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Krz Ydoxdeoh Lv H{fkdqjh Udwh Ioh{lelolw|B

Rswlpdo Prqhwdu| Srolf| xqghu Vhfwrudo

Vkrfnv

Fìgulf Wlooh

Ihghudo Uhvhuyh Edqn ri Qhz \run �

Iheuxdu| 4</ 5335

Devwudfw

Wkh sdshu h{soruhv wkh rswlpdo prqhwdu| srolf| uhdfwlrq wr sur0
gxfwlylw| vkrfnv lq dq rshq hfrqrp|1 Zkhuhdv hduolhu vwxglhv dvvxph
wkdw frxqwulhv vshfldol}h lq surgxflqj sduwlfxodu jrrgv/ L hqulfk wkh
dqdo|vlv e| doorzlqj iru lqfrpsohwh vshfldol}dwlrq1 L frq�up wkh �qg0
lqj ri Revwihog dqg Urjr� +5333, �zkr exlog rq Iulhgpdq +4<86,
�wkdw d  h{leoh h{fkdqjh udwh lv kljko| ydoxdeoh lq gholyhulqj wkh rs0
wlpdo uhvsrqvh wr frxqwu|0vshfl�f vkrfnv1 Lwv ydoxh lv/ krzhyhu/ pxfk
vpdoohu zkhq vkrfnv duh vhfwru0vshfl�f/ ehfdxvh h{fkdqjh udwh  xf0
wxdwlrqv wkhq ohdg wr plvdoorfdwlrqv ehwzhhq gl�huhqw �upv zlwklq d
vhfwru1 Wkh olplwdwlrq rq wkh ydoxh ri  h{lelolw| lv vl}deoh hyhq zkhq
vshfldol}dwlrq lv kljk1

Nh|zrugv= rswlpdo prqhwdu| srolf|/ h{fkdqjh udwh  h{lelolw|/ frp0
shwlwlyhqhvv1

MHO fodvvl�fdwlrq= I64/ I74/ I75

�Hpdlo= fhgulf1wloohCq|1iue1ruj1 Wkh ylhzv h{suhvvhg lq wklv sdshu duh wkrvh ri wkh

dxwkru dqg duh qrw qhfhvvdulo| uh hfwlyh ri ylhzv dw wkh Ihghudo Uhvhuyh Edqn ri Qhz

\run ru wkh Ihghudo Uhvhuyh V|vwhp1
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4 Lqwurgxfwlrq

Wkh fhqwudo uroh ri d  h{leoh h{fkdqjh udwh lq doorzlqj hfrqrplhv wr
rswlpdoo| dgmxvw wr vkrfnv kdv uhfhlyhg d uhqhzhg dwwhqwlrq lq wkh wkhruhwlfdo
olwhudwxuh1 Xvlqj d plfur0irxqghg jhqhudo htxloleulxp prgho zhoo vxlwhg iru d
zhoiduh dqdo|vlv/ Revwihog dqg Urjr� +5333d, dqdo|}h wkh rswlpdo prqhwdu|
srolf| uhvsrqvh wr surgxfwlylw| vkrfnv lq dq rshq hfrqrp|1 Dowkrxjk rqh
pd| frqmhfwxuh d qhhg iru wkh prqhwdu| dxwkrulwlhv wr wdnh wkh h�hfw ri
wkhlu dfwlrqv rq rwkhu frxqwulhv lqwr dffrxqw/ Revwihog dqg Urjr� vkrz wkdw
wklv lv qrw wkh fdvh1 Wkh| �qg wkdw dq lqzdug orrnlqj prqhwdu| srolf|/ lq
zklfk wkh dxwkrulwlhv duh suhrffxslhg vroho| zlwk uhdfwlqj wr wkhlu grphvwlf
vkrfnv/ gholyhuv wkh ehvw srvvleoh rxwfrph1 D  h{leoh h{fkdqjh udwh lv d nh|
slhfh ri wkh sx}}oh dv lwv lpsdfw rq uhodwlyh sulfhv eulqjv wkh hfrqrp| wr dq
h!flhqw doorfdwlrq/ d frq�updwlrq ri Iulhgpdq*v +4<86, lqvljkw wkdw d  h{leoh
h{fkdqjh udwh fdq eulqj wkh hfrqrp| durxqg wkh revwdfoh ri uljlg sulfhv1

D fhqwudo dvvxpswlrq xqghuo|lqj wkh ydoxh ri wkh h{fkdqjh udwh dv dq
dgmxvwphqw phfkdqlvp lv wkdw lw d�hfwv wkh sulfhv idfhg e| frqvxphuv/ zkr
wkhq dgmxvw wkhlu frqvxpswlrq sdwwhuqv1 Wkh lpsdfw ri h{fkdqjh udwh  xf0
wxdwlrqv rq frqvxphu sulfhv fdq krzhyhu eh olplwhg/ dv srlqwhg e| Ghyhuhx{
dqg Hqjho +5333, dqg Hqjho +5334,1 Wkh olplwhg sdvv0wkurxjk ri h{fkdqjh
udwh  xfwxdwlrqv lqwr sulfhv lq wxuq vljql�fdqwo| d�hfwv wkh rswlpdo prq0
hwdu| srolf|1 Fruvhwwl dqg Shvhqwl +5334, xqghuwdnh d ghwdlohg dqdo|vlv ri
wklv dvshfw dqg �qg wkdw dq lqwhuqdwlrqdo glphqvlrq ri prqhwdu| srolf| lv
uhvwruhg zkhq wkh sdvv0wkurxjk lv lqfrpsohwh1 Lq wkh h{wuhph fdvh zkhuh
wkh h{fkdqjh udwh kdv qr lpsdfw rq frqvxphu sulfhv/ wkh| vkrz wkdw wkh
rswlpdo prqhwdu| uhjlph lv d shjjhg h{fkdqjh udwh1 Wkh ehvw srolf| lv wr
vxssuhvv wkh  xfwxdwlrqv lq wkh h{fkdqjh udwh dv wkh| ohdg wr qr ehqh�fldo
uhdoorfdwlrq ri frqvxpswlrq dqg rqo| wudqvodwh lq yrodwloh sur�wv zklfk ohdg
�upv wr fkdujh kljk sulfhv1

Wklv sdshu h{soruhv d vhfrqg fdyhdw wr wkh ehqh�wv ri h{fkdqjh udwh
yrodwlolw|1 Zh pdlqwdlq wkh dvvxpswlrq wkdw h{fkdqjh udwh  xfwxdwlrqv duh
hqwluho| sdvvhg0wkurxjk wr frqvxphu sulfhv dqg ohdg wr d uhdoorfdwlrq ri frq0
vxpswlrq1 Rxu hpskdvlv lv rq wkh vhfwrudo vwuxfwxuh ri wkh hfrqrp|1 Doo h{0
lvwlqj frqwulexwlrqv duh exlow rq d uhvwulfwlyh dvvxpswlrq/ qdpho| wkdw wkhuh
lv frpsohwh vhfwrudo vshfldol}dwlrq dprqj frxqwulhv1 Xqghu wkh xvxdo Gl{lw0
Vwljolw} vshfl�fdwlrq ri suhihuhqfhv/ frqvxphuv doorfdwh wkhlu sxufkdvhv �uvw
dfurvv w|shv ri jrrgv wkdw duh srru vxevwlwxwhv +wh{wlohv dqg fduv iru lq0
vwdqfh,/ dqg wkhq dfurvv kljko| vxevwlwxwdeoh eudqgv iru hdfk w|sh1 Xqghu
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wkh suhydohqw dvvxpswlrq ri frpsohwh vhfwrudo vshfldol}dwlrq wkhuh lv qr glv0
wlqfwlrq ehwzhhq wkh vhfwrudo dqg lqwhuqdwlrqdo glphqvlrqv ri wkh hfrqrp|/
dv d sduwlfxodu w|sh lv surgxfhg rqo| lq rqh frxqwu|1 Wklv lv d vhulrxv olplwd0
wlrq lq oljkw ri wkh zrun e| Vwrfnpdq +4<;;, zkr srlqwv wkdw d vxevwdqwldo
vkduh ri hfrqrplf  xfwxdwlrqv idoov dorqj vhfwrudo/ dv rssrvhg wr qdwlrqdo/
olqhv1

Rxu prgho doorzv iru lqfrpsohwh vhfwrudo vshfldol}dwlrq/ zkhuh prvw/ exw
qrw doo/ �upv lq d frxqwu| surgxfhv eudqgv ri d jlyhq w|sh/ zlwk wkh uhpdlqlqj
plqrulw| surgxflqj eudqgv ri dqrwkhu whup1 Wkh vlwxdwlrq lv pluuruhg lq wkh
iruhljq frxqwu|14 Rxu vhwxs doorzv xv wr frqwudvw wkh rswlpdo prqhwdu| srolf|
uhdfwlrq wr frxqwu| vshfl�f surgxfwlylw| vkrfnv zlwk wkh uhdfwlrq wr vhfwru

vshfl�f vkrfnv1
Zh �qg wkdw xqghu frxqwu| vshfl�f vkrfnv wkh uhvxowv ri Revwihog dqg

Urjr� +5333d, uhpdlqv ydolg/ zlwk prqhwdu| srolf| ehlqj lqzdug orrnlqj
dqg wkh  h{leoh h{fkdqjh udwh gholyhulqj wkh h!flhqw furvv0frxqwu| doorfd0
wlrq1 Wklqjv duh krzhyhu vkduso| gl�huhqw xqghu vhfwrudo vkrfnv/ zlwk wkh
ydoxh ri d  h{leoh h{fkdqjh udwh ehlqj txlwh vpdoo1 Lqwxlwlyho|/ wkh h!flhqw
uhvsrqvh wr d vhfwrudo surgxfwlylw| vkrfn lv iru wkh uhodwlyh sulfh ehwzhhq
vhfwruv wr fkdqjh/ exw iru wkh uhodwlyh sulfh ehwzhhq �upv lq d jlyhq vhfwru
wr uhpdlq frqvwdqw1 D  h{leoh h{fkdqjh udwh fdqqrw gholyhu erwk1 Dv orqj dv
rqh frxqwu| lv suhgrplqdqw lq rqh vhfwru/ wkh h{fkdqjh udwh fdq gholyhu wkh
h!flhqw uhodwlyh sulfh fkdqjh ehwzhhq vhfwruv1 Wkh vdph h{fkdqjh udwh  xf0
wxdwlrq krzhyhu dowhuv wkh uhodwlyh sulfh ehwzhhq �upv ri gl�huhqw qdwlrqdolw|
surgxflqj wkh vdph w|sh ri jrrg/ zklfk lv lqh!flhqw1 Dv wkh vxevwlwxwdelolw|
ehwzhhq gl�huhqw eudqgv ri d jlyhq w|sh lv odujh/ wkh lqh!flhqw h{fkdqjh udwh
 xfwxdwlrqv wudqvodwh lqwr vl}deoh plvdoorfdwlrq ri uhvrxufhv1 Wklv frvw ohdgv
wkh prqhwdu| dxwkrulwlhv wr nhhs wkh h{fkdqjh udwh  xfwxdwlrqv zlwklq vwulfw
erxqgv/ vxevwdqwldoo| uhgxflqj wkh ydoxh ri  h{lelolw|1

Zh vkrz wkdw wkh olplwv sodfhg rq wkh h{fkdqjh udwh  xfwxdwlrqv duh
vljql�fdqw hyhq zkhq vhfwrudo vshfldol}dwlrq lv yhu| kljk/ exw lqfrpsohwh1 Lw
zrxog eh plvohdglqj wr wklqj wkdw d kljko| vshfldol}hg hfrqrp| lv vx!flhqwo|
vlplodu wr d frpsohwho| vshfldol}hg rqh wr mxvwli| ljqrulqj wkh vhfwrudo glphq0
vlrq1 Vxfk d frqmhfwxuh zrxog eh edvhg vroho| rq wkh vl}h ri wkh vhfwruv dqg
ljqruh wkh vxevwlwxwdelolw| ehwzhhq eudqgv zlwklq d vhfwru1 Dv orqj dv eudqgv

4Zh pdlqwdlq wkh xvxdo dvvxpswlrq ri frpsohwh vshfldol}dwlrq dw wkh eudqg ohyho/ dv

hdfk eudqg lv surgxfhg rqo| e| rqh �up1 Wkhuhiruh/ d frxqwu| h{sruwv vrph eudqgv ri

hdfk w|sh zkloh lpsruwlqj rwkhu eudqgv ri wkh vdph w|sh/ exw qr eudqg lv vlpxowdqhrxvo|

surgxfhg lq gl�huhqw frxqwulhv1
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duh forvh vxevwlwxwhv/ wkh lqh!flhqw h{fkdqjh udwh  xfwxdwlrqv ohdg wr vljqli0
lfdqw plvdoorfdwlrq dqg fdqqrw eh ljqruhg1 D qxphulfdo looxvwudwlrq ri rxu
uhvxowv vkrzv wkdw wkh ydoxh ri d  h{leoh h{fkdqjh udwh zkhq vshfldol}dwlrq
lv yhu| kljk exw lqfrpsohwh +zlwk bDI ri �upv lq d vhfwru ehlqj orfdwhg lq d
jlyhq frxqwu|, lv rqo| kdoi dv kljk dv zkhq vshfldol}dwlrq lv frpsohwh +zlwk
�ffI ri �upv lq d vhfwru ehlqj orfdwhg lq d jlyhq frxqwu|,1

Wkh sdshu dovr h{soruhv wkh lqwhudfwlrq ehwzhhq prqhwdu| srolf| dqg
�upv/ dqg orrnv dw zklfk frpelqdwlrqv ri wkh ghjuhh ri vhfwrudo vshfldol}d0
wlrq dqg h{fkdqjh udwh yrodwlolw| duh htxloleuld/ wdnlqj dq dssurdfk vlplodu
wr Fruvhwwl dqg Shvhqwl +5335,1 Zh �qg wzr srvvleoh htxloleuld1 Lq wkh �uvw
wkhuh duh qr h{fkdqjh udwh  xfwxdwlrqv dqg qr vhfwrudo vshfldol}dwlrq1 Lq wkh
devhqfh ri h{fkdqjh udwh  xfwxdwlrqv �upv duh lqgl�huhqw ehwzhhq surgxf0
lqj d eudqg ri rqh w|sh ru dqrwkhu/ vr d �{hg h{fkdqjh udwh vxssruwv dq|
vhfwrudo vwuxfwxuh1 Lq sduwlfxodu lw vxssruwv d vwuxfwxuh zkhuh wkhuh lv qr
vshfldol}dwlrq dqg doo frxqwulhv duh lghqwlfdo1 Wklv vwuxfwxuh lq wxuq mxvwli|
wkh pdlqwdlqlqj ri d �{hg h{fkdqjh udwh1 Dqrwkhu htxloleulxp lv d fdvh zkhuh
prqhwdu| srolf| lv lqzdug orrnlqj/ zlwk odujh wkh h{fkdqjh udwh  xfwxdwlrqv/
dqg vhfwrudo vshfldol}dwlrq lv frpsohwh1 Zkhq wkh h{fkdqjh udwh  xfwxdwhv/
wkh frpshwlwlyhqhvv ri d �up ylv0d0ylv lwv frpshwlwruv lv pruh yrodwloh li lw
frpshwhv djdlqvw iruhljq �upv wkdq grphvwlf �upv1 Wklv lqgxfhv �upv wr
vzlwfk wr surgxflqj wkh w|sh ri jrrg wkdw lv douhdg| grplqdwhg e| grphvwlf
surgxfhuv1 Wklv ohdgv wr frpsohwh vhfwrudo vshfldol}dwlrq/ zklfk lq wxuq mxv0
wli| wkh lqzdug orrnlqj prqhwdu| srolf|1 Zh fdq vkrz wkdw wkh htxloleulxp
zlwk frpsohwh vshfldol}dwlrq dqg d  h{leoh h{fkdqjh udwh lv pruh ehqh�fldo
wkdq wkh htxloleulxp zlwk qr vshfldol}dwlrq dqg d �{hg h{fkdqjh udwh1

Wkh sdshu dovr pdnhv d phwkrgrorjlfdo frqwulexwlrq e| xvlqj d jhqhudo
phwkrg1 Iroorzlqj Vxwkhuodqg +5334, zh ghulyh wudfwdeoh vhfrqg rughu ds0
sur{lpdwlrqv ri wkh prgho durxqg d ghwhuplqlvwlf vwhdg| vwdwh1 Wklv doorzv
xv wr dyrlg wkh vshfl�f ixqfwlrqdo irupv uhtxluhg wr ghulyh forvhg irupv vrox0
wlrqv/ zkloh vwloo fdswxulqj wkh h�hfw ri vhfrqg rughu prphqwv rq �uvw rughu
prphqwv wkurxjk wkh ulvn suhpld lqfoxghg lq sulfhv/ dq dvshfw wkdw lv orvw
xqghu olqhdu dssur{lpdwlrqv1

Wkh sdshu lv rujdql}hg dv iroorzv= vhfwlrq 5 suhvhqwv wkh vwuxfwxuh ri wkh
prgho1 Wkh vroxwlrq lv ghulyhg lq vhfwlrq 61 Vhfwlrq 7 dqdo|}hv wkh rswlpdo
prqhwdu| uhvsrqvh wr surgxfwlylw| vkrfnv/ zlwk vhfwlrq 8 surylglqj d qx0
phulfdo looxvwudwlrq1 Vhfwlrq 9 glvfxvvhv wkh srvvlelolw| ri pxowlsoh htxloleuld/
zlwk vhfwlrq : frqfoxglqj1 Wkurxjkrxw wkh dqdo|vlv zh irfxv rq wkh pdlq
uhvxowv dqg ohdyh wkh ghwdlohg ghulydwlrqv lqwr dq Dsshqgl{1
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5 Vwuxfwxuh ri wkh prgho

514 Jhrjudsklf dqg surgxfwlrq vwuxfwxuh

Wkh jhrjudsklf vwuxfwxuh lv wdnhq iurp Wlooh +5335,1 Wkh zruog lv pdgh ri
wzr frxqwulhv/ krph dqg iruhljq1 Iru vlpsolflw| zh qrupdol}h wkh zruog vl}h wr
xqlw| dqg dvvxph wkdw erwk frxqwulhv duh ri wkh vdph vl}h/ �*21 Hdfk frxqwu|
lv lqkdelwhg e| d uhsuhvhqwdwlyh frqvxphu/ dqg lv krvw wr d frqwlqxxp ri �upv
zlwk pdvv �*21 Wkh prgho lv fkdudfwhul}hg e| prqrsrolvwlf frpshwlwlrq=
wkhuh lv d xqlw pdvv frqwlqxxp ri gl�huhqwldwhg eudqgv ri frqvxpswlrq jrrgv/
dqg hdfk �up lv wkh vroh surgxfhu ri rqh sduwlfxodu eudqg1

Wzr w|shv ri jrrgv duh dydlodeoh iru frqvxpswlrq/ ghqrwhg e| � dqg �
+wh{wlohv dqg fduv iru h{dpsoh,/ zlwk hdfk w|sh frqvlvwlqj ri d frqwlqxxp ri
eudqgv ri pdvv �*21 Wkh fhqwudo ihdwxuh ri wklv sdshu lv wr doorz iru d jhq0
hudo surgxfwlrq vwuxfwxuh e| qrw uhvwulfwlqj hdfk frxqwu| wr surgxfh eudqgv
ri rqo| rqh w|sh1 Lqvwhdg gl�huhqw eudqgv iurp erwk w|shv fdq eh surgxfhg
lq erwk frxqwulhv1 Pruh vshfl�fdoo| zh gh�qh wkh ghjuhh ri vhfwrudo vshfldol}d0
wlrq � 5 df�Dc �o/ dvvxplqj zlwkrxw orvv ri jhqhudolw| wkdw wkh krph frxqwu|
vshfldol}hv wr vrph h{whqw lq surgxflqj w|sh �1 Zh glvwulexwh �upv dqg
eudqgv dorqj d xqlw lqwhuydo/ zlwk �upv rq wkh dfc �*2� lqwhuydo ehlqj lq wkh
krph frxqwu| dqg �upv rq wkh d�*2c �o lqwhuydo ehlqj lq wkh iruhljq frxqwu|1
Wkh krph �upv orfdwhg rq wkh dfc f�D�� lqwhuydo surgxfh eudqgv ri w|sh �/
zkhuhdv wkh krph �upv orfdwhg rq wkh df�D�c f�D� lqwhuydo surgxfh eudqgv ri
w|sh �1 Wxuqlqj wr wkh iruhljq frxqwu|/ �upv orfdwhg rq wkh df�Dc f�D E2� ���
lqwhuydo surgxfh eudqgv ri w|sh �/ zkloh �upv orfdwhg rq wkh df�D E2� �� c �o
lqwhuydo surgxfh eudqgv ri w|sh �1 Wkh vwuxfwxuh lv vxppdul}hg lq Wdeoh 4=

Wdeoh 4= Surgxfwlrq vwuxfwxuh
W|sh

Udqjh Frxqwu|
surgxfhg

Pdvv

f 0 f�D� Krph � f�D�
f�D� 0 f�D Krph � f�D E�� ��
f�D 0 f�D E2� �� Iruhljq � f�D E�� ��

f�D E2� �� 0 � Iruhljq � f�D�

Rxu vhwxs lpsolhv wkdw d iudfwlrq � 5 df�Dc �o ri �upv lq wkh krph frxqwu|
surgxfh eudqgv ri w|sh �/ dqg wkh vdph iudfwlrq ri iruhljq �upv surgxfh
eudqgv ri w|sh �1 Iljxuh 4 looxvwudwhv ydulrxv fdvhv/ zlwk wkh ohiw ^uljkw`
vtxduhv uhsuhvhqwlqj wkh pdvv ri �upv lq wkh krph ^iruhljq` frxqwu|1 Wkh wrs
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sdqho looxvwudwhv wkh vlwxdwlrq xqghu frpsohwh vhfwrudo vshfldol}dwlrq +� ' �,
zkhuh hdfk frxqwu| surgxfhv rqo| rqh w|sh1 Lq wkh plggoh sdqho/ vhfwrudo
vshfldol}dwlrq lv sduwldo +f�D 	 � 	 �,= prvw/ exw qrw doo/ krph �upv surgxfh
eudqgv ri w|sh �/ wkh vlwxdwlrq ehlqj pluuruhg lq wkh iruhljq frxqwu|1 Ilqdoo|
wkh erwwrp sdqho vkrzv wkh fdvh zkhuh wkhuh lv qr vhfwrudo vshfldol}dwlrq
+� ' f�D, dqg wkh surgxfwlrq vwuxfwxuh lv wkh vdph lq erwk frxqwulhv1

515 G|qdplfv

Iru vlpsolflw|/ zh devwudfw iurp dq| g|qdplfv e| frqvlghulqj d rqh shulrg
prgho zlwk xqfhuwdlqw|1 Wkh wlplqj ri hyhqwv zlwklq wkh shulrg jrhv dv
iroorzv= dw wkh ehjlqqlqj ri wkh shulrg �upv frpplw wr d sulfh lq wkhlu rzq
fxuuhqf| dw zklfk wkh| zloo vhoo wkhlu jrrgv/ zlwk wkh frpplwphqw wdnlqj
sodfh ehiruh vkrfnv duh uhdol}hg1 Rqfh sulfhv duh vhw/ surgxfwlylw| vkrfnv duh
uhdol}hg dqg wkh prqhwdu| dxwkrulwlhv fdq dgmxvw prqhwdu| srolf| lq uhvsrqvh1
Frqvxphuv wkhq sxufkdvh jrrgv iurp wkh �upv dw wkh srvwhg sulfhv/ zlwk wkh
frqvxphu sulfhv iru lpsruwhg jrrgv ehlqj dgmxvwhg iru dq| h{fkdqjh udwh
 xfwxdwlrqv1 Ilupv phhw wkh ghpdqg dw wkh sulfh wkh| srvwhg1

Wkh dvvxpswlrq ri d vwdwlf prgho lv fhuwdlqo| uhvwulfwlyh1 Wklv lv krzhyhu
d frpprq dvvxpswlrq/ hlwkhu h{solflwo| +Revwihog dqg Urjr� +5333d/e,,/ ru
lpsolflwo| e| vkxwwlqj grzq wkh g|qdplfv wkurxjk wkh ixqfwlrqdo irupv dqg
dvvhw vwuxfwxuh +Fruvhwwl dqg Shvhqwl +5334,/ Ghyhuhx{ dqg Hqjho +5333,,15

516 Wkh frqvxphu sureohp

Wkh uhsuhvhqwdwlyh frqvxphu lq wkh krph frxqwu| pd{lpl}hv wkh iroorz0
lqj xwlolw|=

L ' . *?� � V.u +4,

zkhuh � lv d frqvxpswlrq lqgh{ ghwdlohg ehorz dqg u lv frvwo| oderu h�ruw1
. lv wkh h{shfwdwlrqv rshudwru gh�qhg dfurvv doo srvvleoh vwdwhv ri qdwxuh1
Wkh vshfl�fdwlrq +4, lv txlwh vshfl�f exw doorzv xv wr ghulyh wkh nh| uhvxowv
ri wkh prgho zkloh nhhslqj wkh dojheudlf frpsoh{lw| wr d plqlpxp1

Rxu dvvxpswlrq ri d uhsuhvhqwdwlyh frqvxphu suhfoxghv dq| dqdo|vlv ri wkh
glvwulexwlyh h�hfwv ri prqhwdu| srolf|1 Wklv fdq vhhp sx}}olqj dv Wlooh +5335,
vkrzv wkh lpsruwdqfh ri vxfk h�hfwv lq d vhwxs zlwk lqfrpsohwh dvvhw pdunhwv1

5Rxu dqdo|vlv dvvxphv frpsohwh dvvhw pdunhwv duh frpsohwh/ vr wkdw wkhuh zrxog eh qr

g|qdplfv lq d pxowl shulrg prgho1

9



Zh devwudfw iurp uhglvwulexwlyh lvvxhv lq rughu wr irfxv rq wkh +lq,delolw| ri
prqhwdu| srolf| wr shuirup dq rswlpdo vwdelol}dwlrq h{huflvh e| eulqjlqj
wkh hfrqrp| durxqg wkh lqh!flhqf| ri vwlfn| sulfhv1 Dq| olplwdwlrq lq wkh
srzhu ri prqhwdu| srolf| wkhuhiruh vwhpv iurp wkh surgxfwlrq vwuxfwxuh ri
wkh hfrqrp| dqg qrw iurp dq| glvwulexwlyh frqfhuq/ pdnlqj rxu uhvxowv pruh
hdvlo| frpsdudeoh zlwk hduolhu frqwulexwlrqv1

Wkh frqvxpswlrq lqgh{ � lv gh�qhg dfurvv wkh xqlw pdvv ri dydlodeoh
eudqgv/ lq wkuhh vwhsv looxvwudwhg lq Iljxuh 51 Wkh �uvw vwhs vhsdudwhv wkh
djjuhjdwh lqgh{ lqwr wzr frqvxpswlrq lqgh{hv ri w|shv=

� ' 2 E���
f�D E���

f�D

zkhuh �� dqg �� duh vxelqgh{hv ri wkh frqvxpswlrq ri jrrgv ri w|sh � dqg
w|sh � uhvshfwlyho|1 Zh dvvxph wkdw wkh hodvwlflw| ri vxevwlwxwlrq ehwzhhq
w|shv lv htxdo wr �/ vr wkdw rxu prgho qhvwv h{lvwlqj frqwulexwlrqv vxfk dv
Fruvhwwl dqg Shvhqwl +5334,1

Lq wkh vhfrqg vwhs/ wkh w|sh lqgh{hv duh vxeglylghg lqwr ruljlq vxe0
lqgh{hv=

�� '
�
E��

�

b E��cM�
b3�

b n E�� ��
�

b E��c8 �
b3�

b

� b

b3�

�� '
�
E�� ��

�

b E��cM�
b3�

b n E��
�

b E��c8 �
b3�

b

� b

b3�

zkhuh ��cM dqg ��c8 duh lqgh{hv ri krph dqg iruhljq jrrgv ri w|sh � uhvshf0
wlyho|1 Iru lqvwdqfh � E�cM� lv d frqvxpswlrq lqgh{hv ri eudqgv ri w|sh
� surgxfhg lq wkh krph frxqwu|1 Wkh zhljkwv rq wkh vxelqgh{hv uh hfw
wkh ghjuhh ri vhfwrudo vshfldol}dwlrq �1 Xqghu frpsohwh vhfwrudo vshfldol}d0
wlrq +� ' �,/ doo eudqgv ri w|sh � duh surgxfhg lq wkh krph frxqwu| dqg
doo eudqgv ri w|sh � duh surgxfhg lq wkh iruhljq frxqwu|= �� ' ��cM dqg
�� ' ��c8 1 Wkh hodvwlflw| ri vxevwlwxwlrq ehwzhhq ruljlqv iru d jlyhq w|sh lv
jlyhq e| b1

Wkh wklug dqg �qdo vwhs glylghv wkh ruljlq lqgh{hv dfurvv sduwlfxodu eudqgv=
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��cM '

5
7# 2
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E��cM E5��

w3�
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w ] �

f�DE23��
E��c8 E5��

w3�
w _5

6
8

w
w3�

zkhuh ��cM E5� ^��c8 E5�` lqglfdwh wkh frqvxpswlrq ri krph ^iruhljq` eudqg 5
ri w|sh �1 Wkh zhljkwv lq wkh lqgh{hv uh hfwv wkh doorfdwlrq ri eudqgv dfurvv
frxqwulhv dqg w|shv dv ghvfulehg lq Wdeoh 41 Wkh hodvwlflw| ri vxevwlwxwlrq
ehwzhhq eudqgv lv jlyhq e| w1

Wkurxjkrxw wkh dqdo|vlv/ zh dvvxph wkdw wkh hodvwlflw| ri vxevwlwxwlrq
ehwzhhq eudqgv lv dw ohdvw dv odujh dv wkh hodvwlflw| ehwzhhq ruljlqv/ zklfk lq
wxuq lv dw ohdvw dv odujh dv wkh hodvwlflw| ehwzhhq w|shv=6

w � b � �

Lq hdfk vwdwh ri qdwxuh wkh krph krxvhkrog rswlpdoo| doorfdwhv frqvxps0
wlrq dfurvv w|shv/ ruljlqv dqg eudqgv/ zlwk wkh doorfdwlrq uh hfwlqj wkh uhod0
wlyh sulfhv1 Wkh uhvxowlqj ghpdqgv duh jlyhq lq Wdeoh 5=

Wdeoh 5= Frqvxpswlrq doorfdwlrq
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Wkh sulfhv lq Wdeoh 5/ doo h{suhvvhg lq krph fxuuhqf|/ duh gh�qhg dv iroorzv=
��cM E5� ^��c8 E5�` lv wkh sulfh ri d krph ^iruhljq` eudqg 5 ri w|sh �/ ��c8 ^��c8 `
lv wkh sulfh lqgh{ dfurvv doo d krph ^iruhljq` eudqgv ri w|sh �/ �� lv wkh sulfh
lqgh{ dfurvv doo eudqgv ri w|sh � iurp doo ruljlqv/ dqg � lv wkh frqvxphu
sulfh lqgh{1 Doo sulfh lqgh{hv uhsuhvhqw wkh plqlpdo h{shqglwxuh uhtxluhg wr

6Zh dovr dvvxph wkdw � A 4 wr hqvxuh d zhoo0gh�qhg vroxwlrq1

;



sxufkdvh rqh xqlw ri wkh lqgh{ lq txhvwlrq/ dqg duh jlyhq lq Wdeoh 6=

Wdeoh 6= Sulfh lqgh{hv
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f�D� d��cM E5�o�3w _5M

l �

�3w

��c8 '
k
2
�

U �
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�3b

� ' E���
f�D E���

f�D

Wkh frqvxpswlrq doorfdwlrq iru wkh iruhljq uhsuhvhqwdwlyh frqvxphu lv
vlplodu1 Zh ghqrwh iruhljq yduldeohv/ lqfoxglqj iruhljq fxuuhqf| sulfhv/ zlwk
dvwhulvnv1 Zh dvvxph wkdw wkh odz ri rqh sulfh krogv/ vr wkh krph fxuuhqf|
sulfh ri d sduwlfxodu eudqg lv htxdo wr wkh iruhljq fxuuhqf| sulfh dgmxvwhg e|
wkh h{fkdqjh udwh/ zlwk 7 uhsuhvhqwlqj wkh dprxqw ri krph fxuuhqf| uhtxluhg
wr sxufkdvh rqh xqlw ri iruhljq fxuuhqf|1 Iru lqvwdqfh=

��c8 E5� ' 7� W

�c8 E5�

Dv wkh frpsrvlwlrq ri wkh frqvxpswlrq edvnhwv lv wkh vdph lq erwk frxqwulhv/
wkh odz ri rqh sulfh wudqvodwhv dw wkh ohyho ri sulfh lqgh{hv/ vr wkdw dq| krph
fxuuhqf| sulfh lqgh{ lv htxdo wr wkh fruuhvsrqglqj iruhljq fxuuhqf| sulfh
lqgh{ dgmxvwhg iru wkh h{fkdqjh udwh1 Lq sduwlfxodu sxufkdvlqj srzhu sdulw|
krogv=

� ' 7� W

Kdylqj ghulyhg wkh frpsrvlwlrq ri frqvxpswlrq edvnhw/ zh qrz wxuq wr
wkh ghwhuplqdwlrq ri lwv ohyho1 Hdfk krxvhkrog krogv grphvwlf prqh| dqg
htxlw| lq grphvwlf �upv1 Lq dgglwlrq/ wkh krph dqg iruhljq krxvhkrogv fdq
wudgh d frpsohwh vhw ri frqwlqjhqw frpprglwlhv sd|lqj r� lq krph fxuuhqf|1
Wkh exgjhw frqvwudlqw ri wkh krph frqvxphu iru d sduwlfxodu vwdwh ri wkh
zruog � lv zulwwhq dv=

���� n
[
|

^|�| ' `�u� n�� n�� n E�f ���� n A� +5,
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Wkh ohiw kdqg vlgh ri +5, lqglfdwhv wkh xvh ri ixqgv/ qdpho| frqvxpswlrq
vshqglqj dqg wkh sxufkdvh ri vhfxulwlhv dw wkh ehjlqqlqj ri wkh shulrg/ zlwk ^|
dqg �| uhsuhvhqwlqj wkh sulfh dqg kroglqj/ uhvshfwlyho|/ ri d vhfxulw| sd|lqj
r� � xqlw lq krph fxuuhqf| lq vwdwh |1 Wkh uljkw kdqg vlgh lqglfdwhv wkh
vrxufhv ri ixqgv= wkh zdjh lqfrph/ zlwk ` ehlqj wkh qrplqdo zdjh/ wkh
sur�wv iurp wkh krxvhkrog*v rzqhuvkls ri doo krph �upv +�,/ wkh lqfrph
iurp frqwlqjhqw vhfxulwlhv +�,/ wkh lqlwldo fdvk edodqfhv qhw ri �qdo edodqfhv
+�f��,/ dqg oxps0vxp wudqvihuv iurp wkh jryhuqphqw +A ,1 +5, lv vlpsol�hg
e| dvvxplqj wkdw wkh jryhuqphqw uhsd|v dq| vhljqrudjh uhyhqxh wkurxjk d
oxps0vxp wudqvihu/ vr wkdw E�f ��� n A ' f1

Wkh oderu vxsso| lv rewdlqhg e| pd{lpl}lqj +4, zlwk uhvshfw wr u/ vxemhfw
wr +5,=

` ' V�� +6,

Wkh rswlpdo fkrlfh ri frqwlqjhqw vhfxulwlhv sruwirolr e| wkh krph dqg
iruhljq krxvhkrogv ohdgv wr wkh xvxdo uhvxow wkdw wkh udwlr ri pdujlqdo xwlolwlhv
ri frqvxpswlrq lv htxdo wr wkh uhdo h{fkdqjh udwh=

�

�W

'
7� W

�

Dv wkh sxufkdvlqj srzhu sdulw| krogv/ frqvxpswlrq lq shuihfwo| lqvxuhg eh0
wzhhq wkh krph dqg wkh iruhljq krxvhkrog=

� ' �W +7,

Wkh odvw frpsrqhqw ri wkh frqvxpswlrq vlgh ri wkh prgho lv jlyhq e|
wkh htxloleulxp lq wkh prqh| pdunhwv/ zklfk vwlsxodwh wkdw frqvxpswlrq
vshqglqj kdv wr eh fryhuhg e| qrplqdo edodqfhv=

� ' �� / �W ' � W�W +8,

+8, vkrzv wkdw e| fkdqjlqj wkh dprxqw ri prqh| lq flufxodwlrq wkh prqhwdu|
dxwkrulwlhv d�hfw wkh qrplqdo frqvxpswlrq vshqglqj1 Vxfk htxloleuld fdq
eh ghulyhg hlwkhu dv fdvk0lq0dgydqfh frqvwudlqwv ru wkurxjk d prqh| lq wkh
xwlolw| ixqfwlrq dssurdfk1

Frpelqlqj wkh prqh| pdunhw htxloleulxp iru wkh krph dqg iruhljq frxq0
wulhv +8, zlwk wkh frpsohwh frqvxpswlrq lqvxudqfh +7, dqg wkh idfw wkdw
sxufkdvlqj srzhu sdulw| krogv/ zh vkrz wkdw wkh h{fkdqjh udwh lv vlpso| wkh
udwlr ri wkh prqh| vxssolhv=

7 '
�

�W

+9,
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517 Rswlpdo sulfh vhwwlqj

Diwhu vroylqj wkh frqvxphu sureohp/ zh wxuq wr wkh rswlpdo sulfh vhwwlqj
e| �upv1 Ilupv xvh d olqhdu whfkqrorj| zlwk oderu dv wkh rqo| lqsxw/ dqg d
surgxfwlylw| whup wkdw lv vxemhfwhg wr udqgrp vkrfnv=

t�cM E5� ' g�cMu�cM E5� / t�c8 E5� ' g�c8u�c8 E5�

t�cM E5� ' g�cMu�cM E5� / t�c8 E5� ' g�c8u�c8 E5�

zkhuh t�cM E5� ^t�c8 E5�` lv wkh rxwsxw e| d krph ^iruhljq` �up surgxflqj
eudqg 5 ri w|sh �/ u�cM E5� ^u�c8 E5�` lv wkh oderu lqsxw xvhg lq wkh surfhvv dqg
g�cM ^g�c8 ` lv wkh whfkqrorj| sdudphwhu frpprq wr doo krph ^iruhljq` �upv
surgxflqj eudqgv ri w|sh �1

Rxu vhwxs doorzv wkh surgxfwlylw| vkrfnv wr eh vshfl�f wr d sduwlfxodu
vhfwru lq d sduwlfxodu frxqwu|1 Wklv qhvwv wkh fdvhv zkhuh surgxfwlylw| ohyhov
duh frxqwu| vshfl�f +g�cM ' g�cM / g�c8 ' g�c8 , ru vhfwru vshfl�f +g�cM '
g�c8 / g�cM ' g�c8 ,1

Wkh ghpdqgv idfhg e| hdfk �up duh ghulyhg e| djjuhjdwlqj wkh frqvxps0
wlrq doorfdwlrq uxohv ri Wdeoh 5 dfurvv wkh krph dqg wkh iruhljq krxvhkrogv/
uhfdoolqj wkdw hdfk lv ri pdvv �*2 dqg wkdw frqvxpswlrq lv htxdol}hg wkurxjk
+7,=
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Wkh rswlpl}dwlrq sureohp idfhg e| �upv lv wr fkrrvh wkh sulfh wkh| fkdujh
sulru wr wkh xqfhuwdlqw| rq wkh surgxfwlylw| vkrfnv dqg dq| vxevhtxhqw prq0
hwdu| uhdfwlrq ehlqj uhvroyhg1 Ilupv fkrrvh wkhlu sulfhv wr pd{lpl}h wkh
h{shfwhg glvfrxqwhg ydoxh ri sur�wv/ zlwk wkh glvfrxqw idfwru uh hfwlqj wkh
pdujlqdo xwlolw| ri lqfrph e| wkh rzqhu ri wkh �up1
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D krph �up surgxflqj d eudqg ri w|sh� fkrrvhv d sulfh lq krph fxuuhqf|
��cM E5�/ fkdujhg iru erwk grphvwlf dqg h{sruw vdohv/7 wr pd{lpl}h=
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Qrwh wkdw lq htxloleulxp doo krph �upv surgxflqj w|sh � duh lghqwlfdo/ vr
��cM E5� ' ��cM 1 Xvlqj wkh oderu vxsso| +6, dqg wkh prqh| pdunhw htxlole0
ulxp +8,/ wkh rswlpdo sulfh lv wkhq jlyhq e|=

��cM '
wV

w � �

.� Eg�cM�
3� E���

b3�

. E���
b3�

+;,

+;, vkrzv wkh sulfh lv vhw dw lwv fhuwdlqw| htxlydohqw ohyho/ wV
w3�

.� Eg�cM�
3�/

rqo| zkhq b ' � ru �� lv xqfruuhodwhg zlwk � Eg�cM�
3�1 Lqwxlwlyho| wkh

sulfh lv ghwhuplqhg e| wzr whupv= wkh pdujlqdo frvw +qrplqdo zdjh dgmxvwhg
e| surgxfwlylw|= � Eg�cM�

3�,/ dqg wkh sulfh frpshwlwlyhqhvv ylv0d0ylv rwkhu

surgxfhuv ri w|sh � +E���
b3�,= li �� lv kljk/ wkh uhodwlyh sulfh ri wkh krph

�up lv orz dqg lw vhoov d uhodwlyho| odujh txdqwlw|1 Qrwh wkdw frpshwlwlyhqhvv
lvvxhv duh pruh lpsruwdqw wkh kljkhu wkh vxevwlwxwdelolw|/ b/ ehwzhhq krph
dqg iruhljq jrrgv ri w|sh �1

+;, lqglfdwhv wkdw wkh sulfh h{fhhgv wkh fhuwdlqw| htxlydohqw zkhq wkh
pdujlqdo frvw dqg wkh frpshwlwlyhqhvv duh srvlwlyho| fruuhodwhg1 Lqwxlwlyho|/
�upv kdyh wr edodqfh h{0dqwh ehwzhhq fdvhv zkhuh wkh| zrxog olnh wr lqfuhdvh
wkhlu sulfh h{0srvw ehfdxvh wkh| idfh d kljk pdujlqdo frvw/ dqg fdvhv zkhuh
wkh| zrxog olnh wr uhgxfh wkhlu sulfhv ehfdxvh ri d orz pdujlqdo frvw1 Ilupv
gr qrw fduh derxw doo srvvleoh vwdwhv ri qdwxuh htxdoo|/ exw sxw d kljkhu zhljkw
rq vwdwhv zkhuh wkh| kdyh d orw ri fxvwrphuv/ dv d vxerswlpdo sulfh wkhq ohdgv
wr pruh iruhjrqh uhyhqxh1 Vwdwhv zkhuh krph �upv duh frpshwlwlyh/ wkdw lv
�� lv odujh/ duh vwdwhv zkhuh wkhuh duh pdq| fxvwrphuv1 Li wkh pdujlqdo frvw
whqgv wr eh kljkhu wkdq dyhudjh lq wkhvh vwdwhv/ �upv zloo eh pruh olnho| wr
zlvk iru d kljkhu sulfh h{0srvw wkdq d orzhu sulfh dqg fkdujh dq h{0dqwh sulfh
deryh wkh fhuwdlqw| htxlydohqw1

Wxuqlqj wr d iruhljq surgxfhu ri w|sh �/ khu jrdo lv wr vhw d sulfh lq
iruhljq fxuuhqf| � W

�c8 E5� wr pd{lpl}h wkh h{shfwhg glvfrxqwhg sur�wv=
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7Li wkh �up frxog fkrrvh gl�huhqw krph fxuuhqf| sulfhv iru grphvwlf dqg iruhljq vdohv/

lw zrxog qhyhuwkhohvv vhw wkhp htxdo dv wkh ghpdqg hodvwlflw| lv wkh vdph lq erwk pdunhwv1
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Wkh rswlpdo sulfh lv ghulyhg dv=
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Wkh lqwxlwlrq lv vlplodu dv iru ��cM / zlwk wkh frpshwlwlyhqhvv qrz fdswxuhg

e| E���
b3� E7��3b1

Wkh rswlpdo sulfhv iru krph dqg iruhljq �upv surgxflqj w|sh � duh
ghulyhg iroorzlqj vlplodu vwhsv dv=
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+44,

6 Vroxwlrq ri wkh prgho

614 Phwkrgrorj|

Wkh xvxdo dssurdfk xvhg lq vroylqj wkh vwrfkdvwlf *Qhz rshq hfrqrp|
pdfurhfrqrplfv* prghov lv wr ghulyh wkh ixoo0eorzq forvhg irup vroxwlrq +Re0
vwihog dqg Urjr� +5333d/e,/ Fruvhwwl dqg Shvhqwl +5334,/ Ghyhuhx{ dqg Hqjho
+5333,,1 Wklv phwkrg fdswxuhv wkh nh| glphqvlrq/ qdpho| wkh lpsdfw ri wkh
vhfrqg rughu prphqwv rq wkh suhvhw sulfhv1 Dv iruzdug orrnlqj �upv kdyh
wr frpplw wr sulfhv ehiruh wkh vkrfnv duh revhuyhg/ wkh h{ srvw yrodwlolw| lq
wkh hfrqrp| ohdgv wkhp wr lqfrusrudwh d ulvn suhplxp lq wkhlu sulfhv1 Wkh
vhfrqg rughu prphqwv ri wkh prgho wkhq vljql�fdqwo| d�hfw wkh �uvw rughu
prphqwv/ zlwk kljkhu sulfhv uhvxowlqj lq orzhu h{shfwhg frqvxpswlrq1

Vroylqj wkh prgho lq forvhg irup krzhyhu uhtxluhv uhvwulfwlyh dvvxpswlrq
rq wkh ixqfwlrqdo irupv xvhg/ vxfk dv d xqlw hodvwlflw| ri vxevwlwxwlrq ehwzhhq
krph dqg iruhljq jrrgv1 Wkh frqwulexwlrqv wkdw kdyh dqdo|}hg pruh jhqhudo
vhwxsv duh olplwhg wr d fhuwdlqw| htxlydohqw dqdo|vlv/ dv wkh qhhg wr wdnh �uvw
rughu dssur{lpdwlrqv durxqg d ghwhuplqlvwlf vwhdg| vwdwh suhfoxghv wkhp
iurp fdswxulqj wkh lpsdfw ri vhfrqg rughu prphqwv rq suhvhw sulfhv1

Wklv sdshu xvhv d qhz dssurdfk wkdw jhwv durxqg wkh olplwdwlrqv ri erwk
wkh forvhg irup dqg olqhdu dssur{lpdwlrq dssurdfkhv1 Lw doorzv xv wr dyrlg
uhvwulfwlyh sdudphwul}dwlrqv zkloh vwloo fdswxulqj wkh lpsdfw ri vhfrqg rughu
prphqwv rq sulfhv1 Rxu prgho ehlqj wrr jhqhudo wr eh vroyhg lq d forvhg
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irup/ zh wdnh dssur{lpdwlrqv durxqg d ghwhuplqlvwlf vwhdg| vwdwh1 Zh krz0
hyhu gr qrw olplw rxuvhoyhv wr �uvw rughu h{sdqvlrqv/ exw ghulyh vhfrqg rughu
h{sdqvlrqv iroorzlqj Vxwkhuodqg +5334,18 Zh wdnh vhfrqg rughu dssur{lpd0
wlrqv ri erwk wkh zhoiduh fulwhulrq dqg wkh srvlwlyh htxdwlrqv lq wkh prgho1
Wkh phwkrg lv wkhq pruh jhqhudo wkdq wkh Urwhpehuj dqg Zrrgirug phwkrg
+Zrrgirug +5333,, zklfk olplwv wkh h{sdqvlrqv ri wkh srvlwlyh htxdwlrqv wr
d �uvw rughu1 Iru d glvfxvvlrq rq wkh dssolfdelolw| ri wkh Urwhpehuj dqg
Zrrgirug phwkrg wr dq rshq hfrqrp| vhh Ehqljqr dqg Ehqljqr +5334,1

Wkh dssur{lpdwlrqv lq wkh prgho duh wdnhq durxqg d ghwhuplqlvwlf vwhdg|
vwdwh lq zklfk surgxfwlylw| lv wkh vdph iru doo �upv +g�cM ' g�cM ' g�c8 '
g�c8 ' gf,1 Doo �upv wkhq surgxfh wkh vdph txdqwlw| Ew � �� EwV�3�gf/
zklfk lv dovr htxdo wr wkh frqvxpswlrq ohyho1 Doo krph fxuuhqf| sulfhv duh
htxdo wr Ew � ��3� wV�f Egf�

3�1 Wkh dssur{lpdwlrqv duh h{suhvvhg lq whupv
ri orj ghyldwlrqv iurp wkh vwhdg| vwdwh/ ghqrwhg e| Vdqv Vhuli ohwwhuv=

[ ' *?f � *?ff

Wkh vwrfkdvwlf glphqvlrq ri wkh prgho vwhpv iurp wkh suhvhqfh ri sur0
gxfwlylw| vkrfnv1 Wkh rqo| dvvxpswlrq zh qhhg wr pdnh derxw wkhp lv wkdw
wkh h{shfwhg ydoxh ri wkh orjdulwkpv ri wkh vkrfnv durxqg wkh vwhdg| vwdwh
lv }hur=

.N�cM ' .N�c8 ' .N�cM ' .N�c8 ' f +45,

Wkh udqgrpqhvv ri wkh surgxfwlylw| ihhgv lqwr d udqgrpqhvv ri wkh prqh0
wdu| vwdqfh/ dv zh doorz hdfk frxqwu| wr uhdfw wr wkh surgxfwlylw| vkrfnv1 Iru
vlpsolflw| zh dvvxph wkdw wkh prqhwdu| dxwkrulw| lq erwk frxqwu| shuihfwo|
revhuyh wkh uhdol}dwlrq ri wkh vkrfnv1 Wkurxjkrxw wkh sdshu zh devwudfw iurp
glvfuhwlrq dqg dvvxph wkdw prqhwdu| srolf| lv frqgxfwhg dffruglqj wr d uxoh
wkurxjk zklfk wkh prqhwdu| vwdqfh lq hdfk frxqwu| uhdfw wr doo vkrfnv=

P ' l�cMN�cM nl�c8N�c8 nl�cMN�cM nl�c8N�c8 +46,

PW ' lW

�cMN�cM nlW

�c8N�c8 nlW

�cMN�cM nlW

�c8N�c8

zkhuh wkh l*v duh frqvwdqw sdudphwhuv1 Wkh uxohv +46, dqg wkh surfhvv +45,
lpso| wkdw wkhuh lv qr �uvw rughu eldv lq prqhwdu| srolf|=

.P ' .PW ' f +47,

8Dssolfdwlrqv ri wkh phwkrg wr pruh frpsoh{ forvhg hfrqrp| prghov duh irxqg lq
Vfplww0Jurkh dqg Xuleh +5334, dqg Vlpv +5333,1
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Wkurxjkrxw wkh dqdo|vlv/ zh pdnh h{whqvlyh xvh ri wkh iroorzlqj uhodwlrqv
ehwzhhq wkh ohyho ri d yduldeoh dqg wkh orj ghyldwlrqv durxqg wkh vwhdg| vwdwh/
ghulyhg lq wkh Dsshqgl{=

f ' ff

�
� n [n

�

2
[2
�

+48,

615 Ioh{leoh sulfhv

Ehiruh xqghuwdnlqj wkh dqdo|vlv zlwk vwlfn| sulfhv/ zh ghulyh wkh vrox0
wlrq ri wkh prgho xqghu  h{leoh sulfhv dv d ehqfkpdun1 Zkhq �upv fdq
dgmxvw wkhlu sulfhv diwhu revhuylqj wkh vkrfnv dqg dq| prqhwdu| uhdfwlrq/
wkh rswlpdo sulfh uxohv +;,0+44, krog qrw rqo| lq h{shfwdwlrq exw lq h{0srvw
whupv=

��cM '
wV

w � �
� Eg�cM�

3� / � W

�c8 '
wV

w � �
�W Eg�c8 �

3� +49,

��cM '
wV

w � �
� Eg�cM�

3� / � W

�c8 '
wV

w � �
�W Eg�c8 �

3�

Wkh uhodwlyh  h{leoh sulfhv wkhq vlpso| uh hfwv gl�huhqwldov lq surgxfwly0
lw|1 Iru lqvwdqfh=

��cM
7� W

�c8

'
g�c8

g�cM

Frpelqlqj wklv zlwk wkh frqvxpswlrq ghpdqgv olvwhg lq Wdeoh 5/ zh vhh wkdw
wkh uhodwlyh frqvxpswlrq ohyhov dovr uh hfw wkh surgxfwlylw| gl�huhqfhv=

��cM E5�

��c8 E5�
'

%
g�cM

g�c8

&b
/

��cM E5�

��c8 E5�
'

%
g�cM

g�c8

&b

Ixuwkhupruh wkh  h{leoh sulfh doorfdwlrq fdq eh vkrzq rswlpdo lq wkh vhqvh
wkdw lw fruuhvsrqgv wr wkh doorfdwlrq fkrvhq e| d ehqhyrohqw zruogzlgh sodq0
qhu/ wkh ghwdlohg ghulydwlrq ehlqj suhvhqwhg lq wkh Dsshqgl{1 Lq rwkhu zrugv/
wkh ehvw rxwfrph wkdw prqhwdu| srolf| fdq krsh iru lv wr uhsolfdwh wkh  h{leoh
sulfh doorfdwlrq1

Wzr sduwlfxodu fdvhv duh hvshfldoo| qrwhzruwk|1 Zkhq surgxfwlylw| vkrfnv
duh vhfwru vshfl�f +g�cM ' g�c8 ' g�/ g�cM ' g�c8 ' g�,/ wkh uhodwlyh
sulfh ehwzhhq d krph dqg d iruhljq eudqg ri d jlyhq w|sh lv xqlw|/ zkloh wkh
uhodwlyh sulfh ehwzhhq w|shv uh hfwv wkh surgxfwlylw| gl�huhqwldo=

��cM
7� W

�c8

'
��cM
7� W

�c8

' � /
��
��

'
g�

g�

+4:,
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Zkhq surgxfwlylw| vkrfnv duh frxqwu| vshfl�f +g�cM ' g�cM ' gM / g�c8 '
g�c8 ' g8 ,/ wkh uhodwlyh sulfh ehwzhhq d krph dqg d iruhljq eudqg ri d jlyhq
w|sh uh hfwv wkh surgxfwlylw| gl�huhqwldov=

��cM
7� W

�c8

'
��cM
7� W

�c8

'
g8

gM

/
��
��

'

%
� EgM�

b3� n E�� �� Eg8 �
b3�

E�� �� EgM�
b3� n � Eg8 �

b3�

& �

�3b

+4;,

616 Dssur{lpdwlrqv ri sulfhv

Zh qrz ghulyh wkh vhfrqg rughu dssur{lpdwlrqv ri wkh suhvhw sulfhv +;,0
+44,1 Zh irfxv rq wkh uhvxowv/ zlwk wkh ghwdlov ehlqj surylghg lq wkh Ds0
shqgl{1 Vwduwlqj zlwk d krph �up surgxflqj d eudqg ri w|sh �/ zh fdq
vkrz wkdw=

S�cM '
�

2
. EP� N�cM�

2 n Eb� �� E�� ��.V EP� N�cM� +4<,

Wkh sulfh fdq ghyldwh iurp wkh vwhdg| vwdwh ydoxh wkurxjk wzr fkdqqhov1
Iluvw/ zlwk d vhw sulfh/  xfwxdwlrqv lq wkh pdujlqdo frvw wudqvodwh lqwr  xf0
wxdwlrqv lq wkh pdunxs1 Wklv ohdgv wkh ulvn dyhuvh �up rzqhu wr lqfrusrudwh
d ulvn suhplxp/ . EP� N�cM�

2/ lq wkh sulfh1 Wkh vhfrqg whup uh hfw frp0
shwlwlyhqhvv lvvxhv1 D krph �up idfhv d vwurqjhu ghpdqg zkhq lw lv pruh
frpshwlwlyh wkdqnv wr d ghsuhfldwlrq ri wkh grphvwlf fxuuhqf| +V : f,1 Wkh
�up rzqhu wkhq fduhv pruh derxw vwdwhv zkhuh wkh krph fxuuhqf| lv ghsuh0
fldwhg1 Li vxfk vwdwhv kdsshq wr eh vwdwhv zkhq wkh pdujlqdo frvw lv kljk
+.V EP� N�cM� : f,/ wkh �upv rzqhu vhwv d kljkhu sulfh h{0dqwh1

Zh ghulyh dssur{lpdwlrq iru wkh rwkhu wkuhh lqglylgxdo sulfhv +<,0+44, lq
d vlplodu zd| dqg jhw=

SW�c8 '
�

2
. EPW

� N�c8 �
2 n � Eb� ��. E�V� EPW

� N�c8 � +53,

S�cM '
�

2
. EP� N�cM�

2 n � Eb� ��.V EP� N�cM� +54,

SW�c8 '
�

2
. EPW

� N�c8 �
2 n E�� �� Eb� ��. E�V� EPW

� N�c8 � +55,

Rxu qh{w vwhs lv wr ghulyh wkh ydoxhv ri wkh sulfhv lqgh{hv suhvhqwhg lq Wd0
eoh 6/ h{suhvvhg dv orj dssur{lpdwlrqv1 Wkh frqvxphu sulfh lqgh{ lv orj olqhdu
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lq lwv frpsrqhqwv/ vr wkh iroorzlqj uhodwlrq krogv h{dfwo| zlwk � lqgh{lqj wkh
vwdwh ri qdwxuh dv wkh frqvxphu sulfh lqgh{ lv qrw suhvhw=

S� '
�

2
S�� n

�

2
S�� +56,

Wkh w|sh sulfh lqgh{hv/ �� dqg �� duh krzhyhu qrw orj olqhdu1 Iroorzlqj
vwhsv ghwdlohg lq wkh Dsshqgl{/ zh fdq h{suhvv wkhlu ydoxhv dv vhfrqg rughu
dssur{lpdwlrqv=

S�� ' �S�cM n E�� ��
�
V� n SW�c8

�
�

�

2
� E�� �� Eb� �� EV��

2 +57,

S�� ' E�� �� S�cM n �
�
V� n SW�c8

�
�

�

2
� E�� �� Eb� �� EV��

2 +58,

617 Frqvxpswlrq dqg h�ruw

Zh qrz ghulyh orj dssur{lpdwlrqv ri wkh frqvxpswlrq dqg h�ruw1 Iurp
wkh prqh| pdunhw htxloleuld +8, dqg wkh rswlpdo ulvn vkdulqj +7,/ zh vhh wkdw
lq hdfk vwdwh frqvxpswlrq lv orj olqhdu lq lwv wzr frpsrqhqwv/ wkh qrplqdo
edodqfhv dqg wkh frqvxphu sulfh lqgh{1 Wkh iroorzlqj uhodwlrq krogv wkhq
h{dfwo|=

F� ' P� � S� +59,

�� ' �f d� n F�o

Ghulylqj wkh h{shfwhg h�ruw lv pruh frpsoh{1 Wkh h�ruw h{huwhg e| wkh
krph krxvhkrog lv wkh vxp ri wkh h�ruw h{huwhg lq surgxflqj wkh eudqgv ri
w|sh � dqg w|sh � +h{suhvvlqj wkh uhvxow lq shu0fdslwd whupv,=

.u ' 2
]

f�D�

f

.u�cM E5� _5 n 2
]

f�D

f�D�
.u�cM E5� _5

' �.u�cM n E�� ��.u�cM

zkhuh zh xvhg wkh idfw wkdw doo �upv surgxflqj d jlyhq w|sh lq d jlyhq frxq0
wu| duh lghqwlfdo1 Iroorzlqj vwhsv suhvhqwhg lq wkh Dsshqgl{/ zh zulwh wkh
h{shfwhg h�ruw lq surgxflqj eudqgv ri w|sh � dv d vhfrqg rughu dssur{lpd0
wlrq=

.u�cM '
w � �

wV
d� n4�cM o

4:



zkhuh=

4�cM ' � Eb� �� E�� ��
�
S�cM � SW�c8

�
+5:,

�
2� � �

2
Eb� ��2 E�� ��. EV�2

+5:, vkrzv wkdw h{shfwhg h�ruw lv qrw frqvwdqw/ xqohvv wkhuh lv frpsohwh
vhfwrudo vshfldol}dwlrq +� ' �, ru wkh vxevwlwxwdelolw| ehwzhhq krph dqg
iruhljq jrrgv ri w|sh � lv xqlw| +b ' �,1

Wkh h{shfwhg h�ruw iru wkh surgxfwlrq ri w|sh � e| wkh krph krxvhkrogv
lv ghulyhg lq wkh Dsshqgl{ dv=

4�cM ' � Eb� �� �
�
S�cM � SW�c8

�
n

2� � �

2
Eb� ��2 �. EV�2 +5;,

.u�cM '
w � �

wV
d� n4�cM o

Wkh h{shfwhg h�ruw ri wkh iruhljq krxvhkrog lv zulwwhq dv=

.uW ' E�� ��.u�c8 n �.u�c8

Wkh Dsshqgl{ vkrzv wkdw wkh wzr frpsrqhqwv duh zulwwhq dv=

.u�c8 '
w � �

wV
d� n4�c8 o / .u�c8 '

w � �

wV
d� n4�c8 o

4�c8 ' Eb� �� �
�
S�cM � SW�c8

�
n

2� � �

2
Eb� ��2 �. EV�2 +5<,

4�c8 ' Eb� �� E�� ��
�
S�cM � SW�c8

�
+63,

�
2� � �

2
Eb� ��2 E�� ��. EV�2

Iurp +5:,0+63, zh frpsxwh wkh h{shfwhg h�ruw iru doo surgxfhuv ri d jlyhq
w|sh dv iroorzv=

4� ' �4�cM n E�� ��4�c8 ' f

4� ' E�� ��4�cM n �4�c8 ' f

Wkh h{shfwhg dyhudjh h�ruw iru doo surgxfhuv ri d jlyhq w|sh lv dozd|v htxdo
wr lwv ydoxh lq wkh vwhdg| vwdwh1 Qrwlfh wkdw wkh �uvw uljkw0kdqg vlgh whupv
lq +5:, dqg +5<, vkrz wkdw wkh h{shfwhg h�ruw iru sduwlfxodu surgxfhuv duh
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lq xhqfhg e| wkh whupv ri wudgh1 Iru lqvwdqfh/ li krph surgxfhuv ri w|sh
� vhw kljk sulfhv +S�cM � SW�c8 : f,/ wkh| uhgxfh wkhlu rzq h�ruw dw wkh
h{shqvh ri wkh iruhljq surgxfhu1 Dv wkh djjuhjdwh h�ruw 4� lv xqd�hfwhg/
vxfk pryhphqwv lq wkh whupv ri wudgh fruuhvsrqg wr d sxuh }hur vxp *ehjjdu0
wk|0qhljkeru* glphqvlrq zkhuh d �{hg exughq ri h�ruw lv sdvvhg rqwr iruhljq
surgxfhuv1

7 Rswlpdo prqhwdu| srolf|

714 Remhfwlyh

Wkh jrdo ri wkh krph dqg iruhljq prqhwdu| dxwkrulwlhv lv wr fkrrvh prqh0
wdu| uxohv wkdw pd{lpl}h wkh h{shfwhg zhoiduh ri wkh krph dqg iruhljq krxvh0
krog uhvshfwlyho|1 Uhfdoolqj +7, wkh krph dqg iruhljq remhfwlyhv duh=

L ' . *?� � �V.u�cM � E�� ��V.u�cM

LW ' . *?� � E�� ��V.u�c8 � �V.u�c8

Wkhvh h{suhvvlrqv fdq eh h{suhvvhg lq whupv ri orj ghyldwlrqv durxqg wkh
vwhdg| vwdwh=

L ' Lf n.F�
w � �

w
d�4�cM n E�� ��4�cM o

LW ' Lf n.F�
w � �

w
dE�� ��4�c8 n �4�c8 o

zkhuh Lf ' *?�f � Ew � �� w3�1 Wkh remhfwlyhv frqvlvw ri dq h{shfwhg frq0
vxpswlrq frpsrqhqw/ zklfk lv wkh vdph lq erwk frxqwulhv/ dqg dq h{shfwhg
h�ruw frpsrqhqw zklfk lv wkh rssrvlwh lq wkh wzr frxqwulhv19

Wkh prqhwdu| dxwkrulwlhv duh wkhq idfhg zlwk wzr jrdov1 Wkh �uvw lv
wr xqghuwdnh dq rswlpdo vwdelol}dwlrq ri wkh hfrqrp| vr dv wr pd{lpl}h
wkh h{shfwhg frqvxpswlrq whup1 Wklv lv wkh glphqvlrq wkdw lv dqdo|}hg lq
h{lvwlqj frqwulexwlrq vxfk dv Revwihog dqg Urjr� +5333d/e, dqg Fruvhwwl dqg
Shvhqwl +5334,1 Wkh vhfrqg jrdo/ zklfk lv d qhz glphqvlrq/ lv wr sdvv wkh
exughq ri h�ruw rqwr wkh rwkhu frxqwu|1 Wklv lv d }hur0vxp jdph dv dq| jdlq
e| d frxqwu| frphv dw wkh h{shqvh ri wkh rwkhu1

9 ^�TD>K . +4� �,TE>K ` @ � ^+4� �,TD>I . �TE>I `
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Zh fkrrvh wr olplw rxu dqdo|vlv wr wkh �uvw jrdo1 Rxu irfxv doorzv iru d
pruh vwudljkwiruzdug frpsdulvrq ri rxu uhvxowv zlwk h{lvwlqj dqdo|vhv/ dv dq|
glvfuhsdqflhv vwhp vroho| iurp gl�huhqfhv lq wkh delolw| ri prqhwdu| srolf|
wr vwdelol}h wkh hfrqrp|1: Ixuwkhupruh rqh fdq dujxh derxw wkh uhohydqfh
ri wkh vhfrqg dvshfw lq sudfwlfh1 Prqhwdu| dxwkrulwlhv pd| uhfrjql}h wkdw
lw frqvwlwxwhv d }hur0vxp jdph dqg fkrrvh wr devwdlq iurp lw1 Wkh lqfhqwlyh
wr sdvv wkh h�ruw exughq rqwr wkh rwkhu frxqwu| lv fhuwdlqo| d qhz dqg
lqwuljxlqj glphqvlrq ri prqhwdu| srolf|/ dqg zh ohdyh d ghwdlohg dqdo|vlv iru
ixwxuh uhvhdufk1

Dv frqvxpswlrq lv dozd|v htxdol}hg dfurvv frxqwulhv +7,/ wkh jrdo ri wkh
krph dqg iruhljq dxwkrulwlhv lv wkh vdph1 Wkhuh duh wkhq qr jdlqv iurp
lqwhuqdwlrqdo frrshudwlrq/ dv wkh Qdvk htxloleulxp fr0lqflqghv zlwk wkh lq d
frrshudwlyh vroxwlrq1

Zh wdnh wkh  h{leoh sulfh doorfdwlrq dv d ehqfkpdun ehfdxvh fruuhvsrqgv
wr d fhqwudo sodqqhu*v fkrlfh1 Iroorzlqj vwhsv suhvhqwhg lq wkh Dsshqgl{/ wkh
remhfwlyh ri wkh prqhwdu| dxwkrulwlhv lv uhzulwwhq dv=

L ' LW ' Lf n.F

' Ls,e% �
�

e

5
99997

�. EP� N�cM�
2 n E�� ��. EPW � N�c8 �

2

nE�� ��. EP� N�cM�
2 n �. EPW � N�c8 �

2

nEb� �� � E�� ��

%
. dV� EN�cM � N�c8 �o

2

n. dV� EN�cM � N�c8 �o
2

&
6
::::8+64,

zkhuh Ls,e% lv wkh h{shfwhg zhoiduh xqghu  h{leoh sulfhv1 +64, vkrzv wkdw wkh
zhoiduh xqghu vwlfn| sulfhv fdqqrw h{fhhgv wkh zhoiduh xqghu  h{leoh sulfhv=
L � Ls,e%/ vr wkh ehvw prqhwdu| srolf| fdq krsh iru lv wr uhsolfdwh wkh  h{leoh
sulfh doorfdwlrq1

715 Wkh olplwv ri prqhwdu| srolf|

Ehiruh frpsxwlqj wkh rswlpdo prqhwdu| srolf| uxohv/ lw lv lqvwuxfwlyh wr
wdnh d forvh orrn dw +64,1 Dq| ghyldwlrq iurp wkh  h{leoh sulfh zhoiduh ohyho
L dqg Ls,e% vwhpv iurp wzr vrxufhv1 Iluvw/ zlwk sulfhv suhvhw lq surgxfhu
fxuuhqf|/ yrodwloh pdujlqdo frvwv wudqvodwh lqwr yrodwloh pdunxsv/ zklfk lq0
gxfhv wkh ulvn dyhuvh �up rzqhuv wr lqfuhdvh wkhlu sulfhv1 Vhfrqg/ lqh!flhqw
h{fkdqjh udwh  xfwxdwlrqv duh frvwo|1 Uhfdoo wkdw lq wkh  h{leoh sulfh door0
fdwlrq/ zklfk lv h!flhqw/ wkh uhodwlyh sulfh ehwzhhq d krph dqg d iruhljq

:Wklv irfxv lv vlplodu wr wkh rqh wdnhq e| Fdq}rqhul/ Fxpe| dqg Gled +5334,1
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eudqg ri d jlyhq w|sh lv htxdo wr wkh surgxfwlylw| gl�huhqwldo1 Zkhq sulfhv
duh vwlfn| wkh uhodwlyh sulfh ehwzhhq d krph dqg iruhljq eudqg fdq fkdqjh
rqo| wkurxjk  xfwxdwlrqv lq wkh h{fkdqjh udwh1 Vxfk  xfwxdwlrqv duh h!0
flhqw rqo| li wkh| pdwfk wkh surgxfwlylw| gl�huhqwldov/ dv wkh| wkhq gholyhu
wkh  h{leoh sulfh rxwfrph1 Qrwlfh wkdw zkhq b ' � h{fkdqjh udwh  xfwxd0
wlrqv gr qrw hqwdlo dq| frvw lq dgglwlrq wr wkh frvw ri yrodwloh pdunxsv1 Dv
b lqfuhdvhv krzhyhu/ lqh!flhqw h{fkdqjh udwh  xfwxdwlrqv ehfrph d vhulrxv
frqfhuq1 Lqwxlwlyho| lqh!flhqw  xfwxdwlrqv lq wkh uhodwlyh sulfh ri krph dqg
iruhljq eudqgv ri d jlyhq w|sh pdwwhu rqo| wr wkh h{whqw wkdw wkh| duh wudqv0
odwhg lqwr yrodwloh txdqwlwlhv1 Wkh yrodwlolw| lq txdqwlwlhv uhpdlqv prghudwh
zkhq krph dqg iruhljq eudqgv duh srru vxevwlwxwh/ exw ehfrphv vljql�fdqw
zkhq wkh vxevwlwxwdelolw| lqfuhdvhv1

+64, fdq dovr eh lqwhusuhwhg lq whupv ri sulfh vwdelolw|/ dorqj wkh olqhv ri
Ehqljqr dqg Ehqljqr +5334,1 Lq rxu vwdwlf prgho/ wkh frqfhsw ri sulfh vwdelo0
lw| lv uhodwhg wr wkh sulfh wkdw �upv zrxog fkrrvh h{0srvw1 Prqhwdu| srolf|
dfklhyhv frpsohwh sulfh vwdelolw| zkhq �upv zrxog fkrrvh qrw wr fkdqjh wkhlu
sulfhv +l1h1 prqhwdu| srolf| shuihfwo| jhwv durxqg wkh sulfh uljlglw|,1 Wkh
vroxwlrq xqghu  h{leoh sulfhv suhvhqwhg lq wkh Dsshqgl{ vkrzv dq| h{0srvw
dgmxvwphqw lq sulfhv zrxog vlpso| r�vhw d fkdqjh lq wkh pdujlqdo frvw lq
rughu wr nhhs wkh pdunxs frqvwdqw1 Iru lqvwdqfh/ d krph surgxfhu ri w|sh
� zrxog fkrrvh S�cM ' P� N�cM 1 D prqhwdu| srolf| wkdw dfklhyh P ' N�cM
rq lwv rzq wkhq uhpryhv dq| zlvk iurp wkh �up wr fkdqjh lwv sulfh1 Xqghu
wklv lqwhusuhwdwlrq/ +64, vkrzv wkdw wkh ehvw srvvleoh prqhwdu| srolf| fdq gr
lv wr frpsohwho| vwdelol}h sulfhv wkurxjkrxw wkh hfrqrp|1

Wkh olplwdwlrqv ri prqhwdu| srolf| fdq eh lqihuuhg iurp +64,1 Frqvlghu
�uvw d fdvh zkhuh vkrfnv duh hqwluho| frxqwu| vshfl�f +g�cM ' g�cM ' gM /
g�c8 ' g�c8 ' g8 ,1 uhfdoolqj +9, zh vlpsoli| +64, wr =

L ' Ls,e% �
�

e

%
. EP� NM�

2 n. EPW � N8 �
2

n2 Eb� �� � E�� ��. dEP� NM�� EPW � N8 �o
2

&

Zh fdq hdvlo| vhh wkdw prqhwdu| srolf| gholyhuv wkh h!flhqw rxwfrph zkhq
dxwkrulwlhv wdujhw rqo| wkh grphvwlf vkrfnv/ vr wkhuh lv qr lqwhuqdwlrqdo gl0
phqvlrq ri prqhwdu| srolf|= P ' NM dqg PW ' N8 1 Lqwxlwlyho|/ wkh h!flhqw
doorfdwlrq +4;, fdoov iru d fkdqjh lq erwk wkh uhodwlyh sulfhv ehwzhhq krph
dqg iruhljq eudqgv ri d jlyhq w|sh dqg wkh uhodwlyh sulfh ehwzhhq w|shv1 Wkh
h{fkdqjh udwh  xfwxdwlrq xqghu wkh rswlpdo prqhwdu| srolf| gholyhuv wkh
h!flhqw uhodwlyh sulfh fkdqjhv1 Wklv frq�upv ri wkh uhvxow e| Revwihog dqg
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Urjr� +5333d/e, wkdw dq lqwhuqdwlrqdo frruglqdwlrq ri prqhwdu| srolf| lv
qrw qhfhvvdu| zkhq h{fkdqjh udwh  xfwxdwlrqv duh hqwluho| sdvvhg0wkurxjk
wr sulfhv/ dv wkh hqvxlqj sulfh fkdqjhv duh wkhq h!flhqw1

Rxu vhwxs vkrzv krzhyhu wkdw wklv uhvxow li yhu| vshfl�f dqg euhdnv grzq
dv vrrq dv zh doorz vkrfnv wr gl�hu dfurvv vhfwruv1 Iru vlpsolflw|/ frqvlghu
vhfwru vshfl�f vkrfnv +g�cM ' g�c8 ' g�/ g�cM ' g�c8 ' g�,1 +64, wkhq
ehfrphv=

L ' Ls,e% �
�

e

5
97

�. EP� N��
2 n E�� ��. EPW � N��

2

nE�� ��. EP� N��
2 n �. EPW � N��

2

n2 Eb� �� � E�� ��. EV�2

6
:8

Prqhwdu| srolf| fohduo| fdqqrw gholyhu wkh h!flhqw  h{leoh sulfh rxwfrph1
+4:, vkrzv wkdw wkh h!flhqw rxwfrph zrxog eh wr fkdqjh wkh uhodwlyh sulfh
ehwzhhq w|shv zkloh nhhslqj wkh uhodwlyh sulfh ehwzhhq krph dqg iruhljq
eudqgv ri d jlyhq w|sh xqfkdqjhg1 Wkh h{fkdqjh udwh fdqqrw dfklhyh erwk=
zkhuhdv h{fkdqjh udwh  xfwxdwlrqv fdq gholyhu wkh h!flhqw uhodwlyh sulfh
fkdqjh ehwzhhq w|shv/ wkh| gr vr dw wkh frvw ri dq lqh!flhqw fkdqjh lq wkh
uhodwlyh sulfh ehwzhhq eudqgv1

716 Rswlpdo uxohv

Zh qrz ghulyh wkh rswlpdo prqhwdu| srolf| uxohv lq wkh krph dqg wkh
iruhljq frxqwu|1 Dv wkh h{shfwhg zhoiduh xqghu  h{leoh sulfhv lv lqghshqghqw
ri prqhwdu| srolf|/ wkh jrdo lv wr plqlpl}h wkh vhfrqg rughu whupv lq +64,1
Vwduwlqj zlwk wkh krph prqhwdu| srolf|/ wkh ghulydwlyh zlwk uhvshfw wr wkh
prqhwdu| vwdqfh lq d sduwlfxodu vwdwh � lv jlyhq e|=;

YL

YP�

' �
�

2
Z�

5
97

� EP� � N�cM�� n E�� �� EP� � N�cM��

n Eb� �� � E�� ��

%
EP� �PW

��� EN�cM� � N�c8��
n EP� �PW

��� EN�cM� � N�c8��

& 6
:8

Vhwwlqj wklv ghulydwlyh wr }hur dqg uh0duudqjlqj whupv/ zh rewdlq=

P� '
� n Eb� �� � E�� ��

� n 2 Eb� �� � E�� ��
N�cM�

;Wkh rswlpdo srolf| frxog dovr eh frpsxwhg e| uhsodflqj p dqg p� e| olqhdu frpelqd0

wlrqv ri wkh surgxfwlylw| vkrfnv/ zlwk xqghwhuplqhg frh!flhqwv1 Wkh vhfrqg vwhs lv wkhq

wr wdnh wkh ghulydwlyh zlwk uhvshfw wr hdfk frh!flhqw dqg vhw wkhp wr }hur1 Wklv ohdgv wr

wkh h{dfw vdph uhvxowv1
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n
E�� �� n Eb� �� � E�� ��

� n 2 Eb� �� � E�� ��
N�cM�

�
Eb� �� � E�� ��

� n 2 Eb� �� � E�� ��
EN�c8� n N�c8��

n
2 Eb� �� � E�� ��

� n 2 Eb� �� � E�� ��
PW

�

Wkh rswlpdo srolf| lv dq h{sdqvlrqdu| vwdqfh iroorzlqj surgxfwlylw| lpsuryh0
phqwv iru krph surgxfhuv/ exw d frqwudfwlrqdu| vwdqfh iroorzlqj vlplodu lp0
suryhphqwv deurdg1 Ixuwkhupruh/ wkh krph dxwkrulw| sduwldoo| pdwfk wkh
pryh e| wkh iruhljq dxwkrulwlhv lq rughu wr olplw frvwo| ghyldwlrqv ri wkh h{0
fkdqjh udwh iurp lwv h!flhqw ohyho1 Wklv ihdwxuh fdq eh lqwhusuhwhg dv d *ihdu
ri  rdwlqj* ihdwxuh ri rswlpdo prqhwdu| srolf|1

Wkh rswlpdo prqhwdu| srolf| iru wkh iruhljq frxqwu| fdq eh frpsxwhg
iroorzlqj vlplodu vwhsv/ dqg zh rewdlq=

PW

� '
E�� �� n Eb� �� � E�� ��

� n 2 Eb� �� � E�� ��
N�c8�

n
� n Eb� �� � E�� ��

� n 2 Eb� �� � E�� ��
N�c8�

�
Eb� �� � E�� ��

� n 2 Eb� �� � E�� ��
EN�cM� n N�cM��

n
2 Eb� �� � E�� ��

� n 2 Eb� �� � E�� ��
P�

Wkh �qdo vwhs lv wr frpelqh wkh krph dqg iruhljq rswlpdo uxohv wr ghulyh
Qdvk htxloleulxp uxohv dv ixqfwlrq ri wkh surgxfwlylw| vkrfnv1 Wkh krph
prqhwdu| vwdqfh lv=

P� '
� d� n Eb� �� E�� �� d2� n �oo

� n e Eb� �� � E�� ��
N�cM�

n
E�� �� d� n Eb� �� � d2 E�� �� n �oo

� n e Eb� �� � E�� ��
N�cM�

�
Eb� �� � E�� �� E2� � ��

� n e Eb� �� � E�� ��
N�c8� +65,

n
Eb� �� � E�� �� E2� � ��

� n e Eb� �� � E�� ��
N�c8�
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Dqg vlploduo| iru wkh iruhljq prqhwdu| vwdqfh=

PW

� '
E�� �� d� n Eb� �� � d2 E�� �� n �oo

� n e Eb� �� � E�� ��
N�c8�

n
� d� n Eb� �� E�� �� d2� n �oo

� n e Eb� �� � E�� ��
N�c8�

n
Eb� �� � E�� �� E2� � ��

� n e Eb� �� � E�� ��
N�cM� +66,

�
Eb� �� � E�� �� E2� � ��

� n e Eb� �� � E�� ��
N�cM�

717 Vshfldo fdvhv

Wkh rswlpdo uxohv +65, dqg +66, duh idluo| frpsoh{/ exw zh fdq jdlq
lqvljkw e| frqvlghulqj vrph vshfldo fdvhv1 Wkh �uvw fdvh lv wr frqvlghu d xqlw
hodvwlflw| ri vxevwlwxwlrq ehwzhhq krph dqg iruhljq eudqgv ri d jlyhq w|sh
+b ' �,1 Wkh ghulydwlrqv duh wkhq pxfk vlpsohu/ dqg wkh prgho fdq dfwxdoo|
eh vroyhg lq d forvhg irup zlwkrxw uhvruwlqj wr orj dssur{lpdwlrqv1< Wkh
rswlpdo prqhwdu| uxohv duh wkhq=

P� ' �N�cM� n E�� �� N�cM� / PW

� ' E�� �� N�c8� n �N�c8�

Wkhuh lv qr lqwhuqdwlrqdo glphqvlrq ri prqhwdu| srolf|/ dv lw sxuho| lqzdug
orrnlqj1 Wkh krph ^iruhljq` dxwkrulw| uhdfwv rqh iru rqh wr wkh *krph* ^*iru0
hljq*` surgxfwlylw| vkrfn/ zklfk zh gh�qh dv d zhljkwhg dyhudjh ri wkh vkrfnv
lq wkh krph ^iruhljq` frxqwu| zlwk wkh zhljkw uh hfwlqj wkh vhfwrudo vwuxfwxuh1
Wklv lv wkh uhvxow e| Revwihog dqg Urjr� +5333d,1

Dqrwkhu vshfldo fdvh lv wkh vlwxdwlrq zkhuh vkrfnv duh frxqwu| vshfl�f
+N�cM� ' N�cM� ' NM�/ N�c8� ' N�c8� ' N8�,1 Lq vxfk d fdvh hdfk dxwkrulw|
wdujhwv vroho| lwv rzq vkrfn dqg wkh h!flhqw h{fkdqjh udwh  xfwxdwlrqv eulqj
wkh hfrqrp| wr wkh  h{leoh sulfh doorfdwlrq1=

P� ' NM� / P� ' N8� +67,

<Wklv vlpso| uh hfwv wkh idfw wkdw wkh hodvwlflw| ri vxevwlwxwlrq ehwzhhq wkh edvnhwv

ri krph dqg iruhljq surgxfhg jrrgv lv xqlw|1 Lqghhg rxu prgho lv wkhq rqo| pdujlqdoo|

gl�huhqw iurp wkh xvxvdo vshfl�fdwlrq/ ehfdxvh wkh glvwlqfwlrq ehwzhhq krph dqg iruhljq

eudqgv ri d jlyhq w|sh lv luuhohydqw zkhq zkhq wkh hodvwlflw| ri vxevwlwxwlrq ehwzhhq wkhp

lv htxdo wr wkh hodvwlflw| ehwzhhq w|shv1

57



Zkhq vkrfnv duh vhfwru vshfl�f +N�cM� ' N�c8� ' N��/ N�cM� ' N�c8� '
N��, wkh prqhwdu| dxwkrulwlhv wdujhw d frpelqdwlrq ri erwk vkrfnv=

P� '
� n 2 Eb� �� � E�� ��

� n e Eb� �� � E�� ��
N�� n

E�� �� n 2 Eb� �� � E�� ��

� n e Eb� �� � E�� ��
N��

PW

� '
E�� �� n 2 Eb� �� � E�� ��

� n e Eb� �� � E�� ��
N�� n

� n 2 Eb� �� � E�� ��

� n e Eb� �� � E�� ��
N��

Wkh hqvxlqj h{fkdqjh udwh  xfwxdwlrqv duh jlyhq e|=

V� '
2� � �

� n e Eb� �� � E�� ��
EN�� � N���

Li b ' � wkh h{fkdqjh udwh  xfwxdwlrqv duh htxdo wr wkh gl�huhqfh ehwzhhq
wkh dyhudjh vkrfn lq wkh krph frxqwu| dqg wkh dyhudjh vkrfn lq wkh iruhljq
frxqwu| +V� ' E2� � �� EN�� � N���,1 Zkhq b lqfuhdvhv krzhyhu/ wkh frvw
ri lqh!flhqw  xfwxdwlrqv ri wkh h{fkdqjh udwh txlfno| ehfrphv odujh/ vr wkh
rswlpdo prqhwdu| srolf| vkduso| uhgxfhv wkh h{fkdqjh udwh pryhphqwv1

718 Frxqwu| yv1 vhfwrudo vkrfnv= krz dssduhqwo| vlp0

lodu fdvhv kdyh gl�huhqw srolf| lpsolfdwlrqv1

Rxu dqdo|vlv srlqwv wkdw wkh rswlpdo prqhwdu| srolf| vwdqfh lv vkduso|
gl�huhqw ghshqglqj rq zkhwkhu vkrfnv duh frxqwu| ru vhfwru vshfl�f1 Wklv lv
hvshfldoo| qrwhzruwk| dv wzr gl�huhqw vkrfnv fdq orrn vlplodu wr dq revhuyhu
olplwlqj klpvhoi wr frxqwu| zlgh djjuhjdwh1

Wr looxvwudwh wklv dvshfw/ frqvlghu d fdvh zkhuh b ' S43 dqg � ' f�bD/ vr
vhfwrudo vshfldol}dwlrq lv yhu| kljk/ exw lqfrpsohwh1 Vxfk d kljk ghjuhh ri
vhfwrudo vshfldol}dwlrq pd| vxjjhvw wkdw wkh vhfwrudo glphqvlrq ri wkh prgho
lv rqo| d vhfrqgdu| dvshfw dqg olwwoh lqvljkw zrxog eh orvw e| frqvlghulqj
frpsohwh vhfwrudo vshfldol}dwlrq1 Zh vkrz wkdw wklv lqihuhqfh zrxog eh yhu|
plvohdglqj e| orrnlqj dw wzr gl�huhqw vkrfnv1 Wkh �uvw lv d frpelqdwlrq ri
frxqwu| vkrfnv/ zlwk d odujh vkrfn lq wkh krph frxqwu| +N�cM ' N�cM ' f�bD/
N�c8 ' N�c8 ' f�fD,1 Wkh vhfrqg lv d vhfwrudo vkrfn +N�cM ' N�c8 ' �/ N�cM '
N�c8 ' f,1 Wdeoh e frpsduhv wkh rswlpdo prqhwdu| uhdfwlrq wr erwk vkrfnv1
Qrwh wkdw wkh| orrn lghqwlfdo wr dq revhuyhu irfxvlqj rq frxqwu| dyhudjhv
+NM ' �N�cM n E�� �� N�cM ' f�bD dqg N8 ' E�� �� N�c8 n �N�c8 ' f�fD,1

43Wkdw lv � @ � zlwk � @ 9 ehlqj d vwdqgdug ydoxh/ fruuhvsrqglqj wr d 53( vwhdg| vwdwh

pdunxs1
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Wdeoh 7= Rswlpdo prqhwdu| srolf|
Frxqwu| vkrfn Vhfwrudo vkrfn

Frxqwu| dyhudjh NM f�bD f�bD
ri vkrfnv N8 f�fD f�fD

Prqhwdu| vwdqfhv P f�bD f�.�
PW f�fD f�2.

H{fkdqjh udwh V f�bf f�eS

Ghvslwh wkhlu dssduhqw vlplodulw|/ wkh wzr fdvhv kdyh vkduso| gl�huhqw lp0
solfdwlrqv lq whupv ri prqhwdu| srolf|1 Zkhq vkrfnv duh frxqwu| vshfl�f/
prqhwdu| srolf| lv sxuho| lqzdug orrnlqj +P ' NM / P

W ' N8 , dqg wkh hq0
vxlqj  xfwxdwlrq lq wkh h{fkdqjh udwh lv odujh1 Zkhq vkrfnv duh vhfwrudo
krzhyhu/ wkh prqhwdu| h{sdqvlrq lv vljql�fdqwo| uhgxfhg lq wkh krph frxq0
wu| dqg h{sdqghg lq wkh iruhljq frxqwu|1 Wklv vkduso| olplwv wkh  xfwxdwlrq
lq wkh h{fkdqjh udwh/ zlwk wkh rswlpdo ghsuhfldwlrq ri wkh krph fxuuhqf|
xqghu vhfwrudo vkrfnv ehlqj rqo| kdoi dv elj dv xqghu frxqwu| vkrfnv1

8 D qxphulfdo looxvwudwlrq ri wkh ydoxh ri h{0

fkdqjh udwh  h{lelolw|

Rxu dqdo|vlv vkrzv wkdw zkhuhdv h{fkdqjh udwh  h{lelolw| lv h!flhqw dqg
ydoxdeoh zkhq surgxfwlylw| vkrfnv duh vhfwru vshfl�f/ lw orrvhv lwv dwwudf0
wlyhqhvv zkhq surgxfwlylw| vkrfnv kdyh d vhfwrudo frpsrqhqw1 Zh looxvwudwh
wklv srlqw e| phdq ri d qxphulfdo h{dpsoh/ irfxvlqj rq d xqlw surgxfwlylw|
vkrfn lq vhfwru � +N�cM ' N�c8 ' �/ N�cM ' N�c8 ' f,1 Iljxuh � vkrzv wkh
rswlpdo prqhwdu| uhdfwlrq iru wkh krph dqg iruhljq frxqwulhv +P dqg PW,
uhsuhvhqwhg e| wkh vrolg dqg grwwhg olqhv uhvshfwlyho|1 Wkh �jxuh looxvwudwhv
wkh zkroh udqjh ri vhfwrudo vshfldol}dwlrq iurp wkh fdvh zkhuh erwk frxq0
wulhv duh lghqwlfdo +� ' f�D, wr wkh fdvh ri frpsohwh vhfwrudo vshfldol}dwlrq
+� ' �,1 Zh frqvlghu wzr ydoxhv iru wkh ghjuhh ri vxevwlwxwdelolw| ehwzhhq
krph dqg iruhljq eudqgv ri d jlyhq w|sh= orz vxevwlwxwdelolw| +b ' �, dqg
kljk vxevwlwxwdelolw| +b ' S,1

Dw wkh h{wuhph ohiw ri wkh �jxuh +� ' f�D, erwk frxqwulhv duh lghqwlfdo lq
whupv ri wkhlu vhfwrudo vwuxfwxuh1 Wkh h{fkdqjh udwh lv wkhq srzhuohvv dv dq
dgmxvwphqw wrro iroorzlqj surgxfwlylw| vkrfnv1 Qrw rqo| grhv lw jhqhudwh dq
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lqh!flhqw fkdqjh lq wkh uhodwlyh sulfh ehwzhhq krph dqg iruhljq eudqgv ri d
jlyhq w|sh/ lw grhv qrw hyhq pryh wkh uhodwlyh sulfh ri w|shv +S� � S� ' f,
ehfdxvh wkh zhljkw ri krph eudqgv lv wkh vdph lq erwk edvnhwv1 Wkh rqo|
xvh ri prqhwdu| srolf| lv wkhq wr errvw wkh zruog hfrqrp| e| wkh dprxqw
ri wkh zruogzlgh surgxfwlylw| vkrfn/ zlwk erwk frxqwulhv prylqj wrjhwkhu wr
suhyhqw xvhohvv dqg frvwo| h{fkdqjh udwh  xfwxdwlrqv +P ' PW ' f�D,1

Wkh h{wuhph uljkw ri wkh �jxuh +� ' �, uhsuhvhqwv wkh fdvh ri frpsohwh
vshfldol}dwlrq zkhuh wkh vhfwrudo glphqvlrq erlov grzq wr d furvv0frxqwu|
glphqvlrq1 Wklv lv wkh fdvh frqvlghuhg lq hduolhu frqwulexwlrqv/ dqg wkh rs0
wlpdo prqhwdu| uhvsrqvh wr d vhfwrudo +frxqwu|, vkrfn lv iru wkh dxwkrulwlhv
wr wdujhw wkhlu grphvwlf vkrfnv +P ' �/ PW ' f, dqg ohw wkh h{fkdqjh udwh
 xfwxdwlrqv gholyhu wkh rswlpdo furvv0frxqwu| doorfdwlrq1 Qrwh wkdw dw erwk
h{wuhphv wkh ghjuhh ri vxevwlwxwdelolw| ehwzhhq krph dqg iruhljq eudqgv ri
d jlyhq w|sh/ b/ lv luuhohydqw1

Wkh lqwhuhvwlqj glphqvlrq ri wkh prgho hphujhv zkhq zh frqvlghu lqwhu0
phgldwh ghjuhhv ri vhfwrudo vshfldol}dwlrq +f�D 	 � 	 �,1 Vwduw zlwk wkh fdvh
zkhuh b ' �1 Dv zh pryh dzd| iurp frpsohwh vhfwrudo vshfldol}dwlrq/ wkh rs0
wlpdo prqhwdu| srolf| lv iru erwk wkh krph dqg iruhljq dxwkrulwlhv wr wdnh dq
h{sdqvlrqdu| vwdqfh/ wkh pdjqlwxgh ehlqj odujhu lq wkh krph frxqwu|1 Wkhuh
lv krzhyhu qr lqwhuqdwlrqdo glphqvlrq lq prqhwdu| srolf|/ dv hdfk frxqwu|
wdujhwv lwv *grphvwlf* vkrfn/ gh�qhg dv d zhljkwhg dyhudjh ri wkh vhfwrudo
vkrfnv zlwk wkh zhljkwv uh hfwlqj wkh vhfwrudo vwuxfwxuh1 Judsklfdoo| wklv
uhvxowv lq wkh prqhwdu| vwdqfhv fkdqjlqj judgxdoo| dorqj d vwudljkw olqh iru
gl�huhqw ghjuhhv ri vhfwrudo vshfldol}dwlrq1

Dq lqwhuqdwlrqdo glphqvlrq qhyhuwkhohvv hphujhv zkhq krph dqg iruhljq
eudqgv ri d jlyhq w|sh duh forvh vxevwlwxwhv +b : �,1 Wkh prqhwdu| dx0
wkrulwlhv duh fdxjkw ehwzhhq wzr frq lfwlqj remhfwlyhv1 Rq wkh rqh kdqg
wkh| zdqw wr ghsuhfldwh wkh krph fxuuhqf| wr jhqhudwh dq h!flhqw fkdqjh
lq wkh uhodwlyh sulfh ehwzhhq w|shv/ S� � S�/ exw rq wkh rwkhu kdqg wkh|
zdqw wr frqwdlq wkh lqh!flhqw fkdqjhv lq wkh uhodwlyh sulfh ehwzhhq krph
dqg iruhljq eudqgv ri d jlyhq w|sh1 Wkh rswlpdo prqhwdu| srolf| uh hfwv d
edodqflqj ehwzhhq wkhvh wzr remhfwlyhv1 Ehfdxvh eudqgv d forvh vxevwlwxwhv/
wkh lqh!flhqw fkdqjhv lq wkh uhodwlyh sulfh ehwzhhq eudqgv ohdgv wr vxevwdq0
wldo txdqwlw| plvdoorfdwlrq1 Wklv ohdgv wkh dxwkrulwlhv wr nhhs wkh h{fkdqjh
udwh  xfwxdwlrqv prghudwh/ xqohvv wkh ghjuhh ri vhfwrudo vshfldol}dwlrq lv yhu|
kljk1

Wkh *ihdu ri  rdwlqj* glphqvlrq lv looxvwudwhg ixuwkhu lq Iljxuh e zklfk lq0
glfdwhv wkh h{fkdqjh udwh uhvsrqvh xqghu wkh rswlpdo prqhwdu| srolf| vwdqfhv
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ghvfulehg lq �jxuh �1 Zkhuhdv d kljkhu ghjuhh ri vhfwrudo vshfldol}dwlrq rqo|
judgxdoo| uhgxfhv wkh rswlpdo h{fkdqjh udwh  xfwxdwlrqv zkhq vxevwlwxwdelo0
lw| lv orz +b ' �,/ wkh h�hfw lv pxfk vkdushu xqghu d kljk vxevwlwxwdelolw|1
Iru lqvwdqfh/ zlwk b ' S/ wkh rswlpdo h{fkdqjh udwh uhvsrqvh zkhq wkh gh0
juhh ri vxevwlwxwdelolw| lv yhu| kljk/ wkrxjk lqfrpsohwh +� ' f�bD, lv ohvv
wkdq kdoi wkh uhvsrqvh xqghu frpsohwh vshfldol}dwlrq +� ' �,144

Iljxuh e vkrzv wkdw zkhuhdv d  h{leoh h{fkdqjh udwh dozd|v grplqdwh
d �{hg udwh/45 wkh dprxqw ri h{fkdqjh udwh  xfwxdwlrqv xqghu wkh rswlpdo
prqhwdu| srolf| fdq eh txlwh vxegxhg1 Wr looxvwudwh wklv srlqw ixuwkhu/ zh
frpsduh wkh zhoiduh rxwfrph xqghu wkh rswlpdo prqhwdu| srolf| zlwk wkh
rxwfrph xqghu dq rswlpdo �{hg h{fkdqjh udwh/ xqghu zklfk wkh prqhwdu|
dxwkrulwlhv lq erwk frxqwulhv uhdfw wr wkh zruogzlgh surgxfwlylw| vkrfnv1
Frqvlghu iru vlpsolflw| wkdw vkrfnv duh sxuho| vhfwrudo/ xqfruuhodwhg dqg ri
lghqwlfdo yrodwlolw|= . EN��

2 ' . EN��
2 ' . EN�2/ . EN�N�� ' f1 Iurp +64,/

wkh h{shfwhg zhoiduh xqghu wkh rswlpdo �{hg h{fkdqjh udwh +P ' PW '
�
2
N� n �

2
N�, lv=

L�.C � Ls,e% ' �
�

H
. EN� � N��

2 ' �
�

e
. EN�2

Xqghu wkh rswlpdo uxoh/ wkh prqhwdu| vwdqfhv duh vhw dffruglqj wr +65,0+66,
dqg zh zulwh=

L8u��A � Ls,e% ' �

5
99997

�
k
E�3��n2Eb3���E�3��

�neEb3���E�3��

l2

nE�� ��
k
�n2Eb3���E�3��
�neEb3���E�3��

l2

nEb� �� � E�� ��
k

2�3�
�neEb3���E�3��

l2

6
::::8
. EN�2

Iljxuh D looxvwudwhv wkh jdlq iurp h{fkdqjh udwh  h{lelolw| e| vkrzlqj
wkh ydoxh ri L8u��A � L�.C/ vhwwlqj wkh vwdqgdug ghyldwlrq ri vkrfnv dw �f
shufhqw +. EN�2 ' f�f�,1 Wkh ydoxhv rq wkh yhuwlfdo d{lv fdq eh lqwhusuhwhg
dv wkh shufhqwdjh fkdqjh lq h{shfwhg frqvxpswlrq wkdw zrxog eh htxlydohqw
wr wkh zhoiduh gl�huhqfh ehwzhhq d  rdwlqj h{fkdqjh udwh dqg dq rswlpdo
shj1 Iru h{dpsoh d ydoxh ri f��D shufhqw lqglfdwhv wkdw wkh jdlq ri d  rdw0
lqj h{fkdqjh udwh/ frpsduhg wr dq rswlpdo shj/ uhsuhvhqw d f��D shufhqw
lqfuhdvh lq h{shfwhg frqvxpswlrq1 Wr vfdoh wkh qxpehuv/ prylqj iurp dq
rswlpdo shj wr  h{leoh sulfhv zrxog uhsuhvhqw wkh htxlydohqw ri d f�2D shufhqw

44Zkhq � @ 3=<8/ zh kdyh v @ 3=79/ zkhuhdv v @ 4 zkhq � @ 41
45D �{hg h{fkdqjh udwh lv rqo| rswlpdo zkhq � @ 3=81
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lqfuhdvh lq frqvxpswlrq1 Uhfdoo wkdw xqghu frpsohwh vhfwrudo vshfldol}dwlrq
+� ' �, wkh rswlpdo  h{leoh h{fkdqjh udwh eulqjv wkh hfrqrp| wr wkh  h{l0
eoh sulfh doorfdwlrq1 Lq rwkhu zrugv/ wkh ydoxh ri  h{lelolw| xqghu frpsohwh
vhfwrudo vshfldol}dwlrq lv d f�2D shufhqw lqfuhdvh lq frqvxpswlrq1 Iljxuh D
vkrzv wkdw wkh ydoxh ri h{fkdqjh udwh  h{lelolw| lv vljql�fdqwo| uhgxfhg zkhq
vhfwrudo vshfldol}dwlrq lv lqfrpsohwh/ hvshfldoo| li krph dqg iruhljq eudqgv
ri d jlyhq w|sh duh kljko| vxevwlwxwdeoh1 Iru lqvwdqfh/ li b ' S dqg vhfwrudo
vshfldol}dwlrq lv kljk exw lqfrpsohwh +� ' f�bD,/ d  h{leoh h{fkdqjh udwh lv
htxlydohqw wr d f��f shufhqw lqfuhdvh lq frqvxpswlrq/ ohvv wkdq kdoi wkh ydoxh
ri  h{lelolw| xqghu frpsohwh vhfwrudo vshfldol}dwlrq1

9 Vhoi ixo�oolqj htxloleuld

Zh kdyh vr idu irfxvhg rq wkh rswlpdo prqhwdu| srolf| ghvljq/ wdnlqj
wkh vhfwrudo vwuxfwxuh ri wkh hfrqrp| dv jlyhq1 Wkh qh{w vwhs lv wr uhod{ wkh
dvvxpswlrq ri dq h{rjhqrxv vhfwrudo vwuxfwxuh e| doorzlqj �upv wr vzlwfk
iurp surgxflqj d eudqg ri d fhuwdlq w|sh wr surgxflqj d eudqg ri wkh rwkhu
w|sh1 Wklv doorzv iru dq h{sorudwlrq ri wkh lpsdfw ri prqhwdu| srolf| rq wkh
lqfhqwlyh e| �upv wr rshudwh lq d vshfl�f vhfwru1

Zh ohdyh d ixoo eorzq fkdudfwhul}dwlrq ri wkh lqwhudfwlrq ehwzhhq �upv
dqg prqhwdu| dxwkrulwlhv iru ixuwkhu uhvhdufk/ dqg fkrrvh wr h{soruh wkh lv0
vxh lq d vlpsoh zd| e| dvvhvvlqj zklfk frpelqdwlrqv ri vhfwrudo vwuxfwxuh
dqg prqhwdu| srolf| duh htxloleuld1 Pruh vshfl�fdoo|/ zh frpsduh wkh h{0
shfwhg sur�wv ri d krph �up surgxflqj w|sh � zlwk wkh h{shfwhg sur�wv ri
d krph �up surgxflqj w|sh �1 Li wkh iruphu h{fhhg wkh odwhu/ d krph �up
surgxflqj w|sh � kdv dq lqfhqwlyh wr vzlwfk vhfwruv/ vr wkh vlwxdwlrq lv qrw
dq htxloleulxp1 Zh frqgxfw d vlplodu dqdo|vlv iru iruhljq �upv1

Wkh dqdo|vlv ghwdlohg lq wkh Dsshqgl{ vkrzv wkdw wzr frpelqdwlrqv duh
htxloleuld/ irfxvlqj rq vhfwrudo vkrfnv iru euhylw|1 Wkh �uvw htxloleulxp lv d
vlwxdwlrq ri qr vhfwrudo vshfldol}dwlrq +� ' f�D, dqg dq rswlpdo h{fkdqjh udwh
shj +P ' PW ' f�D EN� n N��,1 Zkhq wkh h{fkdqjh udwh grhv qrw  xfwxdwh/
wkhuh duh qr h{0srvw  xfwxdwlrqv ri �upv* frpshwlwlyhqhvv dqg doo �upv lq d
jlyhq frxqwu| duh lq dq lghqwlfdo vlwxdwlrq1 Zlwk wkh vdph h{shfwhg sur�wv
lq erwk vhfwruv/ �upv duh lqgl�huhqw ehwzhhq surgxflqj eudqgv ri w|sh �
dqg w|sh �1 D �{hg h{fkdqjh udwh wkhq vxssruwv dq| fkrlfh ri vhfwrudo
vshfldol}dwlrq/ exw rqo| rqh fkrlfh +� ' f�D, lq wxuq vxssruwv d �{hg h{fkdqjh
udwh1
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Wkh vhfrqg htxloleulxp lv d vlwxdwlrq ri frpsohwh vhfwrudo vshfldol}dwlrq
+� ' �, dqg lqzdug orrnlqj prqhwdu| srolf| +P ' N�/ P

W ' N�,1 Lq wkh
suhvhqfh ri h{fkdqjh udwh  xfwxdwlrqv/ wkh h{shfwhg sur�wv duh vpdoohu iru
d krph �up surgxflqj w|sh � wkdq iru d krph �up surgxflqj w|sh �1
Lqwxlwlyho|/ d krph �up surgxflqj w|sh � idfhv d prvwo| iruhljq frpshwlwlrq
dqg lwv frpshwlwlyhqhvv lv vljql�fdqwo| yrodwloh ehfdxvh ri wkh h{fkdqjh udwh
 xfwxdwlrqv1 E| frqwudvw wkh frpshwlwlyhqhvv ri d krph �up surgxflqj w|sh
� lv vwhdglhu dv lw frpshwhv prvwo| djdlqvw rwkhu krph �up1 Wklv jlyhv dq
lqfhqwlyh iru krph �upv wr surgxfh w|sh �1 Wkh vlwxdwlrq lv pluuruhg lq wkh
iruhljq frxqwu|/ zkhuh �upv kdyh dq lqfhqwlyh wr surgxfh w|sh �1 D  h{leoh
h{fkdqjh udwh wkhq sxvkhv wkh �upv wrzdugv frpsohwh vhfwrudo vshfldol}dwlrq/
d vwuxfwxuh wkdw lq wxuq vxssruwv d  h{leoh h{fkdqjh udwh uhjlph1

Wkh wzr htxloleuld ghvfulehg deryh fdq hdvlo| eh udqnhg/ zlwk wkh  h{leoh
h{fkdqjh udwh 2 frpsohwh vhfwrudo vshfldol}dwlrq htxloleulxp grplqdwlqj wkh
shj 2 qr vshfldol}dwlrq htxloleulxp dv lw eulqjv wkh hfrqrp| wr wkh  h{leoh
sulfh doorfdwlrq1 Rxu �qglqj ri wzr vhoi0ixo�oolqj htxloleuld lv vlplodu wr wkh
dqdo|vlv e| Fruvhwwl dqg Shvhqwl +5335, zkr irfxv rq h{fkdqjh udwh sdvv0
wkurxjk1

: Frqfoxvlrq

Wklv sdshu uh0dvvhvvhv wkh ehqh�w ri h{fkdqjh udwh  h{lelolw| lq gholyhulqj
h!flhqw dgmxvwphqwv wr vkrfnv/ dqg vkrzv wkdw wkh dujxphqw vxssruwlqj d
 h{leoh h{fkdqjh udwh pd| eh zhdnhu wkdq suhylrxvo| wkrxjkw1 Zh h{sdqg
rq wkh h{lvwlqj olwhudwxuh e| doorzlqj iru d pruh jhqhudo vhfwrudo vwuxfwxuh/
zlwk hdfk frxqwu| surgxflqj jrrgv ri gl�huhqw w|shv1 Zkhuhdv d  h{leoh
h{fkdqjh udwh lv xvhixo lq dgmxvwlqj wr frxqwu| vshfl�f vkrfnv/ lwv ydoxh lv
pxfk vpdoohu zkhq vkrfnv duh vhfwru vshfl�f/ hyhq zkhq vshfldol}dwlrq lv
kljk1

Rxu dqdo|vlv srlqwv wr wkh qhhg iru ixuwkhu uhvhdufk lqwr dvvhvvlqj zkhwkhu
vkrfnv duh suhgrplqdqwo| frxqwu| ru vhfwru vshfl�f1 Lw lqglfdwhv wkdw xq0
fhuwdlqwlhv uhjduglqj wkh qdwxuh ri vkrfnv pd| ohdg wr d *ihdu ri  rdwlqj*
prwlydwhg e| wkh ulvn ri lqh!flhqw sulfh pryhphqwv dw wkh vhfwru ohyho1 Dq
lqwhuhvwlqj dyhqxh iru ixwxuh uhvhdufk lv wr sxw wkh dqdo|vlv lq d vhwxs zkhuh
wkh qdwxuh ri wkh vkrfnv lv xqfhuwdlq1
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; Dsshqgl{

;14 Ohyho dqg orj ghyldwlrqv

Zh ghulyh wkh uhodwlrq +48, e| zulwlqj wkh ohyho ri yduldeoh f dv=

f ' i T E*?f� ' i T E%�

Wdnh d vhfrqg rughu h{sdqvlrq ri wklv uhodwlrq zlwk uhvshfw wr %=

i T E%� ' i T E%f� n i T E%f� E%� %f� n
�

2
i T E%f� E%� %f�

2

Uhfdoo wkdw %� %f ' *?f � *?ff ' [ wr zulwh wklv uhodwlrq dv=

f ' ff nff[n
�

2
ff[

2 ' ff

�
� n [n

�

2
[2
�

;15 Sodqqhu*v doorfdwlrq

D zruog ehqhyrohqw sodqqhu pd{lpl}hv dq htxdoo| zhljkwhg dyhudjh ri
wkh krph dqg iruhljq krxvhkrog zhoiduh1 Zlwk suhihuhqfhv vhsdudeoh lq frq0
vxpswlrq dqg h�ruw/ wkh sodqqhu grhv qrw doorfdwh gl�huhqw frqvxpswlrq
ohyhov iru wkh wzr krxvhkrogv/ vr � ' �W1 Wkh sodqqhu doorfdwlrq lv frp0
sxwhg h{0srvw dqg wkh remhfwlyh lv vhsdudeoh dfurvv wkh ydulrxv vwdwhv ri wkh
zruog/ vr zh irfxv rq rqh sduwlfxodu vwdwh1 Wkh sodqqhu fkrrvhv wkh eudqg
vshfl�f frqvxpswlrq ohyhov wr pd{lpl}h=

*?� � V
] f�D�

f
u�cM E5� _5 � V

] f�D

f�D�
u�cM E5� _5

�V
] f�DE23��

f�D
u�c8 E5� _5 � V

] �

f�DE23��
u�c8 E5� _5

vxemhfw wr wkh frqglwlrqv wkdw wkh rxwsxw ri hdfk eudqg lv htxdo wr lwv frq0
vxpswlrq=

g�cMu�cM E5� ' ��cM E5� / g�cMu�cM E5� ' ��cM E5�

g�c8u�c8 E5� ' ��c8 E5� / g�c8u�c8 E5� ' ��c8 E5�

Wkh �uvw rughu frqglwlrqv zlwk uhvshfw wr sduwlfxodu ��cM E5�/ ��cM E5�/
��c8 E5� dqg ��c8 E5� duh=

�

�

Y�

Y��

Y��

Y��cM

Y��cM

Y��cM E5�
'

V

g�cM
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�

Y�

Y��

Y��

Y��c8

Y��c8

Y��c8 E5�
'

V
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�
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Y��

Y��

Y��cM

Y��cM
Y��cM E5�

'
V

g�cM

�

�

Y�

Y��

Y��

Y��c8

Y��c8

Y��c8 E5�
'

V

g�c8

Wkhvh frqglwlrqv lpso| wkdw wkh frqvxpswlrq doorfdwlrq lv lghqwlfdo iru doo
�upv surgxflqj d vshfl�f eudqg lq d vshfl�f frxqwu|/ wkdw lv= ��cM E5� '
2�3���cM / ��c8 E5� ' 2 E�� ��3���c8 / ��cM E5� ' 2 E�� ��3���cM dqg
��c8 E5� ' 2�3���c8 1 Xvlqj wkh irupv ri wkh frqvxpswlrq djjuhjdwhv/ wkh
�uvw rughu frqglwlrqv duh uhzulwwhq dv=
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Frpelqlqj wkhvh frqglwlrqv vkrzv wkdw wkh uhodwlyh frqvxpswlrq ohyhov uh hfw
wkh surgxfwlylw| gl�huhqfhv lq h{dfwo| wkh vdph zd| dv xqghu  h{leoh sulfhv=

��cM E5�

��c8 E5�
'

%
g�cM

g�c8

&b
/

��cM E5�

��c8 E5�
'

%
g�cM
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Frpelqlqj wkh �uvw rughu frqglwlrqv zlwk wkh irup ri wkh frqvxpswlrq
lqgh{hv/ zh ghulyh wkh frqvxpswlrq ohyhov fkrvhq e| wkh sodqqhu=

��cM E5� '
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Wkh frqvxpswlrq lqgh{hv wkhq iroorz dv=
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Wklv doorfdwlrq lv vlplodu wr wkh rqh uhdfkhg xqghu  h{leoh sulfhv1 Soxj0
jlqj wkh rswlpdo  h{leoh sulfhv +49, lqwr wkh frqvxpswlrq ghpdqgv ri Wdeoh
5/ dqg xvlqj wkh irup ri wkh frqvxpswlrq lqgh{hv/ zh fdq vkrz wkdw wkh
frqvxpswlrq ohyhov xqghu  h{leoh sulfhv duh lghqwlfdo wr wkh ohyhov lq wkh
sodqqhu vroxwlrq/ xs wr d frqvwdqw uh hfwlqj wkh glvwruwlrq iurp prqrsrolvwlf
frpshwlwlrq1 Iru h{dpsoh/ wkh djjuhjdwh frqvxpswlrq xqghu  h{leoh sulfhv
lv=

� '
w � �

wV

%
� Eg�cM�

b3�

nE�� �� Eg�c8 �
b3�

& �

2

�

b3�

%
E�� �� Eg�cM�

b3�

n� Eg�c8 �
b3�

&�

2

�

b3�

Wkh rqo| gl�huhqfh iurp wkh sodqqhu doorfdwlrq lv wkh w3�
w

whup1

;16 Dssur{lpdwlrqv ri sulfhv

;1614 Rswlpdo lqglylgxdo sulfhv

Zh qrz ghulyh wkh vhfrqg rughu dssur{lpdwlrqv ri wkh suhvhw sulfhv +;,0
+44,1 Vwduwlqj zlwk d krph surgxfhu ri w|sh �/ uhfdoo wkdw ��cM vroyhv=

��cM. E���
b3� '

wV

w � �
.� Eg�cM�

3� E���
b3�

Gh�qh wzr yduldeohv C dqg 8 wkdw duh vhw ehiruh wkh vkrfnv duh uhdol}hg=

8 ' . E���
b3� / C ' .� Eg�cM�

3� E���
b3�

Zh zulwh wkh rswlpdo sulfh dv d vlpsoh ixqfwlrq ri wkhvh wzr yduldeohv=

��cM '
wV

w � �

C

8
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Qrwh wkdw wklv h{suhvvlrq lv olqhdu lq orjv/ vr wkh iroorzlqj uhodwlrq lq orjv
ghyldwlrqv iurp wkh vwhdg| vwdwh krogv h{dfwo|=

S�cM ' *� )

Wkh 8 dqg C duh krzhyhu qrw olqhdu lq orjv1 Zh vwduw e| uhzulwlqj wkhp
dv iroorzv=

8 '
[

Z� E����
b3� '

[
Z�s�

C '
[

Z��� Eg�cM��
3� E����

b3� '
[

Z�}�

zkhuh � lv dqg lqgh{ ri wkh vwdwhv ri wkh zruog dqg Z� lv wkh suredelolw| ri
vwdwh �1 Qrwh wkdw wkh vwdwh vshfl�f whupv s dqg } duh olqhdu lq orjv/ vr wkh
iroorzlqj uhodwlrqv krog h{dfwo|=

I� ' Eb� �� S�� / J� ' P� � N�cM� n Eb� �� S��

Zh qrz wxuq wr wkh vhfrqg rughu h{sdqvlrqv/ vwduwlqj zlwk wkh whup 8
dqg lwv frpsrqhqwv1 Xvlqj +48, zh zulwh=

8 ' 8f

�
� n )n

�

2
)2
�

/ s� ' 8f

�
� n I� n

�

2
EI��

2

�

Frpelqlqj dqg vlpsoli|lqj zh rewdlq=

)n
�

2
)2 '

[
Z�I� n

�

2

[
Z� EI��

2

Wkh qh{w vwhs lv wr qrwlfh wkdw )2 ' f1 Uhfdoo wkdw 8 lv d suhvhw yduldeoh1 Dv
wkh rqo| vwrfkdvwlf yduldeohv duh wkh surgxfwlylw| vkrfnv dqg wkh prqhwdu|
vwdqfhv/ wkh ghyldwlrqv ri 8 durxqg wkh vwhdg| vwdwhv zloo eh pdgh ri whupv
ri �uvw dqg vhfrqg rughu lqyroylqj wkh prqhwdu| vwdqfhv dqg wkh vkrfnv=

) ' 8� EPc N� n 82 EPc N�

Zlwk 8 ehlqj suhvhw/ 8� uh hfwv wkh �uvw prphqwv ri wkh vwrfkdvwlf yduldeohv/
dqg lv d olqhdu frpelqdwlrqv ri wkh h{shfwhg orj ghyldwlrqv ri erwk prqhwdu|
vwdqfhv dqg doo irxu surgxfwlylw| vkrfnv1 +45, dqg +47, wkhq lpso| 8� ' f1
Vtxdulqj wklv h{suhvvlrq zh rewdlq=

)2 ' d82 EPc N�o2 ' � E��
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zkhuh � E�� duh whupv ri rughu � dqg deryh wkdw zh gurs dv zh olplw rxuvhoyhv
wr d vhfrqg rughu dssur{lpdwlrq1 Lw iroorzv wkdw )2 ' f1 D vlplodu uhdvrqlqj
fdq eh xqghuwdnhq iru wkh ghyldwlrqv ri dq| suhvhw yduldeohv1 Vxfk ghyldwlrqv
duh ri rughu 2/ vr wkh vtxduhg ghyldwlrqv duh ri rughu kljkhu wkdq 2 dqg fdq
eh gursshg1

Wkh qh{w vwhs lv wr xvh wkh h{suhvvlrq iru I�wr zulwh=

) ' Eb� ��
[

Z�S�� n
Eb� ��2

2

[
Z� ES���

2

Wkh whup S�� frqwdlqv hohphqwv ri �uvw rughu dv zhoo dv hohphqwv ri vhfrqg
rughu/ wkh odwhu fdswxulqj wkh ulvn suhplxp frqwdlqhg lq wkh suhvhw sulfhv1
Qrwlfh krzhyhu wkdw dv zh olplw rxuvhoyhv wr whupv xs wr rughu 2/ zh fdq vhh
wkdw wkh rqo| whupv uhohydqw iru ES���

2 zloo eh wkh vtxduhg ydoxhv ri wkh �uvw
rughu whupv lq S��1 Lq rwkhu zrugv/ zh fdq hydoxdwh wkh vhfrqg rughu prphqwv
edvhg rq d �uvw rughu dssur{lpdwlrq ri wkh prgho1 Zlwk suhvhw sulfhv/ wkh
sulfh lqgh{ S��  xfwxdwhv rqo| ehfdxvh ri wkh h{fkdqjh udwh1 Wdnlqj d �uvw
rughu dssur{lpdwlrq ri wkh h{suhvvlrq lq Wdeoh 5/ zh zulwh=

S�� ' E�� �� V�

Wkh krph fxuuhqf| sulfh lqgh{ iru w|sh � lqfuhdvhv iroorzlqj d ghsuhfldwlrq
ri wkh krph fxuuhqf| ehfdxvh lpsruwhg jrrgv duh pruh h{shqvlyh1 Wkh
pdjqlwxgh ri wkh fkdqjh uh hfwv wkh vkduh ri iruhljq �upv lq vhfwru �/ qdpho|
�� �1 Xvlqj wklv uhvxow zh zulwh ) dv=

) ' Eb� ��.S� n
Eb� ��2 E�� ��2

2
. EV�2

Zh xqghuwdnh vlplodu vwhsv iru C1 Zh wdnh wkh vhfrqg rughu h{sdqvlrqv
iru C dqg }�/ frpelqh wkhp dqg xvh .*2 ' f wr zulwh=

* '
[

Z�J� n
�

2

[
Z� EJ��

2

Xvlqj wkh vroxwlrq iru J� dqg xvlqj +45, dqg +47, ohdgv wr=

* ' Eb� ��.S� n
�

2
. dEP� N�cM� n Eb� �� S�o

2

Zh hydoxdwh wkh vhfrqg rughu whupv e| wdnlqj wkh �uvw rughu dssur{lpdwlrq
S�� ' E�� �� V�/ dqg rewdlq=

* ' Eb� ��.S� n
�

2

%
. EP� N�cM�

2 n Eb� ��2 E�� ��2. EV�2

n2 Eb� �� E�� ��.V EP� N�cM�

&
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Zh qrz frpelqh rxu uhvxowv iru ) dqg * zh ghulyh rxu h{suhvvlrq iru wkh
sulfh ghyldwlrq=

S�cM ' *� ) '
�

2
. EP� N�cM�

2 n Eb� �� E�� ��.V EP� N�cM�

Zh qh{w wxuq wr d iruhljq �up surgxflqj w|sh �1 Lwv sulfh +<, lv zulwwhq
dv=

� W

�c8. E���
b3� E7��3b '

wV

w � �
.�W Eg�c8 �

3� E���
b3� E7��3b

Gh�qh wzr suhvhw yduldeohv C dqg 8 dv=

8 ' . E���
b3� E7��3b '

[
Z� E����

b3� E7��
�3b

'
[

Z�s�

C ' .�W Eg�c8 �
3� E���

b3� E7��3b '
[

Z��
W

� Eg�c8��
3� E����

b3� E7��
�3b

'
[

Z�}�

� W

�c8 lv d orj olqhdu ixqfwlrq ri 8 dqg C/ dqg s� dqg }� duh orj olqhdu ixqfwlrqv
lq wkhlu frpsrqhqwv1 Wkh iroorzlqj uhodwlrqv wkhq krog h{dfwo|=

SW�c8 ' *� )

I� ' Eb� �� ES�� � V�� / J� ' PW

� � N�c8� n Eb� �� ES�� � V��

Zh qh{w xvh +48, wr h{sdqg 8 dqg s�/ dqg frpelqh wkh uhvxowv wr zulwh=

) '
[

Z�I� n
�

2

[
Z� EI��

2

' Eb� �� E.S� �.V� n
�

2
. dEb� �� ES� � V�o2

+9, vkrzv wkdw V ' P � PW/ dqg +47, wkhq lpsolhv .V ' f1 Wkh vhfrqg
rughu whupv duh frpsxwhg edvhg rq d �uvw rughu dssur{lpdwlrq/ xqghu zklfk
S� � V ' ��V/ dqg zh jhw=

) ' Eb� ��.S� n
�

2
�2 Eb� ��2. EV�2

Wkh whup C lv hydoxdwhg iroorzlqj vlplodu vwhsv1 Zh �uvw zulwh wkh vhfrqg
rughu dssur{lpdwlrq=

* ' Eb� ��.S� n
�

2
. dEPW

� N�c8 � n Eb� �� ES� � V�o2
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Hydoxdwlqj wkh vhfrqg prphqw edvhg rq wkh �uvw rughu dssur{lpdwlrq S� �

V ' ��V/ zh jhw=

* ' Eb� ��.S� n
�

2
. EPW

� N�c8 �
2 n

�

2
�2 Eb� ��2. EV�2

n� Eb� ��. E�V� EPW

� N�c8 �

Wkh rswlpdo sulfh lv wkhq zulwwhq dv=

SW�c8 '
�

2
. EPW

� N�c8 �
2 n � Eb� ��. E�V� EPW

� N�c8 �

Wxuqlqj wr wkh sulfh fkdujhg e| d krph �up surgxflqj w|sh � +43,/ zh
zulwh=

��cM. E���
b3� '

wV

w � �
.� Eg�cM�

3� E���
b3�

Wkh vwhsv duh vlplodu wr wkh rqh iroorzhg iru wkh ghulydwlrq ri +4<,/ zlwk wkh
vhfrqg rughu whupv frpsxwhg xvlqj wkh �uvw rughu dssur{lpdwlrq S� ' �V1
Wkh dqdo|vlv ohdgv wr=

S�cM '
�

2
. EP� N�cM�

2 n � Eb� ��.V EP� N�cM�

Ilqdoo|/ wkh sulfh fkdujhg e| d iruhljq �up surgxflqj w|sh � +44, lv
zulwwhq dv=

� W

�c8. E���
b3� E7��3b '

wV

w � �
.�W Eg�c8 �

3� E���
b3� E7��3b

Wkh dqdo|vlv iroorzv wkh vwhsv xvhg lq ghulylqj +53, dqg zh rewdlq=

SW�c8 '
�

2
. EPW

� N�c8 �
2 n E�� �� Eb� ��. E�V� EPW

� N�c8 �

;1615 Sulfh lqgh{hv

Wkh dssur{lpdwlrq ri wkh sulfh lqgh{ iru w|sh �/ ��/ surfhhgv dv iroorzv1
Uhfdoo wkdw lq hyhu| vwdwh ri qdwxuh/ �/ ��c8� ' 7��

W

�c8 / dqg wkdw wkh sulfhv
��cM dqg � W

�c8 duh suhvhw1 Wkh sulfh lqgh{ lv zulwwhq dv=

d���o
�3b ' � d��cM o

�3b n E�� ��
k
7��

W

�c8

l
�3b
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Uhfdoo wkdw lq wkh v|pphwulf vwhdg| vwdwh ��f ' ��cMf ' 7f�
W

�c8f ' �f1 Zh
wdnh d vhfrqg rughu dssur{lpdwlrq ri wkh ohiw0kdqg vlgh dv iroorzv=

d���o
�3b ' d�fo

�3b n E�� b� d�fo
3b E��� � �f�

�b E�� b� d�fo
3b3� �

2
E��� � �f�

2

' d�fo
�3b

%
� n E�� b�

�
��� � �f

�f

�
� b E�� b�

�

2

�
��� � �f

�f

�2
&

Xvlqj +48, wklv ehfrphv=

d���o
�3b ' d�fo

�3b

5
7 � n E�� b�

�
S�� n

�

2
ES���

2
�

�b E�� b� �

2

�
S�� n

�

2
ES���

2
�2

6
8

' d�fo
�3b

�
� n E�� b� S�� n

�

2
Eb� ��2 ES���

2

�
n� E��

zkhuh � E�� uhsuhvhqwv whupv ri rughu � dqg deryh wkdw zh gurs1 Zh fdq
wdnh vlplodu dssur{lpdwlrqv ri wkh wzr frpsrqhqwv rq wkh uljkw kdqg vlgh ri
wkh sulfh lqgh{=

d��cM o
�3b ' d�fo

�3b
�
� n E�� b� S�cM n

�

2
Eb� ��2 ES�cM�

2

�
k
7��

W

�c8

l�3b
' d�fo

�3b
�
� n E�� b�

�
V� n SW�c8

�
n

�

2
Eb� ��2

�
V� n SW�c8

�2�

Frpelqlqj rxu uhvxowv dqg fdqfhoolqj whupv zh zulwh=

S�� n
�

2
E�� b� ES���

2 ' �
�
S�cM n

�

2
E�� b� ES�cM�

2

�

nE�� ��
��
V� n SW�c8

�
n

�

2
E�� b�

�
V� n SW�c8

�2�

Iurp +4<, dqg +53, zh nqrz wkdw S�cM dqg SW�c8 duh ri rughu 21 Dv zh rplw

whupv ri rughu � dqg deryh/ zh fdq zulwh ES�cM�
2 ' f dqg

�
V� n SW�c8

�2
'

EV��
2/ dv V� lv ri rughu �1 Wkh h{sdqvlrq ri wkh sulfh lqgh{ lv wkhq=

S�� n
�

2
E�� b� ES���

2 ' �S�cM n E�� ��
�
V� n SW�c8

�

n
�

2
E�� �� E�� b� EV��

2
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Wkh qh{w vwhs lv wr hydoxdwh wkh vhfrqg rughu whup ES���
2 edvhg rq wkh �uvw

rughu dssur{lpdwlrq wkdw S�� ' �S�cMnE�� ��
�
V� n SW�c8

�
1 Rplwwlqj whupv

ri rughu � dqg deryh/ zh xvh wklv dssur{lpdwlrq wr zulwh =

ES���
2 ' E�� ��2 EV��

2

Xvlqj wklv uhvxowv/ zh zulwh wkh �qdo dssur{lpdwlrq ri wkh sulfh lqgh{=

S�� ' �S�cM n E�� ��
�
V� n SW�c8

�
�

�

2
� E�� �� Eb� �� EV��

2

Iroorzlqj vlplodu vwhsv iru wkh sulfh lqgh{ ri w|sh �/ ���/ zh rewdlq=

S�� ' E�� �� S�cM n �
�
V� n SW�c8

�
�

�

2
� E�� �� Eb� �� EV��

2

;17 H{shfwhg h�ruw

Xvlqj wkh rxwsxw ghpdqgv +:, wkh h{shfwhg h�ruw iru wkh krph krxvhkrog
lq surgxflqj eudqgv ri w|sh � lv zulwwhq dv=

.u�cM ' . Eg�cM�
3� t�cM ' . Eg�cM�

3�

�
��cM
��

�3b �

��
�

' E��cM�
3b.� Eg�cM�

3� E���
b3�

Gh�qh wkh h{0dqwh yduldeohv '�cM ' . Eg�cM�
3� t�cM dqg 8 ' .� Eg�cM�

3�

E���
b3�/ dqg zulwh=

'�cM ' E��cM�
3b 8 ' E��cM�

3b
[

Z�s�

'�cM lv orj0olqhdu lq lwv frpsrqhqwv/ dv duh wkh vwdwh vshfl�f s�*v1 Wkh
iroorzlqj uhodwlrqv wkhq krog h{dfwo|=

4�cM ' �bS�cM n ) / I� ' P� � N�cM� n Eb� �� S��

8 lv qrw orj olqhdu lq lwv frpsrqhqwv/ vr zh xvh wkh xvxdo vhfrqg rughu
dssur{lpdwlrqv wr zulwh=

) ' .I n
�

2
. EI�2 ' Eb� ��.S� n

�

2
. dEP� N�cM� n Eb� �� S�o

2
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Wkh vhfrqg rughu prphqwv duh xvhg edvhg rq wkh �uvw rughu dssur{lpdwlrq
wkdw S�� ' E�� �� V�/ ohdglqj wr=

) ' Eb� ��.S� n
�

2
. EP� N�cM�

2 n
�

2
Eb� ��2 E�� ��2. EV�2

nEb� �� E�� ��.V EP� N�cM�

Zh sxw rxu uhvxowv wrjhwkhu/ dqg xvh wkh h{shfwdwlrqv ri +57,/ dv zhoo dv +4<,
wr ghulyh=

4�cM ' � Eb� �� E�� ��
�
S�cM � SW�c8

�

�
2� � �

2
Eb� ��2 E�� ��. EV�2

Wkh ghyldwlrqv ri h{shfwhg h�ruw iurp wkh vwhdg| vwdwh duh ri rughu 2/ dqg
wkh h{shfwhg h�ruw ohyho fdq eh hdvlo| lqihuuhg xvlqj=

.u�cM ' '�cMf d� n4�cM o '
w � �

wV
d� n4�cM o

Xvlqj wkh rxwsxw ghpdqgv +:, wkh h{shfwhg h�ruw iru wkh krph krxvhkrog
lq surgxflqj eudqgv ri w|sh � lv zulwwhq dv=

.u�cM ' . Eg�cM�
3� t�cM

' E��cM�
3b.� Eg�cM�

3� E���
b3�

Gh�qh wkh h{0dqwh yduldeohv'�cM ' . Eg�cM�
3� t�cM dqg 8 ' .� Eg�cM�

3�

E���
b3�/ zh zulwh=

'�cM ' E��cM�
3b 8 ' E��cM�

3b
[

Z�s�

Wkh iroorzlqj uhodwlrqv krog h{dfwo|=

4�cM ' �bS�cM n ) / I� ' P� � N�cM� n Eb� �� S��

Iroorzlqj vlplodu vwhsv dv iru wkh 4�cM zh zulwh=

) ' Eb� ��.S� n
�

2
. EP� N�cM�

2 n
�

2
Eb� ��2 �2. EV�2

nEb� �� �.V EP� N�cM�
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Zh sxw rxu uhvxowv wrjhwkhu/ dqg xvh wkh h{shfwdwlrqv ri +58,/ dv zhoo dv +54,
wr ghulyh=

4�cM ' � Eb� �� �
�
S�cM � SW�c8

�
n

2� � �

2
Eb� ��2 �. EV�2

Zh qrz wxuq wr wkh h{shfwhg h�ruw e| wkh iruhljq krxvhkrog1 Wkh h�ruw
xvhg lq surgxflqj eudqg ri w|sh � lv=

.u�c8 ' . Eg�c8 �
3� t�c8

'
�
� W

�c8

�
3b

.� Eg�c8 �
3� E���

b3� 73b

Gh�qh wkh h{0dqwh yduldeohv '�c8 ' . Eg�c8 �
3� t�c8 dqg 8 ' .� Eg�c8 �

3�

E���
b3� 73b/ zh zulwh=

'�c8 '
�
� W

�c8

�
3b

8 '
�
� W

�c8

�
3b[

Z�s�

Wkh iroorzlqj uhodwlrqv krog h{dfwo|=

4�c8 ' �bSW�c8 n ) / I� ' P� � N�c8� n Eb� �� S�� � bV�

Iroorzlqj wkh xvxdo vwhsv zh zulwh=

) ' Eb� ��.S� n
�

2
. EP� N�c8 �

2 n
�

2
dEb� �� E�� ��� bo2. EV�2

n dEb� �� E�� ��� bo.V EP� N�c8 �

Zh sxw rxu uhvxowv wrjhwkhu/ dqg xvh wkh h{shfwdwlrqv ri +57,/ dv zhoo dv +53,
wr ghulyh=

4�c8 ' Eb� �� �
�
S�cM � SW�c8

�
n

2� � �

2
Eb� ��2 �. EV�2

Zh �qdoo| wkh h�ruw h{huwhg e| wkh iruhljq krxvhkrog lq surgxflqj eudqg
ri w|sh �=

.u�c8 ' . Eg�c8 �
3� t�c8

'
�
� W

�c8

�
3b

.� Eg�c8 �
3� E���

b3� 73b

Gh�qh wkh h{0dqwh yduldeohv '�c8 ' . Eg�c8 �
3� t�c8 dqg 8 ' .� Eg�c8 �

3�

E���
b3� 73b/ zh zulwh=

'�c8 '
�
� W

�c8

�
3b

8 '
�
� W

�c8

�
3b[

Z�s�
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Wkh iroorzlqj uhodwlrqv krog h{dfwo|=

4�c8 ' �bSW�c8 n ) / I� ' P� � N�c8� n Eb� �� S�� � bV�

Iroorzlqj wkh xvxdo vwhsv zh zulwh=

) ' Eb� ��.S� n
�

2
. EP� N�c8 �

2 n
�

2
dEb� �� � � bo2. EV�2

n dEb� �� � � bo.V EP� N�c8 �

Zh sxw rxu uhvxowv wrjhwkhu/ dqg xvh wkh h{shfwdwlrqv ri +58,/ dv zhoo dv +55,
wr ghulyh=
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;18 Zhoiduh h{suhvvlrqv

;1814 Vwlfn| sulfhv

Zh vkrz krz wr h{suhvv wkh zhoiduh remhfwlyh dv ghyldwlrqv iurp wkh
 h{leoh sulfh doorfdwlrq1 Xvlqj rxu uhvxowv/ wkh remhfwlyh lv zulwwhq dv=
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;1815 Ioh{leoh sulfhv

Xqghu  h{leoh sulfhv/ wkh zhoiduh lv h{suhvvhg dv +irfxvlqj rq frqvxpswlrq
vwdelol}dwlrq,=

Ls,e% ' Lf n.Ps,e% � .Ss,e%

Zh vhw .Ps,e% ' f iru vlpsolflw|/ dowkrxjk wkh prqhwdu| vwdqfh kdv qr uhdo
lpsdfw xqghu  h{leoh sulfhv1 Wkh lqglylgxdo  h{leoh duh jlyhq e| +;,0+44, lq
h{0srvw whupv/ dqg duh orj olqhdu vr zh zulwh=

S�cM� ' P� � N�cM� / S�c8� ' P� � N�c8�

S�cM� ' P� � N�cM� / S�c8� ' P� � N�c8�

Wkh sulfh lqgh{hv iru w|sh � dqg � duh qrw orj olqhdu/ vr zh wdnh vhfrqg
rughu dssur{lpdwlrqv1 Vwduwlqj zlwkh ��/ zh zulwh=

d���o
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Zh wdnh d vhfrqg rughu dssur{lpdwlrqv ri erwk vlghv dqg frpelqh wkhp wr
jhw=
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Dqg wkh h{shfwhg zhoiduh xqghu  h{leoh sulfhv lv=

Ls,e% ' Lf n
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e
Eb� �� � E�� ��

k
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Frpelqlqj wklv uhvxow zlwk wkh h{shfwhg zhoiduh xqghu vwlfn| sulfhv ohdgv wr
+64,1

;19 Hqgrjhqrxv vhfwrudo vwuxfwxuh

Zh frpsduh wkh h{shfwhg glvfrxqwhg sur�wv ri gl�huhqw �upv/ xvlqj wkh
pdujlqdo xwlolw| ri lqfrph dv d glvfrxqw idfwru1 Vwduwlqj zlwk d krph sur0
gxfhu ri w|sh �/ zh zulwh=
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Wkhvh h{suhvvlrqv fdq eh uhzulwwhq dv orj dssur{lpdwlrqv1 Xvlqj rxu
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Zh irfxv rq wkh sur�w gl�huhqfhv ehwzhhq �upv ri gl�huhqw w|shv lq d jlyhq
frxqwu|=
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Zh xvh wkh orj dssur{lpdwlrqv ri wkh rswlpdo sulfhv dqg sulfh lqgh{hv +4<,0
+58,/ dqg irfxv rq vhfwrudo vkrfnv +N�cM ' N�c8 ' N�/ N�cM ' N�c8 ' N�, wr
zulwh=
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Dv PW ' P� V wkhvh h{suhvvlrqv vlpsoli| dv=
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Zh fdq hdvlo| vhh wkdw zkhq wkh h{fkdqjh udwh grhv qrw  xfwxdwh/ doo
wkh whupv duh htxdo wr }hur= h�cM � h�cM ' hW�c8 � hW�c8 ' f/ vr �upv duh
lqgl�huhqw zlwk uhvshfw wr wkhlu vhfwru1 D �{hg h{fkdqjh udwh wkhq vxssruwv
dq| vhfwrudo doorfdwlrq/ exw rqo| wkh doorfdwlrq � ' f�D vxssruwv d �{hg
h{fkdqjh udwh1
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Wkh vhfrqg htxloleulxp lv wkh fdvh zkhuh vhfwrudo vshfldol}dwlrq lv frp0
sohwh +� ' �, dqg prqhwdu| srolf| lv lqzdug orrnlqj +P ' N�/ P

W ' N�,1 Lq
wklv fdvh zh kdyh=

h�cM � h�cM '
b Eb� ��

2
. EN� � N��

2 : f

hW

�c8 � hW

�c8 ' �
b Eb� ��

2
. EN� � N��

2 	 f

vr krph ^iruhljq` �upv kdyh dq lqfhqwlyh wr surgxfh w|sh � ^�`/ wkhuhe|
vxvwdlqlqj wkh vhfwrudo vshfldol}dwlrq wkdw prwlydwhv wkh lqzdug orrnlqj prq0
hwdu| srolf|1

Uhihuhqfhv

^4` Ehqljqr/ Jldqoxfd/ dqg Slhusdror Ehqljqr/ 5334/ Sulfh Vwdelolw| lq Rshq
Hfrqrplfv/ plphr/ Qhz \run Xqlyhuvlw|1

^5` Fdq}rqhul/ Pdwwkhz/ Urehuw Fxpe| dqg Ehk}dg Gled/ 5334/ Wkh Qhhg
iru Lqwhuqdwlrqdo Srolf| Frruglqdwlrq= Zkdw*v Rog/ Zkdw*v Qhz/ Zkdw*v
\hw wr FrphB/ plphr/ Jhrujhwrzq Xqlyhuvlw|1

^6` Fruvhwwl/ Jldqfduor/ dqg Sdror Shvhqwl/ 5335/ Vhoi0ydolgdwlqj Rswlpxp
Fxuuhqf| Duhdv/ plphr/ Ihghudo Uhvhuyh Edqn ri Qhz \run1

^7` Fruvhwwl/ Jldqfduor/ dqg Sdror Shvhqwl/ 5334/ Lqwhuqdwlrqdo Glphqvlrqv
ri Rswlpdo Prqhwdu| Srolf|/ QEHU Zrunlqj Sdshu ;5631

^8` Ghyhuhx{/ Plfkdho/ dqg Fkduohv Hqjho/ 5333/ Prqhwdu| Srolf| lq wkh
Rshq Hfrqrp| Uhylvlwhg= Sulfh Vhwwlqj dqg H{fkdqjh Udwh Ioh{lelolw|/
QEHU Zrunlqj Sdshu :9981

^9` Hqjho/ Fkduohv/ 5334/ Wkh Uhvsrqvlyhqhvv ri Frqvxphu Sulfhv wr H{0
fkdqjh Udwhv Dqg wkh Lpsolfdwlrqv iru H{fkdqjh Udwh Srolf|= D Vxuyh|
ri D Ihz Uhfhqw Qhz Rshq Hfrqrp| Pdfur Prghov/ plphr/ Xqlyhuvlw|
ri Zlvfrqvlq1

^:` Iulhgpdq/ Plowrq/ 4<86/ Wkh Fdvh iru Ioh{leoh H{fkdqjh Udwhv/ lq Hv0
vd|v lq Srvlwlyh Hfrqrplfv/ Xqlyhuvlw| ri Fklfdjr Suhvv/ Fklfdjr/ 48:0
5361
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^;` Revwihog/ Pdxulfh/ dqg Nhqqhwk Urjr�/ 5333d/ Gr zh uhdoo| qhhg d Qhz
Lqwhuqdwlrqdo Prqhwdu| FrpsdfwB/ QEHU Zrunlqj Sdshu :;971

^<` Revwihog/ Pdxulfh/ dqg Nhqqhwk Urjr�/ 5333e/ Qhz Gluhfwlrqv iru
Vwrfkdvwlf Rshq hfrqrp| Prghov/ Mrxuqdo ri Lqwhuqdwlrqdo Hfrqrplfv
83/ 44:04871

^43` Vfkplww0Jurkh/ Vwhskdqlh/ dqg Pduwlq Xuleh/ 5334/ Vroylqj G|qdplf
Jhqhudo Htxloleulxp Prghov xvlqj d Vhfrqg0Rughu Dssur{lpdwlrq wr
wkh Srolf| Ixqfwlrq/ FHSU Glvfxvvlrq Sdshu 5<961

^44` Vlpv/ Fulvwrskhu/ 5333/ Vhfrqg0Rughu Dffxudwh Vroxwlrqv ri Glvfuhwh
Wlph G|qdplf Htxloleulxp Prghov/ plphr/ Sulqfhwrq Xqlyhuvlw|1

^45` Vwrfnpdq/ Dodq/ 4<;;/ Vhfwrudo dqg Qdwlrqdo Djjuhjdwh Glvwxuedqfhv
wr Lqgxvwuldo Rxwsxw lq Vhyhq Hxurshdq Frxqwulhv/ Mrxuqdo ri Prqhwdu|
Hfrqrplfv 54/ 6;:073<1

^46` Vxwkhuodqg/ Dodq/ 5334/ D Vlpsoh Vhfrqg0Rughu Vroxwlrq Phwkrg iru
G|qdplf Jhqhudo Htxloleulxp Prghov/ plphr/ Xqlyhuvlw| ri Vw1 Dq0
guhzv1

^47` Wlooh/ Fhgulf/ 5335/ Rq wkh Glvwulexwlrqdo H�hfwv ri H{fkdqjh Udwh Ioxf0
wxdwlrqv/ Ihghudo Uhvhuyh Edqn ri Qhz \run Vwd� Uhsruw1

^48` Zrrgirug/ Plfkdho/ 5333/ Lq dwlrq Vwdelol}dwlrq dqg Zhoiduh/ plphr/
Sulqfhwrq Xqlyhuvlw|1
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Figure 1: Sectoral specialization

γ = 1 : Complete sectoral specialization

Home Foreign
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0 < γ < 1 : Partial sectoral specialization
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Type B γ
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Figure 2: Consumption allocation

Aggregate C

Types C A 1 C B

Origin C A,H λ C A,F C B,H  λ C B,F

θ θ θ θ

Brands C A,H (z) C A,F (z) C B,H (z) C B,F (z)

Elasticities of substitution:  - between types (A  vs. B ): 1
 
 - between origins within type (A ,H  vs. A ,F ): λ

 - between brands within origin and type θ
   (different A ,H(z) )

Ranking of elasticities of substitution:  θ > λ > 1



Figure 3: Monetary response to a unit shock in sector A
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Figure 4: Optimal exchange rate response to a unit shock in sector A
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Figure 5: Welfare gain from exchange rate flexibility
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