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AN INFORMATION PARADOX WITH HARA PREFERENCES

By Jack Wahl™

Abstract. The Incentive to trade implies that all investors in
the market choose to be informed although the whole of thenm
cannot pro¥it Trom the information signal. This result is due to

an Insurance property of information.

1. Introduction and Conclusions

In a complete and perfect financial market with exogenously
givgn aggregate consumption new information will lead to a re-
distribution of consumption claims only. Hence all investors as
a group cannot make a profit out of receiving the information.??
Does this imply that no investor will buy the information before
the financial market opens? The paper argues that this is not the
case.

The major results of the paper are found in Theorems 1 and
2. These Theorems imply a dominant action: It is always optimal
for each investor to buy information before the financial market
opens and, hence, to be informed when trading in the market.
This result does not depend on how informed "the market" is,
i.e., how many other investors received the signal.®? Thérefore,
an acquisition of information is an acquisition of iInsurance

protecting the acquirer from exploitation by informed traders in



the market. So information possesses an insurance property. This
ex ante viewpoint is the result of all investors having rational

expectations.

If each investor is informed, then the expected utility
gains from information are zero or negative, depending on tﬁe
form of wealth endowment. Hence only utility gains from non-spe-—
culative trading matter. Although the value of information
before trade is non-positive, the insurance property of informa-
tion produces the paradoxical result that investors are still
better off buying the information than not buying it when they

want to participate in the financial market.

2. The Hyperbolic Absolute Risk Aversion Model

Let us consider the following decision problem:

¥ =] 1 1-v
(1) Max E [u (c )] = —— & gy (s)(xg + — c )
{c>r i i i 1-v s=1 i i Y is
S
s. t. . pCc. = w. .
s=1 g5 is i
The variables entering the model are:
uy (. - HARA-utility function of investor i;=?
iy Y - non—zero parameters of the utility function; <’
Ciuw - consumption expenditure of investor i in future
state of nature s (s=1,2,...,8);
w1 (S) - subjective probability belief of investor i about
the occurrence of future state s (s=1,2,...,5);
E — expectation operator;
Pu - present price of a state s—-contingent claim of 1%;

Wy - initial wealth of investor i.



We assume a éomplete financial market, that is the number of
linearly indepéndent secgrities is equal to the number of states
of nature. Furthermore we consider a perfect financial market in
which there are neither transactions nor information costs, no
taxes, no restrictions on short sales, and in which all securi-
ties are perfectly divisible.

First we derive the investor ’'s optimal portfolio of claims.

Ltemma 1. fLet the YTinancial market be complete and perfect. Then
the demand of & price taking investor i Tor state contingent

consunption claims is =

h: (s) «
. 1 = i 27 [Zi 1
(2) oy *3 Cig = . { + 3 Wi)’
wy () (eey+ie, 017
where h;(s) = ~g=-=-—==—=-=733--7z7 (5=1,2,...,5);
g am. o (2) (. +—c. )
z=1 iz
r = 1 + risk—free rate of interest.

Prooft. The first order conditions of an interior solution of the

decision problem are

. Y Y -
(3) ﬂi(s)(mi+ycis) = Aips

where A; is investor i°'s marginal utility of wealth. First multi-
ply both sides of (3) by w1+{(1/Y)cie =+ O, sum the result up over
all states s, and sclve this equation for xi. Second insert A:
into equation (3). We then get (2) by rearranging terms, using

the budget constraint and the definitions of hi(s) and r.***



Lemma 1 shows that the demand, Ciu, is a linear function.
of a preference—adjusted probability belief, hi(s) (s=1,2,...,5).
hy(.) depends on the parameters of the utility function. Note
that with logarithmic utility (v=1), hi(.) = gi(.).

Next consider investor i°'s equilibrium demand of state con-—

tingent consumption claims, i.e., the sharing rule.

Lemma 2. Let aggregate consumption be exogenously given. Then the

sharing rule for state contingent consumption claims is

1 hj (s) 1 .
(4) wy + Sy =2, “higy A+t 5 CQ) (s=1,2,...,83i=1,2,...,1),
where A = Zi4%21 o}
2y = (a/r+wy/ YV /5351 (ma/r+wy/ )
H(s) = T4&1 2z.hai(s);
Ca = Z1d1 Cime

Proof. In the following we make direct use of above definitions.

Lemma 1 implies

1 j H(s)
A+ 7 cC = _} —i———(m,/r + w,/Y) = AAS-Sa .é

Y (. /r + w /).
= j=1 Pg J J Pg J J J

1

Inserting this into (2) such that ps cancels ocut, we obtain

and, hence, equation (4).*°**

We notice from Lemma 2 that individual consumption is a
state—dependent linear function of aggregate consumption. The

state—-dependence is due to the heterogeneity of probability be-



liefs. Nevertheless, allocational efficiency is achieved, for
the financial market has been assumed complete.

The information value from the point of view of investor i,
&, 1s determined from the expected change in expected utility by
adjusting the optimal portfolio of claims for the signal, i.e.,
& = E4yEx(uy le)-Es(uy). This definition does not presume that
investor i belongs to the group of the information acquirer. It
only presumes that the information is available in the market.
The signal itself may be interpreted as a draw from the sample of

information events e with probability belief rif(e) (e=1,2,...,E).

Lemma 3. Assume homogeneous prior beliefs. Then <?

(5) e — _z h~‘e’{5§1hi(5‘e’{i§§g%é?$?i}Y—l - 1.
Proof. (i) The fraction of aggregate consumption prior to the
information asymmetry, z., depends on the signal, because the
price change may induce a change in the risk-free interest rate
and/or in wealth.

(ii) From the separation property of HARA-preferences”’ it
follows that with homogeneous beliefs each investor holds a
state—independent fraction of the market portfolio. Hence hi(s)
= H(s) Vi from Lemma 2.

(iii) From (i) and (ii) and Lemma 2 it follows that

EE (u. {e) B o) B4 (sie ni(=le) [a+ic J}I_Yand
= ——— ¥ sie) |z, —=————— -
i Uy e 1~ v e£1™ 751 ™y ie H(s le) Y s
Yy S 1 1-v
E(u) = ——— % mis)(z [A+-C 1 )
b 1-v s=1 i Y s



Subtracting the second from the first equation and noting that

r(s)=faEir(@)yril{sije) (s=1,2,...,5) yields

(2 5 h-(sle)]Y—l }
-11.

E S hl(SIE) 1 1-v
b =——= 3 y(e) 3 g (sle) |z, 6 ——=—————— [A+—-C 1]
= 5= i i s ,ziH(sIe)

hi(sle)]l—Y it
H(s |e)

~
nr-1n
E |
1]
3
P
N
™
¢

Since hi(S‘E)=Wi(SlE) _______

follows that

[(zighi(sle)!Y—l _ 1]
b

hils le) 1 ]I—Y
where hy(e)sg——c————-=———— Kio=ted (s|e) |zie—"=———7 [A+-C,]
: fefam(@)kiw = 2 (S [ * s e ¥

> 0, and hence ki= TuE: w(€)kie is a positive proportionality

factor. The last equation implies the result, neglecting ki.***

Lemma 3 implies +that the information value depends on how
informed "the market" is via a preference—-adjusted "market
belief", H(.). Let us therefore define the following scenarios
and the related information values. Denote the proportion of
wealth of all informed investors in the market by xel[0O,1]. Let
&£22(3) be the value of information if investor i is informed,
and Af{+?(A) be the value of information if investor i is
uninformed. O0Of course, both values are functions of the relative
wealth of the informed group of investors. Remember that in each
case the value of information is identical with the expected
utility change.

We are now able to derive our main results. The following
Theorems differ with respect to the assumption on the form of

investors’ initial endowments. The assumption of identical



"opinion" implies that investors with the same information will

deduce the same probability adjustment.

Theorem 1. HWith costiess intorwmation, no ditfferences of opinion,
a fixed risk—-tree rate of interest, and Iinitial wealth in the
form of caszh, we have

(il S 0N O with equality Ii¥ and onily Iif »=1;

I

(ii) HLw> (A O with equality I¥ and only it >=0.

o

Hence A2 (x) > Af (N Yor all » and i. Theretfore each in-—

vestor will be informed.

Proof. Note that hi(s|e)>0 and H(s |e) >0 V¥s,e. Let I¢*’ denote

the number of informed investors. We deduce H(s |e) = xh(s|e) +
I(i)
(1-xYh({s), where X = iglzi' Furthermore, z; is independent of

the signal, for r is exogenously given and wj; is cash.
Consider (i). Define 4;4 = =7 {(IaZ. hi(sle)YH(sle)l—Y - 12.

First note that sgn(&f{i’)=sgn(d,s) for hi(e)>0 (e=1,2,...,E).

1° Suppose »<1l. So hi(s|e) cannot be proportional to H(slie). Then
E,Elhi(sie)YH(sle)l_Y>(<)1 if <0 or ¥>1 (0<+¥1) by HOLDER's in-

equality.®? This implies 4,20 if v=1. Let v=1; then
im Ai-=Em§1hi(sle)1n—; ————— > O by JENSEN's inequality. Hence

8020 if v=1, It follows that &f*> > O.

2° Suppose »x=1. (Sufficiency) From Lemma 3 it follows immedia-—
tely that 4;.,=0, because posterior beliefs are homogeneous.
(Necessity) By HOLDER's inequality £,.=0 implies that hi(s|e) e

H(sie). This in turn implies »=1.



Consider (ii). Define

N Y
O — '—Y:

T{Emglhi(SIE)[ngTéy]Y—l - 1. Note that sgn(ag=?) =

sgn(d;e) (e=1,2,...,E), since Lemma 3 implies &, if we allow
for the fact that investor i is uninformed.
1° Suppose »>0. It follows from the definition of hi(s|e) that in

equilibrium

(6) hy(s te) [H_(E_I-ET]T_]. = wil(sie)/LuBiws(sle) [—Dig)——]l_Y.

Inserting (6) into &, yvields

2 Y e
(7 sgn (i) = Sgn(?:f{l - IwZaiwrsi(sie) [QTETE)—

Furthermore, HBLDER's inequality implies

In equilibrium the first order conditions imply that sgnlh; (s |e)~
H(s |le) I=+(=)sgnlri(s|e)-H(s|e)] if v>()0. Combining this with

the fact that sgnlhi(sie)-H(s|e) J=-sgnlh(s)—-H(s |e)] we deduce

his) § Lri(sie)-H(s |e) JLTh(s)-H(sle)]l .
(s le)o———=c I T - (20
AR L viriey gy sE1 H(s [e)

n
g )]

if v>(<)0 with equality bolding if »=1. Hence

§ h(s) 1-v .
2. wiflsle)—————- >(K)1 if v€<O or ¥>1 (0<¥1l).
s=1 His |e)

n
i1

1



This result implies from (7) &;,<0 if 7v=#l. Let v=1; then noting

that |hi(sie)-H(s |e)-| < l|hi(s|e)-h(s) ]| for all s we obtain

. S h(s) . .

I}T Lje= 2. hal(sie)ln-———=== < 0. Hence 4;a<0 if ¥=1. Therefore
Y-t s=1 H(s [e)

(_\Jil—l) < O.

2° Suppose »=0. Then &{+’>=0 by definition, because if nobody is

informed there is no change in expected utility.®***

Theorem 2. I¥ investors have non-cptimal endowments in the form
of ztate contingent consumption claims and I¥, in other respects,
the assumptions of Theorem I hold, then

Aafi>(n) > Af2 () Tor all A and i.

Hence each Investor wilil be Informed.

Proof. 1° Let ¥=#1. Then Theorem 1 implies for all e

2 hi(s je) 1v=-1 S [ h{s) ]1—1 ,
T hat ) |—m2—=—=s >1 > % hat ) |———=—— f v<O Y>1.
s=1 s(sle [ H(SIE)] s5=1 1(sle H(s {e) ! or
If 0<¥<1 then the inequalities are reversed.
Since (ziw/23) 7 1>0 we find
- 5 Y—1 - v =1

Yy [ S zi@hi(sle)§7 } [ Zi1ah(s) ; ]
—-— Ry ( ) [=E=ioZ oo -1} > ——=1 ¥ hat ) =22 -11.
Y—l{sél SRR LN e peranll o1 lsE M 518 TR Y

Multiplying the inequality by h;i(e)>0 and summing up over all e
yields the result, applying Lemma 3.

2° Let v=1. Theorem 1 implies for all e

TuZ; ha(sied1nBalslel 5 6 5 5 e h, (sie)1nghislo . Add 1nZi® and
(s ie) -4

i T s Ziehsls le) : Zaghis)
obtain ZuZ, hi(s|e)ln z.H(zT2) > TaS. hi(SIE)lnziH(sle)'

Applying the final step of 1° yields the result.***



Finally we state the special case of homogeneous posterior

beliefs for the scenario of Theorem 2 in the following

Corollary. I¥ the assumption of Thecrem 2 hold, then &6£{12(1)<0
for all 1.

Proof. Define D,=7i1(faS: hi(e) (ziw/z:) 7 ! - 13 . Note that we

have homogeneous prior and posterior beliefs. Hence hy(e) =

1=+
—-wl8lZim____  ang 2: = FLEiq(e)Z2ie. Inserting these

laBir(e)Zie

in Dy we get sgn(Di)=sgn{;§T[z§_Y— FeEawi(e)zinYId.

1° Let v#1. Then TwSir(e)zizY >(<) 2z17Y if ¥0 or v>1 (0<¥1)
by JENSEN's ineguality which yields D;<O.

Ziew
2° Let v=1. Then LgT Di=5o%s w(e)ln-=Z < 0 by JENSEN's inequa-—
¥ r
lity.

From Lemma 3 we have sgnl &f*? (1) J=sgn(Dy).**"*

Given that all investors act identically and buy the infor-
mation before trading the corollary shows that there is only a
redistribution of claims to be expected and, hence, the value of

information is negative for each investor.
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See Hakansson/Kunkel/Ohlson (1982).

Of course, the dominance implies a Naéh equilibrium.

See Hakansson (1970), Mossin (1973, pP.113), Franke (1984,

p.427). The HARA-utility function explicitly reads
u(C)=Y(o&C/Y)1_Y/(1—Y), «30, v40. v=1 represents the genera-
lized logarithmic utility function because
ulcy™u*(cr=vL (ebc/ M 17 7-13/(1-v) and ﬁiT u*(c)=ln(e+tc). Y=o
represents the exponential utility function, because
ulc)~ur(e)=vL1+c/ (v 3117 Y/ (1-v) and Lim u*(c)==exp(-c/m.

To simplify notation the proofs throughout the papér do not
repeat that ¥ has to be different from zero.

Note that equation (2) is also appropriate for vy=wm (exponen—.
tial utility), because

ng hi(s)=pgai(s)exp(-Ciw/o:i) /2ZS1ms(2)exp(—c:i/x1). Hence a

separate discussion of the exponential utility case is not
necessary for our purpose.

a o b means that a is proportional to b.

See Cass/Stiglitz (19270).

See Mitrinovid (1970).



References

Cass, D. and J.E. Stiglitz, 1270, The Structure ot Investor Pre-
ferences, Asset Returns, and Separability in Portfolio Allo-
cation: A Contribution to the Pure Theory of Mutual Funds,
Journal of Economic Theory 2, 122-160.

Franke, G., 1984, Conditions for Myopic Valuation and Serial In-
dependence of the Market Excess Return in Discrete Time Mo-
dels, The Journal of Finance 39, 425-442.

Hakansson, N., 1970, Optimal Investment and Consumpfion Strate-—
gies Under Risk For a Class of Utility Functions, Econome-
trica 38, S587-607.

Hakansson, N.H., J.G. Kunkel, and J.A. DOhlson, 1982, Sufficient
and Necessary Conditions for Information to have Social Va-
lue in Pure Exchange, The Journal of Finance 37, 1169-1181.

Mitrinovi¢, D.S., 1970, Analytic Inequalities (Springer, Berlin).

Mossin, J., 19273, Theory of Financial Markets (Prentice-Hall,

Englewood Cliffs, NJI).



