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yInstitut fÄur Statistikund ÄO konometrie,Humb old t-U niversitÄat zuB erlin

zDepartment ofE c onomics,U niversity ofW isconsin-M ad ison

J une 2 0 0 0

A bstract

T heimportanceofhomogeneityasarestrictiononfunctionalformshasbeenwell
recognized in economic theory. Imposingadditive separability is alsoquite popu-
larsincemanyeconomics models becomeeasiertointerpretandestimatewhenthe
explanatory variables areadditively separable. In this paperwecombine the two
restrictionsandproposeatwostepnonparametricprocedureforestimatingadditive
modelswhoseunknowncomponentfunctionsmaybehomogeneousofknowndegree.
Inthe r̄ststepweobtainpreliminaryestimatesofthecomponentsbyimposingho-
mogeneityonlocallinear t̄s.Inthesecondstepthesepilotestimatesaremarginally
integratedtoproduceestimators oftheadditivecomponentswhichpossess optimal
rates ofconvergence.W ederivetheasymptotictheoryofthesetwostep estimators
andillustratetheiruseondatacollectedfromlivestockfarms inW isconsin.

1 Introd uc tion

N onparametricmethodsplayausefulroleinexploratorydataanalysisbyproducingcon-
sistentestimates ofmodelswithoutrelyinguponanyparticularparameterizationofthe
underlyingfunctionalforms. Suchmethods areparticularlyusefulin economics, since
inmostcases economictheorydoesnotrevealtheexactfunctionalrelationship between
variables.W hatcanbededucedfromthetheoryisusuallylimitedtoqualitativeorshape
properties oftheunderlyingfunctionalforms.Forexample,althoughwedonotknow
theexactfunctionalformofaM arshalliandemandfunction,economictheoryshowsthat
thesefunctions arehomogeneous ofdegreezeroinprices and income(see,forinstance,
H ildenbrand(1 994)).W hileassociatingparticularfunctionalformswitheconomicmodels
cancreateapotentialsourceofmisspecī cation,itdoes seem reasonabletoincorporate
restrictions imposedbythetheory intoestimationprocedures.Imposingavalid shape
restrictiononanestimatorusuallyenhancesitsperformanceandleadstobetterinference.

¤We thankStefanSperlich for provid ingusw ith the cleaned up d ata for the applicationinsec tion4 ,
and Xenia M atschke for some usefulcomments.The authorsalso acknow led ge support by the Deutsche
Forschungsgemeinschaft via SFB 373at Humb old t U niversity,B erlin.
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T heshapepropertywestudy inthis paperis homogeneity.H omogeneous functions
seem tobepervasive ineconomicanalysis.Forinstance,apartfrom thedemandfunc-
tionexampledescribedearlier,inmicroeconomictheorythecostminimizingbehaviorof
competitive r̄ms implies linearhomogeneityofthecostfunction in inputprices. T he
homogeneityrestriction is strongandfrom aneconometricpointofviewitdelivers use-
fulinformationforstatisticalinference.Inparticular,homogeneitycanbeexploitedto
increasethestatisticalaccuracyofestimates.InarecentpaperTripathi andKim (20 0 0 )
providesomeinterestingresultsonestimatinganonparametricregressionmodelwhenthe
regressionsurfaceis homogeneous ofknowndegree.Comparedwiththeusualnonpara-
metricestimateofaconditionalmeanfunctionwhichis obtainedwithoutimposingany
priorrestrictions,homogeneityoftheregressionsurfacepermitsareductioninthedimen-
sionofthesurfaceandsoleads toafasterrateofconvergenceofthesurfaceestimates.
D espitethis dimension reduction, Tripathi and Kim's approach su®ers from theusual
curseofdimensionalitywhenthenumberofregressors is large.M oreover,thestandard
nonparametricregressionmodeltheystudydoesnotallowforthepossibilityofimposing
homogeneityonasubsetoftheregressors.Toovercometheselimitations,inthispaperwe
assumeadditiveseparabilityamongthehomogeneousandnonhomogeneouscomponents
andextendtheestimationofhomogeneous functions tononparametricadditivemodels.
A dditiveseparabilityisfrequentlyusedtosimplifystructureandisbasictomanyeconomic
models.See,forexample,D eatonand M uellbauer(1 980 ).Innonparametricregression
theassumptionofadditiveseparabilityalleviatesthedeteriorationintheattainablecon-
vergencerates in highdimensions { thewellknown \ curseofdimensionality"problem
(Stone,1 985).

O urobjectiveis toestimateamodelwithadditivelyseparablecomponentswhenthe
functionalformsofthecomponentsareunknown,althoughwedoknowthatsomeofthem
arehomogeneousofknowndegree.Specī cally,welet

yi=f1(X 1i;::;X d i)+ f2(Z 1i;::;Z si)+ "i; (1.1)

whereatleastonecomponentfunction,sayf1,ishomogeneousofknowndegree®1;i.e.

f1(̧x1;::;̧ xd)=¸®1f1(x1;::;xd);8(̧ ;x)2R+ + £S1;

where S1 denotes the supportof(X 1;::;X d)and ®1 is known. W e followatwostep
proceduretoestimate (1.1): In the r̄ststep weusealocallinearapproach, seeFan
(1 992),toimposehomogeneityonestimates off1 andf2.T hesepreliminaryestimates
areconsistent,althoughnotrate-optimal.T herefore, inthesecond step wemarginally
integratethepreliminaryestimatestoobtainrateoptimalestimatorsoff1 andf2.

A s anexampleof(1.1)consideracasewheretheobservedcostofproductionfora
competitive r̄m is thesum ofthevariableand x̄ed costs.W hile standardmicroeco-
nomictheoryrestricts thevariablecosts tobelinearlyhomogeneous in inputprices,we
canassumethe x̄edcosttobeanunknownfunctionofsomeothercovariates.N otethat
(1.1)allows f2 tobehomogeneous functions ofknowndegree® 2 ,where® 2 mayormay
notbethesameas ®1.T his comes in handy ifwewish toestimatethecostfunction
ofa r̄m producingtwodistinctproducts usingdi®erentinputs. A lthoughwedonot
pursueitinthis paper,theapproachusedforestimating(1.1)canalsobeextendedto
handleamodelwithmultiplicativelyseparablecomponentsanddependentdata:A ccord-
ingtothetheoryofoption pricing,theoptionprice¦t is homogeneous inthepriceof
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theunderlyingassetSt,andtheexercisepriceK.SeeG hyselsetal(1 998).U ndermul-
tiplicativeseparability,anonparametricmodelfortheoptionpricecanbeconstructedas
¦t=f1(St;K)f2 (T ¡t;X t)+ "t,wheref1 is linearlyhomogeneous,T ¡t indexes \ time
toexpiration,"andX tdenotessomeothervariables suchas St¡1 orvolatility.

Thepaperisorganizedas follows.Insection2 weintroducethenumeraireapproach
asaconvenienttoolforimposinghomogeneityinlocallinearestimation,anddescribeour
twostepestimationprocedure.Section3 hasthemainstatisticalresults.Insection4 we
applyourmethodtoestimateanadditivelyseparableaggregatelevelproductionfunction
forlivestockproductioninW isconsin.A llproofshavebeencon̄ nedtotheA ppendix.

2 E stimation

2 .1 Numeraire Approach and M arginalIntegration

Forconvenienceofexpositionwebeginbyassumingthatbothcomponentsin(1.1)areho-
mogeneous.O fcourse,throughoutthepaperwemaintaintheassumptionthatthedegree
ofhomogeneity is known.Toimposehomogeneityonourestimatorwereparameterize
(1.1 )usinganumeraireargument.Solet

U i´(X 1i=X d i;::;X (d¡1)i=X d i); Vi´(Z 1i=Z si;::;Z (s¡1)i=Z si);

¯1(U i)=f1(U i;1 ),and¯ 2(Vi)=f2 (Vi;1 ).>Fromthehomogeneityoff1 itfollowsthat

f1(X 1i;::;X d i)=X ® 1
d if1

¡
X 1i=X d i;::;X (d¡1)i=X d i;1

¢
=X ® 1

d i¯1 (U i):

H encewecanrewrite(1.1)as

Yi=X ® 1
d i¯1(U i)+ Z ® 2

si¯ 2 (Vi)+ "i: (2.2)

O bservethatadditivemodelswithonlyonehomogeneous componentcanbetreatedas
aspecialcaseof(2.2)byletting Z si= 1 and Vi= Z i.T herefore,w.l.o.gwecanwork
with(2.2)asfarasobtainingthestatisticaltheoryforestimating(1.1)isconcerned.M ore
importantly,when®1=® 2=1 ,(2.2)generalizesthevarying-coe±cientmodelofH astieand
T ibshrani (1 993).InChenand T say(1 993),andChen(1 997),thecoe±cientfunctions
wereassumedtodependonacommoncovariate.H owever,the¯i's in(2.2)areallowed
tobefunctionsofdi®erentcovariates.T husstudying(2.2)isofindependentinterestand
allows us todealwithalargerclass ofvarying-coe±cientmodels.H enceforth,wefocus
onestimating(2.2).

Thebenē ts from reparameterizationareobvious.Toobtainconsistentestimates of
f1,onehasonlytoestimate¯1 viabf1 (x)=x®1d b̄

1(u).T heresultingestimatorx7! bf1(x)
ishomogeneousofdegree®1 byconstruction.Furthermore,since¯1 hasonly(d¡1 )ar-
guments,homogeneityhelpsinenhancingtheoptimalrateofconvergenceton¡2 =(4 + (d¡1))

undertwicedi®erentiability.H owever,thereadershouldnotethatanoptimal-rateesti-
matorfor¯1 cannotbeobtainedbyasimpleapplicationoflocallinearregressionto(2.2).
Togetafasterrateweusethe\ marginalintegration"(M I)technique,whichhasbeende-
velopedbyN ewey(1 994),T j¿stheimandA uestadt(1 994),andL intonandN ielsen(1 995).
TogetsomeintuitionbehindM I consider(1.1)butwithoutanyhomogeneityrestriction
onthecomponents.L et bf(x;z)beapilotnonparametricsmootherfortheconditional
meanfunction { forinstance,this couldbethe N adaraya-W atsonkernelsmoother.A n

3



estimateoff1(x)canbeobtainedbyintegratingoutz in bf(x;z).Inotherwords,wecan
employ bf1(x)=

R bf(x;z)dP Z orbf1(x)= 1
n
P n

k= 1
bf(x;Z k)toestimatef1(x)consistently

up tosomeconstant,whereP Z is aprobabilitymeasurew.r.tZ .W henf1 is twicecon-
tinuouslydi®erentiable, bf1(x)converges attheoptimalraten¡2 =(4 + d ).See L intonand
N ielsen(1 995)orL intonand H Äardle(1 997).W henappliedto(2.2)this argumentalso
shows thatwecanconsistentlyestimatef1(x)atraten¡2 =(4 + d ).H owever,theresulting
estimatecannotbehomogeneous.M oreover,theraten¡2 =(4 + d ) isnotoptimal.Itisslower
thann¡2 =(4 + (d¡1)),theattainableratefor(2.2).Toobtainanestimatorwiththebetter
ratewenotethatthe r̄st-stepestimateb̄

1(u)ise®ectivelyafunctionof(u;Vi).H ence,if
wemarginallyintegrateb̄

1(u;Vi)w.r.t.Viwewillgettherateoptimalestimateof¯1.N o-
ticethatherewedonotrequireanidentifyingassumptionsuchas E (f1 (X ))=0 usually
imposedinotheradditivemodels.W enowmaketheprecedingdiscussionrigorous.

2 .2 T w o-Step P roced ure

L etb̄
j0 and b̄

jk denoteestimates ofthelevel¯jandthepartialderivativeof¯jw.r.t.
thekthcomponent,respectively.A lsoletw= (u;v),and b̄(w)= (b̄10(w), b̄

11(w),...,b̄
1(d ¡1)(w),b̄2 0(w),b̄2 1(w),...,b̄2 (s¡1)(w)).If¯ (w)=(̄ 1(u);¯ 2(v))isdi®erentiableatw,
wecanlocallyapproximate¯jbyalinearfunction.Inthe r̄ststep weestimatelocal
linear t̄sfor¯janditspartialderivativesas:

b̄(w) = argmin
b

1
n

nX

i= 1

Kh (W i¡w)fyi¡[b10 +
d¡1X

k= 1

h1b1k
µ
Uki¡uk

h1

¶
]X ® 1

d i (2.3)

¡[b2 0 +
s¡1X

k= 1

h2b2k

µ
Vki¡vk

h2

¶
]Z ® 2

sig2 :

H ereKh (w)=Kh 1 (u)Kh 2 (v)=
1

h d¡11

1
hs¡12

Qd ¡1
l= 1 K

³
ul
h 1

´Qs¡1
l= 1 K

³
vl
h 2

´
,andK is areal

valued functionon R withcompactsupport.M inimizing(2.3)w.r.t.theb1's andb2's
yields

b̄(w)=Q ¡1
³
M (w)T (w)M (w)

¡́1¡
M (w)T(w)y

¢
; (2.4)

whereQ =diagd + s(1;h1;:;h1;1;h2 ;::;h2),y=(y1;:::;yn)T,and(w)=diag1·i·nKh(W i¡
w).T hematrixM (w)isgivenbyM (w)=[M 1(w)M 2(w)],where

M 1(w)=

2
4

X ®1
d 1 X ®1

d 1 (U 11¡u1)=h1 :: X ®1
d 1

¡
U (d¡1)1¡u(d¡1)

¢
=h1

: : : :
X ® 1
d n ; X ®1

d n (U 1n ¡u1)=h1 :: X ®1
d n

¡
U (d¡1)n ¡u(d¡1)

¢
=h1

3
5 ;

and

M 2 (w)=

2
4
Z ® 2
s1 Z ® 2

s1 (V11¡v1)=h2 :: Z ® 2
s1

¡
V(s¡1)1¡v(s¡1)

¢
=h2

: : : :
Z ® 2
sn Z ® 2

sn (V1n ¡v1)=h2 :: Z ® 2
s1

¡
V(s¡1)n ¡v(s¡1)

¢
=h2

3
5 :

N ote thatwhen onlyoneofthe componentfunctions, say f1, is homogeneous the
expressions given above can be simplī ed by plugging in Z si = 1 and Vki = Z ki for
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k= 1 ;::;s.Furthermore,thenotation b̄
1k(w)emphasizes the factthattheestimated

valuedependsonbothuandv,although b̄
1k(w)itselfisaconsistentestimateof¯1k(u).

Inparticular,this shows thattherateofconvergenceofb̄10(w)is thesameas thatofa
multivariatesmoothingregressionwithcovariates W .Inthesecondstep,toachievethe
optimalrateofconvergenceforthe r̄stadditivecomponent,wemarginallyintegratethe
pilotestimates b̄

10(u;Vi_)overVi;i.e.weobtain

b̄¤
10(u) =

1
n

nX

i= 1

b̄
10(u;Vi) (2.5)

=
1
n

nX

i= 1

eT1
¡
M (u;Vi)T(u;Vi)M (u;Vi)

¢¡1¡
M (u;Vi)T(u;Vi)y

¢
;

whereek is a(d+ s)£1 columnvectorwiththekth elementbeingoneandothers zero.
Similarly, b̄¤

2 0(v)=
1
n
P n

i= 1
b̄
2 0(U i;v),andan estimateoftheregression surfacecanbe

writtenas bf¤(x;z)=x® 1d b̄¤
1 (u)+ z® 2s b̄¤

2 (v).

3 Asymptotic T heory

T heresults inthis sectionarederivedunderthefollowingtechnicalconditions:

A 1.fyi;X i;Z igni= 1 is iidwithE ("jX ;Z )=0 and E
¡
"2 jX ;Z

¢
=¾20 (X ;Z )< 1.

A 2.Thefunctions f1;f2 ;̄ 1;̄ 2 ;¾ andthedensities(marginalandjoint)pX ;pZ ;pX ;Z are
twicecontinuouslydi®erentiablewithboundedpartialderivatives.

A 3.pX ;pZ andpX ;Z areboundedawayfrom zeroontheircompactsupports.

A 4.ThematrixE
¡
W T W jX d =xd ;Z s=zs

¢
isoffullrankandits inverseiselementby

elementboundedinaneighborhoodof(xd ;zs).

A 5.The kernelK is a compactly supporteddensity such that
R
uK(u)du = 0 :Also;

jK(x1)¡K(x2)j< cjx1¡x2 jforallx1 andx2 in its support.

A 6.hi# 0 andnhd + s¡2i "1 fori2f1 ;2g.

A 7.h(s¡1)2 =h21 "1 ;nh(d¡1)1 h2 (s¡1)2 =ln2 n"1 ,h1 # 0 ,andnh1 "1 :

M ostoftheassumptionsabovearestandardinthekernelestimationliterature.T he
additionalbandwidth condition in A 7allows us touseapproximation L emmas 4.2 and
4.3 ofYang,H Äardle,andN ielsen(1 999)intheproofs.O ur r̄stresultis theasymptotic
normalityofthelocallinear t̄givenin(2.4).Itiseasytoseethat(2.4)canbeinterpreted
asaW L S estimateforalinearmodel.SoletW 1i=U i,W 2 i=Vi,U i=(U 1i;::;U in)T,and
Vi=(V1i;::;Vin)T.O bservethatwecanwrite b̄(w)=Q ¡1S¡1n tn,where

Sn =
·
S11n(w) S 02 1n(w)
S 2 1n(w) S 2 2 n(w)

¸
; Sij=

·
s0 0ijn(w) s0 1Tijn (w)
s0 1ijn(w) s11ijn(w)

¸
i;j2f1;2g;
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andfork;l2f0 ;1 g

slmjkn(w) =
1
n

nX

i= 1

Kh (W i¡w)
µ
W ji¡wj

hj

¶l·µW ki¡wk

hk

¶m Ţ

£

X ® 1(2¡j)
d i Z ® 2 (j¡1)

si X ® 1(2¡k)
d i Z ® 2 (k¡1)

si :

Furthermore,tn =
·
t1n(w)
t2 n(w)

¸
andtjn =

·
t0jn(w)
t1jn(w)

¸
,where

tljn(w)=
1
n

nX

i= 1

Kh (W i¡w)
µ
W ji¡wj

hj

¶l

X ®1(2¡j)
d i Z ® 2 (j¡1)

si yi:

Sincewe are only interested in the levelestimates, we can separate them outby
premultiplyingwithE T =[e1;ed + 1]T;i.e.

b̄
0(w)´

h
b̄
10(w); b̄

2 0(w)
iT

=E TQ ¡1S¡1n tn =E TS¡1n tn:

U nderA 2 wecanuseL emma1 intheappendixtodecomposetheestimationerrorsas

b̄
0(w)¡¯0(w)= B IASn + e¿n + op(h21)+ op(h22); (3.6)

wherethebiastermandtheleadingstochastictermsaregivenby

B IASn = E TQ ¡1S¡1n B n;B n =[B 1n;B 2 n]T ;B jn =
£
B 0jn;B

1
jn
¤T ;

B l
nj =

1
n

nX

i= 1

Kh (W i¡w)
µ
W ji¡wj

hj

¶l

X ®1(2¡j)
d i Z ® 2 (j¡1)

si £
(

2X

k= 1

h2j
2
X ®1(2¡k)
d i Z ® 2 (k¡1)

si

"µ
W ki¡wk

hj

¶T

D2 ¯k(wk)
µ
W ki¡wk

hk

¶#)
;

e¿n = E TQ ¡1S¡1n (w)¿n(w);

¿n =
·
¿1n(w)
¿2 n(w)

¸
;¿jn(w)=

·
¿0jn(w)
¿1jn(w)

¸
;

¿ljn(w) =
1
n

nX

i= 1

Kh (W i¡w)
µ
W ji¡wj

hj

¶l

X ®1(2¡j)
d i Z ® 2 (j¡1)

si "i:

H enceforth,let¹2K =
R
K(u)u2du andjjKjj22 =

R
K2 (r)dr.A pplyingtheresultfor

theconvergenceofthebiasterm B IASn (seeL emma2 inappendix),andtheasymptotic
normalityofthestochasticterm e¿n (seeL emma3 inappendix),weobtainthefollowing
result.L et¾21 (W ;X d ;Z s)=E ("2 j(W ;X d ;Z s)).

Theorem 1.U nderA 1 { A 6,
p
nhd + s¡2

h
b̄
0(w)¡¯0(w)¡B IAS¯

i L¡! N (0 ;§̄ ),where

B IAS¯ =
h2

2
¹2K

2
664
tr

¡
D2 ¯1(w1)

¢
+

E(X ®1
d Z ® 2s jW = w)

E
³
X 2 ® 1d jW = w

´ tr
¡
D2 ¯ 2(w2)

¢

tr
¡
D2 ¯ 2 (w2)

¢
+ E(X ®1

d Z ® 2s jW = w)
E
³
Z 2 ® 2s jW = w

´ tr
¡
D2 ¯1(w1)

¢

3
775
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and

§̄ ´ jjKjj22
pW (w)

2
6664

E
³
X 2 ® 1d ¾ 21(W;X d ;Z s)jW = w

´

E2
³
X 2 ®1d jW = w

´ E(X ®1
d Z ® 2s ¾ 21(W;X d ;Z s)jW = w)

E
³
X 2 ®1d jW = w

´
E
³
Z 2 ® 2s jW = w

´

E(X ®1
d Z ® 2s ¾ 21(W;X d ;Z s)jW = w)

E
³
X 2 ®1d jW = w

´
E
³
Z 2 ® 2s jW = w

´
E
³
Z 2 ® 2s ¾ 21(W;X d ;Z s)jW = w

´

E2
³
Z 2 ® 2s jW = w

´

3
7775 :

L arge sample behaviorofthe estimated regression surface bf(x;z)= x®1d b̄
1(u)+

z® 2s b̄
2 (v)isgivenbythefollowingcorollary.

Corollary2.U ndertheconditionsofTheorem 1 ,
p
nhd + s¡2

h
bf(x;z)¡f(x;z)¡B IASf

i L¡! N (0 ;§f);

where B IASf = h 2
2

£
x® 1d ;z® 2s

¤0B IAS ,and

§f =p¡1W (w)jjKjj22 f
x2 ®1d E

³
X 2 ®1d ¾ 21(W;X d ;Z s)jW = w

´

E2
³
X 2 ®1d jW = w

´ + 2
x®1d z ® 2s E(X ®1

d Z ® 2s ¾ 21(W;X d ;Z s)jW = w)
E
³
X 2 ®1d jW = w

´
E
³
Z 2 ® 2s jW = w

´

+
z 2 ® 2s E

³
Z 2 ® 2s ¾ 21(W;X d ;Z s)jW = w

´

E2
³
Z 2 ® 2s jW = w

´ g.

N ote thatthe convergence rates in T heorem 1 and Corollary 2 are ofthe order
O p(

p
nhd + s¡2),whichistobeexpectedbylookingatthedimensionofthekernelfunction

employed inthesmoothing.A s inFan(1 992)theasymptoticbias takes asimpleform.
N amely,itdependsonlyonthesecondderivativesofthefunctionalformbeingestimated.
H owever,thebias ofb̄

10(w)alsodepends onD2 ¯ 2 (w2).T his is anaturalextensionof
theresultin Tripathi and Kim (1 999)wheretheauthors lookedatthesimplermodel
Yi=X ® 1

d i¯1 (U i)+ "i.Ifthedisturbancetermishomogeneousofdegreezeroin(X ;Z ),the
asymptoticvariancesimplī es tojjKjj2 (d + s¡2 )2 ¾ 21(W ;1 ;1 )=pW (w),whichtakes theusual
asymptoticvarianceofkernelestimatros.

W enowobtainthelimitingdistributionforthesecondstepestimates in(2.5).R ecall-
ingthedecompositionforthepilotestimates in(3.6),theestimationerrorb̄¤

1(u)¡¯1(u)
fromthemarginalintegrationprocedurecanbedecomposedas

1
n

nX

j= 1

h
b̄
10(u;Vj)¡¯1(u)

i
= B IAS¤n (u)+ e¿¤n(u)+ op(h21)+ op(h22);

wherethebiasterm B IAS¤n (u)=
1
n
P n

j= 1e
T
1 S

¡1
n (u;Vj)B n(u;Vj),andthestochasticterm

e¿¤n(u)= 1
n
P n

j= 1e
T
1 S

¡1
n (u;Vj)¿n(u;Vj).T hefollowingresultis proved in theappendix.

L et¾ 22 (W ;X d)=E ("2 j(W ;X d)).

Theorem 3. U nderA 1 -A 5 andA 7itfollowsthat:

(i)
q
nhd¡11

h
b̄¤
1(u)¡¯1(u)¡B IAS¤¯1 (u)

i L¡! N
³
0 ;§¤¯1

´
,where

B IAS¤¯1 (u)=¹2K

2
4h

2
1
2
tr

¡
D2 ¯1(u)

¢
+
h22
2

Z
pV (v)

E
¡
X ®1
d Z ® 2

s jW =u;v
¢

E
³
X 2 ®1
d jW =u;v

´ tr
¡
D2 ¯ 2 (v)

¢
dv

3
5 ;
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§¤¯1 =jjKjj
2
2

Z
p2V (s2)

pW (u;s2)

E
³
X 2 ® 1
d ¾ 22 (W ;X d)jW =(u;s2)

´

E 2
³
X 2 ®1
d jW =(u;s2)

´ ds2;

(ii)
q
nhd¡11

h
bf¤1(x)¡f1(x)¡B IAS¤f1 (x)

i
d¡! N

³
0 ;§¤f1

´
;where §¤f1 = x2 ® 1d §¤¯1 and

B IAS¤f1 (x)=x® 1d B IAS¤(u).

Theorem 3 shows thatthemarginallyintegratedpilotestimateachieves its optimal
rateofconvergence.A similarresultholdsforb̄¤2(v),butwithadi®erentrate

q
nhs¡12 .If

wechooseasmallerbandwidthinthenuisancedirectionsothath22 =h
2
1 ! 0 ,thebiasterm

inT heorem3 simplī estoB IAS¤(u)= h 21
2 ¹

2
Ktr

¡
D2 ¯1(u)

¢
.M oreover,iftheerrorterm is

homoscedastic,theasymptoticvariancereduces tojjKjj2 (d¡1)2 ¾20
R p2V (s2 )

pW (u;s2 )
ds2.T hus,for

this specialcase,ourresultscoincidewiththeresultsobtainedfrommarginalintegration
forunrestrictedadditivemodels.W eendthissectionwithacorollarytoT heorem3.T his
shows theasymptoticnormalityofourtwo-step procedureforthespecialcase Z ® 2

s = 1
andVki= Z kifork=1;::;s;i.e.whenonlythe r̄stcomponentishomogeneous.

Corollary4.U ndertheconditionsofTheorem 3,
(i)

q
nhd¡11

h
bf¤1(x)¡f1(x)¡B IAS¤f1 (x)

i

L¡! N

0
@ 0 ;jjKjj2 (d¡1)2 x2 ® 1d

Z
p2Z (z)

pU;Z (u;z)

E
³
X 2 ® 1
d ¾22 (U ;Z ;X d)jU =u;Z =z

´

E 2
³
X 2 ®1
d jU =u;Z =z

´ dz

1
A ;

where B IAS¤f1 (u)isusedtodenote

¹2Kx
®1
d

2
4h

2
1
2
tr

¡
D2 ¯1(u)

¢
+
h22
2

Z
pZ (z)

E
¡
X ® 1
d jU =u;Z =z

¢

E
³
X 2 ® 1
d jU =u;Z =z

´tr
¡
D2 ¯ 2 (z)

¢
dz

3
5 ;

(ii)

p
nhs2

h
bf¤2 (z)¡f2(z)¡B IAS¤f2 (z)

i

L¡! N
µ
0 ;jjKjj2 s2

Z
p2U(u)

pU;Z (u;z)
E

¡
¾2"(U ;X d ;Z )jU =u;Z =z

¢
du

¶
;

where

B IAS¤f2 (u)=¹ 2K

·
h22
2
tr

¡
D2 ¯ 2 (z)

¢
+
h21
2

Z
pU (u)E

¡
X ® 1
d jU =u;Z =z

¢
tr

¡
D2 ¯1(u)

¢
du

¸
:
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4 Application

4 .1 Setup

In this sectionweestimateanadditively separableaggregatelevelproduction function
forlivestockproductioninW isconsin.T hedatausedwascollectedin1 987bytheFarm
CreditServiceofSaintPaul,M innesota,bysamplingmorethan1 0 0 0 farmsinW isconsin.
H owever,weonlyuseasubsetoftheoriginaldataafterdeleting:(i)farmswithincomplete
records, (ii)farms whichwere considered tobeoutliers, (iii)non livestockproducing
farms, and (iv)farms with atleastonefactorinputsettozero. This leaves us with
250 observations.M oredetails aboutthis datasetmaybefound inChavas and A liber
(1 993),Severance-L ossin(1 994),andSeverance-L ossinandSperlich(1 997).Theoutput
variableis livestock(y),whiletheinputsarefamilylabor(l1),miscellaneous inputs (e.g
repairs,rent,custom hiring,supplies,insurance,gas,oilandutilities)(l2),intermediate
(i.e.withusefullifeofonetotenyears)assets(l3),hiredlabor(l4),andanimalinputs(e.g
purchasedfeed,breeding,andveterinaryservices)(l5).Sinceallvariablesaremeasuredin
dollars,whatweactuallyhaveiscostandrevenuedata.H owever,assumingthatthelaw
ofonepriceholdsthroughoutW isconsin,thesedollarvaluesaredirectlyproportionalto
thequantities oftheinputfactors andtheoutput.Inparticular,underthis assumption
wecantreat(l1;:::;l5)=~lmeasuredindollarsaslegitimatefactorsofproduction.

W especifytheproductionfunctionf(~l)as beingtheconditionalexpectationofyj~l.
T herefore,thefollowingcanonicalregressionmodelholds:

y=f(~l)+ ": (4.7)

W ewillreferto(4.7)as the \ unrestricted"model.Beforetakinganonparametricap-
proach,letuscarryoutapurelyparametricanalysisbyassumingthatf hasthepopular
Cobb-D ouglasform;i.e.f(~l)=Al¯11 l¯ 22 l¯33 l¯ 44 l¯55 .Estimatingtheresultinglinearmodelby
O L S,weget

dlogy= 1 :886
(0:2 89)

+ 0 :0 63
(0:0 2 0 )

logl1 + 0 :289
(0:0 2 5)

logl2 + 0 :30 5
(0:0 34 )

logl3

+ 0 :0 31
(0:0 07)

logl4 + 0 :277
(0:0 2 3)

logl5; R 2 =0 :90 0 :

A t1 % levelwefailedtorejectthehypothesisthat
P 5

i= 1 ¯i=1;i.e.wecannotrejectthe
hypothesisofconstantreturnstoscaleunderaCobb-D ouglasspecī cation.A lthoughthis
linear t̄seemstobequitegood,theresultsaresusceptibletopotentialmisspecī cationin
thefunctionalformforf.A dditionally,sincesomefactorsofproductionmaybe\ x̄ed",it
seemsreasonabletoimposelinearhomogeneityonlyonthosefactorswhichare\ variable."

W e nowrelaxthefunctionalform assumption and add some structureto(4.7)by
additivelyseparatingf intotwocomponents:f1,whichoperates onthe x̄edfactorsof
production;andf2 ,whichusesthevariablefactorsofproduction.Itstillremainstodecide
whichcomponentsof~lshouldbetreatedas x̄ed(resp.variable).Sincefamilylaborsupply
isquiteinelastic,itseems reasonabletothinkofl1 asa x̄edfactor.O ntheotherhand
whileitmayalsoseem reasonabletotreatmiscellaneous inputs andintermediateassets
as x̄edfactorsatthefarmlevel,recallthatweareinterestedinestimatingtheaggregate
levelproductionfunction.A ttheindustrylevelthesefactorsmaywellbevariable.For
example,attheindustrylevel,wewouldexpectthelargerfarms toemploymoreofthe
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intermediateassets thanthesmallerfarms.A simple,albeitnonrigorous,waytocheck
whetherfactorli is x̄edorvariableis toplotli=y againsty.Ifli is x̄edthenceteris
paribusweexpecttheratioli=y todeclinewith increasingy.A fterscalingthedataso
thatthesamplevarianceis one,inFigure1 wedisplaytheestimatedN adaraya-W atson
regressioncurvesofli=y againsty fori=1;:::;5.From this ḡurewecanseethatl1=y
(correspondingtofamilylabor)istheonlyratiothatseemstodeclinewithy.T herefore,
wetreatl1 as the x̄ed(andl2 ;:::;l5 asthevariable)factorsattheaggregatelevel.So
let~l=(~x;~z),where~x=(l1)isthevectorof x̄edfactorsand~z=(l2 ;l3;l4 ;l5)thevector
ofvariablefactors.Imposingadditiveseparabilityonf intermsof~xand~z,wecanwrite

y=f1(~x)+ f2 (~z)+ ":

Finally,aswearetreating~zasthevectorofvariableinputs,letusalsoassumethatf2 is
homogeneousofdegreer=1.T herefore,wehavethat

y=f1(x1)+ z4 f2 (
z1
z4
;
z2
z4
;
z3
z4
;1 )+ ": (4.8)

H enceforth,wewillcall(4.8)the \ restricted"model.T hereadershouldkeep inmind
thattherestrictions ofadditiveseparabilityandlinearhomogeneity,althoughseemingly
reasonableinourcontext,aremerelymodelingassumptionswhichwetakeasgiven.Fur-
thermore,althoughthespecī cationin(4.8)isweakerthanthecomponentwiseadditive
separability used in Severance-L ossin and Sperlich (1 997), itdoes imposea strongre-
strictiononthemarginalproductoffamilylabor;namely,thatitis independentofother
inputs.Toensurethattheserestrictionsallowsensibleinference,wehavetostatistically
testwhetherthedatasupportthespecī cationgiven in(4.8).H owever,this testingis
beyondthescopeofthepresentpaperandisleftforfutureresearch.Forthepresentwe
con̄ neourselvestoestimatingtheproductionrelationshipdescribedby(4.8).

4 .2 R esults

A lthoughwecancertainlyestimatef1,f2 ,andf,duetothehighdimensionalityofthe
argumentsoff2 andfwecannotdisplaytheirestimatesasthreedimensionalsurfaceplots.
H owever,estimatesoff1 cancertainlybedisplayed.InFigure3(a)weplottheestimatedf1
versusthescaledx1 (familylabor).Thesamegraphalsodisplaystheestimatedmarginal
productoffamilylabor(df1(x1)=dx1)againstx1.A notherusefulfeatureofaproduction
functionthateconomists n̄d interestingis theelasticityofscalee(~x;~z).A s dē ned in
Varian(1 992,Page1 6),theelasticityofscalemeasuresthepercentincreaseinoutputdue
toanincreaseinthescaleofoperations(i.e.aonepercentincreaseinallinputs).U sing
Euler'stheorem forhomogeneousfunctions,itis straightforwardtoverifythat:

e(~x;~z)=

( ~x0r~xf(~x;~z )+ ~z 0r~z f(~x;~z )
f(~x;~z ) fortheunrestrictedmodel,

~x0r~xf1(~x;~z )+ rf2 (~z )
f1(~x)+ f2 (~z )

fortherestrictedmodel.
(4.9)

T hepresenceofrintheaboveexpressionismerelyforthesakeofgeneralityincasef2
is homogeneous ofdegreer.Forthepresent,sinceweareassumingthatf2 is linearly
homogeneous,wecan setr= 1.In Figures 2(a)and 2(b)weplottheestimated scale
elasticitiesagainsttheoutputy fortherestrictedandunrestrictedmodels.Figures 2(c),
2(d),and3(b)displaythehistogramsoftheoutputandfamilylabor.T hesehistograms

1 0



showwherethedataisconcentrated,whichallowsustoidentifytherangeoverwhichthe
obtainednonparametricestimatesarevalid.

TheproceduredescribedinthepaperwasimplementedinG A U SS.T hedatawas r̄st
scaledbythesamplestandarddeviationtohaveunitsamplevariance.A G aussiankernel
was then used toestimate f;f1, and f2 ateach ofthe 250 observations. U singthese
estimates wecalculatede(~xi;~zi)fori = 1 ;:::;250 .Forgoinga(possibly)complicated
datadrivenapproach,thebandwidthsusedintheestimationprocedureweresimply x̄ed
ath1 =n¡

1
4 + d ;h2 =n¡

1
3+ s fortherestrictedmodel,andh3=n¡

1
4 + d + s fortheunrestricted

model.T heoptimalbandwidthswhichminimizethemeansquarederrorsfromestimating
f1;f2 and f areproportionaltothevalueswehavechosen.Table1 providesasummary
descriptionoftheestimatedelasticityofscale1.

Table1 :Estimatede(~x;~z)forW isconsinlivestockdata

M odel EstimatedScaleElasticity
M ean M edian M ean M edian
(fullsample) (excludingoutliers)

R estricted 1.0 67 1.0 1 8 1 .0 60 1 .0 1 6
U nrestricted 0 .994 1 .0 1 1 1 .0 1 1 1 .0 1 2

N oticethattheaveragescaleelasticityfortheunrestrictedmodelis slightlyhigher
than0 :965 =

P 5
i= 1

^̄
i,thevaluepredictedbytheCobb-D ouglasform.T hemedianvalues

oftheestimatedscaleelasticityfortherestrictedandunrestrictedmodelsareveryclose.
M oreover,alookatFigures2(a)and2(c)showsthat,intherelevantrangeforY ,thepoint
estimatesofe(~x;~z)fortherestrictedandunrestrictedmodelstrackoneanother.A lthough
notastatisticaltestbyanymeans,this is perhaps agood indicationthatouradditive
specī cation is avalid restrictionon (4.7). T heestimated e(~xi;~zi)'s seem to° uctuate
around 1 withthemedianvaluebeingslightlygreaterthan 1.A lthough itmaynotbe
possibletoruleoutconstantreturnstoscaleattheaggregatelevel,increasingreturns,if
present,arenotverysubstantial.O ntheaveragethisseemstoindicatethatlargerfarms
enjoyeconomiesofscale(becausetheytendtousemoreofl2 ;:::;l5 thansmallerfarms).
T hisperhaps isnotverysurprising.

H owever,afeaturewhich is notas easytoexplain is theform oftheestimated f1
andthemarginalproductoflabor. BycomparingFigures 3(a)and 3(b)observethat
intherelevantrangeforx1 theestimatedf1 is relatively° atandthensuddenlyjumps
up.Correspondingly,themarginalproductis veryclosetozero(occasionallytakingon
negativevalues)andthenincreasesrapidly.T his ishardtoexplainsincetheneoclassical
theoryofproductionpostulatesthattheproductionfunctionhaspositive,butdiminishing,
marginalproduct.Theremaybetwopossibleexplanationsforthise®ect:(i)Specī cation
error;i.e.thatwemayhavemisspecī edtheadditivityrestrictionin(4.8).H owever,since
theelasticityestimatesfortherestrictedandunrestrictedmodelsareverysimilar,perhaps
thismaynotbeas severeaproblem.(ii)A second(moreplausible)explanationforthis

1Columns4 and 5list themeanand med ianvaluesoftheestimated elastic itiesafter d iscard ingestimates
w hich are more thanfour stand ard d eviationsaw ay from the mean. Inour case thisleft usw ith 2 4 4
ob servations.

1 1



e®ectmaybethemannerinwhichx1 (familylabor)enters theproductionprocess.So
recallthatinthedatasetfamilylaborisreportedin \ dollar"units,andimagineafarm
wheresomemembers ofafamily(saythechildren)arelistedas beingemployedonthe
farmbutinrealitydonotcontributesubstantiallytotheproductionprocess.Iftheprice
foremployingfamilylaboriscalculatedwithouttakingintoaccountthenumberofhours
workedbyeachfamilymember,more\wages"maygetpaidwithoutmore\work"being
done. L oosely speaking, since family laboris measured in dollars, the \ slack" in the
numberoffamilymembersemployedis takenup bytheprice;i.e.innominalterms the
farm seems tobeemployingmorefamilymemberswhichreduces thee®ectofaddinga
marginalworker.Clearly,this e®ectcannotpersist.A s thenumberoffamilymembers
employedincreasesbeyondacertainthreshold,itwilloverwhelmtheerrorcausedbyusing
thenominalwagesandcausethemarginalproducttoincrease.Inordertoverifywhether
this is indeedthereasonforthebehavioroff1,wewouldhavetoexaminethemannerin
whichthepriceforemployingfamilylaborwascalculatedinthedataset.T his,however,
isbeyondthescopeofthepresentpaper.

5 Conclusion

In this paperweshowhowtononparametricallyestimateanadditiveregressionmodel
when its components arehomogeneous functions ofknowndegree.T hesuggestedpro-
cedureis easytoanalyzeand straightforwardtoimplement.W euse ittoobtain some
interestingresultsaboutlivestockproductioninW isconsinattheaggregatelevel:W hile
thereseemtobeincreasingreturnstoscaleattheaggregatelevel,theeconomiesofscale
donotappeartobeverylarge.T hemarginalproductoffamilylaborseems tobevery
closetozeroup toacertainthresholdandthen increases (relatively)sharply.Possible
explanations forsuchbehaviorarediscussedabove.O fcourse,amorecarefulempirical
analysisneedstobeperformedifwewanttoclaim anypolicyrelevancefortheseresults.
¤

Append ix

L emma1.(D ecompositionofEstimationErrors) A ssumethatA 2 holds.Then,

b̄
0(w)¡¯0(w)=

h2

2
B IASn + e¿n + op(h21)+ op(h22)

Proof.First,observethat

b̄
0(w)¡¯0(w)=E TQ ¡1S¡1n (w)¿n(w)+

h
E TQ ¡1S¡1n (w)t

¤
n(w)¡¯0(w)

i
;

where

¿n =
·
¿1n(w)
¿2 n(w)

¸
;¿jn(w)=

·
¿0jn(w)
¿1jn(w)

¸
;

t¤n =
·
t¤1(w)
t¤2 (w)

¸
;t¤jn(w)=

·
t¤0jn(w)
t¤1jn(w)

¸
;
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¿ljn(w) =
1
n

nX

i= 1

Kh (W i¡w)
µ
W ji¡wj

hj

¶l

X ® 1(2¡j)
d i Z ® 2 (j¡1)

si "i;

t¤ljn(w) =
1
n

nX

i= 1

Kh (W i¡w)
µ
W ji¡wj

hj

¶l

X ® 1(2¡j)
d i Z ® 2 (j¡1)

si
£
X ® 1
d i¯1(U i)+ Z ® 2

si¯ 2 (Vi)
¤
:

U singTaylorExpansiontogetherwiththetwicedi®erentiabilityinA 2,

¯j(W ji) = ¯j(wj)+ hj
µ
W ji¡wj

hj

¶T

D¯j(wj)

+
h2j
2

µ
W ji¡wj

hj

¶T

D2 ¯j(wj)
µ
W ji¡wj

hj

¶
+ o(h21)+ op(h22):

Ifwepluginthis intheexpressionfort¤ljn(w),itfollowsthat

t¤n =
1
n

nX

i= 1

Kh (W i¡w)

"
X ®1
d i;X

® 1
d i

µ
W 1i¡w1

hj

¶T

;Z ®1
d i;Z

® 2
si

µ
W 2 i¡w2

hj

¶T
# T
£

£
X ® 1
d i¯1 (U i)+ Z ® 2

si¯ 2 (Vi)
¤

= SnQ ¯ (w)+ B n + op
¡
h21

¢
+ op(h22);

where

B n =
1
n

nX

i= 1

Kh (W i¡w)

"
X ®1
d i;X

® 1
d i

µ
W 1i¡w1

h1

¶T

;Z ®1
d i;Z

® 2
si

µ
W 2 i¡w2

h2

¶T
# T
£

8
<
:

2X

j= 1

h2j
2
X ®1(2¡j)
d i Z ® 2 (j¡1)

si

"µ
W ji¡wj

hj

¶T

D2 ¯j(wj)
µ
W ji¡wj

hj

¶#9=
; :

T helastequalitycomesfrom

2X

j= 1

X ® 1(2¡j)
d i Z ® 2 (j¡1)

si

"
¯j(wj)+ hj

µ
W ji¡wj

hj

¶T

D¯j(wj)

#

=

"
X ® 1
d i;X

®1
d i

µ
W 1i¡w1

h1

¶T

;Z ® 1
d i;Z

® 2
si

µ
W 2i¡w2

h2

¶T
#
Q £

[¯1(w1);D¯1(w1);̄ 2 (w2);D¯ 2 (w2)]
T ;

and

1
n

nX

i= 1

Kh (W i¡w)

"
X ®1
d i;X

® 1
d i

µ
W 1i¡w1

h1

¶T

;Z ®1
d i;Z

® 2
si

µ
W 2 i¡w2

h2

¶T
# T
£

2X

j= 1

X ®1(2¡j)
d i Z ® 2 (j¡1)

si

"
¯j(wj)+ hj

µ
W ji¡wj

hj

¶T

D¯j(wj)

#

= SnQ [¯1(w1);D¯1(w1);̄ 2 (w2);D¯ 2 (w2)]
T =SnQ ¯ (w):
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T hus,

Q ¡1S¡1n (z)t¤n(z)=¯(w)+ Q ¡1S¡1n (w)B n + op(h21)+ op(h22);

and n̄ally,

b̄
0(w)¡¯0(w)

= E T Q ¡1S¡1n (w)¿n(w)+ E T
h
Q ¡1S¡1n (w)t

¤
n(w)¡¯(w)

i

= E T Q ¡1S¡1n (w)¿n(w)+ E TQ ¡1S¡1n (w)B n + op(h21)+ op(h22):

L emma 2. (Convergence of Sn; B n; B ias) A ssume thatA 1 { A 6 hold. Then,

(i)Sn(w)
p! pW (w)

Ã
M 1+ d E

³
X 2 ® 1
d jW =w

´
0 (1+ d )£(1+ s)

0 (1+ s)£(1+ d ) M 1+ sE
¡
Z 2 ® 2s jW =w

¢
!
;

(ii)B n
p! h 2

2 pW (w)£2
66664

E jW = w

³
X 2 ® 1
d

´
vech0

¡
¹2KId

¢
E jW = w

¡
X ® 1
d Z ® 2

s
¢£
vech0

¡
¹ 2KIs

¢¤

E jW = w

³
X 2 ®1
d

´£R
K1(s1)s1vech0(s1s01)ds1

¤
0

E jW = w
¡
X ®1
d Z ® 2

s
¢£
vech0

¡
¹2KId

¢¤
E jW = w

¡
Z 2 ® 2s

¢
vech0

¡
¹ 2KIs

¢

0 E jW = w
¡
Z 2 ® 2s

¢£R
K2 (s2)s2 vech0(s2 s02)ds2

¤

3
77775
£

·
vech

¡
D2 ¯1(w1)

¢

vech
¡
D2 ¯ 2(w2)

¢
¸
;

where

M 1+ d =
·
1 0 d
0 d ¹ 2KId

¸
:

(iii)

B IASn
p!

h2

2
¹ 2K

"
tr

¡
D2 ¯1(w1)

¢
+ E

¡
X ® 1
d Z ® 2

s jW =w
¢
=E

³
X 2 ® 1
d jW =w

´
tr

¡
D2 ¯ 2 (w2)

¢

tr
¡
D2 ¯ 2(w2)

¢
+ E

¡
X ® 1
d Z ® 2

s jW =w
¢
=E

¡
Z 2 ® 2s jW =w

¢
tr

¡
D2 ¯1(w1)

¢
#

Proof.
(i)U nderA 1 { A 5,applyingaW L L N fori.i.dobservationsshowsthat

slmjk(w)=
1
n

nX

i= 1

'i¡E f'ig=op (1);

where

'i=Kh (W i¡w)
µ
W ji¡wj

h

¶lµµ
W ki¡wk

h

¶m ¶T

X ® 1(2¡j)
d i Z ® 2 (j¡1)

si X ® 1(2¡k)
d i Z ® 2 (k¡1)

si :
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CalculatingE ('i)iseasy,justchangevariablesandusetheboundedconvergencetheorem;
i.e.

E ('i)

=
Z
K(s)slj(s

m
k)

T r1® 1(2¡j)r2 ® 2 (j¡1)r1® 1(2¡k)r2 ® 2 (k¡1)pW;X d ;Z s(w1 + hs1;w2 + hs2 ;r1;r2)dsdr

=
µZ

K(s)slj(s
m
k)

T ds
¶
pW (w)E

³
X ® 1(2¡j)
d Z ® 2 (j¡1)

s X ® 1(2¡k)
d Z ® 2 (k¡1)

s jW =w
´
(1 + o(1)):

T hus,

Sn(w)
p! pW (w)

Ã
M 1+ d E

³
X 2 ® 1
d jW =w

´
0 (1+ d )£(1+ s)

0 (1+ s)£(1+ d ) M 1+ sE
¡
Z 2 ® 2s jW =w

¢
!
;

where

M 1+ d =
·
1 0 d
0 d ¹ 2KId

¸
:

(ii)U singthesimilarargument,whenh1 =h2 =h,

B n
p! h2

2

Z
K(s)

£
r® 11 ;r® 11 sT1 ;r

® 2
2 ;r® 22 sT2

¤T
8
<
:

2X

j= 1

r® 1(2¡j)1 r® 2 (j¡1)2
£
sTjD

2 ¯j(wj)sj
¤
9
=
; £

pW;X d ;Z s(w1 + hs1;w2 + hs2 ;r1;r2)dsdr

=
h2

2

Z
K(s)

£
r® 11 ;r® 11 sT1 ;r

® 2
2 ;r® 22 sT2

¤T
8
<
:

2X

j= 1

r® 1(2¡j)1 r® 2 (j¡1)2
£
sTjD

2 ¯j(wj)sj
¤
9
=
; ds£

pW;X d ;Z s(w;r1;r2)dr(1 + o(1)):

B ystraightforwardalgebra,

Z
K(s)r®kk

8
<
:

2X

j= 1

r®1(2¡j)1 r® 2 (j¡1)2
£
sTjD

2 ¯j(wj)sj
¤
9
=
; ds

= r®kk

2X

j= 1

r® 1(2¡j)1 r® 2 (j¡1)2 vechT
¡
¹ 2KId j

¢
vech

¡
D2 ¯j(wj)

¢
:

Since
Z
K(s)r®kk sTkr

®1(2¡j)
1 r® 2 (j¡1)2

£
sTjD

2 ¯j(wj)sj
¤
ds=0 ;forj6=k;

itfollowsthat

Z
K(s)r®kk sTk

8
<
:

2X

j= 1

r® 1(2¡j)1 r® 2 (j¡1)2
£
sTjD

2 ¯j(wj)sj
¤
9
=
; ds

= r®kk r®1(2¡k)1 r® 2 (k¡1)2

·Z
Kk(sk)sTkvech

T(sksTk)dsk

¸
vech

¡
D2 ¯k(wk)

¢
:

1 5



T herefore,fork=1 ;2;

B kn =
·
B 0kn
B 1kn

¸

p! h2

2

· P 2
j= 1 Ãkj

£
vechT

¡
¹ 2KId j

¢
vech

¡
D2 ¯j(wj)

¢¤

Ãkk
£R

K(sk)skvechT(sksTk)dsk
¤
vech

¡
D2 ¯k(wk)

¢
¸
+ o(1);

where

Ãkj=
Z
r®kk r®1(2¡j)1 r® 2 (j¡1)2 pW;X d ;Z s(w;r1;r2)dr:

T hatis,

B 01n
p! h2

2
pW (w)fE

³
X 2 ®1
d jW =w

´£
vechT

¡
¹2KId

¢
vech

¡
D2 ¯1(w1)

¢¤

+ E
¡
X ®1
d Z ® 2

s jW =w
¢£
vechT

¡
¹ 2KIs

¢
vech

¡
D2 ¯ 2 (w2)

¢¤
g;

B 11n
p! h2

2
pW (w)E

³
X 2 ® 2
d jW =w

´·Z
K1 (s1)s1vechT(s1sT1)ds1

¸
vech

¡
D2 ¯1(w1)

¢
;

whichproves(ii).

(iii)From(i)and(ii)itisobviousthat

B IASn =E T Q ¡1S¡1n (w)B n
p!

= h 2
2

2
664

vechT
¡
¹2KId

¢ E(X ®1
d Z ® 2s jW = w)

E
³
X 2 ®1d jW = w

´
£
vechT

¡
¹2KIs

¢¤

E(X ®1
d Z ® 2s jW = w)

E
³
Z 2 ® 2s jW = w

´
£
vechT

¡
¹ 2KId

¢¤
vechT

¡
¹ 2KIs

¢

3
775
·
vech

¡
D2 ¯1(w1)

¢

vech
¡
D2 ¯ 2(w2)

¢
¸

= h 2
2 ¹

2
K

"
tr

¡
D2 ¯1(w1)

¢
+ E

¡
X ®1
d Z ® 2

s jW =w
¢
=E

³
X 2 ® 1
d jW =w

´
tr

¡
D2 ¯ 2 (w2)

¢

tr
¡
D2 ¯ 2 (w2)

¢
+ E

¡
X ® 1
d Z ® 2

s jW =w
¢
=E

¡
Z 2 ® 2s jW =w

¢
tr

¡
D2 ¯1(w1)

¢
#
:

L emma3.A ssumethatA 1 { A 6 hold.Then,

(i)(A symptoticN ormalityof
p
nhd + s¡2

£
¿01n(w);¿02 n(w)

¤T)
p
nhd¡1¿n(w)

L¡! N
¡
0 ;pW (w)jjKjj22§¿

¢
;

where

§¿ =

"
E

³
X 2 ® 1
d ¾ 2"(W ;X d ;Z s)jW =w

´
E

¡
X ® 1
d Z ® 2

s ¾ 2"(W ;X d ;Z s)jW =w
¢

E
¡
X ® 1
d Z ® 2

s ¾ 2"(W ;X d ;Z s)jW =w
¢

E
¡
Z 2 ® 2s ¾2"(W ;X d ;Z s)jW =w

¢
#
:

1 6



(ii)(A symptoticN ormalityofthemainstochasticterm e¿n)

Q
p
nhd + s¡2 e¿n =E T Q ¡1S¡1n (w)

p
nhd + s¡2 ¿n(w)

L¡! N
¡
0 ;p¡1W (w)jjKjj22§e¿

¢
;

where

§e¿ =

2
6664

E
³
X 2 ®1d ¾ 2"(W;X d ;Z s)jW = w

´

E2
³
X 2 ®1d jW = w

´ E(X ®1
d Z ® 2s ¾ 2"(W;X d ;Z s)jW = w)

E
³
X 2 ®1d jW = w

´
E
³
Z 2 ® 2s jW = w

´

E(X ®1
d Z ® 2s ¾ 2"(W;X d ;Z s)jW = w)

E
³
X 2 ®1d jW = w

´
E
³
Z 2 ® 2s jW = w

´
E
³
Z 2 ® 2s ¾ 2"(W;X d ;Z s)jW = w

´

E2
³
Z 2 ® 2s jW = w

´

3
7775 :

Proof.W henderivingtheasymptoticdistributionofE T Q ¡1S¡1n (w)¿n(w)weonly
consider

£
¿01n(w);¿02 n(w)

¤
fromtheresult(L emma2)concerningtheconvergenceofE T Q ¡1S¡1n (w);

i.e.,

E T Q ¡1S¡1n (w) p! P ¡1W (w)

0
@ E

³
X 2 ® 1
d jW =w

¡́1
0 1£d 0 0 1£s

0 0 1£d E
¡
Z 2 ® 2s jW =w

¢¡1 0 1£s

1
A :

(i)Tocalculatethevarianceof

£
¿01n(w);¿

0
2 n(w)

¤0= 1
n

nX

i= 1

Kh (W i¡w)
£
X ® 1
d i;Z

® 2
si

¤0"i;

weusetheiterativelawofexpectationwiththeargumentofchangingvariables.

V ar
³p

nhd + s¡2
£
¿01n(w);¿

0
2 n(w)

¤0́

=
1

hd + s¡2
E

µ
K2 [(W ¡w)=h]

·
X 2 ® 1
d X ® 1

d Z ® 2
si

X ® 1
d Z ® 2

s Z 2 ® 2d i

¸
¾ 2"(W ;X d ;Z s)

¶

=
Z
K2 (s)

·
r2 ® 11 r® 11 r® 22
r® 11 r® 22 r2 ® 22

¸
¾2"(w;r1;r2)pW;X d ;Z s(w;r1;r2)dsdr1dr2 (1 + o(1))

= pW (w)
Z
K2 (s)ds

Z ·
r2 ® 11 r® 11 r® 22
r® 11 r® 22 r2 ® 22

¸
¾2"(w;r1;r2)

pW;X d ;Z s(w;r1;r2)
pW (w)

dr1dr2 (1 + o(1))

= pW (w)jjKjj22§¿ (1 + o(1)):

N owunderA 1 { A 5 theL indebergCL T holds(becausetheL indebergconditionissatis̄ ed
whenK hasboundedsupport).T hus

p
nhd + s¡2

£
¿01n(w);¿

0
2 n(w)

¤T =
1p

nhd + s¡2

nX

i= 1

Kh (W i¡w)
£
X ®1
d i;Z

® 2
si

¤0"i

L¡! N
¡
0 ;pW (w)jjKjj22§¿

¢
:

1 7



(ii)From L emma2,E TQ ¡1S¡1n (w)
p
nhd + s¡2 ¿n(w)

L¡! N
¡
0 ;p¡1W (w)jjKjj22§e¿

¢
:

ProofofTheorem 1 andCorollary2. T heproofofT heorem 1 isobvious from
L emma3.Corollary2 isalsoaconsequenceofL emma3 uponnotingthat
p
nhd + s¡2

£
x® 1d ;z® 2s

¤hb̄
0(w)¡¯0(w)¡B IAS

i
=
p
nhd + s¡2

h
bf(x)¡f(x)¡B IASf

i
:

ProofofTheorem 3. Ifweusetheuniform convergenceresultprovedin L emma
4.2 ofYang,H Äardle,andN ielsen(1 999),the r̄stpartofL emma2 holds uniformlyinw
withanapproximationerrorof

O p

µ
max(h1;h2)+ lnn=

q
nh(d¡1)1 h(s¡1)2

¶

underassumption A 7.N ow,applyingthesameargumentagain in L emma4.3 ofYang,
H Äardle,andN ielsen(1 999),wecanshowthat

B IAS¤n (u) =
1
n

nX

j= 1

eT1 S
¡1(u;Vj)B n(u;Vj)(1 + op (1));

e¿¤n(u) =
1
n

nX

j= 1

eT1 S
¡1(u;Vj)¿n(u;Vj)(1 + op (1));

whereS isgivenfrom L emma2 above.

(i)B iasterm:Since

eT1 S
¡1(u;Vj)=p¡1W (u;Vj)E ¡1

³
X 2 ® 1
d jW =(u;Vj)

´
eT1 ;

weonlyconsidertheprobabilitylimitof

1
n

nX

j= 1

p¡1W (u;Vj)E ¡1
³
X 2 ® 1
d jW =(u;Vj)

´
eT1 B n(u;Vj)

astheasymptoticbias,B IAS¤(u).U singL emma1 ,wehave

1
n

nX

j= 1

p¡1W (u;Vj)E ¡1
³
X 2 ®1
d jW =(u;Vj)

´
eT1 B n(u;Vj)

=
h21
2
1
n

nX

i= 1

Kh 1(U i¡u)X ® 1
d i

2
4 1
n

nX

j= 1

p¡1W (u;Vj)E ¡1
³
X 2 ® 1
d jW =(u;Vj)

´
Kh 2 (Vi¡Vj)

3
5

£X ® 1
d i

µ
U i¡u
h1

¶T

D2 ¯1(u)
µ
U i¡u
h1

¶

+
h22
2
1
n

nX

i= 1

Kh 1(U i¡u)X ® 1
d iZ

® 2
sif

1
n

nX

j= 1

p¡1W (u;Vj)E ¡1
³
X 2 ®1
d jW =(u;Vj)

´
Kh 2 (Vi¡Vj)

£
"µ

Vi¡Vj
h2

¶T

D2 ¯ 2 (Vj)
µ
Vi¡Vj
h2

¶#
g:

1 8



Since

1
n

nX

j= 1

p¡1W (u;Vj)E ¡1
³
X 2 ®1
d jW =(u;Vj)

´
Kh 2 (Vi¡Vj)

= pV (Vi)p¡1W (u;Vi)E ¡1
³
X 2 ® 1
d jW =(u;Vi)

´
(1 + op(1));

the r̄sttermofthebiasconverges inprobability,

1
n

nX

i= 1

Kh 1(U i¡u)X 2 ® 1
d i pV (Vi)p¡1W (u;Vi)E ¡1

³
X 2 ® 1
d jW =(u;Vi)

´

£
µ
U i¡u
h1

¶T

D2 ¯1(u)
µ
U i¡u
h1

¶

p!
Z
K1(s1)r2 ®11 pV (s2)p¡1W (u;s2)E ¡1

³
X 2 ® 1
d jW =(u;s2)

´£
sT1D

2 ¯1(u)s1
¤
£

pW;X d (u;s2 ;r1)dsdr1;

whichis simplī edas
Z
K1(s1)

£
sT1D

2 ¯1(u)s1
¤
ds1£

Z
r2 ® 11

µZ
pV (s2)p¡1W (u;s2)E ¡1

³
X 2 ® 1
d jW =(u;s2)

´
pW;X d (u;s2 ;r1)ds2

¶
dr1

= vechT
¡
¹2KId

¢
vech

¡
D2 ¯1(u)

¢
£

Z
pV (s2)

E
³
X 2 ® 1
d jW =(u;s2)

´
µZ

r2 ® 11 pX d jW (r1ju;s2 ;)dr1
¶
ds2

= vechT
¡
¹2KId

¢
vech

¡
D2 ¯1(u)

¢
:

Similarly,

1
n

nX

j= 1

Kh 2 (Vi¡Vj)p¡1W (u;Vj)E ¡1
³
X 2 ® 1
d jW =(u;Vj)

´µ
Vi¡Vj
h2

¶T

D2 ¯ 2(Vj)
µ
Vi¡Vj
h2

¶

! p¡1W (u;Vi)E ¡1
³
X 2 ®1
d jW =(u;Vi)

´
pV (Vi)

Z
K2(s2)sT2 D

2 ¯ 2 (Vi)s2 pV (s2)ds2

= p¡1W (u;Vi)E ¡1
³
X 2 ®1
d jW =(u;Vi)

´
pV (Vi)vechT

¡
¹2KIs

¢
vech

¡
D2 ¯ 2 (Vi))

¢
;

andthesecondtermconverges inprobability,

1
n

nX

i= 1

Kh 1(U i¡u)
X ® 1
d iZ

® 2
sipV (Vi)

pW (u;Vi)E
³
X 2 ®1
d jW =(u;Vi)

´vechT
¡
¹ 2KIs

¢
vech

¡
D2 ¯ 2 (Vi))

¢

p!
Z
K1(s1)

r® 11 r® 22 pV (s2)

pW (u;s2)E
³
X 2 ® 1
d jW =(u;s2)

´vechT
¡
¹ 2KIs

¢
vech

¡
D2 ¯ 2 (s2))

¢
£

pW;X d ;Z s(u;s2 ;r1;r2)dsdr;

1 9



whichisequivalentto
Z

pV (s2)

E
³
X 2 ® 1
d jW =(u;s2)

´vechT
¡
¹2KIs

¢
vech

¡
D2 ¯ 2 (s2))

¢·Z
r®11 r® 22 pX d ;Z sjW (r1;r2 ju;s2 ;)dr

¸
ds2

=
Z E

¡
X ® 1
d Z ® 2

s jW =(u;s2)
¢

E
³
X 2 ® 1
d jW =(u;s2)

´ vechT
¡
¹2KIs

¢
vech

¡
D2 ¯ 2 (s2))

¢
pV (s2)ds2 :

T herefore,

B IAS¤n (u)! ¹ 2K

2
4h

2
1
2
tr

¡
D2 ¯1(u)

¢
+
h22
2

Z
pV (v)

E
¡
X ® 1
d Z ® 2

s jW =u;v
¢

E
³
X 2 ® 1
d jW =u;v

´ tr
¡
D2 ¯ 2 (v)

¢
dv

3
5 :

(ii)A symptoticN ormalityoftheStochasticterm:

From

eT1 S
¡1(u;Vj)=p¡1W (u;Vj)E ¡1

³
X 2 ® 1
d jW =(u;Vj)

´
eT1 ;

wehaveonlytoconsidertheasymptoticdistributionof

1
n

nX

j= 1

p¡1W (u;Vj)E ¡1
³
X 2 ®1
d jW =(u;Vj)

´
eT1 ¿n(u;Vj):

N otethattheabovecanbewrittenas

1
n

nX

j= 1

p¡1W (u;Vj)E ¡1
³
X 2 ® 1
d jW =(u;Vj)

´ 1
n

nX

i= 1

K1h (U i¡u)K2 h(Vi¡Vj)X ®1
d i"i

=
1
n

nX

i= 1

K1h(U i¡u)X ®1
d i"i

2
4 1
n

nX

j= 1

p¡1W (u;Vj)E ¡1
³
X 2 ® 1
d jW =(u;Vj)

´
K2 h(Vi¡Vj)

3
5

=
1
n

nX

i= 1

K1h(U i¡u)X ®1
d i

pV (Vi)

pW (u;Vi)E
³
X 2 ®1
d jW =(u;Vi)

´"i(1 + op (1)):

T hevarianceofthisterm is

20



V ar
³p

nhd¡1¿¤n
´

=
1

hd¡1
E

0
@K2

1 [(U ¡u)=h]
X 2 ®1
d p2V (V )¾

2
2 (W ;X d)

p2W (u;V )E 2
³
X 2 ®1
d jW =(u;V )

´
1
A

=
Z
K2 (s1)

r2 ® 11 p2V (s2)¾
2
2 (u;s2 ;r1)

p2W (u;s2)E 2
³
X 2 ®1
d jW =(u;s2)

´pW;X d (u;s2 ;r1)dsdr1 (1 + o(1))

' jjKjj2 (d¡1)2

Z
p2V (s2)

pW (u;s2)E 2
³
X 2 ® 1
d jW =(u;s2)

´
·Z

r2 ® 11 ¾ 22 (u;s2 ;r1)
pW;X d (u;s2 ;r1)
pW (u;s2)

dr1
¸
ds2

= jjKjj2 (d¡1)2

Z
p2V (s2)

pW (u;s2)

E
³
X 2 ® 1
d ¾ 22 (W ;X d )jW =(u;s2)

´

E 2
³
X 2 ® 1
d jW =(u;s2)

´ ds2 :

N ow,thestandardargumentofL indebergCentralL imitT heoremgives

p
nhd¡1e¿¤1n(u)'

1p
nhd ¡1

nX

i= 1

K1h(U i¡u)X ® 1
d i

pV (Vi)

pW (u;Vi)E
³
X 2 ®1
d jW =(u;Vi)

´"i

L¡! N

0
@ 0 ;jjKjj22

Z
p2V (s2)

pW (u;s2)

E
³
X 2 ®1
d ¾22 (W ;X d)jW =(u;s2)

´

E 2
³
X 2 ® 1
d jW =(u;s2)

´ ds2

1
A :
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