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Rq vhdvrqdo huuru fruuhfwlrq zkhq wkh surfhvvhv

lqfoxgh gl�huhqw qxpehuv ri xqlw urrwv

Mrkdq O|kdjhq dqg Pèuwhq OùiW

VVH2HIL Zrunlqj Sdshu Vhulhv lq Hfrqrplfv dqg Ilqdqfh/ Qr1 374;

Iheuxdu| 46/ 5334

Devwudfw

Zh sursrvh d vhdvrqdo frlqwhjudwlrq prgho ^VHFP` iru txduwhuo| gdwd

zklfk lqfoxghv yduldeohv zlwk gl�huhqw qxpehuv ri xqlw urrwv dqg wkxv qhhgv

wr eh wudqviruphg lq gl�huhqw zd|v lq rughu wr |lhog vwdwlrqdulw|1 D Prqwh

Fduor vlpxodwlrq lv fduulhg rxw wr lqyhvwljdwh wkh frqvhtxhqfhv ri vshfli|lqj d

VHFP zlwk doo yduldeohv lq dqqxdo gl�uhuhqfhv lq wklv vlwxdwlrq1 Wkh VHFP lq

dqqxdo gl�huhqfhv lv frpsduhg wr wkh fruuhfwo| vshfl�hg prgho1 Suh0whvwlqj iru

xqlw urrwv xvlqj wzr gl�huhqw dssurdfkhv/ dqg zkhuh wkh prghov duh vshfl�hg

dffruglqj wr wkh xqlw urrw whvw uhvxowv/ lv dovr frqvlghuhg1 Wkh iruhfdvw phdq

vtxduhg huuru fulwhulrq dqg fhuwdlq sdudphwhu hvwlpdwlrq uhvxowv lqglfdwh wkdw/

lq sudfwlfh/ d frlqwhjudwlrq prgho zkhuh doo yduldeohv duh wudqviruphg zlwk wkh

dqqxdo gl�huhqfh �owhu lv pruh urexvw wkdq rqh rewdlqhg e| suh0whvwlqj iru d

vpdoohu qxpehu ri xqlw urrwv1 Wkh vhfrqg ehvw fkrlfh zkhq wkh wuxh prgho lv

qrw nqrzq dqg zkhq wkh dlp lv wr iruhfdvw/ lv dq ruglqdu| YDU prgho dovr lq

dqqxdo gl�huhqfhv1

Nh|zrugv= Vhdvrqdo frlqwhjudwlrq> iruhfdvwlqj

MHO= F65> F86

WGhsduwphqw ri Hfrqrplf Vwdwlvwlfv/ Vwrfnkrop Vfkrro ri Hfrqrplfv/ S1R Er{ 9834 446 ;6

Vwrfnkrop/ H0pdlo= vwmoCkkv1vh dqg vwporCkkv1vh1
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4 Lqwurgxfwlrq

Frlqwhjudwlrq zdv d pdmru euhdn wkurxjk zkhq lqwurgxfhg e| Hqjoh dqg Judqjhu

+4<;:,1 Wkh| wuhdw frlqwhjudwlrq dv vwdeoh orqj0uxq uhodwlrqvklsv ehwzhhq d vhw ri

qrqvwdwlrqdu| wlph vhulhv surfhvvhv/ zklfk lqfoxghv xqlw urrwv dw wkh qrqvhdvrqdo/

ru }hur/ iuhtxhqf|1 Rqh ri wkh pdlq dwwudfwlrqv ri wkh lghd lv wkdw wkh frlqwhjudwlqj

yhfwruv pd| eh lqwhusuhwhg dv htxloleulxp uhodwlrqv ehwzhhq wkh yduldeohv1 Lw lv

riwhq dvvxphg wkdw wkh vhdvrqdo sdwwhuqv duh frqvwdqw ryhu wlph dqg pdq| dssolhg

uhvhdufkhuv wu| wr prgho wkhvh yduldwlrqv xvlqj ghwhuplqlvwlf vhdvrqdo gxpplhv1

Krzhyhu/ vxevwdqwldo hpslulfdo hylghqfh pdnhv lw vdih wr frqfoxgh wkdw wkh vhdvrqdo

sdwwhuq lq pdq| hfrqrplf wlph vhulhv lv idu iurp frqvwdqw1 Wr wkh ehvw ri rxu

nqrzohgjh/ wkhuh duh wzr pdmru urxwhv wr frlqwhjudwlrq lq wkh fdvh ri fkdqjlqj vhd0

vrqdo yduldwlrq/ qdpho| shulrglf dqg vhdvrqdo frlqwhjudwlrq1 Shulrglf frlqwhjudwlrq

prghov/ vhh iru h{dpsoh Ervzlmn dqg Iudqvhv +4<<8,/ frqvlghu orqj0uxq uhodwlrq0

vklsv vhdvrq e| vhdvrq/ zkhuhdv vhdvrqdo frlqwhjudwlrq prghov duh edvhg rq wkh

lghd ri wkh xqlw urrwv +}hur dqg vhdvrqdo, lpsolhg e| wkh dqqxdo gl�huhqfh �owhu/

vhh K|oohehuj hw do1 +4<<5, ^KHJ\`1 Lq wkh suhvhqw sdshu wkh odwwhu prgho fodvv

iru txduwhuo| gdwd lv frqvlghuhg/ d fodvv wr zklfk Hqjoh hw do1 +4<<6, ^HJKO`/ Ohh

+4<<5, dqg Mrkdqvhq dqg Vfkdxpexuj +4<<;, kdyh pdgh lpsruwdqw frqwulexwlrqv1

HJKO sursrvh d wzr0vwhs dssurdfk wr whvw iru wkh suhvhqfh ri vhdvrqdo dqg qrqvhd0

vrqdo frlqwhjudwlrq uhodwlrqvklsv zkhuhdv Ohh +4<<5, vxjjhvwv d pxowlsoh htxdwlrq

vhdvrqdo huuru fruuhfwlrq prgho ^VHFP`/ zklfk h{whqgv wkh pd{lpxp olnholkrrg ds0

surdfk wr wkh qrqvhdvrqdo fdvh/ vxppdul}hg lq Mrkdqvhq +4<<8,1 Ilqdoo|/ Mrkdqvhq

dqg Vfkdxpexuj +4<<;, uh�qh wkh dv|pswrwlf wkhru| iru VHFP dqg sursrvh d jhq0

hudo hvwlpdwlrq surfhgxuh iru wkh sdudphwhuv fruuhvsrqglqj wr wkh dqqxdo iuhtxhqf|1

Wkh vshfl�fdwlrq ri wkh VHFP lv vwudljkwiruzdug li doo wkh lqfoxghg yduldeohv frqwdlq

urrwv dw wkh vdph/ exw qrw qhfhvvdulo| dw doo/ iuhtxhqflhv1

Rqh sxusrvh ri wklv sdshu lv wr vkrz krz wkh pruh jhqhudo VHFP/ sursrvhg e|

Mrkdqvhq dq Vfkdxpexuj +4<<;,/ frxog eh vshfl�hg lq wkh fdvh zkhuh wkh txduwhuo|

revhuyhg yduldeohv frqwdlq gl�huhqw qxpehuv ri xqlw urrwv/ zklfk lv d frpprq vlwxd0

wlrq zkhq zrunlqj zlwk uhdo zruog gdwd1 Zh dvvxph wkdw wkh lqwhuhvw ri dq hpslulfdo

vwxg| lv d, wr whvw iru wkh qxpehu ri frlqwhjudwlqj yhfwruv dqg hvwlpdwh wkhvh dw wkh

qrqvhdvrqdo dqg vhdvrqdo iuhtxhqflhv/ dqg e, wr iruhfdvw1 D Prqwh Fduor vlpxodwlrq

lv fduulhg rxw wr lqyhvwljdwh wkh frqvhtxhqfhv ri vshfli|lqj d VHFP zklfk dvvxphv

irxu xqlw urrwv lq hdfk surfhvv dqg zkhuh wkh yduldeohv duh wudqviruphg wr |lhog

vwdwlrqdulw| dffruglqjo|/ l1h1 dsso|lqj wkh dqqxdo gl�huhqfh �owhu1 Wklv vshfl�fd0
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wlrq lv frpsduhg wr wkh fruuhfwo| vshfl�hg prgho/dwwdfklqj d gl�huhqw �owhu wr hdfk

yduldeoh1 Ixuwkhupruh/ zh frqvlghu suh0whvwlqj iru wkh qxpehu ri vhdvrqdo xqlw urrwv

lq wkh xqlyduldwh wlph vhulhv dqg vshfli| prghov vxjjhvwhg e| wkhvh whvwv1 Wkh wzr

vhdvrqdo xqlw urrw whvwv duh wkh idploldu KHJ\ whvw dqg wkh vhdvrqdo NSVV ^VNSVV`

whvwv ri O|kdjhq +5333,/ uhvshfwlyho|1 Lw kdv ehhq vkrzq wkdw wkh KHJ\ whvw kdv

srru srzhu djdlqvw dowhuqdwlyhv forvh wr wkh qxoo k|srwkhvlv1 Wklv lpsolhv wkdw rqh

pd| �qg hylghqfh ri wrr pdq| urrwv/ lq sudfwlfh/ xvlqj wklv phwkrg1 Lw lv wkhuhiruh

lqwhuhvwlqj wr lqfoxgh wkh VNSVV/ zklfk kdv wkh qxoo k|srwkhvlv ri qr xqlw urrwv1

Lq wkh iruhfdvwlqj h{huflvh zh dovr lqfoxgh d YDU prgho lq dqqxdo gl�huhqfhv1

Wkh rxwolqh ri wkh sdshu lv dv iroorzv1 Vhfwlrq 5 ghvfulehv frlqwhjudwlrq dqg vhd0

vrqdo frlqwhjudwlrq/ zkloh Vhfwlrq 6 glvfxvvhv wkh prgho iru yduldeohv zlwk gl�huhqw

qxpehuv ri vhdvrqdo xqlw urrwv1 Wkh Prqwh Fduor vhwxs lv jlyhq lq Vhfwlrq 7 dqg

wkh uhvxowv duh dqdo|}hg lq Vhfwlrq 81 Vrph frqfoxvlrqv hqg wkh sdshu1

5 Frlqwhjudwlrq dqg vhdvrqdo frlqwhjudwlrq

Ohw O eh wkh odj rshudwru/ l1h1 Og\w @ \w�g dqg gh�qh wkh �uvw gl�huhqfh �owhu dv

� @ +4� O, = Ixuwkhupruh/ ohw �g @
�
4� Og

�
1 Frqvlghu d txduwhuo| revhuyhg s0

glphqvlrqdo dxwruhjuhvvlyh surfhvv \w1 Wkh yhfwru huuru fruuhfwlrq prgho ^YHFP`

fdq qrz eh zulwwhq dv=

�\w @ �\w�4 . �4�\w�4 . ===. �s�\w�s .�Gw . %w> +4,

zkhuh � @ ��3 lv ri uhgxfhg udqn u dqg zkhuh �4> ===>�s duh odj pdwulfhv/ vhh

Mrkdqvhq +4<<8,1 Wkh ghwhuplqlvwlf whupv pd| frqwdlq d frqvwdqw dqg vhdvrqdo

gxpplhv1 Rqh fuxfldo dvvxpswlrqv lv wkdw wkh �uvw gl�huhqfh �owhu vkrxog uhpryh

doo xqlw urrwv lq wkh surfhvv wkdw jhqhudwhv \w1 Krzhyhu/ hfrqrplf wlph vhulhv zklfk

srvvhvv d fkdqjlqj vhdvrqdo sdwwhuq ryhu wlph riwhq lqfoxgh vhdvrqdo xqlw urrwv/ lq

dgglwlrq wr wkh }hur iuhtxhqf| urrw1 Li�7 �owhuv/ khqfhiruwk dqqxdo gl�huhqfh �owhuv/

duh uhtxluhg wr wudqvirup wkh yhfwru \w wr |lhog vwdwlrqdulw|/ wkh wlph vhulhv duh vdlg

wr eh vhdvrqdoo| lqwhjudwhg l1h1 \w q VL+4,1 Wklv �owhu dvvxphv irxu xqlw urrwv/ doo

ri zklfk olh rq wkh xqlw flufoh1 Wklv fdq eh vhhq iurp wkh iroorzlqj idfwrul}dwlrq=

�7 @
�
4� O7

�
@ +4� O, +4 . O, +4 . lO, +4� lO, +5,

zkhuh l @
s�41 Qrz/ wkh +4� O, sduw fruuhvsrqg wr wkh }hur iuhtxhqf| ru qrq0

vhdvrqdo xqlw urrw/ vr wkh �uvw gl�huhqfh �owhu rqo| uhpryhv rqh ri wkh urrwv1 Wkh
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+4 . O, +4 . lO, +4� lO, sduw fruuhvsrqgv wr wkh wkuhh vhdvrqdo xqlw urrwv/ qdpho|

04 dqg 	 l1 Wkh 04 urrw lv riwhq fdoohg wkh eldqqxdo urrw zkloh wkh wzr frpsoh{ frq0

mxjdwh urrwv/ 	 l/ duh fdoohg wkh dqqxdo iuhtxhqf| urrwv1 Mrkdqvhq dqg Vfkdxpexuj

+4<<;,/ khqfhiruwk MV/ vkrz wkdw wkh iroorzlqj wudqviruphg surfhvvhv duh qhhghg lq

wkh VHFP/ zkhq wkh yduldeohv lq \w lqfoxghv wkh urrwv dw 	4 dqg 	l=

]4w @
+4 . O, +4 . lO, +4� lO,O

7
\w>

]5w @ �+4� O, +4 . lO, +4� lO,O

7
\w>

]6w @
+4� O, +4 . O, +4� lO,O

7l
\w>

]7w @ �+4� O, +4 . O, +4 . lO,O

7l
\w= +6,

Wkh deryh �owhuv fdq eh irxqg lq wkh �uvw urzv ri ]4w> ]5w> ]6w dqg ]7w> uhvshfwlyho|

lq wkh Dsshqgl{1 Ixuwkhupruh/ ]pw iru p @ 4> ===> 7 duh dv|pswrwlfdoo| sdluzlvh

xqfruuhodwhg=

W�5
W[
w@4

]lw]
3

mw
S$ 3> l 9@ m> +7,

lpso|lqj wkdw wkh frlqwhjudwlrq yhfwruv dqg dgmxvwphqw frh!flhqwv fdq eh irxqg

e| uhprylqj wkh uhgxfhg udqn uhvwulfwlrq rq wkh rwkhu iuhtxhqflhv e| frqfhqwudwlqj

rxw wkh dvvrfldwhg uhjuhvvruv lq d uhjuhvvlrq1 MV sursrvh wkh iroorzlqj VHFP=

�7\w @
5[

l@4

�l�
3

l]lw . �6�
�

6]6w . �7�
�

7]7w .

s[
m@4

�m�7\w�m . %w +8,

zkhuh �6 @ �U . l�L > �7 @ �U � l�L > �6 @ �U . l�L dqg �7 @ �U � l�L 1 Khuh ��l

ghqrwhv wkh frpsoh{ frqmxjdwh ri �l= Wkh Prgho deryh fdq qrz eh uhzulwwhq lq d

irup wkdw frqwdlqv rqo| uhdo whupv/ li rqh ohwv ]6w @ ]Uw.l]Lw dqg ]7w @ ]Uw�l]Lw=

Wkh dqqxdo iuhtxhqf| sduw ri/ l1h1 �6�
�

6]6w . �7�
�

7]7w> fdq qrz eh zulwwhq=

+�U . l�L,+�U � l�L,
3+]Uw . l]Lw, . +�U � l�L,+�U . l�L,

3+]Uw � l]Lw,

@ 5+�U�
3

U . �L�
3

L,]Uw . 5+�U�
3

L � �L�
3

U,]Lw=
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Qrwh djdlq wkdw wklv lv wkh dssursuldwh vshfl�fdwlrq li doo urrwv duh dvvxphg wr eh

suhvhqw1 Lw fdq eh vkrzq wkdw wkh �owhuv iru wkh dqqxdo iuhtxhqf| htxdo=

]Uw @ �4

7
+O5 � O7,\w

]Lw @ �4

7
+O� O6,\w +9,

Wkh dv|pswrwlf surshuwlhv ri wkh hvwlpdwruv dqg wkh OU0whvw iru wkh qxpehu ri

frlqwhjudwlqj yhfwruv iru wkh gl�huhqw iuhtxhqflhv duh jlyhq lq MV1 Whvwv iru uhgxfhg

udqn +u, dw wkh }hur dqg eldqqxdo iuhtxhqflhv fdq eh shuiruphg xvlqj wkh wudfh

vwdwlvwlf=

�5 orj+K+u,mK+s,,� W
S[

l@u.4

orj+4� e�l,> +:,

zkhuh K+u, lv wkh qxoo k|srwkhvlv dqg K+s, lv wkh dowhuqdwlyh k|srwkhvlv ri ixoo

udqn1 Wkh hljhqydoxhv/ 4 A e�4 A === A e�s> zklfk pd{lpl}h wkh olnholkrrg ixqfwlrq/

duh rewdlqhg e| vroylqj hljhqydoxh sureohpv edvhg rq uhvlgxdo yhfwruv1 Wkh qxoo

k|srwkhvlv iru wklv whvw lv wkdw wkhuh duh dw prvw u frlqwhjudwlqj yhfwruv1 Lqihuhqfh

rq wkh uhgxfhg udqn pdwul{ �5 @ �5�
3

5 iroorzv wkh xvxdo qrq0vhdvrqdo fdvh/ l1h1 iru

� lq +4,/ vhh Mrkdqvhq +4<<8,1 Whvwv iru wkh qxpehu ri frlqwhjudwlqj yhfwruv duh

vlplodu dw wkh dqqxdo iuhtxhqf|1 Krzhyhu/ lw vkrxog eh qrwhg wkdw hvwlpdwlrq ri wkh

frlqwhjudwlqj yhfwruv dw wklv iuhtxhqf| lv qrw wkdw vwudljkwiruzdug dqg lqfoxghv d

udwkhu lqyroyhg lwhudwlyh surfhgxuh1 Khuh zh xvh d vzlwfklqj dojrulwkp vxjjhvwhg

lq MV/ zklfk surylghv hvwlpdwruv iru �U dqg �L wkdw duh dv|pswrwlfdoo| htxlydohqw

wr wkh pd{lpxp olnholkrrg hvwlpdwruv/ vhh dovr Oùi dqg O|kdjhq +4<<<,1

6 Gl�huhqw rughuv ri lqwhjudwlrq

Lq wklv vhfwlrq zh vwxg| yduldeohv dsshdulqj lq wkh vdph prgho/ exw frqwdlqlqj

gl�huhqw qxpehuv ri xqlw urrwv1 Ohw }4> ===> }v eh frpsoh{ qxpehuv dqg ohw }p eh d

urrw ri mD +},m @ 3/ zkhuh D +}, lv wkh fkdudfwhulvwlf sro|qrpldo ri +4,/ h{suhvvhg

lq ohyhov1 Zh zdqw wr suhvhqw wkh prgho lq huuru fruuhfwlrq irup/ dowkrxjk wkh

qxpehu ri xqlw urrwv ydulhv dprqj wkh lqfoxghg yduldeohv1 Qr vhulhv vkrxog eh

ryhugl�huhqfhg ru eh qrqvwdwlrqdu| dw dq| iuhtxhqf|1 Wklv lv dfklhyhg e| uho|lqj rq

wkh iroorzlqj uhvxowv lq MV1 Ohw=
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s +}, @
v\

p@4

+4� �}p},

sd +}, @
\
p5d

+4� �}p}, @
s +},T

p@5d +4� �}p},
> } @5 d= +;,

zkhuh �}p @ }�4p 1 Li dl ghqrwhv wkh vhw ri xqlw urrwv iru yduldeoh l wkhq sdl +},

fdqfhov wkhp1 Iru h{dpsoh/ li yduldeoh 4 lqfoxghv xqlw urrwv dw wkh qrqvhdvrqdo dqg

wkh eldqqxdo iuhtxhqflhv wkhq=

s+}, @
�
4� }

4

��
4� }

�4

��
4� }

l

��
4� }

�l

�
@ 4� }7

sd4 +}, @

�
4� }

4

� �
4� }

�4

��
4� }

l

��
4� }

�l

�
�
4� }

l

��
4� }

�l

� @ +4� }, +4 . },

Ohw S +}, eh d gldjrqdo pdwul{ zlwk gldjrqdo hohphqwv vxfk wkdw wkh hohphqw lq

hqwu| +l> l, fdqfhov wkh urrwv ri wkh lwk yduldeoh/ l1h1

S +}, @

5
9999997

sd4 +}, 3 � � � 3

3 sd5 +}, � � � 3
111

111
111

3 3 � � � sds +},

6
::::::8

+<,

Lw lv vkrzq lq MV wkdw wkh huuru fruuhfwlrq irupxodwlrq lv d frqvhtxhqfh ri d Odjudqjh

h{sdqvlrq ri D +}, durxqg wkh srlqwv } @ 3> }4> }5> ===> }v dv iroorzv

D +}, @ S +}, .
v[

p@4

D +}p,
Sp +}, }

Sp +}p, }p
. S +}, }D3 +}, > +43,

zkhuh Sp +}, lv wkh pdwul{ frqvlvwlqj ri sdl +}, @ +4� �}p}, > zklfk lv }hur li +4� �}p},

grhv qrw ehorqj wr sdl +}, = Li zh djdlq frqvlghu yduldeoh 4 dqg ohw p @ 4 +}hur iuh0

txhqf|,/ wkhq }p @ }4 @ 4 dqg=

sd4 +},

+4� �}4},
@

+4� },+4 . },�
4� }

4

� @ 4 . }

S4 +}, }

S4 +}4, }4
@

+4 . },}

+4 . 4,4
@

+4 . }, }

5
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Wkh surri ri +43, lv d jhqhudol}dwlrq ri wkh rqh lq MV1 Hdfk hqwu| ri

D +},� S +},�
v[

p@4

D +}p,
Sp +}, }

Sp +}p, }p
+44,

lv }hur iru } @ 3> }4> }5> ===> }v Khqfh/ wkh gl�huhqfh fdq eh zulwwhq dv S +}, }D3 +},

iru vrph pdwul{ sro|qrpldo D3 +},1 Dqrwkhu frqvhtxhqfh lv wkh iroorzlqj1 Ohw }4>

}5> ===> }v eh wkh xqlw urrwv ri mD +},m @ 3> vxfk wkdw wkh pdwulfhv D +}p, duh ri

uhgxfhg udqn1 Wkhq \w kdv dq huuru fruuhfwlrq uhsuhvhqwdwlrq

S +O,\w @
v[

p@4

�p��p
Sp +O,O

Sp +}p, }p
\w � S +O,D3 +O,O\w . %w

@
v[

p@4

�p��p]pw � S +O,D3 +O,O\w . %w= +45,

Wkh �owhuv ]pw lq +45, htxdo wkrvh ri +6, li wkh surfhvvhv lqfoxghv wkh urrwv 	4 dqg

	l1 Dv dq h{dpsoh/ frqvlghu d vlwxdwlrq zkhuh wkh yduldeohv pd| kdyh wkh urrwv dw

wkh qrqvhdvrqdo dqg dw wkh eldqqxdo iuhtxhqf|1 Ohw \w eh d W � s yhfwru/ zkhuh wkh

yduldeohv duh rughuhg vxfk wkdw rqo| wkh odvw n yduldeohv lqfoxgh erwk urrwv1 Wkdw

lv/ ohw \w @ ^\4w> \5w`
3 zkhuh \4w lqfoxghv wkh qrqvhdvrqdo/ ru }hur/ iuhtxhqf| urrw/

zkloh wkh \5w yduldeohv lqfoxghv erwk urrwv1 Wkh prvw lpsruwdqw pdwulfhv lq +45,

duh=

S +O, @

5
7 +4� O, 3

3 +4� O, +4 . O,

6
8

S4 +O,O

S4 +4, 4
@

5
7 O 3

3 +4.O,O
5

6
8

S5 +O,O

S5 +�4,� 4
@

5
7 3 3

3 � +4�O,O
5

6
8 +46,

Xvlqj wkhvh/ lw lv hdvlo| vkrzq wkdw wkh huuru fruuhfwlrq prgho iru \w lv

:



5
7 +4� O, 3

3 +4� O, +4 . O,

6
8
5
7 \4w

\5w

6
8

@ �4�
3

4

5
7 O 3

3 +4.O,O
5

6
8
5
7 \4w

\5w

6
8

��5�
3

5

5
7 3 3

3 +4�O,O
5

6
8
5
7 \4w

\5w

6
8. %w +47,

Wkh Dsshqgl{ suhvhqwv wkh dssursuldwh wudqvirupdwlrqv ri wkh yduldeohv lq wklv

vlwxdwlrq1 Wkhvh fdq eh irxqg lq wkh vhfrqg dqg odvw urzv ri wkh S +O, pdwul{/

uhvshfwlyho|1 Pruhryhu/ wkh �owhuhg yduldeohv/ xvhg iru wkh }hur iuhtxhqf| lq +47,/ fdq

eh irxqg lq wkh vhfrqg dqg odvw urzv ri ]4w/ uhvshfwlyho|1 Ilqdoo|/ wkh dssursuldwh

�owhuv/ iru wkh yduldeohv lq \5w/ dw wkh eldqqxdo iuhtxhqf| fdq eh irxqg lq wkh vhfrqg

urz ri ]5w1 Rqh lpsolfdwlrq lv wkdw wkh n odvw yduldeohv/ kdylqj wkh urrwv 4 dqg �4/

fdq qrw eh mxvw d vlqjoh yduldeoh1 Wkdw lv/ rqh pxvw uhtxluh n A 4 wr eh deoh whvw

iru frlqwhjudwlrq dw wkh eldqqxdo iuhtxhqf|1

Prgholqj lv xvxdoo| grqh lq vwhsv/ vwduwlqj iurp suh0whvwlqj iru vhdvrqdo xqlw

urrwv/ xvlqj h1j1 wkh KHJ\0whvw1 Frlqwhjudwlrq lv wkhq whvwhg xvlqj wkh fruuhvsrqg0

lqj dgmxvwhg prgho1 D sureohp zlwk wkh KHJ\ dssurdfk lv wkdw/ dv|pswrwlfdoo|/

wkhuh lv d fkdqfh / %/ ri uhmhfwlqj d wuxh qxoo ri d xqlw urrw/ zkhuh % lv wkh fkrvhq

vljql�fdqfh ohyho1 Khqfh/ wkh phwkrg lv qrw dv|pswrwlfdoo| h!flhqw1 D whvw zklfk

kdv wkh qxoo ri qr xqlw urrw/ sursrvhg e| O|kdjhq +5333,/ pd| eh d ehwwhu fkrlfh

ehfdxvh lw dv|pswrwlfdoo| uhmhfwv d idovh qxoo dqg d whqghqf| wr dffhsw pruh udwkhu

wkdq ohvv xqlw urrwv pd| ohdg wr pruh urexvw prghov1 Lw kdv dovr ehhq vkrzq wkdw

wkh KHJ\ whvw kdv orz srzhu djdlqvw dowhuqdwlyhv/ forvh wr wkh qxoo k|srwkhvlv1

Wklv lpsolhv wkdw rqh whqgv wr �qg hylghqfh ri qrqvwdwlrqdulw| zkhq wkh surfhvv lv

lq idfw vwdwlrqdu| dw d fhuwdlq iuhtxhqf|1 Vr/ zkhq frqvlghulqj vpdoo vdpsohv/ lw lv

dq rshq txhvwlrq zhdwkhu rqh vkrxog xvh wkh KHJ\ dssurdfk ru VNSVV1

;



7 Prqwh Fduor

Vhyhq elyduldwh GJSv duh frqvlghuhg/ zkhuh wkh �uvw yduldeoh |4w dozd|v lqfoxghv

doo xqlw urrwv1 Wkh vhw ri wuxh xqlw urrwv ri |5w lv gl�huhqw lq hdfk GJS=

GJS4= 4> � 4> l> � l

GJS5= 4> � 4

GJS6= 4> l> � l

GJS7= � 4> l> � l

GJS8= � 4

GJS9= l> � l

GJS:= 4 +48,

Frlqwhjudwlrq suhydlov li |5w lv qrqvwdwlrqdu| dw d fhuwdlq iuhtxhqf|/ ehfdxvh

|4w lqfoxghv doo srvvleoh xqlw urrwv1 Iru h{dpsoh/ frlqwhjudwlrq fdq dsso| dw doo

iuhtxhqflhv li GJS4 lv frqvlghuhg1 Rq wkh rwkhu kdqg/ frlqwhjudwlrq lv rqo| srvvleoh

dw wkh }hur dqg eldqqxdo iuhtxhqf| li GJS5 lv xvhg1 Zh frqvlghu vdpsoh vl}hv ri

W @ 73/ ;3 dqg 4531 Wkh qxpehu ri revhuydwlrqv lv forvh wr wkh rqhv riwhq irxqg

lq hpslulfdo dssolfdwlrqv1 Wkh qxpehu ri uhsolfdwhv lv 43 3331 Wkh vljql�fdqfh

ohyho lv 8( wkurxjkrxw1 Wkh vhyhq GJSv duh edvhg rq hvwlpdwhv rq lqfrph dqg

frqvxpswlrq gdwd iru Mdsdq +lq orjv,/ suhylrxvo| xvhg lq HJKO1 Wr dfklhyh zhoo

ehkdyhg GJSv/ d frqvwdqw dqg d wlph wuhqg duh ehiruh hvwlpdwlrq h{wudfwhg iurp

wkh yduldeohv1 Doo wkh GJSv kdyh hljhqydoxhv ri wkh frpsdqlrq pdwul{ hlwkhu rq ru

lqvlgh wkh xqlw flufoh/ vhh Wdeoh 41

Irxu prgho vshfl�fdwlrqv duh frpsduhg zkhq frlqwhjudwlrq lv frqvlghuhg1 Lq wkh

iruhfdvwlqj h{huflvh zh lqfoxgh d �iwk prgho +Prgho 8, zklfk lv d yhfwru dxwruhjuhv0

vlyh prgho ^YDU` lq dqqxdo gl�huhqfhv1 Zkhq Prghov 5 dqg 8 duh xvhg/ doo yduldeohv

duh wudqviruphg xvlqj wkh dqqxdo gl�huhqfh gluhfwo|1 Lq Prgho 4 zh xvh wkh dqqxdo

gl�huhqfh �owhu iru |4w dqg gl�huhqfh |5w dffruglqj wr wkh wuxh qxpehu ri xqlw urrwv/

vhh S +O, lq wkh Dsshqgl{ iru wkh vhyhq GJS fdvhv1 Ilqdoo|/ lq Prghov 6 dqg 7 zh

dsso| wkh dqqxdo gl�huhqfh �owhu iru |4w/ zlwkrxw suh0whvwlqj iru wkh qxpehu ri xqlw

urrwv/ zkloh |5w lv gl�huhqfhg dffruglqj wr wkh xqlw urrw whvw uhvxowv1 Zh vxppdul}h
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wkh gl�huhqw prghov ehorz=

Wdeoh 714= Prghov xvhg lq wkh Prqwh Fduor vwxg|1

Suh0whvwlqj

Prgho Frlqwhjudwlrq |4w |5w

4 Wuxh VHFP \hv Qr Qr

5 �7 VHFP \hv Qr Qr

6 KHJ\ , VHFP \hv Qr \hv

7 VNSVV , VHFP \hv Qr \hv

8 �7 YDU Qr Qr Qr

Iru Prghov 4 wr 7/ whvwv iru udqn }hur djdlqvw ixoo udqn +udqn wzr, dqg whvwv iru udqn

rqh djdlqvw ixoo udqn duh frqvlghuhg dw doo iuhtxhqflhv1 Vl}h dqg srzhu surshuwlhv duh

hydoxdwhg e| hvwlpdwlqj wkh sursruwlrq ri uhmhfwlrqv iru hdfk iuhtxhqf|1 Wr hydoxdwh

wkh hvwlpdwhv ri wkh sdudphwhuv lq srvlwlrq l> m ri wkh � pdwulfhv zh xvh wkh phdq

ri wkh phdq vtxduhg huuru ^PVH`=

PVH @
U[
u@4

S
l

S
m

�
a�lm ��lm

�5
@7

U
+49,

zkhuh U htxdov wkh qxpehu ri uhsolfdwhv1 Zh dovr iruhfdvw 45 shulrgv dkhdg wr

frpsduh wkh prgho vshfl�fdwlrqv1 Dv qrwhg deryh zh lqfoxgh Prgho 8 lq wklv fdvh1

Iruhfdvwlqj dffxudf| lv phdvxuhg xvlqj wkh ghwhuplqdqw +Ghwn, dqg wkh wudfh +Wun,

ri wkh phdq vtxduhg huuru pdwul{/ uhvshfwlyho|=

Ghwn @

�����
U[
u@4

+{w.n � iw.n,
3 +{w.n � iw.n,

U

�����
Wun @ wudfh

U[
u@4

�
+{w.n � iw.n,

3 +{w.n � iw.n,
�

U
+4:,

zkhuh djdlq U htxdov wkh qxpehu ri uhsolfdwhv1

8 Prqwh Fduor uhvxowv

Wkh uhvxowv iru vl}h dqg srzhu duh glvsod|hg lq Wdeohv 5 wr : dqg wkh PVH ri wkh

sdudphwhu hvwlpdwhv lq Wdeohv ; wr 441 Zh dovr vkrz d sduwv ri wkh iruhfdvwlqj

h{huflvh lq Wdeoh 451 Wkh �uvw wklqj wr qrwh lv wkdw wkh prgho zklfk lv wudqviruphg

dffruglqj wr wkh wuxh qxpehu ri urrwv jhqhudoo| shuirupv ehwwhu wkdq wkh rwkhu
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prghov/ frqfhuqlqj lqihuhqfh dv zhoo dv hvwlpdwlrq dqg iruhfdvwlqj1

Lwv forvhvw frpshwlwru/ li rqh zdqwv wr uhmhfw d idovh qxoo ri u @ 3> lv wkh prgho

zklfk dvvxphv wkh suhvhqfh ri doo urrwv +Prgho 5,/ vhh iru h{dpsoh wkh froxpqv ri

GJS5 dqg GJS6 lq Wdeoh 5 h{fhsw iru W @ 731 Qrwh wkh uhvxowv iru GJS5 dqg

GJS7 lq Wdeoh 6 iru wkh eldqqxdo iuhtxhqf| whvwv ru GJS6/ GJS7 dqg GJS9 lq

Wdeoh 7 li wkh dqqxdo iuhtxhqf| lv frqvlghuhg1 Prgho 5 lv dovr olnho| wr uhmhfw d wuxh

qxoo k|srwkhvlv ri u @ 3 lq vrph fdvhv1 Rqh h{dpsoh lv GJS7/ zklfk lqfoxghv wkh

urrwv �4 dqg 	l/ dqg zkhq wkh whvw frqfhuq frlqwhjudwlrq dw wkh }hur iuhtxhqf|/

vhh Wdeoh 51 Dqrwkhu h{dpsoh lv GJS9/ zklfk rqo| lqfoxghv wkh wzr frpsoh{ urrwv/

zkhq wkh eldqqxdo iuhtxhqf| lv frqvlghuhg/ vhh Wdeoh 61 Vlplodu uhvxowv iru Prgho 5

fdq eh irxqg zkhq GJS5/ GJS8 dqg GJS: duh xvhg dq zkhq wkh whvwv frqfhuq wkh

dqqxdo iuhtxhqf|1 Wkhvh uhvxowv duh gxh wr wkh idfw wkdw |5w frqvwlwxwhv d vwdwlrqdu|

*uhodwlrq* e| lwvhoi lq wkhvh fdvhv1 Vr/ lw lv txlwh orjlfdo wkdw wkh qxoo k|srwkhvlv

ri u @ 3 lv uhmhfwhg1 Qrwh wkdw frlqwhjudwlrq vkrxog qrw dsso|/ vlqfh |4w lv d

qrqvwdwlrqdu| yduldeoh1 Wkhvh fdvhv duh xqghuolqhg lq Wdeohv 5 wr 7 dqg lq Wdeohv ;

wr 441

VNSVV +Prgho 7, lv wr suhihu lq vrph fdvhv/ zkhuhdv suh0whvwlqj zlwk KHJ\

+Prgho 6, vhhpv wr eh d ehwwhu vwudwhj| lq rwkhu fdvhv1 Iru h{dpsoh/ KHJ\ idlov

li GJS: lv xvhg dqg li wkh whvw frqfhuqv }hur iuhtxhqf| frlqwhjudwlrq +Wdeoh 5,/

zkhuhdv VNSVV idlov li GJS4 lv xvhg dqg wkh remhfwlyh lv wr whvw iru frlqwhjudwlrq

dw wkh eldqqxdo iuhtxhqf| +Wdeoh 6,1 VNSVV lv voljkwo| ehwwhu lq wkh fdvhv zkhq wkh

urrw iru zklfk frlqwhjudwlqj lv whvwhg iru lv qrw suhvhqw lq |5w/ zkloh KHJ\ vhhpv

wr kdyh ehwwhu srzhu zkhq wkhuh lq idfw vkrxog eh frlqwhjudwlrq1

Wkh vl}h iru Prgho 4 dqg 5/ zkhq whvwlqj wkh wuxh qxoo k|srwkhvlv ri u @ 4/

whqgv wr wkh qrplqdo zlwk vdpsoh vl}h dqg lv idluo| forvh wr wkh qrplqdo1 Suh0whvwlqj

zlwk VNSVV vhhpv wr zrun h{fhsw lq GJS4 zkhuh lw lv juhdwo| ryhuvl}hg +}hur dqg

dqqxdo iuhtxhqflhv/ Wdeohv 8 dqg :, ru yhu| xqghuvl}hg +eldqqxdo iuhtxhqf|/ Wdeoh

9,1 Wkh vl}h zkhq suh0whvwlqj zlwk KHJ\ lv glyhujlqj iurp wkh qrplqdo iru GJS5

dqg GJS: dw wkh }hur iuhtxhqf|/ zkloh lw zrunv ehwwhu iru rwkhu GJSv/ vhh Wdeoh

81 Vlplodu uhvxowv fdq eh irxqg lq wkh froxpqv iru GJS5/ GJS7 dqg GJS8 li wkh

eldqqxdo iuhtxhqf| lv frqvlghuhg/ vhh Wdeoh 9/ exw dovr dw wkh dqqxdo iuhtxhqf| lq

vrph fdvhv1

Iru Prghov 4 dqg 5 wkh PVH ri wkh sdudphwhu hvwlpdwhv ghfuhdvhv xqlirupo|

zlwk vdpsoh vl}h1 Wklv lv dovr wuxh iru VNSVV/ h{fhsw iru �6 zkhq xvlqj GJS4/

vhh Wdeoh 431 Suh0whvwlqj zlwk wkh KHJ\/ rq wkh rwkhu kdqg/ hlwkhu lqfuhdvhv PVH

zlwk vdpsoh vl}h ru vorzo| ghfuhdvhv lw1 Wkh xvh ri Prgho 5 vrphwlphv uhvxowv lq
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pxfk kljkhu PVH dv frpsduhg wr wkh rwkhu phwkrgv/ vhh iru h{dpsoh wkh PVH

iru �5 zkhq GJS6 dqg GJS9 duh frqvlghuhg lq Wdeoh <1 Wklv odvw uhvxow ghshqgv

rq wkh hvwlpdwlrq ri d qrq}hur udqn pdwul{/ zkhuh |5w lv vwdwlrqdu|/ vhh glvfxvvlrq

deryh1

Wkh uhvxowv ri wkh iruhfdvwlqj h{huflvh duh doprvw dozd|v wkh vdph/ uhjdugohvv li

wkh ghwhuplqdqw ru wkh wudfh ri wkh PVH pdwul{ lv xvhg1 Lq Wdeoh 45 zh suhvhqw

wkh udqnlqj ri wkh prghov diwhu dyhudjlqj ryhu wkh 45 iruhfdvw shulrgv/ dqg wkh

phdvxuh xvhg lv wkh ghwhuplqdqw ri wkh PVH pdwul{1 Wkh udqnlqj lv txlwh vwdeoh

ryhu vdpsoh vl}hv dqg GJSv1 Wkh prgho wkdw doorzv iru doo xqlw urrwv +Prgho 5,

frphv dv d jrrg vhfrqg diwhu wkh wuxh prgho +Prgho 4, lq prvw fdvhv1 Prgho 8 l1h1

wkh YDU prgho lq dqqxdo gl�huhqfhv vhhpv wr eh d ehwwhu fkrlfh wkdq xvlqj prghov

uhvxowlqj iurp wkh wzr suh0whvwlqj phwkrgv lq prvw fdvhv1 Prgho 8 kdv dfwxdoo|

d ehwwhu shuirupdqfh wkdq Prgho 5 lq vrph fdvhv zkhq W @ 731 Wklv lv prvw

olnho| gxh wr wkh sdudphwhu xqfhuwdlqw| zkhq hvwlpdwlqj Prgho 5 lq vpdoo vdpsohv1

Prghov uhvxowlqj iurp VNSVV whvwv shuirupv ehwwhu wkdq wkrvh edvhg rq KHJ\

whvwv/ h{fhsw iru GJS4 dqg GJS8 zlwk W @ ;3 ru W @ 4531 Iruhfdvw PVH riwhq

ghfuhdvhv zlwk vdpsoh vl}h iru Prgho 4/ Prgho 5 dqg Prgho 7/ zkloh wkh rssrvlwh

lv wuxh iru Prgho 6 dqg vrphwlphv iru Prgho 8 +qrw vkrzq khuh,1 Wklv lv vwloo ydolg

zkhq orrnlqj dw wkh wudfh ri wkh PVH pdwul{/ exw iru erwk w|shv ri phdvxuhphqwv

lw lv zlwklq wkh Prqwh Fduor huuru erxqgv1

9 Frqfoxvlrqv

Zh sursrvh d vhdvrqdo frlqwhjudwlrq prgho iru txduwhuo| gdwd zklfk lqfoxghv ydul0

deohv zlwk gl�huhqw qxpehuv ri xqlw urrwv dqg wkxv qhhg wr eh wudqviruphg lq gl�hu0

hqw zd|v wr |lhog vwdwlrqdulw|1 D Prqwh Fduor vlpxodwlrq lv fduulhg rxw wr lqyhvwljdwh

wkh frqvhtxhqfhv ri vshfli|lqj d VHFP lq dqqxdo gl�huhqfhv lq wklv vlwxdwlrq1 Zh

frpsduh wkh wuxh prgho dqg wkh prgho zkhuh dqqxdoo| gl�huhqfhg yduldeohv duh lq0

foxghg wr prgho vshfl�fdwlrqv vxjjhvwhg e| suh0whvwv iru wkh qxpehuv ri xqlw urrwv1

Zh frqvlghu wzr vhdvrqdo xqlw urrw whvwv lq wklv dqdo|vlv1 Rqh lv wkh vr fdoohg KHJ\

whvw/ sursrvhg e| K|oohehuj hw do1 +4<<3, dqg wkh rwkhu lv wkh vhdvrqdo NSVV whvwv/

sursrvhg e| O|kdjhq +5333,1 Zh xvh vhyhq gl�huhqw GJSv zklfk doo duh edvhg rq

hvwlpdwhv ri txduwhuo| revhuyhg lqfrph dqg frqvxpswlrq gdwd iru Mdsdq/ suhylrxvo|

xvhg lq Hqjoh hw do1 +4<<6,1 Wkh Wuxh VHFP/ wkh VHFP lq dqqxdo gl�huhqfhv dqg

wkh wzr vshfl�fdwlrqv vxjjhvwhg e| wkh KHJ\ dqg wkh VNSVV whvwv duh frpsduhg

zkhq wkh dlp lv wr whvwv iru frlqwhjudwlrq1 Zh frqvlghu whvwv iru udqn }hur djdlqvw
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ixoo udqn +udqn wzr, dqg whvwv iru udqn rqh djdlqvw ixoo udqn dw doo iuhtxhqflhv1 Vl}h

dqg srzhu surshuwlhv duh hydoxdwhg e| hvwlpdwlqj wkh sursruwlrq ri uhmhfwlrqv iru

hdfk iuhtxhqf|1 Wr hydoxdwh wkh hvwlpdwhv ri wkh sdudphwhuv lq wkh � pdwulfhv zh

xvh wkh phdq ri wkh phdq vtxduhg huuru ^PVH` iru wkh vdph prghov1 Lq wkh iruh0

fdvwlqj h{huflvh zh lqfoxgh d YDU prgho lq dqqxdo gl�huhqfhv1 Wkh uhvxowv lqglfdwh

wkdw/ lq doo sudfwlfdo fdvhv zkhuh wkh wuxh prgho lv qrw nqrzq/ d vhdvrqdo huuru fru0

uhfwlrq prgho lq dqqxdo gl�huhqfhv pd| eh d ehwwhu fkrlfh/ wkdq uho|lqj rq prghov

zklfk duh vshfl�hg dffruglqj wr vhdvrqdo xqlw urrw whvwv1 Wklv uhvxow krogv wuxh iru

erwk lqihuhqfh/ dv zhoo dv iru hvwlpdwlrq dqg iruhfdvwlqj1 Wkh vhfrqg ehvw fkrlfh

zkhq wkh wuxh prgho lv qrw nqrzq dqg zkhq wkh dlp lv wr iruhfdvw/ lv d YDU prgho

lq dqqxdo gl�huhqfhv1 Wkhvh uhvxowv h{whqg wkrvh lq Fohphqwv dqg Khqgu| +4<<:,

zkhuh lw zdv irxqg wkdw xqlyduldwh prghov lq dqqxdo gl�huhqfhv pd| jhqhudwh pruh

dffxudwh iruhfdvwv wkdq prghov wudqviruphg dffruglqj wr KHJ\ whvw uhvxowv1

Dfnqrzohgjphqwv

Ilqdqfldo vxssruw iru Mrkdq O|kdjhq iurp Wkh Vzhglvk Irxqgdwlrq iru Lqwhuqd0

wlrqdo Frrshudwlrq lq Uhvhdufk dqg Kljkhu Hgxfdwlrq +VWLQW, lv judwhixoo| df0

nqrzohgjhg1 O|kdjhq lv dovr judwhixo wr Suri1 P1 K1 Shvdudq zkr dfwhg dv klv

vsrqvru dw d Srvw0Grf vwd| zlwk wkh Idfxow| ri Hfrqrplfv dqg Srolwlfv/ Xqlyhuvlw|

ri Fdpeulgjh1

Uhihuhqfhv

Ervzlmn KS dqg Iudqvhv SK +4<<8, Shulrglf frlqwhjudwlrq= Uhsuhvhqwdwlrq dqg

lqihuhqfh1 Uhylhz ri Hfrqrplfv dqg Vwdwlvwlfv ::= 76907871

Fohphqwv PS dqg Khqgu| GI +4<<:, Dq hpslulfdo vwxg| ri vhdvrqdo xqlw urrwv lq

iruhfdvwlqj1 Lqwhuqdwlrqdo Mrxuqdo ri Iruhfdvwlqj 46= 67406881

Hqjoh UI dqg Judqjhu FZM +4<;:, Fr0lqwhjudwlrq dqg huuru fruuhfwlrq= Uhsuh0

vhqwdwlrq/ hvwlpdwlrq dqg whvwlqj1 Hfrqrphwulfd 88= 58405:91

Iudqvhv SK dqg Nxqvw U +4<<<, Rq wkh uroh ri vhdvrqdo lqwhufhswv lq vhdvrqdo

frlqwhjudwlrq1 R{irug Exoohwlq ri Hfrqrplfv dqg Vwdwlvwlfv 94= 73<07671

Jk|vhov H/ Ohh KV dqg Qrk M +4<<7, Whvwlqj iru xqlw urrwv lq vhdvrqdo wlph vh0

ulhv= Vrph wkhruhwlfdo h{whqvlrqv dqg d Prqwh Fduor lqyhvwljdwlrq1 Mrxuqdo ri

Hfrqrphwulfv 95= 74807751
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K|oohehuj V/ Hqjoh UI/ Judqjhu FZM dqg Ohh KV +4<<6, Vhdvrqdo lqwhjudwlrq dqg

frlqwhjudwlrq1 Mrxuqdo ri Hfrqrphwulfv 77= 548056;1

Mrkdqvhq V +4<;;, Vwdwlvwlfdo dqdo|vlv ri frlqwhjudwlrq yhfwruv1 Mrxuqdo ri Hfr0

qrplf G|qdplfv dqg Frqwuro 45/ 56405871

Mrkdqvhq V +4<<4, Hvwlpdwlrq dqg k|srwkhvlv whvwlqj ri frlqwhjudwlrq yhfwruv lq

Jdxvvldq yhfwru dxwruhjuhvvlyh prghov1 Hfrqrphwulfd 8<= 4884048;31

Mrkdqvhq V +4<<8, Olnholkrrg0edvhg lqihuhqfh lq frlqwhjudwhg yhfwru dxwruhjuhvvlyh

prghov1 R{irug xqlyhuvlw| suhvv/ R{irug1

Mrkdqvhq V dqg Vfkdxpexuj H +4<<;, Olnholkrrg dqdo|vlv ri vhdvrqdo frlqwhjudwlrq1

Mrxuqdo ri Hfrqrphwulfv ;;= 634066<1

Nxqvw U dqg Iudqvhv SK +4<<;, Wkh lpsdfw ri vhdvrqdo frqvwdqwv rq iruhfdvwlqj

vhdvrqdoo| frlqwhjudwhg wlph vhulhv1 Mrxuqdo ri Iruhfdvwlqj 4:= 43<04571

Nzldwnrzvnl G/ Skloolsv SFE/ Vfkplgw S dqg Vklq \ +4<<5, Whvwlqj wkh qxoo

ri vwdwlrqdulw| djdlqvw wkh dowhuqdwlyh ri d xqlw urrw= Krz vxuh duh zh wkdw

hfrqrplf wlph vhulhv kdyh d xqlw urrwB Mrxuqdo ri Hfrqrphwulfv 87= 48<04:;1

Oùi P dqg O|kdjhq M +4<<<, Iruhfdvwlqj shuirupdqfh ri vhdvrqdo frlqwhjudwlrq

prghov1 Zrunlqj Sdshu Vhulhv lq Hfrqrplfv dqg Ilqdqfh/ Qr 669/ Vwrfnkrop

Vfkrro ri Hfrqrplfv1

O|kdjhq M +5333, Wkh vhdvrqdo NSVV vwdwlvwlf1 Zrunlqj Sdshu Vhulhv lq Hfrqrplfv

dqg Ilqdqfh/ Qr 687/ Vwrfnkrop Vfkrro ri Hfrqrplfv1

Pdggdod JV dqg Nlp L0P +4<<;, Xqlw urrwv/ Frlqwhjudwlrq/ dqg Vwuxfwxudo Fkdqjh1

Fdpeulgjh Xqlyhuvlw| Suhvv/ Fdpeulgjh1
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Dsshqgl{

Li zh frqvlghu wkh vhyhq fdvhv suhvhqwhg lq Vhfwlrq 7 wkh wuxh �owhuv iru wkh vhfrqg

yduldeoh lq wkh GJSv duh=

S +O, @

5
9999999999999997

+4� O, +4 . O, +4 . lO, +4� lO, |5w

+4� O, +4 . O, |5w

+4� O, +4� lO, +4 . lO, |5w

+4 . O, +4� lO, +4 . lO, |5w

+4 . O, |5w

+4� lO, +4 . lO, |5w

+4� O, |5w

6
:::::::::::::::8

Qrwh wkdw S +O, lv qrw dv gh�qhg lq +<,1 Khuh lw rqo| frqfhuqv |5w dqg wkh ydulrxv

�owhuv duh rughuhg diwhu wkh GJS fdvhv lq +48,1 Wr whvw iru frlqwhjudwlrq dw wkh }hur

dqg dw wkh eldqqxdo iuhtxhqf| zh xvh wkh iroorzlqj wkh wuxh �owhuv/ iru |5w/ irxqg

iurp=

]pw @
Sp+O,O

Sp+}p,}p
|5w>

]4w @

5
9999999999999997

+4.O,+4.lO,+4�lO,O
7 |5w

+4.O,O
5 |5w

+4.lO,+4�lO,O
5 |5w

�
�
�

O|5w

6
:::::::::::::::8

]5w @

5
9999999999999997

� +4�O,+4.lO,+4�lO,O
7 |5w

� +4�O,O
5 |5w

�
� +4.lO,+4�lO,O

5 |5w

�O|5w

�
�

6
:::::::::::::::8

Ilqdoo|/ wkh wuxh �owhuv iru yduldeoh wzr dw wkh dqqxdo iuhtxhqf| duh=
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]6w @

5
9999999999999997

+4�O,+4.O,+4�lO,O
7l |5w

�
+4�O,+4�lO,O

5+l.4, |5w
+4.O,+4�lO,O

5+l�4, |5w

�
+4�lO,O

5l |5w

�

6
:::::::::::::::8

]7w @

5
9999999999999997

� +4�O,+4.O,+4.lO,O
7l |5w

�
� +4�O,+4.lO,O

5+l�4, |5w

� +4.O,+4.lO,O
5+l.4, |5w

�
� +4.lO,O

5l |5w

�

6
:::::::::::::::8
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Wdeohv

Wdeoh 4= Urrwv lqvlgh wkh xqlw flufoh ri wkh frpsdqlrq pdwul{1
GJS

4 5 6 7 8 9 :
31<5 3156.3155l 3198 3186 31<9 31<: 3158

0314<.3149l 315603155l 3179 3149.314;l 3 3154 3
0314<03149l 3 0313< 31490314;l 3 3 3

316; 3 3 3 3 3 3

Wdeoh 5= Suredelolw| ri uhmhfwlqj K3= u @ 3 dw wkh }hur iuhtxhqf|1
GJS= ^4` ^5` ^6` 7 8 9 ^:`

W Prgho
73 4 318; 31;5 31<; 0 0 0 31<:

5 318; 318: 31<; 3177 3143 315< 3196
6 3186 31:4 31<6 313< 3138 3167 3137
7 31;6 31:3 31:< 3133 3149 3154 31;:

;3 4 31<3 4133 4133 0 0 0 4133
5 31<3 31<; 4133 31<8 313; 3184 31<<
6 31;7 31;5 31<8 3145 3137 318: 3133
7 31<4 31;8 31;9 3133 314: 3169 31<8

453 4 31<< 4133 4133 0 0 0 4133
5 31<< 4133 4133 4133 3143 31:5 4133
6 31<3 31:< 31<8 3147 3137 31:: 3133
7 31<8 31;< 31<3 3133 3154 317: 31<:

D xqlw urrw dw wkh }hur iuhtxhqf| h{lvwv iru |5w lq GJS 4/ 5/ 6 dqg :1 Wkhvh
GJSv duh zlwklq eudfnhwv1 �D k|skrq lqglfdwh wkdw qr � pdwul{ h{lvwv iru
Prgho 4 dw wklv iuhtxhqf|1 Xqghuolqhg qxpehuv/ iru Prgho 5/ lqglfdwh wkdw
|5w lv d vwdwlrqdu| yduldeoh lq wkh GJS dw wklv iuhtxhqf|1 Vhh d vxppdu|
ri wkh ydulrxv prgho vshfl�fdwlrqv lq Vhfwlrq 71

4:



Wdeoh 6= Suredelolw| ri uhmhfwlqj K3= u @ 3 dw wkh eldqqxdo iuhtxhqf|1
GJS= ^4` ^5` 6 ^7` ^8` 9 :

W Prgho
73 4 31:< 4133 0 4133 4133 0 0

5 31:< 31:9 4133 31<: 31;9 4133 3193
6 31:3 31<7 3133 31<5 31;< 3133 3138
7 3144 3199 3133 316< 3185 3133 3133

;3 4 4133 4133 0 4133 4133 0 0
5 4133 4133 4133 4133 4133 4133 31<<
6 31:: 31<5 3133 31;; 31;6 3133 3133
7 3153 31:8 3133 3185 3198 3133 3133

453 4 4133 4133 0 4133 4133 0 0
5 4133 4133 4133 4133 4133 4133 4133
6 31:5 31<3 3133 31;8 31;3 3133 3133
7 3158 31;3 3133 318< 31:6 3133 3133

D xqlw urrw dw wkh eldqqxdo iuhtxhqf| h{lvwv iru |5w lq GJS 4/ 5/ 7 dqg 81
Wkhvh GJSv duh zlwklq eudfnhwv1 Vhh � lq Wdeoh 51

Wdeoh 7= Suredelolw| ri uhmhfwlqj K3= u @ 3 dw wkh dqqxdo iuhtxhqf|1
GJS= ^4` 5 ^6` ^7` 8 ^9` :

W Prgho
73 4 4133 0 4133 4133 0 4133 0

5 4133 31;7 4133 4133 31<; 4133 31;4
6 31<5 3134 31;; 31;6 3134 31;; 3143
7 3178 3133 31:3 31<9 3133 31<6 3133

;3 4 4133 0 4133 4133 0 4133 0
5 4133 4133 4133 4133 4133 4133 4133
6 31;; 3134 31<3 31:< 3136 31;8 3148
7 318; 3133 31;4 31<; 3133 31<: 3133

453 4 4133 0 4133 4133 0 4133 0
5 4133 4133 4133 4133 4133 4133 4133
6 31;8 3134 31<5 31:; 3138 31;4 314;
7 3199 3133 31;: 31<< 3133 31<; 3133

Xqlw urrwv dw wkh dqqxdo iuhtxhqf| h{lvwv iru |5w lq GJS 4/ 6/ 7 dqg 91
Wkhvh GJSv duh zlwklq eudfnhwv1 Vhh � lq Wdeoh 51

4;



Wdeoh 8= Suredelolw| ri uhmhfwlqj K3= u @ 4 dw wkh }hur iuhtxhqf|1
GJS= ^4` ^5` ^6` 7 8 9 ^:`

W Prgho
73 4 3145 3139 3143 0 0 0 3139

5 3145 3139 3144 313: 3135 313; 313:
6 313; 3137 3143 3135 3134 313; 3133
7 3155 3138 3145 3133 3135 313: 3138

;3 4 3143 3139 313; 0 0 0 3139
5 3143 3139 313; 313: 3135 313< 3139
6 313: 3135 313; 3135 3134 313< 3133
7 314: 3138 313< 3133 3135 3139 3138

453 4 313< 3139 313: 0 0 0 3139
5 313< 3139 313: 3139 3136 313< 3139
6 313; 3135 313: 3136 3134 3143 3133
7 3149 3138 313: 3133 3136 3139 3138

D xqlw urrw dw wkh }hur iuhtxhqf| h{lvwv iru |5w lq GJS 4/ 5/ 6 dqg :1 Wkhvh
GJSv duh zlwklq eudfnhwv1 Vhh � lq Wdeoh 51

Wdeoh 9= Suredelolw| ri uhmhfwlqj K3= u @ 4 dw wkh eldqqxdo iuhtxhqf|1
GJS= ^4` ^5` 6 ^7` ^8` 9 :

W Prgho
73 4 3139 313: 0 313: 313: 0 0

5 3139 313: 313: 313: 313: 313; 313:
6 3137 3137 3133 3137 3137 3133 3133
7 3133 3136 3133 3135 3136 3133 3133

;3 4 3139 3139 0 313: 3139 0 0
5 3139 3139 313: 313: 313: 313: 3139
6 3136 3135 3133 3136 3135 3133 3133
7 3134 3136 3133 3135 3136 3133 3133

453 4 3139 3139 0 3139 3139 0 0
5 3139 3139 3139 3139 3139 3139 3139
6 3137 3135 3133 3135 3135 3133 3133
7 3134 3136 3133 3135 3135 3133 3133

D xqlw urrw dw wkh eldqqxdo }hur iuhtxhqf| h{lvwv iru |5w lq GJS 4/ 5/ 7
dqg 81 Wkhvh GJSv duh zlwklq eudfnhwv1 Vhh � lq Wdeoh 51

4<



Wdeoh := Suredelolw| ri uhmhfwlqj K3= u @ 4 dw wkh dqqxdo iuhtxhqf|1
GJS= ^4` 5 ^6` ^7` 8 ^9` :

W Prgho
73 4 313: 0 313: 313: 0 313: 0

5 313: 3139 313: 313: 313: 313: 3139
6 3138 3133 3136 3134 3133 3136 3134
7 3136 3133 3138 3137 3133 3139 3133

;3 4 3139 0 3139 3139 0 3138 0
5 3139 3139 3139 3139 3139 3139 3138
6 313: 3133 3135 3134 3133 3135 3134
7 313< 3133 3139 3138 3133 3138 3133

453 4 3139 0 3139 3138 0 3138 0
5 3139 3138 3138 3138 3138 3139 3138
6 3143 3133 3135 3134 3133 3135 3134
7 3148 3133 3139 3138 3133 3138 3133

Xqlw urrwv dw wkh dqqxdo iuhtxhqf| h{lvwv iru |5w lq GJS 4/ 6/ 7 dqg 91
Wkhvh GJSv duh zlwklq eudfnhwv1 Vhh � lq Wdeoh 51

Wdeoh ;= Phdq ri PVH/ �41
GJS= ^4` ^5` ^6` 7 8 9 ^:`

W Prgho
73 4 3139 313: 3135 0 0 0 3137

5 3139 3145 3136 317: 3139 3135 3144
6 314; 3144 3137 3137 3138 3137 3166
7 4137 3155 313< 3133 3148 3135 313:

;3 4 3134 3136 3134 0 0 0 3135
5 3134 3137 3134 316: 3134 3134 3137
6 3155 313< 3136 3136 3134 3136 3168
7 4136 3148 3138 3133 3136 3133 3136

453 4 3134 3135 3134 0 0 0 3134
5 3134 3136 3134 3167 3134 3133 3135
6 3163 313< 3135 3137 3133 3137 3168
7 4134 3145 3137 3133 3135 3133 3135

D �4 pdwul{ grhv qrw qrw h{lvwv iru Prgho 4 zkhq GJS 7/ 8 dqg 9 duh
xvhg1 Rwkhu GJSv duh zlwklq eudfnhwv1 Vhh � lq Wdeoh 51

53



Wdeoh <= Phdq ri PVH/ �51
GJS= ^4` ^5` 6 ^7` ^8` 9 :

W Prgho
73 4 3148 313< 0 313; 3134 0 0

5 3148 3155 5148 315: 3153 419: 3193
6 31;7 314: 3133 316: 3155 3133 3135
7 4136 3186 3133 419: 31:4 3133 3133

;3 4 3139 3137 0 3137 3133 0 0
5 3139 313< 513< 3144 313; 4196 3183
6 31:3 3149 3133 3176 315: 3133 3133
7 31<8 316; 3133 4164 3184 3133 3133

453 4 3137 3135 0 3135 3133 0 0
5 3137 3139 5139 313: 3138 4195 3179
6 3199 314: 3133 317; 315< 3133 3133
7 31;: 3163 3133 4144 3173 3133 3133

D �5 pdwul{ grhv qrw qrw h{lvwv iru Prgho 4 zkhq GJS 6/ 9 dqg : duh
xvhg1 Rwkhu GJSv duh zlwklq eudfnhwv1 Vhh � lq Wdeoh 51

Wdeoh 43= Phdq ri PVH/ �61
GJS= ^4` 5 ^6` ^7` 8 ^9` :

W Prgho
73 4 313: 0 3137 313: 0 314; 0

5 313: 315< 313: 313; 3164 3163 3165
6 3169 3133 3149 3157 3133 315; 3136
7 4198 3133 3168 315; 3133 3157 3133

;3 4 3136 0 3135 3136 0 313; 0
5 3136 3159 3136 3136 315; 3145 315;
6 317< 3134 3145 3158 3135 314< 3138
7 41;5 3133 3154 314; 3133 3143 3133

453 4 3135 0 3134 3135 0 3138 0
5 3135 3158 3135 3135 315: 313; 315:
6 319; 3134 313< 3159 3136 314< 313:
7 41<< 3133 3148 3148 3133 3139 3133

D �6 pdwul{ grhv qrw qrw h{lvwv iru Prgho 4 zkhq GJS 5/ 8 dqg : duh
xvhg1 Rwkhu GJSv duh zlwklq eudfnhwv1 Vhh � lq Wdeoh 51
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Wdeoh 44= Phdq ri PVH/ �71
GJS= ^4` 5 ^6` ^7` 8 ^9` :

W Prgho
73 4 3139 0 3139 313: 0 3135 0

5 3139 313: 3139 313< 3157 3143 3138
6 3144 3133 314; 3147 3133 3178 3134
7 31:4 3133 415: 3184 3133 3159 3133

;3 4 3136 0 3136 3136 0 3134 0
5 3136 3138 3136 3137 3156 3137 3136
6 313< 3133 3145 3145 3133 3183 3134
7 3185 3133 31<9 316; 3133 3145 3133

453 4 3135 0 3135 3135 0 3134 0
5 3135 3138 3135 3135 3156 3136 3136
6 3143 3133 313< 3145 3133 3195 3134
7 316: 3133 31:5 3165 3133 313: 3133

D �7 pdwul{ grhv qrw qrw h{lvwv iru Prgho 4 zkhq GJS 5/ 8 dqg : duh
xvhg1 Rwkhu GJSv duh zlwklq eudfnhwv1 Vhh � lq Wdeoh 51

Wdeoh 45= Udqnlqj ri iruhfdvwlqj shuirupdqfh +dyhudjh ryhu 45 shulrgv,1 Wkh phd0
vxuh lv wkh ghwhuplqdqw ri wkh PVH pdul{1

W@73 W@;3 W@453
Prg1 4 5 6 7 8 4 5 6 7 8 4 5 6 7 8
GJS
4 416 416 61< 813 519 413 413 713 813 613 413 413 718 718 613
5 413 513 619 714 716 413 513 813 616 61; 413 513 813 616 61;
6 413 513 71< 714 613 413 513 813 713 613 413 513 813 713 613
7 416 518 813 61: 518 416 516 813 61: 51; 414 516 813 61: 613
8 416 61< 615 717 515 413 519 61< 718 613 413 516 61< 714 61;
9 418 613 813 617 514 413 513 813 616 61: 413 513 813 615 613
: 413 613 813 513 713 413 514 813 51< 713 413 513 813 613 713
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