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A bstyact

T he impartance ofFhaonagmety as a restrictian an functianal fams hes beenwelll
racogized in econamic theary. Impasing additive separabiity is alo quite paou-
B since many econamics madek beaome essier o interpret and estimate when the
epbatory \aicbks are additively separable. In this pgper we ambine the tho
rsstricias and pragpae a tho step naparametric procedure Tor sstimating additive
madelb wWhose unknoan aompaatt funaias may be homageneauss of knoan degree.-
Inthe rstsie we dotan preiminary estimaies of the aompaats by impasing ho-
magpaty an bl ineer ts. Inthe secod step these pi bt estimates are margrally
imtegrated to praduce estimatars of the additive aconmpaats whidh passess gotimal
ratss of aonvergane. W e darive the essymptotic thaory of these 10 step estimatars
and illustrate their use on data adlliedted from Ivestodk fams inW - iscasin.

1 Iwroduton

N aparametric methads play a ussiul 1ok in e loatory data analysis by produdng aon-
sistat estimates of madek withaut rehing upan any partiauler paraneterizatian of the
uncerling functiaal foms. Sudh methods are partiaubrly uselul in ecaanics, sinee
in most Geess exonamic theary does not reveal the eact Tunciaal reltiaship betinean
\atiebkes W hatcan be deducsd fram the theary is Lsually Eimited to qualitative arshepe
properties of the underlying Tuncticnal foms. Far eample, althaugh we do not know
te eactUndiaal fam ofall arshalian demand functian, econanic theory shons that
these ncias ae hanagaeas of degree zaro in pricss and inaome Gae, Torirstance,
H ilderbrand (994 )W hike assodating partiaularfunctianal foms with econamic madeks
Gan aeatke a potatial sourae ofF missped cGatian, it doss seam reesaneble to incaporate
resstricians impased by the theary into estimatian procedures . Impasing a \alid shepe
rsstrician an an estimator usLally enhanass its performancz and leecs o betterinferace.
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T he shgpe property wWe study in this pagperis hanogaaty- H anaganeos Tundias
sean 1o be pervesive in econamic analysis- Far instanae, gpart from the demand Tunc-
tion exampk desaibed earfier, in miatsoonamic theary the aost minimizing behaiar of
ampetitive Mms implies Iinearr hanagmaty of the ast functian in input pricss. T he
honogpaty rsstrician is strag and fram an econanetric pant ofview it delivers use-
Tl infomation for statistical inferace. In partiaulr, honagaaty can be epldted ©
inareese the statistical acouracy of sstimaties - [N a recant pgper T ripathi and Kim @000)
provide sane interesting resulis an estimatinga naparametric regressian madelwhen the
regessian surke is hamageeas of knonn degree. Campared with the usual nanpara-
metric estimate of a aaditianal mean fTunctian Wwhidh is dotained withaut impasing ary
priar riesstrictias, hanagaaty ofthe regressian surace pamits a reductian inthe dimen-
sian of the surfce and so ks 1o a Bster rate of aanvergae of the surfce estimates -
D espite this dmersian reductian, T ripathi and Kim's gpproadh suRars from the usual
aurse of dmasiaality when the number of riegessars is lrge- | asover;, the standardd
naparanetric regressian madel they study does not alllowy Tor the passibi ity ofimpasing
haonogeaty an asubset oftthe regressars - T ooveraame these Emitatians, in this pgperwe
assume additive separabi ity amag the honagaeass and non hanageneass aampaats
and extad the estimatian of honagmeaus Tunctias to naparametric additive modek -
A dditivesgparabi ity is frequatly usad tosimpify structure and is basictomany ecanamic
maodek .- See, Treampke, D eatn arnd Il uvelbauer (980 )- In Nanparametric riegressian
the assumptian of additive separabi ity allbeviatss the deteriaation in the attaineble aon-
vargeee rakss in hidh dmersias { the well knoan \ aurse of dmersicality ™ prdolem
GCte, 1985).

0 ur dojective is 1O estimate a madel with additively separable ampanaits when the
Tunctiacnal fams ofthe compaaits are unknoan, alithaugh we do knowv thattsane ofthaem
are hamaganeos ofknonn degree-Sped callly, we Et

Yi=f€ X gD K il st ' a1
where at sst ae aampaattfunctian, say 1, is honagaeaus ofFknonn degree®; ;i e-

where S; danaotes the suppart of § ;X ) ad ®; is knoan. W e Tollow a t\o SEp
proedure o estimate ( 1): In the ststiep we e a loal inear gopraech, see Fan
((992), o impoe hanagpaty an estimates of f; ad 1; - T hese preiminary estimates
are axsistat, althaudh not rate-qptimal. T harelare, in the seaad step we margnally
integrate the preiminary estimates 1t dotain rate qotimal estimatas of f;, ad f;, -

A s an eampk of ( 1) aasider a Gse Where the dosernved asst of praductian Tora
ampetitive M is the sum of the variebke ad >ed asts- W hike standard miaosmo-
namic theary restricts the varieble asts 1o be nearly hamageneas in input prass, we
céan assume the >ad ast 1o be an unknonn Tunatian ofsame other wariatss -\ ote that
( Dabns T; 1O be hanagmeas TUncias of knonn degee @, , wnere ®, may armay
not be the same as ®1 - T his amnes in handy ifwe wish 10 estimate the ast Tundian
ofa m produdng o distinct products using d@sattinputs- A lthaugh we do not
pursLe itin this pgper; the gopraadh Lead Tar estimating ( 1) Gan akbo be extended O
handle amadel with multipicatively separeble campaents and degperndantdata: A cood-
ing 1O the theay of otian pridng, the gotian price § ¢ is hamageaeas in the price of



the undering asset S , and the eardse price K- See( hysek etal (998)- U ndermul-
tiplicative separabi kity, a naparametric madel Tor the gotian price can be castructed as
1e=H CcKOf C i tX Ot "ewearef; is inerly honmagreas, T j tindees\ tme
o egpiratian, " ad X + danotes sane otternvariebkes sudh as S 1 oot ity

T he pgperis aganized as TOlbns - 1N sectian 2 we intraduce the numeraire gopraadn
as aaaveniat todl Tarimpasing hamagmea ty in local nearestimatian, and desaribe aur
WO stEp estimatian procedure. Sectian 3 hes the main statistical results - 1N sectian 4 we
Foply aurmethad o estimate an additively separable agpracate bvel production functian
for hvestok praductian in W isaasin.A Wl prook have been an ned to thed ppendix.

2 Egmation

21 Numerawre Approach ari I argrallIrtegation

Foraavenience ofexpasitian we begin by assuming thatboth conpaants in € 1 )areho-
maogenaas -0 Faourse, thraughaut the pgperwne mantain the assumption thatt the degree
of hamagmeaty is knoan. T o impase hanogaaty an aur sstimator we rieparameterize
( Dusingarnumerare agumait.So Et

Ui™ CiirXsismX @inirXoik Vi Cird sisisl sl sik
LUD=fdilDad , D=1 ¢;;l)-=hon the hanagety of f; itolons that
. ¢ -
X D=X it X 18X 4 i3 15X GinFXinl =X 0D:

Heneeweean renmite ( 1)as

VisXST 0D L, ¢ R e
0 bserve that additive madebk with anly ae hanageneass ampanenit can be treatied as
agpadalece of Q D) by Bing!. ;=1 adV; =1 - T haekae, wlogwe can wak

with € 2)as fras dotaining thestatistical heay Torestimating ¢ 1 )is aonaamed . il ae
impartantly, Wwen®; =9, =1 , € 2) greralizes the aryingaocetdattmadel ot astiead
T ibshrani (993)- In Chen and T say (993), and Chen (997), the coetrdent functias
were sssumed 1O depad an acaamman mariate-H oneer;, te ;5 in Q 2) ae alloned
tobe fTundias ofd®ratwariates - T hus studying Q 2)is ofindgpendantinterestand
allons s o deal with a lxger diess ohvaryingaoetdent modek - H encefarth, we Toas
an estimating @ 2)-

T he bae & fran repaanetarization ae dayas. To dotan asistatt estimates of
i, aehes aly oestimae | via Q= x"1D, @).T he resuling estimatorx7 RGO
is honageeas ofdegree ®; by aastrudtion. Furttermare, sinee | hessaly dj 1 ) ar=
auments, hanageeity hebps in enhanding the gotimal rate ofconvergenae toni 27¢- ¢iD)
uncer thice diRaratiebiity- H onever;, the reeder shauld note thatt an qotimalate esti-
matorfor | camnotbe dotained by asimple gpplicatiaon of local inear regressian 1o Q 2).-
TogetabBsterrate e tse e\ magral integatiat ™ @ D tednigue, whidh hes been de-
velped byl eney (994), T jestham andA uestedt (994), adl intonand ! ielban ( 995).
Togetsane intuitian behind il 1 arsider € 1) butwithaut any honogaaty restrictian
an the ampagatts. L etﬁXz) be a pilot naparametric smaother Tor the coditiaal
mean Tunction { orinstance, this aul be the ! adarayall atson kexmel smaother- 4 n
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estimate of f; ¢Qan be dotained byinleggirg aitzin fb(;z)- In otherwords, we an
enply RGY=" ReczxP; arRed=1" |, Rl 1O L estimate f, ¢ arsistarty
wp tosame aastatt, whereP; is aprdosbiity messure wrxl _W hen £ is thice an-
tinuasly d@yertisble, PG anveargss at the gotimal rate ni2=¢+9) _ See | inton and
I ieken 995) arl inton and H ardEe (997)- W hen gpplied 1© Q 2) this algumeant ako
shons thatwe aan arsistatly estimate f; ) at rate nil=¢+ 9 || anever; the resulting
estimate carrotbe hanagaeas. !l asoer; trerateni 2=¢+ 9 is notgotimal. 1 tis shoner
then NiZ=¢+ CiD) | e attzineble rate Tor Q 2). T o dotain an estimatorwith the better
raie e note that e 1IstEstep eslimalebl is erctinvely atunction of U;V )-H enae, if
v\emarg'rellblinla;aleb1 GQ;VDwrtViwnew lgette rate gotimalestimate of ; -l o
tice thathare we do notreguire an idertifing assumptiansudhas E (L € ))=10 wsually
impasad in other additive madek W e novmake the praceding disaussian igaraus -

22 Two-Step Proced ure

L etBy and By denote estimates of the el 5 and the partial derivative of —; wrt
the kih compaaent, respectinvely. A ko Etw = U;Vv), end*i@v)z_@lo w), J‘_Dll@v), —_
B in@D B @D B, @D B ¢y @D- 1T @)= (@), ¢Dis d@enticbkeatw,
ve can bally gpprodmate 5 by a inear function. In e st sep we estimate bcal
ineer T ; and its partial derivatives 2s:

1 X M uU il K
by = agmin_ Ko @ i iwWTyiill + h bk kh: Hk I 9 23
i1 e 1
5q 1 Mo
iloo+  hb Vk'h'"k &
ke 1
1 Qdil 3L| Qsil =

fere i @)= K, @K, = iArida HiK ff THK # adKisaredd
valLed funcion an R with compact suppart. Il inimiziing @ 3)wrt. teh Sadb s
yieks

2 il ¢
BEy=0it I @Y -@) @' N @J- @ ; QD

whereQ =dag.sC:h;shsish;sh)y= 6w ad- W=dag - i K @ i
W).T hematrix!l @Dis dgvenbyll @)= 1@ ; @)} where
i ¢ 3

2 i

Xd®11 Xd®11@11 iuwrh = Xd®11 Ugint EUgin =h

o @)=4 E s : S : ¢ °
Xgns Xgn O@m iwdrh = Xyo Ugiopn iUgn =h

2 6, .8 i} .0 '\/ ; ¢ 3

. I Iof Cuividrh = 14 Vi iVeip =h ;

ep=s DT TIT RS, s
I 1 @miaviFh = I Vein iVein =h

I ote that when anly ae of the ampaait functias, say T, is haonaaeas te
epressias gvan eboe an be simpl ed by pluggnginl s =1 ad Vg = 1 g Tor
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k=1;:;s. Furthemare, the notatian blk@v) anphesizes the Bt that the estimated
\alle dgpads acnbathu ad v, alttngﬁblk@v)ibelﬁs aaxsistaitestimate of |, U)-
In partiaukar; this shons that the raleol‘ccn,erganoaol"bl(J W)is the same zs et ofFa
mulivaxriate smaothing regression with cowariates W . In the secod step, o adhieve the
gotimal rate of anverganee ortte  iIstadditive compaat, we magrally integrate the
pitteslimalesblo G;vpoerV;sie-wedotan

X
Ho= 1" B e
1l
= % gV @vy-avd (U;Vi)¢iliM (U;Vij_(U;Vi)/(D;

Fl

where gc isa @+ s aolmn vectar with the kih elanant being ane and others zero.
Similary,b;@)z% ’quooi;v)admesﬁmalecfﬂemegmwrécecaﬁbe
witlen ss P ecD)=>118 @+ 2: 13 @.

3 Agmptotr T heory
T he results in this section are derived under-the Tdlloning ted nical coditians:
i ¢
A1 ofyiX il b, isiidwithE CKZ)=0and E " K7 =W E )< 1.

A2_Thetonctias ;% ; 1; ;% ardtedasities (hargnaland Jandpx ;p sk z ae
W antinuously d@erentisble with lboundd partial cerivatives -

A3.px s andp z are bounded anay fram zero an teir aampectsyopors -

i ¢
A4 ThematrixE W TW K; =% s=2z is offll renkand is inverse is ebmenitby
ebmentboundd in a neidbtorhood of ¢4 ;%)-

R
A5_The kamel K is a anpaectly suppored dasity such tet uK @du = 0 A ko;
KD i K&DI< o ixjorallx and > init support

A6_h#0 andrH"Si? 1 ori2fi;2g.

A 7_h(sil)=l,.ii 1 : ri-{d il)l“i(sil):H n""1 ,h#o ,a.dm -

I cstofthe assumptias abowe are starndard in the kamel estimation erature. T he
additicnal bandnidth aaditian ind 7 alloas us 1O use goprodmatian L enmeas 4 2 and
43 ofY ang, H ladie, and | ieban (999)in the prook . 0 ur st resultis the asymptotic
namality oftte lbcal Ineer tgvenin Q 4). I tis essy tosse thak Q 4)Gan beintarpreted
ssal L S estimateftoralinermadel.Soktl 1;=UWi=Vi,Ui=U1i;5Un) ,ad
Vi= @iV -0 bsene thatve anwite P@=0 i1silt, , where

_-Slln@v) S2, @)~ ___-§3iQ @™ LT .. L
ST @) Sm@ 8T L@ by 20



adforklI2®;lg

K T-n T -

X Wogiawg ' WG awe T
b h

01QiD 2 Gily 01Q ik @ (Kil).

Xdi:L l Zsi2 l Xdi:L l Zsi2 i

Ho @D = £

3=

Futremare,t, = 07 gqg = W7 e

) )
il
1 X Mu i : . -
%1@"):?1 K@ iiw) JTJ'_VW Xd®il(2 iB Sé(‘l'l)YiZ
I

Sinee we are aly inarssted in the bel estimales, we Gan separate them aut by
premuliphingwithE T =[e;e..] sie-
h i
B@)™ B@exB,@d =ETQis G =ETsiG:
Underi 2 weanusel anmal in the gopendix to decompase the estimation enrars a6

B@i ,@)D=8 KBS, + e+ gD g G5
where the biss term and the eding stodestic terms are gvan by

. £
B “Sn = ETQ'lsn'an;an[Bln;anj;Bj]Z B_Oi];B}q—;
I 1 X quiiV\ﬁﬂ' 01Q iy ® Gil)
Brg = 5 K@iiw) —— X3 Tl E
(i:l N q id)
X ﬁjx ®1(2ik)z ® (kil) uWkiiV\k TDz— @\k)uW ki 1 Wk
2 di si hs K h(
k1 b |
en — E_TQilSniqu),n@V); i
, — éln@v)b.._ — C'»Oj1@v)b.
én an@d T = Loy
I 1 X quiiV\ﬁﬂ' 0:1Q iy ® Gil)
6j1@V):ﬁ Kh@\/iiW)T Xy "L g
1 b |

H enceforth, kEt1l, = R KUY di ad gK§ = R K @M. 4 pphing the result o
te anvaergceofttebizs Brm B KRS, Geel anmaz in gpopadix), ad the asymptotic
nomality of the stodestic tem g, Geel anma3 in gppendix), we dotain the ollloning
result.l et¥d @ ;X 43 sD=E CJ@ ;X3 o ))-

h i
Theorem 1 _Uncerh 1{A 6,IOrH+Si2 JDO(/v)i_0 DiB RS- i N (¢:8)H)were
2 o o 3
1 E 1770 = 1, —
o g D e SEn D @o)
B NS-=—-12 ®i ®2 3y = i é
i, — E A T i,
o Df 2@\4) E zz®2j/\/jN W)u’ D’ l@\’l)



2 = -

E X "MW Xy Z W =w EQ 17 7% WXy Z IV =w)
_ KN § E2 X ®ljv=w E X, 'W=w EZ2 W=y
g5 2N
Py @4 EQU SN Wz IW=w) EZSHWXTIW=w
E X ®lw=w E 252 =w B2 ZZ®2jN w

L are sanpke bdaiar of the estimated regressian surkce ﬁxz) = >{1@1 ) @D+
£ @is gven by the Blbring caolary

CorolIaryZ-UmbrteccrdidBomeaeml
P ﬁ§<;z).f<§<;z).3 nsf i'.r N O 8p);

wrere B nsf—hz >{? 2 % RS, .

if2®1E x2®1%1(wxd ZOW=w XL EQ ST W X T W W)
@\l)_i< =) 2®1jlv W E X2®1jlv w E ZZ®2j/V W

A E z2®2%1(vvxd ZOW=w
+

= 2®2jN W

oe that the anvagee ratss in Theoram | and Cadllary 2 are of the ader

nH * si2) whidhis 1 be expected by lbdkdng atthe dimasian of the kermel functian
anplyed in the smaothing- A s in Fan (992) the asympitotic biss takes asimplke fam .
N amely, itdgpands anlly an the secod derivatives of the Tunctianal form baing estimated -
H onever; the biss d‘bl(J @) abo degpends an DY, W )- T his is a natural edtersian of
the resultin T ripathi and Kim (999) where the authars loded at the simpler madel
Yi=X é@il_l 0 Dt "i- Iftedsturbance tam is hanagmeass ofdegee zaroin § ;2 ), the
asympitotic \axiance simpl & 1 J<31 ¢ 51% @ ;131 )=py @), Whidh tekes the Lsual
asympitotic \variance of kermel estimatrcs -

W e nowdotain the imiting distribution Torthe secod step estimatss in @ 5)-R ecall-
ing the decompasitian Tor the pi lotesimates in @ 6), the estimatian errcrbf(u) i 1@
ﬁontremargnallnmanmplcmhrecaﬁbeommp@adas

1 X h _
- Bavpi L@ =8 RSP 7O 06D Q@
F1
vwharettehigs erm B RST =1 P}lésgl(u;vj)n(u;vj)adtemcm
en@=1 T.€Si1QVEn @V - The Blbning resulitis proed in the gppendix.

Lets] @ X )=E C 5@ Xo )
Tf‘eoran?:-LhnderAl-ASandA 7iti)lb/\'stal:3 -~
O M ET®iiB BT @ F N 1; 8 wee
2 3
i ¢

Z ® ® _ - -

E X1 =u; _ &
B IAS® D=1k 4H11r D™ 1(u)+? P @ % 2®Sjv Y u'p T, @ db;
E X;7'0 =uwyv




-

p(/@)E X2®13/4 (D] |l —(USz)
MY el X =)

& =Ki

q h i 3
@ il PeOifiediB RSZ G i N 0:% ;where §7 = X"'&° ad
B IS GO=X"'B RS"@)-

T heaam 3 shons that the margnally integrated pittesﬁmaleadie\esasﬂmal
rate of convergence A similarrewltroblsfrb; D), butwith ad®xantrate niyil _IF
we doose asmaller bandwidth in the ruisance direcion s that i =H, | 0, the biss tam
iNT heoram 3 simpl es OB KRS =7 hia) trDZ_l(u) I aeower, iftheenortem is
I’nﬂmbsuc,ﬁeasynpUC\alanaredmioj(i(d 1)3/5R &) g Ths, Br

w (Us;)
this spedial cese, aur results aindide with the resullts dotained fram margnal integratian
Torunrestricied edditvemadek W e ad this sectiacnwith acooliry toT hearam 3 _T his
shons the asymptotic namality of aur thostep procedure Tor the spedal esel &0 =1

adV; =1 g Tork=1;z;s;ie-vwen oy e  istampaaitis homogeneos -

Coaoliexy 4 _U nder te aonditias of T heoram 3,
()

rﬂ'l "Pi T8 Bs; 60 . .
“ g B XM X =ul =2
uz 2D E? X1®j =ujl =2

1
dA ;

il-r N @0 ;j<i(d il))%®1

were B RSE (is usad todaote
2 3
z ¢
i._ ¢ =uil = i ¢
T L P L Kip =uz =z “r'D, @ db ;
2 2 Xy =ul =z

@
p__h i
 POit@is KRS} ©
N u0- S A EY% X, 2O =ul = q:cu‘IT
i ; B0 2 GD i QXL Y =uil =z
were

s msp @O=% Ju'b, @ ﬁ B OE XP§ =ug =2 DT @ di



4 Appkaton

41 Setwp

In this sectian we estimate an additively ssparcble aggecaie bvel productian functian
Tor hvestodk productian in W isaasin. T he data used wWes collected in 1987 by the Fam
CredtServiaezafSantP aulll innesota, by ssmplingmarethan 1000 famsinW iscasin.
H onever;, we anly Lee asubsetofthe aignal dataafierdeleting: () fams wthinaompkte
recacs, (i) fams whidh were aasiderad o be audiers, (i) non hvestodk produding
fams, ad (v) fams with at bsst ae fctr input set o zero. T his kaes s with
250 dosenatians. Il ae deta b abaut this data set may be foud in Chaeves ad A iber
((993), Sevarancet assin (994), ad Severancet assin ad Sperfidn (997)- T he autputt
\aticbk is vestok (), vhi e the inputs are mily Bbar (@), miscellbeneas inputs €9
repalrs, rent, astom hing, supplies, insuranae, ges, dl and utiities) @ ), intermediate
( e-with uselul FEofae totenyears)assets (B), hired Bbar(@ ), and animalinputs €g
purdiesed Bd, breading, and \eterinary serics) (B)- Sinee all variab s are messured in
dollars, whatwe actially hae is astand reae datla-H onever, assuming et the bwv
of ae price holos thraughautV iscasin, these dollan\alles are directly proportianal 1
the quantities of the input Bctars ad the autput. |n partiaular;, uderthis assumptian
vweanteak@ ;i s B)=Tmessurad in dollars as B timate tectors of productian.-

W e spadfy the praductian Tunctian @) as baing the coditiaal eectatian of yji-
T harefare, the olloning canonic&al riegressian modkel holos:

y=F@+ " ¢
Wewlleerto @ 7))z ﬂe\mresuiclad"mcﬂel Beﬁeﬂdrgam’paanetrica)—

Cdob-Dcujasﬁm ie.f@M= A[_ !_ g?’l_ I;s Estimating the resulting ineermadel by
OLS,wegt

=1886+ (0163 +0289 + 0305
Egy 0 289) (01)20)tgll 0925 ol (rJﬂsl)tgb

+ 0931 + 0277 RZ =0900:
(0ﬂ07)tgl (oﬂzs)tgl5

A El% b\elmeﬁbdioreiectﬂerwcﬂﬁsismpil_izl sie-wearotigectte
hypothesis ofFaastatretums toscalke uderaCdobD augles sped catian-A haudh this
near tseams tobequite good, the resuls are susaptible topotatial missped catianin
thetunctional fom o f .4 dditiaally, sincesane fctors ofpraductionmaybe\ >e&d' ', it
saans reescneble toimpase Ineerhaomagaaty anly an those feators whidh are\ varieblke ™ ”

W e now relax the Tunctical form assumptian and add sane structure to @ 7) by
additively separating T into two conpaatss: 11, whidh qperatess on the >ed fectars of
productian;and T; , whidh uses thevarieble fectors ofproduction - I tsti ll remains todaedde
whidhampaents ofishauldbe tteated s >&d (esp - \variabE). Sincefamily Bbarsupply
is quite inekbstic, itseams reesaebke o thinkof b as a >ed ctor- 0 n the other had
wvhi ke it may abo ssam reesaebe 1o treat miscellieneas inputs ad intermediate assets
a >a&d Bdtors atthe fam b, recll thatwe are interssted in estimating the agorecate
kel production functiaon- A tthe industry el these factors may well be variable. For
eanpk, atthe industry bel, we wauld expect the lager faams 1o enplby mare of the



inermediate assets then the smaller faams. A simple, abdat non igoraus, Wway 1o dak
whether Bctor § is  >a&d arvaricbk is o plot =y agairsty - 1Tk is >&d then ceteris
paribLs we epect the ratio k=y to dedine with inaessingy - A fter scaling the data so
that the sampEe \ariane is ag, in Figure ! we disply the estimated || adarayall atsan
regessian aunes of b=y agairsty Tori =1;::: ;5. Aon this grewean see ttat b=y
@nespading o mily Bban)is the anly ratio thatseans o dedirewithy - T herelare,
wetieast | as e >a&d @d b ;::: ; k as the \ariabE) ctors at the aggracaie bBel. So
Et1= G2, weare x= (1)is ttevectarof >ad Bctos and z= (0 ; k; | ; ) the vectar
oharizbe fectors - Impasing additive separabi ity an T intems ofx ad 2z, we anwie

y=heo+t @+ 't

Finally, s we are treating Z a6 the vector ohvaricble inputs, Etus aboasssume et t; is
hanogeeas of dgee r=1 _T harebore, we have that
y=hiedr 20 C o) @8>
Z Z
H enceforth, we will calll @ 8) the \ restricied™ ™ madel.- T he reeder shaud kegp in mind
that the restrictias of additive separabi ity and inearhomagee ty, althaugh seamingly
ressanebke in auraatext, ae merely madeling assumptias whidh we take as gven.- Fur-
thamae, althaugh the sped catian in @ 8) is weaker then the compaatnise additive
sgparabi ity usad in Sevaranaet assin and Sperlida (997), it doss impae a strag re-
strictian an the margnal praduct ofFemi ly Ebor; nemely, thatitis indgpadant of other
inputs. Toasure that these restrictians allowv sarsibke inference, we have to statistically
tsstwhether the data suppart the sped Gatian gven in @ 8)- H onever;, this testing is
beyad the sape of the presait pgperad is Eft for future researdh .. Forthe preseritwe
an ne aurseless o estimating the productiaon relatiaship desaibed by @ 8)-

42 Resuls

A haudhwe ean aartainly ssimate 1, 1, , and T, due 1o the hich dmasiaality of the
agumas off;, and T weamnotdispby thda restimates as three dimasianal surfece plots -
H onever; estimates of f;, can aartainlybedisplyed - InHgure3 @we plottheestimated 1

varss the scalked ¢ (BEmily Eban)- T he same ggph abo displys the estimated margnal
product offemily Boar (7 ¢ d ) agrirst > -4 nather uselull featuire of a praductian
function that economists  nd intaresting is the ebstiaty of sake e(Gz)- A s de ned in
Varian (992, P agel 6), the elbstid ty of scale messures the peraantinaeese in autputdue
O an inaesse in the scake of paratias ( e- a ae peraaitinaesse in all inputs)- U sing
Euler's theaem forhonageeas Tunctias, itis straigtiomard toverify that:

( XAz 20 T(x2) gyt Uriestricted madel,

<D= o1 (xfz?)(fr)ﬁ ® . a9
160 £.® forthe restricted madel -

T he presence of r in the aboe eoressian is marely Tor the sake of gaerality in aee 1

is homagmeass of degee r- Far the presatt, sinee we are assuming thate 1, is ineardy
hanogeeas, we ansetr=1 . In Fgures 2@) ad 2(0) we plot the estimated scake
ebstidties agrirst the autputy orthe rsstricted and unresstrictied madeks - Figures 2 ©),
2@, ad 3() disphly the histogams of the autput and fmily Boar. T hese histograms

10



shovwhere the datais ancentratied, whidh allions s o idantify the range o.ervnhidh tre
dotained naparametric estimates are \alid -

T he pracedure desaibed in the pgperwss implmanted iné A U SS T hedatawss st
scald by the sampke staendard deviatian tohave unitsanpkevariance. A ¢ aussian kerrel
wss then tsad o estimate T}, ad f;, ateach of the 250 dosernvatias.- U sing these
sstimates we alubatied ez Tori = 1;::: ;250 - Fagdng a (asibly) anplicted
data diiven gppraadh, the bandwidths used in the estimatian procedure weresimply  >ed
ath =ni®7;h =ni3s Brthe rsticied model, and hs = Ni 775 orthe uniestricted
madel- T he gotimal bandwidtts vwhidh minimize the mean squared enars from estimating
fi; F ad T areprgpatiaal to the valless we have dosan - Tabk ! proddess asummary
desaiption of the estimated ekstidty of scake .

TabE! : Estimated e@2) T\l iscosin vestodk data

I odel Estimated S&Ek Ebstidty
I een Il edian I een I edian
@l sampk) Eeduding autiiers)
Resticted 1067 11018 1060 1016
Unisstticied 0994 1011 1011 1012

N otice ﬁ‘gme aerae scEk ebstidty Tor the unrsstricied macel is sidtly hidher
ten0 965 = 2,7, thevalle predicied by the CdobD augless om . T he median valles
of the estimatied sk ebstidty Tor the rsstricted and unrestricted modek are very cose.
I asower, alodkatFigures 2 @and 2 ©shons that; inthe ebiantrange oY |, thepdnt
sstimates ofe@s; z) Torthe restricted and unriesstrictied maocek tradkae another-d haudch
not a satistical test by any mears, this is perhgps a goad indicatian that aur additive
soed catian is a\ald restrictian an @ 7)- T he estimated e(¢;Z)% sean 1 ° uctuate
aad ! with the median \valLe baing sigtly geatter then | - A lthaudh itmay notbe
passible 1O ruke autaastat retunrs o sak at the aggecaie buel, inaessing retuns, if
presat, are notvery substatial - 0 N the avarace this seams o indicate that lxgerfaams
enjoy ecaonamies of sk (becaLse they ted touse mare of | ;22 ; | then smalker aams).
T his perhgps is not\very suprising.-

H onever; a Fature whidh is not s essy 1O el is the Tam of the estimated f;
ad the margral praduct of Bbar. B y amparing Figures 3@) ad 3 () dosere that
in the rbait rane Tor g te estimated 1, is reltively ° at and then suddenly junps
wp - Canespadingly, the margnal praductis very dose 10 zexo (@acssiaally Bekding an
necative valLes) and then inaeesss repidly- T his is hard to eplENn since the necckessical
theory dfproduction pastulatss thatthe production fTunctian hes pasitive, butdiminishing,
margnal product. T heremay be twopassibke eplbnatias Tathis eRect: ()Sped catian
enor;i e-thatwe may havemissped  ed the additivity resstrictian in @ 8)-H onever, sinee
theekbstidty estimatss Torthe resstricied and unrsstricted madeks arevery simi i, perbgps
this may notbe a8 sevare aprdobm - (DA  sacod (mae plkasibe) epbratian Tor this

ICoLmrs! ani 5 K themearari med iarvalesofthe edimatel eh<i ikiesafer d isarl irgegimates

whih are more than®ur fariard deviatibrsaw ay fom the mear. Inour ca<e this EE usw ith 244
ob ®rvatiors.
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eRact may be the manner in whidh > (E&mily Bbor) enters the productian praesss.- So
recall thatin the data set family Eboris reparted in\ dollier” " units, and imagne afaam
where some manbers of a mily Gay the diidien) are kisted as bang enplbyed an the
am butin reality do not aotribuite substartially 1o the production procsss.- | Fthe price
Toremplby/ing mily Eoaris aloulaied withaut teking into acoount the number ofhaurs
warked by eech amilly mamber;, mare \ wages'* may get paid withautmare\ wark " bang
doe. | aosely spesking, since family Bbar is messurad in dollars, the \ sbdK ™ in the
rumber of emily mambears enplbyed is tEen up by the price;i e. in naminal terms the
am saams 1 be employ/ing mare mily members whidh reducss the eRact of adding a
margnal worker- Carly, this eRect anot pasist. A s the number of family membears
aenployed inaressss beyaod acartan threshod, itwi ll overvhelm the enorcausaed by using
the nominal wagss and cause the marginal product toinaresse.- |n aderto\erify whether
this is indeed the reeson T the bedhaiarof f, , we wauld hae to eamine the marerin
whidh the price Toremploying mily Eborwss calaulaied in the dataset. T his, honever,
is beyad the sape of the presat pgper-

5 Con L=on

In this pgperwe showv how 1o naparanetrically estimate an additive regressian macel
wvwhen its ampaats are hanmagmeass Tundias of knoan degree- T he suggssted pro-
adure is essy 1O analyze and straiditiovard o implament. W e uee it to dotain sane
interesting results ebaut hvestodk productian inW- iscosin atthe eggrecaie belz W hike
‘there seam 1o be inaessing retunms 10 sk at the aggracate el the econamies ofsake
do ot gppear o be vary llage- T he margral product of fmilly Bbar ssans o be vary
doe 1O za0 W 1o a cartain thresshdd and then inaessss @elatively) sharply- P assibe
epbnatias Torsudh bdaviarare disaussad aboe.- 0 Faaurse, a mae carelul enpirical
analysis neadk 1o be perfamed ifwe wart to daim any pdlicy relvance Tor these results .

[@]

Apperi x

L emmal - © esompasitian of Esimation Enars) A ssume tath 2 holkds - T hen,

boGN)i_oGN)=gB BS, + &+ 9 9 €D
P roof_ First, doserne that
B @i =€ T S @ @ ET0 IS @@ @0 ;
where

TN ) RPN ) N
PSS S 0 I

@D e o @D
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CalultingE € p)is essy, jJustdange \variebles and use the baundsd aonvergence thearam ;
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(A symptotici amality of the Stodestic term:
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(b) Estimated Scale Elasticity fram Unrestricted Madel vs Y

FIGURE Z: (a) Estimated Scale Elasticity from Restricted Model vs Y
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(d) Histogram of Y

(¢) Histogram of Y
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