%282022%2913%3A1%2B%3C1%3ASTTIAI%3E2.0.CO%3B2-C
http://www.e-publications.org/srv/qe/linkserver/openurl?rft_dat=bib:9/canay2015approximate&rfe_id=urn:sici%2F1759-7323%282022%2913%3A1%2B%3C1%3ASTTIAI%3E2.0.CO%3B2-C
http://www.e-publications.org/srv/qe/linkserver/openurl?rft_dat=bib:10/cattaneo2016simple&rfe_id=urn:sici%2F1759-7323%282022%2913%3A1%2B%3C1%3ASTTIAI%3E2.0.CO%3B2-C
http://www.e-publications.org/srv/qe/linkserver/openurl?rft_dat=bib:12/de2016tolerating&rfe_id=urn:sici%2F1759-7323%282022%2913%3A1%2B%3C1%3ASTTIAI%3E2.0.CO%3B2-C
http://www.e-publications.org/srv/qe/linkserver/openurl?rft_dat=bib:13/donald2016improving&rfe_id=urn:sici%2F1759-7323%282022%2913%3A1%2B%3C1%3ASTTIAI%3E2.0.CO%3B2-C
http://www.e-publications.org/srv/qe/linkserver/openurl?rft_dat=bib:14/dong2016alternative&rfe_id=urn:sici%2F1759-7323%282022%2913%3A1%2B%3C1%3ASTTIAI%3E2.0.CO%3B2-C
http://www.e-publications.org/srv/qe/linkserver/openurl?rft_dat=bib:15/dong2015identifying&rfe_id=urn:sici%2F1759-7323%282022%2913%3A1%2B%3C1%3ASTTIAI%3E2.0.CO%3B2-C
http://www.e-publications.org/srv/qe/linkserver/openurl?rft_dat=bib:17/fan1992variable&rfe_id=urn:sici%2F1759-7323%282022%2913%3A1%2B%3C1%3ASTTIAI%3E2.0.CO%3B2-C

Supplementary Material Testing identifying assumptions in FRD 43
Frolich, M. and M. Huber (2019), “Regression discontinuity design with covariates.” Jour-
nal of Business & Economic Statistics, 37 (4), 736-748. [5]

Hsu, Y.-C. (2016), “Multiplier bootstrap for empirical processes.” Working Paper. [8, 22]

Hsu, Y.-C. (2017), “Consistent tests for conditional treatment effects.” The Econometrics
Journal, 20 (1), 1-22. [9]

Hsu, Y.-C. and S. Shen (2019), “Testing treatment effect heterogeneity in regression dis-
continuity designs.” Journal of Econometrics, 208 (2), 468-486. [5]

Imbens, G. W. and K. Kalyanaraman (2012), “Optimal bandwidth choice for the regres-
sion discontinuity estimator.” The Review of Economic Studies, 79 (3), 933-959. [5]
Kitagawa, T. and A. Tetenov (2018), “Supplement to “Who should be treated? Empiri-

cal welfare maximization methods for treatment choice”.” Econometrica Supplementary
Material, 86 (2). [18, 19, 20]

Lee, D. S. (2008), “Randomized experiments from non-random selection in US House
elections.” Journal of Econometrics, 142 (2), 675-697. [2]

Lee, S., K. Song, and Y.-J. Whang (2015), “Uniform asymptotics for nonparametric quan-
tile regression with an application to testing monotonicity.” arXiv. [15]

McCrary, J. (2008), “Manipulation of the running variable in the regression discontinuity
design: A density test.” Journal of Econometrics, 142 (2), 698-714. [2]

Otsuy, T., K.-L. Xu, and Y. Matsushita (2013), “Estimation and inference of discontinuity
in density.” Journal of Business & Economic Statistics, 31 (4), 507-524. [2]

Pollard, D. (1990), “Empirical processes: Theory and applications.” In NSF-CBMS Re-
gional Conference Series in Probability and Statistics, JSTOR. i-86. [20, 21, 26]

Tsirel’son, V. S. (1975), “The density of the distribution of the maximum of a Gaussian
process.” Theory of Probability and its Application, 16, 847-856. [27]

Van Der Vaart, A. W. and J. A. Wellner (1996), Weak Convergence and Empirical Processes:
With Applications to Statistics. Springer. [21]

Co-editor Andres Santos handled this manuscript.

Manuscript received 9 June, 2019; final version accepted 14 June, 2021; available online 1 July,
2021.


http://www.e-publications.org/srv/qe/linkserver/openurl?rft_dat=bib:18/Frolich2007&rfe_id=urn:sici%2F1759-7323%282022%2913%3A1%2B%3C1%3ASTTIAI%3E2.0.CO%3B2-C
http://www.e-publications.org/srv/qe/linkserver/openurl?rft_dat=bib:20/Hsu2016a&rfe_id=urn:sici%2F1759-7323%282022%2913%3A1%2B%3C1%3ASTTIAI%3E2.0.CO%3B2-C
http://www.e-publications.org/srv/qe/linkserver/openurl?rft_dat=bib:21/HsuShen2016&rfe_id=urn:sici%2F1759-7323%282022%2913%3A1%2B%3C1%3ASTTIAI%3E2.0.CO%3B2-C
http://www.e-publications.org/srv/qe/linkserver/openurl?rft_dat=bib:22/imbens2011optimal&rfe_id=urn:sici%2F1759-7323%282022%2913%3A1%2B%3C1%3ASTTIAI%3E2.0.CO%3B2-C
http://www.e-publications.org/srv/qe/linkserver/openurl?rft_dat=bib:24/lee2008randomized&rfe_id=urn:sici%2F1759-7323%282022%2913%3A1%2B%3C1%3ASTTIAI%3E2.0.CO%3B2-C
http://arxiv.org/abs/arXiv
http://www.e-publications.org/srv/qe/linkserver/openurl?rft_dat=bib:26/mccrary2008manipulation&rfe_id=urn:sici%2F1759-7323%282022%2913%3A1%2B%3C1%3ASTTIAI%3E2.0.CO%3B2-C
http://www.e-publications.org/srv/qe/linkserver/openurl?rft_dat=bib:27/otsu2013estimation&rfe_id=urn:sici%2F1759-7323%282022%2913%3A1%2B%3C1%3ASTTIAI%3E2.0.CO%3B2-C
http://www.e-publications.org/srv/qe/linkserver/openurl?rft_dat=bib:29/Tsirelson1975&rfe_id=urn:sici%2F1759-7323%282022%2913%3A1%2B%3C1%3ASTTIAI%3E2.0.CO%3B2-C
http://www.e-publications.org/srv/qe/linkserver/openurl?rft_dat=bib:18/Frolich2007&rfe_id=urn:sici%2F1759-7323%282022%2913%3A1%2B%3C1%3ASTTIAI%3E2.0.CO%3B2-C
http://www.e-publications.org/srv/qe/linkserver/openurl?rft_dat=bib:20/Hsu2016a&rfe_id=urn:sici%2F1759-7323%282022%2913%3A1%2B%3C1%3ASTTIAI%3E2.0.CO%3B2-C
http://www.e-publications.org/srv/qe/linkserver/openurl?rft_dat=bib:21/HsuShen2016&rfe_id=urn:sici%2F1759-7323%282022%2913%3A1%2B%3C1%3ASTTIAI%3E2.0.CO%3B2-C
http://www.e-publications.org/srv/qe/linkserver/openurl?rft_dat=bib:22/imbens2011optimal&rfe_id=urn:sici%2F1759-7323%282022%2913%3A1%2B%3C1%3ASTTIAI%3E2.0.CO%3B2-C
http://www.e-publications.org/srv/qe/linkserver/openurl?rft_dat=bib:24/lee2008randomized&rfe_id=urn:sici%2F1759-7323%282022%2913%3A1%2B%3C1%3ASTTIAI%3E2.0.CO%3B2-C
http://www.e-publications.org/srv/qe/linkserver/openurl?rft_dat=bib:26/mccrary2008manipulation&rfe_id=urn:sici%2F1759-7323%282022%2913%3A1%2B%3C1%3ASTTIAI%3E2.0.CO%3B2-C
http://www.e-publications.org/srv/qe/linkserver/openurl?rft_dat=bib:27/otsu2013estimation&rfe_id=urn:sici%2F1759-7323%282022%2913%3A1%2B%3C1%3ASTTIAI%3E2.0.CO%3B2-C
http://www.e-publications.org/srv/qe/linkserver/openurl?rft_dat=bib:29/Tsirelson1975&rfe_id=urn:sici%2F1759-7323%282022%2913%3A1%2B%3C1%3ASTTIAI%3E2.0.CO%3B2-C

	Appendix B: Comparison between our approach and the existing approach
	Scenario 1: The existing approach accepts continuity of fR and FX|R while our approach refutes LC
	Scenario 2: The existing approach rejects continuity of fR and FX|R while FRD-validity holds (so that our approach does not refute)

	Appendix C: Extensions
	Relationship with other FRD identifying assumptions
	Incorporating covariates
	Joint test

	Appendix D: Asymptotic properties of the proposed test
	Appendix E: Proofs
	Proof of Theorem 1
	Identiﬁcation of the compliers' potential outcome distributions
	Lemmas and proofs for theorems in Appendix D

	Appendix F: Additional simulation results for Section 4
	Appendix G: Additional empirical results for Section 5
	References

