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Devwudfw

Qh|pdq dqg Vfrww +4<7;, gh�qh wkh lqflghqwdo sdudphwhu sureohp1 Lq sdqho gdwd

zlwk W revhuydwlrqv shu lqglylgxdo dqg xqrevhuydeoh lqglylgxdo0vshfl�f h�hfwv/ wkh pd{0

lpxp olnholkrrg hvwlpdwru ri wkh frpprq sdudphwhuv lv lq jhqhudo lqfrqvlvwhqw1 Wklv

sdshu ghyhorsv wkh lqwhjudwhg prphqw hvwlpdwru1 Lw vkrzv wkdw wkh lqfrqvlvwhqf| ri wkh

lqwhjudwhg prphqw hvwlpdwru lv ri d orz rughu/ R+W�5,> dqg wkhuhe| r�huv dq dssur{l0

pdwh vroxwlrq iru wkh lqflghqwdo sdudphwhu sureohp1 Wkh lqwhjudwhg prphqw hvwlpdwru

doorzv iru h{rjhqrxv uhjuhvvruv/ wlph gxpplhv dqg odjjhg ghshqghqw yduldeohv dqg lv

h�flhqw iru dq dv|pswrwlfv lq zklfk W b Q� zkhuh � A 4

6
= Zh dgmxvw wkh lqwhjudwhg

olnholkrrg hvwlpdwru wr doorz iru jhqhudo suhghwhuplqhg uhjuhvvruv1 Wkh sdshu dovr vkrzv

wkdw phwkrgv wkdw uho| rq gl�huhqflqj dzd| wkh lqglylgxdo0vshfl�f h�hfwv fdq eh ylhzhg

dv vshfldo fdvhv ri wkh lqwhjudwhg prphqw hvwlpdwru1

lj+�Niat= Lqflghqwdo sdudphwhuv/ suhghwhuplqhg yduldeohv/ sdqho gdwd

c.w W,Btt�u�WB|�NA= F66/ F64/ F47
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� W?|hL_�U|�L?

�Aj �B+ wr frqwuro iru wkh khwhurjhqhlw| lq sdqho gdwd lv wr doorz iru wlph0lqyduldqw/ lqgl0

ylgxdo vshfl�f sdudphwhuv1 Wklv �{hg h�hfw dssurdfk lqwurgxfhv pdq| sdudphwhuv lqwr wkh

prgho zklfk fdxvhv wkh clqflghqwdo sdudphwhu sureohp* ri Qh|pdq dqg Vfrww +4<7;,= wkh

pd{lpxp olnholkrrg hvwlpdwru lv lq jhqhudo lqfrqvlvwhqw1 Lq sduwlfxodu/ Qh|pdq dqg Vfrww

+4<7;,/ Pxqgodn +4<94,/ Qlfnhoo +4<;4,/ dqg Fkdpehuodlq +4<;7, jlyh h{dpsohv lq zklfk

wkh lqfrqvlvwhqf| ri wkh pd{lpxp olnholkrrg hvwlpdwru lv R+W3�, zkhuh W lv wkh qxpehu ri

shulrgv iru zklfk zh revhuyh dq lqglylgxdo1

Fr{ dqg Uhlg +4<;:, duh qrw frqfhuqhg zlwk sdqho gdwd exw wkh| sursrvh d jhqhudo

phwkrg wr ghdo zlwk qxlvdqfh sdudphwhuv1 Lq sduwlfxodu/ Fr{ dqg Uhlg +4<;:, sursrvh

wr uhsdudphwhul}h wkh orj olnholkrrg vr wkdw lwv furvv ghulydwlyh zlwk uhvshfw wr wkh qxlvdqfh

sdudphwhu dqg sdudphwhu ri lqwhuhvw lv }hur lq h{shfwdwlrq1 Diwhu wklv uhsdudphwul}dwlrq/ Fr{

dqg Uhlg +4<;:, dsso| wkhlu frqglwlrqdo sur�oh olnholkrrg phwkrg1 D olplw ri wklv dssurdfk

lv wkdw wkh uhsdudphwul}dwlrq uhtxluhv wkdw d sduwlfxodu gl�huhqwldo htxdwlrq kdv dq h{solflw

vroxwlrq1 Lw lv zhoo nqrzq dqg glvfxvvhg e| Fulwfkoh| +4<;:, dqg Kloov +4<;:,/ wkdw gl�huhqwldo

htxdwlrqv uduho| kdyh h{solflw vroxwlrqv1 Ghvslwh wklv gudzedfn/ Odqfdvwhu +5333 dqg 5335,

dssolhv wkh lghd ri uhsdudphwul}dwlrq wr sdqho gdwd zkhuh wkh �{hg h�hfw sod|v wkh uroh ri

qxlvdqfh sdudphwhu1 Odqfdvwhu +5333 dqg 5335, wkhq lqwhjudwhv rxw wkh �{hg h�hfwv exw

grhv qrw suhvhqw jhqhudo uhvxowv1 Wklv sdshu vkrzv wkdw wkh lqfrqvlvwhqf| ri wklv lqwhjudwhg

olnholkrrg hvwlpdwru lv R+W32,= Pruhryhu/ wklv sdshu uhpryhv wkh qhhg iru uhsdudphwul}dwlrq

e| xvlqj d prphqw ixqfwlrq/ j+�> i,> wkdw dssur{lpdwho| vhsdudwhv wkh lqglylgxdo qxlvdqfh

sdudphwhu i iurp wkh sdudphwhu ri lqwhuhvw �1 Vshfl�fdoo|/ wkh sduwldo ghulydwlyh ri j+�> i,

zlwk uhvshfw wr i lv }hur dw wkh wuxh ydoxhv ri wkh sdudphwhuv/

Hjs +�f> if, @ 3=

Zh vkrz krz wr frqvwuxfw j+�> i, iru dq| olnholkrrg dqg vrph txdvl0olnholkrrg prghov/ vxe0

mhfw wr uhjxodulw| frqglwlrqv1 Zh wkxv dyrlg uhsdudphwul}dwlrqv dqg gl�huhqwldo htxdwlrqv

dqg wkh uhvwulfwlrqv wkrvh lpso|1 Pruhryhu/ zh doorz iru jhqhudo suhghwhuplqhg uhjuhvvruv/
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wlph gxpplhv/ dqg wkh lqglylgxdo sdudphwhu grhv qrw qhfhvvdulo| kdyh wr eh dq lqglylgxdo

phdq exw fdq dovr eh dq lqglylgxdo uhjuhvvru frh�flhqw ru dq lqglylgxdo hodvwlflw|1 Zh wkhq

lqwhjudwh wkh prphqw ixqfwlrq j+�> i, zlwk uhvshfw wr wkh olnholkrrg ri i / xvlqj d Odsodfh

dssur{lpdwlrq1 Zh xvh wklv dssur{lpdwlrq dv dq hvwlpdwlqj ixqfwlrq dqg gh�qh wkh lqwh0

judwhg prphqw hvwlpdwru dffruglqjo|1 Zh wkhq vkrz wkdw wkh lqfrqvlvwhqf| ri wkh lqwhjudwhg

prphqw hvwlpdwru lv R+W32,=

Doyduh} dqg Duhoodqr +4<<;, ghyhors dq dowhuqdwlyh dv|pswrwlf zkhuh W lqfuhdvhv dw wkh

vdph udwh dv wkh qxpehu ri lqglylgxdov/ Q 1 Zh vkrz wkdw wkh lqwhjudwhg olnholkrrg hvwlpdwru

lv dv|pswrwlfdoo| xqeldvhg xqghu wklv dowhuqdwlyh dv|pswrwlf1 Jlyhq wkdw W lv vpdoohu wkdq

Q lq prvw sdqho gdwd/ zh dujxh wkdw lw pljkw eh pruh lqwhuhvwlqj wr ohw W lqfuhdvh dw d vorzhu

udwh wkdq Q > zh dovr vkrz wkdw wkh lqwhjudwhg prphqw hvwlpdwru lv dv|pswrwlfdoo| xqeldvhg

dv orqj dv W jurzv idvwhu wkdq Q�*�= Wkh Fudp�hu0Udr erxqg lv zhoo0gh�qhg iru olnholkrrg

prghov zlwk odjjhg ghshqghqw yduldeohv dqg wkh lqwhjudwhg prphqw hvwlpdwru uhdfkhv wkh

Fudp�hu0Udr erxqg lq wklv dv|pswrwlf1 Vlpxodwlrqv vkrz wkh uhohydqfh ri wkh dv|pswrwlf

dssur{lpdwlrq1

Pxqgodn +4<94,/ Fkdpehuodlq +4<;8,/ dqg Duhoodqr dqg Krqru�h +5334, glvfxvv krz rs0

wlpl}lqj ehkdylru ri lqglylgxdov fdxvhv ghshqghqfh ehwzhhq wkh uhjuhvvruv dqg wkh khwhur0

jhqhlw|1 Wklv ghshqghqfh/ dv zhoo dv wkh xqrevhuydelolw| ri wkh khwhurjhqhlw| glvwulexwlrq/

prwlydwhv wkh �{hg h�hfw dssurdfk lq zklfk wkh khwhurjhqhlw| glvwulexwlrq lv ohiw xqvshfl0

�hg1 Li dq dssolhg uhvhdufkhu zdqwv wr vshfli| d pl{lqj glvwulexwlrq wkhq wkh vdph olqh ri

uhdvrqlqj lpsolhv wkdw vrph urexvwqhvv djdlqvw wkh zurqj fkrlfh ri pl{lqj glvwulexwlrq lv

ghvludeoh1 Vxssrvh d pl{lqj glvwulexwlrq lv vshfl�hg iru wkh lqglylgxdo sdudphwhu i= Xvlqj

j+�> i, zkhuh Hjs +�f> if, @ 3 |lhogv dq hvwlpdwru wkdw lv frqvlvwhqw iru � li wkh prgho lv

fruuhfwo| vshfl�hg dqg zkrvh lqfrqvlvwhqf| lv R+W32, li wkh pl{lqj glvwulexwlrq lv plvvshfl0

�hg1 Zh wkxv jhqhudol}h Pxqgodn*v +4<:;, olqhdu udqgrp h�hfwv prgho wr qrqolqhdu prghov1

Wkh dujxphqw djdlqvw �{hg h�hfw prghov lv xvxdoo| wkdw wkh vhw ri prghov wkdw fdq eh hvwl0

pdwhg lv vr vpdoo1 Wkh uhdvrq iru dyhuvlrq djdlqvw udqgrp h�hfwv prghov lv xvxdoo| edvhg rq

wkh vhqvlwlylw| wr wkh fkrlfh ri pl{lqj glvwulexwlrq/ vhh Qhuoryh +5333, dqg Wurjqrq +5333,
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iru d uhfhqw h{srvlwlrq ri wkhvh dujxphqwv1 Wklv sdshu jlyhv dq dssur{lpdwh vroxwlrq iru

wkh lqflghqwdo sdudphwhu sureohp dqg vrph dojheud fdq eh xvhg wr lqfuhdvh wkh urexvwqhvv

djdlqvw wkh zurqj fkrlfh ri pl{lqj glvwulexwlrqv1 Iru wkh olqhdu dqg Zhlexoo prgho zlwk h{0

rjhqrxv uhjuhvvruv/ rqh fdq gl�huhqfh wkh +wudqviruphg, gdwd wr uhpryh wkh �{hg h�hfwv/ vhh

wkh ryhuylhzv ri Fkdpehuodlq +4<;7/ 4<;8, dqg Duhoodqr dqg Krqru�h +5334,1 Wkh lqwhjudwhg

prphqw hvwlpdwru uhsurgxfhv wkh gl�huhqfh hvwlpdwru iru wkhvh vlpsoh prghov1

Wkh zrun ri Kdkq dqg Qhzh| +5335, lv uhodwhg wr wklv sdshu1 Wkh| xvh d mdfnnqlih

whfkqltxh wr uhgxfh wkh eldv lq sdqho olnholkrrg prghov zlwk vwulfwo| h{rjhqrxv uhjuhvvruv

dqg zlwkrxw wlph gxpplhv1 Kdkq dqg Qhzh| +5335, dvvxph wkdw W lqfuhdvhv dv idvw dv

Q dqg vkrz wkdw wkh mdfnnqlih whfkqltxh uhgxfhv wkh eldv wr r+W3�,> zklfk lv odujhu wkdq

R+W32,=

Duhoodqr dqg Krqru�h +5334, qrwh _doprvw qrwklqj lv nqrzq derxw qrqolqhdu prghov zlwk

jhqhudo suhghwhuplqhg yduldeohv%1 Uhfhqw surjuhvv kdv ehhq pdgh e| Krqru�h dqg Ohzeho

+5335, zkr frqvlghu wkh elqdu| fkrlfh prgho zlwk �{hg h�hfwv dqg jhqhudo suhghwhuplqhg

yduldeohv1 Krqru�h dqg Ohzeho +5335, olqhdul}h wkh elqdu| fkrlfh prgho e| glylglqj e| wkh

ghqvlw| ri dq uhjuhvvru zklfk lv dvvxphg wr eh devroxwho| frqwlqxrxvo| glvwulexwhg dqg frq0

glwlrqdoo| lqghshqghqw ri wkh �{hg h�hfw dqg huuru whupv1 Krqru�h dqg Ohzeho +5335, wkhq

xvh lqvwuxphqwdo yduldeohv wr hvwlpdwh wkh prgho1 Wkh lqwhjudwhg prphqw hvwlpdwru doorzv

wkh uhjuhvvruv wr kdyh glvfuhwh vxssruw dqg wr ghshqg rq wkh �{hg h�hfwv exw wkh hvwlpdwru

qhhgv W wr lqfuhdvh vorzo| dqg lv sdudphwulf1

Wklv sdshu lv rujdql}hg dv iroorzv1 Vhfwlrq 5 surylghv dq lqirupdo ghvfulswlrq ri wkh

hvwlpdwru1 Vhfwlrq 6 suhvhqwv irupdo uhvxowv1 Vhfwlrq 7 glvfxvvhv wkh sdqho surelw prgho zlwk

jhqhudo suhghwhuplqhg uhjuhvvruv dqg �{hg h�hfwv dv dq h{dpsoh1 Vhfwlrq 8 frqfoxghv dqg

doo wkh surriv duh lq wkh dsshqgl{1
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2 W?uLh4@* _itUh�T|�L? Lu |�i it|�4@|Lh

Vxssrvh zh revhuyh Q lqglylgxdov iru W shulrgv1 Ohw wkh orj olnholkrrg frqwulexwlrq ri wkh w|�

shulrg ri lqglylgxdo l eh ghqrwhg e| O�|+�> i�,= Vxpplqj ryhu l dqg w |lhogv wkh orj olnholkrrg/

O+�> i, @
[

�

[

|

O�|+�> i�,>

zkhuh � lv wkh frpprq sdudphwhu/ i� lv wkh lqflghqwdo sdudphwhu dqg i @ ii�> ===> i�j dqg

zh frqglwlrq rq h{rjhqrxv uhjuhvvruv1 Vxssrvh wkdw wkh sdudphwhu � lv ri lqwhuhvw dqg wkdw

wkh lqflghqwdo sdudphwhu i� lv d qxlvdqfh sdudphwhu wkdw frqwurov iru khwhurjhqhlw|1 Rqh

frxog hvwlpdwh � e| pd{lpxp olnholkrrg1 Krzhyhu/ Qh|pdq dqg Vfrww +4<7;,/ Pxqgodn

+4<94,/ Qlfnhoo +4<;4,/ dqg Fkdpehuodlq +4<;7, jlyh h{dpsohv lq zklfk wkh lqfrqvlvwhqf|

ri wkh pd{lpxp olnholkrrg hvwlpdwru lv R+W3�,= Wkh lqwxlwlrq iru wkhvh h{dpsohv lv wkdw

wkh vfruh Oq+�> i, ghshqgv rq i dqg wkdw uhsodflqj i e| lwv pd{lpxp olnholkrrg hvwlpdwh

|lhogv dq hvwlpdwlqj ixqfwlrq zlwk qrq}hur h{shfwdwlrq vlqfh Oq+�> i, dqg wkh pd{lpxp

olnholkrrg hvwlpdwh iru i duh ghshqghqw1 Vshfl�fdoo|/ �

�AHOq+�f>
ai, lv R+W3�, zkhuh �f

ghqrwhv wkh wuxh ydoxh dqg ai lv wkh pd{lpxp olnholkrrg ri i jlyhq �f= Wklv sdshu jlyhv

dq dssur{lpdwh vroxwlrq wr wklv lqflghqwdo sdudphwhu sureohp e| uhgxflqj wkh ghshqghqfh

ehwzhhq wkh prphqw ixqfwlrq dqg ai= Lq sduwlfxodu/ frqvlghu wkh prphqw ixqfwlrq

j+�> i, @

S
�

Q
ij�+�> i,j @

S
�

Q
iO�

q+�> i,� O�
s +�> i,

cH*O�
qs�

+�> i,

cH*O�
s�s�

+�> i,
j+4,

zkhuh
cH*O�

qs +�> i,

cH*O�
ss +�> i,

@

U
O�
qs +�> i,h

u�Eqcs�gwU
O�
ss +�> i,h

u�Eqcs�gw

dqg sduwldo ghulydwlyhv zlwk uhvshfw wr � dqg i duh ghqrwhg e| wkh vxevfulswv � dqg i

zkloh wkh vxevfulsw l lv vxssuhvvhg1 Wkxv/ cH* ghqrwhv wkh h{shfwdwlrq wkdw lv |lhoghg e|

wuhdwlqj hu
�Eqcs� dv d ghqvlw| vr wkdw

�.<u�
qs

Eqcs�

�.<u�
ss

Eqcs�
ghshqgv rq � dqg i exw lv qrqvwrfkdvwlf1

Gl�huhqwldwlqj zlwk uhvshfw wr i jlyhv

js +�> i, @

S
�

Q
j�s +�> i, @

S
�

Q
^O�

qs +�> i, . O�
ss +�> i,

cH*O�
qs +�> i,

cH*O�
ss +�> i,

. O�
s +�> i,

Ci �.<u�
qs

Eqcs�

�.<u�
ss

Eqcs�
j

C�
`=
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Wdnlqj h{shfwdwlrqv dqg dvvxplqj wkdw
�.<u�

qs
Eq

f
csf�

�.<u�
ss

Eq
f
csf�

@
.u�

qs
Eq

f
csf�

.u�
ss

Eq
f
csf�

jlyhv

Hjs +�f> if, @ HO�
qs �HO�

ss

cH*O�
qs

cH*O�
ss

@ 3=

Wkxv/ wkh sdudphwhu ri lqwhuhvw � lv dssur{lpdwho| vhsdudwhg iurp wkh qxlvdqfh sdudphwhu

i= Iru wzr vlpsoh prghov/ wkh Srlvvrq prgho zlwk h{rjhqrxv uhjuhvvruv dqg wkh olqhdu prgho

zlwk h{rjhqrxv uhjuhvvruv�/ wkh prphqw j+�> i, grhv qrw ghshqg rq i 1 Krzhyhu/ iru rwkhu

prghov/ wkh xqnqrzq sdudphwhu i grhv dsshdu lq wkh prphqw ixqfwlrq ri htxdwlrq +4, dqg

wkh qh{w vwhs lv wr lqwhjudwh2 rxw i zlwk uhvshfw wr wkh olnholkrrg iru jlyhq �= Ohw

j�cU+�, @

U
j�+i,hu

�
giU

hu
�
gi

=

Ndvv hw do1 +4<<3/ wkhruhp :, jlyh d Odsodfh dssur{lpdwlrq iru wklv udwlrv ri lqwhjudov/

j�cU+�, @

U
j�+i,hu

�
giU

hu
�
gi

@ j�+ ai,� 4

5

j�ss +
ai,

O�
ss +

ai,
.
4

5

O�
sss +

ai,j�s +
ai,

iO�
ss +

ai,j2 .RR+W
3�,+5,

zkhuh ai ghqrwhv wkh pd{lpxp olnholkrrg hvwlpdwh ri i iru jlyhq �= Wkh h{sdqvlrq lv ydolg

iru zhoo0ehkdyhg olnholkrrgv1 Zh xvh wklv dssur{lpdwlrq� wr hvwlpdwh � dqg wkxv gh�qh wkh

lqwhjudwhg prphqw ixqfwlrq1

jW+�> ai, @
4

QW

[
�

ij�+�> ai,� 4

5

j�ss +�>
ai,

O�
ss +�>

ai,
.
4

5

O�
sss +�>

ai,j�s +�>
ai,

iO�
ss +�>

ai,j2 j+6,

Zh gh�qh wkh lqwhjudwhg prphqw hvwlpdwru dv iroorzv

a� @ dujplq
qcs

ijW+�> ai,�jW+�> ai,j=

Xqghu frqglwlrqv wkdw duh voljkwo| zhdnhu wkdq fruuhfw vshfl�fdwlrq ri wkh prghoe/ wkh h{0

shfwdwlrq ri jW+�> ai, lv ri d orz rughu dw wkh wuxh ydoxh ri wkh sdudphwhu/ wkdw lv

HjW+�f>
ai, lv R+W32,=

Wkhuh duh wzr fdxvhv ri eldv lq sdqho gdwd prghov1 Iluvw/ eldv fdq eh fdxvhg e| d qrq}hur

h{shfwdwlrq ri wkh hvwlpdwlqj ixqfwlrq1 Zh ghdow zlwk wklv fdxvh e| dsso|lqj dssur{lpdwh

sdudphwhu vhsdudwlrq vr wkdw HjW+�f>
ai, lv ri d orz rughu1 Eldv fdq dovr eh fdxvhg e|

9



fruuhodwlrq ehwzhhq wkh hvwlpdwlqj ixqfwlrq dqg lwv ghulydwlyh/ l1h1 wkh fruuhodwlrq ehwzhhq

jW+�f>
ai, dqg lwv ghulydwlyh/ jWq+�f,= Wkh odwwhu vrxufh ri eldv lv ri vpdoo rughu lq sdqho gdwd

prghov/ R+ �
�A ,> li Q ru W lv odujh/ vhh Qhzh| dqg Vplwk +5334, iru d glvfxvvlrq ri wklv w|sh

ri eldv lq furvv vhfwlrq prghov1 Zh dssur{lpdwh wkh �qlwh vdpsoh surshuwlhv ri a� e| xvlqj

dq dv|pswrwlfv lq zklfk Q ru W lqfuhdvhv1 Lq sduwlfxodu/

s
QW +a� � �f,$_ Q +

s
QWE>�,>

zkhuh � ghqrwhv wkh yduldqfh0fryduldqfh pdwul{ dqg E ghqrwhv wkh eldv1 Zh vkrz wkdw E

lv ri d orz rughu/ R+W32,= Wklv lpsolhv wkdw
s
QWE lv R+

t
�
A � ,> zklfk jrhv wr }hur li W

jurzv idvwhu wkhq Q�*�= Pruhryhu/ zh vkrz lq wkh qh{w vhfwlrq wkdw wkh lqwhjudwhg prphqw

hvwlpdwru uhdfkhv wkh Fudp�hu0Udr h�flhqf| erxqg lq wklv dv|pswrwlf1 Dq lqwxlwlrq iru wklv

h�flhqf| uhvxow lv wkdw j+�> if, lv wkh h�flhqw vfruh dqg wkdw wkh gl�huhqfh ehwzhhq wkh

lqwhjudwhg prphqw dqg wklv h�flhqw vfruh lv vpdoo lq whupv ri phdq vtxduhg huuru dw �f1

Wkdw lv/

s
QWijW+�f>

ai,� j+�f> if,j lv r6r+4,=

Dq lpsruwdqw wrslf lq sdqho gdwd hfrqrphwulfv lv urexvwqhvv djdlqvw frpprq vkrfnv1 Iru

h{dpsoh/ oderu irufh sduwlflsdwlrq ru h{shqglwxuh ghflvlrqv ghshqg/ dprqj rwkhu wklqjv/ rq

wkh exvlqhvv f|foh1 Li wkh frpprq vkrfnv duh fdxvhg e| revhuydeohv/ vxfk dv wkh xqhpsor|0

phqw udwh ru wkh jurzwk udwh ri Jurvv Grphvwlf Surgxfw/ wkhq rqh pd| eh deoh wr frqwuro

iru wkh frpprq vkrfnv e| lqfoxglqj wkhvh revhuydeohv dv uhjuhvvruv1 Lq rwkhu dssolfdwlrqv

wkh frpprq vkrfn pd| qrw eh revhuydeoh wr wkh hfrqrphwulfldq dqg rqh suhihuv wr lqfoxgh

d yhfwru ri wlph gxpplhv= D wlph gxpp| kdv ydoxh rqh iru d �{hg vhw ri shulrgv dqg lv

}hur iru doo rwkhu shulrgv1 Zh fdq/ wkhuhiruh/ rqo| hvwlpdwh wlph gxpplhv dw udwh Q3�*2= Zh

djdlq dvvxph wkdw W jurzv idvwhu wkdq Q�*�= Dsso|lqj wkh hvwlpdwlqj ixqfwlrq ri htxdwlrq

+6, |lhogv dq h�flhqw hvwlpdwru zlwk d eldv ri rughu R+W32, wkdw frqyhujhv dw udwh +QW ,3�*2

iru wkh frpprq sdudphwhu dqg dw udwh Q3�*2 iru wkh wlph gxpplhv1

Rswlpl}lqj ehkdylru ri lqglylgxdov riwhq lpsolhv wkdw wkh ghshqghqw yduldeoh lq�xhqfhv

wkh uhjuhvvruv lq vxevhtxhqw shulrgv/ dv glvfxvvhg lq Duhoodqr dqg Krqru�h +5334,1 Zh vkrz

:



krz wr dgmxvw wkh hvwlpdwlqj ixqfwlrq ri htxdwlrq +6, wr doorz iru jhqhudo suhghwhuplqhg

uhjuhvvruv1

� �tt�4T|�L?t @?_ |�iLhi4t

Wklv vhfwlrq suhvhqwv frqglwlrqv xqghu zklfk wkh hvwlpdwru iru wkh frpprq sdudphwhu/ a�>

fdq eh h�flhqwo| hvwlpdwhg1 Ohw

j+�> i, @

S
�

QW
ij�+�> i,j @

S
�

QW
iO�

q+�> i,� O�
s +�> i,

U
O�
qs +�> i,h

u�Eqcs�gwU
O�
ss +�> i,h

u�Eqcs�gw
j>+7,

zkhuh zh vxssuhvv wkh vxevfulsw ri i= Frqvlghu wkh iroorzlqj remhfwlyh ixqfwlrq

T+�> i, @ �ijW+�> i,j�ijW+�> i,j � ik+�> i,j�ik+�> i,j>

zkhuh

jW+�> i, @

S
�

QW
ij�+�> i,� 4

5

j�ss +�> i,

O�
ss +�> i,

.
4

5

O�
sss +�> i,j

�
s +�> i,

iO�
ss +�> i,j2

j dqg

k+�> i, @
Os +�> i,

W
=

Zh dvvxph wkdw wkh prphqwv j+�> i, dqg k+�> i, lghqwli| wkh sdudphwhu ri lqwhuhvw � dqg

wkh qxlvdqfh sdudphwhu i 1 Ohw } @ i{> |j=

Dvvxpswlrq 4 +Prphqwv,= Ohw iHj+}> �> i, @ 3> Hk+}> �> i, @ 3j eh xqltxho| vroyhg iru

i�> ij @ i�f> ifj zkhuh i�f> ifj 5 � dqg � lv frpsdfw1

Wkh frpsdfwqhvv dvvxpswlrq lv vwdqgdug lq hfrqrphwulfv dqg fdq eh uhsodfhg e| wkh uh0

txluhphqw wkdw j+�> i,�j+�> i, . k+�> i,�k+�> i, lv frqfdyh lq lwv sdudphwhuv1 Wkh iroorzlqj

dvvxpswlrqv hqvxuhv wkdw j+�> i,> jW+�> i, dqg k+�> i, frqyhujh xqlirupo| wr wkhlu h{shfwd0

wlrqv> ohw mm�mm ghqrwh wkh Hxfolghdq qrup1

Dvvxpswlrq 5 +Xqlirup Frqyhujhqfh,= Ohw j+}> �> i,/
}�
ss

E5cqcs�

u�
ss

E5cqcs�
>
u�
sss

E5cqcs�}�
s
E5cqcs�

tu�
ss

E5cqcs��2
> dqg k+}> �> i,

eh frqwlqxrxv iru doo i�> ij 5 � zlwk suredelolw| rqh iru doo l> ohw mmj+}> �> i,mm ? d+},>

mm }
�
ss

E5cqcs�

u�
ss

E5cqcs�
mm ? e+},> mmu

�
sss

E5cqcs�}�
s
E5cqcs�

tu�
ss

E5cqcs��2
mm ? f+},> dqg mmk+}> �> i,mm ? g+}, iru doo l dqg iru doo

i�> ij 5 � zkhuh H^d+},` ?4= H^e+},` ?4> H^f+},` ?4 dqg H^g+},` ?4=

;



Dvvxpswlrq 6 +Vwdwlrqdu| dqg H{rjhqhlw|,= Ohw }� @ i{�> |�j eh vwulfwo| vwdwlrqdu| dqg

hujrglf iru doo l> ohw {� eh h{rjhqrxv1

Dvvxpswlrq 7 +Dv|pswrwlfv,= Ohw W $4=

Sursrvlwlrq 4

Vxssrvh ia�> aij @ dujplqqcsMXiT+�> ij= Ohw dvvxpswlrq 407 krog1 Wkhq a� $R �f dqg

ai $R if=

Surri= Vhh dsshqgl{1

H{dpsohv e| Qh|pdq dqg Vfrww +4<7;,/ Qlfnhoo +4<;4, dqg Fkdpehuodlq +4<;7, vkrz

wkdw wkh dv|pswrwlf eldv ri wkh pd{lpxp olnholkrrg lv R+W3�,= Qh|pdq dqg Vfrww fdoohg

wklv wkh lqflghqwdo sdudphwhu sureohp1 Zh qrz vkrz wkdw dssur{lpdwh vhsdudwlrq uhgxfhv

wkh dv|pswrwlf eldv ri wkh pd{lpxp olnholkrrg hvwlpdwru wr R+W32, iru odujh Q=

Dvvxpswlrq 8 +Dssur{lpdwh vhsdudwlrq,=

Ohw +l, Hjs +�f> if, @ 3 dqg +ll, HOs +�f> if,js +�f> if, .Hjss +�f> if, @ 3=

Frqglwlrq +l, lv lpsolhg e| cH*Oss @ HOss dqg cH*Oqs @ HOqs > frqglwlrq +ll, krogv li/ lq

dgglwlrq/ H+Os ,
2 @ HOss > cH*Oqss @ HOqss > cH*OqsOs @ HOqsOs dqg cH*Osss @ HOsss >

zkhuh cH* ghqrwhv wkh h{shfwdwlrq wkdw lv |lhoghg e| wuhdwlqj hu
�Eqcs� dv d ghqvlw|1 Pruhryhu/

frqglwlrq 8 krogv xqghu fruuhfw vshfl�fdwlrq ri wkh prgho/ dv vkrzq lq wkh dsshqgl{1 Lq dq

g|qdplf olqhdu prghoD zlwk dq lqglylgxdo sdudphwhu/ zh fdq dvvxph qrupdolw| ri wkh huuru

whupv lq rughu wr ghulyh prphqw ixqfwlrqv exw lw iroorzv iurp Dvvxpswlrq 8 wkdw dssur{lpdwh

vhsdudwlrq rqo| ghshqgv rq fruuhfw vshfl�fdwlrq ri wkh �uvw wzr prphqwv ri wkh huuru whup1

Zh qhhg W wr lqfuhdvh zlwk Q dqg dvvxph wkh iroorzlqj1

Dvvxpswlrq 9 +Dv|pswrwlfv,=

Ohw W b Qk zkhuh � A �
� 1

Zh dovr lpsrvh dq dvvxpswlrq derxw wkh frqglwlrqdoo| lqghshqghqw dfurvv lqglylgxdov1

Iru d plvvshfl�hg prgho/ dvvxplqj wkdw wkh gdwd jhqhudwlqj surfhvv lv frqglwlrqdo lqghshq0

ghqw dfurvv lqglylgxdov lv qrw vx�flhqw1 Wkh uhdvrq iru wklv lv wkdw d frpprq uhjuhvvru/ lq

<



frpelqdwlrq zlwk vrph plvvshfl�fdwlrq/ frxog lqgxfh ghshqghqfh ri wkh frqwulexwlrq wr wkh

prphqw ixqfwlrqv ri gl�huhqw lqglylgxdov/ l1h1 wkdw j�+�f> if, dqg j�+�f> if, duh ghshqghqw

iru l 9@ m= Wkh iroorzlqj dvvxpswlrq dvvxphv wkdw j�+�f> if, dqg j�+�f> if, duh xqfruuhodwhg

dqg dovr dvvxphv wkhlu dssur{lpdwlrqv/ jWc�+�f>
ai, dqg jWc�+�f>

ai, duh xqfruuhodwhg dv zhoo/

zkhuh ai vroyhv Os +�f> ai, @ 3=

Dvvxpswlrq : +Frqglwlrqdo lqghshqghqfh dfurvv l,=

Ohw +l, H �
�A

i
S

� j
�cW+�f>

ai,
S

� j
�cW+�f>

ai,�j @ �
�A

S
�Hij

�cW+�f>
ai,j�cW+�f>

ai,�j dqg

+ll, H �
�A

i
S

� j
�+�f> if,

S
� j

�+�f> if,
�j @ �

�A

S
�Hij

�+�f> if,j
�+�f> if,

�j=

Iru fruuhfwo| vshfl�hg prghov/ dvvxpswlrq : fdq eh uhsodfhg e| wkh uhtxluhphqw wkdw

wkh h{shfwdwlrqv h{lvw dqg wkdw s+|�|m{�|> i�> |�> ===|�3�> |�n�> |� , @ s+|�|m{�|> i�,= Wkdw lv/ frq0

glwlrqdo rq wkh uhjuhvvruv dqg lqflghqwdo sdudphwhuv/ |� lv lqghshqghqw ri wkh ydoxhv ri | ri

rwkhu lqglylgxdov1

Dvvxpswlrq ;

Ohw +l, i�f> ifj 5 lqwhulru ri �> +ll, �
A
Os +}> �> i, eh wkuhh wlphv frqwlqxrxvo| gl�huhqwldeoh

zlwk uhvshfw wr i lq d qhljkerukrrg 3 ri i�f> ifj zlwk suredelolw| dssurdfklqj rqh > +lll, < Wf

vxfk wkdw/ iru doo l>�4 ? �
A
O�
ss +}> �> i, ? 3 lq d qhljkerukrrg 3 ri i�f> ifj dqg W A Wf> +ly,

H^mm �
A
j�s +}> �f> if,mm

2`> H^mm �
A
O�
s +}> �f> if,mm

2`> H^mm �
A
O�
qs +}> �f> if,mm

2`> H^mm �
A
O�
sss +}> �f> if,mm

2`> dqg

H^mm �
A
O�
ssss +}> �f> if,mm

2` duh �qlwh iru doo l +y, _}WEqc 	sEq��
_q

lv frqwlqxrxv lq d qhljkerukrrg 3

ri i�fj zlwk suredelolw| dssurdfklqj rqh dqg vxsqM3mm_}
WEqc 	sEq��
_q

mm ?41

Dw wkh frvw ri d pruh frpsolfdwhg surri/ dvvxpswlrq ; +lll, rqo| kdv wr krog zlwk d suredelolw|

odujhu wkdq 4 � h3SA iru vrph f A 3/ vhh dsshqgl{1 Dvvxpswlrqv 40; hqvxuh wkdw
s
QW �

jW+�f>
ai, @

s
QW � j+�f> if, . r6r+4,= Diwhu hqvxulqj wkdw wkh dv|pswrwlf glvwulexwlrq ri

jW+�f>
ai, lv ghwhuplqhg e| wkh dv|pswrwlf glvwulexwlrq ri j+�f> if,/ zh lpsrvh wkh iroorzlqj

vwdqgdug phwkrg ri prphqw frqglwlrq wr hqvxuh dv|pswrwlf qrupdolw| ri wkh hvwlpdwru li

j+�> if, zrxog eh xvhg dv d prphqw1 Ohw J @ Hijq+�f> if,j @ HiY}Eqcsf�
Yq

mq'q
f
j=

Dvvxpswlrq <
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Ohw +l, j+}> �> i, eh frqwlqxrxvo| gl�huhqwldeoh lq d qhljkerukrrg 3 ri i�f> ifj zlwk sured0

elolw| dssurdfklqj rqh> +ll, H^mmj+}> �f> if,mm2` eh �qlwh> +lll, vxsqcsM3mmjq+}> �> i,mm ?4> +ly,

J eh qrqvlqjxodu =

Wkhruhp 4

Ohw dvvxpswlrq 406 dqg 80< krog dqg ia�> aij @ dujplqqcsMXiT+�> ij zkhuh � lv d frpprq

sdudphwhu dqg i @ ii�> ===> i�j lv d yhfwru ri lqglylgxdo sdudphwhuv= Wkhq

s
QW +a� � �f,$_ Q +3>�,

zkhuh

� @ J3�HiQW � j+�f> if,j+�f> if,�jJ3�=

Xqghu wkh dgglwlrqdo dvvxpswlrq wkdw HO�
s�
O�
q @ �cH*O�

qs�
> HO�

qO
�
q @ �cH*O�

qq > dqg HO2s� @

�HOs�s� iru doo l/ wkh lqwhjudwhg prphqw hvwlpdwru uhdfkhv wkh Fudp�hu0Udr h�flhqf| erxqg

dqg

� @ �J3� @ �^ 4

QW
H+Oqq,� 4

QW
H+Oqs ,iH+Oss ,j3�H+Osq,`

3�=

Surri= Vhh dsshqgl{1

Xqghu wkh frqglwlrqv ri wkhruhp 4/ J fdq eh frqvlvwhqwo| hvwlpdwhg e| �
�A

S
� j

�
q+
a�> ai,

dqg HiQW � j+�f> if,j+�f> if,
�j fdq eh frqvlvwhqwo| hvwlpdwhg e| �

�A

S
� j

�+a�> ai,j�+a�> ai,�=

Iroorzlqj OhFdp +4<86,/ Ydq ghu Ydduw +4<<;/ fkdswhu ;, glvfxvvhv krz wkh Fudp�hu0Udr

erxqg jlyhv d orzhu erxqg rq wkh yduldqfh iru uhjxodu hvwlpdwruv1

Lq vhfwlrq 5/ zh lqwurgxfh wkh lqwhjudwhg prphqw ixqfwlrq dv dq dssur{lpdwlrq wr d udwlr

ri lqwhjudov1 Xqghu uhjxodulw| dqg vprrwkqhvv frqglwlrqv/ wklv dssur{lpdwlrq lv vwloo ydolg li

zh xvh d sulru iru i= Wkdw lvU
j+�> i,hu

�

�+�> i,giU
hu

�

�+�> i,gi
@ j�cW+�> ai, .RR+W

3�,=+8,

Wkh uhjxodulw| frqglwlrqv duh lpsolhg e| Ndvv hw do1 +4<<3/ ohppd 5/ wkhruhp 7 dqg :,

dqg duh vwdwhg lq wkh dsshqgl{1 Xvlqj d sulru lv irupdoo| htxlydohqw wr xvlqj d pl{lqj glv0

wulexwlrq1 Ohw wkh pl{lqj glvwulexwlrq eh ghqrwhg e| �+�> i, zkhuh � lv d �qlwh sdudphwhu
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yhfwru1 Uhsodflqj �+�> i, e| �+�> i, grhv qrw fkdqjh wkh dssur{lpdwlrq uhvxow lq htxdwlrq

+8,1 Wkhruhp 4 lv edvhg rq surshuwlhv ri j�cW+�> ai, dqg vwloo krogv li zh xvh d sulru ru pl{lqj

glvwulexwlrq iru i= Wkxv/ dssur{lpdwho| vhsdudwlqj � iurp i e| xvlqj j+�> i, uhvxowv lq d

fhuwdlq urexvwqhvv djdlqvw wkh zurqj fkrlfh ri sulru ru pl{lqj glvwulexwlrq1 Lq sduwlfxodu/

plvvshfli|lqj wkh lqlwldo frqglwlrqv ru plvvshfli|lqj wkh ghshqghqfh ehwzhhq wkh khwhurjhqh0

lw| dqg wkh uhjuhvvruv rqo| uhvxowv lq dq dv|pswrwlf eldv ri orz rughu/ R+W32,= Vhh Zrrogulgjh

+5334, iru dq ryhuylhz ri prghov zlwk pl{lqj glvwulexwlrqv dqg Jhopdq hw do1 +4<<8, iru d

prwlydwlrq ri Ed|hvldq whfkqltxhv1

Fr{ dqg Uhlg +4<;:, sursrvh wr uhsdudphwhul}h wkh orj olnholkrrg vr wkdw lwv furvv ghulyd0

wlyh zlwk uhvshfw wr wkh qxlvdqfh sdudphwhu dqg sdudphwhu ri lqwhuhvw lv }hur lq h{shfwdwlrq1

Diwhu wklv uhsdudphwul}dwlrq/ Fr{ dqg Uhlg +4<;:, dsso| wkhlu frqglwlrqdo sur�oh olnholkrrg

phwkrg1 D olplw ri wklv dssurdfk lv wkdw wkh uhsdudphwul}dwlrq uhtxluhv wkdw d sduwlfxodu

gl�huhqwldo htxdwlrq kdv dq h{solflw vroxwlrq1 Lw lv zhoo nqrzq dqg glvfxvvhg e| Fulwfkoh|

+4<;:, dqg Kloov +4<;:,/ wkdw gl�huhqwldo htxdwlrqv uduho| kdyh h{solflw vroxwlrqv1 Ghvslwh

wklv gudzedfn/ Odqfdvwhu +5333 dqg 5335, dssolhv wkh lghd ri uhsdudphwul}dwlrq wr sdqho

gdwd zkhuh wkh �{hg h�hfw sod|v wkh uroh ri qxlvdqfh sdudphwhu1 Odqfdvwhu +5333 dqg 5335,

wkhq lqwhjudwhv rxw wkh �{hg h�hfwv dqg ghulyhv d qhz hvwlpdwru iru wkh g|qdplf olqhdu prgho

zlwk �{hg h�hfwv1 Krzhyhu/ Odqfdvwhu +5333 dqg 5335, grhv qrw suhvhqw jhqhudo uhvxowv1 Lw

lv hdv| wr vkrz wkdw wkh ruwkrjrqdolw| ri Fr{ dqg Uhlg +4<;:,/ HOqs +�f> if, @ 3> iru doo

i�f> ifj lv htxlydohqw wr cH*Oqs +�> i, @ 3 iru doo i�> ij/ vr wkdw d vlpsol�hg yhuvlrq ri wkh

dujxphqwv lq wklv vhfwlrq |lhogv wkdw wkh lqfrqvlvwhqf| ri wklv lqwhjudwhg olnholkrrg hvwlpdwru

lv R+W32,= Dsso|lqj wkh lqwhjudwhg prphqw hvwlpdwru wr wkh g|qdplf olqhdu prgho |lhogv

Odqfdvwhu*v +5335, hvwlpdwru zlwkrxw d qhhg iru uhsdudphwul}dwlrq1 Wkh ehdxw| ri wkh lq0

whjudwlqj prphqw dssurdfk lv lwv frpelqdwlrq ri vlpsolflw| zlwk jhqhudolw|= Lw lv hdv| wr

frpsxwh dqg fdq eh dssolhg wr d odujh udqjh ri prghov1

��� A�4i #�44�itS

Wkh lqglylgxdov lq d sdqho gdwdvhw pd| eh h{srvhg wr frpprq vkrfnv1 Li wkhvh frpprq

vkrfnv duh fdxvhg e| revhuydeohv wkhq rqh pd| eh deoh wr frqwuro iru wkh frpprq vkrfnv e|
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lqfoxglqj wkhvh revhuydeohv dv uhjuhvvruv1 Lq rwkhu dssolfdwlrqv wkh frpprq vkrfn pd| qrw

eh revhuydeoh wr wkh hfrqrphwulfldq dqg rqh suhihuv wr lqfoxgh d yhfwru ri wlph gxpplhv1

Wklv vhfwlrq vkrzv wkdw wkh frqfoxvlrq ri wkh odvw vhfwlrq/ wkdw wkh prphqw ixqfwlrq j+�> i,

gholyhuv dv|pswrwlfdoo| xqeldvhg dqg h�flhqw hvwlpdwruv/ uhpdlqv wuxh lq dq dv|pswrwlf lq

zklfk W jurzv vorzhu wkdq Q exw idvwhu wkdq Q�*�=

D wlph gxpp| kdv wkh ydoxh rqh iru d �{hg vhw ri shulrgv dqg lv }hur iru doo rwkhu

shulrgv1 Dv d frqvhtxhqfh/ wkhvh wlph gxpplhv duh rqo| hvwlpdwhg dw udwh Q3�*2 lq dq

dv|pswrwlf zlwk lqfuhdvlqj W dqg Q= Zh vkrz wkdw wkh frpprq sdudphwhu vwloo frqyhujhv

dw d udwh +QW ,3�*2 dqg/ wkhuhiruh/ sduwlwlrq wkh sdudphwhu yhfwru �= Ohw � @ i�S> �_j zkhuh

�S lv wkh frpprq sdudphwhu wkdw dsshduv lq wkh txdvl orj olnholkrrg frqwulexwlrqv ri doo

lqglylgxdov iru doo wlph shulrgv dqg �_ lv wkh yhfwru ri gxpp| yduldeohv1 Lq rughu wkdw wkh

ghulydwlyh ri j+�> i, frqyhujhv wr d frqvwdqw pdwul{ J zh dovr fkdqjh wkh qrupdol}dwlrq1 Ohw

j+�> i, @ ijS+�> i,> j_+�> i,j zkhuh jS+�> i, lv gh�qhg dv lq wkh odvw vhfwlrq/ htxdwlrq +7,/

dqg j_+�> i, lv gh�qhg vlploduo| exw lv qrupdol}hg e| Q lqvwhdg ri QW= Wkdw lv/

j_+�> i, @

S
�

Q
j�c_+�> i, @

S
�

Q
iO�

q
_
+�> i,� O�

s +�> i,

U
O�
q
_
s +�> i,h

u�Eqcs�gwU
O�
ss +�> i,h

u�Eqcs�gw
j=

Dv lv vkrzq lq wkh dsshqgl{/ Y}Eqcs�
Yq frqyhujhv wr d pdwul{ J li Q dqg W $ 4> � $R �f>

dqg i $R if= Xqghu dvvxpswlrqv jlyhq ehorz/ wkh lqwhjudwhg prphqw hvwlpdwru lv frqvlvwhqw

dqg kdv wkh iroorzlqj yduldqfh0fryduldqfh pdwul{/

� @ J3�Hij+�f> if,j+�f> if,
�jJ3�=

Qrwh wkdw wkh xsshu ohiw eorfn ri wkh pdwul{ Hij+�f> if,j+�f> if,
�j lv qrupdol}hg e| �

�A dqg

lv R++QW ,3�, zkloh wkh orzhu uljkw eorfn lv R+Q3�,= Lq sduwlfxodu/ ohw wkh glphqvlrq ri wkh

frpprq sdudphwhu/ �S> eh htxdo wr N dqg wkh glphqvlrq ri wkh yhfwru ri wlph gxpplhv/ �_>

eh G= Ohw

� @

�
�SS �S_

�_S �__

�

zkhuh �SS lv N e| N dqg �__ lv G e| G= Gh�qh �S @ QW ��SS dqg �_ @ Q ��__ dqg qrwh

wkdw �S dqg �_ frqyhujh wr frqvwdqw pdwulfhv iru Q>W $4=
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Zh dvvxph. wkdw W jurzv vorzhu wkdq Q exw idvwhu wkdq Q�*�=

Dvvxpswlrq 43 +Dv|pswrwlfv,=

Ohw W b Qk zkhuh �
� ? � ? 41

Wkh iroorzlqj dvvxpswlrq irupdol}hv wkh qrwlrq wkdw �_ lv wkh yhfwru ri wlph gxpplhv1 Lw lv

vdwlv�hg li/ iru h{dpsoh/ hdfk wlph gxpp| rqo| dsshduv lq wkh olnholkrrg frqwulexwlrq ri d

�{hg vhw ri shulrgv1H1 Ohw jSq
S

@ Y}SEqcsf�
Yq

S

mq'q
f
> jSq

_

@ Y}_Eqcsf�
Yq

_

mq'q
f
> j_q

S

@ Y}_Eqcsf�
Yq

S

mq'q
f
dqg

j_q
_

@ Y}_Eqcsf�
Yq

_

mq'q
f
=

Dvvxpswlrq 44 +Wlph Gxpplhv,=

Ohw

jSq
_
eh RR+W

3�,> HijS+�f> if,j
_+�f> if,j eh R++QW ,

3�,>

iHjSq
S
�HjSq

_
^Hj_q

_
`3�Hj_q

S
j3�eh R+4,1

Wkhruhp 5

Ohw dvvxpswlrq 406/8 dqg :044 krog dqg ia�> aij @ dujplqqcsMXij+�> i,�j+�> i,.ks +�> i,�ks +�> i,j=
Wkhq

s
QW +a�S � �f, $ _Q +3>�S,dqg

s
Q+a�_ � �f, $ _Q +3>�_,>

zkhuh �S @ QW � �SS dqg �_ @ Q � �__= Xqghu wkh dgglwlrqdo dvvxpswlrq wkdw HO�
s�
O�
q @

�cH*O�
qs�

> HO�
qO

�
q @ �cH*O�

qq> dqg HO2
s�
@ �HOs�s� iru doo l wkh lqwhjudwhg prphqw hvwlpdwru

uhdfkhv wkh Fudp�hu0Udr h�flhqf| erxqg dqg

� @

�
�SS �S_

�_S �__

�
@ �^H+Oqq,�H+Oqs ,iH+Oss ,j3�H+Osq,`

3�>

zkhuh �SS lv N e| N dqg �__ lv G e| G=

�S @ QW ��SS/

�_ @ Q ��__ @ �^ 4
Q
H+Oq_q_

,� 4

Q
H+Oq_s

,iH+Oss ,j3�H+Osq_
,`=

Surri= Vhh dsshqgl{1
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��2 Bi?ih@* �hi_i|ih4�?i_ +i}hittLht

Qh|pdq dqg Vfrww +4<7;, ghvfuleh wkh lqflghqwdo sdudphwhu sureohp e| vkrzlqj wkdw wkh

pd{lpxp olnholkrrg hvwlpdwru idlov wr eh frqvlvwhqw lq d frxsoh ri h{dpsohv1 Wkh uhjuhvvruv

ri wkhvh h{dpsohv duh doo h{rjhqrxv exw wkh lqflghqwdo sdudphwhu sureohp reylrxvo| uhpdlqv

zkhq wkh dvvxpswlrq ri h{rjhqhlw| lv uhod{hg1 Lq wkh suhylrxv vhfwlrqv/ zh ghulyhg dq ds0

sur{lpdwh vroxwlrq wr wkh lqflghqwdo sdudphwhu sureohp e| xvlqj d prphqw ixqfwlrq wkdw

dssur{lpdwho| vhsdudwhv wkh qxlvdqfh sdudphwhuv iurp wkh sdudphwhuv ri lqwhuhvw1 Dv glv0

fxvvhg deryh/ wklv iudphzrun doorzv iru suhghwhuplqhg uhjuhvvruv wkdw duh odjjhg ghshqghqw

yduldeohv ru zkrvh ghqvlw| lv nqrzq/ xs wr d �qlwh sdudphwhu yhfwru1 Lq vrph dssolfdwlrqv/

krzhyhu/ rqh lv qrw zloolqj wr vshfli| wkh vwrfkdvwlf surfhvv ri vxfk h{sodqdwru| yduldeohv1

Lq wkhlu kdqgerrn fkdswhu/ Duhoodqr dqg Krqru�h +5334, qrwh _doprvw qrwklqj lv nqrzq

derxw qrqolqhdu prghov zlwk jhqhudo suhghwhuplqhg yduldeohv%1 Wklv vhfwlrq ghulyhv qhz hv0

wlpdwruv iru +txdvl, olnholkrrg prghov zlwk jhqhudo suhghwhuplqhg uhjuhvvruv dqg lqflghqwdo

sdudphwhuvb1 Iru prghov zlwk zhdno| h{rjhqrxv uhjuhvvruv/ wkh whfkqltxh wr frqglwlrq rq

d vx�flhqw vwdwlvwlf lv xqolnho| wr zrun1 D vx�flhqw vwdwlvwlf iru wkh lqflghqwdo sdudphwhu

i� zrxog eh d ixqfwlrq ri |��> ===> |�A = Frqglwlrqlqj uhtxluhv wkh glvwulexwlrq ri wkh vx�flhqw

vwdwlvwlf frqglwlrqdo rq wkh suhghwhuplqhg uhjuhvvruv ri doo shulrgv1 Wklv glvwulexwlrq lv qrw

vshfl�hg vlqfh wkh uhjuhvvruv duh rqo| uhtxluhg wr eh suhghwhuplqhg1

Dqdorjrxvo| wr wkh odvw vhfwlrq/ zh ghyhors d prphqw ixqfwlrq j+�> i, zklfk dssur{l0

pdwho| vhsdudwhv � dqg i> l1h1 Hj+�f> if, @ 3 dqg Hjs +�f> if, @ 31 Krzhyhu/ zh fdq qr

orqjhu fdofxodwh d suredelolw| glvwulexwlrq iru suhghwhuplqhg yduldeohv1 Zh/ wkhuhiruh/ mxvw

xvh wkh idfw wkdw wkh uhjuhvvruv duh suhghwhuplqhg dqg suhglfw O�|
qs xvlqj wkh suhghwhuplqhg�f

{|� @ {i{��> ===> {�|j dqg wkh sdudphwhuv � dqg i= Lq sduwlfxodu/ frqvlghu

j�+�> i, @
A[
|'�

iO�|
q +�> i,�

cH*+O�|
qs m{|�c> �> i,

cH*+O�|
ss m{|�> �> i,

O�|
s +�> i,j+9,

zkhuh
cH*+O�|

qs m{|�c> �> i,
cH*+O�|

ss m{|�> �> i,
@

U
O�|
qs +�> i,h

u�|Eqcs�gwU
O�|
ss +�> i,h

u�|Eqcs�gw
=
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Dqdorjrxvo| wr wkh odvw vhfwlrqv/ ohw j+�> i, @
S

�

�A
ij�+�> i,j= Wklv |lhogv

j+�> i, @
Oq+�> i,

QW
�
S�

�'�

Q

SA
|'�

W
i cH*+O

�|
qs m{|�c> �> i,

cH*+O�|
ss m{|�> �> i,

O�|
s +�> i,j+:,

dqg qrwh wkdw Hjs +�f> if, @ 3= Vxssrvh wkh lqflghqwdo sdudphwhu lv d �{hg h�hfw dqg dsshduv

wkurxjk dq lqgh{ lq wkh olnholkrrg ixqfwlrq1 Dq h{dpsoh lv wkh surelw prgho zkhuh Su+\�| @

4, @ �+��|, dqg ��| @ {�|�.i�= Xvlqj wkh prphqw ixqfwlrq ri htxdwlrq +:, grhv qrw lghqwli|

wkh sdudphwhu ri wkh uhjuhvvruv dsshdulqj lq wkh lqgh{1 Wkhuhiruh/ zh xvh wkh iroorzlqj

prphqw li wkh lqflghqwdo sdudphwhu dsshduv wkurxjk dq lqgh{ lq wkh olnholkrrg ixqfwlrq1 Ohw

O>�|
ghqrwh wkh �uvw ghulydwlyh ri wkh orj olnholkrrg zlwk uhvshfw wr ��| dqg ohw O>�|>�|

ghqrwh

wkh vhfrqg ghulydwlyh1 Frqvlghu

j�+�> i, @
A3�[
|'�

C��|
C�

iO�|
>�|

�
cH*+Y>�|

Ys
O�|
>�|>�|

m{|�c> �> i,
cH*+

Y>�c|n�

Ys
O
�c|n�
>
�c|n�>�c|n� m{|n�� > �> i,

O�c|n�
>�c|n�

j>+;,

zkhuh {�| ghqrwhv d yhfwru ri suhghwhuplqhg yduldeohv= Li wkh lqflghqwdo sdudphwhu lv d �{hg

h�hfw/ wkhq zh kdyh

j�+�> i, @
A3�[

|'�

{�|iO�|
>�|
� cH*+O�|

>�|>�|
m{|�c> �> i,

cH*+O�c|n�
>�c|n�>�c|n� m{|n�� > �> i,

O�c|n�
>�c|n�

j=+<,

Wkh udwlr
�.<Eu�|

>�|>�|
�%|�ccqcs�

�.<Eu�c|n�
>�c|n�>�c|n�

�%|n�� cqcs�
kdv d vlplodu uroh dv wkh udwlr

�.<Eu�|
qs

�%|�ccqcs�

�.<Eu�|
ss

�%|� cqcs�
deryh1 Krzhyhu/

qrwlfh wkdw wkh h{shfwdwlrqv duh qrz frqglwlrqdo rq {|� dqg {
|n�
� / uhvshfwlyho|1 Wkh lghd ehklqg

wkh prphqw ixqfwlrqv lv wkh vdph dqg lq erwk fdvhv/ � lv dssur{lpdwho| vhsdudwhg�� iurp i

li

H+O�|
>�|>�|

m{|�c> �f> if, @cH*+O�|
>�|>�|

m{|�c> �f> if,j>

Hj�s +�f> if, @ H

A[

|'�

{�|iO�|
>�|>�|

�H+O�|
>�|>�|

m{|�c> �f> if,j @ 3=

Wkh vdph yhfwru prphqw fdq eh xvhg iru wkh uhjuhvvru frh�flhqwv ri wkh wudqvirupdwlrq

prgho zlwk d sdudphwulf wudqvirupdwlrq ru wkh Zhlexoo prgho�21 Vxssrvh |�| @ K+��|, . %�|

zkhuh ��| @ [�|� . i�/ K+, lv d sdudphwulf ixqfwlrq/ H+%�|m{|�, @ 3 dqg H+%2�|m{|�, ? 4= Dv0

vxplqj qrupdolw| dqg krprvfhgdvwlflw| ri wkh huuru whup |lhogv d txdvl olnholkrrg1 Dsso|lqj
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wkh prphqw ixqfwlrq ri htxdwlrq +<, wr wkh olqhdu prgho zlwk suhghwhuplqhg yduldeohv |lhogv

d idploldu�� prphqw ixqfwlrq/

j�+�, @
A3�[

|'�

{�|+%�| � %�c|n�,=

Zh wkxv xvh wkh prphqw yhfwru ixqfwlrq ri htxdwlrq +9,1 Li wkh lqflghqwdo sdudphwhu lv d

�{hg h�hfw dqg dsshduv wkurxjk dq lqgh{ lq wkh olnholkrrg ixqfwlrq wkhq zh uhsodfh wkrvh

prphqwv e| +;,1 Wklv |lhogv j+�> i,1 Zh wkhq xvh wkh vdph remhfwlyh ixqfwlrq dv lq wkh odvw

vhfwlrq/

T+�> i, @ �ijW+�> i,j�ijW+�> i,j � ik+�> i,j�ik+�> i,j

zkhuh

jW+�> i, @

S
�

QW
ij�+i,� 4

5

j�ss +i,

O�
ss +i,

.
4

5

O�
sss +i,j

�
s +i,

iO�
ss +i,j2

j

k+�> i, @
Os +�> i,

W
=

Lpsrvlqj wkh vdph dvvxpswlrqv dv lq Wkhruhp 4/ h{fhsw wkdw { lv h{rjhqrxv/ jlyhv wkh

iroorzlqj wkhruhp1

Wkhruhp 6

Ohw i{�> |�j eh vwulfwo| vwdwlrqdu| dqg hujrglf iru doo l dqg ohw {� eh suhghwhuplqhg iru doo l1

Ohw dvvxpswlrq 405 dqg 80< krog dqg a� @ dujplqqcsMXiT+�> i,j= Wkhq
s
QW +a� � �f,$_ Q +3>�,

zkhuh

� @ J3�HiQW � j+�f> if,j+�f> if,�jJ3�=

Surri= Vhh dsshqgl{1

4:



e 5�4�*@|�L?t

Khfnpdq +4<;4d/e, lqwurgxfhv wkh glvwlqfwlrq ehwzhhq _vwdwh ghshqghqfh% dqg _vsxulrxv

fruuhodwlrq% dv wzr vrxufhv ri fruuhodwlrq ryhu wlph ehwzhhq rxwfrphv ri oderu pdunhw sdu0

wlflsdwlrq ru rwkhu ghflvlrqv e| dq lqglylgxdo1 _Vwdwh ghshqghqfh% lv fdxvhg e| d odj ghshq0

ghqw yduldeoh zkhuhdv _vsxulrxv fruuhodwlrq% lv wkh uhvxow ri khwhurjhqhlw|1 Khfnpdq +4<;4e,

suhvhqwv d vlpxodwlrq vwxg| dqg qrwhv wkdw wkh �{hg h�hfw hvwlpdwru lv eldvhg/ lq sduwlfxodu

li odjjhg ghshqghqw yduldeohv duh suhvhqw1 Wkh vlpxodwlrq vwxg| ri wklv vhfwlrq lv lqwhqghg wr

looxvwudwh wkh lqwhjudwhg olnholkrrg dssurdfk dqg vkrzv wkdw wkh lqwhjudwhg prphqw hvwlpdwru

lv xqeldvhg lq wkh vlpxodwlrq ghvljqv frqvlghuhg e| Khfnpdq +4<;4e,1

H{rjhqrxv Uhjuhvvruv

Khfnpdq +4<;4e, dvvxphv wkh iroorzlqj1 Ohw

\ W
�| @ [�|� . �|� � . %�|>

zkhuh [�| lv jhqhudwhg e| d Qhuoryh +4<:4, surfhvv

[�| @ 3=4w. 3=8[�c|3� . X�|c X�| q X +�3=8> 3=8,

[�| @ 8. 43X�fc

� � q Q +3> 4, > %�| q Q +3> 4,

\�| @ 4 ^\ W
�| A 3` =

Xvlqj wkh �{hg h�hfw surelw hvwlpdwru |lhogv wkh iroorzlqj dyhudjh hvwlpdwhv iru �=

Wdeoh 4
� @ 4 � @ �3=4 � @ �4

�2| @ 6 4=6385 �3=43<: �4=5755
�2| @ 4 4=48<; �3=4375 �4=5359
�2| @ 3=8 4=435; �3=4389 �4=4;58

Edvhg rq 4333 uhsolfdwlrqv

Wkhvh uhvxowv gl�hu vrphzkdw iurp Khfnpdq*v +4<;4e, �qglqjv/ suredeo| ehfdxvh wkh

qxpehu ri uhsolfdwlrqv lv odujhu�e exw wkh frqfoxvlrq/ qdpho| wkdw wkh �{hg h�hfw surelw

hvwlpdwru lv eldvhg/ uhpdlqv wkh vdph1

4;



Dv lv dssduhqw iurp wkh iroorzlqj wdeoh/ wkh lqwhjudwhg prphqw hvwlpdwru lv xqeldvhg1

Wdeoh 5
� @ 4 � @ �3=4 � @ �4

�2| @ 6 +PVH, 3=<<9< +3=3549, �3=3;:< +3=353;, �3=<<<; +3=354<,
�2| @ 4 +PVH, 4=33:3 +3=353<, �3=3<:; +3=3544, �3=<<97 +3=3545,
�2| @ 3=8 +PVH, 3=<<:6 +3=3547, �3=4378 +3=3533, �4=3343 +3=3545,

Edvhg rq 4333 uhsolfdwlrqv

Vhh wkh dsshqgl{ iru ghwdlov1

Odjjhg Ghshqghqw Yduldeohv

Wkh gdwd jhqhudwlqj surfhvv lv wkh vdph dv lq wkh suhylrxv fdvh exw qrz d odjjhg ghshqghqw

yduldeoh lv lqfoxghg dv dq h{sodqdwru| yduldeoh1 Lq sduwlfxodu/

\ W
�| @ [�|� . \�c|3�� . �|� � . %�|=

Xvlqj Khfnpdq*v +4<;4e, ghvljq/ wkh frqglwlrqdo �{hg h�hfw surelw hvwlpdwru |lhogv wkh

iroorzlqj dyhudjh hvwlpdwhv iru � dqg � iru ydulrxv ydoxhv ri wkh sdudphwhuv1

Wdeoh 6
�2| @ 6 �2| @ 6 �2| @ 6
� @ �3=4 � @ 4 � @ 3

� @ 3=8 e� +PVH, �3=7734 +3=<63:, 4=:794 +4<7=55, �3=8757 +3=<937,

� @ 3=8 e� +PVH, �3=533; +3=3775, 6=:367 +88=757:, 3=36:9 +3=355:,
� @ 3=4 e� +PVH, �3=6;<; +3=589;, �7=8;66 +6<8=:<, �3=7:;8 +3=6;76,

� @ 3=4 e� +PVH, �3=4686 +3=34<<, 46=399; +4344=85, 3=3645 +3=3638,

�2| @ 4 �2| @ 4 �2| @ 4
� @ �3=4 � @ 4 � @ 3

� @ 3=8 e� +PVH, �3=6836 +3=:853, 3=83:< +3=3336, �3=5<3: +3=9779,

� @ 3=8 e� +PVH, �3=449: +3=3435, 4=3777 +3=3384, 3=3846 +3=3438,
� @ 3=4 e� +PVH, �3=7399 +3=5;3:, 3=44:7 +3=3339, �3=7645 +3=5<<<,

� @ 3=4 e� +PVH, �3=49<5 +3=3476, 4=39:4 +3=3439, 3=378: +3=3357,

Edvhg rq 4333 uhsolfdwlrqv

Wkh iroorzlqj wdeoh frqwdlqv wkh phdq ri wkh hvwlpdwhv iru � dqg � dv zhoo dv wkh phdq

vtxduhg huuru iru wkh lqwhjudwhg prphqw hvwlpdwru1

4<



Wdeoh 7
�2| @ 6 �2| @ 6 �2| @ 6
� @ �3=4 � @ 4 � @ 3

� @ 3=8 e� +PVH, 3=7<:6 +3=3547, 3=7<55 +3=3535, 3=838; +3=3535,

� @ 3=8 e� +PVH, �3=4374 +3=3544, 4=338; +3=3534, �3=3358 +3=3546,
� @ 3=4 e� +PVH, 3=433; +3=353:, 3=3<79 +3=3557, 3=4338 +3=3538,

� @ 3=4 e� +PVH, �3=3<:6 +3=34<9, 3=<<<7 +3=3548, �3=3376 +3=3546,

�2| @ 4 �2| @ 4 �2| @ 4
� @ �3=4 � @ 4 � @ 3

� @ 3=8 e� +PVH, 3=834< +3=3543, 3=7<85 +3=3537, 3=7<3; +3=34<:,

� @ 3=8 e� +PVH, �3=43;4 +3=3545, 3=<<66 +3=3548, 3=3349 +3=353<,
� @ 3=4 e� +PVH, 3=3<75 +3=3546, 3=43:6 +3=3539, 3=3<86 +3=3547,

� @ 3=4 e� +PVH, �3=3<8< +3=353;, 4=3367 +3=3538, 3=3385 +3=3545,

Edvhg rq 4333 uhsolfdwlrqv

D �L?U*�t�L?

Wklv sdshu ghyhorsv wkh lqwhjudwhg prphqw hvwlpdwru1 Lw vkrzv wkdw wkh lqwhjudwhg prphqw

hvwlpdwru |lhogv dq dssur{lpdwh vroxwlrq wr wkh lqflghqwdo sdudphwhu sureohp ri Qh|pdq

dqg Vfrww +4<7;,1 D qlfh ihdwxuh ri wklv dssur{lpdwh vroxwlrq lv wkdw hvwlpdwruv wkdw uho| rq

cgl�huhqflqj* duh vkrzq wr eh vshfldo fdvhv dqg wkdw wkh hvwlpdwru lv h�flhqw lq dq dv|pswrwlf

zkhuh W lqfuhdvhv vorzo|/ lq sduwlfxodu/ W lv rqo| uhtxluhg wr lqfuhdvh idvwhu wkdq Q�*�=

Lq wkhlu frqfoxvlrq/ Duhoodqr dqg Krqru�h +5334, qrwh wkdw doprvw qrwklqj lv nqrzq derxw

qrqolqhdu prghov zlwk jhqhudo suhghwhuplqhg yduldeohv1 Xvlqj dssur{lpdwh vhsdudwlrq dqg

wkh lqwhjudwhg prphqw ixqfwlrq/ zh ghulyh qhz hvwlpdwruv iru +txdvl, olnholkrrg prghov

zlwk lqflghqwdo sdudphwhuv dqg suhghwhuplqhg uhjuhvvruv1 Lw wkxv vhhpv wkdw dssur{lpdwh

sdudphwhu vhsdudwlrq dqg wkh lqwhjudwhg prphqw ixqfwlrq duh yhu| surplvlqj dssurdfkhv

wr vwxg| prghov zlwk jhqhudo suhghwhuplqhg yduldeohv dqg pdq| qxlvdqfh sdudphwhuv1 Lq

sduwlfxodu/ wkh lghd ri dssur{lpdwh vhsdudwlrq lv qrw olplwhg wr txdvl0olnholkrrg ixqfwlrqv

dqg lw vhhpv wr eh srvvleoh wr dsso| lw wr rwkhu vprrwk remhfwlyh ixqfwlrqv vxfk dv wkh

vprrwkhg pd{lpxp vfruh hvwlpdwru ri Krurzlw} +4<<5,1 Wklv lv d wrslf ri ixuwkhu vwxg|1
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S �TTi?_�Uit

Sursrvlwlrq 4

Vxssrvh ia�> aij @ dujplqqcsMXiT+�> ij= Ohw dvvxpswlrq 407 krog1 Wkhq a� $R �f dqg

ai $R if=

Surri= Dvvxpswlrq 4 lpsolhv wkdwTf+�> i, @ �iHj+�> i,j�iHj+�> i,j�iHk+�> i,j�iHk+�> i,j

lv xqltxho| vroyhg iru i�> ij @i�f> ifj= Dvvxpswlrq 507 dqg wkh frpsdfwqhvv dvvxpswlrq ri

dvvxpswlrq 4 lpso| wkdw +4, j+�> i,>
}�

ss
Eqcs�

u�
ss

Eqcs�
>
u�
sss

Eqcs�}�
s
Eqcs�

tu�
ss

Eqcs��2
dqg k+�> i, frqyhujhv xqlirupo|

wr wkhlu h{shfwdwlrqv dqg +5, Hj+�> i,> H
}�
ss

Eqcs�

u�
ss

Eqcs�
> H

u�
sss

Eqcs�}�
s
Eqcs�

tu�
ss

Eqcs��2
dqg Hk+�> i, duh

frqwlqxrxv/ vhh Qhzh| dqg PfIdgghq +4<<7/ Ohppd 517/ zkhuh Qhzh| dqg PfIdgghq qrwh

wkdw _Wkh frqfoxvlrq ^ri Ohppd 517` uhpdlqv wuxh li wkh l1l1g1 k|srwkhvlv lv fkdqjhg wr vwulfw

vwdwlrqdulw| dqg hujrglflw| ri }�%> vhh Qhzh| dqg PfIdgghq +4<<7/ sdjh 545<,,= Wklv lpsolhv

wkdw jW+�> i, � j+�> i, @ �
A

S
�

�
i��

2

}�
ss

Eqcs�

u�
ss

Eqcs�
. �

2

u�
sss

Eqcs�}�
s
Eqcs�

tu�
ss

Eqcs��2
j frqyhujhv xqlirupo| wr }hur

vr wkdw T+�> i, frqyhujhv xqlirupo| wr Tf+�> i,= Doo dvvxpswlrqv ri Qhzh| dqg PfIdgghq

+4<<7/ Wkhruhp 514, duh vdwlv�hg dqg frqvlvwhqf| iroorzv1 T1H1G1

Zh iuhtxhqwo| xvh wkh idfw wkdw wkh surgxfw ri wkuhh qrupdoo| glvwulexwhg udqgrp yduldeohv

kdv h{shfwdwlrq }hur1 Vhplqdu sduwlflsdqwv zhuh riwhq vxusulvhg e| wklv vr zh vwdwh wkh uhvxow

dv d ohppd1

Ohppd 4= Ohw ��> �2 dqg �� eh vfdoduv dqg ohw

3
C

��
�2
��

4
D � Q+3>	, zkhuh 	 lv d 6� 6 pdwul{ dqg ghw+	, ?4=

Wkhq H+���2��, @ 3=

Surri= Zh �uvw frqvlghu ghw+	, A 3= Qrwh wkdw H+��m�2> ��, @ �2�2 . ���� zkhuh �2 @
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P�2P��3P��P2�

P22P��3EP2��2
dqg �� @

P��P223P�2P2�

P22P��3EP2��2
= Wklv jlyhv

H+���2��, @ HiH+���2��m�2> ��,

@ Hi+�2�2 . ����,�2��j

@ HiH+�2�
2
2��m��,j.HiH+���2�

2
�m�2,j

@ 	22�2H+��, . 	����H+�2, @ 3>

xvlqj wkh idfw wkdw H+�2, m�&, @ H+�2, , @ 	,, iru o 9@ n=

Iru ghw+	, @ 3> zh kdyh +d, �� lv d olqhdu frpelqdwlrq ri �2 dqg �� ru +e, �2 @ f�� iru vrph

�qlwh f= Li +d, dssolhv wkhq �� @ �2�2 . ���� dqg wkh deryh surri krogv1 Li �2 @ f�� wkhq

H+��m�2> ��, @ H+��m�2, @
P�2

P22
�2 dqg H+���2��, @ H+P�2

P22
�22��, @ H+	�2��, @ 3=

T1H1G1

Gl�huhqwldwlqj j�+�> i,

j�+�> i, @ O�
q+�> i,� O�

s +�> i,�+�> i,

zkhuh ��+�> i, @

U
O�
qs +�> i,h

u�Eqcs�gwU
O�
ss +�> i,h

u�Eqcs�gw
=

Gl�huhqwldwlqj j�+�> i, zlwk uhvshfw wr i jlyhv

j�s +�> i, @ O�
qs +�> i,� O�

ss +�> i,

U
O�
qs +�> i,h

u�Eqcs�gwU
O�
ss +�> i,h

u�Eqcs�gw
. O�

s +�> i,�
�
s +�> i,

zkhuh

��s +�> i, @ �

U
iO�

qss +�> i, . O�
qsO

�
sjh

u�Eqcs�gwU
O�
ss +�> i,h

u�Eqcs�gw

.

U
iO�

sss +�> i, . O�
ss +�> i,O

�
s +�> i,jh

u�Eqcs�gw
U
O�
qs +�> i,h

u�Eqcs�gw

i
U
O�
ss +�> i,h

u�Eqcs�gwj2
=

Qrwh wkdw ��s +�> i, lv qrqvwrfkdvwlf dqg wkdw/

Hj�s +�f> if, @ HO�
qs �

U
O�
qs +�f> if,h

u�Eq
f
csf�gwU

O�
ss +�f> if,h

u�Eq
f
csf�gw

HO�
ss >
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vlqfh HO�
s +�f> if, @ 3 e| dvvxpswlrq 41 Gl�huhqwldwlqj j�+�> i, zlwk uhvshfw wr � jlyhv

j�q+�> i, @

S
�

Q
^O�

qq+�> i, . O�
qs +�> i,

U
O�
qs +�> i,h

u�Eqcs�gwU
O�
ss +�> i,h

u�Eqcs�gw

.O�
s +�> i,

U
iO�

qqs +�> i, .O�
qs +�> i,O

�
q+�> i,jh

u�Eqcs�gwU
O�
ss +�> i,h

u�Eqcs�gw

�O�
s +�> i,

U
O�
qs +�> i,h

u�Eqcs�gw
U
iO�

qss +�> i, . O�
ss +�> i,O

�
q+�> i,jh

u�Eqcs�gw

+
U
O�
ss +�> i,h

u�Eqcs�gw,2
,`=

j�q+�f> if, @

S
�

Q
^O�

qq . O�
qs

cH*O�
qs

cH*O�
ss

.O�
s

cH*O�
qqs . cH*O�

qsO
�
q

cH*O�
ss

�O�
s

cH*O�
qsicH*+O

�
qss . O�

ssO
�
q,j

+cH*O�
ss ,

2
`>

zkhuh zh rplwwhg wkh dujxphqw li d ixqfwlrq lv hydoxdwhg dw +�f> if,1

Vwurqjhu dowhuqdwlyhv wr Dvvxpswlrq 8

Dvvxpswlrq 8 +Dssur{lpdwh vhsdudwlrq,= Ohw +l, Hjs +�f> if, @ 3 dqg +ll,HOs +�f> if,js +�f> if,.

Hjss +�f> if, @ 3=

Wkh iroorzlqj wzr dvvxpswlrqv lpso| dvvxpswlrq 81

Dvvxpswlrq 8-= cH*Oss @ HOss > cH*Oqs @ HOqs > H+Os ,
2 @ HOss / cH*Oqss @ HOqss >

cH*OqsOs @ HOqsOs dqg cH*Osss @ HOsss =

Dvvxpswlrq 8--= +Fruuhfw vshfl�fdwlrq,= s+|�m{�> �> i, @ hu
�Eqcs �%�c+�� iru doo l1
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Lq sduwlfxodu/ dvvxpswlrq 8- lpsolhv dvvxpswlrq 8 vlqfh

Hj�ss +�f> if, .HO�
s +�f> if,j

�
s +�f> if,

@ HO�
qss �HO�

sss

cH*O�
qs

cH*O�
ss

� 5cH*+O�
qss . O�

qsO
�
s ,

.5
cH*O�

qsicH*+O�
sss .O�

ssO
�
s ,j

cH*O�
ss

H^O�
qsO

�
s � O�

ssO
�
s

cH*O�
qs

cH*O�
ss

� O�
sO

�
s

cH*+O�
qss . O�

qsO
�
s ,

cH*O�
ss

.O�
sO

�
s

cH*O�
qsicH*+O�

sss .O�
ssO

�
s ,j

+cH*O�
ss ,

2
` @ 3=

Dvvxpswlrq 8-- lpsolhv dvvxpswlrq 8 vlqfh cH*O�
qs @ HO�

qs vr wkdw Hj�s @ 3 dqg gl�hu0

hqwldwlqj erwk vlghv ri wkh htxdwlrq Hj�s @ 3 zlwk uhvshfw wr i jlyhv Hij�sO�
s . j�ssj @ 3=

Ohppd 5= Ohw wkh dvvxpswlrqv ri wkhruhp 4 krog/ lqfoxglqj wkh dvvxpswlrq wkdw Hij�sO�
s .

j�ssj @ 3= Wkhq Hi}
�

s
u�
s
n}�

ss

u�
ss

j lv R+W3�,=

Surri= Hij�sO�
s . j�ssj @ 3 lpsolhv wkdw Hi}

�
s
u�
s
n}�

ss

.u�
ss

j @ 3= Wkxv/

Hij
�
sO

�
s . j�ss

O�
ss

j @ Hij
�
sO

�
s . j�ss

O�
ss

j �Hij
�
sO

�
s . j�ss

HO�
ss

j

@ Hi+j
�
sO

�
s . j�ss ,+HO

�
ss � O�

ss ,

O�ssHO
�
ss

j

@ Hi+j
�
sO

�
s . j�ss ,+HO

�
ss � O�

ss ,

+HO�
ss ,

2
j.R+W3�,

vlqfh
E.u�

ss
3u�

ss
�2

E.u�
ss

�2
lv R+W3�,= Wkxv/

Hij
�
sO

�
s . j�ss

O�ss
j @ 4s

W
Hi W

HO�
ss

W

HO�
ss

j�ss
W

O�
ss
W

HO�
ss � O�

sss
W

j.R+W3�,=

Wkh whupv
}�
sI
A
/

u�
sI
A
/ dqg

E.u�
ss
3u�

ss
�

I
A

hdfk kdyh h{shfwdwlrq }hur dqg wkhlu dv|pswrwlf glvwul0

exwlrq lv qrupdo zlwk phdq }hur +zlwk uhpdlqghu whup R6r+W
3�*2,,1 Ohppd 4 vwdwhv wkdw

wkh surgxfw ri wkuhh qrupdoo| glvwulexwhg vwrfkdvwv/ zlwk phdq }hur/ kdv h{shfwdwlrq }hur

dqg wkh uhvxow iroorzv1 T1H1G1
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Ohppd 6= Ohw wkh dvvxpswlrqv ri wkhruhp 4 krog/ lqfoxglqj wkh dvvxpswlrq wkdw Hj�s @ 3=

Wkhq H^iu
�
ss
3Eu�

s
�2

u�
ss

jiu
�
sss

}�
s

Eu�
ss

�2
j` lv R+W3�,=

Surri= Hj�s @ 3 dqg H^mm �A js mm2` ?4 lpso| wkdw j�s lv R+
s
W ,= Lq sduwlfxodu/

H^iO
�
ss � +O�

s ,
2

O�
ss

jiO
�
sssj

�
s

+O�
ss ,

2
j` @ H^i O�

sssj
�
s

+HO�
ss ,

2
j`�H^i +O

�
s ,

2

HO�
ss

ji O�
sssj

�
s

+HO�
ss ,

2
j` .R+W3�,

@ H^ij
�
s +O

�
sss �HO�

sss ,

+HO�
ss ,

2
j`�H^i +O

�
s ,

2

HO�
ss

ji O�
sssj

�
s

+HO�
ss ,

2
j` .R+W3�,

@ � 4s
W
Hi+ W

HO�
ss

,�
O�ss
W

O�
ss
W

j�ss
W

HO�
sss

W
j.R+W3�,

vlqfh
u�
sss

3.u�
sssI

A
/

u�
sI
A

dqg
}�
sI
A

kdyh dq dv|pswrwlf glvwulexwlrq wkdw lv qrupdo zlwk phdq

}hur1 T1H1G1

Wd|oru h{sdqvlrq

Wkh dgydqwdjh ri sdqho gdwd ryhu d vlqjoh wlph vhulhv lv wkdw rqh fdq dyhudjh ryhu lqglylgxdov1

Zh riwhq dyhudjh ryhu udqgrp yduldeohv zlwk }hur phdq dqg erxqghg yduldqfh1 Zh wkhuhiruh

lqwurgxfh wkh iroorzlqj qrwdwlrq frqfhuqlqj d vhtxhqfh ri huuru whupv wkdw lv erxqghg lq

phdq vtxduh1 Wkh udqgrp yduldeoh ZA lv R3ihL 4i@?
6r +W3�*2, li dqg rqo| li ydu+ZA , lv R+W

3�,

dqg HZA @ 3= Wkh gh�qlwlrq ri ai lpsolhv wkdw

O�
s +

ai, @ O�
s . + ai � if,O

�
ss +

�i, @ 3>

zkhuh �i ghqrwhv dq lqwhuphgldwh ydoxh/ �i 5 ^if> ai ` dqg zh rplwwhg wkh dujxphqw zkhq

hydoxdwlqj d ixqfwlrq dw wkh wuxh ydoxh1 Vlploduo|/

O�
s +

ai, @ O�
s . + ai � if,O

�
ss .

4

5
+ ai � if,

2O�
sss +i, @ 3>

zkhuh i ghqrwhv dqrwkhu lqwhuphgldwh ydoxh/ i 5 ^if> ai `= Frpelqlqj wkh odvw wzr htxdwlrqv

jlyhv

+ ai � if, @ � O�
s

O�
ss

� 4

5
i O�s

O�
ss +

�i,
j2O

�
sss +i,

O�
ss

=

Xqghu wkh dvvxpswlrqv ri wkhruhp 4/ zh kdyh

+ ai � if, @ � O�
s

O�
ss

.R6r+W
3�,=
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Pruh dojheud jlyhv

+ ai � if,
2 @ +

O�s

O�
ss

,2 .R6r+W
3�*2,

C ai�
C�

@ �O
�
qs

O�
ss

.
O�
sO

�
qss

+O�
ss ,

2
.R6r+W

3�*2,

@ �O
�
qs

O�
ss

.R6r+W
3�*2,=

Vlploduo|/

O�
s +

ai, @ O�s . + ai � if,O
�
ss .

4

5
+ ai � if,

2O�
sss .

4

9
+ ai � if,

�O�
ssss +

�i, @ 3

dqg

+ ai � if, @ � O�
s

O�
ss

� 4

5

O�sss

O�
ss

+
O�
s

O�ss
,2 .R6r+W

3�*2,=

Li zh uhsodfh wkh dvvxpswlrq H^mm �A Ossss +}> �f> if,mm2` e| H^mm �A Ossss +}> �f> if,mm2` wkhq zh

kdyh

+ ai � if, @ � O�s

O�
ss

� 4

5

O�
sss

O�
ss

+
O�
s

O�
ss

,2 .
��
W �*2

.RR+W
32,

zkhuh �� lv qrupdoo| glvwulexwhg1 Zh pdlqwdlq wkh dvvxpswlrq H^mm �A Ossss +}> �f> if,mm` vlqfh
lw vlpsol�hv wkh surri ri wkhruhp 41

Ohppd 7= Ohw wkh dvvxpswlrqv ri wkhruhp 4 krog = Wkhq

jW+�> ai, @ j+�> ai, .R6r+W
3�,> iru � lq d qhljkerukrrg 3 ri �f>

j�cW+�f, @ j�+�f> i�cf, .R3ihL 4i@?
6r +4, .R+W3�, dqg

s
QW � jW+�f> ai, @

s
QW � j+�f> if, . r6r+4,=

Surri= Htxdwlrq +6, lq wkh wh{w vwdwhv wkdw

jW+�> ai, @
4

QW

[

�

ij�+�> ai,� 4

5

j�ss +�>
ai,

O�
ss +�>

ai,
.

4

5

O�
sss +�>

ai,j�s +�>
ai,

iO�
ss +�>

ai,j2 j=
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Wkh frqvlvwhqf| uhvxow ri Sursrvlwlrq 4 wrjhwkhu zlwk frqwlqxlw| ri Os lpsolhv wkdw ai lv

lq d qhljkerukrrg 3 ri if= Wklv lpsolhv/ e| dvvxpswlrq ;/ wkdw O�
ss +�>

ai, ? 3 vr wkdw

jW+�> ai, @ j+�> ai, .R6r+W
3�,= Hydoxdwlqj jW+�> ai, dw �f jlyhv>

s
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4s
QW
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D Wd|oru dssur{lpdwlrq derxw if dqg rplwwlqj wkh dujxphqw �f jlyhv
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Wkh h{shfwdwlrq ri wkh vhfrqg dqg wklug whup duh R+W3�, e| ohppd 5 dqg 61 Pruhryhu/
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W , dqg

u�
s
Eq

f
�}�

s
Eq

f
�n.}�

ss

.u�
ss

Eq
f
�

lv R3ihL 4i@?
6r +4,= Wklv |lhogv

Hj�cW+�f, @ R+W3�, dqg

j�cW+�f, @ j�+�f, .R3ihL 4i@?
6r +4, .R+W3�,=

5:



Xvlqj wkh frqglwlrqdo lqghshqghqfh dvvxpswlrq lpsolhv

s
QW � jW+�f> ai, @

S
� j

�cW+�f,s
QW

@
s
QW � j+�f, .R6r+W

3�*2, .R+

u
Q

W �
,=

Dvvxpswlrq 9/ W b Qk zkhuh � A �
� > lpsolhv wkdw R+

t
�
A � , lv r+4,= T1H1G1

Dv qrwhg lq wkh wh{w/ wkhruhp 4 uhpdlqv wuxh li zh vrphzkdw zhdnhq dvvxpswlrq ;1

Ohppd 7-= Ohw wkh dvvxpswlrqv ri wkhruhp 4 krog exw dvvxpswlrq ; +lll, rqo| kdv wr krog

zlwk suredelolw| rqh dqg H^mm �A O�ssss +}> �f> if,mm2` ?4 lv uhsodfhg e| H^mm �A O�ssss +}> �f> if,mm` ?
4 lq dvvxpswlrq ; +ly,1 Wkhq

jW+�> ai, @ j+�> ai, .RR+W
3�,> iru � lq d qhljkerukrrg 3 ri �f>

j�cW+�f, @ j�+�f> i�cf, . �� .RR+W
3�, dqg

s
QW � jW+�f> ai, @

s
QW � j+�f> if, . rR+4,

4 zkhuh �� � Q+3> �2� , dqg �2� ?4=

Surri= Hydoxdwlqj jW+�> ai, dw �f jlyhv

s
QW � jW+�f> ai, @

4s
QW

[
�

^j�+�f> ai,�
4

5

j�ss +�f>
ai,

O�ss +�f>
ai,

.
4

5

O�sss +�f>
ai,j�s +�f>

ai,

iO�ss +�f> ai,j2
`=

D Wd|oru dssur{lpdwlrq derxw if dqg rplwwlqj wkh dujxphqw �f jlyhv

j�cW @ j� . j�s +
ai � if, .

4

5
j�ss +

ai � if,
2 � 4

5

j�ss

O�ss
.

4

5

O�sssj
�
s

iO�ssj2
.

��
W �*2

.RR+W
3�,

@ j� � ij
�
sO

�
s . j�ss

O�ss
j. 4

5
iO

�
ss . +O�s ,

2

O�ss
j j

�
ss

O�ss

.
4

5
iO

�
ss � +O�s ,

2

O�ss
jiO

�
sssj

�
s

+O�ss ,
2
j. ��

W �*2
.RR+W

3�,>

zkhuh �� lv qrupdoo| glvwulexwhg exw gl�huv iurp htxdwlrq wr htxdwlrq1 Qrwh wkdw

H^iu
�

ss
nEu�

s
�2

.u�
ss

j .}
�
ss

.u�
ss

+
uss3.u

�
ss

.u�
ss

,` lv R+W32, e| Ohppd 41

j�cW @ j� � ij
�
sO

�
s . j�ss

HO�ss
j. 4

5
iO

�
ss � +O�s ,

2

HO�ss
ji O

�
sssj

�
s

+HO�ss ,
2
j. ��

W �*2
.RR+W

3�,=
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Wkh h{shfwdwlrq ri wkh vhfrqg dqg wklug whup duh }hur dqg R+W3�, e| dvvxpswlrq 8 dqg

ohppd 61 Pruhryhu/ j�ss �Hj�ss lv R6r+
s
W , dqg

u�
s
Eq

f
�}�

s
Eq

f
�n.}�

ss

.u�
ss
Eq

f
�

lv �� .R6r+W
3�*2,= Wklv

|lhogv

Hj�cW+�f, @ R+W3�, dqg

j�cW+�f, @ j�+�f, . �� .RR+W
3�,=

Xvlqj wkh frqglwlrqdo lqghshqghqfh dvvxpswlrq lpsolhv

s
QW � jW+�f> ai, @

S
� j

�cW+�f,s
QW

@
s
QW � j+�f, .RR+W

3�*2, .RR+

u
Q

W �
,=

Dvvxpswlrq 9/ W b Qk zkhuh � A �
� > lpsolhv wkdw RR+

t
�
A � , lv rR+4,=

Ohppd 8= Ohw wkh dvvxpswlrqv ri wkhruhp 4 krog = Wkhq

jWq+�f, @ jq+�f> if, .R6r+W
3�*2,=

Surri= Dv phqwlrqhg lq wkh wh{w/ wkh hvwlpdwh iru wkh lqflghqwdo sdudphwhu/ ai> ghshqgv rq

�= Dsso|lqj wkh fkdlq uxoh zkhq gl�huhqwldwlqj j+�> ai+�,, zlwk uhvshfw wr � jlyhv

jWq+�f, @
Cj+�> ai+�,,

C�
mq'q

f
@ jq+�f> if, .

4

QW

[
�

j
�cW
s +�f,

C ai+�,

C�
mq'q

f
=

Deryh zh vkrz wkdw Y 	sEq�
Yq mq'q

f
@ �u�

qs

u�
ss

.R6r+W
3�*2,= Qrwh wkdw

j
�cW
s +�f, @ j�s +�f>

ai, @ j�s +�f> if, . + ai � i,j�ss +�f>
�i,

zkhuh �i 5 ^if> ai ` lv dq lqwhuphgldwh ydoxh1 Uhdvrqlqj vlplodu�D wr ohppd 5 dqg 6 jlyhv wkdw

�
�A

S
� j

�cW
s +�f,

Y 	sEq�
Yq mq'q

f
lv R6r+W

3�*2, dqg wkh ohppd iroorzv1

Ohppd 9= Ohw wkh dvvxpswlrqv ri wkhruhp 4 krog = Wkhq

J+�f> if, @ Hjq+�f> if,

@

S
�

QW
^HO�

qq+�f> if, .
HO�

qs +�f> if,cH*O�
qs +�f> if,

�

cH*O�
ss +�f> if,

=

5<



Surri= Gl�huhqwldwlqj j+�> i, zlwk uhvshfw wr � jlyhv

jq+�> i, @

S
�

QW
j�q+�> i, @

S
�

QW
^O�

qq+�> i, . O�
qs +�> i,

U
O�
qs +�> i,h

u�Eqcs�gwU
O�
ss +�> i,h

u�Eqcs�gw

.O�
s +�> i,

U
iO�

qqs +�> i, . O�
qs +�> i,O

�
q+�> i,jh

u�Eqcs�gwU
O�
ss +�> i,h

u�Eqcs�gw

�O�
s +�> i,

U
O�
qs +�> i,h

u�Eqcs�gw
U
iO�

qss +�> i, . O�
ss +�> i,O

�
q+�> i,jh

u�Eqcs�gw

+
U
O�
ss +�> i,h

u�Eqcs�gw,2
`=

Wkh rqo| vwrfkdvwlf whup lq wkh odvw wzr olqhv lv O�
s +�> i, dqg HO

�
s +�f> if, @ 3= Wkh ohppd iro0

orzv1 Qrwh wkdw frqwlqxlw| ri _}
WEqc 	sEq��
_q +zlwk suredelolw| dssurdfklqj rqh, dqg vxsqM3mm

_}WEqc 	sEq��
_q mm ?

4 lpsolhv wkdw jWq+
��> ai+��,,$R jq+�f> if, iru

�� $R �f=

Ixoo Udqn= Gl�huhqwldwlqj wkh prphqw

�
j+�> i,

�
A Os +�> i,

�
zlwk uhvshfw wr � dqg i dqg wdnlqj

h{shfwdwlrq jlyhv �
J �

AHOqs

3 �
AHOss

�

vlqfh Hjs +�f> if, @ 3= Qrwh wkdw �
AHOss lv d gldjrqdo pdwul{ zlwk �

AHO
�
ss / l @ 4> ===> Q dv

lwv hohphqwv1 Wkxv/ wkh dvvxpswlrq ; dqg < +wkdw J kdv ixoo udqn, lpsolhv wkdw�
J �

AHOqs

3 �
AHOss

�

kdv ixoo udqn1

Wkh Fudp�hu0Udr erxqg=

Vwxduw hw do1 +4<<4/ vhfwlrq 4:14604:14:/ 4:15704:15;/ dqg 4;14804;149, jlyh d fohdu h{srvlwlrq

ri wkh Fudp�hu0Udr erxqg1 Zh eulh�| uhylhz wkh ghulydwlrq ri wkh Fudp�hu0Udr erxqg dqg

doorz iru dq dv|pswrwlf lq zklfk Q dqg2ru W lqfuhdvhv1 Ohw wkh hvwlpdwru a� eh d ixqfwlrq

ri wkh gdwd dqg kdyh eldv e+�,= Wkdw lv�S/]
===

]
a�hu�n���nu�g|�===g|� @ � . e+�,=

Gl�huhqwldwlqj jlyhv

[
�

]
a�O�

wh
u�

g|� @ L . e�+�,

[
�

]
+a� � �,O�

wh
u�

g|� @ L . e+�, . e�+�,
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zkhuh e�+�, ghqrwhv wkh ghulydwlyh ri e+�, zlwk uhvshfw wr �= Wkh Fdxfk|0Vfkzduw} lqhtxdolw|

jlyhv

[
�

i
]
+a� � �,2hug| .

]
O�
wO

��
w h

ug|j � L . e�+�,=

Wkxv

Hi+a� � �,2j � i
[
�

H+O�
wO

��
w ,j3� . i

[
�

H+O�
wO

��
w ,j3�ie+�, . e�+�,j=

Qrwh wkdw iS�H+O
�
wO

��
w ,j3� $ 3 li hlwkhu Q ru W lqfuhdvhv1 Ohw iS�H+O

�
wO

��
w ,j3�ie+�, .

e�+�,j $ 3 li erwk Q dqg W lqfuhdvh1 Wkxv/ wkh erxqg rq wkh yduldqfh iru uhjxodu/

dv|pswrwlfdoo| xqeldvhg hvwlpdwruv lv iS�H+O
�
wO

��
w ,j3� lq wklv dv|pswrwlf1 Zh fdq doorz iru

h{rjhqrxv uhjuhvvruv { e| uhshdwlqj wkh dujxphqwv deryh zkloh frqglwlrqlqj rq { dqg wkhq

wdnlqj h{shfwdwlrq ryhu {= Wkxv/ wkh lqirupdwlrq erxqg iru wkh lqflghqwdo sdudphwhu prghov

lv jlyhq e|

�
HOqq HOqs

HOsq HOss

�3�
=

Xvlqj wkh idfw wkdw HOss lv d gldjrqdo pdwul{ jlyhv

�
HOqq HOqs

HOsq HOss

�3�
@

� iHOqq �HOqs +HOss ,
3�HOsqj3� �+HOqq,

3�+HOqs ,I
�I +HOsq,+HOqq,

3� I

�3�
>

zkhuh I @ iHOss �HOsq+HOqq,
3�HOqsj3�=

Iroorzlqj OhFdp +4<86,/ Ydq ghu Ydduw +4<<;/ fkdswhu ;, glvfxvvhv krz wkh Fudp�hu0Udr

erxqg jlyhv d orzhu erxqg rq wkh yduldqfh iru uhjxodu hvwlpdwruv1

Wkhruhp 4

Ohw dvvxpswlrq 406 dqg 80; krog dqg a� @ dujplqqcsMXiT+�> i,j= Wkhq
s
QW +a� � �f,$_ Q +3>�,

zkhuh

� @ J3�HiQW � j+�f> if,j+�f> if,�jJ3�=+43,
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Xqghu wkh dgglwlrqdo dvvxpswlrq wkdw HO�
s�
O�
q @ �cH*O�

qs�
> HO�

qO
�
q @ �cH*O�

qq> dqg HO2s� @

�HOs�s� iru doo l/ wkh lqwhjudwhg prphqw hvwlpdwru uhdfkhv wkh Fudp�hu0Udr h�flhqf| erxqg

dqg

� @ �^ 4

QW
H+Oqq,� 4

QW
H+Oqs ,iH+Oss ,j3�H+Osq,`

3�=+44,

Surri= Wkh frqvlvwhqf| uhvxow ri sursrvlwlrq 4 lpsolhv wkdw zh rqo| qhhg wr frqvlghu sdudphwhu

ydoxhv forvh wr wkh wuxh ydoxhv1 Dvvxpswlrq ; +l, lv lghqwlfdo wr wkh dvvxpswlrq ri wkhruhp 617/

+l, ri Qhzh| dqg PfIdgghq +4<<7,1 Dvvxpswlrq 4/ frpelqhg zlwk dvvxpswlrq </ +l,0+ly,/ lv

lghqwlfdo wr wkh dvvxpswlrq ri wkhruhp 617/ +ll,0+y,/ ri Qhzh| dqg PfIdgghq +4<<7,�.1 Wklv

lpsolhv wkdw wkh vfruh }�I
A
lv qrupdoo| glvwulexwhg vr wkdw }�cWI

A
lv qrupdoo| glvwulexwhg dv zhoo/

vlqfh }�cWI
A

@ }�I
A
. R3ihL 4i@?

6r +W3�*2, . R+W3�*2, e| Ohppd 71 Dvvxpswlrq 9 +frqglwlrqdo

lqghshqghqfh, lpsolhv wkdw
s
QWj+�f> if, @

s
QW

S
� }

�Eq
f
csf�

�A @ �I
�

S
�
}�Eq

f
csf�I
A

lv qrupdoo|

glvwulexwhg zlwk yduldqfh �
�A

S
�H+j

�j��, @ QW �Hjj�= Wkh uhvw ri wkh surri iroorzv Qhzh|
dqg PfIdgghq +wkhruhp 617,1 Lq sduwlfxodu/ wkh �uvw rughu frqglwlrq vwdwhv wkdw

jW+a�> ai+a�,, @ 3=

Dsso|lqj wkh ghowd phwkrg�H jlyhv

+a� � �f, @ ijWq+��> > ai+��,,j3�jW+�f>
ai,

zkhuh �� 5 ^a�> �f` lv dq lqwhuphgldwh ydoxh1 E| ohppd 6 dqg 7 zh kdyh

+a� � �f, @ ijq+��,j3�j+�f, . r6r+
4s
QW

,=

Lq sduwlfxodu/ dsso|lqj wkh Voxwvn| wkhruhp jlyhv

+a� � �f, @ iJj3�j . r6r+
4s
QW

,>

zkhuh zh rplwwhg wkh dujxphqw zkhq hydoxdwlqj d ixqfwlrq dw i�f> ifj= Wkxv/ wkh dv|pswrwlf

yduldqfh ri
s
QW +a� � �f, htxdov � @ J3�HiQW � jj�jJ3� dqg wkh uhvxow ri htxdwlrq +43,

iroorzv1
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Xqghu wkh dgglwlrqdo dvvxpswlrq wkdw HO�
s�
O�
q @ �cH*O�

qs�
> HO�

qO
�
q @ �cH*O�

qq> dqg

HO2
s�
@ �HOs�s� iru doo l zh kdyh

Hij�j��j @ Hi+O�
q,+O

�
q,
�j � 5Hi+O�

q,+O
�
s ,ji

cH*O�
qs

cH*O�
ss

j�

.Hi+O�
s ,+O

�
s ,ji

cH*O�
qs

cH*O�
ss

ji cH*O
�
qs

cH*O�
ss

j�>+45,

zkhuh
�.<u�

qs
Eqcs�

�.<u�
ss

Eqcs�
@

U
u�
qs

Eqcs�eu
�Eqcs�_|

U
u�
ss

Eqcs�eu
�Eqcs�_|

= Wklv jlyhv

� @ �^ 4

QW
H+Oqq,� 4

QW
H+Oqs ,iH+Oss ,j3�H+Osq,`

3� @ �J3�>

xvlqj wkh idfw wkdw H+Oss , lv gldjrqdo1

T1H1G1

Uhod{lqj Dvvxpswlrq ;=

Dvvxpswlrq ; +lll, fdq eh uhsodfhg e| wkh iroorzlqj= _+lll, iru doo l> ohw �
A O

�
ss +}> �> i, ? 3 lq

d qhljkerukrrg Q ri i�f> ifj zlwk suredelolw| odujhu wkdq 4� h3SA iru vrph f A 3=% Wr vhh

zk| dvvxpswlrq ; +lll, fdq eh uhod{hg ohw wkh glvwulexwlrq ri
s
QWj+�f> if, eh ghqrwhg e|

s+
s
QWj+�f> if,,= Qrwh wkdw

s+
s
QWj+�f> if,, @ s+

s
QWj+�f> if,m

4

W
O�
ss +}> �> i, ? 3, iru doo l,s+

4

W
O�
ss +}> �> i, ? 3 iru doo l,

. s+
s
QWj+�f> if,m

4

W
O�
ss +}> �> i, � 3 iru vrph l,s+

4

W
O�
ss +}> �> i, � 3 iru vrph l,>

zkhuh s+ �A O
�
ss +}> �> i, � 3 iru vrph l, lv vpdoohu wkdq Qh3SA vr wkdw wkh glvwulexwlrq ri

s+
s
QWj+�f> if,m �A O�

ss +}> �> i, � 3, frqyhujhv wr s+
s
QWj+�f> if,, e| wkh Voxwvn| wkhruhp1

Sulruv dqg Pl{lqj Glvwulexwlrqv

Ndvv hw do1 +4<<3/ wkhruhp 7, vwdwhv wkdw

U
�
A
j+�> i,hu

�Eqcs��+�> i,giU
hu

�Eqcs��+�> i,gi
@

4

W
j�cW+�> ai, .RR+W

32,=+46,

Ndvv hw do1 +4<<3, dvvxph wkdw

+4, �+�> i, lv irxu wlphv gl�huhqwldeoh zlwk uhvshfw wr i iru i�> ij 5 � zlwk suredelolw| rqh

dqg
U
hu

�

�+�> i,gi ? P� iru vrph �qlwh P� +vhh Ndvv hw do1 +4<<3/ ohppd 5,1
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+5, j+�> i, lv irxu wlph gl�huhqwldeoh zlwk uhvshfw wr i iru i�> ij 5 � zlwk suredelolw| rqh

dqg mU �
A
j�+�> i,hu

�

�+�> i,gi m ? P2 iru vrph �qlwh P2 +vhh Ndvv hw do1 +4<<3/ wkhruhp 7,>

qrwh wkdw wkh ixqfwlrq � wkdw lv xvhg e| Ndvv hw do1 +4<<3/ wkhruhp 7, htxdov rqh lq rxu

dssolfdwlrq,1

Ndvv hw do1 +4<<3/ ohppd 5 dqg wkhruhp 7, dvvxph wkdw wkh Odsodfh dssur{lpdwlrq lv

_uhjxodu%1 D Odsodfh dssur{lpdwlrq ri d ixqfwlrq wkdw ghshqgv rq udqgrp yduldeohv lv

_uhjxodu% xqghu wkh iroorzlqj frqglwlrqv +wkhvh frqglwlrqv duh voljkwo| vwurqjhu wkdq Ndvv hw

do1 +4<<3/ wkhruhp :,1

+6d, O�+�> i, lv vl{ wlphv frqwlqxrxvo| gl�huhqwldeoh zlwk uhvshfw wr i iru i�> ij 5 � zlwk

suredelolw| rqh1

+6e, Ohw if+�, eh wkh xqltxh suredelolw| olplw ri wkh pd{lpxp olnholkrrg hvwlpdwru ai iru

jlyhq �= Ohw E0+�, eh d edoo zlwk udglxv % durxqg if+�, dqg ohw i 5 E0+�, zkhuh % fdq eh

duelwudulo| vpdoo1 Dvvxph wkdw/ �
A

Y�u�Eqcs�
EYs��

lv erxqghg lq suredelolw| iru m @ 4> ===> 9=

+6f, olpA<"
�
A
Oss +�> i, ? 3 iru doo i 5 E0+�,=

Qrwh wkdw uhtxluhphqw +ly, ri Ndvv hw do1 +4<<3/ wkhruhp :, lv lpsolhg e| wkh dvvxphg

xqltxhqhvv ri ai lq 6e1 Ilqdoo|/ zh qhhg d frqglwlrq rq � wr pdnh wkh Odsodfh dssur{lpdwlrq

xvhixo1 Lq sduwlfxodu/ zh qhhg wkdw

+7, +l, wkh Odsodfh dssur{lpdwlrq krogv iru doo � 5 � ru +ll, wkdw � $R �f lq zklfk fdvh zh

rqo| qhhg wkh Odsodfh dssur{lpdwlrq wr krog iru � lq wkh qhljkerukrrg ri �f=

Dvvxph wkdw wkh dvvxpswlrqv ri wkhruhp 4 krog dqg wkdw +4,0+7, krog iru doo l= Wkxv/
U

�

A
}�Eqcs�eu

�Eqcs�ZEqcs�_s
U
eu

�Eqcs�ZEqcs�_s
@ �

A
j�cW+�> ai, . RR+W

32,= E| wkh dvvxpswlrqv ri wkhruhp 4 dqg wkh

dvvxpswlrq 4 dqg 5 deryh/
U

�
A
}�Eqcs�eu

�Eqcs�ZEqcs�_s
U
eu

�Eqcs�ZEqcs�_s
dqg �

A
j�cW+�> ai, duh �qlwh vr wkdw wkh

gl�huhqfh lv �qlwh dv zhoo1 Wklv lpsolhv wkdw wkh gl�huhqfh kdv d �qlwh yduldqfh vr wkdw
U

�
A
}�Eqcs�eu

�Eqcs�ZEqcs�_s
U
eu

�Eqcs�ZEqcs�_s
@ �

A
j�cW+�> ai,.R6r+W

32,= Vxpplqj ryhu lqglylgxdov dqg qrupdol}lqj

jlyhv u
W

Q

[
�

U
�
A
j�+�> i,hu

�Eqcs��+�> i,giU
hu

�Eqcs��+�> i,gi
@
s
QWjW+�> ai, .R6r+

u
Q

W �
,>

zkhuh R6r+
t

�
A � , lv r6r+4, lq wkh dv|pswrwlf ri wkhruhp 4 vr wkdw wkh dv|pswrwlf glvwulex0
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wlrq ri
t

A
�

S
�

U
�
A
}�Eqcs�eu
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Dyhudjh Eldv iru wkh �{hg h�hfwv surelw prgho zlwk h{rjhqrxv uhjuhvvruv dv uhsruwhg e|
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Fr{/ G1 U1/ dqg Q1 Uhlg +4<;:,= _Sdudphwhu Ruwkrjrqdolw| dqg Dssur{lpdwh Frqglwlrqdo

Lqihuhqfh +zlwk Glvfxvvlrq,/% Mrxuqdo ri wkh Ur|do Vwdwlvwlfdo Vrflhw|/ Vhulhv E/ 7</ 406<1

���~ +4<<6,= _D Qrwh rq wkh Fdofxodwlrq ri Dgmxvwhg Sur�oh Olnholkrrg/% Mrxuqdo ri wkh

Ur|do Vwdwlvwlfdo Vrflhw|/ Vhulhv E/ 78/ 79:07:41

Fulwfkoh|/ I1 +4<;:,= _Glvfxvvlrq ri Sdudphwhu Ruwkrjrqdolw| dqg Dssur{lpdwh Frqglwlrqdo

Lqihuhqfh +e| Fr{/ G1 U1/ dqg Q1 Uhlg,/% Mrxuqdo ri wkh Ur|do Vwdwlvwlfdo Vrflhw|/ Vhulhv

E/ 7</ 580591

Jhopdq/ D1/ M1 E1 Fduolq/ K1 V1 Vwhuq/ G1 E1 Uxelq +4<<8,= Ed|hvldq Gdwd Dqdo|vlv1 Qhz

\run= Fkdspdq dqg Kdoo1
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Prghov%/ Q\X Vwhuq Vfkrro ri Exvlqhvv zrunlqj sdshu1
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Julolfkhv/ ]1 dqg M1 D1 Kdxvpdq +4<;9,= _Huuruv lq Yduldeohv lq Sdqho Gdwd%/ Mrxuqdo ri

Hfrqrphwulfv/ 64/ <6044;1

Kdkq M1 dqg Z1 Qhzh| +5335,= _Mdfnnqlih dqg Dqdo|wlfdo Eldv Uhgxfwlrq iru
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Kdqvhq/ O1S1 +4<;5,= _Odujh Vdpsoh Surshuwlhv ri Jhqhudol}hg Phwkrg ri Prphqwv
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Kdxvpdq/ M1 / E1 K1 Kdoo dqg ]1 Julolfkhv +4<;7,= _Hfrqrphwulf Prghov iru Frxqw Gdwd

zlwk dq Dssolfdwlrq wr wkh Sdwhqwv U1 dqg G Uhodwlrqvkls/% Hfrqrphwulfd/ 85/ <3<0<6;1

Khfnpdq/ M1 M1 +4<;4d,= _Vwdwlvwlfdo Prghov iru Glvfuhwh Sdqho Gdwd/% lq Vwuxfwxudo Dqdo|vlv
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Frqglwlrqv lq Hvwlpdwlqj d Glvfuhwh Wlph0Glvfuhwh Gwdwd Vwrfkdvwlf Surfhvv/% lq

Vwuxfwxudo Dqdo|vlv ri Glvfuhwh Gdwd zlwk Hfrqrphwulf Dssolfdwlrqv/ hglwhg e| F1 I1

Pdqvnl dqg G1 PfIdgghq/ ss1 4:<04<8/ PLW Suhvv/ Fdpeulgjh1

Khfnpdq/ M1/ K1 Lfklpxud/ M1 Vplwk dqg S1 Wrgg +4<<;,= _Fkdudfwhul}lqj Vhohfwlrq Eldv

Xvlqj H{shulphqwdo Gdwd/% Hfrqrphwulfd/ 99/ 434:043<;1

Krurzlw}/ M1 O1 +4<<5,= _D Vprrwkhg Pd{lpxp Vfruh Hvwlpdwru iru wkh Elqdlu| Uhvsrqvh

Prgho/% Hfrqrphwulfd/ 93/ 83808641

Kvldr/ F1 +4<;9,= _Dqdo|vlv ri Sdqho Gdwd%1 Qhz \run= Fdpeulgjh Xqlyhuvlw| Suhvv1

Kloov/ V1 H1 +4<;:,= _Glvfxvvlrq ri Sdudphwhu Ruwkrjrqdolw| dqg Dssur{lpdwh Frqglwlrqdo

Lqihuhqfh +e| Fr{/ G1 U1/ dqg Q1 Uhlg,/% Mrxuqdo ri wkh Ur|do Vwdwlvwlfdo Vrflhw|/ Vhulhv

E/ 7</ 560571

Krow}0Hdnlq/ G1/ Z1 Qhzh|/ dqg K1 Urvhq +4<;;,= _Hvwlpdwlqj Yhfwru Dxwruhjuhvvlrqv zlwk

Sdqho Gdwd%/ Hfrqrphwulfd/ 89/ 46:4046<81

Krqru�h/ E1 H1 dqg O1 Kx +4<<<,= _Hvwlpdwlrq ri Fhqvruhg Uhjuhvvlrq Prghov zlwk

Hqgrjhqhlw|/% xqsxeolvkhg pdqxvfulsw/ Ghsduwphqw ri Hfrqrplfv/ Sulqfhwrq Xqlyhuvlw|1
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Krqru�h/ E1 H1 dqg H1 N|uld}lgrx +5333,= _Sdqho Gdwd Glvfuhwh Fkrlfh Prghov zlwk Odjjhg

Ghshqghqw Yduldeohv/% Hfrqrphwulfd/ 9;/ ;6<0;:71

Krqru�h/ E1 H1 dqg D1 Ohzeho +5335,= _Vhplsdudphwulf Elqdu| Fkrlfh Sdqho Gdwd Prghov

zlwkrxw Vwulfwo| H{rjhqrxv Uhjuhvvruv/% Hfrqrphwulfd/ :3/ 5386053961

Ndvv/ U1 H1/ O1 Wlhuqh|/ dqg M1 E1 Ndgdqh +4<<3,= _Wkh Ydolglw| ri Srvwhulru H{sdqvlrqv

Edvhg rq Odsodfh*v Phwkrg/% lq Hvvd|v lq Krqru ri Jhrujh Eduqdug/ hg1 e| V1 Jhlvhu/

V1 M1 Suhvv/ dqg D1 ]hooqhu1 Dpvwhugdp= Qruwk0Kroodqg1

Odqfdvwhu/ W1 +5333,= _Wkh Lqflghqwdo Sdudphwhu Sureohp vlqfh 4<7;/% Mrxuqdo ri

Hfrqrphwulfv/ <8/ 6<407461

���~ +5335,= _Ruwkrjrqdo Sdudphwhuv dqg Sdqho Gdwd/ Wkh Uhylhz ri Hfrqrplf Vwxglhv/

Yro19< +6,/ Qr1573/ 97:09991

OhFdp/ O1 +4<86,= _Rq vrph Dv|pswrwlf Surshuwlhv ri Pd{lpxp Olnholkrrg Hvwlpdwhv

dqg uhodwhg Ed|hv* hvwlpdwhv/% Dqqdov ri Pdwkhpdwlfdo Vwdwlvwlfv/ 74/ ;351

Pxqgodn/ \1 +4<94,= _Hpslulfdo Surgxfwlrq Ixqfwlrq Iuhh ri Pdqdjhphqw Eldv/% Mrxuqdo

ri Idup Hfrqrplfv/ 76/ 770891

Pxqgodn/ \1 +4<:;,= _Rq wkh srrolqj ri wlph vhulhv dqg furvv0vhfwlrq gdwd/%
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Qhuoryh/ P1 +4<:4,= _Ixuwkhu Hylghqfh rq wkh Hvwlpdwlrq ri G|qdplf Hfrqrplf

Uhodwlrqv iurp d Wlph Vhulhv ri Furvv Vhfwlrqv/% Hfrqrphwulfd/ 6</ 68<06;51

Qhuoryh/ P1 +5333,= _Wkh Ixwxuh ri Sdqho Gdwd Hfrqrphwulfv/% Zrunlqj Sdshu/ Ghsduwphqw

ri Djulfxowxuh dqg Uhvrxufh Hfrqrplfv/ Xqlyhuvlw| ri Pdu|odqg1
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�eWkh vlpxodwlrq uhvxowv duh yhu| forvh wr wkh uhvxowv rewdlqhg e| Juhhqh +5335d,1
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Rplwwhg dsshqglfhv ri Urexvwqhvv djdlqvw Lqflghqwdo Sdudphwhuv

Dsshqgl{ D= Vlpsoh Prghov zlwk �{hg H�hfwv

41 Srlvvrq Prgho zlwk h{rjhqrxv uhjuhvvruv
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51 Zhlexoo Prgho
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