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Generalized Optimization Algorithms for Complex Models

Mario Martinoli*f

Raffaello Serit

Fulvio Corsi®

Abstract

Linking the statistic and the machine learning literature, we provide new general results on the
convergence of stochastic approximation schemes and inexact Newton methods. Building on these results,
we put forward a new optimization scheme that we call generalized inexact Newton method (GINM). We
extensively discuss the theoretical and the computational aspects of the GINM. The results apply to both
deterministic and stochastic approximation schemes, and are particular effective in the case in which the
objective function to be optimized is highly irregular and/or the stochastic equicontinuity hypothesis
is violated. Examples are common in dynamic discrete choice models and complex simulation models
characterized by nonlinearities and high levels of heterogeneity. The theory is supported by extensive

Monte Carlo experiments.

Keywords: Optimization, stochastic approximation, Newton-Raphson methods, asymptotic convergence; M-

estimation; stochastic equicontinuity.
JEL classification: C61; C15; C44

1 Introduction

Several topics discussed in social sciences, hard sciences and life sciences are represented as optimization
problems. Increasingly frequently, these maximization (or, equivalently, minimization) problems relate to
highly parametrized, nonlinear complex functions F () for 8 € O, where © is the parameter space. Most
algorithms devised to optimize such a function achieve the goal by constructing a sequence {B(i)} in which
each value depends on the previous value (or values). Some of these methods, like the Nelder—-Mead algorithm
(Nelder and Mead, 1965), use no derivatives but approximate the objective function F (0) through convex
hulls or simplexes. However, optimization is more commonly performed through derivative-based algorithms,
that we can separate in two main groups according to the number of derivatives that are required. The first

group originates from the Newton—Raphson algorithm that requires the computation of the first derivative
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(or gradient) and of the second derivative (or Hessian) of the objective function itself. Other widely used
examples are the Broyden—Fletcher-Goldfarb—Shanno (BFGS) and Berndt-Hall-Hall-Hausman (BHHH, see
Berndt et al., 1974) algorithms that replace the Hessian with different approximations. However, also the
gradient is generally approximated, as one of the building blocks of the implementation of these algorithms
is the use of numerical differentiation methods exploiting the fact that the difference quotient approaches
the derivative when the points entering the quotient are near enough. Therefore, in the literature, some
results have appeared considering inexact Newton methods (INM), i.e. a large class of optimization methods
encompassing (most of ) the previous algorithms and allowing for the simultaneous replacement of the gradient
and of the Hessian with approximations (see Nocedal and Wright, 1999, and references therein). The second
group of derivative-based optimization algorithms, often called stochastic approximation schemes (SAS),
requires only an approximation of the gradient and replaces the Hessian with a deterministic diagonal matrix
containing a quantity called step size. The approximation of the gradient can either be unbiased, as in the
original paper (Robbins and Sutton, 1951), or biased, as more recently considered (Karimi et al., 2019). It
is clear that SAS are a subset of INM, but considering them separately allows for a more precise analysis of
the algorithms.

However, most of these optimization methods break down when the function is noisy or non-differentiable.
In fact, when the function is “rough” or “rugged”, the optimization algorithm can go back and forth without
settling on a value. This is generally referred to in the literature under the name of “chattering”. This term
is used in several branches of Applied Mathematics to denote some phenomena that share the same feature,
i.e. an alternating behavior among two or more states. In production engineering, machining vibrations
or chatter are self-excited vibrations between the cutting tool and the workpiece “which grow until the tool
jumps out of the cutting zone or breaks because of the exponentially growing dynamic displacements between
the tool and workpiece” (Altintas, 2012, p. 2, see Tobias and Fishwick, 1958a,b for the first explanation of the
phenomenon). In qualitative simulation, chatter or chattering arises when the “behavior [of some variables|
is unconstrained except by continuity” (Kuipers et al., 1991, p. 345). In optimal control and dynamic
programming, “chattering refers to fast oscillations of the optimal control switching infinitely many times
over a finite time interval” (Caponigro et al., 2018, p. 2046; see Zelikin and Borisov, 1994 for applications);
Artstein (1989) introduces a theory of chattering systems and Wagner (2014) the concept of policy chattering.
In statistics and econometrics, the term is generally used (see McFadden, 1989) for the situation in which
an optimization algorithm oscillates around the optimal value.

There are two distinct aspects related to chattering in statistics and econometrics. The first is a theoretical
aspect, linked to the limit of the objective function in an optimization problem; the second is a computational
problem linked to the type of optimization routine that is used, whether it is derivative-free or derivative-
based. Let us start from the second problem. Suppose to consider a derivative-based algorithm. Since, based
on the theoretical problem, the function is rugged and nowhere differentiable, the derivatives do not exist.
However, as numerical derivatives are generally calculated using the representation of the derivative as a
limit of the difference quotient, the algorithms use finite derivatives whose value is random and determined
by the roughness of the function at the point. It is not clear how this should converge. Now, suppose to use
derivative-free algorithms. In this case, we can imagine that the algorithm converges to the global minimum
of the objective function seen in the previous theoretical point. But here the theoretical aspect kicks in:
the asymptotic distribution of this theoretical limit is expected to depend dramatically on chattering. This
theoretical problem persists even in the absence of computational issues.

In this paper, we consider the issue of finding the zero of an objective function 8 — F' (0) on the basis of



a noisy version of this function, say 8 — F' (8). We give four main contributions to the literature.

First, we provide new general findings that do not depend on a particular choice of the approximations
of the gradient and the Hessian. We consider separate results for INM and SAS. In particular, when F (6)
is a deterministic approximation of F' (6), we characterize the rate of convergence to the true value 8* and,
when F (@) involves a stochastic element, we bound the escape probability, that is the probability that the

sequence {O(i)} gets out of a neighborhood of 8* in less than n steps. Then, we compute an upper bound

on the probability that 0" from SAS never visits a region where the gradient is near to zero as a function of
the number of steps. These results have, to the best of our knowledge, never been proved before and, as the
study of the convergence properties of these algorithms is still a hot topic, this is, in our view, a substantial
contribution to the literature.

Second, we propose a class of algorithms in which the first one or two derivatives of F () are replaced
by those of a locally approximating function F (0). We will call our algorithm generalized inexact Newton
method (GINM). In the following, we illustrate the method by applying it to both INM and SAS. We
choose P points P; (B(i)) = {64,...,0p} in a neighborhood of G(i), and we estimate the values F (0) for

0 cP; (0(i)>. Then, we fit a regression F (6) on the values assumed by F (0) in 6 € P; (0(i)> and we
use the estimated coefficients to calculate its first and second derivatives (i.e. only the first derivative for
SAS and both the first and second derivatives for INM). We then use these approximated derivatives in the
optimization routine (see Section 3.2 for more details). As we claim generality for our procedure, in the
paper we also consider the case in which F (0) is estimated by a more general polynomial of degree D. It
is worth noting that, with respect to the classical implementation of the Newton—Raphson algorithm with
numerical derivatives, the technique only requires one further step, i.e. the estimation of a local regression
and applies also to non-differentiable approximations F (8) of the function F (8).

Third, we also produce some new results on the least squares approximation of a function and of its
derivatives in a point €y and in a neighborhood of 8¢ on the basis of the approximated values of the function
in a set of points. In particular, we give some bounds on the approximation of the function F (0) and its
derivatives. These results are of independent interest and can be adapted to different situations.

Fourth, we draw together the previous results and we characterize the deterministic rate of convergence
and the escape probability of GINM. These results show that the properties of the algorithm depend on
some key quantities: the size of the neighborhood P; (0(1)), the degree D of the polynomial a (0), the size

of the error I () — F(0) for 8 € P; (H(i)), and, for the SAS version, the step size. If these quantities are
modified during the iterations of the optimization routine, one can get convergence to the optimum of F'(6).
We give some results ensuring that this is the case. Moreover, we discuss several aspects connected with the
practical implementation of the algorithm.

Despite the results of the paper, and the particular algorithm proposed, apply rather generally, a mo-
tivating example is the situation in which the approximation F () is obtained through simulations, as in
the method of simulated moments (MSM, see, e.g., McFadden, 1989; Pakes and Pollard, 1989), simulated
maximum likelihood (see, e.g., Lee, 1992, 1995) and indirect inference (Gouriéroux et al., 1993; Smith Jr.,
1993).

When dealing with simulation-based estimation methods, the use of the derivatives of the approximation
F (0) in an optimization algorithm can be complicated by the fact that the dependence of F (0) on 6 may
not be smooth enough. The reason is that optimization algorithms usually rely on some continuity properties
of the mapping 0 — F (8).

The condition that is generally used to enforce a sufficient degree of continuity is stochastic equicontinuity



(see, e.g., McFadden, 1989, Pakes and Pollard, 1989 and Newey and McFadden, 1994, pp. 2136-2137). This
often boils down to the requirement that a simulated process can be expressed in terms of innovations that
are drawn once and for all at the beginning of the algorithm and kept constant throughout its execution. It
is generally expressed saying that the innovations of the model are recycled for different values of 8. This
removes the problem of chattering that was first outlined by McFadden (1989, p. 999). In his contribution,
the author specifies that “a simulator must avoid ‘chatter’ as 6 varies; this will generally require that the
Mounte Carlo random numbers used to construct f (8) not be redrawn when 6 is changed”. This concept was
then extended by Gouriéroux and Monfort (1996, p. 16). The authors pointed out that “it is necessary to
keep these basic drawings [i.e. the innovations| fixed when 6 changes, in order to have good numerical and
statistical properties of the estimators based on these simulations”. This was also stressed, among others,
by Hall et al. (2012, p. 505) and Kristensen and Shin (2012, p. 78) in more recent contributions. Stochastic
equicontinuity ensures that the function is not “rough” or “rugged”.

However, this has two drawbacks. First, the recommendations of McFadden (1989) and Gouriéroux and
Monfort (1996) do not hold for some complex models such as network models and simulation-based models
characterized by strong heterogeneity, in which recycling the drawings is simply not possible. Second,
algorithms using recycled innovations only provide the optimum of F (), and not of F (), and often require
modifications of the classical asymptotic results (e.g., an inflation of the covariance matrix of the estimators).
To overcome these drawbacks, the researcher can apply GINM in order to recover the optimum of F' (8) and
apply the classical asymptotic theory.

The paper is structured as follows. In Section 2 we introduce some notation and preliminary results. In
Section 3 we summarize the convergence results of the Newton-based optimization algorithms. In particular,
in Section 3.1 we give a general introduction to inexact Newton methods, in Section 3.2 we describe GINM
and in Section 3.3 we outline the differences between GINM and other optimization, approximation and
estimation methods advanced in the literature. The main theoretical results are contained in Section 4: in
Section 4.1 we produce two general convergence results, one for INM and one for biased SAS, as explained
above; in Section 4.2 we give some results on the least squares approximation of a function in a point 8
and in a neighborhood of 8; in Section 4.3 and 4.4, we study the properties of our regression-based inexact
Newton method or GINM. In Section 5 we treat the computational aspects of the GINM. Finally, the results
of the simulations are exposed in Section 6. In particular, in Section 6.1 we perform an extensive Monte Carlo
Experiment in which we estimate the mean of a Gaussian random variable, in the presence of chattering,
by varying some quantities of the algorithm. Section 7 concludes. The proofs of the theoretical results are

contained in Section 8.

2 Notation and Preliminary Results

In this section, we expose some notation and some preliminary results that will be used throughout the
paper.

We use small indexed letters, like c¢1, co, etc., or Cp, Cs, etc., for constants that are defined inside a
theorem but may differ from a theorem to another. We use K;, Ks, etc., for absolute constants that are
different from one place to another and do not appear in the statement of the results but only in the proofs.

We write N for the positive integers, Ny for the non-negative integers and R for the real numbers. We
denote sequences indexed by N or Ny as {a,}. When n — oo, we use a, ~ b, when a, = b, (1+0(1)),
ap =< b, when b,/C < a, < Cb, for co > C > 0 and n large enough, a,, < b, when a,, = o0(b,), a, < b,



when a,, < b, (1+0(1)).

We use capital bold letters, such as A, to denote matrices and lowercase bold letters, such as a, to denote
vectors. Let ¢ be a vector of ones, U a square matrix of ones, I the identity matrix, 0 a matrix or a vector
of zeros. The dimensions are generally clear from the context. If a confusion is possible, the dimension will
be indicated through an index, as in ¢ . For a vector a, let a be the vector containing the reciprocals of the
elements of a. Let dg(a) be a diagonal matrix having a on its diagonal. Let tr (A) be the trace of A, i.e.
the sum of the diagonal elements of a square matrix A. For a suitable matrix A, A’ is its transpose, A* its
conjugate transpose, A~! its inverse and A1 its Moore-Penrose pseudoinverse. The element-wise power of
a vector or a matrix is denoted by A®? (so that a = aG(’l)), AP is the usual power obtained multiplying
A by itself b times and A®? is the Kronecker multiplication of b copies of A. The element of A in position
(,7) is denoted as A;; or [A];; the matrix with generic element a;; is denoted [a;;].

When applied to a vector a, the notation [|-[|, denotes the vector norm defined as [a[|, := (3_, |ai|p)%;
when applied to a matrix A, it denotes the matrix norm induced by the vector norm as [|Al], := supxo %.

For a matrix A, ); is the i-th eigenvalue of A and o; is the i-th singular value of A, i.e. the square root

of the i-th non-negative eigenvalue of A*A. The condition number of the matrix is x (A) := Z"L((AA)) where
Omax (Omin) 18 the largest (smallest) singular value of A. If the matrix is normal, x (A) = %7 where

Amax (Amin) is the largest (smallest) eigenvalue by modulus of A.

The symbol & denotes the Minkowski sum of sets, i.e. A¢ B:={a+b:ac A,b e B}. For aset A, A
denotes the interior of A and A its closure.

If D is the order of a polynomial, Pp is the space of polynomials of order D in x.

Consider a function f defined on R™. Given a multi-index v = (v1,...,v,) € N, we denote as |v| the

sum vy + - -- + v, and we define the partial derivative:

olvl
DV'fi= ———
f ozt -+ Oz
For lower-order derivatives, we also write:
. Of i
D'f:= DY f = .
f 31’2 ’ f 8%18.%]
We also use the following simplified notation. One overdot, as in f := [Di f], denotes the gradient, i.e.

the vector containing the first derivatives of a function with respect to the elements of its vector argument,
two overdots, as in f = [Dij f], denote the Hessian, i.e. the matrix containing the second derivatives of a
function with respect to the elements of its vector argument.

Let Q be a compact domain. We define the norms:

[fllg = sup | f (x)|

x€EQ

and:

|f], := max sup [D¥ f ()].
lvI<aycqy

Let us assume the following property.

R1 There exists a number v > 1 such that any two points x,y € € can be joined by a rectifiable curve
I C Q with length |T'| <~ x — y|l,.



A function f: Q — R is of class C? in Q iff functions D* f (x) and Ry (x;y), with |k| < ¢, exist in  such
that the following Taylor’s formula holds:

Difx) = S DM (y) (x—y) + Ry (i)

Is|<q—|k| =

for x,y € Q. A function f: Q — R is of class C%! in Q iff f is of class C? in Q and the partial derivatives

D¥ f of order g are Lipschitz continuous in . We define the semi-norm || g1 85

DFf (x1) — DFf (x —
| fl.1 = sup D (1) f x2) 1X1,X2 € ,X1 # Xo, [k =q p . (2.1)
¢ %1 — x2ll,

The following lemma, taken from Lemma 1 in Zuppa (2003), collects results from Whitney (1934).
Lemma 1. Let Q satisfy assumption R1 and let f be of class CO' in Q. Then, for every X,y € Q:

na—lkl

_ —|k|+1
|Ri (x:y)| < 7 =l e Vi

(g = |k[=1)!
where it is intended that (—1)! = 1.

We also need some naming conventions concerning the convergence properties of optimization and root-
finding algorithms. These are characterized by the construction of a series of values 6™ that should approach

0*. The convergence properties can be summarized as follows (see, e.g., Dembo et al., 1982, p. 403).

Definition 1. If {H(i)} is a sequence converging to 8 and ||-|| is a norm, we say that

1. 69 — 0* linearly if there is y € (0,1) such that

oo
limsup “+—— = 13
i—00 Hg(l) — 0
2. 0 — 0* superlinearly if
Ha(z—‘rl) o 0*
limsup -+—— = 0;
00 Hg(l) _o*
3. 0% - 9* with (strong) order at least ¢, with ¢ > 1, if
Ha(iJrl) _ 9
lim sup 7 < 100;

i—o0 Hg(i) _ o*

in particular, if ¢ = 2, the algorithm is said to be quadratically convergent;

4. 8 — 0* with weak order at least ¢, with ¢ > 1, if

a
lim sup He“’ —-0*|" <1.

i—00




3 Description of the Algorithm

In this section we describe the algorithm. Let us define the (uncomputable) function F (-), the (computable)

function £ (-) and the function F (-), which is an approximation of F (-) depending on F (-).

3.1 Inexact Newton Algorithms

Suppose that we want to identify 6 such that:
F(6*)=0
where F'(-) : R — RX. Let us start from a point 6'© and use the recurrence equation:
Ia (g(i)) (0(i+1) _ 0(i)) - _F (0(i))

or: el _ gli) _ {F (9(1))}—1 F (e(i)) .

This algorithm is called Newton—Raphson method and is known to be quadratically convergent.
It is sometimes possible to approximate the method by using an inexact Newton method (INM) defined
by
6+ — o) — [F (69)] p (6) (3.1)

where the functions F () and F (-) replace F () and F (-). We can also write this as

Ia (9(1‘)) (0(i+1) _ 0@)) __j (O(i)> 7
i

(g(i)) (0(i+1) _ g(i)) - _F (g(i)) + r(i), (3.2)

0 @) (00) )] 07)

A special case concerns stochastic approximation schemes (SAS). In this case the inverse (approximate)

= ) -1
Hessian at step 1, [F (0(”)} , is replaced in (3.1) by the step size v;11:

where

o+ — ) _ | F (g(i)) . (3.3)

In Dembo et al. (1982), it is shown that the performance of the inexact Newton method in (3.1) depends
(@)
on the ratio 7”1!‘59(1))” and in particular on the fact that

o
|7 (6“)] ™

for n; > 0, where {n;} is called a forcing sequence and controls the level of accuracy of the algorithm.



In Ypma (1984), it is shown that one can consider instead

RIS
[P )]+ (o)

for v; > 0, where {v;} plays the same role of {#;} above. Morini (1999) generalizes the previous treatments

<y

to the case of preconditioning, in which [F (O(i))] o is replaced by a generic matrix P ().

The previous results hold under so-called residual control-type conditions, i.e. conditions based on the
control of the residual r. However, in the following we will provide direct conditions in terms of the
distance He@ - 6"

3.2 Approximating Algorithm

In this section, we describe the simplest versions of the proposed algorithm. For stochastic approximation

schemes, since SAS do not need the computation of the Hessian matrix, the algorithm simplifies as follows:
1. for any i > 0, we select P points P; (O(i)> ={01,...,0p} in a neighborhood of 09:
2. we compute F (8) for 8 € P; (G(i));
3. we estimate a linear function through the regression:
F(0) =51+ 8,0 +¢
for @ € P; (0“‘));
4. we define F (0) = 3 + ,53/20 and F (0) = [3/2, and we replace F () in (3.3).
For inexact Newton methods, we have:
1. for any ¢ > 0, we select P points P; (0(i)> ={61,...,0p} in a neighborhood of G(i);
2. we compute F (8) for 8 € P; (H(i));
3. we estimate a quadratic function through the regression:
F(0) =51 +B40 + 8D} (0 0) + <

for 8 € P; (O(i)), where D7}, is the Moore-Penrose inverse of the duplication matrix (see Magnus and
Neudecker, 2019, p. 56);

4. we define F () = By + 3,0 + BsD% (02 0), F () = By + (001 + Ix ®0) DB, and F (8) =
QDE"B?,, and we replace them in (3.1).

In the following we will also cover the case in which the linear or quadratic functions are replaced by more

general polynomials of degree D.



3.3 Relation with Other Approximation Algorithms

In this section we investigate the relation between the proposed algorithm and other optimization, approxi-
mation and estimation methods advanced in the literature.

The area of research that is nearest to our algorithm is the one concerning derivative free optimization
(see, e.g., Conn and Toint, 1996; Conn et al., 1997; the latter contains, in Section 2, a history of the method),
i.e. optimization methods in which derivatives are not known or computable. A subgroup of these algorithms
forms what are called trust-region methods. Our method shares with these ones the fact of identifying a
region, that they call trust region and whose radius decreases when the algorithm progresses, containing a
set of points that are used to produce an approximation to the objective function. Three crucial differences
between our method and these ones are that (i) they do not try to approximate the derivatives but only
the function, hence the name of derivative free methods, (ii) the pointset in the trust region recycles points
from the previous steps, and (iii) the approximation to the objective function is usually obtained through
interpolation.

The approximation step of the algorithm has a relation with spectral (see Boyd, 2001) and pseudospectral
(see Fornberg and Sloan, 1994) methods for the computation of derivatives and the solution of partial
differential equations. The rationale of the methods is to approximate the function as a sum of smooth basis
functions such that the computation of the derivatives of the function can be easily performed. There are
some important differences: (i) these methods are generally intended to produce a global approximation to
the function, while our method yields a local one; (ii) these methods approximate unknown functions and
their derivatives that are then replaced into a partial differential equation, without any direct involvement
of data; (iii) the smooth basis functions are generally more complex than plain polynomials. However,
the two methods share the idea of approximating a function with a sum of basis functions and using this
approximation to compute approximate derivatives. In our case, the choice of the basis function is justified
by the fact that we scale differently the points of the pointset P; (B(i)> as far as the algorithm progresses.

It also has some contacts with techniques like local polynomial regression (see Fan and Gijbels, 1996) or
moving least squares (see, e.g., Lancaster and Salkauskas, 1981). In these techniques, one observes a set of
couples (y;,x;) for i = 1,...,n, composed of a response y; € R and explanatory variables x; € R*. For any
point x € R* one can estimate the corresponding expected value of 3 by weighting the observations (y;,x;)
according to the distance between x and x;. Our technique differs from these ones because our points are
not fixed or predetermined before the estimation is performed, there is no weighting of the observations and
we put a particular emphasis on the size of the neighborhood of the pointset P; (G(i)).

Another related technique is the generalized finite difference method (see Jensen, 1972; Benito et al.,
2001). In this method, a function is locally approximated through its Taylor expansion and the derivatives
are estimated, together with the value of the function, by interpolation or weighted least squares estimation
using observations on an irregular grid. The aim of this method is the approximation of the derivatives of
a function for the solution of partial differential equations, as for spectral and pseudospectral methods, and
not the overall approximation of a surface, as for moving least squares. However, the method shares with
moving least squares the ability to accommodate irregularly spaced observations. This method is rather
similar to our local approximation technique, despite the use is radically different.

Finally, it is worth mentioning the contribution by Forneron (2023). In this work, the author develops a
new Gauss—Newton algorithm combining non-smooth moments with smoothed Jacobian estimates. A grid-
search step is also added to each iteration to reach global convergence. Our method differs from this as we

do not use a grid-search approach, rather we use a set of points to approximate the objective function whose



radius reduces as the algorithm progresses. Moreover, our approach is more general as we do not directly

focus on estimation of moment condition models.

4 Theoretical Results

In this section we will devise conditions on the proposed algorithm under which {0@)} converges to 8* and
we will provide results on the convergence rates. We will first consider, in Section 4.1, some general results
on optimization algorithms that do not depend on the specific choice of P (-) and F (+) outlined in Section 3.2
and may be of independent interest. They generalize some results in the optimization and machine learning
literatures. In Section 4.2 we compute upper bounds on the approximation error of F' (), F () and F (). In
Sections 4.3 and 4.4 we then give some results on the algorithm described in Section 3.2 in conjunction with

the results of Section 4.1.

4.1 Optimization Results
We first characterize the properties of the function F'(-) in four assumptions.

Opt The function F : @ +— F (0) is defined on a compact set © C R¥ and the parameter space contains an
open neighborhood of a value 8* such that I (8*) = 0.
Lip-1 The function F : @ ~ F (0) is of class C! on © C R¥ and HF(Ol) - F(Gg)H2 < L |6, — 65|, for
0:,0, € O.
Lip-2 The function F : @ + F (8) is of class C2 on © ¢ RX and Hﬁ(el) - F(ez)H < Ly |61 — 2], for
2
01702 € 0.

Hess mingco Amin [F (0)] >m > 0.

Remark 1. Assumption Opt defines the target value 8 as a solution of the first-order conditions of the
optimization problem. Assumptions Lip-1 and Lip-2 require the function to be differentiable, respectively
with Lipschitz gradient and Hessian. Assumption Hess concerns the smallest eigenvalue of the Hessian. It

is equivalent to the requirement that the function is strongly convex (see Bertsekas et al., 2003, p. 72).

Let {O(i)} be a sequence in ©® C RX. Whenever the algorithm is stochastic, we need an assumption
quantifying the effect of replacing the first derivative with its approximated value. We define the o-algebra
Fi=o {H(i), 0(1'_1)7 L F (H(i_l)) JF (0(1‘—2)) ,F (B(i_l)) yeee } containing events known prior to step
1, including the value of 6" and of all the derivatives that are needed for the algorithm to run. The collection

of these o-algebras for ¢ > 1 constitutes a filtration.
MaV HE [F (g(i)) |]—'i} .y (9u)> H2 <. E {Hﬁ (0(2')) b (9“)) H

Remark 2. We note that
[e[F () 1=] - £ ()], <& [|F () - # ()], 1]

< ([lF (@) - o))

1
so that one could always take b; < o7. The inequality becomes an equality in the deterministic case.

2

|]:7,':| < o;.
2

10



We now provide two sets of results. First, we study the general inexact Newton algorithm in (3.1). We
characterize the behavior of HO("H) 6”|| asafunction of HO(Z) 0"
2

for deterministic algorithms. Moreover, supposing that the algorlthm is stochastic, we study the escape

and we compute a rate of convergence

probability of the algorithm, i.e. the probability that it gets out of the ball of radius A centered in 8*
less than n steps. Second, as the previous results do not work well for stochastic approximation schemes, we

give analogous results for the particular case in (3.3).

4.1.1 Inexact Newton Method

The first set of results characterizes the behavior of HG(HU — 0*|| in terms of He“’) — 0*|| . It provides an

upper bound for deterministic algorithms (or an almost sure upper bound for stochastic algorithms). We

do not produce a residual control-type condition (see Section 3.1), rather we directly express the result in
terms of the relation between HO(H'I) —0*|| and HO(i) — 0*|| . We will need the definitions:
2 2
S CORICOIR
2
=[[# (e9) - # ()],
2

Theorem 1. Under Opt and Lip-2, provided 5&” < Amin (F (H(i)>),

H9(11+1) _o*ll < 1 50 4 500 HF(G*) Hg(z) 0*
S R A D L
n z—‘séi) Ly[|o® - 6" 2

o (£ 0)

Remark 3. (i) Using the first inequality in Lemma 3 instead of the second one, one gets a similar inequality

for ||@U+D) — g*

2

1 ; ; L
< 5(1) + 5(2) 1

5" 3Ly ‘ 2
NG

(ii) When 5%0 = 0 and 5§i) = 0, we recover the quadratic convergence properties of the Newton—Raphson

Hg(z'+1) _ 0"

oo

2

+({1- ‘0(1 6*

2

method. Indeed, in that case,

< 3L lo® 6 :

27 9\ (F (g(i))) 2

In order to retain also for the INM the quadratic convergence of the Newton—Raphson method, we need

to have 6" = O (HO(’) - 6" ) and 65 = O (HO(Z) -0 ) Provided 6" = 0(1), 65 = 0(1) and
2 2

He(l-‘rl) o 0*

11



= 0(1), convergence is guaranteed to be linear if

oo
2

(@)
lim sup 617

o0 Hg(l) — 6"
2

< Amin (F (0*)) . (4.1)

This shows that there is a difference between 551) and 5&“ as far as their impact on convergence rates is
concerned.
(iii) This result can be used to study the impact of numerical differentiation in optimization algorithms,
given 5?) and 5éi) are interpreted as the errors arising in numerical differentiation of the first and of the
second derivative. Let us suppose to use higher-order finite differences of order @) > 1 and step size €. From
Hong et al. (2015, p. 251), (5@ =0 (¢?) and (550 = O (¢2@71). Therefore,

2

2) ’

The case with Q = 1 corresponds to the usual difference quotient. Note that this confirms the statement that

Hg(i-‘rl) _ 0*

-0 <52Q 4201 Hem _ ¢
2

+ He<i) —6*
2

“one needs to adjust the step size as a function of the sample size” in (Hong et al., 2015, p. 250). Indeed,
provided HB(O) - 0" = O (e?9). If the empirical
2

, < A and ¢ is small enough, limsup,_, . Ha“') - 6”

cumulative distribution function @y entering into the definition of 8* is based on a large sample size, the
error O (52Q) can turn out to be significant with respect to the distance between 68* and the minimizer of
F (-), that is the pseudo-true value of the optimization problem.

(iv) Using the bound, we can investigate what happens when the Hessian is regularized. In this case, we
have F (H(i)) =F (H(i)) and F <H(i)> =F (0(i)> + X\Ig. We then have

1

> S (P (09))
|707)
Ai

Ha(iJrl) _ o

2

2 He(i) _ o

The algorithm retains its quadratic convergence if A; = O HO(” — 0"

L .
oo

)

(v) The result can be used to obtain inequalities for the score. Indeed, under Lip-1, from the second

2 2

1Hequalll }/ m Lemma 2,
=

9 .

Corollary 1. Under Opt and Lip-2, provided 69 < Amin (F (0*)) — Lo Hg(i) —6*

27
§ 1
27 Amin (F (9*)) L, Haw ~0° -

Ho(i+1) _o*

85!

L,

6(i) +5(i) . .
L L (F (0*)) I, He)“) P

oo

2

2

12



(4)
L , 2
{1 2 5 () 372 Hg(l) -0
Nuin (F(67)) = Lz [0 — 0* 2
(F ) - L :
Under Opt, Lip-2 and Hess, provided (5§i) < m,
) 5@ 6(i)L1 , 3L _ 2
loD —or|| < 22 lo —ot|| 22 e ot .
27 m— 6} m(m—ég)) 2 2m 2

Remark 4. This corollary starts from the bound in Remark 3 (i). Using the bound in Theorem 1 instead,

one can obtain two different bounds. One is obtained from the first one replacing L; with HF (67) ) and
2 (1 — = % v ) with (3 — - %) v ) The other is obtained from the
AR A CEE R 2 S (F@) o,

3m—25(")

second one replacing Ly with HF (0*)H and % with m
2 m(m—2dy
The following result for INM shows what happens when 0 is in a neighborhood of 6%, i.e. when
HG(O) —0*|| <A, asituation in line with Dembo et al. (1982, Theorem 2.3).
2

Theorem 2. (i) Under Opt, Lip-2 and Hess, suppose that, for any i > 0, there are constants 1 > ¢; > 0,
c2>0,¢c3>0,A>0,£>0 and d > 0 such that

H0<0> —o*| <a,
2
5 4 580 <1 + > A< <m - ?”A) A,
m 2
5&” <m,

1 (55“1\4 3L,
+ —
m 2

A) <c (1+02 (i+1)7§),

IR

(@)

p <e(i+1)(1+0(1)),

where M = min{HF (9*)’

,Ll}. Then, we have
2

-4
c3n
< 3

2™ ¢r|lney|’

He(n—‘rl) _ 0*

(i) Under Opt, Lip-2 and Hess, suppose that, for any i > 0, there are constants 1 > c¢; >0, co >0, A >0
and & > 0 such that

H0<0>—9* <A,
2
(5@50,
. _ 3L2 A
e
1+ M
1 s$M 3L _
5| 2=+ 22 §01(1+62(i+1) 5),
m — 0y m 2

13



where M = min{Hﬁ1 (6%)

,Ll}. We have
2

A2 i+ exp {%nl—f}, §>0,§#1,

(n+1) *
HO -0 ~ 1
2 Aec270 ¢t nez, E=1.

Remark 5. The previous results are especially suitable in order to study the properties of deterministic
algorithms. In this context, it is important to note that 5? and 5£i) play different roles. This is evident
from Theorem 2. While 55” must converge to 0, 5§i) is not compelled to. In particular, when 6@ # 0 and

(5&“ = 0(1), one could take ¢1,co and c3 such that ¢; = ?élr;fA and

5 < mes (i +1)° (14 0(1)),

i m 3mLoAcy . —¢
o8 < < (i+1)°,
1+ (21;9;3&?) (i + 1)6 2M + 3LsA

5 4 5 (1 + m) A< <m - 322A> A.

The case 6@ # 0 and 5§i) # 0 (1) is mainly associated with stochastic approximation schemes (see (3.3)). In

order to simplify, let us take 55” = J3 < m. We can then take ¢y = miéz (6%% + %), cs = 0 and

5 < (m?)LQA(Sg <1+M>)A,
2 m

5 <es(m—6) i+ 1) (1+0(1)).

However, we will show in Section 4.1.2 that better results can be obtained with a direct approach.

In the next result, we suppose that the approximation algorithm is stochastic. The following theorem
characterizes an analysis of the escape probability of the algorithm. In particular, if we define B := 8* ® AB,
the ball of radius A centered in 8, it studies the probability that 0w gets out of B in the steps between 1
and n + 1, i.e. ]P’{maxlgignﬂ HO(i) -0 , > A}.

Theorem 3. Under Opt, Lip-2 and Hess, provided HH(O) - 6"

> A}
2
N2
SR
< 5
A2 ((1—e)m— 227)
lesQM2 +((1—e)ym— %A)Q

2
e2m? (1 —e)m — 3£2A)

§A<2(g+z)mf0r0<5<l,wehave
2

]P’{ max He“') _ o
1<i<n+1

n

. N2
where M > 0 is a constant such that HF(B*) , < M. Moreover, for small enough Y .  E (5?)) =0(1)

14



i S, (1) =0 ),

1
2

max He(l) -0
1<i<nt1

= 0e (z;E (5@)2)

Remark 6. It is clear that the probability P {maX:LSiSnJ’_l HO(i) — 0

almost all cases of interest. The reason is that, if the algorithm approximating the derivatives is stochastic, it

> A} is positive and non-vanishing in
2

cannot be ruled out that it gives rise to extreme values of the derivatives that lead 2 astray. However, the
bound reproduces several stylized facts whose comprehension may help in the design of the algorithm. First,
when A | 0 while all other quantities are fixed, the bound blows up, as expected, because the probability of
getting out of the ball is larger for smaller values of A. Second, for fixed or decreasing A, the bound converges
to 0if Y1 (E (6@)2 =o0(A?) and Y (E (69)2 = 0(1). This confirms the different roles played by 6
and 69 (see Remark 5). Third, the bound increases with M and decreases with m, i.e. it increases with the
condition number of the matrix F (6). Tt is well known that the larger is the condition number the more
eccentric are the level curves of the objective function, a condition associated with tenuous identification in
the econometric literature (see Keane, 1992) and with slow convergence rates of gradient-based optimization
algorithms (see, e.g., Alger, 2019, Section 3.1). The convergence rate of the Newton—Raphson algorithm does
not depend on the condition number of the Hessian because it is affinely invariant. The presence of both
m and M in the bound is due to the fact that this covers both the case in which the Hessian is correctly
approximated and the optimization method is affinely invariant and the case in which it is not. This is
witnessed by the fact that, if 55” = 0, the bound only depends on m. The fact that the bound increases with
Lo confirms that the difficulty of the optimization problem plays a role in the escape probability. Fourth,
the bound increases in n and it is necessary that E ((5@)2 L 0and E (55”)2 J 0 rapidly enough for it to

N2 N2 N2

converge. In order to have Y ;° E (5?) =0(1) and >} ;2 E ((55”) =0(1), we need E (6@) =o(i™!)
N 2 N 2 N 2

and E (551)) =o0(i7'). At last, when E (651)) and E (6&1)) decrease for a certain 4, the bound decreases

too.

4.1.2 Stochastic Approximation Schemes

The previous results are not well suited to study the algorithm in (3.3). This section gives different, special-

ized results for this kind of algorithm. The first one is the analog of Theorem 1 and Corollary 1.

Theorem 4. Under Opt and Lip-2, if ¥; 11 Amin (F (6*)) <1,

I ,
) + ’}/i.:,.li ‘0(2) — 0"

H0(1‘+1) _o*
2

2 (i)
) + Yit10; -

) < (1 — Yi+1Amin (F (9*))) Ha(i) g

The second result parallels Theorem 2.

Theorem 5. Suppose that Opt and Lip-2 hold and %A < Amin (F (0*)).
(i) Suppose that, for any i > 0, there are constants A >0, >1,v>0,5>0,¢1 >0, ca >0 and c3 > 0,
such that

<A
2

9

oo
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5\
Ifv <1,
i £(6%))— 22 C: —
He(m-l) _ot| < 0362(/\"”“(F(? )= "FA)e26(6) -6
2 Amin (F (0*)) — %A
Ify=1,
C1C362()\min(ﬁ(8*))7LQJA)C2C(E) 5 . . . A
o (F @) Za)e s " (Ao (F(67) = 28) e1 > 5,
Hg(n+1) i 9 S 010362(/\*1“‘"(F(e*))—%A)@C(f)n—fs1nn7 ()‘min (F (0*)) - %A) c1 =94,
O~ (uin (F(87)) = A)er ()\min (F (9*)) - %A) 1 <6,
where

(an(ﬁweﬂ)gf%gA)k(%%;z)k
R

o0
C< Cleez(Amm(F(B*))—L—;A)CQg(g) Z
k=0

¢ (1 +6+k— </\min (F (0*)) - L22A> cl)
+ Aexp { ()\min (i (0)) - L22A> (cal (€) - CW(O))} .

If v > 1, there is no guarantee of convergence.
(ii) Suppose that, for any i > 0, there are constants A >0, £ > 1, v > 0,6 >0, ¢; >0 and co > 0, such
that

o

Yit+1Amin (F (0*)) <1,

Yi4r —c1 (i + 1)7V’ <ep(i41)7¢,

<A,
2

5 =o0.
For~v <1,
Jorro —er], < exp{(m (#(64) - ;A) (C2c (&) —erC (7) - 1771)}
forv=1,
HG(n—H) — 0 , < Aexp { <>\min (F (0*)) _ I;A> (CZC (€) — 017(0)) } n*()‘mi“(ﬁ(f’*))f%A)cl
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and, for v > 1, there is no guarantee of convergence.

Remark 7. In the most relevant case, i.e. the one with Jgi) # 0 and v < 1, the rate of convergence only
depends on the rate of decrease of (5@, in the sense that HH("H) —-0%|| =0 ((5%”)). If v < 1, the rate is
2

therefore independent of the value of ~.

When the algorithm is stochastic, the following corollary provides a result on the escape probability

analogous to Theorem 3.

Corollary 2. Under Opt and Lip-2, we have

S E (50
A? [/\min (F (0*)) - %Ar

IP’{ max H(a“)—a* >A}<
1<i<n+1 2

provided i1 < Ay (F (0*)) for any i and A < w

oo (Brey)

Remark 8. The bound on P {maxlgignﬂ HG(” -0
This implies that

. Moreowver,

max HO(” -0
1<i<n+1

> A} does not depend on the learning sequence {~;}.
2

Sk (51)
A2 [Amm (F (9*)) - %A] ’

_ 1<i<n+1
{’Yi!’n+1<)\miln stsnt

sup IP{ max "G(i)—O* >A} <
(F(0")} 2

The result sounds surprising, but it should be remarked that, once it is ascertained that the exponent ~ of

the learning sequence is smaller than 1, also the convergence rate of Theorem 5 does not feature ~.
The next theorem is inspired by some results in Ghadimi and Lan (2013); Karimi et al. (2019).

Theorem 6. Under Opt, Lip-1 and MaV, suppose that maxgeceo HF(G)
o > 0. Moreover, let ) be fized and F (0*) > —oco. Then, the following results hold:

(i) We have
n n 2 1
F (G(i)) H =Op (1 + im0 %'*ibi +2 0 ’Yi+10i> ? .
? Zi:o Yi+1

<cp < o0 and 1l —v41L1 >
2

min
0<i<n

(i) We have

2

i=0 i=0 i=0 i=0

(i11) If also Hess holds, the previous results hold respectively with ming<i<p 0 — 6~

F(69)|| and L2, || F (69)

2
. N2
Remark 9. (i) The deterministic case can be recovered taking b; = 6%1) and 0; = (5%1)) . Following the proof

and L Y1, [0 ~ 0

2

replacing ming<;<n, .
== 2
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o

of the theorem, if v;41 ~i77 and 5@ ~ 1°, one gets the following convergence rates:

0(1), y>1,
o(m=n), =1,
B2, F(e(i))ng O(”fg)v y<1ly+d8<1,
<i< O(n*gln%n), < ly o1,
O(”%l)a Yy<Ly+d>1,
and
o(n%l), v 1,
1> o), vy=1,
n%HF(a(i))HQZ O("_%)7 y<1ly+0<1,
- O(ntmin), y<iy+o=1,
0(ns), y<ly+6>1.

(ii) In the stochastic case, we note that
ol [ (00) 7] - £ (00)] <5 (00) - ()] <5

s | (00) - (00)] ) =5 )"

(iii) The first result states that the probability that the optimization algorithm never visits a region where

the score is near to zero tends to decrease with the number of steps of the algorithm, i.e.

; i 1 TL— % b7, + n_ 2 i
P{HF (9(1)>H ZE,OSiSn} =0 ( +Z“0’;+1n 22i=0 Vi1 ) .
2 €% 10 Vit

(e

(iv) From Remark 2, it is clear that, if b; < i™? and ¢ < i~7, one can always take > % In the extreme
case in which b; = 0,

OP(1)7 ’Y>17

(min) -n
F(69)]| =< 0e En) o cy<t,
(

min
0<i<n
1
5 __1—0c
n= n) y V= 2

_2ato l—0o
n 2 ), ’7<?.

In the other extreme case, in which 3 = Z,

OP(l)a ’y>1,
O]P (111_% TL), 7:1,
i ; (4) _ -t "
o [ @)~ or (). 1ogeren
O]P’<TL’YT_11H%TL), y=1-2,
OP(ni%)7 ’Y<17%



(v) Most optimization methods have an objective function of the form:
1 X
F(0) =+ ;Fk C)

where each Fy (-) is identically distributed. The gradient descent (GD) algorithm is defined as
_ . S . 1. .
06Ut =00 — v F (9(2)) =6 - Vit > Fx (9(1)) ;
k=1
but it is sometimes replaced by the stochastic gradient descent (SGD) algorithm
9+ =9 , F (9(”) =0 — i1 Fic (9(1)) :

where K is randomly uniformly drawn from {1,2,..., N}. For the GD algorithm, it is clear that b; = 0 and
o; =0, and

OIP’ (1) ) Y > 1,

F (H(i)) H2 =0 (In~2 n) , =1,

) .o <l

6 — o

< min
2 7 0<i<n

min
0<i<n

@)
=
N N
3
‘4
v |

and

L oo, 1 (0], =0 (7).

For the SGD algorithm, b; = 0 and o; is O (1). Therefore,

Op (1)7 v>1,

Op (ln7%n>, v=1,
min |6 —6*|| < min ||F (H(i))“ =<¢0Op (an_l> , % <y<l1,
0<i<n 2 0<i<n 2

Op (n*% In? n), fy:%,

and

i;\\wn_g* ZS;;HF((;@)HQZ Op (niln; n) Y

The following result gives a convergence rate for the stochastic case.

Theorem 7. Under Opt, Lip-1, MaV, Hess, suppose that

A+ AV LY+ vipr (14 vig1La) b > 29501 Am,

v —a (i+1) 77 |< e (i4+1)7F,

bi — 5 (i + 1)*5]3 ca(i4+1)7C,

o <ecs(i+1)"7(1+0(1))
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fori>0, with$>0,(>0,0>0,1<¢& and 1 <~y+ (. Then, the following rates of convergence hold:

e I[f1>~v>0,
Jo o

_(to)rB
= O]p (Z 2 ) .

2

o Ify=1,
Op Z*W) . 2mer > (o+ 1) AP,

Op (i_mcl In? z) , 2mep =(c+1)AB,
Op (i7™e1) 2me; < (0 +1) AB.

oo -

2

o Ifv>1, then HH(HI) - 6"

= Op (1) and the algorithm is not guaranteed to converge.
2

Remark 10. Let us consider again the GD and SGD algorithms. For GD, we can take § = 0 = co. Therefore,
for v > 1 the rate of convergence is Op (1), for v = 1 it is Op (™) and for 1 > v > 0 it is faster than

polynomial. In particular, following the proof, we get

= Op (exp {—mclilﬁf +0 (i127)}> .
2 1—7

For SGD, we can take § = oo and o = 0. Then,

Op (1), v>1,

Op (i_%>, v=1,2mc; > 1,
H9(1‘+1) _ 0 , Op (i—% Inz 2) , v=1,2mec; =1,

Op (i—™me1) | v=1,2mc; <1,

Op(i—%), 1>~>0.

We can thus represent the convergence rates of SGD as in Figure 4.1. It is apparent that the convergence

rate of HO(") -0 and

is faster for larger v < 1. The discrepancy between the rates of HG(") -0

0% —6*| are probably artifacts of

2

minogign HO(” — 0*

, and the discontinuity in the rate of ming<;<,
) <i<

the method of proof.

4.2 Local Approximation by Least Squares

In this section, we characterize some results on the least squares approximation of a function in a point 8
and in a neighborhood of 6y, on the basis of the approximate values of the function in a set of points.

Consider a point 8y € © C RE. Let P (0y) := {0;,...,0p} be a set of P points. In most cases of
interest, 8y will be quite near to P (6y) but this is not necessary. Moreover, in some cases 8y will belong
to P (6p). Let p := max; ||[@; — ||, be the radius of the smallest closed ball centered in 8y and containing
P (8). This means that P (6g) C 08¢ B pB. We suppose that the points in P (6g) are a dilated version of a
set of points Py (6p) := {00,1,.-.,00,p} with py := max; |6y ; — o5, i.e.

0; =0y +h (0, —60)

where h = p%, in most cases of interest, will be supposed to converge to 0. We define also p := min; [|0; — 8q|,;
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Exponent of n
-0.2 -0.1 0.0
| | |

-0.3
1

04
|

0.0 0.2 0.4 0.6 0.8 1.0

Figure 4.1: Exponent f(y) of n as a function of v for = Op (nf(“’)) (solid line) from Theorem
2
09 _9*|| = Op (nﬂ”)) (dashed line) from Theorem 6, and maxo<i<n 09 _g*|| = Op (nﬂ”))
2 2

(dotted line) from Corollary 2; the empty points represent the presence of logarithmic terms or the coexistence of
different convergence rates not depending on ~.

‘(9(") _ ¢

7, minogign ’

this is 0 if 8y € P (0y). Next, we suppose without loss of generality that the point 8 is in the origin, so
that all points are replaced by 8 — 6 — 6.

The function F (6;) is contaminated by an error ¢;, i.e. one observes the value F(8;) = F (8;) + ¢;
instead of F'(6;). In this section we keep the treatment quite general and we do not specify a source for
¢j. We then provide an approximation to the function F'(-). For a generic 6 € pB, we build the vector
of regressors xp (0) containing all the monomials of elements of @ up to order D. As usual, the order of
multiplication in the monomials does not matter, so that the number of monomials in K variables exactly
of order d is (‘“‘Id( _1) and up to order D is (D BK ) We then take, as approximating function, a polynomial
of order D in the elements of 8, 3'xp (8).

Example 1. When using a first-order polynomial, we can write

B+ B30 = B'x:1 (6)
where 8 = [61, ﬁ'ﬂ/ and x; () = [1, 9/]1. For a second-order polynomial, we can write

81+ B850 + 83D (0 @ 6) = B'x2 (6)
/
where D} was defined in Section 3.1, 3 = [ﬁl,,@;,ﬁé}/ and x5 (0) = [17 o', (D} (0 0))/] .

Remark 11. In principle, one could substitute the least squares approximation with other methods, e.g., least
absolute shrinkage and selection operator (Lasso). However, whereas OLS produces an efficient estimate of

3, Lasso puts forward a biased estimate of 3.

Let y be the vector whose generic j-th element is F (8;). For each j, we build the vector of regressors

xp (0;) from 6;. Let X be the matrix of regressors obtained stacking the rows x/, (8;). Let Xy be the same
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matrix for the point set Py (6p). The OLS estimator of 8 is
B=(X'X)""Xy.

For a generic 6, we define the OLS predictor as

F(8) =xp (0) B =xp (0) (X'X) "' Xy.

For the statement of the results, let € be the vector whose j-th element is £; = F'(8;) — F (8;). We note that,
despite we do not explicit it, € may depend on the set of points P (6y) in which the function is computed.

We will need an assumption concerning the function F.

Fun-d The function F : 8 — F (0) is of class C%! on a compact set @ C RX. The parameter space contains
an open neighborhood of a value 8* such that I (8*) = 0.

Assumption Fun-d requires the function to be differentiable up to order d with Lipschitz derivative. In this
paper, we will mainly use Fun-1 and Fun-2 but some results are stated in more general form.

We present four different results: the first one concerns the quality of the approximation of the function
in a single point, the second one deals with the approximation of the function and its derivatives in a
neighborhood of a point, the third one regards the gradient and the Hessian, and the last one provides upper

bounds for the bias and the variance of the approximation when the error affecting the function is stochastic.

Theorem 8. Suppose Fun-d holds. If 8y € P (0y),

KD
(D 1)

1
_p_ P05 el

i (3X)Xo)

pP ! |F|D,1 +p

If 00 ¢ P (00),

- . KP ~
[7(00) = F (00)] < PH g5y I +71F,
1
B /1 _52D 2 1 pD
+p D{p( T ) 1Ell 0y + £ 2 5”2} 01 :
P \/Amin (5X5X0)

Remark 12. (i) When P (0¢) = Py (60) and p = pg, we have

oo Floa+21F,

1
_(1-p?P\? 1 1
+{p(1_ﬁ2) 1Ellpgay, + P 2||s|2} —
min \ p4»0<»0

F(60) - F (8y) < P}

KD P—3pP
Ty 'pD+1 |F|D,1 +p—D 2 Po ||5H2
-1 Amin (5X4Xo)
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D POD HF”P(BO)
>\min (%ng())

+PqIFlos+p”

and, as expected, the bound is only slightly larger than the one for 8y € P (6y).

(iii) Considering only the most important asymptotic parameters, for p | 0 and p | 0, we get
|7 (80) = F (80)| = O (07" + 5+ p7P (5 + |ll) -

It is clear that p < p, but the choice of a 6y not belonging to P (6y) may affect negatively the rate of

convergence to 0. Indeed, if p = 0,
|7 (80) = F (60)| = O (6”4 + p™ [l
while, if p and p converge to zero at the same rate,
|7 (80) = F (80)| = O (077 4 97" Je]]) .

Now we turn to the uniform approximation in a neighborhood of 8y. Define the constant

N 4o Py
pePp [P (G)HPO(O)
Calvi and Levenberg (2008, p. 85) discuss its meaning and its relation with other properties of the polyno-
mials. Other properties are collected in Bos et al. (2011b,a). The constant does not depend on the position
of By, but only on the configuration of points Py (0) and on its radius pp, and the degree of the polynomial
D. The existence of a finite Cp (Pp) is equivalent to the fact that Py (0) is a Pp-determining class for poB,
i.e. the fact that any polynomial of degree D is zero on Py (0) implies that it is zero on pB.

Theorem 9. Suppose Fun-D holds and let 8y be a point in ©. Then, for S < D,

max HD’“F (6) — D'F (0)’

|k|=S 00dpB
1 D (d\2 _
D ,D‘P 25!\/2(1:5’ (S) p2(d 5
<pop pluax [lell;
>\min (%X()XO) €0o®p
(2+Cp (Po) (14 PH)) (D) K .
+ + KD—SpD—S+1 |F|D’1

(D= 8))* (D —1)! (D—5S-1)

where it is intended that (—1)! = 1.

Remark 13. (i) By restricting our attention to the most important asymptotic parameters, i.e. p and

maxgeg, a8 ||€]5; We get

D*F () — DFF (0
%H 0) 0)

=0 pPt 4 p P a € .
boont (p P g ax el

Note that this implies, as expected, a worse rate of convergence for higher derivatives. If we suppose that

all other parameters are fixed, we need p | 0, p~2 maxgeg,ape ||€]|, 4 0 in order to have convergence to 0.
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Indeed, when p | 0 and S < D, ZdD:S (g)2p2(d*5) =1+o0(1).
(i) For S =0, we get

F(6)-F(0)
|ro)-raef,
(3+Cp(Po) (1 +P%)) KD
< D+1 |F|
< (D
~3pD 1 — p2(D+1)
0 Jmax e,
co. @ B
This compares favorably with the bound of Theorem 8 for 8y € P (0y),
0 1 KPP p -D P~ zpf
F(00) = F (00)| < P —3570” " IFlp, + - lell,
' Amin (X0 Xo)

that gives a bound for the approximation in a single point. The two main sources of disagreement between
the two formulas are the terms 3 + Cp (Pp) (1 +P %) and 4/ %;DH) in the first formula that are replaced
by P2 and 1 in the second formula. The term A/ %(5“ takes into account the size of the neighborhood:
indeed, it converges to 1 when p | 0 and diverges as p” when p — co. The term 3 + Cp (P) (1 + PE) is
more difficult to characterize and compare to Pz. Calvi and Levenberg (2008, Section 3.1) discuss the case
in which Cp (Py) is bounded from above and, as a result, the two terms have the same asymptotic behavior
in P. Other results are contained in Bos et al. (2011b,a), where several examples of meshes with slowly
increasing values of Cp (Py) are proposed. However, note that P is rarely an asymptotic parameter in what
follows.

(iii) Given the relevance of the approximation of the first derivative in Theorem 1, it may be interest-

ing to choose p in such a way to minimize max =1 Supgc 5 ‘Dkﬁ (0) — D*F (0)‘ This means that p* ~

= .
maxgeq, a8 |€]]37 and, if maxeca, a8 [|€ll; 4 0,
max HD’“F(@) _DFF (6 ‘

1
) =0 ( max |€||22) .
[k|=1 00®pB 0c6,DpB

The second derivative has a worse convergence rate, namely

ma HD’“F(G) - D’“F(O)‘

D1
=0 ( max _||e|[52" > .
00FpB 0cOyPdpB

Under Lip-1 and Lip-2, similar results hold for the gradient and the Hessian. In the following, | D'F (8) — D'F (6)
denotes the gradient of F (0) — F (8) and [Dijl:“ (@) — DVF (0)] the Hessian of the same function. The ad-

vantage of these results is that they are less affected by the curse of dimensionality in K, the number of

parameters.

Corollary 3. Let 8y be a point in ©. Then, under Lip-1, for S =D =1,

< poK?2 maxecg,ap8 |||l
2 P%p Amin (%XE)XO)
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(4 +C1 (Po) (1 + P%)) Lip.

N |

+

Under Lip-2, for S =1 and D = 2,

7 : 2Kz\/1+4p?
wp [[DF @) - pire)|, <AV mesaco,oos el
0c6,@pB 2 P32y [ Amin (5X5Xo0)
1 1
+3 (11 +4Cs (Py) (1 + PE)) Lop?
and, for S =D =2,

< 2p5 K maxgea,ap8 [l

2 P%P2 )\min (%XBXO)

e -vra)

n % (3+ 4K + 2652 (Py) (14 PP)) Lap.

At last, we provide a version of Theorem 9 for the mean and the variance of the approximation error,

when this is stochastic.

Theorem 10. Let 8¢ be a point in ©. Then, under Fun-D, for S < D,

ma HED’“F (6) — D*F (9)

00@pB

" P*%pé’S!\/ s (&) p2a-s)

max_[Ee,

)\min (%Xf)XO) 060008
3 N2 s
. (2 + Cp (Po) (1 +P )) (D" K N 1 KPS pD=5+1 ||
(D—S))* (D —1)! (D-S-1) i

where it is intended that (—1)! =1, and

E|D*F (0) - D'F (0) ~ E (D*F (6) ~ DF (6)) ‘2

max
Ikl=$ 60®pB
P-1,2D (g 2 D d 2
< P_QD/)?—(/) Z < ) p?4=9) ) max E|e—Ee|;.
>\min (ﬁXOXO) d—s S 0€0,dpB

4.3 Results Specific to the Approximating Algorithm
In this section we apply the previous results to our algorithm. In particular, we will replace the generic
point 8y € © with a point of the sequence {O(i) } Moreover, we will suppose that all the expectations are

conditional on the o-algebra F;. As the process {O(i)} is Markov, any expectation at step 7 depends only

on the previous point 00~V in the sequence.
We need two assumptions quantifying the effect of replacing the true probability P, with an approxi-
mated version I?Dz(_). The first one is a deterministic bound, the second one concerns the stochastic case.
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AUB The element F (8) — F () is such that, for a sequence {ay},

F@) - F (0)‘ <ay, P-as.

max
0,€P;(6)

A ~ 2
MaVv2 maxejepi(e(i)) ‘E (F (0]) |]:1> - F (gj)‘ < Bi7 maxejepi(gm) E ((F (0]) — F(OJ)) ‘Fz) < Ez

Remark 14. (i) The bounds in Assumption MaV2 could be replaced with unconditional bounds like
maxgeco ‘Eﬁ (6)—F (0)‘ < B; and maxgeco E (13‘ (0)—F (0))2 < ;. The dependence on i of the bounds
comes from the fact that the function F (6) is estimated by F'(6) on the basis of a number of simulated
observations depending on the step i.

(ii) The bounds in Assumptions AUB and MaV2 can generally be obtained using the functional differentia-
bility of f (@y, ) A short explanation can be useful. Let ¢ be a function of a probability measure, defined

in a neighborhood of P. Define also the empirical process G, := \/n (@n — IP’) based on n observations.
Then an informal reasoning, that can be made rigorous along the lines of van der Vaart (1998, Chapter 20),

leads to the development

1

/ 1 /!
T (Ca) + 508 (Ga) + .

6 (Pn) — o ()

where ¢§,,n) are functional derivatives of order n, and the function ¢p (-) is generally linear. Now, this implies
that

- LE¢ (G,), EP,=P,
Eo(P) - o) = f}ﬁ;‘(mn), 2

and .
v (]I“Dn— P)) ~ =V (¢ (Gn)).
(¢(Bn) =0 (®)) = =V (6} (Gn))
These results can be used to characterize B; and ¥; using the identifications
(0.7) = f (PY7HDZ(0j)> )
J

¢ (f”zwj)) =F
F(8,)=f (@y,Pz(,,j)).

¢ (Pao,)) =

Moreover, under suitable assumptions, a functional Law of the Iterated Logarithm yields

n ~ n
I N } P,) - ¢(®)| =1 o
IJ{rnj})lop Inlnn ¢( ) ¢ (P) ljffnjllop Inlnn

As a result, in most cases,

bp (]f”n — ]P’)‘ <¢, P-as.

ISR
I Il
S O

~—~
5

[N
NEN N

The following corollary provides formulas for the quantities involved in some of the previous convergence
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results.

Corollary 4. Under AUB and Fun-D,

1 D 2(d—1
-D p0DK2 Zd:l d2p’L( )

5%1) < 0; - an
Amin (5X5Xo0)
D’K (2+ Cp (Po) (1 +P%)) KP4 |F|,,
+pf —
i D1 (D —2)!

D (d\2 2(d-2
D 2ERYTL, ()
N

05 < pi
Arﬂin (%XE)XO)

K2

o | PP -1 K? (2+CD (Po) (1+P%>> KPP F|p,
o D-2 (D=3
Under MaV2 and Fun-D,
N\ 2 K3 pD D o=l
o6 < o AVER T )
)\min (%XIOXO)
2
[pr <2+CD(7>0) <1+P%)) 1 b
+pi + K~z |F|D 1 )
(D—1)! (D-2)! ’
D D d\2 2(d—2)
)\min (%XBXO)
2
PO G m () ) T
+p! D2 + (D —3)! ‘ ‘D,l
and
K2 D\/W
by = o P Py A\ 21 42 B,
)\min (%Xé)XO)
D’K (2+CD (Po) (1 +P%)) 1
i (D —1)! (D —2)! bt
1 D 2(d-1)
v
i = i i v
)\min (%X()XO)
2
D*K (2+CD (Po) (HP%)) 1
i D -1 (D—2)! i
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Remark 15. From the previous formulas, for D =1,

1 i B ) .
(IE (55"’)2) : < pj{ j:(z(;;fxz) +pi |[K (24 Ca(Po) (14 PF)) +1] KH P, 5,
b = - Aiii;igxo) +pi [ (24 Cr(Po) (14 PF)) +1] K [P,
1 3 4
= pK;):EE(}D;sz) +pi[K (24 C1(Po) (14 P)) +1] K2 P,

S ol

g

and, for D = 2,
K32 /11 452 (E* + BZ->
2P (X0 Xo)

+p? {4}{ (2 +Cs (Po) (1 + P%)) + 1} K#|F|,,,

<

RS
=
/N
(=%
——~
S
=
N—
N
~_
[N

[N

2K (2’ + Bi>

el

P Amin (5X5Xo)
+ pi [4K2 <2+Cz (Po) (1 +P%>) + 1} K|Fly,,

b K2 pP\/1+ 4p2B;

p7 ) Amin (5X5X0)
+ 2 [4K (24 G (Po) (14 PH) ) 1] K3 [Py,
K2 p3\/1+4p7 (El% +Bi)

P Amin (5X6Xo0)

+ 07 [AK (24 G5 (o) (1+ PF) ) +1] KH |,

1
2
i

ag

Slightly better formulas for D € {1,2} can be obtained using Corollary 3.

The next two results give deterministic convergence rates for the INM and SAS algorithms.

Theorem 11. For the Inexact Newton Method, under Opt, Fun-D, Hess and AUB, suppose that, for any

1> 0, there exist C1 >0, Cy > 0, ﬁ >A>0,p>0 and a >0, such that
2,1

oo
N M L

589 4 680 (1 + ) A< (m - 32A) A,
m 2

pi<Ci(i+1)""
ay < Cy (Z + ].)70‘

<A,
2
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where M = min{Hﬁ1 (6%)

2,\/E|F|1’1}, We have

Ha(n+1) _ o

-0 (n—<a—Dp>A<Dp>) _
2

Theorem 12. For the Stochastic Approximation Scheme, suppose that Assumptions Opt, Fun-D and AUB
hold and KA|F|y; < Amin (F (0*)). Moreover, for any i > 0, there are constants A >0, 1>~v>0,& > 1,
p>0,a>0,C; >0,Cy>0,C3>0 and Cy >0, such that

He(o) _ 0"

<A,
2
’Yi—&-l)\min (F (0*)> < 17

Vi1 — (& (’L + 1)_7‘ < Oy (’L + 1)_f .

Pi S C'3 (Z + 1)—/)7
any < Cy (i+ 1)—(17
50 < ()\min (F (9*)) ~ KA |F|271) A.

Then,
o o

-0 (n—m—Dp)A(Dp)) .
2

Remark 16. Theorems 11 and 12 can be used to study the convergence of a Gaussian quadrature (e.g., Monte

Carlo integration), which is known to converge exponentially fast (see, e.g., Trefethen, 2008).
The following results provide upper bounds on the escape probabilities of INM and SAS algorithms, and

a convergence rate for the SAS algorithm.

Theorem 13. Suppose that p; | 0 and B? = O (3;). Then, the escape probability can be characterized as

follows:

e For the Inexact Newton Method, under Opt, Fun-D and Hess, provided HH(O) - 0"
for 0 <e <1, we have

2(1—e)m
<
2 A < 3K|F|2,1

(i) _ p* < ~2Dy\ | 2D-2
P{gr?gavﬁl"e o 2>A} _C;(pl it o)

where the constant C depends upon A, €, m, M, Amin (5X(X0), K, P, D, po, Cp (Po), |Fly, and
1Flp,1-

e For the Stochastic Approrimation Scheme, under Opt and Fun-D, provided v;11 < )\;iln (F (9*)) for

min (F(68%))

. 2\
any i and A < RIF] , we have
2,1

n
> A} <CY (p?PSi+ ")
2

IP’{ max He(i)—O*
i=0

1<i<n+1

where the constant C depends upon A, Amin (F (0*)), Amin (%X{)XO), K, P, D, po, Cp (Po), |F|2’1
and |F|p ;.
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Table 1: Escape probabilities for INM with D = 2 and SAS with D =1 and D = 2.

Conditions for Conditions for
Method Rate Fastest rate
convergence fastest rate
INM with D=2 37 i~ (=48C0) L cpcvzl som =5 =57 =2 v="6p
SASwith D=1 S (i~ =20/20) L cpcvodl som =g =57 =2 v=4dp
SASwith D=2 S0 i~ W=4Ale) L cpcrzl S0 it =3 A v=28p

Remark 17. Suppose that N; < ¥, p; < i~ ° and ¥; < Nfl. Then, we get the results in Table 1: “Rate”
denotes the general rate, “Conditions for convergence” denotes the conditions under which the escape prob-
ability does not diverge, “Fastest rate” is the fastest possible rate, obtained balancing the two terms, and

“Conditions for fastest rate” denotes the conditions under which the fastest rate is achieved.

Theorem 14. For the Stochastzc Approximation Scheme, under Opt, Fun-D, MaV2, Hess, suppose that

N; <", p;<i P, Bi< N, H and ¥y < N, L If A —HO(O -0 7 Suppose that

A+ ALK |F|§1 + Yit1 (1 + Y1 VE |F|171) b; > 27vii1Am,

Y= i+ )7 e +1)7F,

fori >0, with1 <&. Ifv>2Dp, v+ 4 > 1+ Dp, and v+ Dp > 1,

0r (n--2E)) 1550

Op(n i Tp/\%)>7 7:1,2mcl>(%—Dp)/\(Dp),
HO("H) - 0" , =\ 0e (nfmcl In? n) v =1,2me; = (¥ — Dp) A (Dp),

Op (n=me1) | v =1,2me; < (¥ — Dp) A (Dp),

Op (1), v > 1.

Remark 18. For 0 < v < 1, the role of p in the convergence rate is ambiguous. Note that this is far from
unexpected, as neighborhoods P; (O(i)) that shrink too rapidly or not rapidly enough may both lead to
problems of convergence. Let us take, for simplicity, the case D = 1. We first note that the results only
hold for 1 — v < p < ¥ +~ — 1. The exponent of n~* in Op (n_(%_g)Ag) is (¥ — &) A L. It is increasing
in v, thus suggesting that convergence is faster when N; increases more steeply, but its behavior in p is not
monotonic. It is increasing in p for p < 7 and decreasing for p > %. This implies that both small and large

values of p may lead to slower convergence rates.

4.4 Computation of the Hessian matrix at the optimal point

The algorithm of Section 4.2 can be used to calculate an estimate of the Hessian at the optimal point 6*.

This may be useful both for INM and, especially, for SAS. The result is a simple consequence of Theorem 9.

Theorem 15. Under Opt and Fun-D, for D > 2,

Hzi*(o*) — (0%

.

30



P S a1 s

< 0 %@XB”EHQ
)\min (%XéxO) €oror
(2+CD(P0) (1+P%))D2(D—1)K2 )
+ pP- + KP22|F|p,
(D—2) (D—3) ,

where it is intended that (—1)! = 1.

Remark 19. If there is no error in the computation of the objective function, e = 0 and

|Fo)—F )

(2+Cp (Po) (14 PF) ) D2 (D - 1) K2 )
T3

< prl

KP2\F|, .

If D =2, then )
HF(@*) — (0%

B gp[4K2 (2—!—02 (Po) (1+P%)> "‘1] |F|2,1'

5 Computational Aspects
Now we turn to the computational aspects of the algorithm.

5.1 Computation of the Design Matrix

We recall the definitions we introduced in Section 4.2. P; (O(i)) ={64,...,0p} is a set of P points in a

be the radius of the smallest closed ball centered

neighborhood of 8. Let p := maXg, cp, (9(») Hej -
in 8 and containing P; (0(i)>. Each point 8; € P; <G(i)> corresponds to a vector xp (6;).

Example 2. As an example, if K =1and D =2, 6; = 6; and x5 (0;) = (1,9j,9j2-)/.

We consider estimation of the regression
F(0;) =B'xp (6;) +¢;

where xp (0;) is the vector based on 6.

First of all, we remark that the result of the regression is invariant with respect to translations, i.e. the
predictor does not change if we estimate the regression in which the data are first centered in 6", We adopt
the transformation 8; — 6; — O(i), we build xp (Oj — O(i)) on the basis of 8; — 0 and we estimate the

regression as

F(8;) = Bxp (6, -07) +2;.

The two regressions are observationally equivalent, provided the set of polynomials that are used is downward
closed (see Migliorati, 2015), a condition that is always verified in our examples. For this reason, in the
following we will always suppose that the points have been recentered in 0™ and we will write, with a slight
abuse of notation, xp (8;) for xp (0]- — G(i)>. This has another advantage, as it makes easier to compute

the derivatives.
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Example 3. If K =1 and D =2, xp (0]- - 0<i)> = (1,9j A (0; — g(i))z)/~

A second problem is the fact that the design matrix tends to a singular matrix. The design matrix X is

obtained by stacking the generic vectors xp (0;) for j =1,..., P, ie.

xp (0p)

The point 0" is associated to a vector xp (B(i)> = ey, but also the other points in P; (O(i)) are associated
to vectors that converge towards e;. We must find a way to make the distance between the vectors xp (6,)
and xp (6y), for 1 < j # k < P, more salient. As above, we suppose that P; (0(i)> is a dilated copy of the

pointset Py <0(i)) :={00,1,...,00 p} with py := max; HHOJ 10

P: (67) = {9“) + p—’; (60— 67) 60, € Po (0“))} = {;904 £ 00, € Py (9“))}

where the latter equality comes from the fact that we suppose that 0% = 0. Let us define h = p%' This

. Therefore,
2

means that xp (6;) for 8; € P; (B(i)) can be written as
XD (OJ) = Xp (hHO,j) =Xp (004‘) ©h

where h is the vector containing the powers of h according to the following rule: the k-th element of h has

the same power of the k-th element of xp (69 ;).

Example 4. f K =1and D=2 h= (1, h7h2)/. Therefore:

_ N2) , N2)
xp (8;) = (1,9j — 0, (9; - 0 ) - <l,h (0.5 = 89) .12 (60,5 — 6) ) — xp (80;) ©h.
If we define the design matrix X by stacking the generic vectors xp (8 ;) for j =1,..., P, we have

Xb (00,1) ® h/
X/D (00’2) oh'

X = Xodg (h) = Xo © (enh’) =
xp (6o,p) © 1’

The OLS estimator is 3 = (X’X)_1 X'y. Therefore,

B=(X'X)" Xy
= (dg (h) X{Xodg (h)) " dg (h) Xy
= dg (h) (X{Xo) " dg (h) dg (h) Xy
= dg (h) (X{Xo) ' Xpy
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where h is the elementwise reciprocal of h.

It is worth noting that:

e if the points are kept in the same relative position with respect to 0 when i changes, the design
matrix Xg, as well as the term (XgXo)f1 X}, can be computed once and for all and stored for future

uses;

e the OLS estimator can be computed by multiplying the diagonal matrix dg (h), the pre-computed
(X4Xo) ' X}, and the vector y of the function evaluated in the points P; (0(i)) ={6y,...,0p}.

5.2 Computation of the Hessian Matrix

We stated in Section 3.2 that we can estimate the Hessian through the quantity F (0). This is true only if
the matrix is positive (semi)definite. If this is not the case, the solution is to compute a positive definite (or
semidefinite) matrix that is near to F (0). We start remarking that it is not possible to compute the nearest
positive definite (pd) matrix as the set of pd matrices is not closed (we will be back to this later). Therefore,
we will compute the nearest positive semidefinite (psd) matrix. This clearly depends on the concept of
“distance” between two matrices. When the distance is computed through the Frobenius norm, there is a
unique nearest positive semidefinite matrix, for which an algorithm has been given in Higham (1988). When
the distance is given by the spectral norm, there are several nearest matrices; an algorithm for computing
one of them has been provided in Halmos (1972) and discussed in Higham (1988). The following proposition

summarizes the relevant results taken from Halmos (1972) and Higham (1988).

Proposition 1. Let UAU’, with U'U =1 and diagonal A = diag (A1, A2, ... ), be the spectral decomposition
ofﬁ‘ (0). Then the nearest psd matriz in the Frobenius norm is defined by UA L U’, where Ay is the diagonal

matriz in which negative elements of A are replaced by 0. The Frobenius distance between the two matrices

[T
F j:Aj<O

The matrix UAL U’ is also a nearest psd matriz in the spectral norm (despite not the only one) and it has

= max {0, —min)\j} .
2 J

Remark 20. (i) The two distances appearing in the statement of the proposition can be used to check for

18:
HF (6) — UAL U’

distance:

Hﬁ(e) _UA,LU

the adequacy of the matrix F (8) as an approximation of the Hessian. If this distance is too large it may be
a good idea to increase the number of simulations or move the points.
(ii) In case the matrix UA U’ is psd, its inverse has to be replaced by the Moore-Penrose inverse that is
given by (UA,U")" = UALU'.

If a pd matrix is required, a solution is to regularize the matrix UAU’. In this case, one may replace
A with A; + AI for a small A > 0:

F(0) = UALU + X =U (A, + A U

In this case the final Hessian matrix is a linear combination of (a modification of) the Hessian matrix from
the algorithm outlined in Section 3.2 and a diagonal matrix. The limiting case in which only the diagonal

part is retained corresponds to the Stochastic Approximation Scheme case covered in Section 4.1.2.
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5.3 Computational Complexity

It seems very difficult to compare on the same ground our method and the classical optimization algorithms
based on numerical differentiation. Indeed, our algorithm is designed for noisy cases where the performances
of the latter are expected to be bad.

However, we can still compute the number of function evaluations required by the two methods. The
Newton—Raphson algorithm requires the computation of K first derivatives, K second non-mixed derivatives
and K (K — 1) /2 second mixed derivatives. Let us first consider the case of centered-difference approxima-
tions (see Eberly, 2020) and compute the number of evaluations necessary for numerical differentiation of
order Q). For the first derivatives, we use 2Q) evaluations, 4Q? for the second mixed derivatives and 2Q + 1

for the second non-mixed derivatives. The final value is
K +4KQ +2K (K —1) Q2.
Using the simplest possible value, i.e. @ = 1, the number of evaluations is:
1+2K +2K>.

The number of evaluations can be reduced by exploiting different numerical differentiation formulas and
using the fact that some functions appear more than once in the formulas for the first two derivatives (see
Monahan, 2011, pp. 200-203). In this way, the leading term can be reduced to K? or even KTQ On the other
hand, our method requires P evaluations. The polynomial of degree D in K variables is obtained as the
(I;Téj!)! monomials, therefore P > (I;ng)!- If we only use D =2, P > w Therefore, our
method competes favorably with the classical method as far as the number of evaluations is concerned.

sum of

As to the accuracy, we can see what happens when our method is applied to non-noisy data by taking
ay = 0 in Assumption AUB. In this case, Theorem 9 yields (5@ =0 (pD) and 5§i) =0 (pD_l). On the
other hand, classical numerical differentiation yields 69) =0 (£?) and 5;0 =0 (e2¢71).

As to the computational complexity of our method, we consider the case D = 2 and we adopt the

real-number model of computation. We can reason as follows:!

—_

. populating the matrix X requires O (PK 2) evaluations;

2. computing XX, requires O (PK 4) operations;

3. the inversion of XX requires O (K 6) operations;

4. multiplying (X6X0)71 and X{, requires O (PK4) operations;

5. populating y requires O (P£) operations, where ¢ is the computational complexity of each function

evaluation;
6. the multiplication of (X{,Xo) " X}, y and dg (h) requires O (PK?) operations;

7. populating the putative Hessian matrix QD;F(’/ﬁ?,, computing its eigendecomposition and inverting the
Hessian matrix F (0(i)) requires O (K 3) operations;

1For multiplication and inversion of matrices we adopt the computational complexity of the classical algorithms; see Seri
(2022, p. 6) for more details.
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X . . . i . -1 - .
8. the other steps, like computing F (0(l)> and updating 601 = () — [F (0(1))} F (0(1)), require

fewer operations than the others.

Steps 1-4 can be performed just once. The other steps have to be repeated for I iterations. Taking into

account that P > (1(4-2)2&7 the final computational complexity is

O(P[K*+1(¢+K?)]).

6 Applications

In this section we provide an application of our techniques in order to verify the finite-sample properties of
GINM. In particular, we estimate the mean p of a Gaussian random variable when stochastic equincontinuity

is violated. The optimization procedure follows the algorithm described in Section 3.2.

6.1 Monte Carlo Experiment

The first example concerns the estimation of the mean p of a Gaussian random variable with known variance.
Although this is a trivial case, it allows to investigate in detail the properties of our algorithm. In the next

lines, we describe the Monte Carlo experiment:

1. we simulate a sample of N independent random variables distributed as A (0,1), and we compute its

empirical mean (i.e. the pseudo-true value 6%);
2. we select P points in a neighborhood of @ = p and, for each point:
(a) we simulate a sample of N independent random variables of the following data generating process
z(0) = u+ oe, where e ~ N (0,1) and o = 1;
(b) we compute the empirical mean of z(6) and the objective function F(8;) via the Method of

Simulated Moments;

(c
(d

we build the regression design matrix and we compute the scaling vector p;
we compute the OLS estimator ﬁ as explained in Section 5;

e

f

we calculate F (), using 3 as predictor, the first derivative F (0) and the Hessian F (0);

)
)
(e)
(f) we substitute F' (8) and F (8) in the optimization routine and we compute 7i;
3. we repeat steps 2a-2g n times for fixed n.
For our purposes, we vary the sample size of the benchmark data S, the sample size of the simulated data
Nj;, the mesh of the grid p;, the learning rate 7; used in the stochastic approximation scheme and the number
of iterations n, and we fix the other quantities. The values taken by these quantities are the following: S =
{10,100, 1000, 10000}, N; = 104" for v = {1/4,3/8,1/2,5/8,3/a}, p; = i~P with p = {0.1,0.5,0.9}, 7, =i~ 7 for
v={0.4,...,1.5} taken on an equispaced grid of cardinality card = 23, and n = {10, 20, 40, 80, 160, 320, 640}.
To test the validity of our procedure, we use as starting value 00 = 50, which is very far from the true
value. We replicate the experiment R = 50000 times, and we compute the sample mean squared error (MSE)
of the estimator of u across Monte Carlo runs.
The results of the Monte Carlo experiment for different combinations of v, p, v, n and S, are depicted in

Figure 6.1, Figure 6.2, Figure 6.3 and Figure 6.4.
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Figure 6.1: Behavior of the MSE of the estimator of u for S = 10, N; = 10 x it (solid line), N; = 10 x i8 (dashed line),
N; =10 x i (dotted line), N; = 10 x is (dot-dashed line), N; = 10 x id (long-dashed line), and different combinations of

pi =1i7P, v; =i~ 7 and n, with respect to its Cramér—Rao Lower Bound (grey horizontal line).
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Figure 6.2: Behavior of the MSE of the estimator of z for S = 100, N; = 10 x i1 (solid line), N; = 10 x is (dashed line),
N; =10 x i (dotted line), N; = 10 x is (dot-dashed line), N; = 10 x id (long-dashed line), and different combinations of

pi =17 P, v; =i~ 7 and n, with respect to its Cramér—Rao Lower Bound (grey horizontal line).
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Figure 6.3: Behavior of the MSE of the estimator of u for S = 1000, N; = 10 x it (solid line), N; = 10 x is (dashed line),
N; =10 x i (dotted line), N; = 10 x is (dot-dashed line), N; = 10 x id (long-dashed line), and different combinations of

pi =17 P, v; =i~ 7 and n, with respect to its Cramér—Rao Lower Bound (grey horizontal line).
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Figure 6.4: Behavior of the MSE of the estimator of u for S = 10000, N; = 10 x i (solid line), N; = 10 X i3 (dashed line),
N; =10 x it (dotted line), N; = 10 x is (dot-dashed line), N; = 10 x ia (long-dashed line), and different combinations of

pi =17 P, v; =i~ 7 and n, with respect to its Cramér—Rao Lower Bound (grey horizontal line).
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We can state some considerations based on the outcomes of the simulation study. The first comment
concerns the impact of the number of steps n of the algorithm on the MSE; the second regards the role of
N; and p;; the third concerns the behavior of the learning parameter ~.

First of all, let us consider the role of the number of steps n of the algorithm. In most cases, the MSE
approaches the Cramér—Rao Lower Bound (CRLB) as n — oco. Theorem 14 predicts that convergence is
not guaranteed for v > 1, v <1 — (% — p) V p, and for v > 2p. The figures are coherent with this fact:
convergence seems to fail for large p especially for small v, when the second condition boils down to v < 1—p
and is verified. For small S, a fairly low number of iterations n can be sufficient to reach a value of the MSE
near the CRLB. However, this is partly an artifact of the logarithmic ordinate axis.

Second, the dependence of the MSE on N; is monotonic. Indeed, when N; grows faster or, equivalently,
v is larger, the MSE approaches monotonically from above the CRLB. This is at odds with the dependence
of the MSE on p; and on the number of steps n of the algorithm. Indeed, for p; = i~ %! and p; = i795, the
MSE is monotonically decreasing in n. However, this behavior breaks down for p; = i=%: (i) for larger v,
the MSE decreases as n increases; (ii) for smaller v, an increasing n may lead to a higher MSE, especially
for small values of . Otherwise stated, for small n, say n < 80, the optimization routine acts as in the case
of pi = p~ %1 and p; = p~ 93, while, for n > 80, the effect of NN; is predominant, as the optimization scheme
seems to reach the CRLB only when N; grows fast enough. This is in line with the results in Table 1 and in
Theorem 14: first, from Table 1 the escape probability for SAS with D = 1 diverges when p is large and v is

=09y and N; diverges slowly (as in N; = 10 x i3 ); second,

small, i.e. when p; decreases slowly (as in p; =4
the convergence rate in Theorem 14 is Op (117(%7%)/\%)7 it worsens when p is large and v is small and no
convergence is guaranteed when v > 2p. In this case, a larger n has a negative effect on the convergence
rate.

Third, for v = 1, Theorem 14 predicts a discontinuity in the behavior of the MSE, as for v > 1 the
algorithm is not guaranteed to converge. However, the simulation experiment tells a more nuanced story.
The discontinuity seems to depend on n. In particular, as n increases the algorithm converges also for values
of v larger than 1.

Given all the above, we can claim that the Monte Carlo experiment seems to confirm the theoretical

results.

7 Conclusions

In this paper, we provide some new, general results of interest for both the econometric and the machine
learning literature.

In the first part of the paper, we study some conditions under which the sequence of values produced by
an optimization algorithm, {H(i)}, converges to the optimum of the function, 8*. These assumptions do not
depend on the specific choice of the approximated gradient and Hessian and are of general interest as they
expand some results in the optimization and machine learning literature. The main results of this part of
the paper concern the analysis of the algorithms as a function of the number of steps: (i) rigorous results on
the convergence rates of INM and SAS; (ii) upper bounds on the escape probabilities of INM and SAS; (iii)
upper bounds on the probability that SAS don’t visit a region where the score is near to zero.

Subsequently, we propose a special version of the inexact Newton method (see Dembo et al., 1982), i.e.
GINM, which has been thought to estimate complex and intractable objective functions (e.g., discontinuous,

non-differentiable, non-convex criterion function), even when the (stochastic) equicontinuity hypothesis is
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violated. We start by selecting P points P; (H(i)> ={01,...,0p} in a neighborhood of H(i), we compute the

values F (8) for 8 € P; (H(i)), and we estimate through a regression a locally approximating function F )

based on these points. We distinguish two cases: (i) when dealing with SAS, we estimate F (-) using a linear
regression; (ii) when dealing with INM, we exploit a quadratic regression for the estimation of F (). Once
F (8) has been estimated, we calculate its first and second derivatives (i.e. only the the first derivative for
SAS and both the first and second derivative for INM) and we substitute them in the optimization routine
to find 6*.

After discussing the general construction of the optimization algorithms, we show their asymptotic prop-
erties by providing some upper bounds on the approximation error of F (-), P (+) and F (-). Moreover,
since most optimization methods rely on the construction of a series of values 6 that should approach

These bounds can be applied also in the study

0*, we provide some rigorous bounds for HG(HI) — 0"
of the impact of numerical differentiation in optimizatioi algorithms. Combining the latter results and the
bounds on the (approximated) objective function and its derivatives, we prove several convergence results.
We stress that, provided some quantities characterizing the algorithm are chosen judiciously, the limit of
the sequence {G(i)} is the minimum of F'(-) and is independent of F (+), at odds with what happens with
classical simulation-based estimation algorithms. The computational aspects of the GINM are also treated.
The GINM is finally used in an extensive MC experiment. The outcomes of the MC experiment confirm the

theoretical results.
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8 Proofs

In this section we use the definition 5 := F (0(i)) —F (0(i)).

8.1 Preliminary Lemmas

We will need some preliminary lemmas. The first concerns some properties of the derivatives of F', the second
provides a bound on the size of the vector r(¥) := F' (B(i)) —F (B(i)) {F (B(i))} o F (O(i)), the third yields
a solution to the recursive inequality x,11 < a, + b,z,, the fourth, fifth and sixth provide bounds for
generalized harmonic numbers and related sequences, the seventh majorizes a sum with an integral, the
eighth gives an asymptotic expression for a series, the ninth characterizes the behavior of Ay (X'X) when
the points in P; (H(i)) shrink towards G(i), and the last provides upper bounds on the norm of vectors of

monomials.

Lemma 2. Under Lip-1, we have

. L
|F(61) ~ F (62) — (62— 62) ' (61)| < 51 |61 — 6213,

|2©), < Lilo-0",.

Under Lip-2, the following inequalities hold:

IN

|80~ 7 (82~ £ 02 601~ 0], < 22 6, 012,

IN

|20, 2\|¢9—¢9*H2+%He—é’*lli,

Ain (£0)) = Ain (£ (69))| < L2110 - 0"

o)

and

(02— 61)' F(61) (02 — 61)

F(62) — F(61) — (62— 01) F (01) — 5

L
< 1162 =613

Proof. We start from the first inequality. First of all, we define g (¢) := F (81 +t (02 — 61)) for t € [0, 1].
Then, from the differentiability of F', we have

g () =g(0)+¢ (0)+ / (¢ (1) — ¢/ (0))dt

or

F(02) = F(6,) + (82 — 0,) F (0,) + /1 (82— 1) (F(61+1(0:—61)) — F(61)) at.

From Lip-1, this can be written as
[F(82) ~ F(81) — (62 61)' F (61)

1
<62 — 01||2/0 | £ 01+ (6.~ 00) — F (00| at
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1
L
< L6263 | tat = 5 162~ 0u]3.
0

The second one is trivially true from Lip-1.

In what follows, we suppose that Lip-2 holds true.

The third inequality can be proved along the lines of the first one, defining g (t) :== X' F (61 +t (65 — 61))
for t € [0,1] and A € R¥\ {0}.

For the fourth inequality, we write
F0)=F(07)(0-07)+{F©0)~F(0)~F(67)(0-0},

o], < o =

N0 =61l + £ (@)~ F (6"~ F (6" (0 -0

Using the third inequality, we get the final result.
For the fifth inequality, a consequence of Courant—Fischer theorem is that, for Hermitian A and B,
[Amin (A) — Amin (B)| < ||A — B||5. Therefore,

Anin (£(6%)) = Ain (£(0))| < || (0) — £ (6")

.
Combining this with Lip-2, we get the result.
At last, as above, we define g (¢) := F (01 +t(02 —01)) for t € [0,1]. Then, the first-order Taylor

expansion with integral remainder yields

g<t>:g<0>+g’<o>t+/0 g () (t - 5) ds

:9(0)+9(0)t+/0g (t — u) udu,
" 1
g0 =90)+5 O+ T+ [l (1) - g (O udu

From this and Lip-2, one gets

0, —0,) F(6,) (02— 6,)

F(Oz)*F(01)7(92*91)'F(91)*( 2

1
<6, - elng/o |01+ (1 - w) (0~ 1)) — (6w
s 1 L, 3
< Ly |02 = 0ull; [ (1—u)udu= =102 — 64
0

QED

Lemma 3. Under Lip-1, if Apin (F (0(i)>) > 55), we have

o A (£ (69)) + 6511 He“’ _ 9

27 Auin (B (69) ) = 88"

2

N

Hr@)
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and

o 0 2 (o] oo )
2~ AMH@(mﬂ)_g@

Under Lip-2, if Amin (F (0*)) > K |F|y, H@m - 0*H2 +65), we have

pn (01) 00|

e (0 - oo

ot

ol <o
2

2

+ 85 ) , ,
N (P(6°)) = L2 |00 — 0% o

and

i (0) o]
N T A O

. 2
o o0 o, oo

+yﬁp() .
SRR

Proof. We write

[0, = 7 (007) = 7 (o) [7 (0)] " (0,
<o+ | (00) ~ (o) [F (o)) F( ),
<o HIK—F(“’)[( N IE ),

+5“H ()] (9()“2

(“’)H

< 5 + — 2 (8.2)
huin [F (6]
= A\ 71 : \1—1 = )
where we have used the fact that [F (0(2))] ) = Amax <[F (0(1))] > = )\;ﬁln {F (0(2))].
First, we majorize F (H(i)) H2 in (8.2) as
I T T N A I

Therefore, from the second and fourth inequalities of Lemma 2, we have

F(09)] <6 +1,]6® -0
2 1 2
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or
5 () ‘ < 5@ H x EH @ _ oxl?
HF(G )]2_51 + || # (6% + =26 —e]| -

oo
2

2
Second, we deal with Apin {F (G(i))] in (8.2). From Weyl’s inequality Amin (A +B) < Anin (A) +
Amax (B) for Hermitian A and B, taking A = 15 (G(i)) and B = F (H(i)) — F (B(i)), we get

Ain (F(09)) 2 A (F(69)) = Aae (£ (67) = F (6))
> Aain (£ (09)) = | £ (09) = 7 (69) || = Ain (£ (6°) ) — o5

Replacing these formulas into (8.2), we get the first bounds in the forms
o) (o) + L1 |0 — o
Auin (B (09) ) = 88"
55 <5§“ + HF (6*) ‘ +L
2 2

Amin (F (9“))) — 58

However, in the following we remove the dependence on 0% from Amin (F (H(i))> in the denominator.

From A, (F (O(i)>) > Amin (F (O(i)>) — 5&“, using the fifth inequality of Lemma 2:

)

Hrm

<"
2 ! +

and
6" — 6

’0(“ — o

)

()

<o+
2

This may be sufficient for most applications.

Amin (F (0“‘))) > Amin (F (0*)) — L, Heﬁ') — o

— a5,
, %2
At last we get the formula of the statement. QED

Lemma 4. Let the sequence {xy},~, be such that
xn—‘—l S An + bnxna n 2 07

for two sequences {an},~q and {by},~,- Then
n n n
Tpy1 < Zaj H br + xo H b, (8.4)
=0 k=j+1 k=0
where, by convention, empty products are equal to 1.

Remark 21. Recurrences of the form z,,41 = a, + b,x, have been considered, with some modifications, by
Vervaat (1979); Bougerol and Picard (1992); Rachev and Samorodnitsky (1995); Babillot et al. (1997) among

many others.

Proof. We prove the recurrence by induction. First of all, for n = 0, we have

1 S ag + bol’o.
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Moreover, if (8.4) holds for n = h — 1, it also holds for n = h. Indeed,

Th1 < ap + bpap

h—1

h—1 h—1
<ap+by Zaj H bk+x0ku
3=0 k=0

k=j+1
h h h
=0, ] tereo 0
J=0  k=j+1 k=0

This proves the claim. QED

Lemma 5. For —1 < a and o # 1,

o

8

- 1 1
n-lo < Z E7 = (a) — nlT - 2T <.

Fora=1,

3

9

S|

0< Zk‘_l —0) —Inn <
k=1

where 7y denotes the Euler—Mascheroni constant.

Remark 22. The proof of the first inequality is inspired by that in robjohn (https://math.stackexchange.com/users/13854 /rob,
Proof. We first note (see, e.g., Seri, 2015, Eq. (1)) that

1
1 -«

nl—a + %n—a + 10 (n—l—oz) )

Zk“’ =((a)+

k=1

n

Through integration by parts of a Riemann—Stieltjes integral,

+

éka = /1n x~%d |z

+

_ /f x—adx—/f z*d ({x} - ;)

1 1

= (n'= —1) + %n_a + % - oz/ln =t ({x} - 2) dz. (8.5)

l1—«

We equate the two expressions and take the limit for n — oo:

Cla) = —— +;—a/loox1a (u}-i) da.

l1—«

Using this formula in (8.5), we get
n

d k= 1 (7> —1) +

k=1
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The last integral can be written as a telescoping series of integrals:

/:O 1 ({x} - ;) Az = ]i/:ﬂ —— <{x} - ;) Az
We note that

’/:H e ({x} - ;) da
/:H (x_l_a (k+1)"17% 4 1 a) <{x}_ >
/k+1

11—«
< max |z717%— (k+ )77 + k- {z} — ‘
z€[k,k+1]
ke —(k+1)
N 8
from which
> 1 kTl — (kB4 1) n-l-e
—1—«a _ < —
[ (g) el s o= ;

This implies that

1 n
—
k=1

However, we can improve the bound in one direction. Indeed,

/:H pie ({x} _ ;) do
- /01 (x+ k) (x— ) dz
_ /O; (+1-2)7 7~ (@ + k)‘l‘“} @ - x) dz.

Now, for € [0,3], z+k < k+1— = and (z + k)™ > (k+1—x)"'"® Therefore, the integral is

_”_;_a g/:o ({x}—) dz < 0.

From this, the first result follows. The inequalities for & = 1 are mentioned, e.g., in Jameson (2015, p. 75),

negative. At last,

where even more accurate bounds are proposed. QED
Lemma 6. Let i1 — 1 (i + 1)‘7‘ Sep(it1) S for &>y >0 Ify#£1and € £ 1,

C1 _ C1._ 17y . C2 _ Co . _
it 4 v 1=y 1-€_ Z=2,-¢

(1¢ (M) = 2l () 4 g7 7 b i = ST = i
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& C C
it 711'—’7 + 2 i€ T ﬁi—f_

1—~ 2 1-¢ 2
Ifvy=1,

(c17(0) — €2€ (€)) + c1lni — 16%51'1*5 — %iiﬁ
i—1

e g G
< 1 < (v + e2C (€)) + er ni + ¢y 1+—1_2§zl 5+52z .
k=0

Proof. From

Yie1 —c1 (i + 1)_V‘ < ¢y (i+1)7¢, we have
ak+1) "=+ ) <y <atk+ 1) +e(k+1)7°,

i—1 i—1 i—1 i—1 izl
ad k+D)7 = k+ D)<Y e <ad k+1) T+ (k+1)7°,
k=0 k=0 k=0 k=0 k=0
7 7 i—1 7 7
c1 Zk_7 - szk_f < Z'YkJrl <a Zkﬂ +022k_£-
k=1 k=1 k=0 k=1 k=1

Through Lemma 5, the final results follow. QED

Lemma 7. Let

%+1—c1(z‘+1)’7‘gcz(z‘+1)’§ for £ >y >0. If y#1and £ #1,

}:me§2@q9+1fd[@+Dkw_g+4yﬂ}+%{@+1rv_g+1yq
k=j+1
+1f€[u+n“f+u+4f*}+%{u+1ﬁﬁ+u+nﬁ}+%§g+ly“v
and
E:WMJZ—mme+1?7[@+Ukw_g+iyﬂl+%{@+1y7_g+1yq
k=j+1
el (AR R Vi e G VRO Vi S (R D
If v=1,
k%;nw4gzqggywnm(;ii>+l?g[u+1yf+4j+1yf}
+ 2 [+ D+ G+ )] e+
and

: i+ 1 e e
3 A1 = —26¢ (€) + e ln () S (VR ACE S i
k=j+1 J+l 1-¢
C2

75{u+1yg+u+1YﬂAnMj+U*F
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Proof. The proof is trivial from 22:13 Vi1 = 22;10 Vi1 — ch;é k11 and Lemma 6. QED

Lemma 8. Let f: R — R and g : R — R be respectively a decreasing and an increasing function. Then,

' / fx)g(z+1)de

Proof. The proof is trivial from

b

/ f@)glx+1) dx—Z/ f@)glx+1) dx>Zf
a—1 [

QED

Lemma 9. Define
i J
G+ exp ki G+ D7+ ki G+ 1)
§=0 j=2

where k1 >0, 1> B; >0, B; < By forj=2

S =

.,J. Then, as i — oo,

G+ 1) 4 P exp (Zle kj (i + 1)37‘)
S ~ .
k1B
Proof. We apply Euler—-Maclaurin formula to S to get

S~ [ (z+ 1)7A exp Z kj (x + )% % dz
0 =
J
+ =< exp Z ki | +(@+1) "exp Z k; (i + 1)% (8.6)
Jj=1 j=1
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We start from the first integral in (8.7) that, through the substitution ¢t = 2 (1 — z), becomes

1 J
_A . B
Lz exp E kizPi (i +1)77 3 dz

2 Jj=1

1! AN J £\ P B
= (1-2 (1-L) e
2/0 ( 2) exp ._1/@]( 2) (t+1) dt

J

exp (Z'].IZQ ki (i+ 1)Bj) /01 ( t)A

1— =
2 2

n By J t Bj

=2

(i+1)% % dt.

Now we apply Theorem 2.1 in Olver (1997, p. 326), stated for an integral fok e~ wPW+r(@0 g (,¢) dt. In the
notation of Olver, z = (i + 1)”*. As to condition (i) in his theorem, we have

B
t ! k1Bt
p(t)=—k:1<1—2> =k + 121 +0(?),

k1B £\t k1B
/
Pt 2 ( 2) 2 ®)

from which it is clear that p (0) = —ki, P = ¥.8 ;y = 1 and py = 2. Now, we pass to condition (ii). Then,

r(x,t) ZXJ:/@' [(1—;>Bj —1] 56%7

t BJ' Bj
[r (z,t)| < |5 (1—2) —1|zB
=2
J A\ B
< k; 1—2) —1|z™5
< | max | (1 3)

We need to majorize this through Rx“t”. We can take o = max; %, 0 < v <1 and R large enough. At
last, for ¢ (z,t) = (1 — %)7147 we need

|q(m,t) — Qt>‘*1| < QP

It is clear that A = 1 and @ = 1, so that |¢(z,t) — Qt* 7| = ‘1 - (1- %)_A’. This must be majorized by
Q12°t*1 ! where 3 = 0. We can take 1 < A\; < 2 and Q; large enough. Then, p(0) = —k;, P = klzi,
uzl,m:2,cu:rnaxj]Jg—i,O<1/<17)\:17Q:1,ﬁ:07 A1 < 2. The conditions v > 0, A > 0, A\; > 0,
a<l1lA /%’ B < % in the statement are verified by taking v =1 — ¢ and A\; = 2 — ¢ for suitably small €.
At last, the integral behaves like

@r

I

<A> emmr0) ek (D™

o (ng)%t B k1B4 (Z + 1)B1
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and the first term in (8.7) as
(i+ D) Prexp (S by i+ 1))
k1B ’

The second integral in (8.7) can be majorized as

1 J
2
(i + 1)17A /1 24 exp E k2P (i + )% % dz

i+l j=1
J 3
<(@+1)"" max exp ijsz (i+1)% / 2= Adz
€[5, 73] j=1 e
J 1 1-A
_ 2471 (i 41 -1
= exp Z (ka‘Bﬂ' (4 1)BJ) V ok (Z;L_ )A ,
j=1

It is clear that this is of a lower order than the previous one.
At last, from (8.6), we get the final result. QED

Lemma 10. Let X (Xg) be the matriz associated with the points in P (0o) (Po (00)). Then,
Amin (X'X) > B*P Anin (X Xo0) -

Proof. Let us fix the location of the points 8y ; — 6 for any j. Let us see what happens when we multiply
each one of these vectors by a constant h. This should represent what happens when all points in Pg (6p)
shrink towards 6y. When passing from 6y ,; — 6y to 8; — 8y = h(0y; — 6y), the generic vector xp (6o ;)
is multiplied by a vector containing powers of A from degree 0 to degree D, according to the degree of the
respective element of xp (6 ;). Calling h the vector containing the previously described powers of h, we
pass from xp (0 ;) to xp (0;) = xp (0¢,;) ©h. When building the design matrix, we have X = X © (¢enh’).
From Styan (1973, p. 221, (2.11)),

Xo © (exh’) = dg (en) Xodg (h) = Xodg (h),
from which X’'X = dg (h) X{Xodg (h). Now, from the variational property of eigenvalues,
Auin (X'X) = A (dg () X5 Xodg (1)) = Ain (dg ()% ) Ain (X6X0) = B2 Aumin (X X0)

QED

Lemma 11. Let xp (6) be the vector containing all monomials of elements of @ € REX up to degree D.
Then,
p2(D+1) -1

0)|, <
pxlixp (0)ll, <\ =77

Let D¥ denote the element-wise derivative with respect to the multi-index k. Then,

D 2
d
mas g 00 @), < 81 3 (S) pRI=S).

o1



Proof. In the proof we use the notation x? (@) for the vector containing all monomials of degree d of ele-
i
ments of 6. It is clear that x° () = 1 and x! (8) = 6. Therefore, xp () = [(XO (0))/ (%! (0))/ o (xP (0))/] .

From this,

D
Ixp 0)13 = [Ix* (0|5
d=0

It is clear that x¢ () is a subvector of the Kronecker product of d copies of 8, so that ||x* ()|, < H0®dH2 =
HGHZ Therefore, ||x° (0)“2 =1, ||x! (0)”2 =1|0|], < p and de (H)H2 < ||0||g < p%, from which

D
Ixp (B)ll3 < Y p*.

d=0

Now we turn to the derivatives. It is not difficult to see that the derivative of xp (8) with respect to one
element of 0, say 61, is composed of zeros and of the elements of xp_1 (), each one multiplied by a different
constant. The zeros do not contribute to the norm, therefore we remove them. By induction, D*xp (8) is
composed of zeros and of the elements of xp_ | (6) = xp_s (), each one with a different multiplicative
constant. Consider a multi-index ¢ and the monomial 6° = H;il ij . Then, D*@* = H;il ﬁ%rk;‘
provided ¢; > k; for any j, and Dk@* = 0 if ¢; < kj for some j. For fixed || and |k|, the largest leading
constant is obtained when ¢ and k contain only one element different from zero and the indexes of the two
elements coincide. The leading constant is then %. We can thus majorize the constants multiplying the
monomials of order |[¢| — |k| in D*xp (6) times %. Therefore, the norm of D¥xp (@) can be majorized

by the norm of

! ’ ! 1 ’ ! B kK
A  (x"(9)) 7M(x (0)) ,...,ﬁ(x[) i (0))} .

(R = T#]) (F -+ 1 [#])
As a result,
D
& 2 d! d—S 2
[P0 @< 3 e s )
d=S

2
The norm of ||x?(8)]|, can be majorized by p? as above. At last, we get \/ZdD_S ((diﬂs)!> p2(d=9) from
which the result follows. QED

8.2 Proofs of Optimization Results
8.2.1 Inexact Newton Methods

Proof of Theorem 1. We note that (3.1) can be written as in (3.2):

P (g(i)> (9(i+1) _ 9@)) _ (0@)) G

0 (00) - o) [F0)] " 07)

with
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Using the fact that F'(6*) = 0, this can be written as

6+ — g = [ (09)] B {x0+ [P (69) - F(67)] (6" - 6")
- [F (9“)) —F(6%) — (67 (0“) - 0*)} } .
Taking norms,

He(l-‘rl) o 0*

N CUIN RS

+ HF (0”)) —F(0%) - (6% (0(“ - 0*)

+ HF (69) - £ (6")

‘2} . (8.8)

oo
2

2

From the third inequality in Lemma 2 and from Lip-2, we respectively get

F(69) —F(6%) - F(6") (69 — 6" < L2900 _ g+
2

2

.

and
|7 (69) - £ (6%

<L, He(”) _ o
2 2

NN |
Replacing these inequalities into (8.8) and using the equality H (F (0(1)))

o (P (6)) -

At (F (O(i)>) and the second formula of Lemma 3, we get the final result. QED

min
Proof of Corollary 1. The first formula in the statement can be obtained rewriting the inequality in
Remark 3 (i) as

i (1)
Hg(i+1) —0*|| < ; 55&) 1+ . dg ‘ :
2 Amin (F (0(2))> >\min (F (0(1))) - 650
+85) Ly 09— 0" + 3L [CRE) :
2 2 2 2

Amin (F (0(“)) — 5

and remarking that, from the fifth inequality of Lemma 2,

Aumin (F (9*)) R Ha@ _ ¢

i (7 (09)).

The second formula can be obtained using the fact that, under Hess, Ay, (F (B(i))> > m (see Bertsekas
et al., 2003, p. 72). QED
Proof of Theorem 2. From Theorem 1 and Remark 3 (i), under Lip-2 and Hess, we can write

1 5 3L
- 59 4 200 4 22
_ 521 m 2

o — 6"

<
2 m

He(i+1) _ o He(i) _ o 2

2

: (8.9)
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where M = min{HF (67) , ,Ll}. Define
(@)
aV = i .
m— 551)

for i > 0. If H0<°> _ o

<A
2

)

_ 5 . s M L 3L
2 m—ééo) m(m—ééo)) 2(m—5§0)>

<a® +p© H0<0> -6

oo

atle® o

2

< a® L pOA.
-

it o) — 6*

, is smaller than A, we can reiterate the reasoning to get

s sV M 3L,
ol oy * )

2 m—4y m(m—52 ) 2<m—52 )

5 s M 3L,
S ——m oy " oy
m — 0 m(m—é2 ) 2<m752 )

—qW 4 p™ Hg(l) _e

oo

IN

v

o
2

2

oo

2

) .

This happens if He<1> 0| <a® +bOA <A e if a® < (1-b@)A. Provided o < (1 —b®) A for

2
any i, the reasoning leads, through Lemma 4, to

i

< Za(j) ﬁ R L A ﬁ bk
2 0 k k=0

= =j+1

He(l—l—l) o 0*

Note that the requirement a(? < (1 — b(i)) A is necessary to replace with A the occurrence of HBU) -0
in braces in (8.9). If

2
b < ¢ (1 Ve (it 1)*5> :
from Lemma 5, we can write

i

H b < ¢t lexp {Zln (1 +eo (k+ 1)5)}
k=0 k=0
i i+1
< citlexp {02 Z (k+ 1)5} =ciTlexp {02 Z kz_f}
k=1

k=0
Aexp{e (CO+ i+ +16+10)7)}, €>06£1,
it exp {02 ('y(o) +In(i+1)+ “%1)}, E=1.
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i exp {eaC (§) + 211}, €2 0,641,
ciﬂic? exp {027(0)} , E=1.

(8.10)

Let us suppose that £ # 1. In the same way, from Lemma 5,

ﬁ b*) <t exp i In (1—1—02 (k+1)‘5) < expl e i: (k+1)7¢

k=j+1 k=j+1

k=j+1
o i+1 j+1
=c| ’ exp {02 lz k¢ — Z k_él }
k=1 k=1
i— g (& . — Ca . — & . _
<} Jexp{ _25(24—1)1 5—&—52(24—1) ‘- 1_2£(j—|—1)1 ¢

1
C _ C . _1—

—2G+1) 5+i§(]+1) 1=¢l
2 8

50

From o) = )
m—2dy

<es(G+1)7(1+0(1),

%

Za(j) H bR < gt exp{ @ (i+1)" ¢+ %2 (i + 1)5}

j=0 k=j+1 1-¢

%

S G+ exp {j e | — 1% G+1)'¢ = %2 (G+1)7¢
j=0
+% G+ 1)15} .

Using Lemma 8, we can majorize the sum through an integral:

i

. — . C . _ C . — C 3 _1—
S G+ 6eXp{Jlln01l—12 G+1) 5—52(J+1) S+ ;5(j+1> ' 5}

j=0 ¢
; it1 i ' e Cf i
<Y i %exp (J*l)llnm\*ﬁ] +g

j=1

H S . C2 ¢ c2€ _1-¢ C2 2§
:Z] exp (]—1)|lncl\—ﬁ] +?] + exp —1_£+?

j=2

i+1

Through the change of variable x = (i + 1) z, we can follow the proof of Lemma 9 to get

/:H @™ exp {;z: Ine| — 1%251:175 + cégxlf} dz

) s XD {(1 + 1) lney| — 10_25 (i + 1)175 + % (i+ 1)7175}
(i+1) ST

Cl_i—l (i + 1)_5 exp {_16—25 (i + 1)1—5}

[In ¢ |

~
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and

@ i 2 G L2641
ZaJ H bk <03clexp{1_§(z+1) +2(z+1) }

k=it
. 1—¢
1_25 (i+1) } L Co n c2€
< d — 218
Pl 1™ 8

g i+ 1)_5 exp {f

[ln ¢ |

~ 7032'_5 +0 (7% %ex T (i + 1)1_5
" |Ine] ! Pl71- £ '

The other term is of a lower order. If £ =1, from Lemma 5

9

H b*) < ¢t exp Z In (1 + o (k+ 1)75) < exp{ e Z (k+1)°¢

k=j+1 k=j+1 k=j+1
o i+1 j+1
=c) T exp {02 [Z k¢ — Z ké] }
=1 k=1

(1 +1 2 Co
<
=4 <j+1> exp{iﬂ}

and, using the same method seen above,

Za(]‘) H b(k) § Cgcli (l + 1)c2 exp{ . C2 } c;j (] + 1)*64:2
j:

k=j+1 §=0
c i+1
i+1 C2 2 —J:—d—c
1) en {20 DS
j=1
. it1
<t (i +1)% exp {14—21} ;;j‘5‘czexp{j|lnc1|}+c;1
it1
< ezt (i 4 1) exp{ n } {/ z7 0 2 exp{(z+1)|In¢|}dz + cl_l}
i 1

1
=c3ch (i +1)° exp{ e }

1
: {(H— 1)1“5‘62/
iil

o . C ) 1-5—c, €xp{(i + 1) |Incy|}
~ ! 1) —_— 1 2 1
cacy (i+1) exp{i+1}{(z+ ) (1 +1) lne] *

20 % exp{(i+1)z|lne¢|}dz + 1}

5

C31

~——— +0 (i
¢ |1ncl|+ (i)

At last, if 5%” =0, we have a¥ =0 and HH(HU -0

, <A HZ:O b*). From (8.10), we have

er@ciexp {12176}, €> 0.6 £ 1,
eV citljes £=1,

ﬁ bk <
k=0
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and the final result follows. QED

Proof of Theorem 3. We can write

>A}
2

IP’{ max He“) _ o

1<i<n1
:P{He<1>—e* >A7H0(0)—0* gA}
2 2
—|—]P’{H0(2)—0* > A, lle® — g gA,’H(O)—O* SA}
2 2 2
+]P>{H0<3>—0* > A e® — 9 gA,’H(l)—H* <A, )49(0)—0* gA}
2 2 2 2
+~~~+IP’{H0(”“)—0* >A,H0(”)—0* gA,...,He(O)—G* gA}
2 2 2
_Sp H(a““)—e* > A ,Z HeU‘)—e* <A
e {{lor o], 8 A{lo0 o], =a]
_Np He“*”-e* Nl Ham—e* <Al lp : HeU‘)—e* <A
> sl (-l =o} Y A gl -], <2)
Sello ol > o0 -, =) ) oo, 3)

where the last step derives from the fact that the sequence {O(i)} is a Markov process. From (8.9) valid

under Assumptions Lip-2 and Hess, using m — 59 < m, we note that

2
i i) || oG N 3L i |2 i
g{5§>m+5§> 0 — 0 2M+T2mH0()—0 2>Am(m—5§>)}. (8.11)
Therefore, for a constant u > 0,
P{HW“)—@* >A]Ha<i>—e* gA}
2 2
ZP{HO“‘“)—@* > A m—u>5§”,H9<i>—e* gA}
2 2
-P{m—u>5§") Hew—a* 2§A}
+]P’{H0“+1>—0* >A‘m—u§5§i),H0(i)—0* gA}
2 2
P{m—p <) Her(i)—e* ng}
, , , L , 2
SP{(SY)m—ng) o — 0" M2 Sl A
2 2
> am (m - 6") m7u>5£z),H0(i)70* 2§A}
-P{m—u>5g”> ‘e“)—a* 2§A}
+]P{H0<i+1>—0* >A‘m—ugagi>,H0<i>—9* gA}
2 2
~}P’{m—u§5£i) ‘9@’)—9* 2§A}
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<1P>{5 I+ 80 A 4 32 ;mA2>Am(m—5§“)

‘m*u>5§”, 0" — 0" SA}
2
-P{m—ﬂ>5<i> @) _ g <A}
2 -
+]P’{H0“+1>—0* 2>A‘m—u§5§i),H0(i)—0* gA}
2
(@) () *
: —u< — <
P{m [ < 65 ) 2_A}

L .
_P{a“ + o6 ara 4 3Lk2m ;mA2>Am(m—5§”),

)

0" _ g+ gA}
2

mfp>6§i)
<al

> Aym—p < 88 Ho@ -0

3Lom
<]P{5 m+5”MA+ o > Amy,
mfp>6§i) ’0(”70* SA}
2
@ [|lg® _ g*
—u < — <
—HP’{m 1 < 0} Ha 0 Q_A}

—0*|| <A, the fifth
2

where the second step derives from (8.11), the third step from the majorization HG

< A}} < IP’{HG(“ _o| < A}, using Markov’s in-

*

step from the minorization m — 6( RS
From this inequality and IP’{ {HO(J ) — 6"

equality, we get
<al

<aei ({1,

Jj=1

gA}P{

> A‘Ha@ — 6
2

o{on-o,
<a}

‘9“) 9
2

> A’He@ _ o
2

< P{He(iﬂ) _ 9"
2

<P {JPm + 0 MA > Amp —
<
<4

<)

6" — 6
2

) Hew e
2

+ P {m —u< (5§i
<P {JPm + 0 MA > Amp —
<a}

6 — 9
2
<al

m— > 5£i),’
+P{m—p <o~ o i
) ) )’
< P{5§”m+6§”MA > Ampy — 3727% }

+P{m-p<ol’}
E (m(s@ + MM;”)2 E (55 >)
EETYNE T

27

m2A? (pu
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provided m > p > %A.
If we take p = (1 —€) m, we get

£ fJo -0

> A‘Ha“) — 6
2

=ape{ Al ol =a)
E (m(sY) + MMQ”) g (5;“)2

m2A2 ((1 —e)m— %A)z e?m?

IN

We use the inequality (a + b)2 <2 (a2 + b2) to get

>A}
2

N

[P’{ max “B(i) —
1<i<n+t1

Seflo o <a)e{ A0 o], <)

N2
22?:0]E<5§2)) N l262M2+ (1—e)m— %Af

<
A2 ((l—zs)m—%A)2 e2m? ((1—5)m—%A)2

n

CY

=0

2

As for the conditions, m > p is automatically verified while p > %A becomes A < %
Now, let us denote § := (1 —&)m — 222 A with § > 0. As a result,

2 < @\2 . [ 2M? 1
< 2 .-
2 - A} — A2§2 ;E (51 ) + (m252 + g2m?2

<K <A12 f:E (5§“)2 + En:E (55“)2)
=0 =0

IP’{ max He(i) -0
1<i<n-t1

> oE()

n
=0

for a constant K depending on K, m, M, € and §. (In particular, one could take K7 > max { 2 2M° + ﬁ })

570 m26?
n (i))?
Taking A = ( i:OE(él )

2
KZ_”W) , We can write this as
K, i=0 2

(e

P max He(i) -0 5
2 n 7
Koy E (o))

1<i<n+1

< K.

Now, d > 0 can be written as

(175)m7%A>0,
(1— )2 m? [? _iE<6éi))21 N Q%iE((sgi))z
=0 i=0

and this is verified under the conditions of the theorem. QED
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8.2.2 Stochastic Approximation Schemes

Proof of Theorem 4. From U+t = () — ’yiﬂlj" (9(i)>,

00D _ g — ) _g* _~,,, {F (g(i)) LR ((,(i)) _F (g(i))}
— 0D _ 0" — i (g(i)> — i@
= (kv F(8Y) (89— 07)
— i1 (P (09) = F(8") ~ F(8") (69— 6") ) = 7im

where the third step comes from the rewriting

F(00) = F (6% (69 —07) + (£ (6) — (67— F(6) (¥~ 6))

and from the fact that F'(8*) = 0. Now, taking norms,

R
F i HF (69) - F(or) - F (0*) (0“’) —0") ’ + %Ha(“
< ||t = a0 [|0 - 0|+ +1— 00 — 6" + Yip10)
where the first step comes from 5@ = [|n@|| , and the second step comes from the third inequality of Lemma

2. Provided 741 Amin (F (0*)) <1

HIK — i1 F (9*)”2 =1—7i+1Amin (F(G*)> :
Therefore,

_ 2 _
HG(HI) -0 0" , + %‘+15¥)

, < (1 — Yi+1Amin (F (9*))) Hg(i) -0

+%+1 H0

QED
Proof of Theorem 5. In this case too, as in Theorem 2, we consider what happens when HH(O) -0
We define

< A.
2

al¥) = %’+15¥),

b =1 — 44 <)\min (F (9*)) - L;A) .

Then, from the result in Theorem 4 and HO(O) —0*|| <A,
2

< [1 —m ()\min (F (0*)) — I;A)] H9<0> -0,

— a© 43O HG(O) _ 9

oo,

2
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We now reason as in the proof of Corollary 2. If a(¥) < (1 — b(i)) A for any i, we get, from Lemma 4,

Ha(iJrl) 0*

Z a) H R L A H bk

=0 k=j+1
We note that

%

ﬁ b =expd > In {1 - (Amm (£0") - L;A)]

k=j+1 k=j+1

<exp{ — (Amin e A> Z Vet

k=j+1

To simplify the computations, we define K3 := Apin (F (9*)) — %A. Then,

oo -

i i i
, < Za(j) exp —Kj3 Z V41 +Aexp{—K32fyk+1} . (8.12)
3=0 k=0

k=j+1

We note that, in order to obtain convergence to 0 of the second term in the right-hand side of this inequality,
we need Z;@:O Ye4+1 — 00 or ¥ < 1. We consider the two cases, v < 1 and v = ‘1, separately.
Let us start from the case v < 1. We first consider the term exp {—Kg > ko 'ka} in (8.12). In order

to simplify the computations, we write this as

i i1
exp {—K3 Z Wc+1} = exp {—K3 Z%H - K3%‘+1} .

k=0 k=0

From the inequality "Yk-u —c (k+ 1)_7‘ < ¢y (k+1)7%, Lemma 6 yields

1 gy €1 €17V ._q_ c
(cﬁ(v)—cﬁ(f))—i—ﬁll 7-1-511 7_%217_ﬁ ——z 5<Z%+1

Therefore,

i i1
exp {—Kg Z'YkJrl} = exp {—K:s Z'YkJrl - K3%‘+1}

k=0 k=0
K30121 . K3Cli—v n Ksery
1—~ 2 8

it

< exp {—Kgclc (1) + Kseal (€) —

K K. _ _
1iczz'1—f+ 592 -€ Ky (i+1) 77 + Kaeo (i+ 1) 5}

- Kscq 11—y Kser ¢
O(exp{ 1_72 + 1_§z (8.13)

+

where we have used the fact that, from

Yi+1 — C1 (Z + 1)_7' < co (Z + 1)_5, Cc1 (Z + 1)_7—02 (Z + 1)_;E < Yig1-
All the summands %i"y %i_l_'y % =€, Kscy (i +1)"7 and K3co (i + 1)—5 vanish asymptotically,
K3c; it K3C£2 i'~¢ depends on the value of £&. If € > 1,

the summand ~7 diverges, while the behavior of
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0] (exp{ KS‘le i+ K3i§ il 5}) =0 (exp{ K3‘fy111 7}) while, if £ < 1, the term %‘?’il*g cannot be
neglected.

Now we consider the first term in (8.12). From Lemma 7,

i
exp{ — K3 Z Ve+1
k=j+1

Ksce _ ) _
gexp{2K3cQ<(§)1i;(i+1)1 v 5 (i+1)7"
Kse Ksco . _ Kseo . _
ST ()Tl By i B8Ry e
8 1-¢ 2
Kscy Ksc _, Kse Ksc _
~eXp{137(+1)17+ ?2’1(‘+1)”+1 CU+D) T =R G+ 5}. (8.14)

The first term in the right-hand side of (8.12) becomes

%

Za(j) exp{ —K3 Z Ve+1
§=0

k=j+1

K _ K- _
§exp{2Kgcz<(£)— )T - B )

K K _ K. _
+ 25 )T R ) T 2 ) (8.15)
8 1-¢ 2
i
; K K _ K K _
_ZG(J)exp ﬂ(j—kl)l T4 361(j—|—1) vy 302( +1)1 §_|_ 362('4—1) 13
. 1—x 2 1-¢ 2
=0
K _ K K. _ K _
<exp{ 2Kaer (€) = Tk (i 1) I (4 1)7I T T (1) S (1)
1—~ 8 1-¢ 2
i B B K -
a(])exp{ LG+ + 361( +1) ’Y+1_ G+ + ?2’62('4'1) 5} (8.16)

where we have used the majorization —% (i+1)"7" <0. From the inequalities for v, and (5(] )

a(j) _ '7j+15§j) 5 c1e3 (] + 1)_7_6 + cocs (] + 1)_5_

or (j + 1)7575 with a generic (j +1)~". We apply Lemma

We express the sum replacing either (j +1)" "~
9 to get

Za(j) exp§ — K3 Z Ve+1
=0

k=j+1
Ksey . _ c 1 c _ c _
Sexp{ZKgcQC(f)—li’ly(z—l—l)l “’+3T”(z+1) ! 7+ﬁ( 1) 4 ;2( +1) 5}

L Ksc _ _
. (5) 3C1 . 1l o . 1 5
E a eXP{17(3+ )G+ 1 ¢

_ K.
Sexp{2KgcQC(§)—1_7(i+1)l 7—|—TC i T ¢ i
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(i+1)"7770 " exp { Kao (54 1) 77 + Kgou (44 1) 7" 4 Kace (54 1) 4+ Kgea (1 4 1)*5}

1—v
e Ksep
. K K L
=2 (i+1) 5exp{2K3c2<(£)+ i+ )T+ 2 )T
3
2K B
+1_‘°’c§2( + 1) 4 Ko (i 4 1) 5}
2K3c _
~ exp{2K362C(§)+ 1_3;( +1) 5}

where we have used the fact that % (i + 1)_1_7—1—% (i+1)°=0.If€ > 1, E;:O a) exp {—Kg ZZ:jﬂ 7k+1} <

a2 097 From (8.12),
) 2K3c2((§) ;=6 Kac Kac cae2Ksc20(8) ;-0
it _p*|| < C3€ 0 IR 1 s g 3C2 .1 ¢ ~ & .
H g™ K R e o B v e Ks

Now we consider the case v = 1. We start from the second summand in the right-hand side of (8.12).

We recall, from Lemma 6 with v = 1, that

3
D ki1 = ey — 2l (€) Feln(i+1) -
k=0

As a result,

exp {—K3 > ’Yk—i—l}
k=0

K _ K . _
<exp {—Kscﬂ(o) + Ke2( (§) — Kserln(i+1) + 5 icz (i+1)"7 + %62 (i+1) 5}

S@E+1)" %% exp {=Kse1v0) + Kzl (€)} (8.17)

where we have used the fact that 1 — £ < 0 and both % (i + 1)_E and f%il’g vanish asymptotically.
The second summand in the right-hand side of (8.12) becomes

A exp {Kg Z’ka} < AimHserexp {ngclfy(O) + K3caC (E)} .
k=0

Now we pass to the first summand in the right-hand side of (8.12), i.e. Z;:o al) exp {—K3 Zzzjﬂ 'Yk+1}.

From Lemma 7 with v =1,

: i+1 ¢ T e . e
kglykﬂ > —2c2¢ (&) + c1ln (]Jrl) 1 jf [(z +1)' €4 G+1) 6}
2

-S|+ G+ —a G
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and

i
expq — K3 Z Vr+1

k=j+1
- Kgcl
j+1 Kseo 1-¢ , Kseo —¢
< 2K. =32 41 1
<(Z) e {maac©+ 26+ 4 2 4y
1 Kse K. _
~exp{K3cl(j+1) 1+1 G+ + 302('+1) f}. (8.18)

The first term in the right-hand side of (8.12) becomes

g

Za(J exp{ —K3 Z Vr+1 501032(3""1)71766}@ — K3 Z Th+1

J=0 k=j+1 j=0 k=j+1
i i
R
teaesy (G417 expd —Ks > e
=0 k=j+1

where

C1C3 Z (] + 1)_1_5 exp 7K3 Z Yk+1
7=0

k=j+1
KgCQ
1-¢

C1C3 X K3C2 _

%

11— . _ Ksce Ksce _
oGt 6eXp{Ksc1(J+1) 1+1i2(1+1)1 R S A 5}
=0

2K35c2¢()
< ci1c3€

. - —1-6
’ (] ])chl 1
(7/ ])K3c1

Jj=0

_ Ksc Kseo . _
.eXp{K3C1(j+1) Ly 1i€( JHD)TE 4 ;2( +1) ’5}
and we have used the fact that K3"2 (i+1)""% and % (i + 1)~ vanish asymptotically. Using the fact that,
for small z, e* ~ 14 O (x), we have

%

. gc1—1— . — Kses . Ksea . _
S0 e {Kaer G+ 1) TG D B G )

7=0
(] + 1)K3(;17175 + O Z (J + 1)K3017576/\2
7=0 7=0

Reasoning in the same way, the remaining term behaves like

i i
. )
CaC3 E G+1 ¢ exp{ — K3 E Vi1
i=0 k=j+1
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CoC3 KgCQ . _ K3C2 . _
NWQXP{2K3CQC(§)+ (i+1)" 5+T(z+1) f}

1-¢

o 1 Kses o Kseo . .
St 6exp{K3C1(]+l) 1+liCZ(y+1)1 C4 232 (4 5}
7=0
< CoC3

~ m exp {2K362(: (g)} Jz:(:) (] + 1)K3cl_5_5 .

i

We have three different cases.

If K3c¢1 > 6, the Euler-Maclaurin formula yields

i 1+1

Z(j+1K3C1 1-6 ZK301 1-6

=0

i+1
:/ K36116d£+O(K36115+1)
1

. 1 K30175
_ (Z[': c) 5 + O (iKgclflfis + 1)
3C1 —

and

i 2K3c2¢(8) (4 =0
Lccse (i+1)

E aPexp{ —K; E Vet1 ¢ S Koo — 8

= v 3C1

i
+0 7;—1—5 + Z-—Ksc1 + ,L'—K3C1 Z (] 4 1)K301—5—§/\2
j=0
Now, i~ 53¢ = 0 (i7%) and i~'7° = 0(i=%). The last summand, i~ %= ZZ o+ 1)K 70782 ehaves
like i 0~¢"2F = 0 (i79) if Kyc1 +1 > EA2+4, like i K2¢1Ini = o (i~

) if Ksc1 +1=¢6A2+9, and like
i—Kser — o( ) if Kzc1 +1 < &A2+ 6. Therefore, Zé‘:o a(J)eXp{ K3 Zk i1 Vet < crege?3e2¢®) ;g
and

K30175
) 2K3c2¢(§) crcae2Ksc2((§)
plith) _ || < c1es€ =0 1 Aj—Ksa _K K ~ 193 =
H 2~ T Kaei —6 v+ AL exp{ 3¢17(0) t 3024(5)} Kscr —0 ?
If Kzep =6, Z;:o G+1)7" Z;Hlj P=In(i+1)+ O (1) (see Lemma 5),
Za(j) exp{ — K3 Z Vi1 S ClCS€2K362C(5) —Kscr 1HZ+O( Kgcl)
j=0 k=j+1
and
HQ(HD -0 < crege?B3e2©)i=Kser 5 4 O (ng’cl)
2
If K3c1 < 6, it is easy to see, using the limit comparison test, that
. ci—1— ) _ Ksc Kses . _
Yo+ %xp{Kgcl(ﬁl) U DT TEGY 6}=0<1>.
§=0
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This implies that

<.

aPexp{ —K; Z Vetl ¢ = KSCl)
j=0 k=j+1

and that
oo o

=0 (i7fse).

2

A leading constant can be obtained through the (rough) majorization:

i

o —1— . _ Kse Kses . _
Z(Hl)K“”exp{K3c1<J+1)1+ D) T G+ 5}

§=0 1-¢
i+1 41
K 2
<y e exp {K361j1 + ;CQJE} <) e Texp {KB < Cl;”) jl}
Jj=1 Jj=1
i+1 5 2c1+CQ)kj— ) K§ 2cl+cQ koi+1 -
_ ZJKSCl 1— Z 2 Z Z]Kacl 1—
k=0
= Kk (2c1+c2)k
< kifg“(l—i—(ﬂ-k—Kscl).
k=0 ’
Then,
i ) i Kk (251+¢:2)k
Zam exp — K3 Z Vey1 ¢ S iK1y cge2Kacat(O) Z 7]@'2 C(14+0+k— Kzcp)
j= k=j+1 k=0 '
and
201-&-@)’“

Ha(i-i-l) _ 9"
2

< imKa01 o) e 2KaeaC(©) Z C(1+0+k— Kser)
4 Ai_K3cl exp {—K3Cl’}/(0) + K362§ (5)} .

1f 5 = 0, from (8.12),

o+ o gAm{zQz%H}
? k=0

For v < 1,

y Ksc

Aexp {—K3 Z’Ykﬂ} S exp {—K301C (7) + K3c2( (§) — 1 i;ll 7} )
k=0
and for v =1,
A exp {—Kg Z%H} < Aexp {—Kseryo) + Kzeal (€) i~ e,
k=0

QED

Proof of Corollary 2. Reasoning as in the proof of Theorem 3 and using Theorem 4, we have

“llo-

el i R S TR (e

4]
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IA

(e N R R

<P { (1 — Yi+1Amin (F (0*)>> He(i) A )

> 8 o0 o <8} {00 ]

<P { (1 — Yi+1Amin (F (9*)>> A+ ’Yi+1%A2 + ’Yi+16§i) > A

4]

Lo || a0 2
i1— |16 — o
+ i 2 H 2

<A}

Joo o, =8} (-, <3

< P{(s(” (Amm( (67) - A) A’HG(’) o, < A}
oo o] =)

gp{5§“>(xmm(' % ) ¢9<z *2§A}

< P{é@ > (Amm (F % ) }

< E (5§“)2

N [Amin (F (0*)) - %Ar’

provided Apin (F (0*)) > %A.
The last result is proved as in Theorem 3. QED
Proof of Theorem 6. (i) We start decomposing (3.3) as

0+ =0 — 5 1 F (69) = 0 — i1 F (89)) — 3isan®. (8.19)

Note that there is no guarantee that the expected value of (¥ is 0.
From the first inequality in Lemma 2, replacing 81 with 0" and 6, with 0(”1), we get

I (0(i+1)) _F (0@)) _ <9<i+1> _ 9(i>)’p (g(i)) < % ’g(i) _ 9<i+1>H2_

We set h; :=F (B(i)). Using (8.19) and the inequality (a + b)* < 242 + 2b2,

2 [0 1] ()
s e (00) <

0 0 )

b

2 @
+7i1L1 Hn ! ’ )

S 1 | T o PR ) RN M
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We take expectations:

. . 2 N1 ) 112
Yit1 (1= yip1Ln) E HF (9(1)) H2 <E (h; — hit1) — 71 E [Tl(l)} F <9(1)) +971 LE H’l(z)H2

<E (h; — hit1) + Vit1

o] (0 iz
From Assumption MaV and maxgeg HF (t9)H2 < ¢1 < oo we have
[ (00)] o] = e [ (M)y,,@ 7]
- ’E [ (9@)) | ‘

<E|r (o), HE[“ 7]
<E[[#(e0)], & [n® 17

<oz (o) <o

’ 2

.

E Hnu)

2 .
< EE [Hn(l)
2

2
) -7:1'] < o;.

Summing up,
. 2
Yir1 (1 =vix1L1) E HF (9(2)) H2 < E (hi — hit1) + Yig161b; + 7711 Lros.

Using the fact that 1 — ;1L > ¢2 > 0 and summing from i = 0 to i = n, we get
ONIE )
coYir1E || F (9 ! ) ) < E (hi — hit1) + Yig1c1bs + i Laog,

n . ) 2 n n n
C2]E ; ’Yi-‘-l}E F (0(1)) ) S ; E (hz - hi+1) + ; ’Yi+1b1' + Ll ; ")/i2+1(7i, (820)
E min F (0(1)) Cl Z -0 '7z+1b +E (hO - hn+1) + L Z?:O 71‘2+10'i

0<i<n 2~ Co > 0 Vit1

From this, at last,

min
0<i<n

1
F (e(i)) H = Op (Zi_o Yigrbi B (ho = hna) + 2o %—2+10i> 2
n N
2 Ei:o Yi+1

1f 0 is fixed and we minorize h, 1 = F (9("+1)) with F' (6%), we have

E(ho — hysr) <E (F (0<0)) _F (0*)) —F (0<0>) —F(6")

n n 2 1
F(e(i))H =Op <1+Zi_0 7i+ibi+zi—o%+10i>2 .
? Zi:o Yi+1

and

min
0<i<n
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(ii) We use Cauchy—Schwarz inequality to get

(selee)].) = (S el )))
( f

?

or

From (8.20), we get

s ele ()], <5 (30 )

(iii) Under Hess, the function F is strongly convex with parameter m > 0, see Bertsekas et al. (2003, p.
72). In that case, from Eq. (1.16) in Bertsekas et al. (2003, p. 72), we have

2

€1 Y oE(hi — hiy) L1
(23 Ze -3
=0

C2

(F(01)~ 7(62)) (61— 62) = m 101 0

for any 0,,0, € RX. Taking 6, = 60" and 6, = 0", and using Cauchy—Schwarz inequality, we get

< allE ),

oo

from which the result follows. QED

A 2
Proof of Theorem 7. We write HG(HI) — 0 , s
H0(1+1) _ 0* 2
2
. . ) . 2
= He(z) —%ian =i F (0(1)) -0 ,

-t (00) -
= 2%it1 (9(-) — Y1 F (9 ) 9*) n'
(o) 070 (o)

2, Hnm HZ 2 (9@) . (0(2»)) _ 9*)’ ). (8.21)

for-o

Under Hess, Eq. (1.16) in Bertsekas et al. (2003, p. 72) yields

(£(01) ~ £(62)) (61~ 6) > m 61 — ]2
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Taking 61 = 60" and 6, = 6* and using F' (6*) =0, we get

(4(0)) (00 2o -0

Moreover, under Lip-1, the second inequality in Lemma 2 yields

2

) .

|#(09)], = 220 e

) .

These can be replaced in (8.21) to get

He(i+1) _ o ‘2
2
@ ax? L2 r2llp@) _ axll? ' @ axl?
<|e\" —8@ 2—|—’yz-+1L1 0\ -0 2—2’yl+1m 0\ —0 )

+ %‘2+1 Hn(“

2 . . . / .
= 2nn (gm i E (0(1)) _ 9*) n®

, 2
< (1 — 2v;41m + 'yi2+1Lf) HO(Z) -0

2

+97 Hn(i)

z = 2%it1 (a(i) — i F (9(i)) - 9*>/77(i)~

Taking expectations conditionally on F;, we get

2
| Fi }
2

< (1= 2yipam + 771 L) He(i) — 0"

E {He(i+1) _ o

2 ) 2
) +%+1E{HTI(Z) ) ]:i}

— 2y, E { (0@ oy B (e“)) - 9*)/ n |F; } . (8.22)

From MaV, we have

’E { (69 i F (69) —67) 0|7, H
- ’(0“) i F (09) —67) B {n® m}‘
<o (00) o] Jo o )

< (lo e, +oea [ (o)1)

< b (1+vip1L1) Ha“‘) — 6

2

where the last step uses the second inequality in Lemma 2. Therefore, replacing this into (8.22) and using

MaV,
2
| Fi }
2

< (1= 2yipim + 77, L7) Ha(i) -0

E{He(iJrl) _e*

2
2
, T i1

+ 2’Yi+1bi (1 + 'Yi-i—lLl) HH(’) -0 (823)

) .
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We use the inequality 2ab < a? + b? to write

2’}/1'+1bi (]. + 'Yi+1L1) HG(Z) — 0*

2

< 2{%+1 (1 +7i41L1) bi} {ci 9 _ g* }
C; 2
2 (14 yig1Ly)? 02 : 2
S%H( +72+1 1) b; +03H0(1)—9* , (8.24)
G

2 2;2
7+1( Vi1 1) and C?AQ,

P
€

2 2 _ Yigr(I4yig1La)bs
. As a result, ¢ = =222 Therefore, (8.23) becomes
2

for a sequence ¢;. We choose ¢; in such a way to balance, in (8.24), the two terms

intended as a replacement for ¢? Ha“’) -0

2
| Fi }
2

< (T=2yipm + 720 L + A7 Yy (L4701 L) i)

E {He“'“) _ o

‘0“) _ ¢

2
+Yip1 (@iYig1 + A (14 vig1L1) b) .

We set
A =y (0ivipr + A (L4 i1 L1) b)),
BW =1 -2y im+72 LT + A Y1 (1471 L) b
From
E He“'“) _ ¢ z —EE { He““) - z |Fi } <E {A@) + BO ]9“’) _ ¢ z}
= A® 1 BOE H0<i> _o’,
2

Lemma 4 allows us to prove the recurrence

E Ha“*” _ 9

‘o S°AG ] B + Hg(o) _ o
R k=j+1

o i
Bk

2
< A?, becomes

that, taking into account HH(O) -0
2

E Ha(i+1) 9"

2 [ [ 7
< ) (k) L A2 (k)
2_ZA H BW 4+ A2 ] B®. (8.25)
j=0 k=j+1 k=0

From |b; — ¢35 (i + 1)_’6‘ <y (P4 1)_<7 we can see that b; < K4 for a constant K4 > 0 and we can write

H B® = H [1—2vipam + 771 L + A7 i (14 vi41L1) bi]
k=0 k=0

= exp {Z In [1 — 2%-+1m + ’72-2+1L% + A_l’)/H,l (1 + ’Yi+1L1) bz] }
k=0
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<e { QWZ%H + L} Z%H +AT Z%Hb +ATL Z%Hb }
k=0 k=0 k=0
<e p{ 2mZ’yz+1+(L2_|_A 1K4L1 Z’}/H_l—l-A Z’}/H_lb}
k=0 k=0
{ 2mZ%+1 + (L3 + AT KL L) vV (ATY) Y (i + %Hbi)}
k=0

< exp{ QWZ%-H + K5 Z V21 + Yit1bs )}

k=0 k=0

where we have set K5 := (L% + A_1K4L1) VvV A~!. In the same way,

i

i i
H B® < exp{ —2m Z Yir1 + Ks Z (V241 + Vig1bs)
k=j41 k=j+1 k=j+1

As concerns ZL:O Yi+1, we use Lemma 6 to get

C1 4  Cl._. C17Y._q_ c
48 ey Gy ATy @2 e —*@5<Z%+1

(c1€ () — 2 (§)) 11—~ 5 3 1-¢

(i+1)7¢ and (i+1)7"| <

Now we turn to 22;10 (’y,%_H + 'yk_ku). From |vi41 —c1 (i+1)""

cs (i +1)7°, we have

V2, < ((11 (G+1)"7 e (i + 1)"5)2 =2+ 1) T +36G+1) F+ 200G +1)7E,
Yit1bi < (q (i+1) "+ (i+ 1)’5) (c3 (i+1)"" +ea(i+ 1)*5)
=cies(i+ 1) 7 P e i+1) ez i+ 1) P b e i+ 1)77C
VoAb <AGHD) T 4 E 1) F e i+1) 7 fee (i +1)7C
+ 20100 (i4+1) " enes (i +1) P f e (i +1)77C

For the minorization, we use the obvious inequalities

YisrZea(i+1)7 —e(i+1)7°,
bi>es(i+1)7 —es(i+1)7C.

However, when transforming them into minorizations for 2 1 and ;4 1b;, one must pay attention to the fact

that the right-hand sides of these inequalities could be negative. We then introduce the set of indexes
Y 1€ e (1) L 1)-¢
I—{ ai+1) " >e(@+1) " esi+1l) " > (i+1) }

We note that
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so that the set of i’s not belonging to Z is finite and has cardinality at most, say, I. We then have
Yit1 = (Cl (i4+1)7"7 —ca(i+ 1)75) liiery,
by > (03 (i+1)7" —cq(i+ 1)_C) liiezy,

and

. . —£]?
Cl(l—‘rl) 'Y—cz(z—l—l) } 1{i€I}

Y

71‘2+1
= @G+ +E (417 =210 (i + 1)*”*5} liicTys
Yiaabi = [ (1) =2 i+ )7 Lsey [ea 1+ 1) = ea i+ 1) Lpey

= |cic3 (7, + 1)_W_B + cacy (Z + 1)_6_C — CoC3 (Z + 1)—B—€ — C1C4 (Z + 1)_7_<:| 1{1‘61}7

Y

Vi1 F Vi b

A+ 4360 +1) F e (i+1)7 P fegey (i +1)75¢

2e1en (i 4 1) 78 —eaes (i 1) P —creq (i 4+ 1)‘7‘4} Ljiery.

We note that, for a suitable choice of the constants k;, , kj,, a;, and «;,, the majorization and minorization
of ’Yi2+1 + Yi+1b; can be written as

Vg b 3 kg, (4 1) £ > Ry, (4 1)

J1 J2

and

Voor Yigrbi =Yk, 0+ 1) Tgery — Y kg, (04 1) 72 1geny

J1 J2
> Tk G+ 1)V Lery — Y Ky, (1) 72
J1 J2

Note that the exponents «;,’s correspond to 2v, 2§, v+ 8 and £ + ¢ and the exponents «;,’s correspond to
y+¢&, B+ € and v+ (. Using Lemma 5, the corresponding inequalities on Z;;lo (’yzﬂ + fyk+1bk) can be

written as
i—1 i—1 i—1
(Vi1 + Ye41be) < Z kj, Z (k+1)"% + Z kj, Z (k+1)"%
k=0 J1 k=0 Jj2 k=0

— Z kj, Z k=% 4 Z kj, Z k%2
1 k=1 jo k=1

1 1—aj 1 R
SZ’% <<(aj1)+1_a.ll “"‘52 “)
j1 J1

1 1
+D ki, (C (aj,) + it Qi—av) (8.26)
J2

17aj2
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and

i—1

(s +7i01bi) ZkzZ (k+ 1) Ligery — Z’%Z (k4 1)
k=0 =0

el
I

0
= Z kj, Z k% 1{k71€l'} — Z kj, Z fe%a
g1 k=1 J2 k=1
i i
Z ijl Z k*ah — Z ka Z kiO‘J‘z _ K6
i k=1 J2 k=1
= Zkﬂl < aJl ! it + - 1 3T %1 — ajlz'lajl)

1—0¢J 2 8

1
_ Z ks, ( C(ay) e 4 L S ) Ke (8.27)

1—(%]2

for a suitable constant Kg, provided 2v,2¢, v+ 8,6+ (, v+ &, B8+& and v+ ¢ are larger than —1 and different
from 1. If one of them is equal to 1, the modification to the proof is trivial, i.e. the leading constant ¢ ()

is replaced by 7(g), the term 17;% i~k is interpreted as a limit for aj, — 1, and the remaining terms are

modified accordingly. The choice of the coefficients aj,’s and «;,’s implies that all terms of the form =%,
i~1=%1 and i~%2 vanish asymptotically for large i.
Now we consider the behavior of A2 H;;::o B®) . We have

A? H B
k=0
<A%exp {2m Z Ye+1 + Ks Z (Vi1 + Yet1br) }
k=0 k=0

c 1 C1._ c 11— C 1 Co ._
§A2exp{2m [(clg(’y)cQC(g))Jrl_l’yzl er?lZ "’—%z 1 ’YilijfZI 5,521 3

1 1
Z J J 1—% 2
1 1,
+Ksm( ooy i)

l—ocJ

—2myit1 + Ks (Y21 + viabi) }

2 2 kj k;,
=0 |expq — 1nz6;i177 + %‘322-175 + K5 Z 1%2'1*%‘1 + Kj Z _ G2 1-ay,

—0 (s {2 140 ).

Now we turn to the first term of (8.25). The minorization on Zzzjﬂ ~it+1 comes from Lemma 7:

giwﬂ> G R R R Vi o (RS VR CA

el (AU R R Vi B G R A Vi B
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The majorization on ch:jﬂ (V241 + Ve+1bx) is obtained from (8.26) and (8.27) as

7

Z ('7134-1 + ’Yk+1bk)

k=j+1
i J
= Z ('71%+1 + 7k+1bk) - Z (713“ + 'YkJrlbk)
k=0 k=0

1 . 11—« 1 . —o
Si:kh<1oﬁ<l+1) M5 (41 “)
J1 !

, 1 .
. 1 1—0¢J2 (s 1 — 0y
)T ) )

+ Yk (2 an) 4 ¢
J2

1 e 1 il
_Zkh( G+D7 4 S G+ = SR G+ )
J1

170[]&

1 aa, 1o
+2ﬂ%(1_%éU+U %2+2U+D‘%>+Kd
J2

As a result,

9

H B(k)gexp —2m Z Ye+1 + K5 Z ('71%+1 +'7k+1bk)

k=j+1 k=j+1 k=j+1
2 _ _ 1
§exp{4m024(§) - 177201 (i+1)"7 —mey (i +1) 7+$(i+1) 1=

2mes . - ) -

+ 2+ D" e (i+1)°¢

1-¢
_|_K5Zk # (Z + 1)1_0‘11 + 1 (Z + 1)_0‘31
T\ -y, 2

J1

+ K5 ij2 <2< (a,) + 1 (i + 1) %2 4 % (i + 1)%)

- —
j2 J2

2mer - . —y  2mcy . _ ) N
+1_;(]+1)1 T+ mer (j+1) ’“rl_z(jJrl)l g+ch(‘7+1) §
_K5Zk- 1 (j+1)1—aj1 _'_1(.]'4_1)—0411 _ %(j_’_l)—l—ah

- J1 1—Oéj1 2 ]
1

1 a1
+Kszkj2 (l—w (G+1) 7 +§(3+1) ”) + K5 K
J2

J2
Moreover, we have

AD =2 100+ Ayibi + ALy b
< cles (i + 1)7277[’ +cies (i + 1) + 2cyco05 (i + 1)7V7§7‘7
+Acres (i41)777P + Acgeg (i +1)757¢
+ Acocs (i + 1)_[3_E + Acieq (i + 1)—7—C
+ AL Ges (i+ 1) P L AL Geg (i +1)7 27

—2¢6—0
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+ALEes (i4+1) 7P £ AL ey (i +1)75¢
+2ALiccacs (i+ 1) 4 28 Lyerepes (14 1)
< Ko (i + 1)—7—(’y+a)/\[3

for a suitable constant K7. As a result,

ZA(j) H B®)
i=0  k=j+1
2 _ _ 1
< Kqexp {4m02C(§) - 1”?; G+ —mer (i +1)77 + % (i+1)7
2mce _ _
+ 226+ D) me i+ 1)

1-¢
+ K5 Y k; L et 1 lagy
- J1 1 —aj, 2

1KYk, <2< (aj,) +

J2

P
(i+1)" 2o (i 1) J2>+K5K6

— Q,
[

(o 2 ) — . _ 2 ) _ . _
DR “%xp{l”jjwnl Ty ()T T G ) T e (1)
j=0

—K5ijl(

o 1 . —o (0] . S P
GG )T

+K; Z kj, (

2

1 -
G+ 245G+ “’2>

We are led to consider the second term in this equation. We apply Lemma 9 to get

i

. ——(v+o 2meq . _ . _ 2me
S+ 0r )Aﬁexp{1;<3+1)1 Tbmer (1) + Ty
j=0

~ K Z kj, <
+K; Z/% (

J2

G+ +mea(j+1)7°

) 1 . o )
1 1—04]1 S 1 —oyy; S s 1 —1—04.71
_%J+) +5U+1) ~ U+

U+ 45 (j+1)%)

(t+ 1)_(7+J)Aﬂ 2mey . 1y , . 2mes . 1—¢ _ ¢
~ 1 1 1 1
D exp 1—'7(Z+ ) T4+ me (14 1) —&—1_5(2—&— ) 4 mea (1 +1)
1 . l—Oéj 1 . —Qy ajl . —1—01]'
_K5E k]l 177@—"—1) 1+§(2+1) 1—?(24‘1) 1
j1 Qjy

1 1
K Yy (T ) 1))

J2

(i4 1)~ (Fons 2mey 1=y 2mey
~ 1
eXpy T S (t+1)77+ ¢

)
2mer i+ )
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1 s 1 o
_K5ij1 (Z+1)1 gy +K5Zk]2ﬁ(l+1)l Qo

1—qy j
1 J1 jo J2

As a result,

oL _ 4 _ k; o
E:Am IIBWM:O (i + 1)~ 0T oxp fﬂ2@+Ulé+ﬂQ§:f;&f@+lfa”
=0 k=j+1 —¢ o e

This is

%

Y AW H B® — 0 (i—mo)w)

§=0 k=j+1
provided 1 —¢ < 0 and 1 — ¢, < 0. Using the fact that o, is y+§, 8+ and v+, these conditions become
1<él<y+€1<pf+Eandl<y+ie. 1 <€and 1 <vy+(.

Now we consider the case v = 1. Using (8.17), the second summand in (8.25) can be written as

A? H B® =0 <A2 exp {—QmZ%H}) =0 (i*2mcl) .
k=0

k=0

As to the first summand in (8.25), (8.18) yields

1
expd —2m Y

k=j+1
< (ZEI)™ cxp Lameac () + 272 (5.4 1) 1 me (5.4 1)°¢
=\it1 P 1-¢ 2
_ 2mce - -
.exp{chl(j-l-l) T+ 1—2‘(j+1)1 fme(j+1) 5}.

']:‘herefore7 using A(]) = O ((j + 1)7270-/\(I871)>, 21777,?052 (l + 1)175 = 0(1) and mco (Z + 1)76 = 0(1), we haVe

EZ:AU) exp | —2m i: V41
j=0

k=j+1
_ O (Z + 1)7271161 Z (j + 1)27?7,617270’/\(671)
=0

2mesg

1-¢

.exp{ch1 G+1) '+ G+ 1" 4+ mey (j+1)5}).
The proof is similar to the one of Theorem 5.
If 2mey —2—o0 A(B—1) > =1 or 2me; > o A (S — 1) + 1, the expansion e” ~ 1 + z for small z yields

%

9 _ _ 2
S G 1O exp fom (4 1) 4 2

G+ +me G+ 1)5}
j=0
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i i
_ Z (] + 1)2mc1—2—a/\(,@—1) + 0 (] + 1)2’m61—2—o/\(ﬂ—1)—1/\(f—1)
Jj=

0
9] (i27ﬂ617170’/\(ﬁ71)> ,

and

ZA(J exp{ —2m Z el b = (iflfcrA(ﬁfl))’

k=j+1
E Hg(z‘+1) _ 0* = 0 ( —1-oA(B=1) | —2mcl)
:o(—l TA(B— 1>>
]

If 2mey —2—o0 A(B—1) = =1 or 2me; =0 A (S — 1) + 1, the same method gives

i

> G+ exp {ch1 G+~ +

Jj=0

™mco

2
1-¢

G+ +me (G + 1)5}

i %

=D G+ oY GryTTE

j=0 j=0
= O (In9)
and
ZA(J) exp{ —2m Z Veg1 p = O (i7" Ini)
k=j+1
E “0(i+1) _ 0* _ O ( —2mecy In 'L)
2
He(ﬁ—l) _ 0* = Op ( —mecy 1n2 ’L)

At last, when 2me; —2 — 0 A (B —1) < —1 or 2mc; < o A (B — 1) + 1, the limit comparison test shows
that

: . mecy—2—o — . — 2mece
Z(]+1)2 1—2 A(B 1)exp{2m01 (]+1) 1+172
7=0

GHD" +mey (G + 1)5}

converges as far as E;‘:O (j + 1)?me1=2797B=D goes. Therefore, we have

)

mc1—4—0 - . - 2
Z (j+1)>me? MED exp {2m01 G+ + 11?62
§=0

G+ +me (G + 1)5}

(j 4 1)2mer=2-0AB=D) o {chl +— = 5 2 4 mcz} o(1).
§=0
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This implies that

ZA(j)exp —2m Z Yog1 p = O (i3,
Jj=0 k

it
E HO(’L-‘FI) _ 0* z =0 (/L-mecl) ,
HO(iJrl) _ 0* , — O]P (i_mcl)

QED

8.3 Proofs of Approximation Results
Proof of Theorem 8. We build a predicted value of F (6y) as

"Xy =%, (80) (X'X) ' X/ (F+e).

F (80) = xp (80) (X'X)~
As explained in the text, we center the points in P (6g) in 0y, so that 8y = 0. The vector of regressors
associated with the origin is xp (6p) = e;. Moreover, y and € are the vectors whose elements are, respectively,
F(0;) and F (0;) — F(8;) for 8; € P (8). It should therefore be clear that € may be deterministic or

stochastic but, in the second case, it does not have, in general, zero expectation. We have

F(80) — F (60)] < [x (80) (X'X) ™' X'y = F (80)|

+ % (B0) (X'X) ' X'e| .

(8.28)

Let us start from the last term. We have

X (60) (X'X) ™' X'e Nelly = lIxp (80)1lz llell, %max (xx)™)

< lxp (90)], [ (X'%) 7' X’

%D (60)ll, llell,

< .
v/ Amin (X'X)
Now, ||xp (60)||; = ||eill; = 1. Therefore, using Lemma 10,

1 <p D lell,

X'e )
\/ PAin (LX) X0)

x5 (60) (X'X)”

We are left with the other term in (8.28), i.e. [x}, (8) (X'X) ' X'y — F (00)‘. The first term, x/, (6) (X'X) ™' X'y,

is p* (@g) where p* € Pp is the polynomial minimizing

Z |F(8,) —p* (6,)]* = iélg Z |F(8,)—p(6;)]*.
j:6,€P(60) PEN 5.0,6P(80)

If 0, € P (0o),

|F(60) —p" (00)" < > |F(8;)—p"(6,)”
7:0;€P(60)

79



Let p** € Pp be a polynomial such that

1E(8) =™ ()]l ,p = inf [|F(6) = p(6)ll,p-

Then,
IF(80) —p* (00)F < > [F(8;)—p*(8,)
jZGjE’P(B())
< Y F(6) —p ()]
jZGjGP(B())
< P||F () —p™ (6)|5 -
Therefore,

lell,

\/P)\min (LX)X,)

F (80) — F (80)| < P% ||F (8) — p™ (0)|| g + h P

If 8y ¢ P (0y), we can write, for any 6, € P (6y),
[F'(80) —p™ (B0)| < [F(6;) —p" (6;)] + |F(8;) — F(60)] + [p™ (8;) — p™ (60)-
Here, |F (8;) — p* (6;)| can be majorized as we did above. For the other two terms, we have
|F (oj) - F(90)| < |F|o,1 ||0jH2 < |F|0,1 ﬁ

and

7" (0,) = " (80)| = | x}» (8,) = x5 (80)] (X'X) ' X'y

< Ixp (8;) xp (B0)1l, | (X'%) 7' X’

11,

< Ixp (8;) —xp (80)|l, ¥,
- Amin (X' X) '

From Lemma 11, we have

Ixp (8;) — xp (80)|l5 = lxp (8;) — e1ll; = IIxp (8;)]|5 — 1

<1_ﬁ2(D+1)—1:Z))2 1_ﬁ2D
=T 2 1—2 )

Moreover,

IFI2<P sup [F(8,)=PIF (8,34,
6;,€P(00)

At last,

1 1
1 —ﬁQD)z HFHP(GO) < h_Dﬁ(l_ﬁﬁD>2 ||F||p(90)
>\min (%X/X) a 1 )\min (%XIOXO)
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and

F(00) = F(80)] < P F(8) = " (0),5 + Fly,1 7

1
1 _ 32D\ 2 F
=+ h_Dﬁ< . p’\Q ) || |‘P(00) + h—DP—% ||€H2 .
-r Amin ($X6Xo0) Amin (5X6Xo0)

Now, we want to majorize supge g |F' (6) — p** (8)|. Let p*** be the Taylor expansion of order d of I (6)

around 8y = 0. Then,
1F(8) —p™ (0)]| 5 < [ F(6) =™ (0)]| 5 -

We use Lemma 1 with v = 1:

KP b D+ KP
77 111l |F|D,1§m

- D+1 F
(D— 1) P | |D,1

|Ro (0;0)] <

and, through p = hpg, we get the final result. QED
Proof of Theorem 9. We build a predicted value of F'(0) as

F(6) = (8) (X'X) ' X'y =}, (0) (X'X) ' X/ (Y +¢).
The decomposition and the interpretation of the other quantities are similar to those in Theorem 8. We have

DVF () — DFF (0)] < ’Dkxb (6) (X'X) ' X'y — DFF (9)‘

+ ‘Dkx’D (0) (X'X) "' X'e

< |D*xp, (0) (X'X) 7' X'y — Dix (6) B
+|D*x, () 8 — D*F (6)]

+ ’DkXID (6) (X'X) ' X'e

where 3 will be chosen below. From this, we get
max HDkﬁ () — DFF (8) H

< max HD’CX’D (6) (X'X) ' X'y — D*x, (6) ,@H
|k|=8 0B

pB

+ max |D*x, (8) B — D*F (6)|

k! / -
+ HD X}, (8) (X'X)

'X'e (8.29)

‘pB '
Let us start from the last term in (8.29). By Cauchy—Schwarz inequality, we have

<||D"p (0)]], || (/%) x

D*x), (0) (X'X) ™' X'e

g
el

< ||Dxp ()], lell, \/AW (xx)™)

_ 100 0], el
Amin (X’X)
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Therefore, using Lemma 10,

< h*DP_% [D*xp (8)]], llell,

‘Dkxb (0) (X'X) "' X'e

Amin (X5Xo)
From Lemma 11,

P32 maxge B ||€||, max ;=5 Maxee B ||DkXD (0)”2

)\min (%X{)XO)

_1 D d\2 _
p P72 maxee B ||5H2S!\/Zd:5 (S) pA=9)

>\min (% XIQXO)

1
X'e

e [ b (0) %)

<"
2

<h”

Now we turn to the second term of (8.29). Let 3 be the vector of coefficients of the Taylor expansion of
order D of F (6) around 0. From Lemma 1,

KPIH D—|k| ||| D—|k|+1 KD~k D—|k|+1
|Rk (0;0)] < R 101 |Flp, < D=0 1F|p.1 (8.30)
and the second term in (8.29) becomes
KD7S B
ax |D*x, (6) B — D*F (O)Hps < max |Rk (0;0)] < mpl) St [Flp, -

We are left with the first term in (8.29), i.e.

max | D*xp, (8) (X'X) ™! X'y — D", (6) 5Hp3

— max HDkX/D 6) ((X’X)f1 X'y — 5)

|k|=S HpB'

It is clear that x/, (0) ((X’X)f1 X'y — ﬁ) is a polynomial of order D in 6. In order to majorize

—1 /1
| ) (x%) 7 Xy - )|
we use |k| times a version of Markov brothers’ inequality. We recall that, for a multidimensional polynomial
p of order n in d variables, the generalization of Markov brothers’ inequality in Kellogg (1928, Theorem VI)

states that

Therefore,

| 0 (X% x5 - )| < ((D?'W) i b 0 (%) x5 - )|

B
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We can write the term in the right-hand side of this equation as

xp (6) (X'X)"' X'y = % (6) 6] < [, (6) (X'X) ™ X'y — F (0)| +|F (6) — x}, (6) 8.

The last term can be bounded as in (8.30):

KD

I (88— F (8)ll, < 1o (0:6)] < 5—;

PDH |F|D,1 :

We only need to bound supge g ’xb 0)(X'X) ' X'y — F (9)’ Using Theorem 2 in Calvi and Levenberg
(2008),

< (1+Co (P (80).0B) (14 PH)) inf [IF(8) = p(O)]]5-

xpp (0) (X'X) " Xy~ F (0)]

Here Cp (P (00), pB) is the constant defined as

p (0)]] 5
Cp (P (60),pB) i= sup ———5_
0 vebn 1P ()]l p (o,

We show that this constant can be written in a different way. Indeed, we know that p = hpy and that
P (00) = hpo (90) Then,

lp(O)ll,g SUPy,-19¢p,8 [P (0)]
pepp ||P (9)||7:(eg) pePp SUPL-16cP,(0,) Ip(0)]
_ supge,g |p (hB)]
= sup
pePp SquGPO(OO) ‘p (h0)|

1P (0)ll,,,8
SUp
pepp [P (0)”730(0)

Using the definition in the text, we write Cp (Po) instead of Cp (P (6o) , pB). Astoinfpep, supge g [F(0) —p (0)],
let p* be the polynomial for which

inf |[£7(8) —p(9),g = 17 (8) —»" (6)llp -

p

If we replace p* with another polynomial in Pp, the result will be a majorization of this term. We can use

the Taylor expansion of order D of F () around 0:

KD

1£(8) —p" (9)l] g < [Fo (0;0)] < D=1

PD+1 |F|D,1 :
As a result:

max HD’fﬁ(e) - DkF(e)H

|k|=S oB
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o P dmaac e, SR (4) 520

<h
Amin (5X4Xo)
+ (2 +Cp (P) <1 " P%>) (DY K* 1 KPS D=5+ ||
(D= S)H*(D—1)! (D-S—1) D1

The result follows linking p and h, through p = hpog. QED

Proof of Corollary 3. We want to majorize supge g HF 0)— F (O)H for D =1or D = 2 and supg¢ 5 HF () —
2

for D = 2. Using the triangle inequality, for S = 1 we have

|[F @) - pr @],

< H[DlxD 0)(XX) Xy~ i 0)8] |

+||[D'x}, (0) 38— D'F (0)]]],
v H [Dixb 6) (X'X)"} X’s} H2 (8.31)
where 3 will be chosen below. For S = 2, the inequality is the same, with D% replacing D°. In the following,

we will use D* instead of either D’ or D%.
For the last term in (8.31), we have

| [P (0) (x'%) 7' Xe]|| < | [DFxh, (0) (%) Xe] |

=

2
- ‘Dkx’D (0) (X'X) "' X'e
|k|=S

IN

> [0 @) [(xx) 7' X!
Ik|=5

<K% ‘rﬁa}éHD xp (0)]], [ (x'%)"

1

 lellz

_KASWER (7 el KESITR o (8709 el
)\Inln (X X) PQhD >\min (ﬁXIOXO)

In the second term of (8.31), let 3 be the vector of coefficients of the Taylor expansion of order D of
F (0) around 0. Then,

|F©o)-F ) <Li)6l,, S=1.D=1,
|[D*x), (8) 8= D*F O], = < |[#(6) - F(0) - F(0)6 <% 6]}, 5=1.D=2,
HF(O) - F(O)H2 < Ly 6], S=2,D=2.

The first one comes from Lip-1, the second one from the third inequality in Lemma 2, the third one from
Lip-2.

The first term in (8.31) is a polynomial. In the case S = 1, it can be majorized through the generalization
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of Markov brothers’ inequality in Kellogg (1928, Theorem VI) seen above:

%
2
sup | D7 | D (0) (X'X) ' X'y — D¥x)y (6) B
0cpB —
|k|=1
D2
< — sup
P 6cpB

x)p (8) (X'X) "' X'y = (0) 8]

In the case S =2 and D = 2, the same inequality yields

=

sup [ 3537 Dty (0) (X'X) " X'y — Dy (0) B

0cpB P J

D=

1

- . 2 :
< | 304 s |32 DV 0) (XX) T X'y - D (8)
2\ 2
(D_1)2 i/ I\l N i/
<[4 swp |D'xp, (6) (X'X) ' X'y — D'xp, (60) B
i P 0cpB
K2 (D-1)* . _ ,
# sup sup |D'x}, () (X'X)”' X'y — D'x}, (8) ,6"
P i 6epB
Kz (D —1)*D? _
<BEDZD D Gy |y (6) (%) X'y~ (0) ).

P 6cpB

We can write the term in the right-hand side of both equations as

x)y (8) (X'X)~' X'y =, (0) 8| <

Xy (0) (X'X) ™' X'y — F (8)| +|F (6) —x, (0) 3.
As above,
< (1+Cp (Po) (14 P)) inf IF(6) = p(O)l] e

< (1+CpPo) (1+PF)) IF(6) = p* (6,6

X (0) (X'X) ™ X'y~ F (0)]

where p* is the Taylor expansion of order D of F'(6) around 0. Therefore,

lr@®)r-F© -0F @<L 013, D=1,

B \F(a) _F(0)-6'F(0)— F

IF(6) 1" (6)
OEOO| < L2 jo|3, D=2,

The statement follows by collecting the terms. QED

Proof of Theorem 10. The proof of the first result follows the one of Theorem 9. Indeed, we can write

ED*F (6) — D¥F (8) = D*x), (8) (X'X) ™' X'y — D*F (6) + D*x/, (6) (X'X) ™" X'Ee,
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so that it is apparent that the result is the same as in Theorem 9, with max—g HEDkﬁ‘ (0) — DFF (G)H
pB

replacing max|;|—g HD"'F () — DFF (B)H . and Ee replacing €.
p

Now we turn to the second result. As
D*F (6) — ED*F (0) = D*x), (8) (X'X) ™' X’ (e — Ee),
from Lemma 11, we have

2

E|D*F () — D*F () —E (D*F (§) — D*F
ks Be 5B (©) (©) ( (©) (0))‘

2 2
_ k1 _ k17 _ k! NV et
- ‘Ilﬁi)égne%)éE‘D F () —ED F(H)‘ ‘Iﬁi)égé%)éE‘D ), (0) (X'X) "' X' (¢ — Ee)
< D* clxx) X
max ma | D"xp (9)H2H( )

D 2
d - 2
)2 2(d-5) H X'X 1X’H E | — Ee|
(Sh) <d§_s<s) p ) (X'X) , ax le — Eel|;

h2D(s)? [ (d\? ,
< W) (d—5) E|e — Eel2.
— Amin (X6X0) =, (S) P glei)é HE E||2

2 2
2E e — EE”Q

IN

QED

8.4 Proofs of Results Specific to the Approximating Algorithm

Proof of Corollary 4. Using AUB,

P P ) 1
lelly = \125]2 = \IZ (F (9;) — F(Oj)) < Pzay.

j=1

From Theorem 9, under Fun-D, one gets

(60) = 3 o (00) - (00)]
Ik\—
< s[5 (00) 04 (o)

0" < K3 r’?‘aﬂD" (9( )) _ DFF <0(i))‘

PPK 3\ Y0, d2pa-1)

<p an
Amin (pX5Xo0)

(2+Cp (Po) (1+P%))D2K+1 KPP |P|,
51 (D—2)!

_|_

and
() =) - @) < o) - o)
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=Y [prF (69) — Dt (0@)‘2

|k[=2

~ . X 2
< K2 ma ’DkF (0“)) _ DFF (9@))‘ ,

5( < Kmax‘Dk (0( ) DFF (B(i)ﬂ

|k|=2

b 2P0 K\/Zd 2 2(d 2)a
N

Amin ($X{ XO)
) <2+CD (Po) (1;1?2))D2 (Dfl)K2+1 KD(lgD_;)f?D’l
Under MaV?2, we have
IEell, = | S (BF 6;) ~ F (6))

j=1
L 2

<X EE(FeE)IR)-F6))
j=1

< P:B;

and

P 2
2 <Y EE ((F 0;) — F(oj)) ]—"Z-> < PY;.

j=1 j=1

IN
=

N2 N 2
Now we turn to E (6%1)) and E (551)) . We note that, using the triangle inequality,

5(3) =B [F (00) - F (00)], = X ot (o) - 0t (0]

< K maxE|DFF (0“’)) _ D'F (9< >)‘
k=1
<K {I]?IE?%E ‘D’“F (9”)) _DFR (9@)) _E [ka (g(i)) _ DR (g(i)) \E} ‘

e B [ (09) 7] - oo o)}

e el (00) e () 5[0 00) e 0 7]
+maxE ‘IE [D’“F (9(1‘)) m} _DFF (0“)) ‘ }2
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and

2())" =& |7 (o) - # (67) ], <&[[# (67) - # (a)],
- ¥ a|ptr (600) -t (69)]

< K2 max & ‘D’“F (0“’)) _ DFF (0(“) ’2

<1 {pass| ot (07) 00 (00) 5[0 (00) - 01 (07) 7
sl o) ] e 0
< K2 { <|r11€1|21>§]E ‘DkF (0“)) _ D'F (W) _E [D’“F (0(“) _ DFF (0(“) |fi] ’2>

+maxE ’]E [D P (0( >) \Fi } _D'F (0“))‘}2 .

Nl

The final formulas are easily obtained through Theorem 10.

Now we consider b; and o; as defined in Assumption MaV. From the inequality

[e[7 (o) ] - # (o),

= ’IE [Dk |f} F(@)]2

k=1

SIS

< K max HIE {D’“F ) |f¢] ~ DFF (O)H

[k]=1 0 @pB’

we note that we can take, from Theorem 10,

Dyl D 32 2(d—1)
po K2v\/> _ d?p
bi p_D 0 Zd 1 Bl

Amin (5X6Xo0)

(2+CD(7>0) (1+P%))D?KJr I PP

+ (D—1)! (D—2)

We also have

60 =2l (07) 0N e (7 0) £ 0)n)) -

N2
Therefore, we can take the upper bound on E (6:{1)) as 0;. QED

Proof of Theorem 11. From Corollary 4, under AUB and Fun-D, 5;“ =0 (pi_DaN + piD) =0 (iDP*a + i*DP)
and 5 M~ 0 (pl aN —I— pr~ 1) = 0 (PP~ 4 i~(P=1r) and one can indeed take two constants Ks > 0 and
Ko > 0 such that 6" < Kg (i + 1)~ @ PPN (1 4 6(1)) and 65 < Ky (i + 1)~ @ PANEP=00) - ppig
implies that we can identify, in Theorem 2, £ = (a« — Dp) A ((D — 1) p) and 6 = (o« — Dp) A (Dp). Moreover,

Fun-2 implies that Lip-2 holds with Ly = K |F|, ;.
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(i)
Now we pass to the conditions in Theorem 2 (i). The fifth condition, % <cs(i+ 1)76 (I+o0(1)),is
m—0y

ensured by taking 6 = (« — Dp) A (Dp) and cs large enough, i.e. such that % < ¢3. Taking ¢; = B Fla.y

A,

2m
(i)
the fourth condition, % (52mM + ?’ézA) <e¢ (1 +co(i+ 1)_5), can be written as
m—04y
, 3mK |F|,, Acy (i +1)7¢
6&1) < |[Flaq Bea ( ) (8.32)

2M + 3K |Fly ) A+ 3K |Fly; Acy (i +1)7°

If we take £ = (o — Dp) A ((D — 1) p), it is possible to choose Ky in such a way that

, 3mK |Fly, Acy (i +1)"¢
5&) < | |2,1 2( ) : — < Ky (l + 1)*5 )
2M + 3K |Fly; A+ 3K |Fly; Aca (i + 1)

(As an example, K9 = mcy.) The third condition, 59 < m, using (8.32), is guaranteed if

P 3mK |Fly, Aca (i+1)7°
T 2M + 3K |Fly; A+ 3K |F|y Acy (i +1)7°

<m,

or 0 < 2mM + 3mK |F|, | A and this is automatically true. The second condition, s 65 (1+ MYA <
(m — %A) A, is reproduced as it is in the statement. From 1 > ¢; > 0, we have SK?Tm\M > A > 0. From
Theorem 2, the final result follows. QED

Proof of Theorem 12. We first identify ¢; and ¢ in Theorem 5 as C; and (5 in this theorem. From the
inequalities on p; and ap, from Corollary 4 and Remark 15, (5@ =0 (pi_DaN —+ plp) =0 (iDp_“ + i_DF’),
and one can take a constant Kio > 0 such that 6\ < Ko (i + 1)~ @ PP (1 4 5(1)). As a result, in
Theorem 5, 6 = (aw — Dp) A (Dp) and the final result follows. QED

Proof of Theorem 13. The result follows replacing in Theorem 3 and Corollary 2 the formulas of Corollary
4. QED

Proof of Theorem 14. We apply Theorem 7 and Corollary 4. From the latter, we have

bi = p;DB1 =+ plD = iDp_% + i_Dp,
o= {pZ—D (EZ% + Bz) +p1[)}2 = ,L'QDP—V _|_,l-—2DP.
Therefore, 8 = (% — Dp) A(Dp), ¢ = (¥ — Dp) V(Dp) and o = (v — 2Dp) A (2Dp). Note that the constants

c3, ¢4 and c5 do not really matter for the final result. The condition 1 < v+ ¢ boils down to v+ 5 > 1+ Dp
and v+ Dp > 1. As a result,

(U—i—l)/\,@:(1/—2Dp—|—1)/\(2Dp+1)/\(%—Dp)/\(Dp): (%—Dp)/\(Dp)

and
(7+0) A B = (y+v=2Dp) A (y+2Dp) A (2 = Do) A (Dp) = (& = Dp) A (Dp),

and the final result follows. QED
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8.5 Proofs of Computation Results

Proof of Proposition 1. We start from the nearest matrix in the Frobenius norm and we follow the notation
in Higham (1988). First, note that our matrix is automatically symmetric so that the skew-symmetric matrix
C in Higham (1988, Theorem 2.1) is identically equal to 0. Then, the nearest psd matrix in the Frobenius
norm is given in the proof of Theorem 2.1 in Higham (1988) (the formulation in the statement of the same

result is less interesting for us). From the same source, it is apparent that the Frobenius distance between

.= [ a2
7:A;<0

It can be shown that in our case, as the matrix F (0) is symmetric and normal, UA U’ is also a nearest

the two matrices is:

HF (6) — UA, U’

psd matrix in the spectral norm (see Halmos, 1972). However, as Halmos (1972) is cast in a more general
framework, we provide a proof. From the statement of Theorem 3.1 in Higham (1988), using the fact that
C = 0, the distance between the matrix F () and the set of psd matrices is:

02 (F (9)) = min {r >0: F (6) > rI} = max {0, —Amin} -

Now, from the proof of Lemma 3.5 in Higham (1988), it is easy to see that HF (6) — UA, U’
so that dy (ﬁ‘ (0)) is attained by UA,U’. QED

= max {0, —Amin },
2
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