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Supplementary Material

Supplement to “The extended perturbation method: With
applications to the New Keynesian model and the zero lower

bound”
(Quantitative Economics, Vol. 13, No. 3, July 2022, 1171-1202)

MARTIN M. ANDREASEN
Department of Economics and Business Economics, Aarhus University, CREATES, and Danish Finance
Institute

ANDERS F. KRONBORG
Danish Research Institute for Economic Analysis and Modelling

APPENDIX SA: THE CERTAINTY EQUIVALENT SOLUTION

This section describes the certainty equivalent solution to DSGE models and how it is
obtained numerically by the Extended Path. Section SA.1 introduces our notation and
describes the computational problem. We describe how to solve for the certainty equiv-
alent solution in Section SA.2. Good starting values to compute the certainty equivalent
solution and how to set the termination values for the control variables are presented in
Section SA.3.

SA.1 The setup

The setup is similar to the one given in the paper but included for completeness. That
is, we consider the broad class of DSGE models, which can be expressed as

E/[fx1, X141, V1, yi41)] =0 forallr=1,2,..., (S

where E; denotes the conditional expectation given information available in time period
t. The state vector x; with dimension n, x 1 belongs to the set X, denoting the Borel
subset of R"*. The control variables are stored in y; with dimension ny, x 1 and y; € &,
where &), refers to the Borel subset of R"». We further let n, 4 n, = n. The function f takes
elements from X, x Xy x &y x X) into R".

It is useful to consider the partitioning x; = [x’l,, X, ]/, where x;,; contains endoge-
nous state variables and x» ; denotes exogenous states. The dimensions of these vectors
are ny, x 1 and n,, x 1, respectively, with ny, + n,, = n,. We further assume that the
dynamics of the exogenous state variables belong to the general class

X241 =1(X2,() + o€, (82)
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where €;11 € X and has dimension n. x 1. We also assume €1 to be independent and
identically distributed with zero and an unit covariance matrix, that is, €,+1 ~ ZZD(0, I).
The function I' maps elements from &y, into X%,. We further assume that I' generates a
stable process for x ;.! In linear systems, this corresponds to requiring that all eigenval-
ues of the n,, x ny, Jacobian dI'/dx; , lie inside the unit circle. For nonlinear mappings,
I must satisfy the general stability condition for nonlinear first-order Markov systems
provided in the paper.

In the certainty equivalent solution, uncertainty about future shocks is absence by
definition. This corresponds to omitting the conditional expectation in (S1), which re-
duces to a deterministic system, that is,

f(Xzth+1th,Yt+1)=0 forallt=1,2,....

The system contains an infinite number of equations and cannot be solved without any
simplifying assumptions. The approach taken in the Extended Path of Fair and Taylor
(1983) is to truncate the problem at some finite horizon N after which the variables are
assumed to be constant, for instance, given by their deterministic steady-state values.
Although this is an asymptotic model property it implies that the approximation errors
from the truncation decreases in N and can be made arbitrary small for an appropriately
chosen horizon N (see Fair and Taylor (1983) and Boucekkine (1995)). Hence, the key
assumption in the Extended Path is to close the infinite system in (S1) by considering a
terminal value for y;, 5. This gives rise to the finite dimensional system

f(xt, Xt+1, Yz; Yt+1) = 0n><1;
f(xt+17 Xt+2, YH-I; Yt+2) = 0n><1;

f(Xr42, X143, Yi+2, Vi+3) = Onx1, (S3)

f(Xt+N—1, Xi+N> VieN—1, Yi+N) = Opx1.

Given that f(-) constraints » equilibrium conditions, we thus have a total of n x N condi-
tions. The initial state x; and y,, 5y are known by assumption, whereas we must solve for
(Yir Xe4+1) Yit1) X142, Vit 2s - - +» Xet N—1, Yi+N—1, Xe+-N ), constituting n x N unknowns. Thus,
the certainty equivalent solution as given by the Extended Path is obtained by solving
the fixed-point problem implied by (S3).

SA.1.1 System reduction I To reduce the computational burden when solving the
fixed-point problem in (S3), the exogenous states {X, ,Jrj}j.\’: | can be concentrated out
of the system as they can be computed directly by iterating on (S2). Hence, the concen-

1 This implies that trends may only be included in the class of DSGE models considered, if a given model
after rescaling has an equivalent representation without trending variables. The procedure is carefully de-
scribed in King and Rebelo (1999).
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trated fixed-point problem is given by

fi(x1,6, X1,041, Y6, Vi+1) = Op; <1,
1 (X1, 141, X1,142, Vit1, Yi42) = Oy <1,

f1(X1, 142, X1,143, Vi42, Yi+3) = Oy <1, (S4)

f (X1, t4+N=1> X1, 14N> Ye+N—1, YetN ) = Oy 51,

where we have introduced the partitioning

f1(X1,0, X1, 141, Y, Yi1)
£ (x2,1) X2,141)

f(x¢, X141, Vi, Vig1) = |:

The function f>(-) has dimensions n, x 1 where ny = n,, and contains the law of motions
for the exogenous variables, whereas the function f;(-) has dimensions n; x 1 where
ny = ny+ny, and contains all the remaining equilibrium conditions. In f; (-), we suppress
the dependence of x; ; to reduce the notational burden. Hence, the concentrated system
in (S4) has n; * N equations with the same number of unknowns and constitutes the
certainty equivalent solution, provided that it is unaffected by increasing N (see Fair and
Taylor (1983)). For numerical stability of the proposed routines below, we recommend
expressing the residuals of f in terms of unit-free errors.

SA.1.2 System reduction Il Some of the most popular DSGE models are characterized
by having lagged control variables in the states. For instance, lagged consumption ¢;_;
to capture the effect of consumption habits in the RBC model or the lagged interest rate
rr—1 to capture interest rate smoothing by the central bank in a New Keynesian model.
This link between some of the controls and the states can be exploited to further elim-
inate some of the states, as we do not need to separately solve for a path of {ct}ﬁi ; and
{c,_l}ﬁi 1» say. The same observation is used in Binning (2013) to reduce the number of
states in the standard perturbation approximation. To see how we concentrate these
lagged control variables out of the system, consider the following partition:

X11,t
Xt = | X12,¢
X2, ¢

Here, x11,, contains the true endogenous state variables (such as capital), whereas x;2,;
contains the lagged control variables (which also are endogenous states). As in Binning
(2013), we say that x;1,, has dimension m, x 1 and xy2 ; has dimension m,, x 1. As before,
Xy, refers to the exogenous states. Hence, the concentrated fixed-point problem is given
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by
f1(y—1, X11,1, X11, 141, Vor Yi+1) = Ony x1,
£1(ys, X11, 041, X11, 142, Yi+1, Yi12) = 0y <1,

£1(Yr+1, X11, 142> X11, 143> Yr+2> Yi43) = Ony x1, (S5)

f1 (Ye+N—2,X11,t4+N—1, X11,14N» Yi+N—1, Yi+N) = On; <1,
where we have introduced the partitioning
£1(ye—1, X110, X11, 141, Ve, Yet1)

f(x¢, X1, Vo, Ver1) = | Fi2(yi—1, X11,6 X11, 41, Yoo Y1)
f2(x2,1, X2,141)

Note that we here explicitly account for the fact that y;_; enters in the f-function, as this
effect is not captured by x11,,. This is what makes this additional concentration “trick”
different from the one presented in Section SA.1.1. Furthermore, f; (y;—1, X1,;, X1,141, V)
y:+1) contains the first n, 4+ m, equations in the model, f12(y;—1, X11,1, X11,141, ¥1> Yr4+1)
contains the m,, link-equations for defining the lagged control variables, and finally
f>(-) contains the exogenous shocks with dimension ny x 1 where n = ny, .

SA.2 Solving the fixed-point problem

This subsection describes how we solve for the fixed-point problem in (S4) when us-
ing the system reduction described in Section SA.1.1. To do so, we let the unknowns be
denoted by

7| Y Yer1 ocer VN2 Ye4N-1
- )
X141 X1,042 00 X14N-1 X[ t4N

meaning that the system in (54) can be condensely expressed as

f1(x1,1, X1,041, Y6, Ye41)
f1 (X141, X1, 142, Ye41) Vig2)
F(Z)= 1 (X1, 142, X1,143, Yr42) ¥Yi43) =0.
1 (X1,14N -1, X1,04N, Yi4-N—1, Yi4N)
Linearizing this system around the point Z* gives
F(Z) ~F(Z*) +J(Z*)(vec(Z) — vec(Z")), (S6)
where J(Z*) denotes the Jacobian evaluated at Z*. That is,

JF(Z
)=

avec(Z) |z—zs’
which has dimensions (n1 * N) x (n1 * N).
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When also using the system reduction in Section SA.1.2, we define

7= y: Vi1 vt Ve4N-2  Y4N-1
X11,t+41 X11,642 - X11,04N-1 X11,14N

and the system in (S5) can be condensely expressed as

f1(yr—1, X11,6, X11,041, Yo Yi41)
£1(ys, X11, 041, X11, 042, Vi1, Yr+2)
F(Z) = £1(Vi41, X11, 142, X11,143, Yi+2, Yi+3) =0.

f1(yi—N—2, X11, 14N 1, X11,14N> Yr+N—1, Yi+N)

SA.2.1 The standard Newton-Raphson routine The most efficeint way to solve (S4) (if
we can obtain convergence) is to use the Newton-Raphson routine. To describe this rou-
tine, let Z' denote the value of Z at iteration i, and use (S6) for Z! = Z* to obtain

F(Z) ~F(Z') +J(Z') (vec(Z) — vec(Z')).
Let F(Z) = 0 and isolate for vec(Z), that is,
vec(Z) = vec(Z') — J(Z!) ' B(ZY).
Hence, the Newton—-Raphson routine is then
vec(ZH) =vee(Z) - J(Z) ' R(Z)). (S7)

We iterate until the change in max |vec(Z+1) — vec(Z')| is smaller than some tolerance.
Note that this routine is sometimes referred to as a Newton—Raphson relaxation algo-
rithm (see Boucekkine (1995)). When computing the inversion of the Jacobian we use
the efficient method of Boucekkine (1995) (see Section SB of this technical Appendix for
a presentation of this method using our notation).

SA.2.2 The extended Newton—Raphson routine When the problem is very nonlinear,
the standard Newton-Raphson may fail to converge. If this is the case, then we consider
an extended Newton-Raphson routine of the form

vec(ZI1(8)) =vec(Z) — 8(1(Z"))'F(Z]), (S8)
where the scaling parameter 6 € R is determined by a rough grid search to the problem
6 =argmin F(Z""! (8))'F(Z1(9)).

That is, 6 accounts for the possibility that a linear approximation to F(Z) may be in-
sufficiently accurate. We iterate on (S8) until the change in max |vec(Z*!) — vec(Z)| is
smaller than some tolerance, and we refer to this algorithm as an extended Newton-
Raphson relaxation routine.
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SA.2.3 Minimizing the squared model-residuals by the LM optimizer If these routines
are unsuccessful in solving the fixed-point problem in (S4), then we use the Levenberg-
Marquardt (LM) optimizer to minimize F(Z)'F(Z) across Z.

SA.3 Determining starting values and terminal values for the controls

To obtain fast convergence when solving the fixed-point problem in (S4), it is essential
to have good starting values. They are typically computed based on a first-order approx-
imation, that is, by iterating on

1st 1st

Yiti — Yes = 8x (X3 — Xss), 59)
1st _ 1st

X, 1 — Xes = hx (X, ;| — Xes)

fori=1,2,..., N where xtl” = X;. Adjemian and Juillard (2010) further notes that it is
possible to reduce the value of N, and hence increase the speed of the certainty equiva-
lent solver by replacing the standard terminal condition of y;y y = Yss by yean = ytlfN of
course, for N — oo, we clearly have x}fi —Xgs —> 0 and y}fi —yss — 0, given the stabil-
ity of hy, implying that this procedure reproduces the standard terminal condition in the
limit. This section generalizes these ideas by using a fourth-order perturbation approx-
imation to compute starting values and the terminal value of y,, . To reduce the com-
putational burden, we use the perturbation on perturbation (POP) method suggested
by Andreasen and Zabczyk (2015) and applied to compute conditional expectations in
the technical Appendix of Andreasen (2012). Below, we provide the key results from this
technical Appendix for terms under certainty equivalence (i.e., we leave out the expres-
sions for derivatives involving the perturbation parameter) and extend these results to

fourth order.

SA.3.1 Using the POP-method to compute conditional expectations in DSGE models
Consider the case where the DSGE model reports the endogenous variable r; and we
want to compute conditional expectations of this variable, that is, r1,; = E;[ri+1], r2,; =
E([ri42], 13,1 = E/[r43], etc.? The law of iterated expectations implies 72, = E;[ri12] =
E([E 41(ri4+2]1 = E([r1,1+1] and so on. Hence, we only need to derive a formula for com-
puting p; = E;[r:11] because all other expectations can be found be iterating this for-
mula. We therefore consider the problem

p(Xs, o) = Ef[r(Xi41, 0)], (S10)
where ¢ is the perturbation parameter. We then observe that
F(x;, 0) = E{[—p(X;, o) + r(h(X;, o) + ome 1, 0)] =0, (S11)
because
X1 =h(x, o) + one, 4. (S12)
2If the variable of interest is a control variable, then the function r(x;41, o) follows from the g-function.

If the variable of interest is a state variable, then we let r, = i’x; to obtain moments for the i’th state variable
with i(k, 1) = 1 for k = i, otherwise i(k, 1) = 0.
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Note then that (S11) must hold for all values of (x;, o). This allow us to compute all
derivatives of p with respect to (x;, o) around the deterministic steady state, that is, x; =
Xgs and o = 0, given derivatives of h(x;, o) and r(x;+1, o) around the same point.

For the indices, we adopt the convention that the subscript indicates the order of
differentiation, that is, a subscript 1 is for the first time we take derivatives and so on.
Thus,

a1, 02, a3, X4 = ]-) 2; ceoy Ry,
Y1, Y2, V3, Y4 = ]-) 2; ceey Ry,

where the o's and y's will be used to index the states. We will also use superscript ¢ and
t+1on p,r, and h and their derivatives. This is done to indicate that the functions
are functions of x; and x,,1, respectively. This distinction is relevant when we compute
the derivatives, but not when these derivatives are evaluated in the deterministic steady
state where X; = X, 1 = Xgs.

SA.3.2 The first-order terms: For (X,),
[Fx(%ss, 0], = E[ =[], + ], [l ] =0
¢
[P, = B[], 02 ]
Hence, in the steady state we have
[Pxlay = [rx]y, [Dx]2),
or in standard matrix notation,
Px(1; 1) =rx(1, )hy,
which is identical to the expression computed in (S9).

SA.3.3 The second-order terms: For (X;, X;),
[F)Q((XSSr 0)]0(10(2 = Et[_[p)t(x]alaz + [rgl]ylyz [h;(]Z§ [h;‘(];:i + [r)l;+l]y1 [hltcx]zllaz] = 0
xl2
[P arer = Edllrsa ', (sl (] + [, [, )
Hence, in the steady state we have
[pxx]alag = [rXX] Y1Y2 [hx]zg [hX]le + [rX] Y1 [hﬂ]zllaz )
or in the standard matrix notation,

Ny
Pxx Zh;l'xxhx + Z rX(l’ yl)h)oi(yl) O )

7=l
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SA.3.4 Third-order terms: For (X;, X¢, X¢),

[Fxxx(xss; 0)]

wrazas
= Ei~ [ Prox)ayapas
+ (1w ] s [y [0 [0S
+ (1], (e oy [0
+[ra '], s [y
+ [, (s i o,
+ [, (o) on s
=0
¢
[Pooc] ey ares

= E [0 ], 3,9, e [0 [l

[ 1y [y [P
+ [ 1, [0 il
+ 15 1 [0 [,
+ 5, Moy )

Hence, in the steady state we have

[Procx]arazas
+ [rxxlyy vz thax 122 4, (] 2
+ [13x]y1 2 [ 22 Tha 120 o
+ [y ys (] 33 Thax 23 4,
+ [rx]y; (o

]alazag’

or in the standard matrix notation,

pXXX(al) a2, a3) =
v3=1

+ hx(:, al)/rXXhXX(:) a2, as)

= [rm]’ylyz’yg [hx]zg [hx]zi [hx]Zi

Supplementary Material

D ha(, a1) (s 3, v3)hx(, a2)hx(y3, @3)

Hy
+ ) rx(y1, Dy, @2)hyx(y1, @1, a3)

v1=1
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Ny
+ Z rxx(v1, Dhx (5, a3)hyx (1, a1, a2)
v1=1

+ rx(lr :)hxxx(:, aq, a3, 0{3).
SA.3.5 Fourth order terms: For (X;, X;, X;, X;) Recall that

[FXXX(XSSv 0)]

ajaras
I I
=L/ [pm]a1a2a3

+ [0 1327, [h,i]Zi [hx]Zi [hsl.

ym[ AL

]a1a2a3

+ [ ]
[r,ixl]m[ ] LIS
[ ]
("]

[ Froox (Xss» ())]mow3 = Et[—[p;xx]a{m{m3 + 01+ Q24 03+ 04+ 0Os],

where
= AR, [T 2 T
=[rz;1]ﬂ 2, (1
03 =[], s i oy
01 =[rx'],,,, 0] (i
05 =[], Moy apas
Thus,

(Ot xbas = [1ix "], [0y [0 [ T
[0t Ly s P Loy, [l (]
+ [0 o e gy [
+ [0 1y [y [0 [,
A

ajay’
[Q2,xlas = [30tx |1, 3 (e,
t

]2, [
P, ]

[ ]71
XXX lapazay L Xlay

Y17273 [

b,

+ [r}t(;(i_l]'yl Y2 [h;m]zzag [h;x]Zi ay’
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(03,xlas =[x |,y [y [P [P o
[ 1y [y [

[ 1 [0 o] e

[Q4 X]a4 [ t+1]y17374 [ht]zx’i [ht]73 [ht ]71

ajop
[t ] (Mo g [k
+ [ ] I [

[QS,X]D{4 = [r}t(j(_l]—yl'm [h ]24 [h;‘(XX]ZiaZCQ + [rf(—i_l]'yl [hgo(xx]21a2a3a4'

Thus,

[Fax(Xsss 0], o anes = B[ Pixls g
(D) + 7] s oy [l [l ]2
(2) hio e, [ (b2
3)
(4)
(5)

+
N
N
®) +
N
-
-

Y17v273 [
LM LA

Qaaq

17273 [ ’t‘] [hx] Zz [h!tix] le ay
Y1Y2Ya [ x] [h’th]ZZa3 [h)t(];ql
]

+ [
[
[
(o]
LS O 1 S |9
[ ]
[
[

e L
2

M+, e (i

(8 + [15a0x ]y, [ I [B5a] o
9 +[ra' ], Ml [,

(100 + '], (] (o] s
A1)+ [rax ],y il (] (]2 o,
(12)  + '],y i), (],
(13)  +[r' ], (022 o] e

(14 + '], I ] e

(15)  + [, ooy apeeses)

=0.
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APPENDIX SB: EFFICIENT INVERSION OF THE JACOBIAN: SYSTEM REDUCTION [

This section presents the efficient solution algorithm of Boucekkine (1995) to compute
J(Z)~'F(Z). In this section, we consider

f(x¢, ¥, Xi41, Vi41) =0

or the condensed version of this system, that is, f; (X1, Y, X1,7+1, Yr+1) = 0. Whether we
use the normal or condensed system in Section SA.1.1, we will express it as

f(x, y,xp, yp) =0.
To reduce the notational burden, let
I = (X4, Yo, Xet1, Yer1l,
or
Iy = [X1,6, Yoo X1,04+1, Ye+11

if using the condensed system. We then consider the following notation for the partial
derivatives:

of
fio(r) = ;;t),
of
fy(r,) = ;;”,
of
pr(rt) = a(xl;;) )
of
fyp(r) = (9;1;)-

To understand the logic of the solution method of Boucekkine (1995), it is useful to grad-
ually extend the horizon N when solving the certainty equivalent solution.

SB.1 2 time periods

Let N =2 and consider the system

Xy
Inx Onxxny Onxxnx Onxxny Onxxnx Onxxny y:
fx(r,)  fy(r) fxp(r)  fyp(re) 01xn, | Xr4+1

Or5ny Onxny fx(ri41) fy(rtJrl) fxp(rtJrl) fyp(rtJrl) Yt
Ony XNy Ony XNy Ony X Wy Ony XNy Onyxnx Iny Xr42
L Vi+2]
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—X;
_ | fen)
f(r, 1)
—Yi+N
L, 05, xn Onyxn Onxxny
—fx(r;) I, 01xn 0n><ny
0551, 0,1 I Onxny
onyxnx onyxn 0ny><n Iny
3nx3n
mx, ]
L, Onxxny U Onxxny 01, 511, Onxxny v
% fx (r,) fy(rt) fxp(rt) fyp(rt) 0nxn, Onxny Xr+1
01xn, Onxny fx(rep1) fy(r) fp(ren) fyp(ra) ||y
Onyxnx Onyxny Onyxnx Onyxny Onyxnx Iny Xt42
3nx3n | Ye+2 ]
Inx Onxxn Onxxn Onxxny Xt
- X(rl) In Onxn Onxny _f(rt)
Onxnx 0n><n In 0n><ny _f(rtJrl)
Onyxnx Onyxn Onyxn Iny YieN
¢
mx ]
| P Onxxny 051, Onxxny 05, xn, Onxxny y:
fx(r,) — fx(ry) fy(rt) fxp(rt) fyp(rt) 01251, 0n><ny Xi+1
01251, Onxn, Ix(rei1) fy(rep) Sp(ren) fyp(rea) || Ve
Onyxnx onyxny onyxnx onyxny Onyxnx Iny X¢42
L Ye+2_|
X
—fx(r)x; — (1))
—f(ri41)
YerN
¢
" x, ]
| Onxxny 05, xn, Onxxny 01, Onxxny y:
Onxn, Fy(r) fiplr)  fyp(r) 0nxn, Onxny Xi+1

0nxn, 0n><ny fx(rey1) fy(l't+1) fxp(l't+1) fyp(rt+1) Vi
Onyxnx Onyxny Onyxnx onyxny Onyxnx Iny Xt4+2

| Ve+2 |
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Xt

—fx(r)x, — f(r))

I,

Onxnx

X

Onxnx

Onyxnx

f(r 1)
YN

Onxxny
In,ny
0n><ny

Ony Xny

Onxxnx
In,nx
fx(ri1)

Onyxnx

onx XMy
W, yp (1)
fy(rt+1)

Oi’ly Xny

The extended perturbation method 13

onxxnx
onxnx
fxp(rt+1)

Onyxnx

onxxny

Oany
fyp(rt+1)
I,

y

Xy

Wt_l (_fx(rt)xt - f(l't))

—f(r;11)
YN

)

Xy
y:
X¢+1
Vi1
X¢42

LY:+2 ]

where W, = [ fy(r) fp(r1) | and we use the partitioning I, = [Iusy Lun: | where I, are the
first ny, columns of I, and I, ,, denotes the last columns of I,,.

¢
- ]
I Onxxny onxxnx Onxxny onxxnx Onxxny Xt
Onyxnx Iny Onyxnx Qny(t) Onyxnx Onyxny XYt Rny(t)
onxxnx Onxxny Inx an(t) Onxxnx Onxxny i = Rnx(t) ’
0nxn, onxny fx(rev1) fy(l't+1) fxp(l't+1) fyp(l't+1) Vil —f(r 1)
0}’1 Xn Oi’l Xn 0}’1 Xn 0}’1 XNy On Xn Iny Xt+2 YH—N
Yy X Yy Yy y X y Y y X Y _Yt+2_
where [gzﬁg] =W, fyp(r,) and [ﬁyx;] = W, L (e (r)x, +f(r,)
Inx Onxxny Onxxnx onxxn onx><ny
Onanx Iny onan_x Onan onyxny
Onxxnx Onxxny Inx Onxxn onxxny
0551, 0n><ny —fx(ri41) I, 0n><ny
Onxxnx Onxxny Onxxnx Onxxn Iny
- ]
Inx Onxxny Onxxnx Onxxny Onxxnx Onxxny
Onyxnx Iny Onyxnx Qny(t) Onyxnx Onyxny XYt
X Onny Oy, Ly Qu(®) Oupsn, Oy, ol
Oucn,  Oncn,  Ex(ri) fy(ri)) Fp(rie) fyp(ren) | 77
Onyxnx Onyxny Onyxnx Onyxny Onyxnx Iny yiiz
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Inx Onxxny Onxxnx onxxn
onyxnx Iny onyxnx Onyxn
= onxxnx Onxxny Inx onxxn
0, xn, 0n><ny —fx(ri41) I,
Onxxnx Onxxny Onxxnx onxxn
¢
Inx Onxxny Onxxnx
Onyxn,C Iny Onyxnx
Onxxnx Onxxny Inx
Onxnx nxny fx(rt+1) - fx(rt-',-l)
Onyxn,C ny xny Onyxnx
_Xl_
y:
X
% t+1
Vi1
Xs+2
| Ve+2 |
Xy
R, (1)
= Rnx(t)
—fx (1) R, (1) — £(r41)
YernN
¢
Inx onxxny onxxnx onxxny Onxxnx
Onyxnx Iny Onyxnx Qny(t) Onyxnx
Onxxnx onxxny Inx an(t) Onxxnx
Ny Xny nyxn Ny XNy n Ny XNy
Oy Oy y Oy Iy Oy
Onxxnx onxxny Onxxnx onxxny Inx
_Onyxnx Onyxny Onyxnx Onyxny Onyxnx

where we have

defined Wt+1

Rny(t+1)

-1
Wi fyp(rr41) and [R,,x(t+1)

Onx xXny
onyxny
onx XMy

Ol’any

X

Ry, (1)
R, (?)
—f(r41)

Ly, YN

Onxxny
Qn, (1)
Qy, (1)

Ony Xny

onxxny

Ony><ny

onxxny
Qu (1 +1)
Q.. (t+1)
I,

y

- x(rt—&-l)an (1) + fy(rt+1)

Xy
y:
Xi+1
Vi1
X¢42

LYe+2 ]

[ f () Qe (D Hy (1) Bp(re) | and |

] = -W L (xR, () + £(r141))

Supplementary Material

onxxnx Onxxny
Onyxnx Onyxny
Onxxnx nyxny
fxp(rrv1)  fyp(ren)
Onyxnx Iny
Fox
Ry, (1)
Ry, ()
Ry, (t+1) |’
Ry, (t+1)
Yi+N ]
Qny(t+1)] _
Quy (141)

This system can then be solved by backward substitution as follows:

® Vit+2 =Vi4N

Xrp2 =Ry, (1 4+1) = Qu, (2 + 1)yr42

Vir1 =Rp (1 +1) = Quy (1 + 1)Y142

Xi41 =Ry, (1) — Qu, ()Y

Vi =Ry, (1) — Qp, (D)Yi1




Supplementary Material The extended perturbation method

Recall that for period ¢

W, = [fy () ()],

020w

R, (1 -
0 e

and for period t + 1,

Wi = [ 6 1)Qu, (0 + (41 fp(riin)],

[Qny(wr 1)

Q (f+ 1)j| EW;_llfyp(rt—i-l);

R, (t+1) _
|:Rni(t n 1)i| = W, !, (f(rr )R, (1) + £(xr41)).

SB.2 3 time periods

Let N = 3 and consider the system:

Inx Onxxny Onxxnx Onxxny Onxxnx Onxxny Onxxnx Onxxny
fx(rt) fy(rt) fxp(rt) fyp(rt) Onxnx 0n><ny Onxnx 0n><ny
0n><nx 0n><ny fx(rt+1) fy(rt+1) fxp(rt+1) fyp(rt+1) Onxnx 0n><ny
Onxnx 0n><ny 0n><nx 0n><ny fx(rt+2) fy(rt+2) fxp(rl+2) fyp(rt+2)
Onyxnx Onyxny Onyxnx Onyxny Onyxnx Onyxny Onyxnx Iny
4nx4n
— X, -
y: _x,
e f(r,)
x | Y =~ )
o2 £(r,12)
yir2 —Yi+N
Xr+3
| ¥i+3 |
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Using the same transformations as above for the two first periods, we have

[ Inx onxxny Onxxnx onxxny Onxxnx Onxxny onxxnx Onxxny T Xt
Onyxnx Il’ly Oﬂanx Ql’ly(t) ol’lyXl’lx ol’lyXﬂy Oﬂyxl’lx oﬂyX}’ly th
onxxnx onxxny Inx an(t) Onxxnx On,\-xny onxxnx Onxxny o+
Onyxnx Ol’lyXl’ly Ony XNy Iny onanx Ql’ly(t + ]-) Oﬂy XNy onany it—‘rl
Onyxny Omexny Ompxmy Omoxny, Iy Quu(E+1) Oposny  Oppn, 2
Onyxnx Onyxny Onyxnx Onyxny fx(rsy2) fy(rt+2) fxp(l't+2) fyp(l't+2) Yir2
X143
_Onyxnx Onyxny Onyxnx Onyxny onyxnx onyxny Onyxnx Iny _
REEA
- x
=Ry, (1)
—Ry, (1)
= Rny(t+1)
Ry (t+1)
—f(rs42)
L YN
¢
[ Inx onxxny Onxxnx Onxxny onxxnx onxxn onxxny_
0]1y><l’lx Iny Onyxnx onany Onyxnx Ol’lan Onany
onxxnx onxxny Inx Onxxny onxxnx Onxxn onxxny
Onanx Onyxny Ol’lyXI’lx Il’ly Onyxnx ol’ly)(fl Onyxny
onxxnx Onxxny Onxxnx Onxxny Inx Onxxn Onxxny
onxnx onxny 0n><nx 0n><ny _fx(rt+2) In onxny
_Onxxnx Onxxny Onxan Onxxny Onxan onxxny Iny -
[ Inx Onxxny onxxnx Onxxny Onxxnx Onxxny Onxxnx Onxxny 7
Onyxnx Iny Onyxnx Qny(t) Onyxnx Onyxny Onyxnx Onyxny
Onxxnx Onxxn/v Inx an(t) Onxxnx Onxxny Onxxnx Onxxny
X Ony XNy Ony Xny Ony XNy Iny Onyxnx Qny (t + 1) Ony XNy Onyxny

Onxxnx Onxxny Onxxnx Onxxny Inx an(t"‘l) Onxxnx Onxxny
Onyxnx onyxny Onyxnx Onyxny fx(rt+2) fy(rt+2) fxp(rt+2) fyp(rt+2)

_OﬂyXﬂx Onyxny Onyxnx Onyxny Ol’lyXI’lx Onany Onyxnx I}’ly

Xy

y:
Xi+1
Y1
X142
Y2
X143
| Yr+3
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| P onxxny 05, xn, Onxxny 0, 0y 05, xn onxxny X
Onyxnx Iny onyxnx onyxny Onyxnx 0ny><n Onyxny Rny(t)
05, onxxny | P Onxxny 0r, xny 0y, xn onxxny R, (1)
= Onyxnx Onyxny Onyxnx Iny Onyxnx 0ny><n Onyxny Rny(t +1)
05, xn, onxxny 0, xn, Onxxny L, 0y, xn onxxny R, (t+1)
0550, Onxny 015, 0n><ny —fx(r142) I, Onxny —f(ri42)
| 071, <, onxxny 0, xn, Onxxny 0, xn, Onxxny Iny dL VYe+nN
¢
B | P Onxxny 0, xn, 011X><11v 0,1, xn, Onxxny 0, xn, Onxxny ]
Onyxnx Iny Onyxnx Qny(t) Onyxnx Onyxny onyxnx Onyxny
Ny xny Onxxny Inx an(t) Onxxnx Onxxny on,{xn,{ Onxxny
ony><n,C Onyxny onyxnx Iny Onyxnx Qny(t +1) onyxnx Onyxny
Onxxnx nxxny Unyxny Onxxny Inx an(t"‘ 1) OnxxnJc Onxxny
Onyxnx Onyxny onyxnx onyxny fx(rig2) — fx(rg2) _fx(rt+2)an(t+ 1) +fy(rt+2) fxp(l't+2) fyp(l't+2)
_Onyxnx nyxny Ynyxny Ynyxn, Onyxnx Onyxn'v Onyxnx Iny B
_ X _
R,, (1
R, (1)
= Rny(t +1)
Ry, (¢ +1)
—fx(r2)Rn, (1 + 1) — £(1142)
L Yi+N A
¢
[ L, onxxny 05, xn, onxxny 05, 0y Onxxny 051, xn, onxxny ]
Onyxnx Iny Onyxnx Qny(t) Onyxnx Onyxny onyxnx Onyxny
01, 0y onxxny I, Qu, (1) 04y xn, Onxxny 051, xn, onxxny

Onyxnx Onyxny Onyxnx Iny 0ny><m Qny (t+1) onyxnx Onyxny
onxxnx onxxny Onxxnx onxxny Inx an(t +1) Onxxnx onxxny
Onxnx 0n><ny 0n><nx 0n><ny Onxnx Wt+2 - fyp(rt+2)

_Onyxnx Onyxny Onyxnx Onyxny Onyxnx Onyxny onyxnx Iny

Xy
R,, (1)
Ry, (1)
= R, (t+1)
R, (1+1)
—fx(r2)Ry, (£ + 1) — £(r10)
L Yi+N _

Let Wy = [ —fx(re2)Quy (14D Hy (ri12) fip(rese) |
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Inx onxxny Onxxnx onxxny onxxn,\- onxxny Onxxnx Onxxny
Onyxnx Iny Onyxnx Qny(t) Onyxnx Onyxny onyxnx onyxny
onxxnx onxxny Inx an(t) onxxnx onxxny Onxxnx Onxxny
Onyxnx Onyxny Onyxnx Iny Onyxnx Qny(t + 1) onyxnx onyxny
onxxnx onxxny Onxxnx onxxny Inx an(t + 1) Onxxnx Onxxny
Onyxnx Onyxny Onyxnx Onyxny Onyxnx Iny onyxnx Qny(t + 2)
onxxnx onxxny Onxxnx onxxny onxxnx Onxxny Inx an(t+2)

_Onyxnx Onyxny Onyxnx Onyxny Onyxnx onyxny onyxnx Iny i
C o
Ry, (1)
Ry, (1)
_ | Ry, 4+ 1)
| Ryt 1) |
Ry, (1 +2)
Ry, (1+2)
YN
Quy (142) Ry, (142)

where [Q,zx(t+2)] = Wt__:gfyp(rt+2) and [Rnx(t+2)] = —W;rlg(fx(l‘Hz)Rnx(l +1) 4+ f(r;12)).
Thus, this system is easily solved by backwards substitution.

SB.3 Summarizing: For N time periods

Thus, the general solution is given by
® ViiN =Yr+nN I given
® Virk=—Rp, (t +k) = Qu (1 + K)Yrygy1 fork=0,1,2,..., N -1
o X pr1=—Ry (t+k)—Qp (t +k)Ys4ky1 fork=0,1,2,...,N -1

The relevant matrices are given by

W= [fy(l‘z) fxp(rt)] )

31w

Ry, (1) —

and for period ¢ + k,

Wik = [~ Qu 1+ k= 1) + i) fpre],

w(t+k _
|:8ny Et + kﬂ =Wiibp(ries),
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[Rny(t—i—k)

R, (f+ k)i| = —W;_:k(fx(rt+k)Rnx(t +k—1) +f(l't+k))

fork=1,2,...,N

APPENDIX SC: EFFICIENT INVERSION OF THE JACOBIAN: SYSTEM REDUCTION II

This section presents the efficient solution algorithm of Boucekkine (1995) to compute
J(Z)~'F(Z). In this section, we consider

£1(ye—1, X110, Yo, X11,141, Y1) = 0.
To condensely represent this system of equations, we use the notation
f(Z, X,Y, Xp’ yp) = 0)

meaning that z refers to y;,_1, X to Xi1,;, Xp t0 X11,/41, ¥ t0 ¥, and yp to y.+1. Also, to
reduce the notational burden, let

r=[yr—1,X11,6, Yoo X11, 141, Ye+11.

We then consider the following notation for the partial derivatives:

f(r,) = ‘92(;’),
fy(r,) = &fg‘),
fote) =212
L)
f,(r) = &f;;’).

To understand the logic of the solution method of Boucekkine (1995), it is useful to grad-
ually extend the horizon N when solving the certainty equivalent solution.

SC.1 2time periods

Let N =2 and consider the system

Xt
Inx Onxxny Onxxnx Onxxny Onxxnx Onxxny y: —X;
fx(r;)  fy(r,)  fxp(r)  fyp(r) 01 xn, 05, Xep1 | _ | f(r)
Onsn, fo(rip1) f(rn) o) fp@an) fp@a)) ||y | | f@an)
Ony XNy Ony xny Onyxnx Onyxny Ony XNy Iny X2 —Yi+N
LVi+2 |
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Inx 0nx><n Onxxn Onxxny
—tx(r,) I, 055 Onxny
Onxnx 0551 I, Onxny
Onyxnx Onyxn Onyxn Iny
3nx3n
_Xt_
Inx Onxxny Onxxnx Onxxny Onxxn)C Onxxny y:
fx(r,) fy(rt) fxp(rt) fyp(rt) Or5ny Onxny Xi+1
Onsn, T2(re1) fx(re1) fy(repn) Bp(ren) fpra) || yen
onyxnx Onyxny Onyxnx Onyxny Onyxnx Iny Xt42
3nx3n LYr+2 |
Inx 0, xn Onyxn Onxxny Xt
— _x(rt) In onxn Onxny _f(rt)
onxnx Onxn In Onxny _f(rt+1)
Onyxnx onyxn Onyxn Iny Yi+N
¢
_ - -
Inx Onxxny Onxxnx Onxxny Onxxnx Onxxny y:
fx (r;) — fx(ry) fy(rt) fxp(rt) fyp(l't) 0 ny 0n><ny Xs+1
011, f2(ri1)  fx(re1) fy(l't+1) fxp(rt-i-l) fyp(l't+1) Vi
Onyxnx onyxny Onyxnx Onyxny Onyxnx Iny Xt42
LYr+2 ]
Xy
—fx(r)x, — f(r))
—f(r 1)
YN
¢
_Xt_
Inx Onxxny 05, 5ny Onxxny 051, xn, Onxxny y:
0n><nx fy(rt) fxp(rt) fyp(rt) Onxnx Onxny Xt41
0nxn, Tz(rep1) fx(re1) fy(ren) Gp(ren) fyprea) || yen
Onyxnx Onyxny Onyxnx Onyxny Onyxnx Iny Xs+2
LYr+2_]
Xy
—fx(r)x; — f(ry)
f(r,41)

YN
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¢

L, Onxxny 051, 571, Onxxny
Onxnx In,ny In,nx Wt_lfyp(rt)
0nxn, fz2(rrp1) fx(rin) fy(rt+1)
Onyxnx Onyxny Onyxnx Onyxny

X
W, (—fx(r)x, — f(r7))
—f(r 1) '
YN

The extended perturbation method 21

0, xn,
Onxnx
fxp (ri11)

Onyxnx

Xy
0, X X1y y:
05 ny Xit1
fyp (1) | | ye1
Iny Xt 2
| Y42

where W, = [ fy(r) fp(r)) | and we use the partitioning I, = [ Tuny Tnnx | where I, n, are the
first ny, columns of I, and I, ,, denotes the last columns of I,,.

¢
mx
Inx Onxxny onxxnx Onxxny Onxxnx Onxxny
Onyxnx Iny Onyxnx Qny(l) Onyxnx Onyxny XYt
Onxxnx Onxxny Inx an(t) Onxxnx Onxxny o+l =
Onsxn, FTz(rep1) fx(rii1) fy(l't+1) fxp(l't+1) fyp(l't+1) Vil
Onpne Onpny  Onpxme Onpny,  Onpne Ly, | |72
| V2 |
where [828] EWt_lfyp(rt) and [EZZ;] =W, (£ (r)x; +f(r;))
¢
Inx onxxny Onxxnx Onxxn Onxxny
onanX Iﬂy Onanx 0/1y></1 Onany
Onxxnx onxxny Inx onxxn Onxxny
0, xn, —fo(rip1)  —f(rig1) I, onxny
Onxxnx onxxny Onxxnx on,\-xn Iny
Inx Onxxny Onxxnx Onxxny Onxxnx Onxxny X
onyxnx Iny Onyxnx Qny(t) Onyxnx Onyxny XYt
X Onxxnx Onxxny Inx an(t) Onxxnx Onxxny o+l
0nscn,  Tz(rep1)  fx(rig1) fy(l't+1) fxp(rt-i-l) fyp(rt+1) Vil
0 0 0 0 0 I Xi2
ny xny nyxny ny xny nyxny nyxny 1y | yis2
Inx Onxxny Onxxnx Onxxn Onxxny Xt
Onyxnx Iny Onanx Onyxn Onyxny Rny(t)
= Onxxnx Onxxny Inx Onxxn Onxxny Rnx(t)
Onxnx _fz(rtJrl) _fx(rtJrl) In Onxny —f(l‘[+1)
Onxxnx Onxxny onxxnx Onxxn Iny YieN

Xy
Ry, (1)
Ry (1) |,
—f(r 1)
Yern




22 Andreasen and Kronborg Supplementary Material

¢
Inx Onxxny 01, 5, Onxxny 01, 5, Onxxny
Onyxnx Iny Onyxnx Qny(t) onyxn,\- onyxn'v
01, 5, nyxn InX an(t) 01, 5, Onxxny
0n><nx fz(rf+1) - fz(rt+1) fx(rl+1) - fx(rf+1) _fz(rtJrl)Qny(z) - fx(rtJrl)QnX (1) + fy(rt+l) fxp(rHrl) fyp(rt+1)
Onyxnx Onyxny Onyxnx nyxny onyxn,\- In'V
— X, -
y:
X,
% t+1
Yi+1
Xi+2
LYr+2 |
Xy
Ry, (1)
= Rnx(t)
—f (211 Ry, (1) — (1) Ry, (1) — £(1141)
y
Yi+N
Inx Onxxny Onxxnx Onxxny Onxxnx Onxxny
Onyxnx Iny Onyxnx Qny(t) Onyxnx Onyxny
Onxxnx Onxxny Inx an(t) Onxxnx Onxxny

Onxnx Onxny 0n><nx _fz(rtJrl)Qny([) - fx(rt+l)an(t) + fy(rt+l) fxp(rt+l) fyp(rtJrl)

Onyxn" Onyxny Onyx”x Onyxny Onyxnx Iny
_ X, _
Xy

xYI Ry, (1)

X t+1 — Rnx(t)
Zii; - Z(rl+1)Rny(t) — fx(rt+1)Rnx(t) — f(rt+1)
_YI+2_ YI"FN

Quy (1+1)

Now let Wy = [ ~£re1)Quy (0 ~fx(rr41)Quy (0 +Hy (rr41) fp(ri1) | and | ]= W;jlfyp(r,ﬂ)

Qi (141)
and [ 111 = =Wk (Ba(ri 1R, (1) + fx(Fr )R, (1) + (xi41)). Using this, we get
i Inx Onxxny 0, xn, Onxxny 0, xn, Onxxny 11 Xt ] i Xt ]
01, xn, Iny 01, <1, Qny(t) 01, xn, 01, xn, y: Rny(t)
01, xn,  Onyxn, L, Qn, (1) Opyxn, 01, 5n, Xr41 R, (2)
01, xn,  Onyxcny,  Onyxn, I, 01, xn, Qny(t +1) || Y1 Ry, (1+1)
0n,5n, Onexny  Onexny  Onyxn, I, Qu (1 +1) | [ X¢42 Ry, (¢ +1)
_Onyxnx onyxny Onyxnx onyxny Onyxnx Iny A LYr+2 ] L YN

This system can then be solved by backward substitution as follows:

® Vii2 =Yi+N
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® X2 =Ry (1+1) = Qu, (1 + Dyit2
o Vit1 =Ry (1+1) — Qpn, (¢ + 1)ys42
o X1 =Ry, (1) — Qp (1)Yi11
o Vi =Ry (1) — Qn, (1)yi11

Recall that for period ¢,

W, = [fy(rt) fxp(rt):l ,

FRH R

Ry, (1) —
|:an(”:| = —W, ! (f(r)x + £(r,))

and for period 1 + 1,

Wit = [~ Qu, (0 = f(T)Qu, (0 + (i) fip(ria)]

n (E+ 1 _
[g}: EH 1;} — W (),
R, 1 _
|:R yiii 1;i| =W, (Fa(xr1) R, (1) + fx (X141 R, (1) + £(r141)).

SC.2 3time periods

Let N = 3 and consider the system:

Inx Onxxny Onxxnx Onxxny Onxxnx Onxxny Onxxnx Onxxny
fx(rt) fy(rt) fxp(rt) fyp(rt) 0n><nx onxny Onxnx 0n><ny
Onsn, Tz(re1) fx(reg1) fy(rtJrl) fxp(rtJrl) fyp(rt+1) 01151, 0n><ny
0nxcny  Onxny 0nxn, fz(ri2)  fx(reg2)  fy(reg2)  fxp(re2) fyp(ree)
Onyxnx Onyxny Onyxnx Onyxny Onyxnx Onyxny Onyxnx Iny
4nx4n
— . -
y: —x,
Xr+1 f(r,)
x | Y = — | (e
vz f(r:12)
yie2 YN
X¢13
| ¥i+3 |
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Using the same transformations as above for the two first periods, we have

In,( Onxxny Onxxnx Onxxny Onxxnx Onxxny Onxxnx onxxny ]
Onyxnx Iny Onyxnx Qny(t) Onyxnx Onyxny onyxnx Onyxny
onxxnx Onxxny Inx an(t) Onxxnx Onxxny Onxxnx onxxny
Onyxnx Onyxny Onyxnx Iny Onyxnx Qny(t +1) onyxnx Onyxny

onxxnx Onxxny Onxxnx Onxxny Inx an(t+1) Onxxnx onxxny
Onyxn,  Onyxny Onyxn, fz(Xi2) f(re2)  fy(rgo)  Ep(rge) fyp(rae)

_Onyxnx Onyxny onyxnx onyxny Onyxnx Onyxny onyxnx Iny
i Xy ] — X, -
O —R,, (1)
41 “R,.(1)
x 3;[“ = | Ry, (t+1)
42 R, (1+1)
Yir2 —f(r112)
X1+3 Vein
| ¥i+3 | - * -

I, Onxxny 011, 511, onxxny 011, 1, 051, xn onxxny
Onyxnx Iny onyxnx Onyxny onyxnx Onyxn onyxny
051, 51, Onxxny I, Onxxny 011, 1, 051, xn onxxny
Onyxnx Onyxny onyxnx Iny onyxnx Onyxn Onyxny
051, 51, Onxxny 05, 511, onxxny I, 051, xn onxxny
051, 0n><ny 0551, —f(ri12) —f(@ri2) I, 0n><ny
L0n, xny Onxxny 0, x 1y Onxxny 0, x 1y onxxny Iny _
[ L, Onxxny 0, x 11y Onxxny 0, x 1y Onxxny 01, x 1y Onxxny ]
Onyxnx Iny Onyxnx Qny(t) Onyxnx Onyxny Onyxnx Onyxny
0, xny Onxxny L, Qu, (1) Opyxn, onxxny 0, x 1y Onxxny
X Onyxnx Onyxny Onyxnx Iny Onyxnx Qny([+1) Onyxnx Onyxny
0r, 5y Onxxny 01, 51y Onxxny | P Qu, (t+1) 0y xn, Onxxny
Onyxnx Onyxny Onyxnx f(rr2) fx(rig2) fy(rt+2) fxp(rt+2) fyp(rt+2)
_Onyxnx Onyxny Onyxnx Onyxny Onyxnx Onyxny onyxnx Iny
_Xt_
y:
Xr+1
« | Y+
Xr+2
Yi+2
Xr+3
REEE
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L, onxxny 011, %1, onxxny 051, 51, 051, xn onxxny Xt
Onyxnx Iny Onyxnx Onyxny Onyxnx Ony><n Onyxny Rny(t)
01, x11, onxxny I, onxxny 01, 051, %1 onxxny R, (2)
= Ony><nx Onyxny Onyxnx Iny Onyxnx Ony><n Onyxny Rny(t +1)
01, 511, Onxxny 051, 5, onxxny | P 051, %1 Onxxny R, (t+1)
0551, onxny 0551, —f(ri12) —f(Ti42) I 0n><ny —f(ri42)
| 071, 1, Onxxny 0, xn, onxxny 0, xn, Onxxny Iny dL Ve+nN
¢
[ I, Onxxny 0, xny Onxxny 0, x 1y
Onyxnx Iny Onyxnx Qny(t) Onyxnx
0, 5y Onxxny I, Qu, (7) 0, 51y
onyxnx Onyxny Onyxnx Iny Onyxnx
0r, 5y Onxxny 0, 5y Onxxny | P
Onyxnx Onyxny Onyxnx f7(ri42) — £2(ri12) £ (rip0) — £x(rs12)
_Onyxnx Onyxny Onyxnx Onyxny Onyxnx
Onxxny 011, 51, onxxny ]
onyxny onyxnx Onyxny
Onxxny 011, 51, onxxny
Qny(t +1) onyxnx Onyxny
Qu (+1) 011, 511, onxxny
—Mz(r112)Quy (1 + 1) — fx(1142)Qn, (£ + 1) + Fy(rr42) fip (rr42) fyp (rr42)
onyxny onyxnx Iny _
_ X -
R, (1)
Ry, (1)
= Rny(t + 1)
Ry (1 +1)
- z(rt+2)Rny(f +1) —f(r2)Ry, (£ + 1) — f(xi42)
L YN _
¢
[ I, Onxxny 01, 51y Onxxny 0r, 5y Onxxny 01, 51y Onxxny ]
Onyxnx Iny Onyxnx Qny(t) Onyxnx Onyxny Onyxnx Onyxny
011, xn, onxxny I, Qn, (1) 04y xn, Onxxny 01, %1y onxxny

onyxnx Onyxny Onyxnx Iny Onyxnx Qny(t +1) onyxnx Onyxny
onxxnx onxxny onxxnx onxxny Inx an(t +1) Onxxnx onxxny
Onxnx Onxny Onxnx Onxny Onxnx Wt+2 - fyp(rtJrZ)

onyxnx Onyxny Onyxnx Onyxny onyxnx Onyxny onyxnx Iny
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Xy
R, (1)
R, (1)
= Rny(t+ 1)
Ry, (t+1)
—fz(l‘H_z)Rny(t +1) —fx(r2)Ry, (£ + 1) — f(ri42)
L Yi+N |

Let Wiz = [ £, (ri2)Qu, (14 1) = fr0s2)Qu, (0 4+ 1) +fy(Xis2) plris)

Inx onxxny Onxxnx onxxny onxxnx Onxxny Onxxnx onxxny
Onyxnx Iny Onyxnx Qny(t) Onyxnx onyxny onyxnx Onyxny
onxxnx onxxny Inx an(t) onxxnx Onxxny Onxxnx Onxxny

Onyxnx Onyxny Onyxnx Iny 0ny><m Qny(t+1) onyxnx Onyxny
onxxnx Onxxny Onxxnx Onxxny Inx an(t+1) Onxxnx Onxxny

Onyxnx Onyxny Onyxnx Onyxny Onyxnx Iny Onyxnx Qny(t+2)
onxxnx Onxxny Onxxnx Onxxny onxxnx Onxxny Inx an(t+2)
_Oi’lanx Oi’lyX}’ly Onanx Oi’lyX}’ly Onanx Onyxny Onanx Iny _
e
Ry, (1)
R, (1)
_ | Ry, 2+ 1)
R, (t+1)|’
Ry, (1 +2)
R, (t+2)
Yi+N
where
Qny(t+2) —1
=W, T
[an(t 12y | = Wb lrie)
and
R, (t+2 _
[R,?E . 2;} = W, (Fa(rrs2)Ry (1 + 1) + i (r2)Ry, (£ + 1) + £(ri52)).

Thus, this system is easily solved by backwards substitution.

SC.3 Summarizing: For N time periods

Thus, the general solution is given by

® Vi+N =Yi4N is given
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o yt+k=_R}’ly(t+k) _Qny(t+k)YI+k+1 fOI‘k:O, ]., 2, ,N— 1
® X1kl Z—Rnx(t‘l-k) —an(t+k)yt+k+1 fOl‘k:O, ,2,...,N—1

The relevant matrices are given by

W, = [fy(rt) fxp(rt)] ,

]t

Ry, (1) -
[Rni(r)] = —W, ! (f(r)x + £(r,))

and for period ¢ + k

Wik = [_fz(rt+k)Qny(t +k—1) = f&(r 1 )Qun, (1 + k — 1) +fy(rik) fxp(l‘t+k)] )

n k _
[Q o )} =W, fyp(rri),

Qn, (1 +k)
Ry, (1 + k) -
|:Rni(f " k)i| = —WtJrlk(fz(er)Rny(t + k= 1) + (v )Ry, (£ 4+ k = 1) +£(r144))

fork=1,2,...,N

APPENDIX SD: A NEw KEYNESIAN MODEL

This section presents a standard New Keynesian model with Calvo pricing.

SD.1 Households

The dynamic optimization problem faced by the representative household is of the
form:

Max Vi=ul(c, 1 — hy)
ctby, hiykep, i V=0

. . 2
St. kt+1 =1-8)k,+i— k1g<l—t — ls—s)

. Ribi .
bt+ct+lt=%+h,w,+rtkkt+dlvt
t

ano-Ponzi-game condition
¢t hey kep1,ir > 0Ve > 0.
As for the notation:

e ¢; = consumption
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e h; =hours

e k; = the capital stock

e [; = investments

e R;=the gross one-period risk-free rate, thatis, R, =1+ r;
e b, =nominal one-period bonds

e m; = gross inflation of consumption good prices

e w; = the wage level measured in consumption good units

e ¥ = the rental rate for capital services sold to firms as measured in consumption
good units

e div, = net transfers of profit from firms to households as measured in consumption
good units

The Lagranian is therefore given by

o
L= Eiplulciis, 1= hiyp)
=0

o0

[ Ry 141 k . .

+E; ZB )\t+l[ — bivi—1 + hepqwep +rp ke +divey —be — ¢ — lt+li|
—o -+

00 . . 2
. K L4l Iss
E Y Blaid|(1— )k —kp= S -2 ) —k .
+ E; 2 By t+l|:( Ve + i i+ (kt+l kss) z+1+li|

That is, we introduce two Lagrange multipliers:
e )\; = for the budget constraint
e g\, = for the capital accumulation equation

FOC (Kuhn-Tucker conditions)
We look for a solution in the interior, that is, ¢;, by, h;, ki1, i >0Vt >0
(1) Consumption, c;:

L
— =uclcy, 1 —h) — A =0
(QC[

¢
Ar =uc(cr, 1= hy).
(2) Bonds, b;:

aL

R;
— =—)N+FE A =0
b, t+ t|:B t+1 m“]
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¢

)\l‘+1 Rt i|
Ae ]

-r

Note that D, ;11 = A1 _1_ g the nominal stochastic discount factor.
ot At g

(3) The labor supply, h;

2
dhy

¢

ui—p(ce, 1 = hy) = Aqwy.

= _ul—h(ct’ 1-— ht) + /\tw[ =0

(4) The physical capital stock, k41 :

oL

=—Mq: +EBAr1 |:”£{+1 +qry1(1—96)
ki1
. N . . .
K lr+1 Iss 41 Iss \ lit+1
ETTERES SRR T
et 2<kt+1 kss) e (ktﬂ kSS)k?—i—l H_
(>

. . 2 . . .

K ([ 141 Iss 41 Iss \ li+1
Mo=EBA|rF 1-68)— g1z - = - = :
At [’8 t+1|:rl+1 +gt+1( ) qt+12 <k1+1 kSS) +gt+lK<kt+1 kSS>kl+1i|

(5) Investments, i;:

oL it Iss
Kia N WEEPP N [ WY (LA ) Y
g, Mt ’( K(kt kss>>

¢
it Iss
l=q/(1—ko L —2)).
"’( "Z(kt k))

SD.2 Firms

SD.2.1 Final good producers The representative competitive consumption good pro-
ducer chooses y; ; for i € [0, 1] to solve

1
maxP;ys — / Pi .y di
Yt,i 0

s.t

1 a1 iy
yt=<f0 (Vi,e) 7 dt)

As for the notation,



30 Andreasen and Kronborg Supplementary Material

¢ y;; = denotes the output from firm i at time ¢
e P, ;=the priceof y;,

e y; = output from the final good producers

e P;=priceof y;

The first-order condition to the problem is given by

o ( P\
Yi,t = P, Y-

To find the expression for the aggregate price level, we use the zero-profit condition, that
is,

1
Py, Z/ Pi 1y di
0

1 P; -n ]
=/0 Pi,t(%) yidi
1
=ylPtn/(; (Pi't)l_ndl.
¢
1 1
Pt_nZ/ (Pi,t)l_ndi
0
¢

1 1
1-7
P, = [/ (P )t dii| :
0

SD.2.2 Intermediate good producer This section derives the first-order conditions for
the itk firm’s optimization problem. We start by deriving the equation for the real divi-

dend payments:
. P;
div; , = |:< P”)y,-,t — rtkk,-,t — wth,-,t:|.
t

o
Max E; Z Dy 1Py divi iy
=0

So the problem is

hi e kit Pi ¢ V=0

. P \'" k
St. div; 4 = (?> Ye—rikis—wehi;
t
B P\
atk?,[(zthi,t)l o — <_};,t> e
t

a no-Ponzi-game condition.
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Here, we use the following notation:

e ¥ = the rental rate for capital services sold to firms as measured in consumption
good units

k; ; = the capital stock used by firm i at time ¢

w; = the wage level measured in consumption good units

e /1 ; = hours used by firm i at time ¢

a; = stationary technology shocks

The law of motion for a; is given by

logari1 =palogas + ou€q, 11,

where €, ;+1 ~NZD(0, 1). The Lagrangian is

oo
P41 K k
L=EY Dy 1Py Vil = Ty Ky i1 — Wit i 14
P Pryg

o0 —

_ P\ "

+ E; ZD[,t+1Pt+lmci,t+l [at+zk§,+,(hi,z+z)1 o (II,—tJ;) Yt+li|-
=0 1+

FOC (Kuhn-Tucker conditions)

We look for a solution in the interior, thatis, 4; ;, k; ;, Pi >0V ¢t > 0.
(1) Demand for labor, h; ;:

oL _
&hi,t -

Pi(—w; + mei a(1 — 0)k? (i) ™%
Since P; > 0, we get
mec; a1 — G)kgt(hi,t)_g = w;.

(2) Demand for capital, k; ;:

oL
ki

= Pi(—rf +mc;, 0ak?;  (hi)'0)

Since P; > 0, we get

k 61 1-6
Ty :mc,-,,(?atki,t (hi) ",

(3) The optimal price, P; ;:

We assume Calvo pricing determined by «, giving the probability of a firm not being
allowed to change its price in a given period. Notice that all the reoptimizing firms face
the same problem, hence they all set the same price. We denote this price by P;. Hence,
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we have
!
~ 1
. A —
Py P g T
Py p Py P
t Pt

where 7, = PL* L
If we only write the probability that the new price last forever, the Lagrangian reads

L=EFE Pt e~ 1\ k
tZDt 1P P, 1_[ ) Vil = g Ky et — Wit i e
i=1

Tr+i

. / 0 1-6 Pt —n 1 o
+E; E Dy, 4 1Prviamcipyi| aiky 4y (hijeyr) ™" — <IT> l_[<—> Vet |-
i

iy
=0 j=1 N

The first-order-condition is

L L/ 1\
—EIZDtt+lPt+la (1—77)P TPl 1—[( ) Vel

.
P, =0 i \ et

/

o 1 \""
+mei, pmP; " P?H(ﬂ ) YI+1:|

j=1 N i

l _
P\ 1 K me; 4
=E, ZDI 1Py <Pt) H(?—H) Yt+l|:(1 —n)P; IH(WH-;) +n Il~’tt+

i=1

) — 5 !
P, 1 K (n—1) P 1 —n
_EED P a’< ) ||( ) 11 )—mc —
t 1+ 141 P, 7 Vel n P 11 . i, 1+l 7,

Tt+i
since > 1 and P; > 0, —_Olmphes
B3 it () ﬁ( L) Ty l( =) 0
1 — l > —mc | =0,
tl - i+ P, I N\ 7 Vet n P, 7 it+

SD.2.3 Marginal costs We next show that marginal costs are identical across firms,
thatis, mc; ; = mc, for all i. Note from the first-order conditions for k; ; and #; ; that

meicaiz(1— 0)k] (hi)™"  w,
mc,-,tatekfjl(h,-,t)lfe r,k
¢

-6 _w
0k; ) (his)  rf
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¢
I—Gk,-,t Wy

0 hie sk
implying that % must be constant with respect to i. That is,

ki
—LL — cons;
it

¢

ki ;= h;cons;

N8

1 1
fki,,dizf h; ;cons; di
0 0
¢

k; = h,cons;
¢
cons; = k;/ h;.

Hence,

0—1 1-0 k
mci,,até?ki)t (h,"t) =1r;

This shows that mc; ; = mc;.
Hence, we can write the first-order condition for 4; , and &; , as

AN
a;(1—-0)| — mcy = Wy,

ki
B\ 10
rtk = Oat<k—i) mc;y.

SD.2.4 The recursive representation of the price relation We start by defining

1 S ! A 1 o
x,=E, ZDt,H-la Ve+1MCry g\ o 1_[ —(a+m/n ’
P,
=0 i=1 Ty

33
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J AN 1\
Xt = EtZDtt+layt+l(Pt> H(W) .

=0 i=1 t+i

This implies that the first-order condition for the price relation can be expressed as

9] - B P
Pt n 1 n T) —_ ]. Pt 1
E D..P al( ) (_) _||< )—mc =0
! E t i+ 41 P, l_[ Tiri Ye+1 n P Pl . t+1

1=0 i=1 et
¢
R (o (s 1
l @ 1 ey
tl - Lt P, LI\ 7, Y+ PR S A
i=1 i=1
o0 , AN ! 1 \"
—E; ZDt,t+lPt+101 (E) H(WH_,') Yerimer =0
=0 i=1
¢
sy ap (BT 1\ -1
z; L0 Ly P, 1_[ W Yi+1 7
0 i=1 t+i
P\~ n-1_1 1 -n
— Et ZD[ 1 Pt(P ) H(W) Ve iMCry ] = 0 seebelow
! i=1 Ty
¢
since P, > 0
S PN 1 T (-
12 tt+layt+l P 1_[ Wn/(n ) 77
=0 i=1 Ty
x;
P\ 1 ! 1 -n
- EtZDz 1+l J’z+lmCt+l<P ) H(m) =0
1=0 =1~y
x}
¢
(n—1)
20D o
¢

nx; +(1— n)x% =0.
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We used the fact that

= —n 1 1— —m 1 1—
P, 1-q 1 n I _ (PN 1 n
Pz+l<Ft> l_[(mﬂ_) =P, Pt+l—Pt(Ft> H<—7Tn/(n—l)>

i=1 i=1 t+i

and

5N -—n [ — 5N —n—1 1 —
P\ I A0 AN 1 n
Pf”(ﬁ) H(w) =P P _P‘(E [\ )

i=1

The dynamic process for x}
We define % = p¢. Therefore,

1 - ! A 1\
x;=E ) Dy J’t+1mcz+l<E) H(W)
i=1

=0 t+i
00 5\ —n—1 ! -7
~—n—1 l Pt 1
ST ARRY D S (1 Ry (R
=1 i=1 t+i

——m— JU A - 1 -n
=ymep, " 4 p" lEt[aBilpZ:l(—) x[l+1i|, see below
Ay Tl

= -n-1 -1
-1 Ait1( Di 1 1
= y;mc, +E[aB <~ ) < ) b :|
e Py ! Ay Pt+1 Tt+1 o+l

At the third equality sign, we use the fact that

[ D —-n-1 1 -
P n 1 K
1 l t+1
X, 1=FE D @ mc _
i+1 t+1 Z 1t 1H X Vi1 z+1+l<PtJrl 1_[ a+m/7
=0 i=1 t+1+i

¢ change ofindex, j=/+1

R i\
1 _ =—n— A ,
Xip1 = P Et+IZDt+1,t+ja Yt+]mct+jn<m>
j=1 i=1 t+1+i
¢
1 . ! 1 o
1 ~I+n j
Xit1Pr1 @Dn 1 = Ei ZDtJJr/a]yfﬂmcH/H(W)
j=1 i=2 Ty
¢
1 =l+7 1 -1 & ' / 1 -1
> — Y .
X1 P aDt,t+1< (1+7,)/,,> =Er1 ) Disjedyijmey H( (1+n)/n>
Tiv1 j=1 i=1 Ty

¢

35
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- -7
N VRS | 1 K 1
xt+1pz+1 afB (W(Hn)/n EtJrlZDt t4j& Yt+/mct+11_[ T(Hn)/n
1+1

Ay T+1

j=1 i=1 t+i
. A 1
SlnceDmH:B o+l
Ay T+1
¢
-7 00 J 1 -
1 <l4n A1 1 _ v . -
Xip1Pi oB (Wt+1> _E“FlZDI'H/aJy’ﬂmctﬂH(W(Hn)/n)
j=1 i=1 t+i
i
A 1 - [e%e} ) J 1 -0
+n t+1 _ ) . . -
Et[xtﬂp[ af <7Tt+l> i|—EtZDt.t+]a yl+jmct+]1_[ @)/
j=1 i=1 t+i

due to the law of iterated expectations, E/E;y1[-] = E[].
The dynamic process for x?

PN\ 1 1-7
EzZDt 1+ Yt+1<Pt> H(m)

i=1 t+i

1 e . P
=yieb; "+ Py "Ei ZDt 1 }’t+l H(W) since py = -

i=1 NTyq g Py
Apel . 1 1=
=yp, "+ Pr Et[a,B + p;}H(E) fo , seebelow

o /\z+1< Dt >—n< 1 )1—n 2 }
n

= +FE [a —_— X .
b ‘| *P At \ Dr+1 Trtl o+l

At the third equality sign, we use the fact that

00 5 —n 1—
P K 1 m
2 ! +1
xi1=Em ZDH-LH-I-HCV yt+1+z<P 1) l_[ /=D
1=0 =+ i=1 T4

¢ change ofindexj=1+1/

j—1 1 1-7
Jj— -
X7 =P, Em E D114 ja )’t+/1_[( n/(n—1)>
Jj=1 i=1 t+1+i

¢

J 1 o
xH_laDt t+1P,+1 =FE ZDt t+j0 Yi+j l_[ /=1
j=1 i=2 Ty

¢
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1 1— 1—7]
2 ~
Xt+1aDt,t+1P?+1<7n/(n_1)) —Et+IZDt t+jajyt+jl_[( T 1))
T4l Tivi
¢
A 1 1 1=m 1=m
2 t+1 ~n
Xip1op A 7Tt+1pt+l< n/(n— 1)) E’HZDf H* y’““( n/(n— 1)
Tyl Mt
A 1
since Dy 1+1 =3 il
At Tl
¢
Ayl - 1\ o
xt-}-] B p?+1(—> _EI+IZDZ t+]a yt+}l—[ 77/(77 1)
as Tiyi
U
Aryl 1\ 1=
E/| x5 jap——p] <—> i| E D aly ( )
t|: rH Ay i+l Ti+1 tz b [ﬂl_[ tn+/ln1
due to the law of iterated expectations, E;E;+1[-] = E¢[-].

SD.3 The central bank

We assume a standard Taylor rule of the form

log(&> _p,log<R )+(1—pr)(K7TlOg( )+Ky10g( ))
Rss Rss Tss Yss

SD.4 Aggregation: Final good producer

From the final good producer, we have

- ( P\
Yi,t = P, Yt

We next notice that:
1. [y hidi=hy,
2. [ kiidi=k

3. cons; =k;/ hy

37
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Doing the summation with respect to i, we get

! 0 1.1—6 7 ! Pit - .
/atki,thi,t dl:)’t/ (?) di

0 0 t
[ —

St+1

(3

1 ki \?
/ at%‘,t(%) di=YtSt+1
0 it

1

/ a;h; ;(constant)’ di = y;s,41
0

¢

1
a,(constant)ef hi i di=yisi1
0

(2

k 6
at<h—i> he =yisi41
(3
at(kt)ehtl_a = ViSt+1
(3

ar(ke)?(h)'=? = VSt+1

and

lp. -n
1t .
Str1 = — di
! fo<Pt>

_ PN\ P\ 7" N A
=a-a(p) ru-wa( ) Cra-wl () e

opt. in period ¢ opt. in period r—1 opt. in period r—2

o ﬁtfj —n
:(].—a)ga][Tt}

Pt—j
Py

x
=(1-a)p, " +P] Zaj[f’t,j]*” where p,_; =
j=1

=1 —-a)p, "+ P (s;aP,); seebelow:

=1 —a)p; "+ a(P/Pi_1)"s;
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¢

St+1 = (1 — C!)ﬁt_n =+ 0((77[)775'[.

We used that

o D —
TP 41"
si=(1—a) E a’[—]i|
t — P
j=0
¢ change ofindex: j+ 1=/

o0
sPl=1-a)) o P77
=1

¢

o
siP fa=(1-a)) o [P
=1

So the resource constraints in the goods market are:

(1) ak?h)170 = yisipa,

2) sii=1—-a)p, " +ams.

SD.5 The aggregate resource constraint

Recall that firm dividends in equilibrium are given by

. P;
lei,t = |:< }l,’t>}’i,t - r[kki,t - wthi,t:|
t

=y — rtkkt —wihy.

From the household budget constraint, we have

Ri_1b, ,
b[+C[+i[= %—i—h[wtﬁ-ﬁkk[—i—le[
t

¢
ct—i—it:htwt—i—rtkkt—i—divt

as bonds are in zero net supply in equilibrium. Inserting for firm dividends implies

¢ +i = hw + rf‘k, + (v — rfkt — wihy)

:y[,
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SD.6 The goods market: The relation between the optimal price and the price index

We start by noticing: the number of firms is by construction very large, so there is a
fraction of 1 — « firms that reoptimize their prices and the remaining fraction has the

same price as in the previous period. This implies

1

1 —
Ptz[/ Pill_"di} !
i
¢
1 1 51 1
Pt_"=/ {(l—a)P,_n—l—ozPiy[__nl}di
0
51 1 1
:(1—a)Pt_n+oz/ Pi:lldi
i
51 b
:(l—a)P[_n—i-a/ P " di
o
P

¢
Ptl_n =(1- a)I;,l_n + ozPll__ln

¢
—t-a(B (P
= a P, o P,
¢
1-n D
~1—7 1 . ~ Pt
1=1-a)p, "+a| — , since p;=—.
Tt Pt
SD.7 The functional forms
The households’ utility functions
(1—h)'—"

1
u(c, 1 —he) = m(ct)lﬂﬁz + ¢o

1—¢1 '
ue(cr, 1—hy)=¢; %2,

uy_p(er, 1—hy) = ¢o(1 — )~ %L
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SD.8 Summarizing

The households
1 A= % . .
2 qr; —ErB/\r+1[V,k+1 +qr+1(1 = 8) — gr15( ;C’:l - ,%1)2 + gr+1K( ;{':1 - ,ifi) ,itt:ll ]
3 ¢0(1_ht)7¢1 = Arwy
4 1—%(1 Kz(——‘s—s))
5 BR,EI[:;]
Theﬁrms
6 mctat(l—(?)( 1) =w,
7 amme (441~ H—r,k
8 (n— l]x, _)’zmczpz +E O‘B A1 (p{’il) n— l(ml+l) n (n—1)x: z+1]
9 =yip, "+ EdlaBt A1 (Ppil > 77( 7Tt1+1 )’ T]szrl]
10 1_(1—a)p, 7’+a(;l)1 n
The central bank
1 log(#5) = prlog( =) + (1 = p;) (e log(21) + cy log(24))
Other relations
12 atk?htko = VtSt+1
13 Sie1=(1— a)[)t_n + omt St
14 kg1 = (1= 8k +i — 5 (G — )%k,
15 yi=ci+i ;
Exogenous processes
16 loga+1 = paloga; + 04€4,14+1

SD.9 The intertemporal elasticity of substitution

The intertemporal elasticity of substitution (IES) is given by

1Bs = — ()
Clbee (1)
(cr)~%2
!
1
" 6

SD.10 The Frisch labor supply elasticity
Recall that this elasticity is given by

Up
” .
Ucc

up=—¢o(1—h) ",
upp = —dp1do(1 — hy) =171,

ucp =0.

elasp =

In our case
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So
up —¢o(1—h)~"
elasp = = v—
h(uhh_@) h(=drbo(1 = m)~"171)
Ucce
. —(-m*h
b= (1= )~h
_ 1
h(p1(1—m7")
. 11-nh
¢ b
Hence, if & = 1, then we get
1 1
3 13-1 2
elasp = — =— =—.
=% 1 ¢1 1 b1
3

Thus, we get a Frisch labor elasticity of one by letting ¢ = 2.

SD.11 The steady state

This section solves for the steady state as a function of the structural parameters. We
denote variables in steady state by subscript ss. The steady state value of labor, that is,
hgs, is assumed to be given and we then back out the value of ¢¢. We also consider g as
given.

The optimal relative price, pss.

From equation (10),

_ 1\'""
1=(1—oz)ﬁt1 n—i—a(;)

t

4
—(1— ~1—
1—0(7753( 77)2(1_5"—)175871
¢
. |:1—a7rs(sn_l):|ﬁ
Dss=|——F—— .
l—«a

The state variable for distortion due to price stickiness, sss
From equation (13),

St+1 = (1 —(X)ﬁt_n +0(’7T:’S[

U
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sss = (1 — @) P’ + Qe sss

¢

Sss(l - 047Tsns) =(1—a)pgs’

¢

I L))
1—amd

The nominal one-period interest rate, Rss

From equation (5),

The real price of capital, qss
From equation (4),

1=a(1-(

We immediately get that ggs = 1.
The real price of capital, rk
From equation (2),

. . 2 . . .
K 1141 Iss L+l Iss \ U4+1
N =E B |rk 1-8) gz — - — =
qiAs B t+1|:rz+1+fh+l( ) L]t+12<kt+l kss) +qt+1"(kt+l kss)kt+li|
U
qss=.3["§s+%s(1—5)]
¢
1
”é(SZQSs(E_(l_S))-

The marginal costs in the firms, mcss
First, from equation (8),

It Iss

ki kss

)

—1)x? . A 5 N\ 1 N\ (m—1)x?
(n—1)x; = ymepT l—i—E[[aB z+1<~Pt ) < ) n t+1:|
Ui A Pt+1 Tt+1 n
U
—1)x2 . 1\ "(n—1)x2
—(77 s ZYSsmCssPssn ! +OZB<—> 7(77 s
n Tss n
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¢
_ -n

PR 1)<1_aB<L> ):yssmcssﬁssnl
M Tss

¢

~ —‘r]—]
2 YssMCss Pss

Xgs = —
(m - 1) (1- apml)

and from equation (9),

_ A D -n 1 1=m
2 — ~—T E t+1 pt 2
G t|:a,8 Ay <I3t+1 Tt+1 1

|3
2 ~— 1\,
Xgs = YSsPssn + C\(B<—> Xss
Tss
¢
2 _ YssPss

Xgg = LN
1-— aB(—)
Tss

So by setting the two equations equal to one another, we get
~—m—1 ~—
YssMCss Pss | _ Vss s

-1 - 1-
“’n )(1 - apml) 1_a3<i) !

Tss

Dss

mCSS - 1 1*7]
1—aB( —

The capital level, kg
From equation (7),

. -1
(nn )(l_aﬁwsﬂs)
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1
1 _ [ 7S }m 1
kss QssMCgs hss
¢
k 1
7. 0—1
kss = |:$i| hss-
AssMCgs 0

The wage level, Wgs
From equation (7),

he\7°
mciaz(1 — 0)<k_t) =w;
4
hes\ '
Wss = MCssdss(1 — 6) (k_> .
SS

The investment level, igg
From equation (14),

. . 2
o k(i i
kt-‘rl:(l_a)kt‘i‘lt_E(_l_ﬁ) ki

ki kss
U
kss = (1 — 8)kss + iss
¢
iss = Okss.

The output level, yss
From equation (12),

01,1-6
atkt ht = ViSt+1

U
assksgsh;s_g = YssSss
N2
assk¥hg
)’ss = -
Sss
The consumption level: cs
From equation (15),
ye=c+i;
U

Css = Yss — Iss-

45
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The value of A;

From equation (1),
Ags = cs_sd)2 .

The value of o
From equation (3),

bo(1 —h) ™% = Nw,
4
b = Asswss(1 — hss)d)l-

SD.12 Model equation for accuracy study

To evaluate accuracy, we use the following list of equations, where the residuals are ex-

pressed in unit-free terms (A; = ¢, 2y;
The households
_ g BMyik i1 iss 2 irg1 iss \ 41
1 =BGt £ e (1= 9) = q (S — 2% + drn (8 — 25
- hw
2 L= otioh o
3 1=q/(1-ka(zt — 12))
— At
4 1=BRE(y 7]
The firms
5 - mega (1-0)(72)~"
Z)t 1-6
_ a[mcz(i(é] -
6 =
) _1s2
7 N e ol et s
- (n-1)x7
— A p "
N - by T EdaB TR (GPE T () )
= p
1=(1-a)p, "+a(L)"
The central bank
R
10 log(75) = prlog( 1) + (1 — py) (ki log(7) + Ky log(35))
Other relations
_ akfn”’
11 1= VeSt41
12 1= 0=0p tams
- St+1 o
(A=8)kitii—5 (£ = ££)%ks
13 1= . ki1 ‘
14 1=t
y’R
15 1= m, link equation for R,_;
Exogenous processes
16 lOgtlH,l =pa10ga,+a'aea,;+1

SD.13 The upper bound on inflation

The Calvo model for staggered pricing implies an upper bound on inflation. To see this,
recall that

1
P = /0 P "di=(1-a)P; " +aP )



Supplementary Material The extended perturbation method 47
¢

P, 1-7 1 1-n
t t

Consider the limiting case, where marginal cost mc;, and hence the new price of the
optimizing firm P; becomes arbitrary large. The constant elasticity of substitution index
for prices with negative exponent, that is, Pt1 = fol Pl.lt_n di, implies that the aggregate

price index remains bounded, because the components with large prices (1 — «)( % yl=m
tend to zero as n > 1. Isolating for inflation then gives the upper bound 7™

1\
l=af ——
a<77max>

_1
max _ l -
01 .

Intuitively, consumers substitute away from the expensive goods with high prices to
goods with old and lower prices. This substitution effect ensures that inflation across
all goods in the economy remains bounded even when P, becomes arbitrary large.

Consider the case with price indexation of firms that do not reoptimize their prices.
Then we have

1
P = / Pl Mdi=(1-a)P " +a(ml Py) "
0
¢

AN 7TtX—1 o
1=(1—-a)| — +a .
P[ e

Thus, with full indexation (y = 1), we get an upper bound for the change in inflation as

10g< il >=10g(a1/(1_’7)).

Tr—1
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APPENDIX SE: A MULTICOUNTRY RBC MODEL

We consider the multicountry RBC model presented in Juillard and Villemot (2011). The
problem for the social planner is (with the same notation as in Juillard and Villemot
(2011))

j )1 1y
J i t+l
Méxlz EtZT (ZB 1-1/vy )

{ct'l N 0.1,
subject to

Ko =0 -8k +il,

N N
Z ct + zt Skj
Jj=1

. . il 2
S35 -)
Jj=1 t

The Lagranian reads
j )1 1y
L= EtZT]<ZB ~1/y )

o0
+) B Miquri(kl ., — A — &)kl —il,)
i=1

. N ¢ ] 2
+ZB Am(Z (] +i] — k) Z( TA(K])" ——k’(kj ) ))
j=1

j=1

The first-order conditions are

aL

o J ](Ct) h =M\
ac;

L (i
P W)

¢

j
/\t[l + ¢>(l—t- - 8)] = Mq;
ki
(>

P
q,=1+¢<—’.—5>
k]

t

L a—
= A\eqy +Et[ﬁ)\t+l( qr+1(1 —0) — 8 — z+1 (ki+1) '

J
akt+1
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¢<ii 1 )2 j <i§+1 ) i{+1 )}
+ 2 (1L _s) — gk £l ) —0
2 kj t+1 kj (k] )2

t+1 t+1 t+1

¢

ol

t

i ) .
+ E; |:B/\t+1 <—|:1 + <?—"<lt]L - 8)](1 —8) -8~ a“iﬂA(kiH)a_l

kH—l
3 -o) (o)) -o
kl-‘rl kl‘-‘rl kt+1
¢

o))

t
i{+1 J Jjoye-l
+Et[3)\t+1<—(l —8)— ¢<j— - 5)(1 —8)—8—aa,  A(k),))
kH—l
i

+£ 1 g 2_¢ ii+1_5 i _o
2\ ¥ 5

1+1 1+1 1+1
¢

[l

t
. o i
+E, [m,ﬂ (-1 —aa, Akl )" - ¢(f+ —~ 3)(1 =)

t+1
J 2 ] i
R )
kt+1 kl+1 kl+1
¢

el

t

. et
+E, [ﬁ/\tﬂ (‘1 - a”iﬂA(kiH)a

—qb{(l—ﬁ)—i—iiﬂ—l l{i—s i{i—a =0
kj 2 kj kj -

t+1
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¢

i
1 A i P a—
1+¢<k—’j—5> ZE‘[B:I <1+aai+1A(k{H) !
t

+¢{(1 —8)+ i{.“ —~ 1( ii.“ —6>}<I{L - 5))}
ki+1 2 k£+1 ki+1

Thus, the economy is given by
Ll ___
2 A1+ ¢(% — 8)] =E[BAr1 (1 +aal, | A(k],)* " + ${(1—8) + Zill -3 ]% - 5)}(1%1 - 8)]
3 ki =Q-8k +if .
4 SiLatel +] = ok = DL ta] ACk) - $kic - 8)%)
5 loga;+1 =plogal + oe

For the steady state, we have
. aés =1 from equation (5)
° kés =1 from an assumption in Juillard and Villemot (2011)
o cly=al Akl = A
From equation (3),
el = (1= 8)kls + s
¢
1=1-08+i

From equation (2),

l']
1+ qb<i.s - 5)
ks

A S g1/ !
_ BAuss (1 +aals A(KL) T+ ¢{(1 —8) —(‘i - 5)}(’5—5 - 6))
/\ss k] 2 kés kés

¢
1=81+ad)
¢
1=B+aBA
¢
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4=1"F
af
From equation (4),
Z(Cés +ids — Skés Z(assA kés Ekés<ks_js - 5) )
j=1 j=1 ss
(>
Z css = Z A
Jj=1
(>
N N
Z A= Z A
j=1 j=1
ok.

From equation (1),
1
Ass =7l (cl) 7.

For 7/, we follow Juillard and Villemot (2011) and let

7= 71 =AY,

(Css) 1/y

The considered calibration is given by y = 0.25, § = 0.025, 8 =0.99, « = 0.36, p =
0.99, 0 =0.01, and ¢ = 0.5.
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