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Abstract

We examine a kernel regression smoother for time series that takes account of
the error correlation structure as proposed by Xiao et al. (2008). We show that this
method continues to improve estimation in the case where the regressor is a unit
root or near unit root process.
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1 Introduction

This paper is concerned with estimation of a nonstationary nonparametric cointegrat-

ing regression. The theory of linear cointegration is extensive and originates with the

work of Engle and Granger (1987), see also Stock (1987), Phillips (1991), and Johanssen

(1988). Wang and Phillips (2009a, b, 2011) recently considered the nonparametric coin-

tegrating regression. They analyse the behaviour of the standard kernel estimator of

the cointegrating relation/nonparametric regression when the covariate is nonstationary.

They showed that the under self (random) normalization, the estimator is asymptotically

normal. See also Phillips and Park (1998), Karlsen and Tjostheim (2001), Karlsen, et

al.(2007), Schienle (2008) and Cai, et al.(2009).
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UK. Email: obl20@cam.ac.uk. I would like to thank the European Research Council for financial support.
†Address: School of Mathematics and Statistics, The University of Sydney, NSW 2006, Australia.

E-mail: qiying@maths.usyd.edu.au. This author thanks the Australian Research Council for financial
support.
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We extend this work by investigating an improved estimator in the case where there

is autocorrelation in the error term. Standard kernel regression smoothers do not take

account of the correlation structure in the covariate xt or the error process ut and es-

timate the regression function in the same way as if these processes were independent.

Furthermore, the variance of such estimators is proportional to the short run variance

of ut, σ2u = var(ut) and does not depend on the regressor or error covariance functions

γx(j) = cov(xt, xt−j), γu(j) = cov(ut, ut−j), j 6= 0. Although the time series properties

do not effect the asymptotic variance of the usual estimators, the error structure can be

used to construct a more effi cient estimator. Xiao, Linton, Carroll, and Mammen (2003)

proposed a more effi cient estimator of the regression function based on a prewhitening

transformation. The transform implicitly takes account of the autocorrelation structure.

They obtained an improvement in terms of variance over the usual kernel smoothers. Lin-

ton and Mammen (2006) proposed a type of iterated version of this procedure and showed

that it obtained higher effi ciency. Both these contributions assumed that the covariate

process was stationary and weakly dependent. We consider here the case where xt is

nonstationary, of the unit root or close to unit root type. We allow the error process to

have some short term memory, which is certainly commonplace in the linear cointegration

literature. We show that the Xiao, Linton, Carroll, and Mammen (2003) procedure can

improve effi ciency even in this case and one still obtains asymptotic normality for the self

normalized estimator, which allows standard inference methods to be applied. In order

to establish our results we require a new strong approximation result and use this to

establish the L2 convergence rate of the usual kernel estimator.

2 The model and main results

Consider a non-linear cointegrating regression model:

yt = m(xt) + ut, t = 1, 2, ..., n, (2.1)

where ut = ρut−1 + εt with |ρ| < 1 and xt is a non-stationary regressor. The conventional

kernel estimator of m(x) is defined as

m̂(x) =

∑n
s=1 ysK[(xs − x)/h]∑n
s=1K[(xs − x)/h]

,

where K(x) is a nonnegative real function and the bandwidth parameter h ≡ hn → 0 as

n→∞.
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On the other hand, we may write the model (2.1) as

yt−1 = m(xt−1) + ut−1, (2.2)

yt − ρyt−1 + ρm(xt−1) = m(xt) + εt. (2.3)

It is expected that a two-step estimator of m(x) by using models (2.2) and (2.3) may

achieve effi ciency improvements over the usual estimator m̂(x) by (2.1).

The strategy to provide the two-step estimator is as follows:

Step 1: Construct an estimator of m(x), say m̂1(x), by using model (2.2). This can

be the conventional kernel estimator defined by

m̂1(x) =

∑n
s=2 ys−1K[(xs−1 − x)/h]∑n

s=2K[(xs−1 − x)/h]
,

where K(x) is a nonnegative real function and the bandwidth parameter h ≡ hn → 0 as

n→∞.
Step 2: Construct an estimator of ρ by

ρ̂ =

∑n
s=2 ûsûs−1∑n
s=2 û

2
s−1

.

Note that ρ̂ is a LS estimator from model:

ût = ρût−1 + εt,

where ût = yt − m̂1(xt).

Step 3: Construct an estimator ofm(x), say m̂2(x), by using (2.3) and kernel method,

but instead of the left hand m(x) in model (2.3) by m̂1(x).

We now have a two-step estimator m̂2(x) of m(x), defined as follows:

m̂2(x) =

∑n
t=1

[
yt − ρ̂yt−1 + ρ̂m̂1(xt−1)

]
K[(xt − x)/h]∑n

t=1K[(xt − x)/h]
.

To establish our claim, that is, m̂2(x) achieves effi ciency improvements over the usual

estimator m̂(x), we make the following assumptions.

Assumption 2.1. xt = λxt−1 + ξt, (x0 ≡ 0), where λ = 1 + τ/n with τ being a

constant and {ξj, j ≥ 1} is a linear process defined by

ξj =
∞∑
k=0

φk νj−k, (2.4)
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where φ0 6= 0, φ ≡
∑∞

k=0 φk 6= 0 and
∑∞

k=0 |φk| < ∞ , and where {νj,−∞ < j < ∞} is
a sequence of iid random variables with Eν0 = 0, Eν20 = 1, E|ν0|2+δ <∞ for some δ > 0

and characteristic function ϕ(t) of ν0 satisfies
∫∞
−∞(1 + |t|) |ϕ(t)|dt <∞.

Assumption 2.2. ut = ρut−1 + εt with |ρ| < 1 and ε0 = u0 = 0, where Fn,t =

σ(ε0, ε1, ..., εt, x1, ..., xn) and {εt,Fn,t}nt=1 forms a martingale difference sequence satisfying,
as n→∞ first and then m→∞,

max
m≤t≤n

|E(ε2t |Fn,t−1)− σ2| → 0, a.s.,

where σ2 is a given constant, and sup 1≤t≤n
n≥1

E(|εt|q|Fn,t−1) <∞ a.s. for some q > 2.

Assumption 2.3. (a)
∫∞
−∞K(s)ds = 1 and K(·) has a compact support; (b) For any

x, y ∈ R, |K(x)−K(y)| ≤ C |x− y|, where C is a positive constant; (c) For p ≥ 2,∫
ypK(y)dy 6= 0,

∫
yiK(y)dy = 0, i = 1, 2, ..., p− 1.

Assumption 2.4. (a) There exist a 0 < β ≤ 1 and α ≥ 0 such that

|m(x+ y)−m(x)| ≤ C (1 + |x|α) |y|β,

for any x ∈ R and y suffi ciently small, where C is a positive constant; (b) For given fixed
x, m(x) has a continuous p + 1 derivatives in a small neighborhood of x, where p ≥ 2 is

defined as in Assumption 2.3(c).

We have the following main results.

THEOREM 2.1. Under Assumptions 2.1—2.2, 2.3(a) and 2.4(a), we have( n∑
t=1

K[(xt − x)/h]
)1/2[

m̂(x)−m(x)
]
→D N(0, σ21), (2.5)

for any h satisfying nh2 →∞ and nh2+4β → 0, where σ21 = (1− ρ2)−1σ2
∫∞
−∞K

2(s)dt. If

in addition Assumptions 2.3(c) and 2.4(b), then( n∑
t=1

K[(xt − x)/h]
)1/2[

m̂(x)−m(x)− hpm(p)(x)

p!

∫ ∞
−∞

ypK(y)dy
]

→D N(0, σ21), (2.6)

for any h satisfying nh2 →∞ and nh2+4p = 0(1).
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THEOREM 2.2. Under Assumptions 2.1—2.2, 2.3(a)—(b), 2.4(a) and
∑∞

i=0 i|φi| < ∞,
we have

|ρ̂− ρ| = OP

{
nα/2hβ + (nh2)−1/4

}
, (2.7)

and with σ22 = σ2
∫∞
−∞K

2(s)dt,

( n∑
t=1

K[(xt − x)/h]
)1/2 [

m̂2(x)−m(x)
]
→D N(0, σ22), (2.8)

for any h satisfying that nh2+4β → 0, nαh2β → 0 and n1−ε0h2 → ∞ for some ε0 > 0. If

in addition Assumptions 2.3(c) and 2.4(b), then( n∑
t=1

K[(xt − x)/h]
)1/2[

m̂2(x)−m(x)− hpm(p)(x)

p!

∫ ∞
−∞

ypK(y)dy
]

→D N(0, σ22), (2.9)

for any h satisfying that nh2+4p = O(1), nαh2β → 0 and n1−ε0h2 →∞ for some ε0 > 0.

Remark 1. Theorem 2.1 generalizes the related results in previous articles. See, for

instance, Wang and Phillips (2009a, 2011), where the authors investigated the asymptotics

under ρ = 0 and τ = 0. As noticed in previous works, the conditions to establish

our results are quite weak, in particular, a wide range of regression function m(x) is

included in Assumption 2.4(a), like m(x) = 1/(1 + θ |x|β), m(x) = (a+ bex)/(1 + ex) and

m(x) = θ1 + θ2x+ ...+ θkx
k−1.

Remark 2. As |ρ| < 1, Theorem 2.2 confirms the claim that m̂2(x) achieves effi ciency

improvements over the usual estimator m̂(x) under certain additional conditions on m(x)

and the bandwidth h. Among these additional conditions, the requirement on the band-

width h (that is, nαh2β → 0 and n1−ε0h2 →∞, where ε0 can be suffi ciently small) imply
that 0 ≤ α < β, which in turn requires that the rate of m(x) divergence to ∞ on the tail

is not fast than |x|1+β. In comparison to Theorem 2.1, this is a little bit restrictive but

it is reasonable, due to the fact that the consistency result (2.7) heavily depend on the

following convergence for the kernel estimator m̂(x):

1

n

n∑
t=1

[
m̂(xt)−m(xt)

]2
(2.10)

as n → ∞. As xt ∼
√
t under our model, it is natural for the restriction on the tail of

m(x) to enable (2.10). The result (2.10) is a consequence of Theorem 3.1 in next section,

which provides a strong approximation result on the convergence to a local time process.
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3 Strong approximation to local time

This section investigates strong approximation to a local time process which essentially

provides a technical tool in the development of the uniform convergence such as (2.10)

for the kernel estimator m̂(x). As the condition imposed is different, this section can be

read separately.

Let xk,n, 1 ≤ k ≤ n, n ≥ 1 be a triangular array, constructed from some underlying

nonstationary time series and assume that there is a continuous limiting Gaussian process

G(t), 0 ≤ t ≤ 1, to which x[nt],n converges weakly, where [a] denotes the integer part of a.

In many applications, we let xk,n = d−1n xk where xk is a nonstationary time series, such

as a unit root or long memory process, and dn is an appropriate standardization factor.

This section is concerned with the limit behaviour of the statistic Sn(t), defined by

Sn(t) =
cn
n

n∑
k=1

g[cn (xk,n − x[nt],n)], t ∈ [0, 1], (3.1)

where cn is a certain sequence of positive constants and g is a real integrable function on

R. As noticed in last section and previous research [see, e.g., Wang and Phillips (2012)],

this kind of statistic appears in the inference for the unknown regression function m(x)

and its limit behaviour plays a key role in the related research fields.

The aim of this section is to provide a strong approximation result for the target

statistic. To achieve our aim, we make use of the following assumptions.

Assumption 3.1. supx |x|γ|g(x)| < ∞ for some γ > 1,
∫∞
−∞ |g(x)|dx < ∞ and

|g(x)− g(y)| ≤ C|x− y| whenever |x− y| is suffi ciently small on R.

Assumption 3.2. On a rich probability space, there exist a continuous local martin-

gale G(t) having a local time LG(t, s) and a sequence of stochastic processes Gn(t) such

that {Gn(t); 0 ≤ t ≤ 1} =D {G(t); 0 ≤ t ≤ 1} for each n ≥ 1 and

sup
0≤t≤1

|x[nt],n −Gn(t)| = oa.s.(n
−δ0). (3.2)

for some 0 < δ0 < 1.

Assumption 3.3. For all 0 ≤ j < k ≤ n, n ≥ 1, there exist a sequence of σ-fields

Fk,n (define F0,n = σ{φ,Ω}, the trivial σ-field) such that,
(i) xj,n are adapted to Fj,n and, conditional on Fj,n, [n/(k − j)]d(xk,n − xj,n) where

0 < d < 1, has a density hk,j,n(x) satisfying that hk,j,n(x) is uniformly bounded by a

constant K and
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(ii) supu∈R
∣∣hk,j,n(u+t)−hk,j,n(u)

∣∣ ≤ C min{|t|, 1}, whenever n and k−j are suffi ciently
large and t ∈ R.

Assumption 3.4. There is a ε0 > 0 such that cn →∞ and n−1+ε0cn → 0.

The following is our main result.

THEOREM 3.1. Suppose Assumptions 3.1—3.4 hold. On the same probability space as

in Assumption 3.2, for any l > 0, we have

sup
0≤t≤1

|Sn(t)− τ Lnt| = oP (log−l n) (3.3)

where τ =
∫∞
−∞ g(t)dt and Lnt = limε→0

1
2ε

∫ 1
0
I(|Gn(s)−Gn(t)| ≤ ε)ds.

Due to technical diffi culty, the rates in (3.3) may not be optimal, which, in our guess,

should have the form n−δ1 , where δ1 > 0 is related to δ0 > 0 given in Assumption 3.2.

However, by noting {Lnt; 0 ≤ t ≤ 1} =D {LG(1, G(t)); 0 ≤ t ≤ 1} 1 due to {Gn(t); 0 ≤ t ≤
1} =D {G(t); 0 ≤ t ≤ 1}, the result (3.3) is enough in many applications. To illustrate,
we have the following theorem which provides the lower bound of Sn(t) over t ∈ [0, 1]. As

a consequence, we establish the result (2.10) when xt satisfies Assumption 2.1.

THEOREM 3.2. Let xt be defined as in Assumption 2.1 with
∑∞

k=0 k|φk| < ∞. Let
Assumptions 2.3(a)—(b) hold. Then, for any η > 0 and fixed M0 > 0, there exist M1 > 0

and n0 > 0 such that

P
(

inf
s=1,2,...,n

n∑
t=1

K[(xt − xs)/h] ≥
√
nh/M1

)
≥ 1− η, (3.4)

for all n ≥ n0 and h satisfying that h → 0 and n1−ε0h2 → ∞ for some ε0 > 0. Conse-

quently, we have

Vn :=
1

n

n∑
t=1

[
m̂(xt)−m(xt)

]2
= OP

{
nαh2β + (nh2)−1/2

}
, (3.5)

that is, (2.10) holds true if in addition nαh2β → 0.

1Here and belew, we define LG(1, x) = limε→0
1
2ε

∫ 1
0
I(|G(s) − x| ≤ ε)ds, a local time process of the

G(s) whenever it exists.
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4 Extension

We next propose another estimator that potentially can improve the effi ciency even more.

Following Linton and Mammen (2008), we obtain

m(x) =
1

1 + ρ2
[
E(Z−t (ρ)|xt = x)− ρE(Z+t (ρ)|xt−1 = x)

]
=

1

1 + ρ2
E
[
Z−t (ρ)− ρZ+t+1(ρ)|xt = x

]
Z−t (ρ) = yt − ρyt−1 + ρm(xt−1)

Z+t (ρ) = yt − ρyt−1 −m(xt).

Let m̂(.), ρ̂ be initial consistent estimators, and let

Ẑ−t (ρ) = yt − ρ̂yt−1 + ρ̂m(xt−1)

Ẑ+t (ρ) = yt − ρ̂yt−1 − m̂(xt).

Then let

m̂eff (x) =
1

1 + ρ̂2
Ê
[
Ẑ−t (ρ̂)− ρ̂Ẑ+t+1(ρ̂)|xt = x

]
.

We claim that the following result holds. The proof is similar to earlier results and is

ommitted.

THEOREM 4.1. If in addition to Assumptions 2.1-2.4,
∑∞

i=0 i|φi| <∞. Then, for any
h satisfying nh2 log−4 n→∞ and nh2+4β → 0, we have

( n∑
t=1

K[(xt − x)/h]
)1/2 [

m̂2(x)−m(x)
]
→D N(0, σ23)

where σ22 = (1 + ρ2)−1
∫∞
−∞K

2(s)dt.

We have σ23 ≤ σ22 ≤ σ21, and so m̂eff (x) is more effi cient (according to asymptotic

variance) than m̂2(x), which itself is more effi cient than m̂(x).

5 Monte Carlo Simulation

We investigate the performance of our procedure on simulated data. We chose a similar

design to Wang and Phillips (2009b) except we focus on error autocorrelation rather than

contemporaneous endogeneity. We suppose that

yt = m(xt) + σut, ut = ρ0ut−1 + εt
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with m(x) = x and m(x) = sin(x), where xt = xt−1 + ηt, with ηt ∼ N(0, 1), σ = 0.2, and

εt ∼ N(0, 1). We used the Epanechnikov kernel for estimation with the bandwidth n−bc.

We examine a range of values of ρ0 and the bandwidth constant bc, which are given below.

We consider n = 500, 1000 and take ns = 1000 replications. We report the performance

measure
1

K

K∑
k=1

|m̂(xk)−m(xk)|2 ,

where K = 101 and xk = {−1,−0.98, . . . ., 1}. The results for the linear case are given
below in Tables 1-2. The results show that there is an improvement when going from

n = 500 to n = 1000 and when going from m̂1 to m̂2. In the linear case, the bigger the

bandwidth the better. In the cubic case (not shown), smaller bandwidths do better as

the bias issue is much more severe in this case.

*** Tables 1-2 here ***

We show in Tables 3 and 4 the performance of the estimator of ρ for n = 500 and

n = 1000. This varies with bandwidth and is generally quite poor, although improves

with sample size. Finally, we give some indication of the distributional approximation.

In Figure 1 we show the QQ plot for our (standardized) estimator m̂2 in the case where

m(x) = sin(x), ρ = 0.95, n = 1000, and bc = 1/10.

6 Proofs

Section 6.1 provides several preliminary lemmas. Some of them are are of independent

interests. The proofs of main theorems will be given in Sections 6.2-6.4.

6.1 Preliminary lemmas

First note that

xt =
t∑

j=1

λt−j ξj =

t∑
j=1

λt−j
j∑

i=−∞
νiφj−i

= λt−s xs +

t∑
j=s+1

λt−j
s∑

i=−∞
νiφj−i +

t∑
j=s+1

λt−j
j∑

i=s+1

νiφj−i

:= λt−s xs + ∆s,t + x′s,t, (6.1)
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where

x′s,t =

t−s∑
j=1

λt−j−s
j∑
i=1

νi+sφj−i =

t∑
i=s+1

νi

t−i∑
j=0

λt−j−i φj.

Write d2s,t =
∑t

i=s+1 λ
2(t−i)(

∑t−i
j=0 λ

−jφj)
2 = E(x′s,t)

2. Recall limn→∞ λ
n = eτ and limn→∞ λ

m =

1 for any fixed m. The routine calculations show that, whenever n is suffi ciently large,

e−|τ |/2 ≤ λk ≤ 2e|τ |, for all −n ≤ k ≤ n (6.2)

and there exist γ1, γ0 > 0 such that

γ0 ≤ inf
n≥k≥m

|
k∑
j=0

λ−jφj| ≤ γ1, (6.3)

whenever n,m are suffi ciently large. By virtue of (6.2)-(6.3), it is readily seen that ds,t 6= 0

for all 0 ≤ s < t ≤ n because φ =
∑∞

j=0 φj 6= 0 and C1(t − s) ≤ d2s,t ≤ C2(t − s).

Consequently,

1√
t−sx

′
s,t has a density hs,t(x), (6.4)

which is uniformly bounded by a constant C0 and
∫∞
−∞(1 + |u|)|ϕs,t(u)|du <∞ uniformly

for 0 ≤ s < t ≤ n, where ϕs,t(u) = Eeiux
′
s,t/
√
t−s, due to

∫
(1 + |u|)|Eeiuν0 |dt < ∞. See

the proof of Corollary 2.2 in Wang and Phillips (2009a) and/or (7.14) and Proposition

7.2 (page 1934 there) of Wang and Phillips (2009b) with a minor modification. Hence,

conditional on Fk = σ(νj,−∞ < j ≤ k),

(xt − xs)/
√
t− s has a density h∗s,t(x) ≡ hs,t(x− x∗s,t/

√
t− s) (6.5)

where x∗s,t = (λt−s − 1)xs + ∆s,t, satisfying, for any u ∈ R,

sup
x

∣∣h∗s,t(x+ u)− h∗s,t(x)
∣∣ ≤ sup

x
|hs,t(x+ u)− hs,t(x)|

≤ C
∣∣∣ ∫ ∞
−∞

(
e−iv(x+u) − e−ivx

)
ϕs,t(v)dv

∣∣∣
≤ C min{|u|, 1}

∫ ∞
−∞

(1 + |v|) |ϕs,t(v)|dv ≤ C1 min{|u|, 1}, (6.6)

where in the last second inequality of (6.6), we have used the inverse formula of the

characteristic function.
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We also have the following presentation for the xt:

xt =
t∑

j=1

λt−j ξj =

t∑
j=1

λt−j
( j−1∑
i=0

+

∞∑
i=j

)
φiνj−i

=

t−1∑
i=0

φi λ
t−i

t∑
j=1

λ−jνj −
t−1∑
i=0

φi λ
t−i

t∑
j=t−i+1

λ−jνj +

t∑
j=1

λt−j
∞∑
i=0

φi+jν−i

= at x
′
t − x′′t + x′′′t , say, (6.7)

where at =
∑t−1

i=0 φi λ
−i, x′t =

∑t
j=1 λ

t−jνj and

|x′′t |+ |x′′′t | ≤ C0t
1/(2+δ), a.s. (6.8)

for some constant C0 > 0. Indeed, using (6.2) and strong law, we obtain that, for some

constant C0 > 0,

|x′′t | ≤ 2e|τ |
t−1∑
i=0

|φi|
t∑

j=t−i+1
|νj| ≤ 2e|τ | max

1≤j≤t
|νj|

t−1∑
i=0

i|φi|

≤ C t1/(2+δ)
(1

t

t∑
j=1

|νj|2+δ
)1/(2+δ) ≤ C0t

1/(2+δ), a.s., (6.9)

since E|ν1|2+δ <∞ and
∑∞

i=0 i|φi| <∞ . Note that
∞∑
j=1

j−1/(2+δ)E|
∞∑
i=0

φi+jν−i| ≤
∞∑
j=1

j−1/(2+δ)
( ∞∑
i=j

φ2i
)1/2

≤ C
∞∑
j=1

j−1−1/(2+δ)
( ∞∑
i=j

i|φi|
)1/2

<∞,

which yields that
∑∞

j=1 j
−1/(2+δ)|

∑∞
i=0 φi+jν−i| < ∞, a.s. It follows from (6.2) again and

the Kronecker lemma that

|x′′′t | ≤ C

t∑
j=1

∣∣ ∞∑
i=0

φi+jν−i
∣∣ = o(t1/(2+δ)), a.s. (6.10)

This proves (6.8).

We are now ready to provide several preliminary lemmas.

LEMMA 6.1. Suppose that p(x) satisfies
∫
|p(x)|dx < ∞ and Assumption 2.1 holds.

Then, for any h→ 0 and all 0 ≤ s < t ≤ n, we have

E
(
|p(xt/h)|

∣∣Fs) ≤ C0h√
t− s

∫ ∞
−∞
|p(x+ xs/h)|dx

=
C0h√
t− s

∫ ∞
−∞
|p(x)|dx, a.s., (6.11)

where Fs = σ{νs, νs−1, ...}.
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Proof. Recall (6.1), (6.5) and the independence of νk. The result (6.11) follows from

a routine calculation and hence the details are omitted. 2

LEMMA 6.2. Suppose that p(x) satisfies
∫

[|p(x)| + p2(x)]dx < ∞ and
∫
p(x)dx 6= 0.

Suppose Assumption 2.1 holds. Then, for any h→ 0 and nh2 →∞,

φ√
nh

n∑
t=1

p
[
(xt − x)/h

]
→D

∫ ∞
−∞

p(x)dxLG(1, 0), (6.12)

where G(t) = W (t) + κ
∫ t
0
eκ(t−s)W (s)ds with W (s) being a standard Brownian motion

and LG(r, x) is a local time of the Gaussian process G(t).

Proof. This is a corollary of Theorem 3.1 of Wang and Phillips (2009a). The

inspection on the conditions is similar to Proposition 7.2 of Wang and Phillips (2009b).

We omit the details. 2

LEMMA 6.3. Suppose Assumptions 2.1-2.2 and 2.3(a) hold. Then, for any h→ 0 and

nh2 →∞,
n∑
t=1

utZnt →D N(0, σ21), (6.13)

where Znt = K[(xt− x)/h]/
(∑n

t=1K[(xt− x)/h]
)1/2

and σ21 = (1− ρ2)−1σ2
∫∞
−∞K

2(x)dx.

Proof. For the notation convenience, we assume σ2 = 1 in the following proof. Note

that ut =
∑t

k=1 ρ
t−kεk. We have

∑n
t=1 utZnt =

∑n
k=1 εkZ

∗
nk, where Z

∗
nk =

∑n
t=k ρ

t−kZnt.

We first claim that
n∑
k=1

Z2nk →P

∫ ∞
−∞

K2(x)dx, (6.14)

n∑
k=1

Z∗2nk →P (1− ρ2)−1
∫ ∞
−∞

K2(x)dx. (6.15)

The proof of (6.14) is simple by applying Lemma 6.2. To see (6.15), note that
n∑
k=1

Z∗2nk = Λ−1n

n∑
k=1

( n∑
t=k

ρt−kK[(xt − x)/h]
)2

= Λ−1n

n∑
k=1

n∑
t=k

ρ2(t−k)K2[(xt − x)/h] + Λ−1n Γ1n

= (1− ρ2)−1
n∑
k=1

Z2nk + Λ−1n (Γ1n − Γ2n) [by (6.14)]

= (1− ρ2)−1
∫ ∞
−∞

K2(x)dx+ Λ−1n (Γ1n − Γ2n) + oP (1), (6.16)

12



where Λn =
∑n

t=1K[(xt − x)/h],

Γ1n = 2
n∑
k=1

∑
k≤s<t≤n

ρs−k ρt−kK[(xs − x)/h]K[(xt − x)/h],

Γ2n = (1− ρ2)−1
n∑
t=1

K2[(xt − x)/h] ρ2t.

Note that Λn/(
√
nh) →D φ−1 LG(1, 0) by Lemma 6.2. The result (6.15) will follow if we

prove

Γ1n + Γ2n = oP [(nh2)1/2]. (6.17)

Recall K(x) ≤ C and |ρ| < 1. It is readily seen that Γ2n ≤ C = oP [(nh2)1/2], due to

nh2 →∞. On the other hand, by applying Lemma 6.1, for any t > s, we have

E
{
K[(xs − x)/h]K[(xt − x)/h]

}
≤ E

[
K[(xs − x)/h]E

{
K[(xt − x)/h] | Fs

}]
≤ Ch√

t− s
h√
s
.

It follows that

EΓ1n ≤ C h2
n∑
k=1

∑
k≤s<t≤n

ρs−k ρt−k
1√
t− s

1√
s

≤ C1h
2

n∑
k=1

1√
k
≤ Ch2

√
n.

which implies that Γ1n = OP (h2
√
n) = oP [(nh2)1/2]. This proves (6.17) and hence the

claim (6.15).

We now turn to the proof of (6.13). Since, given {x1, x2, ..., xn}, the sequence (Z∗nk εk, k =

1, 2, ..., n) still forms a martingale difference by Assumption 2.2, it follows from Theorem

3.9 [(3.75) there] in Hall and Heyde (1980) with δ = q/2− 1 that

sup
x

∣∣P( n∑
t=1

εtZ
∗
nt ≤ xσ1 | x1, x2, ..., xn

)
− Φ(x)

∣∣ ≤ A(δ)L1/(1+q)n , a.s.,

where A(δ) is a constant depending only on q > 2 and

Ln =
1

σq1

n∑
k=1

|Z∗nk|qE(|εk|q | x1, ..., xn) + E
{∣∣∣ 1

σ21

n∑
k=1

Z∗2nk
[
E(ε2k|Fk−1)− 1

]∣∣∣q/2 | x1, ..., xn}.
Recall that K(x) is uniformly bounded and

max
1≤k≤n

|Z∗nk| ≤ C max
1≤k≤n

|Znk| ≤ C/
( n∑
t=1

K[(xt − x)/h]
)1/2

= oP (1),
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by Assumption 2.3 and Lemma 6.2. Routine calculations, together with (6.15), show that

Ln = oP (1),

since q > 2. Therefore the dominate convergence theorem yields that

sup
x

∣∣P( n∑
t=1

utZnt ≤ xσ1
)
− Φ(x)

∣∣
≤ E

[
sup
x

∣∣P( n∑
t=1

εtZ
∗
nt ≤ xσ1 | x1, x2, ..., xn

)
− Φ(x)

∣∣]→ 0.

This completes the proof of Lemma 6.3. 2

LEMMA 6.4. Under Assumptions 2.3(a) and 2.4(a), for any x ∈ R, we have∣∣Λn(x)−m(x)
∣∣ ≤ C (1 + |x|α)hβ, (6.18)

where Λn(x) =
∑n
t=1m(xt)K[(xt−x)/h]∑n

t=1K[(xt−x)/h]
. If in addition Assumption 2.4(b), we have

∣∣Λn(x)−m(x)− hpm(p)(x)

p!

∫ ∞
−∞

ypK(y)dy
∣∣ = oP [(nh2)−1/4], (6.19)

whenever nh2 →∞ and nh2+4p = O(1), for any fixed x.

Proof. By Assumption 2.4(a) and the compactness of K(x), the result (6.18) is simple.

The proof of (6.19) is the same as in the proof of Theorem 2.2 in Wang and Phillips (2011).

We omit the details. 2

LEMMA 6.5. For any s, t ∈ R and ξ > 0, there exists a constant C such that

|LG(1, s)− LG(1, t)| ≤ C |s− t|1/2−ξ a.s., (6.20)

where G(x) is a continuous local martingale.

Proof. See Corollary 1.8 of Revuz and Yor (1994, p. 226). 2

LEMMA 6.6. Suppose that Assumptions 3.1-3.4 hold. Then, for any l > 0, we have

In := sup
t∈R

sup
s:|s−t|≤εn

∣∣∣cn
n

n∑
k=1

ft,s(xk,n)
∣∣∣ = Oa.s.(log−l n) (6.21)

where εn ≤ cnn
−l1 for some l1 > 0 and ft,s(x) = g(cnx+ t)− g(cnx+ s).

Proof. See Lemma 3.5 of Liu, Chan and Wang (2013). 2
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6.2 Proofs of Theorem 2.1 and 2.2

We only prove Theorem 2.2. Using Lemmas 6.3 and 6.4, the proof of Theorem 2.1 is

standard [see, e.g., Wang and Phillips (2011)], and hence the details are omitted.

Start with (2.7). Recall that ût = yt − m̂1(xt) = ut + m(xt) − m̂1(xt). Simple

calculations show that

ρ̂− ρ =

∑n
s=2(ûs − ρûs−1)ûs−1∑n

s=2 û
2
s−1

=

∑n
s=2 εs ûs−1∑n
s=2 û

2
s−1

+

∑n
s=2 ûs−1

[
m(xs)− m̂1(xs) + ρ {m̂1(xs−1)−m(xs−1)}

]∑n
s=2 û

2
s−1

:= R1n +R2n. (6.22)

As Vn = 1
n

∑n
t=1

[
m̂1(xt)−m(xt)

]2
= OP

{
nαh2β + (nh2)−1/2

}
by (3.5) of Theorem 3.2, it

follows from 1
n

∑n
t=1 u

2
t → (1−ρ2)−1σ2, a.s., that 1

n

∑n
s=2 û

2
s−1 →P (1−ρ2)−1σ2, whenever

nαh2β → 0 and nh2 →∞. This, together with Hölder’s inequality, yields that

|R2n| ≤ 2(1 + ρ2)1/2V 1/2
n /

( n∑
s=2

û2s−1
)1/2

= OP

{
nα/2hβ + (nh2)−1/4

}
.

On the other hand, by recalling Assumption 2.2, it is readily seen that R1n = OP (n−1/2).

Taking these facts into (6.22), we obtain (2.7).

We next prove (2.8). We may write

m̂2(x)−m(x) =
ρ̂
∑n

t=1

[
m̂1(xt−1)−m(xt−1)

]
K[(xt − x)/h]∑n

t=1K[(xt − x)/h]

+
(ρ− ρ̂)

∑n
t=1 ut−1K[(xt − x)/h]∑n

t=1K[(xt − x)/h]

+

∑n
t=1

[
m(xt)−m(x)

]
K[(xt − x)/h]∑n

t=1K[(xt − x)/h]
+

∑n
t=1 εtK[(xt − x)/h]∑n
t=1K[(xt − x)/h]

:= ρ̂ I1n + (ρ− ρ̂) I2n + I3n + I4n.

Furthermore we may divide I1n into

I1n =
1∑n

t=1K[(xt − x)/h]

{ n∑
t=1

K[(xt − x)/h]

∑n
s=2

[
m(xs−1)−m(xt−1)

]
K[(xs−1 − xt−1)/h]∑n

s=2K[(xs−1 − xt−1)/h]

+
n∑
t=1

K[(xt − x)/h]

∑n
s=2 us−1K[(xs−1 − xt−1)/h]∑n

s=2K[(xs−1 − xt−1)/h]

}
:= I1n1 + I1n2.

Using Lemma 6.3 and (2.7), we have

(ρ− ρ̂)
( n∑
t=1

K[(xt − x)/h]
)1/2

I2n →P 0
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and (with ρ = 0 in Lemma 6.3)

( n∑
t=1

K[(xt − x)/h]
)1/2

I4n →D N(0, σ22).

Using (6.18) and 1√
nh

∑n
t=1 K[(xt − x)/h]→D φ−1 LG(1, 0), we have

( n∑
t=1

K[(xt − x)/h]
)1/2 |I3n|

≤ C (nh2+4β)1/4
( 1√

nh

n∑
t=1

K[(xt − x)/h]
)1/2

= oP (1).

Similarly, by recalling K has a compact support, we obtain

( n∑
t=1

K[(xt − x)/h]
)1/2 |I1n1|

≤ Chβ
( n∑
t=1

K[(xt − x)/h]
)−1/2 n∑

t=1

(1 + |xt|α)K[(xt − x)/h]

≤ C (nh2+4β)1/4
( 1√

nh

n∑
t=1

K[(xt − x)/h]
)1/2

= oP (1).

Combining all above facts, to prove (2.8), it suffi ces to show that

I1n2 = oP [(nh2)−1/4]. (6.23)

To this end, for each fixed x, write

Ω1n =
{
ω :

n∑
s=1

K[(xs − x)/h] ≥
√
nhδn

}
,

Ω2n =
{
ω : inf

t=1,2,...,n

n∑
s=2

K[(xs−1 − xt)/h] ≥
√
nhδn

}
where δn ↓ 0 is chosen later and ω denotes the sample points. As P (Ω1n ∪ Ω2n) → 0 by

(3.4) and Lemma 6.2, the result (6.23) will follow if we prove

I(Ω1n Ω2n) I1n2 = oP [(nh2)−1/4]. (6.24)

Recall us =
∑s

k=1 ρ
s−kεk. I1n2 can be rewritten as

I1n2 =
1∑n

t=1K[(xt − x)/h]

n∑
s=2

us−1 Jns

=
1∑n

t=1K[(xt − x)/h]

n−1∑
k=1

εk

n∑
s=k+1

ρs−1−k Jns,
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where

Jns =
n∑
t=1

K[(xs−1 − xt−1)/h]K[(xt − x)/h]∑n
s=2K[(xs−1 − xt−1)/h]

.

It follows easily from the the conditional arguments and Holder’s inequality that

E
[
I(Ω1n Ω2n) I2n2

]2 ≤ C

(nh2δn)2

n−1∑
k=1

E
( n∑
s=k+1

ρs−1−k J∗ns

)2
≤ C

(nh2δn)2

n−1∑
k=1

n∑
s=k+1

ρs−1−k
n∑

s=k+1

ρs−1−k EJ∗2ns

≤ nC

(nh2δn)2
max
1≤s≤n

EJ∗2ns . (6.25)

where

J∗ns =
n∑
t=1

K[(xs−1 − xt−1)/h]K[(xt − x)/h].

Simple calculations show that, by letting
∑j

k=i = 0 if j < i,

EJ∗2ns = E
( n∑
t=1

K[(xs−1 − xt−1)/h]K[(xt − x)/h]
)2

≤ 2E
{ s−2∑

t=1

K[(xs−1 − xt−1)/h]K[(xt − x)/h]
}2

+ 2E
{ n∑

t=s

K[(xs−1 − xt−1)/h]K[(xt − x)/h]
}2

+ 2EK2[(xs−1 − xs−2)/h]K2[(xs−1 − x)/h]

:= T1n + T2n + T3n.

Assume t1 < t2 ≤ s− 2. Recall K(x) has a compact support. It follows from Lemma 6.1

with p(x) = K(x− xt1−1/h)K(x− xt2−1/h) that

E
{
K[(xs−1 − xt1−1)/h]K[(xs−1 − xt2−1)/h] | Ft2

}
≤ Ch√

s− t2

∫ ∞
−∞

K[y + (xt2 − xt1−1)/h]K[y + (xt2 − xt2−1)/h] dy

≤ Ch√
s− t2

∫ ∞
−∞

K(y)K[y + (xt2−1 − xt1−1)/h] dy, a.s.

This, together with the repeatedly similar utilization of Lemma 6.1, yields that, for t1 <
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t2 ≤ s− 2,

Ψs,t1,t2 := E
{
K[(xs−1 − xt1−1)/h]K[(xs−1 − xt2−1)/h]K[(xt1 − x)/h]K[(xt2 − x)/h]

}
≤ Ch√

s− t2

∫ ∞
−∞

E
{
K[y + (xt2−1 − xt1−1)/h]K[(xt1 − x)/h]K[(xt2 − x)/h]

}
K(y)dy

≤ Ch2√
s− t2

∫ ∞
−∞

E
{
K[y + (xt2−1 − xt1−1)/h]K[(xt1 − x)/h]

}
K(y)dy

....

≤ Ch4√
s− t2

1√
t2 − t1

1√
t1
.

Similarly, for t1 = t2 < s− 2,

Ψs,t1,t1 = E
{
K2[(xs−1 − xt1−1)/h]K2[(xt1 − x)/h]

}
≤ Ch2√

s− t1
1√
t1
.

We now obtain, for any 1 ≤ s ≤ n,

T1n =
s−2∑
t1=1

Ψs,t1,t1 + 2
∑

1≤t1<t2≤s−2
Ψs,t1,t2

≤
s−2∑
t1=1

Ch2√
s− t1

1√
t1

+
∑

1≤t1<t2≤s−2

Ch4√
s− t2

1√
t2 − t1

1√
t1

≤ Ch2(1 +
√
nh2).

Similarly we may prove

T2n + T3n ≤ Ch2(1 +
√
nh2).

Combining all these estimates, it follows from (6.25) that

E
[
I(Ω1n Ω2n) I2n2

]2 ≤ Cδ−2n
[
(nh2)−1 + n−1/2

]
= o[(nh2)−1/2],

by choosing δn = min{(nh2)1/8, h−1/4} → ∞, whenever h→ 0 and nh2 →∞. This proves
(6.23) and also completes the proof of Theorem 2.2. 2

6.3 Proof of Theorem 3.1.

The idea for the proof of (3.3) is similar to that of Liu, Chan and Wang (2013), but there

are some essential difference in details. We restate here for the convenience of reading.

Without loss of generality, we assume τ =
∫
g(x)dx = 1. Define ḡ(x) = g(x)I{|x| ≤

nζ/2}, where 0 < ζ < 1 − δ0/γ is small enough such that nζ/cn ≤ n−δ0 , where γ and δ0
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are given in Assumption 3.1 and 3.2 respectively. Further let ε = n−α with 0 < α < δ0/2

and define a triangular function

gε(y) =


0, |y − ε| > ε,
y+ε
ε2
, −ε ≤ y ≤ 0,

ε−y
ε2
, 0 ≤ y ≤ ε,

It suffi ces to show that

Φ1n := max
1≤k≤n

∣∣∣cn
n

n∑
j=1

{
g[cn(xj,n − xk,n)]− ḡ[cn(xj,n − xk,n)]}

∣∣∣ = oa.s.(log−l n), (6.26)

Φ2n := max
1≤k≤n

∣∣∣cn
n

n∑
j=1

ḡ[cn(xj,n − xk,n)]− 1

n

n∑
j=1

gε(xj,n − xk,n)
∣∣∣ = oa.s.(log−l n), (6.27)

Φ3n := sup
0≤t≤1

∣∣∣ 1
n

n∑
j=1

gε(xj,n − x[nt],n)− Lnt
∣∣∣ = oP (log−l n). (6.28)

The proof of (6.26) is simple. Indeed, by recalling supx |x|γ |g(x)| <∞, it follows that

Φ1n ≤ cn sup
|x|≥nτ/2

|g(x)|I{|x| > nζ/2} ≤ C n−ζ γcn = o(log−l n).

as nζ/cn ≤ n−δ0 and γ > δ0/(1− ζ).

We next prove (6.28). Recalling
∫∞
−∞ gε(y)dy = 1, it follows from the definition of

occupation time and Lemma 6.5 that∣∣∣ ∫ 1

0

gε[G(s)−G(t)]ds− LG(1, G(t))
∣∣∣

=
∣∣∣ ∫ ∞
−∞

gε[y −G(t)]LG(1, y)dy − LG(1, G(t))
∣∣∣

≤
∫ ∞
−∞

gε(y)|LG(1, y +G(t))− LG(1, G(t))|dy

≤ Cε1/2−ξ a.s.

for any ξ > 0, uniformly for t ∈ [0, 1]. Hence, by taking ξ = 1/4 and noting∫ 1

0

gε[Gn(s)−Gn(t)]ds− Lnt =D

∫ 1

0

gε[G(s)−G(t)]ds− LG(1, G(t)),

due to {Gn(t); 0 ≤ t ≤ 1} =D {G(t); 0 ≤ t ≤ 1}, n ≥ 1, we have

P
(∣∣ ∫ 1

0

gε[Gn(s)−Gn(t)]ds− Lnt
∣∣ ≥ log−l−1 n

)
= P

(∣∣ ∫ 1

0

gε[G(s)−G(t)]ds− LG(1, G(t))
∣∣ ≥ log−l−1 n

)
= o(1), (6.29)
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as n → ∞. This, together with Assumption 3.2 and the fact that |gε(y) − gε(z)| ≤
ε−2|y − z|, implies that∣∣∣ 1

n

n∑
j=1

gε(xj,n − x[nt],n)− Lnt
∣∣∣

≤
∣∣∣ ∫ 1

0

gε(x[ns],n − x[nt],n)ds−
∫ 1

0

gε[Gn(s)−Gn(t)]ds
∣∣∣+ 2/(εn)

+
∣∣∣ ∫ 1

0

gε[Gn(s)−Gn(t)]ds− Lnt
∣∣∣

= Oa.s(ε
−2n−δ0) + 2/(εn) +OP (log−l−1 n)

≤ OP (n2α−δ0 + log−l−1 n) = oP (log−l n),

uniformly for t ∈ [0, 1], as α < δ0/2. This yields (6.28 ).

We finally prove (6.27), let ḡεn(z) be the step function which takes the value gε(mnζ/cn)

for z ∈ [mnζ/cn, (m+1)nζ/cn),m ∈ Z. It suffi ces to show that, uniformly for all 1 ≤ k ≤ n,

(letting ḡj(y) = ḡ(cn(xj,n − xk,n)− y)),

∆1n(k) :=
∣∣∣ 1
n

n∑
j=1

gε(xj,n − xk,n)− 1

n

n∑
j=1

ḡεn(xj,n − xk,n)

∫ ∞
−∞

ḡj(y)dy
∣∣∣

= oa.s.(log−l n) (6.30)

∆2n(k) :=
∣∣∣ 1
n

n∑
j=1

ḡεn(xj,n − xk,n)

∫ ∞
−∞

ḡj(y)dy −
∫ ∞
−∞

1

n

n∑
j=1

gε(y/cn)ḡj(y)dy
∣∣∣

= oa.s.(log−l n), (6.31)

∆3n(k) :=
∣∣∣ ∫ ∞
−∞

1

n

n∑
j=1

gε(y/cn)ḡj(y)dy − cn
n

n∑
j=1

ḡ[cn(xj,n − xk,n)]
∣∣∣

= oa.s.(log−l n), (6.32)

In fact, by noting that |gε(y)− gε(z)| ≤ ε−2|y − z| and

|ḡε n(y)− gε(z)| ≤ |ḡε n(y)− gε(y)|+ |gε(y)− gε(z)|

≤ Cε−2(nζ/cn + |y − z|), (6.33)

(6.30) follows from that, uniformly for all 1 ≤ j, k ≤ n,∣∣∣gε(xj,n − xk,n)− ḡεn(xj,n − xk,n)

∫ ∞
−∞

ḡj(y)dy
∣∣∣

≤
∣∣∣gε(xj,n − xk,n)− ḡεn(xj,n − xk,n)

∣∣∣+ |ḡεn(xj,n − xk,n)|
∣∣∣1− ∫ ∞

−∞
ḡj(y)dy

∣∣∣
≤ Cε−2nζ/cn + C1ε

−1 n−ζ(γ−1) = oa.s.(log−l n).
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where we have used the fact that (recalling
∫
g(y)dy = 1),∣∣∣1− ∫ ∞

−∞
ḡj(y)dy

∣∣∣ ≤ ∣∣∣ ∫ ∞
−∞

g(y)I{|y| > nζ/2}dy
∣∣∣ ≤ C n−ζ(γ−1)

due to supy |y|γ|g(y)| <∞ and γ > 1.

By the definition of ḡj(y) and (6.33) again, (6.31) follows from that, uniformly for all

1 ≤ j, k ≤ n,∫ ∞
−∞
|ḡεn(xj,n − xk,n)ḡj(y)− gε(y/cn)ḡj(y)|dy

≤
(∫ ∞
−∞

g(y)dy
)(

sup
y

∣∣ḡεn(xj,n − xk,n)− gε(y/cn)
∣∣ I{|cn(xj,n − xk,n)− y| ≤ nζ/2}

)
≤ C sup

y

[
ε−2(nζ/cn + |xj,n − xk,n − y/cn|) I

{∣∣xj,n − xk,n − y/cn∣∣ ≤ nζ/(2cn)
}]

≤ Cε−2(nζ/cn) = oa.s.(log−l n).

As for (6.32), the result follows from that, by using Lemma 6.6,

∆3n(k) =
∣∣∣ ∫ ∞
−∞

1

n

n∑
j=1

{
ḡ[cn(xj,n − xk,n)− y]− ḡ[cn(xj,n − xk,n)]

}
gε(y/cn)dy

∣∣∣
≤ sup

t
sup

|s−t|≤cnε

∣∣∣cn
n

n∑
j=1

{
ḡ(cnxj,n + s)− ḡ(cnxj,n + t)

}∣∣∣
×
( 1

cn

∫ ∞
−∞

gε(y/cn)dy
)

= oa.s.(log−l n). (6.34)

uniformly for 1 ≤ k ≤ n.

The proof of Theorem 3.1 is complete. 2

6.4 Proof of Theorem 3.2.

To prove (3.4), we make use of Theorem 3.1. First note that K(x) satisfies Assumption

3.1 as it has a compact support. Let xk,n = xk√
nφ
, 1 ≤ k ≤ n, where xk satisfies Assumption

2.1 with
∑∞

i=0 i|φi| <∞. As shown in Chan and Wang (2012), xk,n satisfies Assumption
3.3. xk,n also satisfies Assumption 3.2. Explicitly we will show later that {νj, j ∈ Z}
can be redefined on a richer probability space which also contains a standard Brownian

motion W1(t) and a sequence of stochastic processes G1n(t) such that {G1n(t), 0 ≤ t ≤
1} =D {G1(t), 0 ≤ t ≤ 1} for each n ≥ 1 and

sup
0≤t≤1

|x[nt],n −G1n(t)| = o(n−δ0), a.s., (6.35)
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for some δ0 > 0, where G1(t) = W1(t) + κ
∫ t
0
eκ(t−s)W1(s)ds. We remark that G1(t) is a

continuous local martingale having a local time.

Due to these fact, it follows from Theorem 3.1 that

sup
0≤t≤1

∣∣∣ 1√
nh

n∑
k=1

K
[
(xk − x[nt])/

√
nφ
]
− Lnt

∣∣∣ = oP (log−l n), (6.36)

for any l > 0, h→ 0 and n1−ε0h2 →∞ where ε0 > 0 can be taken arbitrary small and

Lnt = lim
ε→0

1

2ε

∫ 1

0

I(|G1n(s)−G1n(t)| ≤ ε)ds.

Note that, for each n ≥ 1, {Lnt, 0 ≤ t ≤ 1} =D {Lt, 0 ≤ t ≤ 1} due to {G1n(t), 0 ≤ t ≤
1} =D {G1(t), 0 ≤ t ≤ 1}, where Lt = limε→0

1
2ε

∫ 1
0
I(|G1(s) − G1(t)| ≤ ε)ds. The result

(3.4) now follow from (6.36) and the well-know fact that P (inf0≤t≤1 Lt = 0) = 0, due to

the continuity of the process G1(s).

To end the proof of (3.4), it remains to show (6.35). In fact, the classical strong

approximation theorem implies that, on a richer probability space,

sup
0≤t≤1

∣∣ [nt]∑
j=1

νj −W1(nt)
∣∣ = o

[
n1/(2+δ)

]
, a.s. (6.37)

See, e.g., Csörgö and Révész (1981). Taking this result into consideration, the same

technique as in the proof of Phillips (1987) [see also Chan and Wei (1987)] yields

sup
0≤t≤1

∣∣ [nt]∑
j=1

λ[nt]−jνj −G∗1n(t)
∣∣ = o

[
n1/(2+δ)

]
, a.s., (6.38)

where G∗1n(t) = W1(nt) + κ
∫ t
0
eκ(t−s)W1(ns)ds. Let G1n(t) = G∗1n(t)/

√
n. It is readily

seen that {G1n(t), 0 ≤ t ≤ 1} =D {G1(t), 0 ≤ t ≤ 1} due to {W1(nt)/
√
n, 0 ≤ t ≤ 1} =D

{W1(t), 0 ≤ t ≤ 1}. Now, by virtue of (6.7)-(6.8), the result (6.35) follows from that

sup
0≤t≤1

|x[nt],n −G1n(t)| ≤ sup
0≤t≤1

|
a[nt] x

′
[nt]√

nφ
−G1n(t)|+

sup0≤t≤1 |x′′[nt] + x′′′[nt]|√
nφ

≤ C√
n

sup
0≤t≤1

|
( [nt]∑
i=0

φiλ
−i − φ

) [nt]∑
j=1

λ[nt]−jνj|

1√
n

sup
0≤t≤1

∣∣ [nt]∑
j=1

λ[nt]−jνj −G∗1n(t)
∣∣+Oa.s.(n

−δ/2(2+δ))

= o(n−δ0), a.s.,
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for some δ0 > 0, where we have used the fact: due to max1≤i≤n |λ−i − 1| ≤ Cn−1/2 and

max1≤k≤n |
∑k

j=1 λ
k−jνj| = o(

√
n log n), a.s., it follows from

∑∞
i=0 i|φi| <∞ that

sup
0≤t≤1

|
( [nt]∑
i=0

φiλ
−i − φ

) [nt]∑
j=1

λ[nt]−jνj|

≤ C max
1≤k≤

√
n
|

k∑
j=1

λk−jνj|+O(
√
n log n) max√

n≤k≤n
|

k∑
i=0

φiλ
−i − φ|

≤ OP (n1/4
√

log n) +O(
√
n log n)

(∣∣ √n∑
i=0

φi(λ
−i − 1)

∣∣+
∞∑

i=
√
n

|φi|
)

= O(n1/4
√

log n), a.s.

We finally prove (3.5). Simple calculations show that

Vn ≤
2

n

n∑
t=1

(J21t + J22t), (6.39)

where

J1t =

∑n
s=2

[
m(xs−1)−m(xt)

]
K[(xs−1 − xt)/h]∑n

s=2K[(xs−1 − xt)/h]
, J2t =

∑n
s=2 us−1K[(xs−1 − xt)/h]∑n

s=2K[(xs−1 − xt)/h]
.

Assumption 2.4(a) implies that, when |xs−1 − xt| ≤M h and h is suffi ciently small,

|m(xs−1)−m(xt)| ≤ C |xs−1 − xt|β(1 + |xt|α),

uniformly on s, t. Using this fact and K has a compact support, it follows that

1

n

n∑
t=1

J21t ≤
C h2β

n

n∑
t=1

(1 + |xt|2α) = OP (nαh2β). (6.40)

As for J2t, by recalling us =
∑s

k=1 ρ
s−kεk, we have

1

n

n∑
t=1

J22t ≤
{

inf
t=1,...,n

n∑
s=1

K[(xs − xt)/h]
}−1 1

n

n∑
t=1

J∗22t ,

where

J∗2t =

∑n−1
k=1 εk

∑n−1
s=k ρ

s−kK[(xs − xt)/h](∑n−1
s=1 K[(xs − xt)/h]

)1/2 .

It follows from Assumption 2.2 that, for 1 ≤ t ≤ n,

E(J∗22t | x1, ..., xn) ≤

∑n−1
k=1 E(ε2k | x1, ..., xn)

{∑n−1
s=k ρ

s−kK[(xs − xt)/h]
}2

∑n−1
s=1 K[(xs − xt)/h]

≤ C
∑n−1

k=1

∑n−1
s=k ρ

s−kK2[(xs − xt)/h]
∑n−1

s=k ρ
s−k∑n−1

s=1 K[(xs − xt)/h]

≤ C1,
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where we have used the fact that
∑∞

k=0 ρ
k = 1/(1− ρ) <∞. Hence 1

n

∑n
t=1 J

∗2
2t = OP (1).

Due to this fact and (3.4), we get

1

n

n∑
t=1

J22t = OP [(nh2)−1/2]. (6.41)

Combining (6.39)—(6.41), we prove (3.5) and hence complete the proof of Theorem 3.2. 2
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Figure 1. Shows the QQ plot of the standardized estimator m̂2
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