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AN INFORMATION PARADOX WITH HARA PREFERENCES

By Jack Wahl*

Abstract. The incentive to trade implies that all investors in

the market choose to be informed although the whole of them

\ cannot profit from the information signal. This result is due to

an insurance pro perty of in for mat ion.

1. Introduction and Conclusions

In a complete and perfect -Financial market with exogenously

given aggregate consumption new information will lead to a re-

distribution of consumption claims only. Hence all investors as

a group cannot make a profit out of receiving the information.x>

Does this imply that no investor will buy the information before

the financial market opens? The paper argues that this is not the

case.

The major results of the paper are found in Theorems 1 and

2. These Theorems imply a dominant action: It is always optimal

for each investor to buy information before the financial market

opens and, hence, to be informed when trading in the market.

This result does not depend on how informed "the market" is,

i.e., how many other investors received the signal.3> Therefore,

an acquisition of information is an acquisition of insurance

protecting the acquirer from exploitation by informed traders in
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the market. So information possesses an insurance property. This

ex ante viewpoint is the result of all investors having rational

expectations.

If each investor is informed, then the expected utility

gains from information are zero or negative, depending on the

form of wealth endowment. Hence only utility gains from non—spe—

\ culative trading matter. Although the value of information

before trade is non-positive, the insurance property of informa-

tion produces the paradoxical result that investors are still

better off buying the information than not buying it when they

want to participate in the financial market.

2. The Hyperbolic Absolute Risk Aversion Model

Let us consider the following decision problem:

Y S 1 1-Y
(1) Max E Cu (c ) : = E « (s)(« + - c )

<c> i i i 1-Y s=l i i Y i s

S
s.t. E p c = w .

s=l s is i

The variables entering the model are:

Ut(.) - HARA-utility function of investor i;3>

Bi,Y - non-zero parameters of the utility function; "*>

ciia - consumption expenditure of investor i in future
state of nature s (s=l,2,...,S);

ir±(s) - subjective probability belief of investor i about
the occurrence of future state s (s=l,2,...,S);

E - expectation operator;

pra - present price of a state s-contingent claim of 1$;

w± - initial wealth of investor i.
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We assume a complete financial market, that is the number of

linearly independent securities is equal to the number of states

of nature. Furthermore we consider a perfect financial market in

which there are neither transactions nor information costs, no

taxes, no restrictions on short sales, and in which all securi-

ties are perfectly divisible.

First we derive the investor's optimal portfolio of claims.

Lemma 1. Let the f inane ial market be complete and perfect. Then

the demand of a price taking investor i for state contingent

consumpt ion da ims is ^>

i h i(s) K i i
(2) Ki + Y c i s = " p ~ - (~F + Y wi><

where h i<s) = ~ 5 ~ ~ — ' l-Jf-15—-__ (s=l , 2 , . . . , S) ;
I., if. (z) («.+-c . )

Z=l 1 1 Y 1Z

r = 1 + risk-free rate of interest.

Proof. The first order conditions of an interior solution of the

decision problem are

(3) IT. (s) ( D ^ + ^ C . ) = X p V's,

where At is investor i's marginal utility of wealth. First multi-

ply both sides of (3) by K I + ( 1 / Y) c it» =1= 0, sum the result up over

all states s, and solve this equation for A± - Second insert Xi

into equation (3). We then get (2) by rearranging terms, using

the budget constraint and the definitions of hits) and r.***
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Lemma 1 s h o w s t h a t t h e d e m a n d , c± T O , i s a l i n e a r f u n c t i o n

of a p r e f e r e n c e - a d j u s t e d p r o b a b i l i t y b e l i e f , h t ( s ) ( s = l , 2 , . . . , S ) .

h t ( . ) d e p e n d s on t h e p a r a m e t e r s of t h e u t i l i t y f u n c t i o n . N o t e

t h a t w i t h l o g a r i t h m i c u t i l i t y ( Y = l ) , h i t . ) = - n - i t . ) .

Next c o n s i d e r i n v e s t o r i ' s e q u i l i b r i u m demand of s t a t e c o n -

t i n g e n t c o n s u m p t i o n c l a i m s , i . e . , t h e s h a r i n g r u l e .

Lemma 2 . Let aggr egate consumpt ion be exogenously given. Then the

sharing rule for state contingent consumpt ion claims is

1 ^ ,
(4) K i + ± c i 5 = z . -p j7-y ( A +

 Y
 c

5 > ( s = l , 2 , . . . , S ; i = l , 2 , . . . , 1 )

where A = E 1 - 1 K ± ;

z± = (cx±/r+Wi/Y)/Eji i (E j / r+w j / Y) ;

H(s) = E±£x Z i h i ( s ) ;

Proof. In t h e f o l l o w i n g we make d i r e c t u s e of a b o v e d e f i n i t i o n s

Lemma 1 imp 1 i e s

1 Ti H ( ^ ) I
A + - C = E ( K / r + W /Y> = E <« / r + w / Y ) .

Y s j = l p s j j p 5 j = l j j

Inserting this into (2) such that pm cancels out, we obtain

A + \ C 5 H(s) i

and, hence, equation (4).***

We notice from Lemma 2 that individual consumption is a

state-dependent linear function of aggregate consumption. The

state-dependence is due to the heterogeneity of probability be
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liefs. Nevertheless, allocational efficiency is achieved, for

the financial market has been assumed complete.

The information value from the point of view of investor i,

"i, is determined from the expected change in expected utility by

adjusting the optimal portfolio of claims for the signal, i.e.,

&± = EiEitui le)-Ei(ui). This definition does not presume that

investor i belongs to the group of the information acquirer. It

only presumes that the information is available in the market.

The signal itself may be interpreted as a draw from the sample of

information events e with probability belief <rfi(e) (e=l , 2, . . . , E) .

Lemma 3. Assume homogeneous prior be 1iefs. Then A>

Y E S fz4 hi(s|e>]Y-l
(5) £. « — - E h.(e)t £ h.(s|e> u7"T~7~ " 1>-

I Y-1 e=l I s=l I L z^H(s|e> J

Proof, (i) The fraction of aggregate consumption prior to the

information asymmetry, zt, depends on the signal, because the

price change may induce a change in the risk-free interest rate

and/or in wealth.

(ii) From the separation property of HARA-preferences7' it

follows that with homogeneous beliefs each investor holds a

state-independent fraction of the market portfolio. Hence hits)

= H(s) Vi from Lemma 2.

( i i i > From ( i ) and ( i i ) and Lemma 2 i t f o l l o w s t h a t

Y E S I h ^ s l e ) x U - Y
E E . ( u . | e ) = - — E,-n-(e) £, * . (s |e> z . - - - - - - ZA+-C 1\ and

l l 1 - Y e = l s = l i L i e H ( s l e ) Y s '

E ( u . ) = - - - E T f ( s ) ( z C A + - C 1)
1 1 - Y S = l 1 Y S



6

Subtracting the second from the f i r s t equation and noting that

Tr-(s)=E«»2iTr(e) <rr± (s |e) (s=l , 2 , . . . , S) yields

Y E S l -YMz^h^s le ) jY-1

Since h . ( 5 | e > . . ( s | e ) f Z i ^ | ^ ] / ^ -
L H ( | ) J s=l l

follows that

h^s le) j

L H(s|e)J

A, = k . - - - E h. (e) E . h . t s l e ) r.7~T~7~ " 1 L
I l Y - l e = l I s = l l L I Z i H ( s l e ) .) J

# ( e ) k t . , _ _ , , r h i < s e> 1_ -
where h i ( e ) = - - - — - - • - • , k t»s£»2x<n'i (s |e) z ±«---—-—-C A+-Cro3

E.Eiir(e)ki. L H(s|e) Y

> 0, and hence k ±= E«.-i •n'(e)ki« is a positive proportionality

factor. The last equation implies the result, neglecting k±.* * *

Lemma 3 implies that the information value depends on how

informed "the market" is via a preference-adjusted "market

belief", H(.>. Let us therefore define the following scenarios

and the related information values. Denote the proportion of

wealth of all informed investors in the market by XeCO,lH. Let

&l *• * ( X) be the value of information if investor i is informed,

and A^1-0 (x) be the value of information if investor i is

uninformed. Of course, both values are functions of the relative

wealth of the informed group of investors. Remember that in each

case the value of information is identical with the expected

utility change.

We are now able to derive our main results. The following

Theorems differ with respect to the assumption on the form of

investors' initial endowments. The assumption of identical
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"opinion" impl ies tha t inves tors w i th the same in format ion w i l l

deduce the same p r o b a b i l i t y adjustment.

Theorem 1 . Hith costless information, no differences of opinion,

a fixed risk-free rate of interest, and i n i t i a l wealth in the

form of cash, we have

(i) A : f
i >(x> 'i 0 with equality i f and only i f X = l ;

(ii) £..,<<->> (X> h 0 with equality i f and only i f X=0.

Hence A f 1 > ( x> > A£«>tx> ' for a i i x ano1 i . Therefore each in-

vestor will be informed.

Proof. No te t h a t h i t s | e > > 0 and H ( s | e ) > 0 V's,e. L e t I < * > d e n o t e

the number o f i n f o r m e d i n v e s t o r s . We deduce H ( s | e ) = X h ( s | e ) +

( l - X ) h ( s ) , where X = .E Z i . F u r t h e r m o r e , z ± i s i n d e p e n d e n t o f

the s i g n a l , f o r r i s e x o g e n o u s l y g i v e n and w*. i s c a s h .

Consider ( i ) . D e f i n e A i€D = - ~ <E»Si h 4 t s |e> VH t s |e) l~T - 1>.

F i r s t n o t e t h a t sgn ( Af * > ) =Sgn ( A l s , ) f o r h i ( e ) > 0 ( e = l , 2 , . . . , E) .

1° Suppose X< 1 . So h i . ( s | e ) c a n n o t be p r o p o r t i o n a l t o H ( s | e ) . Then

E^^ ih i t s ie) YH(s |e) 1 - Y > t < ) 1 i f Y<0 o r Y>1 (O<Y<1) by HbLDER's i n -

equal i t y . s > T h i s i m p l i e s £>lH(>0 i f Y4=l • L e t Y = l ; t h e n

hi (s |e)
lim A±.= E«Sihi(s Ie)In > 0 by JENSEN'S inequality. Hence

Y -fl H (s | e)

"i«»>0 if Y=l. It follows that Af ̂  > > 0.

2" Suppose X=l- (Sufficiency) From Lemma 3 it follows immedia-

tely that Ai#1,=0, because posterior beliefs are homogeneous.

(Necessity) By HbLDER's inequality A l w=0 implies that hutsle) o-.

H(s|e). This in turn implies X=l.
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Consider ( i i ) . Define

A = t Z 5 h e) [ n T i l i y ] ^ 1 " *>• N o t e t n a t

sgn(Ai(a) (e=l , 2, . . . , E) , since Lemma 3 implies Aler i f we allow

for the fact that investor i is uninformed.

1° Suppose X>0. I t fo l lows from the d e f i n i t i o n of h t(s|e> that in

equi1ibr ium

(6) h i t s |e) [ f l T i l i T p 1 = * i ( 5 I e > / E « i i x ^ i t s |e> [ q ! = ! | ^ y

Inserting (67 in to AlKt y ie lds

(7) sgn(Ai€B) = sgn(~Y
T { l - E ^ x ^ i ts |e) [ R ^ ^ y ] 1 - Y> )

Furthermore, HoLDER's inequality implies

S r h(s> U-Y S Y S h ( s ) ] l - Y
(8) E,ir-. (s |e) - - — - - - = I , * . ( s | e ) E * . (s |e) -7—7-7

s=l 1 LH(s|e)J s= l 1 Ls=l 1 H ( s | e ) J

[S h ( s ) 1 1 - Y
> ( < ) E n - . ( s l e ) - - i f Y<0 o r Y>1 ( O < Y < 1 ) .

Ls= l 1 H ( s |e> J

I n e q u i l i b r i u m t h e f i r s t o r d e r c o n d i t i o n s i m p l y t h a t s g n C h i t s l e )

H ( s | e ) ] = + ( - ) s g n C * i ( s | e ) - H ( s |e ) ] i f Y > t < ) 0 . C o m b i n i n g t h i s w i t h

t h e f a c t t h a t s g n C h ± ( s | e > - H ( s |e) 3 = - s g n C h t s ) - H ( s |e ) 1 we d e d u c e

S . , h t s ) . S C-Tr± ( s | e ) - H ( s |e> D C h ( s ) - H t s |e> D . . . . „

if Y>t<)0 with equality holding if X=1. Hence

f I, 1f i(5|e)-7~--|
1" t >(<>1 if Y<0 or Y>1 (O<Y<1)

Ls=l Hts |e) J

We therefore find from inequality (8) that

E -n-itsle) -—7 I >(<) 1 if Y<0 or
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This r e s u l t i m p l i e s f r o m (7 ) A iCB<0 i f Y=£l. L e t Y= l ; t h e n n o t i n g

t h a t | h i ( s | e ) - H ( s | e ) - | < |hu ( s | e ) - h ( s ) I f o r a l l s we o b t a i n

1 irn A1<B= > h i ( s l e ) l n - - — - - - < 0 . H e n c e A lB0<0 i f Y = l . T h e r e f o r e
Y-n s = l H t s |e)

Af"> < 0.

2° Suppose X=0. Then Af«-')=O by d e f i n i t i o n , because i f nobody i s

informed there i s no change in expected u t i l i t y . * * *

Theorem 2. If investors have non-optimal endowments in the form

of state contingent consumpt ion claims and if, in other respects,

the assumptions of Theorem 1 hold, then

A | i > t X > > A f - < > ( x > for all X and i .

Hence each investor will be informed.

P r o o f . 1 ° L e t Y 4 1 . T h e n T h e o r e m 1 i m p l i e s f o r a l l e

I h l ( 5 | B > p 5 l 5 i 5 i l * - l > j > | h t ( s , e ) f - ^ - V ~ l i f Y<0 o r Y>1
s=l L H ( s | e ) J s=l LH(s |e)J

If 0<Y<1 then t h e i n e q u a l i t i e s a r e r e v e r s e d .

Since ( z l r e / z A ) Y - 1 > 0 we f ind

Y ~ 1 1 Y f S f z i h ( s ) • ) Y " 1 1
Y=lls=lhi(5|e) \-z-mlTeV.h i ( 5 | e ) Y fS

Y=T[sil h i ( 5 | e )

M u l t i p l y i n g t h e i n e q u a l i t y by h i ( e ) > 0 a n d s u m m i n g up o v e r a l l e

y i e l d s t h e r e s u l t , a p p l y i n g Lemma 3 .

2° L e t Y=l . T h e o r e m 1 i m p l i e s f o r a l l e

E.SX h i (s |e> In-J j j j - J jy > 0 > E^Sx h i (s |e> I n q ^ ^ y - Add l n ^ « and

obtain E^Sx h * < s l e > l n s ^ A i 5 l t i > ^ s ^ h ± ( s ) e ) l n |

Applying the f inal step of 1" y ie lds the r e s u l t
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Finally we state the special case of homogeneous posterior

beliefs for the scenario of Theorem 2 in the following

Corollary. If the assumption of Theorem 2 hold, then A f 1 > t l ) < 0

for all i.

Proof. Define Di=^T<E»iix h*. (e> <z i«/z ±)
 Y - 1 - 1> . Note that we

have homogeneous prior and posterior beliefs. Hence h4te) =

1 — V

__sigiSi«T___ a n d Z i = E«.Si'if(e)Zi«.. Inserting these
E 5 ( ) i T

in Di we g e t s g n (D ± ) = s g n <--^-j£ z \~ Y - E»£x-rf ( e ) z i ^ Y D > .

1° L e t Y4=l. T h e n E^Sx-n- ( e ) z {ZY > ( < ) z l ~ Y i f Y<0 o r Y>1 ( 0 < Y < l )

by J E N S E N ' S i n e q u a l i t y w h i c h y i e l d s D i < 0 .

2" L e t Y = l . T h e n l i m D t = L . i i * t e ) l n - - - < 0 b y J E N S E N ' S i n e q u a -
Y -+1 z i

lity.

From Lemma 3 we have sgnC Af * > (1 ) D=sgn (D i ) . * * *

Given that all investors act identically and buy the infor-

mation before trading the corollary shows that there is only a

redistribution of claims to be expected and, hence, the value of

information is negative for each investor.
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1) See Hakansson/Kunkel/Ohlson (1982).

2) Of course, the dominance implies a Nash equilibrium.

3) See Hakansson (1970), Mossin (1973, p.113), Franke (1984,

p.427). The HARA-utility function explicitly reads

u(c) = Y( ctf-c/ Y) 1 - Y/ < l- Y) , a40, Y=|O. Y=l represents the genera-

lized logarithmic utility function because

u(c)'vu-(c) = YC ( cd-c/ Y) 1~ Y-1 1/ 11-Y) and lim u* (c ) =ln t a+c ) . Y=K>

Y-+1
represents the exponential utility function, because

u(c)~u*tc) = Y[ 1+c/ ( Yet) 3 1~ Y/ (1-Y) and lim u*(c)=-exp (-c/«) .
Y-*co

4) To simplify notation the proofs throughout the paper do not

repeat that Y has to be different from zero.

5) Note that equation t2) is also appropriate for Y=w (exponen-

tial utility), because
lim hi (s) =TTI. ts) exp t-c iOT/oci )/Esc^nfi tz ) exp t-c i z/oci). Hence aY-to

separate discussion of the exponential utility case is not

necessary for our purpose.

6) a o: b means that a is proportional to b.

7) See Cass/Stiglitz tl970).

8) See Mitrinovic (1970).
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