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1 DMotivation

This paper presents a channel through which heterogeneous beliefs shape how monetary policy
impacts the macroeconomy. In particular, it determines the importance of endogenous nominal
rigidities in an imperfect common knowledge (ICK) environment with learning. Moreover, this
rational expectations model displays realistic dynamics in several dimensions: inflation inertia, a
Hybrid Phillips Curve, and inflation’s lagging the cycle after a monetary policy shock.

The Calvo-pricing mechanism assumed in New Keynesian (NK) models implies that inflation
must lead the cycle.! In particular, it generates a forward-looking Phillips Curve, in which inflation
responds to current and forecastable future output gaps.? Contrary to this prediction, evidence from
estimated VAR models indicates that inflation has a maximal response to a monetary policy shock
several quarters after output does.?> The NK paradigm requires prices to be rigid for unrealistically
long periods of time, as reported by Chari et al. (2000). Additionally, empirical evidence seems to
point to the need to motivate a backward-looking component in the Phillips Curve relationship in
order to generate sufficient inflation inertia.*

The complications that these empirical regularities imply for standard NK models have spawned
a vast amount of empirical and theoretical research. There have been several attempts to sidestep
these problems, by amending and expanding the NK framework.? Others have focused on alternative
modeling strategies for nominal rigidities.® This paper adopts the latter strategy, avoiding the Calvo-
pricing assumption.

The model presented here consists of a monetary DSGE model with rational expectations and
ICK. It is able to generate substantial inflation inertia even though nominal contracts last only one
period and can be adjusted without cost. Price rigidities are endogenous, in contrast with the main
building block in NK models. The model contrasts also with the State Dependent Pricing literature,
as here price-setters do not need to optimally choose the time for a price change.” In particular,
there is no marginal benefit from not re-optimizing prices in any given period.

Because prices can be adjusted every period, expected economic conditions do not need to affect
pricing today. This makes it possible for the inflation peak to take place quarters after that of
output. Here, systematic monetary policy can change the degree of inflation inertia. It does so
by affecting the way price-setters base their decisions on higher-order expectations about the price
level. In particular, policies that are more aggressive against inflation reduce the impact of ICK on
the economy and hence the intensity of inflation persistence. Monetary policy is able to take the
economy closer to the perfect information equilibrium.

This paper shows that it is possible to endogenize and sustain ICK in a general equilibrium

1See Gali (2003), among others.

2The usual reference is Calvo (1983), but the criticism here applies to other models such as Rotemberg (1982a,
1982b). These are frameworks that motivate the forward-looking Phillips Curve.

3See Altig et al. (2004) or Christiano, Eichenbaum and Evans (2005).

4For instance, Fuhrer and Moore (1995), Fuhrer (1997, 2005) and Mankiw (2001).

SErceg and Levin (2003), Calvo, Celasun and Kumhof (2002), Gali, Lépez-Salido and Vallés (2004), Blanchard
and Galf (2005), among others.

6Woodford (2002), Adam (2005), Mankiw and Reis (2002), and Gumbau-Brisa (2003), among others.

"Dotsey, King and Wolman (1999), Dotsey and King (2005), and the references therein.



rational expectations model, without exogenous idiosyncratic shocks.® The producer/consumer
households face cognitive constraints that result in heterogeneity of beliefs (ICK).® The presence
of a persistent policy shock provides incentives to accumulate any relevant information over time.
Namely, it leads to endogenous learning. It is possible to calibrate the percentage of relevant infor-
mation processed every period by the private sector. This measure appears to be in the neighborhood
of 25 percent.

Inflation inertia arises endogenously because optimal pricing decisions are strategic complements.
Price-setting requires learning about the behavior of aggregate inflation. History matters because the
underlying shock is persistent, implying that learning can provide more accurate perceptions of the
economy. Therefore, households accumulate information about this shock over time, leveraging the
extent of inflation inertia. When households have a lower capacity to process information, beliefs
are more heterogeneous. In this case, they rely less on their noisier observations when updating
their beliefs, adjusting prices more slowly. Hence, the degree of inflation inertia depends on how
much learning takes place in equilibrium. Taylor (1999a) suggests that persistence in the conduct
of monetary policy might be the source of inflation inertia. In the model discussed here, this is a
necessary but not sufficient condition to generate inertial behavior.

In order to understand why monetary policy affects the extent of inflation inertia, consider a
Taylor rule that targets inflation more aggressively. This policy coordinates expectations around
the known inflation target. In the equilibrium, the level of strategic interdependence in pricing is
reduced. Learning about others’ decisions is now less important, and price adjustment takes place
more quickly, resulting in less inflation inertia. Hence the extent to which households need to engage
in learning is endogenous and dependent on the systematic part of monetary policy.

Summarizing these key intuitions, inflation persistence results from the interaction of two phe-
nomena. In the first place, households’ limited capacity to process information leads to heterogeneous
beliefs about the persistent shock. Second, monetary policy has some control over how that hetero-
geneity impacts the equilibrium level of inflation inertia. It does so by altering the effective degree
of strategic complementarity in pricing, and hence the importance of learning. This indicates that
Taylor rules are not only an answer to the central bank’s time-inconsistency problem, but also a
mechanism that influences the impact of uncertainty on the equilibrium.

After a monetary policy shock takes place, the relationship between inflation and output takes
the form of a Hybrid Phillips Curve (HPC), as it includes both past and future inflation. This
relationship can also be expressed as a Backward-Looking Expectations-Augmented (BLEA) Phillips
Curve. In both formulations, some of the coefficients of the Phillips Curve are not constant over time.
Some of the coefficients in both relationships change as price-setters learn from their environment.

It is important to note that both the Hybrid and the BLEA Phillips Curves are obtained within a

rational expectations framework. It is not necessary to assume adaptive expectations (or, more gener-

8The exogeneity of those idiosyncratic shocks has long been the traditional way to sustain the existence of het-
erogeneous beliefs. Examples abound in the literature on global games, or more generally in any models with ICK.
See, for instance, Carlsson and van Damme (1993), Morris and Shin (1998, 2000), Hellwig (2002), and Angeletos and
Calvet (2005, 2006), among others.

9Similar motivations are used in the models by Sims (2003), Woodford (2002), and Adam (2005). Formally,
the model here adds a general equilibrium structure in which the producer/consumer can observe both prices and
quantities relevant for her optimization problem.
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ally, bounded rationality), in order to make current inflation depend on its own past values/forecasts.

The endogenous learning process discussed here shows that a purely rational framework is sufficient.

2 Structure of the Private Sector

Time is discrete and the economy is populated by yeoman producer households indexed by h € H =
[0,1]. A household’s utility is given by

> 1

UG (), Lo (2 = 3 5 [u@ (h) — L]

14

The consumption index C (h) is defined below, L; (h) is the household’s labor supply at ¢, and
the rest of the parameters are constrained as usual: 5 € (0,1), and v € (0, +00) . Each household h
produces the differentiated good h. The set of commodities produced in this closed economy is A.

The notation z; (h) indicates a variable that is a choice for household h at time ¢. In contrast,
the household-specific z, ; is not a choice variable.

The consumption index for household h is given by

(i) = ([ fer )] ™ o)

where C; (/f;, h) denotes household h’s consumption of the differentiated good h. Parameter 6 > 1
gives the elasticity of substitution between goods. With P; (k) denoting the price of good h, the

aggregate price level is given by

P, = ( /A [P ()7 dh)l_le .

For simplicity, production of good h is given by
Yi (h) = L (h).

Aggregate output and labor supply are related by the following expressions

v, = (/H[wne*“dh)%
L = (/H[Lt(h)]%dh>%

Yo = L. (1)



Demand for good h is given by

—9
1$aw=<fi@> ¥, 2)

where ﬁh,t is the idiosyncratic average price level of the competitors of good h at time ¢, which may
or may not coincide with P;. I also assume that household h faces an idiosyncratic price P ¢ for its

consumption basket, which needs not equal P;. The following equalities must hold

P, = / Py dh = / Py 1dh. (3)
H H

Asset markets are incomplete. Nominally denominated riskless discount bonds, are the only asset
traded in the economy. The nominal face value of the bonds carried from period ¢ to period ¢t + 1 is
given by By (h).

The budget constraint is
< Bi_1 (h) B; (h) P, (h)

< - - + Y: (h).
Pyt (L4 ine) Py Pyt ¢ (h)

Cy (h)

Using (1) and (2), this constraint becomes

P+

—0
By_1(h) By (h) Py (h) [ P (h)
Ci(h) < Py (L4 ine) Pne - Pt ( ) Y.

Assuming that the utility of consumption is CRRA, and given p € (0,+400), the problem of

household A can be written as:

Choose {P;(h), Bt (h)}iey to mazimize: (4)
U ), G NE) = §jw19ﬂ?g?:i_%meﬂ
t=1
sty < Bl B0 B

Py (L4 ine) Py Py

Lt(h) = Ly (B—(h)>

Ph
br (h
lim —— il ), >0
T—oo i (1 +in)
By (h) = 0.

3 The Imperfect Common Knowledge Economy

Each household faces an idiosyncratic information-processing constraint that limits its ability to
fully perceive relevant macroeconomic variables. Given this constraint, households form expectations
4



and make decisions rationally. Because the information-processing constraints are specific to each
household, beliefs are heterogeneous. In the relevant case analyzed, there is no common knowledge
about macro aggregates. It is important to note that there is no bounded rationality; although
agents may be “ignorant,” they are immersed in a rational expectations model.!°

The fraction of information processed by households per unit of time, denoted by k* € (0,1), is
constant and endogenous. How this parameter is determined is discussed in detail in Section 4.

The structure provided below allows us to sidestep the introduction of the exogenous idiosyncratic
shocks commonly used to sustain heterogeneity of beliefs.

Assuming that households can process a fraction of the information about the economy is con-
ceptually inconsistent with allowing them to observe an infinite number of consumption goods (and
prices). The most sensible modeling assumption is to impose the same cognitive limitation in per-
ceiving the consumption space. Hence, consumption baskets are idiosyncratic and limited by each
household’s capacity to process information.!! As a result, they do not observe the economy-wide

price level, but rather an idiosyncratic one. The following definition formalizes this idea.

Definition 1: The commodity space for household h at time t is denoted by Ay ¢, and deter-

mined as follows:

1- Consider the probability space A = (A, Ay, M (.)), where A, is the o-algebra of A, and the

probability measure M (.) corresponds to a uniform distribution.
2- Given k* € (0,1), define for each household h the set:0 4(A, k*, h) = {/T €A, | M (ﬁ) =k*and h € Z} .

3- Then the commodity space for household h € H at time t > 1 is characterized as:

Ape € O4(A K™ h)
'h[ejHAh’t = A ateacht. (5)

The endogenous consumption basket of household h, is therefore:

Cy (h) = ( /A (e (i) T dz’)

Result (5) plus the uniform distribution assumed in the definition of the probability space imply
that:!2

0
6—1

/ Py, ydh = P, at each t. (6)
H

Additionally, given the limited capacity to observe the consumption space, it is assumed that only
a fraction k* of all goods is effectively competing against any given good h. This set of competitors is

also assumed to vary over time for any given h, and does not need to equal Ay, ;. Since the information

10 Alternatively, they can be said to suffer “rational inattention,” as in Sims (2003).

H Rationality implies that households know that there are other goods in the economy. They are just unable to
gather information about them.

121f the household-specific consumption space does not change from one period to another, it is possible to learn
over time the relationship between Pj ; and P;. This wougi lead to an increasingly accurate assessment of P.



set of household A includes only goods in Ay, ¢, the price level of the competitors, denoted by ﬁh’t,

is not directly observed. Hence the following definition:

Definition 2: The price level of the competition of good h € H at time ¢ is denoted by ﬁh,t
and defined as follows:

1- Consider the probability space G = (G,G,,N (.)), where G, is the o-algebra of G, and the

distribution function N (.) corresponds to a uniform distribution.

2- Given k* € (0,1), define:

Ua(G, k*, h) = {é €G, | N (é) - k}
3- Then the set of goods competing with good h for each t > 1 is given by:

Gy € (G, k* h, P).

4- Let Ny 4 (.) denote the conditional distribution over subset Gy . Then the price level of the
competition of good h at time ¢ is given by

ﬁh,t = / x th,t (Z’) .
Gh,t

It is assumed that by the law of large numbers, for each ¢ > 1

/H Py = P (7)

The following assumption is modelled in Section 4.1. It is justified by the households’ lack of

capacity to process information.
Assumption 1 Perceptions about the nominal rate iy are idiosyncratic.

In the ICK model discussed later, households can form estimates of P, over time, given the
sequence of realizations of P, ;, which amounts to facing idiosyncratic consumption-basket inflation
rates mp, ¢ that may differ from their believes on m;!'3 As explained below, they also face heteroge-
neous nominal rates. Hence in a given period, the intertemporal consumption allocation decisions
are also heterogeneous. For instance, holding everything else constant, household h increases its
consumption if it believes that it faces a relatively low Py, ;. This also has an impact on price-
setting, as the household’s desired labor supply is likely to be affected (depending on the extent of

complementarity /substitutability of leisure with consumption).

13The assumption that the idiosyncratic consumption space changes each period can be relaxed at the expense of
more analytical complexity. If there were a systematic presence of a set of goods in the households’ consumption
space, it would be easier to figure out an approximate relationship between the idiosyncratic price level and the
aggregate one. According to the discussion that follows, this would increase the speed of learning and diminish the
need to conjecture what others are doing. Hence the lack of common knowledge would have a smaller impact on the
economy’s dynamics. 6



3.1 Private Sector Information Structure: Perceptions and Beliefs

In contrast with the previous literature on models with imperfect common knowledge, this rational
expectations framework generates endogenously the observation noise that generates and sustains
heterogeneity of beliefs.

As a simplification, the household optimization problem is completely symmetric. The two
restrictions specific to each household are its budget constraint and its information-processing con-
straint. This last cognitive constraint is identical (by assumption) across households but is indepen-
dent.

Once the economy is hit by an aggregate shock, the information-processing constraints introduce
observation noise that is idiosyncratic. Household conjectures about the realization of the shocks
are almost surely heterogeneous. The resulting endogenous imperfect common knowledge structure
is sustained without deviating from the rational expectations framework. The necessary elements
are definitions 1 and 2, plus Assumption 1.

A signal psj ¢ indicates the observation of variable F; by household h. The following vector

summarizes the signals perceived by the household:
Shit = (‘n'sh,ta ySh,ts iSh,t)~
The information set of household A at time ¢ is defined as'*
I (h) ={Li—1 (h), Sht, tnts Pnits Bi—1(h), m—1(h)}.

It is necessary here to introduce further notation. The expectation operator EI indicates an
expectation conditional on the information set I; (h). Expression F' /t(j ) is the expectation held at
time ¢ by household h of the average expectation of the average expectation... (j times) of the
aggregate stochastic variable F. The superscript j > 0 indicates the order of the expectation. The

average expectation across the economy is given by F(;Z = f o h (] )dh. Given an expectation of

order j, the expectation of order j + 1 is given by F",/tﬁl) E} {fH sh/t(J dh} .

By convention, Fs/t = Fsh/t(l) and F; F/IEO). The argument (k) still indicates household
h’s choice variables, past and present, or a set containing them.!?''® Finally, define the operator

E, {Fs/t} I S/t”l)dh FU.
It is assumed throughout the paper that at ¢ = 0 the economy is at the deterministic steady
state, which is common knowledge. Functional arguments are not specified when confusion is not

possible.

4 Tnformation sets are denoted by I (h) instead of Iy ; because they also contain household h’s choice variables.
By definition, households cannot forget.

15For instance, expressions such as Fh () (h) denote expectations of order 7 held by household h at time ¢, about
the choice of Fs (h).
16With common knowledge, Fh/t(J) = Fh/t =Fyforalh€ H t>1,s>1 and j > 1.



4 Learning in The Private Sector

All relevant stochastic variables are normally distributed. The constraint adopted to model the
household’s information-processing constraint is based on Sims (2003). Its particular functional
form and a brief discussion of its statistical basis is given in Appendix A.1. This constraint places
bounds on how much a rational decision-maker can reduce per period the uncertainty of her beliefs.
It establishes that each decision maker can process a maximum of K € (0, +00) bits of information
per unit of time. In controlling flows of information, it provides the foundation to model learning.
The following proposition introduces the main parameter of the learning process used throughout

the paper, and is proven in Appendix A.2.

Proposition 1 Let k* denote the fraction of all information that each household can absorb per

period. Then, there is a one-to-one relationship between K and k* given by

=1 — e~ K2In(2)

Figure 1 presents this functional relationship. For relatively low values of K the fraction of
relevant information absorbed is already rather large (K = 1 already implies k* = 0.75).

By assumption, the value k* is the same for all households and constant over time. Nonethe-
less, the noise in the observed signals is independent across households and over time, due to the
idiosyncrasy of the constraints.

Given an imperfectly observed normally distributed variable F;, household h’s optimal first-order
conjecture is

th;t =(1-k") Fth/t—l + kP St (8)

This last expression is a Kalman filter with a constant gain equal to the fraction of information
processed per unit of time (k*). Given symmetry of the problem, equation (8) governs learning from
every variable in sy, for all h € H. Therefore, Proposition 1 provides an intuitive interpretation

for the Kalman gain involved in the learning process.

4.1 Monetary Policy and Interest Rates in the Private Sector

Monetary policy follows a simple Taylor rule that is subject to persistent shocks:

i = Ore + Gyl + (4, 9)

where i; denotes the federal funds rate, m; is the (net) inflation rate, and [; is employment, all in

deviations from their steady-state levels. It is therefore assumed that the target for (my, l;) is the



steady state. The shock ¢, is given by:!7
¢y =8¢ +e withd € (0,1) and &, ~ N (0,02), (10)

where ¢; is the innovation to the policy shock. Rudebusch (2002) estimates the same Taylor rule,
obtaining an AR (1) policy shock with § = 0.92 and standard error 0.06.'® Monetary policy is the
only shock in the model, allowing for a much simpler exposition of the basic ideas.”

In what follows I analyze the effect of a unique innovation at ¢t =1 :
g #0 <= t=1, (11)

which implies by rationality
€¢jt—1 = 0 for all £. (12)

The pair ¢ = (g{)w, (by) is referred to as the coefficients of the systematic part of monetary policy.2°

In order to convey the main message of this paper, this specification presents some advantages
over a Taylor rule with interest-rate smoothing. Adding a lagged interest rate to the right-hand side
would introduce additional intertemporal dynamics. This makes it more difficult to separate out the
source of inertia. The only variables that persist from one period to the next are asset holdings and
the policy shock.

Now, Assumption 1 can be justified as follows. Each household perceives the federal funds rate i,
with noise.2! Therefore {i?/t}heH denotes the conjectures of all households about the federal funds
rate. I assume that households can only perform one financial transaction per period.?? Moreover,
dealing with the central bank is subject to an arbitrarily small transaction cost ¢ > 0.23

Each consumer-producer household observes only a fraction £* of the financial market partic-

ipants. This set is assumed to change from one period to another. Any household can always

I"Note that because households understand that nominal rates are set according to (9), the vector of signals Sht
included in I; (h) can be alternatively defined as

Sh,t = (wSh,ty ySh,ts gSh,t) .

This is because (9) implies that the four signals (,rsh,t, ySh,t> CSh,ts i5h7t) are linearly dependent.
18 Rudebusch (2002) obtains the following Taylor rule with serially correlated shocks

i = 124 0.331 , = 0.92
' (0.24)7” + (0.10) t+ G G (0.06)th1 tet

with 0e = 0.36 and R° = 0.96

(his equation (18), page 1178). A Dickey-Fuller test rejects the hypothesis of a unit root in the policy shock process
with a p-value smaller than 0.05.

19 As in Chari, Kehoe and McGrattan (2000), Christiano, Eichenbaum and Evans (2005), or Woodford (2002), for
instance.

20Note that only cases where policy satisfies the Taylor principle are considered (¢, > 1). There is ample theoretical
evidence of the desirability of ¢, > 1 to ensure a stable inflation path. For more details, see Woodford (2003, Chapter
2), Leeper (1991), and Kerr and King (1996).

21Data from several economic surveys indicate that the private sector does not fully absorb relevant market data
that is easily available at low cost.

22This rules out the possibility of arbitrage. In the equilibrium, each household can observe the rates corresponding
to a fraction k* of the transactions.

23 This simplification avoids the introduction of a financial intermediation sector. In equilibrium, it makes the model
more realistic, as producers/consumers do not deal directly with the central bank.

9



threaten to perform its transactions with the central bank if 45, ; departs too much from i?/ .- On the
equilibrium path competition, optimality of consumption decisions, rationality, and the continuity

of all the payoff functions with respect to ¢ ensure that, as ¢© — 0,24
int = i?/t for all t and h € H, (13)

and that no transactions with the central bank take place.
The average federal funds signal observed by household h is given by ;sp ¢ = it +i 1,4, where

it ~ N (0,;07) is the observation noise.”” In aggregating over households, the noise vanishes and

the average conjecture is given by
iy = (1= k) iy jp—1 + K"y (14)

Equation (14) means that the central bank has control over the economy’s average interest rate,

since (13) implies that i,/, = [} in.

4.2 Formulation of the Private Sector Problem

The specification of production and demand functions implies
~ N6
Le(h)=Li (P (k) | Pat)
The rate of inflation for commodity h is
L+ m (h) =Py (h) / P—1(h),

and the economy-wide inflation rate m = fH ¢ (h) dh.

The inflation rate of the competitors of commodity h is given by
14+ Tht = f)h,t / f’h,t—l-

Next, define the following endogenous state variables?

14+ 74-1(h) = Pi1(h) / Pui—1, (15)
L+ X-1(h) = Py (h) [ Ph-1, (16)
be(h) = Bi(h) / Pt

24The payoffs of trading with the central bank and with other households are both continuous in ¢©. As long as
¢ > 0, households’ payoffs from trading with other households are no lower than the payoffs of trading with the
central bank. By continuity of the payoff functions, this must also be true in the limit as ¢ — 0.

25 Appendix A.2 discusses how ;o2 is determined.

26Defining 7¢ (k) and A¢ (k) allows us to express the household optimization problem in terms of inflation rates

instead of price levels. It is possible then to define the problem around a steady state.

10



After taking into account the presence of uncertainty, the problem (4) becomes

Choose {my (h), by (h)};=, to maximize: (17)

) v
Zﬁt 1Eh{ e (BRI ey Ltl }

by 1 ( bi (h)
t. C -
5 t( )_ 1+7Tht (1+Zh,t)
—0 1+7Tt(h) 1=0 1+7~Tht
O A (B)] ( ) () et (18)

) br (h)

im ——
T—oolli—g (1 + in.t)
bo (h) =0; Ao (h) =0; 70 (h) =0 (common knowledge).

>0

The solution method has two stages. First, a linear quadratic (LQ) approximation to the economy
is performed around its stationary zero-inflation deterministic steady state, solving the resulting
household optimization problem. This yields the optimal decision functions for the household. The
second stage uses these decision functions to solve the general equilibrium problem under imperfect
common knowledge. The problem can be broken down into these two stages because the optimal

decision function from an LQ-problem displays certainty equivalence.

5 First Stage: Optimal Decision Functions

The LQ approximation is standard and only the main results are presented.?” Note that in the
deterministic steady state 7, = m for all h and ¢, because all prices are observable at no cost.
Define then

Wi (h) = (1, m, Tht, b, 6o, Ai—1 (B), Te—1 (R) ,be—1 (), e (R) , by ()"

The approximation to the felicity function, once the constraints are substituted into it, is a
quadratic form?®

wWrQw,

and the corresponding deterministic Bellman Equation V (.) is*’

= max Wi QW
Vb () A B meo () = ) { BV (Cobe () e (1), 72 (1) } |

The only state variables in the model are the exogenous policy shock and asset holdings (other

than 74 (h) and A\; (k) , which are introduced for modelling convenience). Additional states could be

27For more details, see, for instance, Kydland and Prescott (1982), Hansen and Prescott (1995), and Diaz-Giménez
(1999).

28For the details of this method applied to a similar model, see Gumbau-Brisa (2003).

29Note that the quadratic felicity function is bounded in the relevant domain and meets the conditions required to
apply Theorem 4.8 in Stokey and Lucas (1989). This ensTﬁes the existence of V (.).



introduced, for instance, assuming habit formation or federal funds rate smoothing. The approach
adopted here allows for a more direct analysis of the impact of policy shocks on inflation inertia.

In terms of deviations from the deterministic steady state, the resulting optimal decision functions
for (m¢ (h),b: (h)) are

m(h) = aim+ agmpy + asly + aqiy + ash—1 (h) + agTi—1 (h)

+arbi—1 (h) (19)
bi(h) = dim+dompy + dsly + daty + dshi—1 (h) + deTi—1 (h)

+dzbi—1 (h). (20)

Household rationality implies an understanding of the relationship between the Taylor rule (9)

and both inflation and output:3°

T (h) = (a1 + as¢,) T + aomhy + (as + asd,) b + asl,

+ashi—1 (h) + agTi—1 (h) + azbi_1 (h) (21)
be(h) = (b1 +bacp,) e+ bamn e + (b3 + bag,) I + bal,

Fbshiot () + Tt (h) + brbe_n (h). (22)

Let D = {a,d} where a = {ay,...,ar}, and d = {dy,...,d7}. Tables 1 and 2 in Appendix B
present the coefficients in D for several parameter value configurations.3! The parameter values
considered are p € {0.5,1,2}, 0 € {4,6,8}, v € {2,5} for a quarterly model with 5 = 0.96. The
Taylor rule coefficients are ¢ = (1.5, 0.5), as proposed in Taylor (1993).3? In the next sections, the
benchmark set of parameters consists of p =2, 6 =6 and v = 2.

The coefficients (a4, dy) indicate the effects of changes in the federal funds rate on the choice
variables. It should be the case that a4 < 0 and d4 > 0. According to Table 1, a; + as = 1, as in the
perfect-information equilibrium each producer changes prices one-to-one with the aggregate price
level. Moreover, Table 2 shows that d; + do = 0, indicating that the desired level of real savings

does not depend directly on the current inflation rate.

30Performing the LQ approximation with respect to ¢, instead of i results in the same coefficients with four
exceptions:
a; = a;+agp, forj=1,3.

d; dj + dag,. for j =1,3.

Nonetheless, the approach used here allows us to obtain more analytical results regarding the impact of policy on
the equilibrium.

31The coefficients in a consist of elasticities and semi-elasticities (a4 and a7). The coefficients in d indicate the
total effect on the units of real savings of percent changes of the right-hand-side variables. Coefficient d7 is a simple
derivative, providing the unit change in the optimal choice of real savings, given a unit change in current real financial
wealth.

32Many authors have argued that these coefficients characterize well the conduct of recent U.S. monetary policy.
See, for instance, Gertler (1999), Taylor (1999b), Rudebusch (2002), McCallum and Nelson (1999), and the references
in the latter.
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6 Second Stage: Imperfect Common Knowledge Problem

The constraint on households’ ability to observe economic variables is introduced now. It does not
affect the optimal decision functions, given the LQ nature of the problem.??

Households understand the process that generates Py, ; and ]gh,t. Hence, for all h and ¢t > 1:

Eth{ﬁhm} = E'{P.,} forj=0,1,.. (23)
EM{Phii;} = EMP,} forj=1,2,.. (24)

Note that they can observe P}, ; but can only conjecture Igh,t from their sales.
From now on, given (23), %Z,t /¢ is substituted for the expectation of the aggregate variable 71'?/ »

This is done because

W?/t = Eth {The}-

6.1 Forecasts and Higher-Order Expectations of the Shocks

The current average conjecture of the policy shock can be expressed as

Copp =1 —K")0C_ 101 +E*Cy (25)

In this case, ¢, is exogenously determined by the stochastic process in (10).

The difference equation shows how information about policy is absorbed over time at a con-
strained rate (k*). The accumulation of information over time improves the (cross-sectional) aver-
age estimates of the policy shock.>* Nonetheless, individual beliefs are affected every period by an
idiosyncratic 4id observation noise. This maintains heterogeneity in households’ conjectures of ¢,
(or equivalently, of 7).

Solving the difference equation (25), it is possible to write the expectation of a shock as
Comappo = Cra [L= (1= 0)' "] for t >b>a >0, (26)

given (o 9 = 0, (11) and (12). For easier interpretation, set a = 0 in (26) and express the policy

shock in terms of 7 :

Coprp =210 [1= (1= k)] fort > b0, (27)

This illustrates that the passage of time has two effects on ¢, /,_,. On the one hand, 6'! represents
the diminishing impact of the innovation €; on the shock ¢,. On the other hand, the term (1 — k)b
indicates that accumulation of information has taken place between ¢’ = 1 and ¢/ =t —b. As b
increases, conjectures are formed farther back in time; hence, households have accumulated less

information. In this case, the forecast about the shock at ¢ is more inaccurate (closer to 0).

33The solution displays certainty equivalence.
34There is no household superscript in (25).
35The shock can be expressed as ¢, = 6°le1. See equation (10) and condition (11).
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Given {(i 1=, Coso = 0, (11), and (12), equation (27) for b = 0 yields the entire sequence of
36
t=1

average conjectures {(t /t}
Repeating (j — 1) times the process of taking expectations of (26) with respect to I,_j (h), and

integrating over h € H yields:
(4) _ t—b]7 .
¢y =Cra [1—(1—k) } fort>b>a>0andj=0,1,.. (28)

Therefore, higher-order expectations are less sensitive to changes in {,_,. The higher their order,
the smaller the adjustment after a shock. Forming the expectation of order (j) requires processing
information (learning) about the average expectation of order (j — 1). This introduces additional
observation noise, which makes the expectation of order (j) less responsive to shocks than the
expectation of order (j —1). This effect, plus the persistence of the underlying shock, constitutes

the engine of the macroeconomic system’s sluggish adjustment.

6.2 Definition and Characterization of the ICK Equilibrium

The formal definition of equilibrium for this economy is

Definition 3: A Competitive Equilibrium in the ICK Monetary Economy at t consists of
a plan A (h) = {m¢ (h), by (h)},o for each h € H, and sequences of prices

P= {7Tt, it, (Thits Thits ihi)heH}til

and of information structures
I={(T: (W)pert 2y

such that:
1—Given P and I, plan A (h) solves the problem (17) for all h € H.

2— [ b (h)dh =0 for all h € H and t.

The economy’s equilibrium is Markov: the stochastic process of the shock is AR(1), the other
relevant state variables are determined at t —1 (by—1 (h), A¢—1 (h), and 7;_1 (h)), and learning takes
the form of a Kalman filter. Hence, choices at ¢ depend only on information about the shock available
at t, and the state variables inherited from ¢ — 1.

Under ICK, household h is aware that its observations are almost surely different from those
of a non-zero-measure set of households. It also knows that all other households are in the same
situation, and that everybody knows this fact. It has to take this into account in forming its
expectation about 7, and, correspondingly, choosing 7; (k). Hence, in conjecturing 7, household
h has to take into account that the other households take into account that other households take

into account... (iterated to infinity) that there are different perceptions of the economy-wide level

36 The assumption that Co/o = 0 can be relaxed at the expense of lengthier expressions, without relevant offsetting
gains.
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of inflation. Given the structure of monopolistic competition, this affects price-setting (and hence
inflation) in period t.
Households form conjectures about the aggregate inflation level by processing information from

their environment, including 7, sand 7, ;. Therefore,
Wf/t # mp and Wil/t # Tt almost surely for all h and ¢.

In period ¢ household h can be saving or lending, depending on the values of 7y, ¢, Tp ¢, and 7Tt/t,
even though it knows that aggregate savings are zero. As discussed above, the relative movements in
idiosyncratic prices lead to heterogeneous beliefs, which result in heterogeneous consumption /savings

decisions.

6.3 ICK Equilibrium Solution

To simplify notation, define

zf’(j) (h;n) = nlb?’_({fl) (h) + nzb?’(jfl) (h) for j=1,2,... (29)
2 (him) = 2 (him) (30)
x?’(j) (h;n) = n3)\hfj 2 (h) + nyry ({ 1)( h) for j =1,2,.. (31)
v (him) = 2" (him) (32)
for n = (n1, na, n3, ng) € R
The following property is proven in Appendix A.3.
Lemma 1 for tg > ¢
2} () = 0forallneR*andj>0.
xi%o (n) = OforallneR*andj>0.
Appendix A.4 shows that higher-order expectations (7 > 1) of inflation are
h, h,(i+1) (+1) (G+1) (+1)
e =Tl T 1 (a0 () 4+ 250D () (33)

and provides the functional forms for the endogenous parameters I'y (D, ¢), 'y (D, ¢), and ' (D, ¢) .
The parameter I'y captures the effective degree of strategic interdependence in pricing under imper-
fect common knowledge.?” In particular I'y > 0 because there is complementarity in price-setting.
For the parameter values considered, I'y < 1, which, as discussed below, is required to ensure the

existence of equilibrium, and I'y < 0.

378trictly speaking, it can be shown that the coefficient measuring the strategic interdependence of household actions
is ¥ = ¢ -I'1, with v, € (0, 1) for the relevant parameter values. Coefficient -, is given in Appendix A.4. Parameter
v, turns out to be of little relevance.
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Tterated substitution of equation (33) for all j > 1, yields:

_1 h7 j h1 ] ™ h7 j T
W?/t = Z (Ty)? [F4Ct/ij) +7T (a?t/ij) (h;n™) + zt/ij) (h;n ))} : (34)
j=1
In order to find a reduced-form expression for 7/, it is then necessary to solve (and aggregate)

the series
o0

Al =3y [rc?] (35)

j=1

Aggregating (34) and using Lemma 1 implies:
Tt/t = At/t~
Appendix A.4 shows that aggregate inflation can be expressed as
me = Iimye + TaCyyye (36)

Consequently, I'; determines how pricing is affected by the higher-order expectations of inflation.
The weight placed in (35) on higher-order expectations increases geometrically with I';. In particular,
larger values of I'y imply that the weights given to expectations of any order become more similar
to one another.

I'y (D, ¢) is endogenous and affected by the particular Taylor rule implemented. As shown in
Section 7, monetary policy has an effect on the extent of persistence because it affects the degree
of household interdependence in decision-making. When monetary policy is more aggressive in
stabilizing the variable that creates strategic interdependence, conjectures about others’ decisions
are less important. Information about what others are doing is less important, since the relevant
variable becomes easier to predict. This reduces the extent of inertia, as households respond by
placing a greater weight on low-order conjectures, which adjust more quickly.

The average of expectation (35) can be expressed recursively:*®

Bje= B qTaCo+ Ty [ 30y [racf ™ an (37)
=2
and therefore
Ayt =Talyp + T1Ey {At/t} . (38)

Appendix A.5 relies on this last equation to provide the proof for the next proposition.

Proposition 2 For I'; € (0,1) and £* € (0,1), a solution for 74, exists, is unique, and is given by

T+ = Ct-i—j : Zt+j for J = 07 1, )

38 An early version of Adam (2005) used a similar handling of higher-order expectations.
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where

I {M17t+j (1 -(1- k*)t+j_1> + M2]

Gi = 4Ty (1 — (1= )T ) =0 )
_ (1K) r
gy = k* {(I_FT“FI)} <0. (41)

The functional shape of 1, illustrates the need for I'y < 1 if an equilibrium has to exist. Equation
(79) in Appendix A.5.4 establishes that®’

m =14 {Nl,t(t/tq +Uth] + LaCyyy- (42)
It is possible, then, to derive an expression for the forecast of inflation:
Ti—a/t—b = Ci—ajtp 101 [H1,4—q + Ha] +Ta} fort>b>a >0, (43)

where (26) allows us to provide a closed-form solution for ¢,_,,_, as function of ¢;_,.
Given that Z;;; is deterministic for all ¢ and j, equations (28) and (43) indicate that the higher
the expectation order of inflation, the milder is its reaction to a policy shock.”

The comparative statics with respect to the information-processing parameter yields

> 0. (44)

871}
ok*

Conditional on a policy rule ¢, and for the same size of the shock, the aggregate inflation responds
more on impact to the current shock, as it is easier to learn about it.

Dependence on higher-order expectations reduces the sensitivity of the inflation expectation to
shocks, as well as the expectation of the shock. This slows down the adjustment of expectations
and, given the relationship (36), it also slows down the adjustment of inflation. Hence, the degree
of inflation inertia is increased. Both strategic complementarities in the nominal side and imperfect
common knowledge about nominal values are necessary for this result. Nonetheless, the design of

monetary policy plays also an important role, as discussed in the next section.

39Some algebra shows that as k* — 1 this solution converges to the equilibrium under perfect information. The
limit £* — 0 implies 7y = 0, the deterministic steady-state level of inflation.

40Woodford (2002) also provides a closed-form solution for the higher-order expectations of inflation in his model
with the same property.
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6.4 Impact of Monetary Policy on Equilibrium Inflation

Definitions (59), (60), and (65) given in Appendix A.4 can be used to determine the following
relationships between both I'y and I'y with respect to ¢ :

81;1(;@ < 0 aral(;@ >0 ; 7‘233? >0 (45)
™ Y y-rm

a(d) _ . 0Ta(@)] _, . PTa(9) _

s = " as, <" Ggos =

These signs hold for all the considered parameter values. Figure 2 (Appendix C) graphs I'y for
¢, € [1.05,2.5] and ¢, € [0.05,2.5]. The coefficient Iy is an increasing and strictly concave negative
function of ¢,.

The positive coefficient I'; decreases with ¢, for given ¢,. This indicates that stronger systematic
responses to inflation reduce the relevance of higher-order expectations of m; for any price-setter.
Strategic complementarities are weaker, resulting in a narrower channel for ICK to cause inertia.*!
I'; increases with ¢,, conditional on ¢.. A higher ¢, makes the nominal rate more sensitive to
movements in employment around its natural rate, affecting the nominal rate and hence inflation.
With a more volatile inflation, higher-order expectations play a greater role. This increases the role
of strategic complementarities in pricing, as measured by I'y.

The negative coefficient I'y is unaffected by ¢, but approaches zero with ¢,. A higher value of
¢,, decreases the impact of a shock on inflation going through I'y.

Using numerical simulation, it is possible to show the following two properties of Z;. They are

crucial in understanding the impact of monetary policy on the equilibrium:

912 ()|
¢,

912 (9)]

<0.
99,

<0 ;

Hence, Z; (¢) < 0 will be closer to 0 for higher values of ¢, and ¢, First, the systematic part
of policy implies a larger response of the nominal rate to inflation (larger ¢, ) or output (larger (;Sy),
allowing smaller departures of inflation from the target. And second, with a larger ¢, , households
understand the stronger anti-inflationary goal of policy and rely less on information coming from
the behavior of others. In this case, the expectation of inflation stays closer to the target. Higher
values of ¢, reduce the magnitude of I'y, implying a smaller reaction of prices to the expectation of

the policy shock (see equation (36)).

7 The Phillips Curve

The Phillips Curve can be obtained starting from the expression for the equilibrium level of output,

provided in the following proposition.

41 An additional interpretation would be that a high ¢.. reduces the effect of potential control errors or other shocks
in the monetary transmission mechanism.
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Proposition 3 Given k* € (0,1) the reduced form for the equilibrium level of output is

L = (-0, (46)
v, = —g—z <¢,r (1—(1—k*)t) _Z_l(l_k*)t) -7, < 0. (47)

The proof is provided in Appendix A.6.

It is possible to express the Phillips Curve in different ways. This results from the presence of a
single shock and linearity of the model. At least two Phillips Curve relationships are worth mention-
ing, given their economic content and role in the literature. The first is a Hybrid Phillips Curve (with
both backward and forward-looking terms), and the second a Backward-Looking, Expectations-
Augmented (BLEA) Phillips Curve.

The Hybrid Phillips Curve takes the form

T =0 L+ Qo moq + Q3 - e

with {Qi,t}i:23

coefficients is given by (83) — (85) in Appendix A.7, where there is a brief discussion on how to

> 0 for all ¢ and all relevant parameter values. The functional form of the

obtain this expression.

The analysis that follows is constrained to ¢, € (1, 2.5) and to ¢, € (0, 2.5). Coefficient
)y is constant through time, but Q2 and 3, are not, and all three depend on k*. Coeflicient
4y €(0,0.12), and is strictly increasing with k*. The dynamic behavior of Q2 and Q3 is given in
Figures 3 and 4 as a function of k*. These two coefficients illustrate how, with the passage of time,
new information is less relevant for price-setting. Since households keep learning in every period
about the persistent shock, new information has a decreasing value relative to the accumulated stock
of information. Conjectures formed exclusively with past information become increasingly precise
over time, which explains the increasing value of {5 ;. Future inflation is related to current inflation
because there is common information absorbed at t that is used for price-setting both at ¢ and at
t+1. The larger k* is, the more common information is processed, increasing 23 ;. Nonetheless, the
importance of 7,41 in the Phillips Curve is extremely small when compared with 7;—;. While Q5 ;
approximates the value 0.9 (= J) as households accumulate information, coefficient Q3 , < 0.07 for
k* € (0,1). Fuhrer (1997) estimates a similar Phillips Curve, obtaining a coefficient for an average
of past inflation of 0.8, with 0.9 within the 5 percent confidence interval.

The BLEA Phillips Curve takes the form:

= b+ Qo w1 + Q5 T,

where again €25, > 0 for all relevant parameter values. The expression for this parameter is given
by (86) in Appendix A.7, as a function of (¢, k*, a, ¢, §, Z;). Figure 5 displays the behavior of
Q3 ; over time after a policy shock. The forecast 7;/;_; is important only for rather low values of k*
and for a short time. This illustrates the high value of new information right after the shock takes

place. As information accumulates, 7/, basically vanishes from the equation.
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7.1 Impact of Monetary Policy on Inflation Persistence
Next, I define an index of inflation persistence (or inertia) and analyze its properties.
Definition 4: The Index of Inflation Inertia is given by

Corr (my44,m)

P (.
() Corr (Ct+j7Ct)

= Zt-l—j/Zt fOI'j = 07 1,2, (48)

Figure 6 presents this index as function of both time and £*. The most important property of

this index is given by the following proposition.

Proposition 4

d() > lforj=1,2, .. (49)
®() = 1forj=0.

The proof, and the full expression of the index, are both provided in Appendix A.8.

For j =1,2,...the index also has the following relevant properties:

D(t) > ()<= t<t foralt ; tlim o()=1 (50)
0P ()
00 () el

FTER 0 ; kl*lgllfb (=1 (52)
D (.) depends only on (T'y, k*, t). (53)

Proposition 4 states that inflation is inertial, more persistent than the underlying shock. Nonethe-
less, the extent of inertia dies off monotonically over time, while the private sector learns about the
policy shock (see (50)). Moreover as t — oo it disappears completely; eventually, both the shock and
inflation must return to their steady-state levels.

The partial derivative in (51) can be related to monetary policy through (45). Hence (51) indi-
cates that stronger anti-inflationary systematic policy reduces the extent of inertia, while a stronger
response to the output gap increases it. The degree of inflation inertia can be understood as a
measure of the impact of imperfect common knowledge. Focusing policy on inflation brings the
economy closer to the perfect information (or common knowledge) case by making heterogeneity
less relevant in the equilibrium. In particular, knowing that policy keeps inflation closer to target
diminish the importance of higher-order beliefs in equilibrium. This in turn translates into a lower
need for learning about others’ actions, and hence in smaller effective strategic complementarities in
pricing. The extent to which households engage in learning is therefore endogenous and dependent
on monetary policy (¢) .

The relationship between ® (.) and policy is shown in Figure 7, since policy affects this index
only through its impact on I'; (see (53)). Stronger strategic complementarities (lower ¢, or higher

¢,) lead to more inflation inertia. 20



Expressions (44) and (52) highlight the relationship between inflation persistence and the rigidity
in the adjustments of inflation (Fuhrer and Moore (1995)). In particular, Section 6.3 establishes that
a low k* implies a small response on impact of inflation to the monetary policy shock. The analysis
of @ (.) shows that in that same case, there is more inflation persistence (or “stickiness” in the

inflation rate).

7.2 Dynamic Behavior of the Economy: Impact of Taylor Rules and ICK

The equations used to determine the equilibrium dynamics of the economy are

¢, = 0¢,_qfort=2,3,...with¢; #0, and (, =0
m = (- 2y with Z; given in (39)

ly = (-9 with ¥y given in (47)

it = Qpmi+ Gyl + (e

Figure 8 displays the response of the economy to a monetary policy innovation in the first quarter,
for several cognitive capacities (k*). The series presented are the price level, inflation, output, and
the federal funds rate. The shock at ¢t = 1 is the same for all cases in the figure. This shock is set to
increase on impact the federal funds rate by 25 basis points for the series with the lowest k*. The
Taylor rule used is the benchmark ¢° = (1.5, 0.5), for which T'; = 0.73.

The peak effect on the inflation rate takes place quarters after the onset of the policy shock.
More “ignorance” (lower k*) delays further the maximum impact of the policy shock on inflation.
In all cases considered, the output response always peaks before the inflation response does, but
never after the second quarter. For the most informationally constrained case plotted, k* = 0.15,
the trough of output takes place 2 quarters after the shock (t = 3).12

After the positive policy innovation, the dynamics of the federal funds rate are dominated mostly
by the systematic part of policy. On impact the rate rises, due to the inertial behavior of inflation.
After the onset of the shock, the Taylor rule dictates a drop in the federal funds rate, in an attempt
to stabilize both output and inflation.

For the benchmark (¢, (by) = (1.5, 0.5), processing capacities of at most 25 percent (k* = 0.25)
are required if the maximum impact on inflation has to take place no sooner than the sixth quarter
after the onset of the policy shock (t = 7).

8 Conclusions

The dynamics of the rational expectations, monetary model with heterogeneous beliefs discussed here

present certain realistic features, difficult to reproduce within the standard NK framework. After a

42For this value of k*, output increases slightly on impact. This results from the assumed low elasticity of the
marginal disutility of labor. On impact, the real rate increases substantially, providing incentives to raise labor
income in order to save. In equilibrium, this effect dominates the incentives to transfer resources intertemporally
by reducing consumption. Closedness of the economy implies, then, that output rises, although by a very small
percentage. By increasing slightly the elasticity of the disutility of labor (v), it is possible to eliminate this effect.
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monetary policy shock, the inflation response peaks after the response of output does, inflation is
inertial, and can be characterized by a Hybrid Phillips Curve. Moreover, the model shows that a
Taylor rule with a stronger emphasis on inflation targeting reduces the extent of nominal rigidities
and inflation inertia. This type of policy approximates the behavior of the economy to that of the
perfect-information equilibrium.

Monetary policy and the extent of inflation inertia are linked through the effects of policy on
the effective extent of strategic complementarities in pricing. In a setting with imperfect common
knowledge (ICK) and monopolistic competition, price-setters need to form conjectures about the
aggregate price level. In this way, price-setting depends on the beliefs of what others perceive.
The importance of higher-order expectations for pricing reduces the size of nominal adjustments, as
those expectations adjust more sluggishly to shocks. When price-setters know that policy is more
aggressive in maintaining inflation around the known target, the dependence on others’ beliefs is
reduced. Therefore, heterogeneity has a smaller impact on the equilibrium dynamics, reducing the
extent of inertia and the real effects of monetary shocks. In this way, monetary policy can shift the
equilibrium closer to the perfect information case.

The ICK setup used here does not require any exogenous shocks to generate heterogeneity.
Therefore, the model presents a departure from the traditional strategy adopted to sustain ICK.
There are nominal rigidities and monetary policy has real effects, despite the fact that producers can
adjust prices at no cost in every period. This is another key difference from the commonly assumed
Calvo-pricing mechanism and from State Dependent Pricing models.

It is possible to perform a rough calibration of the amount of information processed by the private
sector. In particular, the degree of absorption of relevant macroeconomic information appears to be
around 25 percent.

The analysis is limited to the case in which the only state variables are the exogenous policy
shock and asset holdings. The purpose of this is to better assess the impact of policy on inflation
inertia. Nonetheless, possible extensions of the model include interest-rate smoothing and habit
formation. These can increase the level of inertia displayed by output after a shock.

The convenience of a strong focus on inflation targeting needs to be reassessed by introducing
other shocks in the model. In particular, this is so for shocks that cause output and inflation to move
in opposite directions (for example, an oil price shock). In such a case, aggressive anti-inflationary
policy would lead to larger output gaps, with potentially detrimental welfare effects. A more general

shock structure would then allow for the analysis of the optimal monetary policy.
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A Appendices

A.1 Information-Processing Constraints and ICK

Suppose that at each point in time household h chooses to observe a signal sy, + about the relevant
variable F; ~ N (070%). This is, psne = Fy + Mhts where Mt ™~ 1id is the household-specific
observation noise.

Let ¢S and gV be the variance of household h’s estimate of variable F; before and after ob-
serving the signal gsy ¢, respectively. These variances are constant, as the problem is stationary by
assumption. Let K denote the maximum amount of information that the household can process per
unit of time, measured in bits of information. The information-processing constraint that affects

each household’s information set is*3

A household’s utility decreases with the uncertainty it faces (a smaller K), as its value function
can be shown to be strictly concave. As long as information has value for the household, this
expression holds with equality. Given K and gS, the choice is gV, the variance of the ex-post

estimate of F;. Hence, pV is set to the minimum value that (54) allows for.

A.2 Proof of Proposition 1

Suppose that F; is an autocorrelated but normally distributed random variable that can only be
observed subject to (54). The optimal filter used by the household to process this information is
given by

Ft};t =(1-k) Fth/t—l + k(B +r )

where again g7, , is the idiosyncratic observation noise. The parameter k* (the gain) determines
how new observations of F} are incorporated into today’s estimate Fth/t. This updated estimate is
also normally distributed (see Shannon (1948) and Adam (2005) for the details).

Let 0% denote the variance of the observation error, still to be determined. The gain in the

43If Y is a random variable, this constraint is the result of the equation
Entropy? (Y) — Entropy? (Y) < K.

The entropy is the measure of uncertainty of a given distribution. The expression Entropyf (Y) denotes the
uncertainty about Y before the processing of the new K bits of information absorbed in period ¢. The variable
Entropy (h) denotes the uncertainty after processing that information.

The entropy of a random variable Y ~ N (0,0%.) takes the form:

1
Entropy (Y) = Elogg (27rea§,) .
Hence, because the model is linear and the shock is normally distributed, the information processing constraint is
(54) .

See Shannon (1948) or Cover and Thomas (1991) for the definition and properties of the entropy of a random
variable. Sims (2003) discusses the use of the concept in economic modeling.
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Kalman filter is then
K =p S (pS+02) . (55)

After processing the new observation, the ex-post variance is given by

7S?

V=pS- 22
T St a2

Since all information is used, the information constraint (54) is binding. Note that setting gV
as a function of pS and K is equivalent to minimizing the variance of the observation noise subject
o (54). Substituting the last equation into the constraint yields:

2 S
0l = ——r.
nT ¢K2mn(2) _q

It is possible then to compute k* clearing 0727 from equation (55), obtaining
k* — 1 _ 67K~21n(2). (56)

This implies that the Kalman gain is in fact an exponential distribution with argument K.
Distribution functions are themselves uniformly distributed. Therefore, the same percentage of
information is accumulated between equidistant values of k* € (0,1). This measure then can be
interpreted as the percentage of relevant information absorbed by the households.

|

A.3 Proof of Lemma 1

Rationality implies that each household h chooses its savings (borrowing) b; (h) knowing that the
rest of the economy is saving (borrowing) in total —b; (h). Hence, expectations of order j > 2 about
the economy-wide level of savings will be 0. For ¢y > ¢, the fact that I,_q (k) € I; (h) for all ¢ means
that

(G nibi—1 (h) +naby (h)  for 7 =0,1
2 (him) = { e ()b (1)

0 for j > 2
RNE) (n) = / S () (h;n)dh =0 for all j >0
t/to - I t/to ’ - ] = U.

Finally, using definitions (15), (16), and expressions in (3), one obtains

xiﬂo (h;n) =0 for all n € R* and j > 0.
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A.4 Computation of I', 'y and Ty

Using expressions (21) and (22) to characterize the equilibrium behavior of households, one obtains

(k) = ’7177?/t + YoTht + ’74C?/t +y5Ae—1/¢ (h) + YeTt—1/t (h) (57)
+v7bi—1 (h) + vgbe (h)
Jl h d2 d4 h d5 d6
l = — T — = = )\ h — = Tt— h 58
t/t ds T/t — s h.t s Ct/t ds t— 1( ) ds t 1( ) ( )
d
—=Lbe1 (h) — =bt (h)
ds3 3

where the coefficients are given by

— as + a’4¢y
= (oo - @+ dio) G (59)
az + a4¢y)
= (ap—d,—=) forne~y={2,4,..,7 60
e 1= 1(24,.7) (60)
vs = (az+asg,) / (ds+dus,)
di = di+dio,
Cflv?) = d3 + d4¢y
Using definitions (29) — (32), equations (57) and (58) can be expressed as
me(h) = T+ VaThe + Ve + 2 (hin") + 27, (A ") (61)
d1 do dy
lt/t = — f/t =Tht— TQ?/t - x?/t (h; nl) - zf/t (h; nl) (62)
ds ds ds

for the following parameter configuration:

K

1
n™ = (’yi)§:5 and n! = dr (ds, dg, d7, 1).
3

Averaging equations (61) and (62) over h, and taking expectations with respect to Iy (h) yields
for j =1,2,...

w?/’ij) = 717{/?“) +727rt/t —I—W4Ct/tj+1 +mt/ij+1) (h;n™)
—&-zth/t(”l) (h;n™) (63)
l?/,ij+1) _ ;ll W?/EJH) ;lz 77?/,723') C?/E]+1) ?/gjﬂ) (hn)
3 3
=z (him). (64)

It is possible to define then



The household-specific equations for j = 0 are still given by (61) and (62).
For 5 > 1 it is possible then to write

hy(j hy(j+1 hy(j+1 hy(+1 - hy(+1 -
”t/ij) = Flﬂ—t/ij—i_ ) +F4<t/§J+ ‘4T (xt/§J+ : (h;n™) + Zt/t(j+ : (hin )) :

Finally, note that using Lemma 1, equation (61) can be aggregated as

mp = Dimyye + TaCypye

A.5 Proof of Proposition 2

The equilibrium level of inflation is the solution to

Tt DiAgye +TaCyp (66)

Ay = TiE; {At/t} + I'4(yy for all 2.

Equation (26) provides the expression for (;,_,/,_;, with £ > b > a as a function of the shock.
Therefore, in order to prove Proposition 2, it is only necessary and sufficient to find a solution for

Ay¢/¢- In order to do so, the following Lemma is used.

Lemma 2 For I'; € (0,1) and £* € (0,1), a solution for A,/ exists, it is unique, and given by

App = g Crpeor T2 G (67)

= (1-Fk) [ Iy ] <0 6

lul,t 1— Pl . (1 o (1 o k*)t) (1 — k*rl) ( )
_ * F4

by = k {7(1—1@%)} <0. (69)

Its proof is divided in 3 steps given in subsections A.5.1-A.5.3. Subsection A.5.4 uses Lemma 2

to prove Proposition 2.

A.5.1 Proof of Lemma 2, Step 1: Prove Existence and Uniqueness of A,

Time subscripts are omitted where doing so cannot lead to a confusion.

Consider the probability space O = {R,R,, O}, where R, is the c—algebra defined over the real
line R, and O is a N (0, 02) distribution function. Let Op,(;) denote the conditional distribution
with respect to the information set I; (h).

Let Z be the set of measurable functions with respect to R,. Then, define the linear mapping
T :7Z — Zsuch that for f; € Z

f2
2

Tf
//(F4Ct+rlf1)d01t(h)dh.
H JR
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Alternatively, the mapping 7" can be expressed as fo = I'a(; ) + T'1 Bt {f1}. I need to show that
there exists a unique f € Z, such that

f= PaCepp + T E: {f}.

Note that it has already been shown in (38) that such a fixed point exists:

Ay = Tulyyy + T E; {A}
— At/t = TAt/tu for Fl S (0, 1) . (70)

A tentative solution to the functional equation is found in Appendix A.5.2, and is verified as
such in Appendix A.5.3 (it is shown that it solves (70)). Therefore, the conditions for Theorem 9.12
in Stokey and Lucas (1989) are met, and the solution obtained in Appendix A.5.2 is unique.*!

A.5.2 Proof of Lemma 2, Step 2: Compute Solution for A;/,*

Since expression (35) is linear in the normally distributed expectations of (,, the optimal filter of the
household’s signal is a Kalman filter. An educated guess is that the reduced form of A,/ is linear
in the shocks and its expectations. By inspecting expression (38), the educated guess for the vector

of relevant variables determining A, /; is given by

X = [ At/t Ct/t—l G }T'

Define then

I

Xy = Mg where M = [ e c
t

Ha ¢ ] and g, = l Ct/t—l ] 7 (71)

which needs to be fulfilled in the equilibrium.
These definitions imply that

At/t = EXt/t for Z: C1, 0, T'y].
Therefore, the relevant filter that determines household-level learning is
EXt/t =(1- k*)EMgt/t—l + k*EMgy. (72)
Using the fact that the first row of M is simply:

Mie = [ it Hag ] )

it is easy to compute

44Note that here there is no optimization problem to consider.
45The solution procedure used in this step of the proof of Lemma 2 extends work in an early version of Adam

(2005). a1



EMg, = Pipg oCoppn + (FLLLQ,t + F4) G- (73)

Note that the conditional expectation F;_1 {C . /t—l} is a second order expectation. Using equa-
tion (27) for b= 1:

Et_l{ct/H} - Et_l{gt (17(1,k*)t,1)}
= G (1= =K.

This last expression implies

EMgypq = [Fl (M,t (1 - (1= k*)tﬂ) +N2,t> + F4] Ce/e—1- (74)

The initial guess (71) must be consistent with (72) plus (73) and (74) . Therefore

prg = ATip + (1 —K*) [Tipg +Tyl}
]{7* [Fl,uzyt —|— F4} .

Ha ¢
Given that £* € (0,1), the solution to the system yields (note that j, , is time independent):

1—-k* Ty

W, = <0 (75)
1,t 1_F1(1_(1_k*)t> (1—]{3 Fl)
Y
pe = Wy <O (76)

The law of motion for this last variable is then given by
Apyp = pg - Crppmn + Ho - Gy (77)
In order to complete the proof, (77) needs to satisfy the functional equation (70).

A.5.3 Proof of Lemma 2, Step 3: Verify Functional Equation.

The solution to be verified is

Ayse = pi1g - Crpem1 + Ho Gy

where p; and o are given in (75) and (76) .
Tt is necessary to check that this solution satisfies the recursive formulation given in (37), namely

Avse =Talp +T1E { Dy}
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Using this last equation and (77) yields

Ay =TaCyye + T Ey {M,t “Cepe—1 + po - Ct} : (78)

Expression (27) for b = 1 implies

E; {Ct/t—l} =G/t (1 - (- k*)t) ’

and hence (78) can be rewritten as

At/t = F4Ct/t +I4 [M,t ’ (1 -(1- k*)t) ) Ct/tfl + g Ct/t} .
Some algebra shows that

F4 *
Ay = mft/t + Ty, (1 -(1-k )t) 'Ct/t—h

which, according to the learning rule used to form the expectation ¢/, can be expressed as

Iy

Ay = —32
YT Ty

[(1 — k") Gy T Ct:| + gy (1 —(1- k*)t) “Ceje—1-

This last equation can be simplified:

Ty (1—k* N
At/t = [1(_7*111) + Fl:ul,t ’ (1 -(1-k )tﬂ Ct/t—1 + pg - Gy

Some algebra shows that

{F4(1 —k*)

*\t _
1— kT, +F1M1,t (1 (1 k ) )] =M1t

and therefore

Avjr = p14Ce -1 + pa - G

which means that the conjectured solution for A, /; satisfies the functional equation (70), completing

the proof of Lemma 2.
|

A.5.4 Final Part of Proof of Proposition 2: Equilibrium 7.

It suffices to substitute the solution to Lemma 2, expression (67), into (66), obtaining:

=14 (M1,t€t/t71 + MQCt) + LaCy sy (79)

Using (26) in this last equation yields

=G [y (e (1- 0= k*);;) ) +Ta (1= (=11



which proves Proposition 2.
|

A.6 Proof of Proposition 3: The Equilibrium Level of Output
Households form expectations about lf/t, optimally filtering their perceptions. After aggregation of

the households’ filtering rules for I;, and rearranging the terms of the equation:

1 *
ly = e [liye — (A= k") lyjia] - (80)

Aggregating equation (21) under an ICK information structure yields:

a1+ aq¢, as—1 a
Ty — = — =, (81)
as as

lt/t ==

The reduced forms of the equilibrium level and any expectation of I; must be linear in (,, as the
model is itself linear.
Therefore, using Lemma 2 (Appendix A.5),

a4, a
lt/t—l = 463 Tt/t—1 — 6_2th1; (82)

where the fact that a; + as = 1 has been used (see Table 1).
Next, substitute (81) and (82) in (80).
Finally, use the resulting expression with equations (26) and (43) to express l; as a linear function

of (.
|

A.7 Obtaining the Phillips Curves

The Hybrid Phillips Curve can be found starting out from (81) after imposing ICK.

Next substitute away ¢, using (26) and (43). Then obtain 7¢y; as one of the right-hand-side
variables in (81) by using Proposition 2.

Taking expectations of equation (46), conditional on information at ¢, substitute I,/,. Next,
replace (, st by a linear function of {, using (26). Finally, rearrange the terms in the resulting
expression.

The HPC can be rewritten as a BLEA-PC by exploting the relationship between 741 and 7, /4
provided by equation (43) and Proposition 2 (compare the expressions of 23 ; and Q3 ; below).

The coefficients in the two Phillips Curves discussed in the main text are:
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Q = —2 >0 (83)

Q = Oy;-0- 4
2, 1, N >0 (84)
a4
Q = Oy
3t 1t AV >0 (85)
O, = Q- 4 >0, (86)

where Z; and Z;;1 are defined in (39).

A.8 Proof of Proposition 4: The Index of Inflation Inertia.

The case for j = 0 is trivial. For j = 1,2, ...

which implies

(1—-k*)-(1-(1—k")*~117) .
I—k*Ty [ 1-Ty-(1—(1—k*)tH) tk
+ {1 (- k*)t+j]
= >1 (88)
r, |0k (1-a-kT)Y) e
1—k*T1 1-T1-(1—(1—k*)")
(

—(1- k*)t}

o

for j =1,2,... Note that I'y does not enter the expression of ® (.).
Hence,
d()>1forj=1,2,..
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B Tables

TABLE 1

Parameters

Household's Pricing Policy Function

Row

P

0

v

a1l

a2

a3

a4

ad

ab

a7

0.5

0.9853

0.0147

0.2320

-0.0683

0.0039

-0.9853

-0.0147

0.5

0.9936

0.0064

0.2436

-0.0240

0.0015

-0.9936

-0.0064

0.5

0.9904

0.0096

0.1584

-0.0468

0.0026

-0.9904

-0.0096

0.5

0.9957

0.0043

0.1638

-0.0162

0.0010

-0.9957

-0.0043

0.5

0.9929

0.0071

0.1203

-0.0355

0.0020

-0.9929

-0.0071

0.5

0.9968

0.0032

0.1234

-0.0122

0.0007

-0.9968

-0.0032

—_

1.0359

-0.0359

0.2329

-0.0683

0.0070

-1.0359

0.0359

1.0126

-0.0126

0.2440

-0.0240

0.0028

-1.0126

0.0126

1.0246

-0.0246

0.1589

-0.0468

0.0047

-1.0246

0.0246

—
QO|O|N|D|N|BD]|WIN|=

1.0085

-0.0085

0.1640

-0.0162

0.0019

-1.0085

0.0085

—_
—_

1.0187

-0.0187

0.1206

-0.0355

0.0035

-1.0187

0.0187

—_
N

1.0064

-0.0064

0.1235

-0.0122

0.0014

-1.0064

0.0064

-
w

1.1131

-0.1131

0.2344

-0.0683

0.0118

-1.1131

0.1131

—
o

1.0467

-0.0467

0.2446

-0.0240

0.0052

-1.0467

0.0467

=
1

1.0751

-0.0751

0.1595

-0.0468

0.0077

-1.0751

0.0751

—_
(o))

1.0310

-0.0310

0.1643

-0.0162

0.0034

-1.0310

0.0310

—_
~

1.0563

-0.0563

0.1209

-0.0355

0.0057

-1.0563

0.0563

—_
2]

NINININININ|=2 ===~

e ed e B B e ed el e EN R ed e el 2 R S

QYN AN IN AN AN NN OIN]OIIN

1.0232

-0.0232

0.1236

-0.0122

0.0026

-1.0232

0.0232

p - Coefficient of Relative Risk Aversion.
0 - Elasticity of Demand.
v - Elasticity of Disutility of Labor.

36




TABLE 2

Parameters Household's Savings Policy Function
Row|] p 0 v d1 d2 d3 d4 d5 dé d7
1 0.5 4 2] -0.5976] 0.5976| 0.2845] 2.0625| 0.9246| 0.5976] -0.5976
2] 05 4 5] -0.5249] 0.5249( 0.2499] 1.9241| 0.9246| 0.5249]| -0.5249
3] 0.5 6 2] -0.6133] 0.6133| 0.1946] 2.0924| 0.9246( 0.6133| -0.6133
4] 0.5 6 5] -0.5297| 0.5297| 0.1681] 1.9332| 0.9246| 0.5297| -0.5297
5] 0.5 8 2] -0.6215] 0.6215| 0.1479] 2.1080| 0.9246{ 0.6215] -0.6215
6] 05 8 5] -0.5321] 0.5321| 0.1267] 1.9378| 0.9246| 0.5321] -0.5321
7 1 4 2] -0.5976] 0.5976| 0.2845] 1.1379| 0.9246( 0.5976| -0.5976
8 1 4 5] -0.5249] 0.5249( 0.2499] 0.9995| 0.9246| 0.5249]| -0.5249
9 1 6 2] -0.6133] 0.6133| 0.1946] 1.1679| 0.9246| 0.6133| -0.6133
10 1 6 5] -0.5297] 0.5297| 0.1681] 1.0086] 0.9246| 0.5297| -0.5297
11 1 8 2] -0.6215] 0.6215| 0.1479] 1.1834| 0.9246| 0.6215] -0.6215
12 1 8 5] -0.5321] 0.5321| 0.1267] 1.0132] 0.9246| 0.5321] -0.5321
13 2 4 2] -0.5976] 0.5976| 0.2845] 0.6756| 0.9246| 0.5976| -0.5976
14 2 4 5] -0.5249] 0.5249| 0.2499] 0.5372] 0.9246| 0.5249] -0.5249
15 2 6 2] -0.6133] 0.6133| 0.1946] 0.7056| 0.9246| 0.6133| -0.6133
16 2 6 5] -0.5297] 0.5297| 0.1681] 0.5463| 0.9246| 0.5297| -0.5297
17 2 8 2] -0.6215] 0.6215[ 0.1479] 0.7212| 0.9246| 0.6215] -0.6215
18 2 8 5] -0.5321] 0.5321| 0.1267] 0.5509| 0.9246| 0.5321] -0.5321
p - Coefficient of Relative Risk Aversion.
0 - Elasticity of Demand.
v - Elasticity of Disutility of Labor.
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C Figures

k* as Function of K
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Parameter I, as Function of ¢_and ¢
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FIGURE 4
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Q*at as Function of k* and Time.
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@(.) as Function of k* and Time
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FIGURE 7
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Output Inflation Price level

Fed Funis Rate

Response to Federal Funds Rate Shock (in Basis Points): r,=0.73
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FIGURE 8
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