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Can NNP be used for welfare comparisons?
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Abstract

This paper contains a critical assessment of the claim that nnp can be
used for welfare comparisons. The analysis assumes that national accounts are
comprehensive (in particular, “greened” by taking into account environmen-
tal amenities and natural resource depletion), but does not assume optimal
resource allocation. The general conclusion is that greater nnp does not cor-
respond to welfare enhancement, unless the net investment flows are revalued.
Real utility-nnp, and real measurable nnp made comparable across time by
means of a consumer price index, allow for such revaluation, and thus indicate
welfare improvement.
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Summary

This paper contains a critical assessment of the claim that comprehensive
net national product (nnp) can be used for welfare comparisons. The assertion
that nnp is endowed with welfare significance has been subject to controversy,
from the seminal contributions by Samuelson and Weitzman to a number of
more recent articles. Here I contribute to this debate in the following two ways:

1. I give an interpretation of the basic insights and results of welfare account-
ing in a general setting.

2. Building on these insights I warn against using nnp for measuring the
welfare effects of capital perturbations, and derive the result that real
nnp growth in variable consumption and net investment prices can be
used to indicate welfare improvement.

The general conclusion is that greater nnp does not correspond to welfare
enhancement, unless the net investment flows are revalued. Real utility-nnp,
and real measurable nnp made comparable across time by means of a consumer
price index, allow for such revaluation, and thus indicate welfare improvement.
I reconcile my results with the findings presented in the relevant literature. I
use the Dasgupta-Heal-Solow model to illustrate the analysis and results.

I invoke weak assumptions concerning how dynamic welfare is derived—
by not necessarily assuming discounted utilitarianism—and how the economy
functions—by not necessarily assuming an optimal resource allocation mech-
anism. Throughout I am concerned with local comparisons, either “small”
perturbations, or local-in-time comparisons. I also assume that national ac-
counts are comprehensive by including the effects of environmental amenities
and natural resource depletion as well as technological progress.

Word count for main body of text, excluding abstract and sum-

mary, but including references: Approximately 7000 words.
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1 Introduction

Can net national product (nnp) be used for welfare comparisons if national accounts

are made comprehensive by including the effects of environmental amenities and

natural resource depletion as well as technological progress?

In a perfectly competitive economy with comprehensive national accounting, nnp

represents the maximized value of the flow of goods and services that are produced

by the productive assets of an economy. If nnp increases, then the economy’s ca-

pacity to produce has increased, and—one might think—the economy is better off.

Although such an interpretation is often made in public debate, the assertion has

been subject to controversy in the economic literature. While Samuelson (1961,

p. 51) writes that “[o]ur rigorous search for a meaningful welfare concept has led

to a rejection of all current income concepts ...”, Weitzman (1976), in his seminal

contribution, shows that greater nnp indicates higher welfare if
(a) dynamic welfare equals the sum of utilities discounted at a constant rate (i.e.,

discounted utilitarianism), and

(b) current utility equals the market value of the consumed goods and services

(i.e., a linearly homogeneous utility function).

Weitzman’s result is remarkable—as it means that changes in the stock of forward

looking welfare can be picked up by changes in the flow of the value of current

net product—but, unfortunately, strong assumptions are invoked. More recently,

Asheim and Weitzman (2001) have established that assumption (b) can be relaxed

when concerned with whether welfare is increasing locally in time: real nnp growth

corresponds to welfare improvement even when current utility does not equal the

market value of current consumption, as long as nnp is deflated by a consumer price

index. Moreover, Asheim and Buchholz (2004) have shown that there are conditions

under which even assumption (a) need not be invoked.

These findings are not, however, uncontroversial. Dasgupta and Mäler (2000)

and Dasgupta (2001) warn against using nnp for welfare comparisons, while Weitz-

man (2001) and Li and Löfgren (2004) point out that there are other ways to deflate

nnp (or argue that no nnp deflator is needed at all). Moreover, Heal and Kriström

(2005) present a critical assessment of the usefulness of nnp for making welfare

comparisons. Here I contribute to this debate in the following two ways:

1. In Section 2, I give an interpretation of the basic insights and results of welfare

accounting, as developed by Samuelson (1961), Weitzman (1970, 1976), and
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Dixit et al. (1980). In particular, Samuelson (1961) argues that welfare changes

should be measured by the present value of future changes in consumption,

an insight that Heal and Kriström have brought to our attention through var-

ious contributions during the last years (see, e.g., Heal and Kriström, 2005).

Morover, Weitzman (1970, 1976) shows that there are conditions under which

welfare changes can be measured by changes in utility-nnp, and through this,

establishes the link between welfare improvement and a positive value of net

investments (cf. Weitzman, 1976, equation above (14)). Finally, Dixit et al.

(1980) demonstrate the relationship between a positive value of net invest-

ments, on the one hand, and a positive present value of future consumption

growth, on the other.

2. In Sections 3 and 4, I build on these insights (a) to warn against using nnp

for measuring the welfare effects of capital perturbations, and (b) to derive

the result that real nnp growth in variable consumption and net investment

prices can be used to indicate welfare improvement, as reported in Asheim and

Weitzman (2001) and Asheim and Buchholz (2004). I summarize the results

in Section 5, where the following overall conclusion is stated: nnp can be

used for welfare comparisons only if net investment flows are revalued. There

I argue for the relative merits of using a consumer price index as an nnp

deflator, when compared to the alternative of measuring real nnp changes in

fixed consumption and net investment prices. I reconcile my findings with Li

and Löfgren’s (2004) demonstration that welfare improvement can be related

to real nnp growth, measured in fixed consumption and net investment prices.

Throughout I use the Dasgupta-Heal-Solow model (Dasgupta and Heal, 1974,

1979; Solow, 1974) to illustrate the analysis and results.

In my analysis, I invoke weak assumptions concerning how dynamic welfare is

derived—by not necessarily assuming discounted utilitarianism—and how the econ-

omy functions—by not necessarily assuming an optimal resource allocation mecha-

nism. Instead, I assume throughout “sufficient differentiability” to derive my results.

Throughout I am concerned with local comparisons, either “small” perturba-

tions, or local-in-time comparisons. I also assume that national accounts are com-

prehensive (i.e., they are “greened”). Global comparisons and non-comprehensive

national accounting give raise to other issues that will not be addressed here.
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2 Theory of welfare comparisons in a dynamic economy

Consider a dynamic economy where the instantaneous well-being of the economy

is measured by a one-dimensional indicator U , which will be referred to as utility.

If dynamic welfare is welfarist, forward-looking and numerically representable, then

dynamic welfare, denoted V , is a function of the flow of future utilities:

V ∗(t) = F({U∗(s)}∞s=t) .

I assume throughout that the functional F is concave, time-invariant and smooth,

and satisfies a condition of independent future: If {U ′(t)}∞t=0 and {U ′′(t)}∞t=0 coin-

cides during the interval [0, τ ], then

F({U ′(t)}∞t=0) < F({U ′′(t)}∞t=0) if and only if F({U ′(t)}∞t=τ ) < F({U ′′(t)}∞t=τ ) .

Since F is smooth and satisfies independent future, there exists, for any path of

utility flow {U∗(t)}∞t=0, a path of supporting utility discount factors {µ(t)}∞t=0, unique

up to a choice of numeraire, such that, for all t,

λ(t)dV ∗(t) =
∫ ∞

t
µ(s)dU∗(s) (1)

for some λ(t) > 0. Since, in addition, F is time-invariant, local welfare comparisons

across time for a given path of utility flow {U∗(t)}∞t=0 depends on the present value

of future growth in utility:

λ(t)V̇ ∗(t) =
∫ ∞

t
µ(s)U̇∗(s)ds . (2)

Assume now that the instantaneous well-being of the economy depends on a vec-

tor of non-negative consumption flows C that includes also environmental amenities.

Let U be a increasing, concave, smooth, and time-invariant utility function that as-

signs utility U(C) to any consumption vector. Here, C is comprehensive, containing

all variable determinants of current instantaneous well-being. This implies that

economy’s instantaneous well-being is increased by moving from C′ to C′′ if and

only if U(C′) < U(C′′).
By means of the time-invariant function U , dynamic welfare can be expressed as

a function of the path of the vector of future consumption flows:

V ∗(t) = G({C∗(s)}∞s=t) ,
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where G({C∗(s)}∞s=t) = F({U(C∗(s))}∞s=t). It follows from the assumptions on F
and U that the functional G is concave, time-invariant and smooth, and satisfies a

condition of independent future. Since G is smooth and satisfies independent future,

there exists, for any path of the vector of consumption flows {C∗(t)}∞t=0, a path of

supporting present value consumption prices {p(t)}∞t=0 satisfying, for all t,

µ(t)∇U(C∗(t)) = p(t) , (3)

where ∇ denotes a vector of partial derivatives. This means that

λ(t)dV ∗(t) =
∫ ∞

t
p(s)dC(s) . (4)

Furthermore, since G is time-invariant,

λ(t)V̇ ∗(t) =
∫ ∞

t
p(s)Ċ(s)ds . (5)

Let the instantaneous net productive capacity of the economy depend on a vector

of non-negative capital stocks K that includes not only the usual kinds of man-made

capital stocks, but also stocks of natural resources, environmental assets, human

capital (like education and knowledge capital accumulated from R&D-like activi-

ties), and other durable productive assets. Moreover, let I (= K̇) stand for the

corresponding vector of net investment flows. The net investment flow of a natural

resource is negative if the extraction rate exceeds its natural growth.

Say that consumption-net investment pair (C, I) is attainable given K if and only

if (C, I) is in S(K), where S(K) is a set that constitutes current instantaneous net

productive capacity. Here, K is comprehensive, containing all variable determinants

of current net productive capacity. This implies that society’s productive capacity

is changed by moving from K′ to K′′ if and only if S(K′) 6= S(K′′). Assume that

the set of feasible triples

{(C, I,K) | (C, I) ∈ S(K)}

is a convex, smooth, and time-invariant set, with free disposal of consumption and

net investment flows.

Assume that the economy’s actual decisions are taken according to a resource

allocation mechanism (ram) that assigns an attainable consumption-net investment

pair to any vector of capital stocks K. Hence, for any vector of capital stocks K,

the ram determines the consumption and net investment flows. The net investment
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flows in turn maps out the development of the capital stocks. The resource allocation

mechanism thereby implements a feasible path of consumption flows, net investment

flows, and capital stocks, for any initial vector of capital stocks.

Since the set-valued function S is time-invariant, one can assume that the pos-

sibly inefficient ram in the economy is Markovian and time-invariant. Hence, the

ram assigns to any vector of capital stocks K a consumption-net investment pair

(C(K), I(K)) satisfying that (C(K), I(K)) ∈ S(K). I assume that there exists a

unique solution {K∗(t)}∞t=0 to the differential equations K̇∗(t) = I(K∗(t)) that sat-

isfies the initial condition K∗(0) = K0, where K0 is given. Hence, {K∗(t)}∞t=0 is

the capital path that the ram implements. For all t, write C∗(t) := C(K∗(t)) and

I∗(t) := I(K∗(t)).
As a consequence of G being time-invariant and the ram being Markovian and

time-invariant, the dynamic welfare of the implemented path

V ∗(t) = V (K∗(t)) ,

is time-invariant and a function solely of the current vector of capital stocks K.

The state valuation function V satisfies V (K∗(t)) = G({C∗(s)}∞s=t). Assume that,

combined with a smooth G, the ram makes V differentiable. Hence, there exists a

vector of net investment prices q(t) at time t satisfying

λ(t)∇V (K∗(t)) = q(t) . (6)

This means that

λ(t)dV ∗(t) = q(t)dK∗(t) . (7)

Since V is time-invariant, local welfare comparisons across time for a given imple-

mented path {C∗(t), I∗(t),K∗(t)}∞t=0 depends on the value of net investments:

λ(t)V̇ ∗(t) = q(t)I∗(t) . (8)

By comparing (1), (4) and (7) on the one hand, and (2), (5) and (8) on the other

hand, we obtain the following result.

Proposition 1 Let (1) dynamic welfare be numerically representable by a welfarist,

forward-looking and time-invariant function of the path of future utilities, satisfying a

condition of independent future, (2) utility be a time-invariant function of the vector

of consumption flows, and (3) the ram be Markovian and time-invariant. Then, un-

der the assumption of sufficient differentiability, there exist paths of discount factors
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{µ(t)}∞t=0, present value consumption prices {p(t)}∞t=0, and present value net in-

vestment prices {q(t)}∞t=0 such that the implemented path {C∗(t), I∗(t),K∗(t)}∞t=0

satisfies:

(a) A perturbation of the vector of capital stocks at time t increases welfare if and

only if ∫ ∞

t
µ(s)dU∗(s) =

∫ ∞

t
p(s)dC∗(s) = q(t)dK∗(t) > 0 .

(b) Welfare improves along the implemented path at time t if and only if
∫ ∞

t
µ(s)U̇∗(s)ds =

∫ ∞

t
p(s)Ċ∗(s)ds = q(t)I∗(t) > 0 .

While the discounted utilitarian welfare function is welfarist, forward-looking

and time-invariant, and satisfies a condition of independent future, discounted util-

itarianism is not implied by these properties. This motivates looking at discounted

utilitarianism as one of two special cases.

2.1 Discounted utilitarian welfare

Let the welfare function be given as follows:

F({U∗(s)}∞s=t) =
∫ ∞

t
e−ρ(s−t)U∗(s)ds .

Then we obtain

d

dt

(∫ ∞

t
e−ρ(s−t)U∗(s)ds

)
= −U∗(t) + ρ

∫ ∞

t
e−ρ(s−t)U∗(s)ds (9)

= eρt

∫ ∞

t
e−ρsU̇∗(s)ds ,

where the second equality follows by integrating by parts. This verifies (2) in the

case of discounted utilitarianism by setting, for all t, λ(t) = µ(t) = e−ρt. Equation

(9) can be rewritten as

∇V (K∗(t))I∗(t) = −U(C∗(t)) + ρV (K∗(t))

or

U(C∗(t)) +∇V (K∗(t))I∗(t) = ρV (K∗(t)) .

Differentiating once more w.r.t. time yields:

∇U(C∗(t))Ċ∗(t) +
d∇V (K∗(t))I∗(t)

dt
= ρ∇V (K∗(t))I∗(t) ,
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or equivalently, by (3) and (6),

µ(t)U̇∗(t) = p(t)Ċ∗(t) = −dq(t)I∗(t)
dt

(10)

as d∇V (K∗)I∗/dt = d
(
qI∗/λ

)
/dt =

(
dqI∗/dt − ρqI∗

)
/λ. This means that the

equalities in Proposition 1(b) follows through integration, provided that the following

net investment value transversality condition holds:

lim
t→∞q(t)I∗(t) = 0 . (11)

Note that the results reported in Proposition 1 and in the special case of dis-

counted utilitarianism do not depend on the Markovian and time-invariant ram

implementing a welfare optimum. I turn now the case where the ram implements a

welfare optimum, but where dynamic welfare need not be discounted utilitarian.

2.2 Welfare optimum implemented by means of a competitive path

Say that the ram (C(·), I(·)) implements a path {C∗(t), I∗(t),K∗(t)}∞t=0 that is

competitive with respect to the path of discount factors {µ(t)}∞t=0 if there exists

paths of present value consumption prices {p(t)}∞t=0 and present value net investment

prices {q(t)}∞t=0 such that, for all t,

C1 C∗(t) maximizes µ(t)u(C)− p(t)C over all C,

C2 (C∗(t), I∗(t),K∗(t)) = (C(K∗(t)), I(K∗(t)),K∗(t)) maximizes p(t)C + q(t)I +

q̇(t)K over all (C, I,K) satisfying (C, I) ∈ S(K).

By standard arguments it follows from the concavity of F , U , and {(C, I,K) |
(C, I) ∈ S(K)} that the competitive path (C∗(t), I∗(t),K∗(t)) implemented by the

ram (C(·), I(·)) is a welfare optimum if

(a) {µ(t)}∞t=0 supports {U(C∗(t))}∞t=0 under the welfare functional F ,

(b)
∫∞
0 µ(t)U(C∗(t))dt exists, and

(c) the following capital value transversality condition holds:

lim
t→∞q(t)K∗(t) = 0 .
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Furthermore, it follows from the smoothness of U and {(C, I,K) | (C, I) ∈ S(K)}
that, for all t

µ(t)∇U(C∗(t)) = p(t) , (12)

p(t)∇KC(K∗(t)) + q(t)∇KI(K∗(t)) = −q̇(t) . (13)

Since (13) entails that pĊ∗ = −qİ∗−q̇I∗, expression (10) is again obtained, showing

again that the equation of Proposition 1(b) follows through integration, provided

that the net investment value transversality condition (11) is satisfied.

In the second special case, where the path is competitive, the present value

consumption and net investment prices may correspond to market prices in a perfect

marked economy. In the general case of Proposition 1 (and also in the special case of

discounted utilitarianism), the present value consumption and net investment prices

are accounting prices, which are not necessarily directly observable.

2.3 Review of relevant literature

Samuelson (1961, pp. 51–52) states that—“in complete analogy with the static one-

period case”—welfare comparisons should be made by comparing the present value

of future changes in consumption, as stated in Proposition 1 of this section. In his

notation,
∑

P aQa and
∑

P bQb are the present value of future consumption in two

different situations A and B. Samuelson stresses that a comparison of
∑

P bQb R∑
P aQa is meaningless; rather the comparisons should be of

∑
P b(Qb−Qa) R 0 or∑

P a(Qb − Qa) R 0. Samuelson (1961, p. 52) states that “there is no meaning in

comparing money wealth in one situation (i.e. time and place) with that of another

situation”, unless “we use the same prices and interest rates in the comparison”. In

the present notation this translates into the proposition that over-time comparisons

should not be of
d

dt

(∫ ∞

t
p(s)C∗(s)ds

)
R 0 ,

but rather of ∫ ∞

t
p(s)Ċ∗(s)ds R 0

as reported in Proposition 1. Samuelson (1961, p. 53) refers to the latter as compar-

isons of “wealth-like magnitudes”. Recently, Samuelson’s insights have been brought

to our attention by the analysis that Heal and Kriström have presented in various
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contributions during the last years (see, e.g., Heal and Kriström, 2005), under the

assumptions of discounted utilitarianism and an optimal ram.

Any direct attempt to estimate the present value of future changes in consump-

tion would seem futile. In the words of (Samuelson, 1961, p. 53): “We are left left

with the pessimistic conclusion that there is so much ‘futurity’ in any welfare evalu-

ation of any dynamic situation as to make it exceedingly difficult for the statistician

to approximate to the proper wealth comparisons.” Fortunately, Weitzman (1970,

1976) and later contributions show that Samuelson was overly pessimistic. By com-

bining his (10) with the equation prior to his (14), one can see that Weitzman (1976)

demonstrates, under the assumptions of discounted utilitarianism and an optimal

ram, that welfare is improving if and only if the value of net investments is positive,

as reported in the present Proposition 1(b). In order to be able to compare Weitz-

man (1976) to the current analysis, one should identify Weitzman’s one-dimensional

composite consumption good C∗(t) (“. . . any cardinal utility function”, Weitzman,

1976, p.157) with the present indicator of instantaneous well-being U∗(t).
Equation (10) above is shown by Dixit et al. (1980, proof of Theorem 1) in the

case of a competitive path, but without assuming discounted utilitarianism. Hence,

Dixit et al. thereby tie together the welfare results reported by Samuelson (1961)

and Weitzman (1976), since—by integration—equation (10) implies that the present

value of future consumption growth equals the value of net investments.

Dasgupta and Mäler (2000), Dasgupta (2001) and Arrow et al. (2003) have intro-

duced the concept of a possibly inefficient ram in the literature on welfare compar-

isons based on national accounting aggregates. Under the assumption that dynamic

welfare is discounted utilitarian, but without assuming that the ram implements the

discounted utilitarian optimum, Arrow et al. (2003) report the results of Proposition

1 through their Theorems 2 and 4. I have followed Arrow et al. (2003) by assuming

“sufficient differentiability”, instead of establishing this property from more prim-

itive assumptions. Through Proposition 1 I have generalized their results by not

imposing that dynamic welfare is discounted utilitarian.

3 Can NNP measure the welfare effects of capital stock

perturbations?

For a given implemented path (C∗(t), I∗(t),K∗(t)), utility-nnp can be defined as

µ(t)U(C∗(t)) + q(t)I∗(t) ,
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and measurable nnp, y, can be defined as

y∗(t) = p(t)C∗(t) + q(t)I∗(t) .

In contrast to utility-nnp, y is a linear index of the produced goods and services.

Utility-nnp does not have this property unless U is linearly homogeneous so that

µ(t)U(C∗(t)) = p(t)C∗(t). If the path is competitive, then it follows from C2 that

y∗(t) is the maximized value of the current net product, given the price vectors p(t)

and q(t), and the set of attainable consumption-net investment vectors S(K∗(t)).

Let the assumptions of Proposition 1 be satisfied, and differentiate the expres-

sions in part (a) of the proposition with respect to time. This yields

−µ(t)dU∗(t) = −p(t)dC∗(t) = q(t)d(dK∗(t))/dt + q̇(t)dK∗(t) .

Since d(dK∗(t))/dt = I(K∗(t))dK∗(t) = dI∗(t), the following result is obtained:

µ(t)dU∗(t) + q(t)dI∗(t) = p(t)dC∗(t) + q(t)dI∗(t) = −q̇(t)dK∗(t) . (14)

Hence, the change in utility-nnp or measurable nnp in fixed consumption and net

investment prices, as a result of perturbation of the vector of capital stocks, is equal

to the value of the perturbation of the capital stocks using −q̇(t) as relative prices.

Compare this to Proposition 1(a) which states that a perturbation of the capital

stocks is welfare enhancing if and only if the value of the perturbation is positive

using q(t) as relative prices.

If the economy is in a steady state, so that the rate of decline of the present

value prices is constant, then −q̇(t) is proportional to q(t), with a constant and

positive real interest rate being the proportionality factor. In this case, a positive

change in utility-nnp or measurable nnp in fixed consumption and net investment

prices as a result of a perturbation of the vector of capital stocks indicates that the

perturbation is welfare enhancing.

This conclusion does not hold in general. While −q̇(t) measures the instanta-

neous net marginal productivity of the vector of capital components as stocks, q(t)

measures the present value of the future marginal contributions that the capital

components make, both as stocks and flows. Both −q̇(t) and q(t) are measured rela-

tive to the possibly inefficient ram. The case of a non-renewable resource is a prime

example of a capital component where instantaneous net marginal productivity as

a stock need not correspond to the present value of future contributions both as a

stock and a flow.
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Therefore, to show that −q̇(t) need not be proportional to q(t), consider the

Dasgupta-Heal-Solow (dhs) model (Dasgupta and Heal, 1974, 1979; Solow, 1974).

In this model, the consumption flow is one-dimensional, and the net investment flows

and capital stocks are two-dimensional, having both a manmade (M) and a natural

(N) component. The latter is a non-renewable resource which is not productive as

a stock. For positive stocks of manmade and natural capital, the set of attainable

consumption-net investment pairs is given as

S(KM ,KN ) = {(C, IM , IN ) | C + IM ≤ Kα
M (−IN )β; C ≥ 0; IN ≤ 0} .

It is worth noting S(KM , KN ) does not depend on KN , as long as KN is positive.

Therefore, along a competitive path it follows from (13) and the envelope theorem

that −q̇N (t) = 0. This reflects that natural capital (the non-renewable resource) has

zero net productivity as a stock; only the flow of resource extraction is productive.

That qN (t) is constant in present value terms is of course the Hotelling rule.

In the dhs model, qN (t) > 0; thus, a perturbation of the stock of natural capital

has an effect on welfare. However, as shown above, along a competitive path such a

perturbation does not change utility-nnp or measurable nnp in fixed consumption

and net investment prices. Since manmade capital is productive as a stock, so that

−q̇M (t) > 0, one can easily construct examples of a welfare enhancing perturbation

of capital stocks, with a relatively small negative dK∗
M and a relatively large positive

dK∗
N , that decreases utility-nnp and measurable nnp in fixed consumption and net

investment prices.

4 Can NNP growth measure welfare improvement?

Turn now to the question of measuring local-in-time changes in welfare along the

implemented path. Let, as before, the assumptions of Proposition 1 be satisfied,

and differentiate the expressions in part (b) of the proposition with respect to time.

This yields

−µ(t)U̇∗(t) = −p(t)Ċ∗(t) = q(t)İ∗(t) + q̇(t)I∗(t) ,

and leads to the following result:

µ(t)U̇∗(t) + q(t)İ∗(t) = p(t)Ċ∗(t) + q(t)İ∗(t) = −q̇(t)I∗(t) . (15)

Hence, the change in utility-nnp or measurable nnp in fixed consumption and net

investment prices along the implemented path is equal to the value of the net in-

vestments in the capital stocks using −q̇(t) as relative prices. Compare this to

13



Proposition 1(b) which states that welfare improves along the implemented path if

and only if the value of the net investments is positive using q(t) as relative prices.

Thus, we obtain the same conclusion as when we were considering a perturbation

of the capital stocks in the previous section: since −q̇(t) need not be proportional

to q(t), the growth in utility-nnp or measurable nnp in fixed consumption and net

investment prices along the implemented path does not, in general, indicate welfare

improvement.

Again we can use the dhs model to illustrate this negative result. Consider

discounted utilitarian optimum that is implemented by means of a competitive path.

Any such path has an eventual phase with decreasing consumption. It follows from

Proposition 1(b) that welfare and the value of net investments (using (qM (t), qN (t))

as relative prices) is negative in this eventual phase. One can, however, choose the

parameters of the model in such a way that this eventual phase is proceeded by

an initial phase in which welfare and the value of net investments are positive (cf.

Pezzey and Withagen, 1998).

Hence, initially qMI∗M + qNI∗N > 0, while later qMI∗M + qNI∗N < 0, since the

path will reach the eventual phase with decreasing consumption. Since all variables

develop in a continuous manner and (qM , qN ) À 0 and I∗N < 0 throughout, there

exists some interval of time—in the beginning of the eventual phase with decreas-

ing consumption—in which welfare is decreasing, while I∗M > 0. In this interval,

−(
q̇MI∗M + q̇NI∗N

)
> 0, since −q̇M > 0 and −q̇N = 0 throughout. Hence, in the

beginning of the eventual phase with decreasing consumption, nnp in fixed con-

sumption and net investment prices is still growing, while welfare has started to

decrease.

Hence, in order to get further, we must consider nnp in variable prices. Moreover,

for local-in-time comparisons to be meaningful, nnp must be measured in real (not

nominal) prices. The present-value prices {p(t),q(t)}∞t=0 considered so far can be

turned into real prices {P(t),Q(t)}∞t=0 by using a price index {π(t)}∞t=0 to make the

following transformations at each t:

P(t) = p(t)
π(t)

Q(t) = q(t)
π(t) ,

implying that the real interest rate, R(t), at time t is given by

R(t) = − π̇(t)
π(t) ,
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since the nominal prices {p(t),q(t)}∞t=0 are present-value prices. However, what kind

of price index will entail that real nnp growth indicates welfare improvement?

4.1 NNP price index

One possibility—a seemingly natural method, which appears to be employed in

practise—is to make measurable nnp at different times comparable by means of a

(Divisia) nnp price index {πn(t)}∞t=0. The nnp price index {πn(t)}∞t=0 lets price

changes be weighted by consumption and net investment flows and satisfies, for all

t,
π̇n(t)
πn(t)

=
ṗ(t)C∗(t) + q̇(t)I∗(t)
p(t)C∗(t) + q(t)I∗(t)

.

It turns {p(t),q(t)}∞t=0 into real prices {Pn(t),Qn(t)}∞t=0 satisfying ṖnC∗+ Q̇nI∗ =

0. Let real measurable nnp deflated by means of an nnp price index be defined as

follows:

Yn(t) := Pn(t)C∗(t) + Qn(t)I∗(t) .

Then—since ṖnC∗ + Q̇nI∗ = 0 by construction of the nnp price index—it follows

from (15) that growth in real nnp in variable prices is given by

Ẏn(t) = Pn(t)Ċ∗(t) + Qn(t)İ∗(t) = − q̇(t)
πn(t)I

∗(t) .

Hence, Ẏn(t) is positive if and only if nnp in fixed prices is increasing. This implies

that the use of an nnp price index does not lead to the result that growth in real

measurable nnp in variable prices indicates welfare improvement.

4.2 Consumer price index

Another possibility is to make measurable nnp at different times comparable by

means of a (Divisia) consumer price index {πc(t)}∞t=0. The consumer price index

{πc(t)}∞t=0 lets price changes be weighted by consumption flows only and satisfies,

for all t,
π̇c(t)
πc(t)

=
ṗ(t)C∗(t)
p(t)C∗(t)

.

It turns {p(t),q(t)}∞t=0 into real prices {Pc(t),Qc(t)}∞t=0 satisfying ṖcC∗ = 0. By

(3) this entails that instantaneous well-being is increasing if and only if the real

value of consumption PcC∗ is increasing:

µU̇∗ = µ∇U(C∗)Ċ∗ = pĊ∗ = πPcĊ∗ = π
(
ṖcC∗ + PcĊ∗

)
= π d

dt (PcC∗) .
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Let real measurable nnp deflated by means of a consumer price index be defined as

follows:

Yc(t) := Pc(t)C∗(t) + Qc(t)I∗(t) .

Then—since ṖcC∗ = 0 by construction of the consumer price index—it follows from

(15) that growth in real nnp in variable prices is given by

Ẏc(t) = Pc(t)Ċ∗(t) + Qc(t)İ∗(t) + Q̇c(t)I∗(t)

=
(
− q̇(t)

πc(t)
− π̇c(t)

πc(t)
q(t)
πc(t)

+ q̇(t)
πc(t)

)
I∗(t) = Rc(t)Qc(t)I∗(t) .

Hence, Ẏc(t) is positive if and only if Qc(t)I∗(t) is positive, provided that the real

consumption interest rate Rc(t) is positive. This implies that the use of an consumer

price index leads to the result that growth in real measurable nnp in variable prices

indicates welfare improvement, under the provision that the real consumption inter-

est rate is positive.

Note that in the dhs model, the real consumption interest equals the net marginal

productivity of manmade capital, which is positive throughout. Therefore, in the

dhs model, growth in real measurable nnp deflated by means of a consumer price

index indicates welfare improvement.

Note also that consumer price index {πc(t)}∞t=0 can be calculated from observable

consumer prices and quantities. Hence, welfare improvement can be indicated from

the change in an observable linear index of the produced goods and services, namely

real measurable nnp deflated by means of a consumer price index.

4.3 Utility price index

A third possibility is to make utility-nnp at different times comparable by means of

a utility price index {πc(t)}∞t=0. The utility price index {πu(t)}∞t=0 satisfies, for all t,

πu(t) = µ(t) ,

where {µ(t)}∞t=0 is the path of supporting utility discount factors introduced in Sec-

tion 2. A utility price index turns {p(t),q(t)}∞t=0 into real prices {Pu(t),Qu(t)}∞t=0

measured in terms of utility. Let real utility-nnp be defined as follows:

Yu(t) := U(C∗(t)) + Qu(t)I∗(t) .
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Then, since ∇U(C∗) = Pu by invoking (3), it follows from (15) that growth in real

utility-nnp in variable net investment prices is given by

Ẏu(t) = Pu(t)Ċ∗(t) + Qu(t)İ∗(t) + Q̇u(t)I∗(t)

=
(
− q̇(t)

πu(t) −
π̇u(t)
πu(t)

q(t)
πu(t) + q̇(t)

πu(t)

)
I∗(t) = Ru(t)Qu(t)I∗(t) .

Hence, Ẏu(t) is positive if and only if Qu(t)I∗(t) is positive, provided that the real

utility interest rate Ru(t) = −µ̇(t)/µ(t) (= supporting utility discount rate) is posi-

tive. This implies that, by measuring net investment prices in terms of utility, growth

in real utility-nnp in variable net investment prices indicates welfare improvement,

under the provision that the real utility interest rate is positive.

Note that along a discounted utilitarian path in the dhs model, the real utility

interest rate equals the constant utility discount rate ρ, which is positive throughout.

Therefore, along a discounted utilitarian path in the dhs model, real utility-nnp

growth indicates welfare improvement.

Note also that local-in-time comparisons by means of real utility-nnp requires

that changes in utility are measurable.

5 Summary of results and relevant literature

The observations of Sections 3 and 4 can be summarized in the following proposition.

Proposition 2 Under the assumptions of Proposition 1, the following holds:

(a) Change in nnp in fixed consumption and net investment prices cannot be used

to measure the welfare effects of capital stock perturbations.

(b) Growth in nnp in fixed consumption and net investment prices cannot be used

to measure welfare improvement along the implemented path.

(c) Growth in real measurable nnp (deflated by means of an nnp price index)

in variable consumption and net investment prices cannot be used to measure

welfare improvement along the implemented path.

(d) Provided that the real consumption interest rate is positive, growth in real

measurable nnp (deflated by means of a consumer price index) in variable

consumption and net investment prices can be used to measure welfare im-

provement along the implemented path.
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(e) Provided that the real utility interest rate (= supporting utility discount rate)

is positive and real utility-nnp is measurable, growth in real utility-nnp in

variable net investment prices can be used to measure welfare improvement

along the implemented path.

Part (e) of Proposition 2 is shown by Weitzman (1970, 1976) under the as-

sumption that the ram implements a discounted utilitarian optimum. Then real

utility-nnp is in welfare terms the stationary equivalent of the path of future utili-

ties. Hence, when the welfare derived from the path of future utilities increases, so

does utility-nnp. When Weitzman (1970, 1976) makes comparisons of utility-nnp,

he considers utility-nnp in variable net investment prices, made comparable by using

utility (or his “composite consumption good” Weitzman, 1976, p. 156) as numeraire.

He has not claimed that changes in nnp in fixed consumption and net investment

prices has welfare significance.

The problem associated with measuring the change in utility-nnp, which is not

a linear index of the produced goods and services, can be solved by calculating the

change in “consumers’ surplus” U(C∗(t))−∇U(C∗(t))C∗(t) since

U̇∗(t) = d
dt

(
U(C∗(t))−∇U(C∗(t))C∗(t)

)
+ Ṗu(t)C∗(t) + Pu(t)Ċ∗(t) .

Then the utility price index can be determined by setting

d
dt

(
U(C∗(t))−∇U(C∗(t))C∗(t)

)
+ Ṗu(t)C∗(t) = 0 ,

since this ensures that ∇U(C∗) = Pu throughout. Weitzman (2001) argues that

the change in such “consumers’ surplus” is in principle observable. His analysis has

been further developed by Li and Löfgren (2002).

Part (d) of Proposition 2 is shown by Asheim and Weitzman (2001) under the

assumption that the ram implements a discounted utilitarian optimum, thereby

showing how the problem of measuring changes in utility can be circumvented.

The result is generalized by Asheim and Buchholz (2004), who do not assume that

dynamic welfare is discounted utilitarian. In Proposition 2(d) the result has been

generalized even further—provided that there is “sufficient differentiability”—by

showing that the ram need not be optimal.

The result underlying part (b) of Proposition 2 is demonstrated by Li and Löfgren

(2004) under the assumption that the ram implements a discounted utilitarian

optimum—this an assumption that is not made in the present analysis. They, how-

ever, interpret this result in a different manner than what I have done here. They
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rewrite the second equation of (15) as follows:

p(s)Ċ∗(s) + q(t)İ∗(t) = − q̇(t)I∗(t)
q(t)I∗(t) q(t)I∗(t) ,

thereby establishing the result that growth in nnp if fixed consumption and net in-

vestment prices indicates welfare improvement, provided that −q̇(t)I∗(t)/q(t)I∗(t)

is positive. They refer to −q̇(t)I∗(t)/q(t)I∗(t) “the overall (average) rate of return

on investment” (Li and Löfgren, 2004, p. 11). This terminology may not be appro-

priate, as −q̇(t)I∗(t) captures only the instantaneous net marginal productivity of

the capital components as stocks, where for each such component j, −q̇j/qj is the

component’s own rate of interest. The rate of return on investment for each capital

component does not depend only on its own rate of interest, but also on its antici-

pated capital gains, reflecting the future contributions that the capital component

makes both as a stock and a flow. This is the essence of the no-arbitrage equation,

which holds along an efficient path. Moreover, as we have already seen in the dhs

model, −q̇(t)I∗(t)/q(t)I∗(t) need not positive. Note that, in the dhs model in a

discounted utilitarian optimum, the rate of return on investment in each of the two

capital components is positive, both in terms of consumption and utility. Of course,

for the natural capital component (the non-renewable resource), the positive returns

are solely in terms of capital gains, which are not captured by its zero own rate of

interest.

The problem of indicating welfare improvement by means of nnp growth in

fixed consumption and net investment prices has also been observed and discussed

by Dasgupta and Mäler (2000) and Dasgupta (2001).

Part (c) of Proposition 2 is a restatement of part (b), designed to make the point

that—even though result of part (b) does not depend on a particular choice of price

index—nnp growth in fixed consumption and net investment prices is equivalent to

nnp growth in variable consumption and net investment prices using an nnp price

index. A comparison of the negative result of part (c) with the positive result of

part (d) yields a theory for deflating nnp: In order for real measurable nnp to have

local-in-time welfare significance, nnp must be deflated by a consumer price index.

Part (a) of Proposition 2 is reported in Asheim (2001) under the assumption that

the ram implements a discounted utilitarian optimum. This has been a key result

in the critical assessment of the usefulness of nnp for making welfare comparisons

that Heal and Kriström have presented through various contributions during the

last years (see, e.g., Heal and Kriström, 2005).
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Let me end by some concluding remarks.

• I have shown under week assumptions that a change in nnp in fixed consump-

tion and net investment prices equals the value of net investments in the capital

stocks, using their instantaneous net marginal productivities as weights. Wel-

fare enhancement is, however, measured by the the value of net investment,

using the net investment prices as weights. The net investment prices reflect

the present value of the future marginal contributions that the capital compo-

nents make, both as stocks and flows. Outside a steady state, the two kinds

of weights need not be proportional, implying that changes in nnp in fixed

consumption and net investment prices do not have welfare significance.

• Under competitive conditions, nnp is the maximized value of the economy’s

instantaneous net productive capacity. Depleting a stock of a non-renewable

resource does not change the economy’s instantaneous net productive capacity.

The welfare-decreasing effects of such depletion can therefore not be captured

by changes in nnp in fixed consumption and net investment prices. Rather,

the effect is captured by the property that—in accordance with the Hotelling

rule—the price of resource inputs is increasing (in terms of consumption or

utility). This positive change in the net investment price of the non-renewable

resource cet. par. decreases the maximized value of the economy’s instanta-

neous net productive capacity, since the net investment flow of the resource is

negative.

• Changes in nnp in fixed consumption and net investment prices do not allow

for such revaluation of net investment flows and, hence, welfare improvement

is not properly indicated. This same holds for growth in real measurable nnp

in variable consumption and net investment prices, when nnp is deflated by

means of an nnp price index. When instead nnp is deflated by means of a con-

sumer price index, the net investment flows are appropriately revalued, leading

to the conclusion that growth in real measurable nnp in variable consumption

and net investment prices indicates welfare improvement, as long as the real

consumption interest rate is positive.

• Hence, a consumer price index—rather than an nnp price index—endows real

measurable nnp in variable consumption and net investment prices with wel-

fare significance. This yields a theory for deflating nnp. When applying a
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consumer price index in models with environmental amenities, it is important

to take the relative price changes of such amenities into account.

• Growth in real utility-nnp in variable net investment prices also allows for the

revaluation of net investment flows, implying that it indicates welfare improve-

ment, as long as the supporting utility discount rate is positive. This indicator

requires that changes in utility-nnp can be measured.

• The real consumption interest rate is positive in the growth models that

economists analyze. The only interesting exception is the cake-eating model

(where the consumption interest rate is zero), which however should be con-

sidered as a pedagogical tool rather than a model of empirical interest. The

supporting utility discount rate is positive and constant under discounted utili-

tarianism. If the utility function is strictly concave, then it is a general result—

not being dependent on a discounted utilitarian welfare function—that the

consumption interest rates exceeds the supporting utility discount rate when

utility is increasing, and vice versa; this is the Ramsey rule.

• In the present paper, I have only been concerned with local comparisons—

i.e., small perturbations of the capital stocks and local-in-time comparisons.

Global comparisons raise other issues, some of which are analyzed in Asheim

(2003, 2005).

• In the present paper, I have only considered comprehensive national account-

ing. There are obvious problems associated with applying the theory of wel-

fare measurement by national accounting aggregates, as presented here, if the

changes in some consumption and capital components cannot be measured or

valued.
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