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EKKVIKEXIW�XLI�MQTPMGEXMSRW�SJ�XLEX�YRGIVXEMRX]�JSV�XLI�MRJPEXMSR�JSVIGEWX��8LI
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MRJPEXMSR�JSVIGEWX��SR�XLI�SXLIV�LERH��MW�HIVMZIH�JVSQ�XLI�YRGIVXEMRX]�EWWIWWQIRXW�SR
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YRGIVXEMRX]�XLEX�QEXXIVW�JSV�TSPMG]�HIGMWMSRW��MX�MW�HIWMVEFPI�XS�LEZI�MRJPEXMSR

YRGIVXEMRX]�IRHSKIRSYWP]�HIXIVQMRIH�JVSQ�YRHIVP]MRK�EWWYQTXMSRW�

8LI�TETIV�MW�SYXPMRIH�EW�JSPPS[W��-R�XLI�RI\X�WIGXMSR��[I�HMWGYWW�XLI�WYFNIGXMZI

EWWIWWQIRXW�ERH�XLI�HMWXVMFYXMSREP�EWWYQTXMSRW��7IGXMSR���HMWGYWWIW�LS[�XLI�WYFNIGXMZI

EWWIWWQIRXW�GER�FI�EKKVIKEXIH��-R�TEVXMGYPEV��MX�WLS[W�LS[�TSXIRXMEP�WOI[RIWW�MR�XLI



�

TVSFEFMPMX]�HMWXVMFYXMSRW�SJ�XLI�QEGVS�ZEVMEFPIW�GER�FI�PMROIH�XS�WOI[RIWW�MR�XLI

MRJPEXMSR�JSVIGEWX�HMWXVMFYXMSR��8LI�ZEVMERGI�SJ�XLI�JSVIGEWX�HMWXVMFYXMSR�MW�MRMXMEPP]
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MR�XLI�QEGVS�ZEVMEFPIW�XS�EPWS�EJJIGX�XLI�ZEVMERGI�SJ�XLI�MRJPEXMSR�JSVIGEWX�HMWXVMFYXMSR�

7IGXMSR���GSRXEMRW�ER�I\EQTPI�XS�MPPYWXVEXI�XLI�JSVIGEWX�HMWXVMFYXMSR��*MREPP]��WIGXMSR��

GSRXEMRW�WSQI�GSRGPYHMRK�VIQEVOW�

��9RGIVXEMRX]�%WWIWWQIRX

-R�XLMW�WIGXMSR�[I�[MPP�HMWGYWW�XLI�JVEQI[SVO�JSV�XLI�YRGIVXEMRX]�EWWIWWQIRX�SJ�XLI

MRJPEXMSR�JSVIGEWX���8LI�MRJPEXMSR�JSVIGEWX�MXWIPJ�MW�SJ�GSYVWI�XLI�WMRI�UYE�RSR�MRTYX�MR�XLMW

QIXLSH��FYX�[MPP�RSX�FI�HMWGYWWIH�I\TPMGMXP]���-X�MW�XEOIR�EW�KMZIR�JSV�XLI�TYVTSWIW�SJ�XLMW

TETIV��XLI�MRJPEXMSR�JSVIGEWX�MW�HMWGYWWIH�MR�XLI�6MOWFERO
W�UYEVXIVP]�MRJPEXMSR�VITSVX�

2.1 0RGH�)RUHFDVW

3RI�EWTIGX�SJ�XLI�MRJPEXMSR�JSVIGEWX��LS[IZIV��RIIHW�XS�FI�EHHVIWWIH���7MQMPEV�XS�&S)�

MX�MW�E�QSHI�JSVIGEWX��HIRSXIH�F]�µ ��VEXLIV�XLER�E�QIER�JSVIGEWX��HIRSXIH�F] ~µ ��8LI

QSHI�SJ�E�HMWXVMFYXMSR�MW�E�HMJJIVIRX�QIEWYVI�SJ�GIRXVEP�XIRHIRG]��FYX�[MPP�WSQIXMQIW

GSMRGMHI�[MXL�XLI�QIER�SV�XLI�QIHMER��JSV�I\EQTPI�MR�XLI�WXERHEVH�+EYWWMER

HMWXVMFYXMSR��8LI�QSHI�MW�XLI�QSWX�JVIUYIRX�SFWIVZEXMSR�MR�E�HMWXVMFYXMSR�ERH�MR�XLEX

WIRWI�EPWS�XLI�QSWX�PMOIP]��SYXGSQI��MX�MW�RSX�EJJIGXIH�F]�XLI�TSWWMFMPMX]�SJ�I\XVIQI

IZIRXW�WYGL�EW�SFWIVZEXMSRW�MR�XLI�XEMPW�SJ�XLI�HMWXVMFYXMSR�

8LMW�TVSTIVX]�MW�FSXL�XLI�WXVIRKXL�ERH�[IEORIWW�SJ�XLI�QSHI��MX�YWIW�PIWW�MRJSVQEXMSR

EFSYX�XLI�HMWXVMFYXMSR�ERH�MW�XLIVIJSVI�EPWS�PIWW�WIRWMXMZI�XS�YRPMOIP]�SYXGSQIW��*SV

I\EQTPI��XLI�QSHI�QMKLX�FI�QMWPIEHMRK�MJ�XLI�HMWXVMFYXMSR�[IVI�QYPXM�QSHEP��WMRGI�MX

�����������������������������������������������
1 For the distribution in this paper, the two piece normal, the PRGH is the most likely outcome in the sense that it
maximizes the probabilty density function I [( ) .
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WIVMSYW�GSRGIVR�EW�PSRK�EW�XLI�HMWXVMFYXMSR�MW�WMRKPI�TIEOIH�ERH�RSX�XSS�JPEX�

8LI�QIER�SJ�XLI�HMWXVMFYXMSR�MW�GEPGYPEXIH�MQTPMGMXP]�MR�SYV�QIXLSH��8LMW�HSIW�RSX

MQTP]�XLEX�MX�MW�YRMQTSVXERX��-RHIIH��XLI�HMJJIVIRGI�FIX[IIR�XLI�QIER�ERH�XLI�QSHI�

HIRSXIH�F]�γ µ µ≡ −~ ��TPE]W�E�GIRXVEP�VSPI�MR�SYV�EREP]WMW��8LI�TEVEQIXIV�γ ��EW

HMWGYWWIH�MR�XLI�RI\X�WIGXMSR��GER�FI�ZMI[IH�EW�E�QIEWYVI�SJ�WOI[RIWW�JSV�XLI

HMWXVMFYXMSR��;LIR�γ MW�RIKEXMZI�XLI�HMWXVMFYXMSR�MW�WOI[IH�XS�XLI�PIJX��SV�MR�SXLIV

[SVHW��XLIVI�MW�QSVI�HS[RWMHI�VMWO�XLER�YTWMHI��*SVQEPP]��XLMW�GER�FI�I\TVIWWIH�EW

pr ; ≤ >µ 05. ��'SRZIVWIP]��MJ�γ MW�TSWMXMZI�XLMW�MQTPMIW�XLEX�XLIVI�MW�QSVI�YTWMHI�VMWO

XLER�HS[RWMHI�VMWO��;LIR�XLI�HMWXVMFYXMSR�MW�W]QQIXVMG�XLIVI�MW�RS�WOI[RIWW��γ = 0 ��

8LI�TEVEQIXIVγ XLYW�WYQQEVM^IW�XLI�FEPERGI�SJ�VMWOW�MR�XIVQW�SJ�WOI[RIWW��7YTTSWI

XLI�HMWXVMFYXMSR�MW�ZIV]�WOI[IH�WS�XLEX�γ �MW�PEVKI��8LMW�[SYPH�XLIR�FI�VIEWSR�XS�VI�

I\EQMRI�XLI�EWWYQTXMSRW�FILMRH�XLI�MRJPEXMSR�JSVIGEWX�ERH�TIVLETW�MXIVEXI�SR�XLI

JSVIGEWXMRK�VSYRH��;LIXLIV�SV�RSX�XLI�TSWWMFMPMX]�SJ�ER�I\XVIQI�SFWIVZEXMSR��WYGL�EW�E

WIZIVI�HIXIVMSVEXMSR�MR�XLI�%WMER�GVMWMW��WLSYPH�QSXMZEXI�E�VIZMWMSR�SJ�XLI�JSVIGEWX�MW�E

QEXXIV�SJ�NYHKIQIRX�

*MREPP]��RSXI�XLEX�XLI�QSHI�HSIW�RSX�LEZI�XLI�WEQI�EW]QTXSXMG�NYWXMJMGEXMSR�EW�XLI

QIER�EW�QIEWYVI�SJ�GIRXVEP�XIRHIRG]��9RHIV�UYMXI�KIRIVEP�GSRHMXMSRW��EPPS[MRK�JSV

LIXIVSWOIHEWXMG�ERH�RSR�MMH�TVSGIWWIW�[I�GER�WXMPP�LEZI�QIER�WUYEVIH�GSRWMWXIRG]�EW

XLI�WEQTPI�WM^I�KSIW�XS�MRJMRMX]��8LMW�QMKLX�FI�ZMI[IH�EW�E�HMWEHZERXEKI�JSV�XLI�QSHI�MR

XLEX�MXW�YWI�GERRSX�VIEHMP]�FI�NYWXMJMIH�JVSQ�PEVKI�WEQTPI�XLISV]��,S[IZIV��XLI�QEMR

YWI�SJ�EW]QTXSXMG�XLISV]�MW�MR�EPPS[MRK�MRJIVIRGIW�[LIR�XLI�JMRMXI�WEQTPI�HMWXVMFYXMSR�MW

YRORS[R��;LIR�XLI�HMWXVMFYXMSR�MW�EWWYQIH�XS�FI�ORS[R�XLMW�MW�RSX�ER�MWWYI���-RWXIEH

�����������������������������������������������
2 The choice of distribution is discussed in the next section.
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XLI�UYIWXMSR�MW�LS[�XS�FIWX�IWXMQEXI�XLI�TEVEQIXIVW�SJ�XLI�HMWXVMFYXMSR�

2.2 'LVWULEXWLRQDO�$VVXPSWLRQ

0IX�YW�HIRSXI�XLI�QEGVS�ZEVMEFPIW�XLEX�EVI�HIIQIH�XS�MRJPYIRGI�XLI�JYXYVI�PIZIP�SJ

MRJPEXMSR�F]� ; W
M
( ) �[LIVI� M Q= 1, ,L ��[LMPI�MRJPEXMSR�MW�HIRSXIH�F]�π ( )W ��;I�[MPP�EWWYQI

XLEX�IEGL�SJ�XLI� ;
M
��EW�[IPP�EW�MRJPEXMSR��MW�HVE[R�JVSQ�XLI�YRMZEVMEXI�HMWXVMFYXMSR
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11 6 �� N = 2 / π �ERH�µ �MW�XLI�QSHI��8LMW�HMWXVMFYXMSR�MW�ORS[R�MR�XLI

WXEXMWXMGEP�PMXIVEXYVI�EW�XLI�zX[S�TMIGI�RSVQEPz��WII�.SLRWSR��/SX^��ERH

&EPEOVMWLRER���������8LVII�TEVEQIXIVW��XLI�QSHI�ERH�X[S�QIEWYVIW�SJ�WXERHEVH

HIZMEXMSR�HIJMRI�MX��8S�XLI�PIJX�SJ�XLI�QSHI��MX�MW�TVSTSVXMSREP�XS�E�WXERHEVH�+EYWWMER

[MXL�QIER�µ �ERH�WXERHEVH�HIZMEXMSR�σ 1 ��XS�XLI�VMKLX�SJ�XLI�QSHI��XS�E�WXERHEVH

+EYWWMER�[MXL�QIER�µ �ERH�[MXL�WXERHEVH�HIZMEXMSR�σ 2 ��8LI�HMWXVMFYXMSR�LEW�XLI

TVSTIVX]�XLEX�MX�GSPPETWIW�XS�XLI�WXERHEVH�+EYWWMER�[LIR�σ σ1 2= ��;LIR�σ σ1 2> �MX�MW

WOI[IH�XS�XLI�PIJX��M�I�� pr[ ] .; ≤ >µ 0 5 �ERH�GSRZIVWIP]�[LIR�σ σ1 2< �

8LMW�HMWXVMFYXMSR�MW�HMWGYWWIH�MR�.SLR���������[LS�LEW�WLS[R�XLEX� pr / [ /1 2≤ ≤ �MW

KMZIR�F]

��� I [ G[
/ /

/

/

( )
1

2 2

1 2

2 1I =
+

−�
��

�
�� − −�

��
�
��

�
! 

"
$#

σ
σ σ

µ
σ

µ
σ1 6 Φ Φ �

[LIVI��Φ(.) �MW�XLI�WXERHEVH�RSVQEP�GYQYPEXMZI�HMWXVMFYXMSR�JYRGXMSR�ERH



�

���
σ σ µ
σ σ µ

= ≤ ≤
= ≤ ≤

%&'
1 1 2

2 1 2

if

if

/ /

/ / .

2SXI�XLEX�MJ�[I�EVI�MRXIVIWXIH�MR� / /1 2≤ ≤µ ��XLI�MRXIKVEP�QYWX�FI�WTPMX�EW
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( ) ( )
1

2µ

µI I+ ��1SVISZIV�LI�LEW�WLS[R�XLEX�XLI�ZEVMERGI�MW

��� var( )[ N= − − +1 2
2 1

2

1 22 71 6σ σ σ σ

ERH�XLEX�XLI�XLMVH�GIRXVEP�QSQIRX��WOI[RIWW��MW�KMZIR�F]

��� E [ N N− = − − − +µ σ σ σ σ σ σ1 6 1 6 2 71 63

2 1
2

2 1

2

1 22 1 �

[LMGL�MW�TVSTSVXMSREP�XS� N σ σ2 1−1 6 �WMRGI�2 1 02N − > ��8LIVIJSVI��[I�[MPP�YWI

��� γ µ µ σ σ≡ − = −~ N 2 11 6
EW�QIEWYVI�SJ�WOI[RIWW��8LI�EHZERXEKI�SJ�YWMRK�����VEXLIV�XLER�����WXIQW�JVSQ�MX

FIMRK��I\EGXP]��XLI�HMJJIVIRGI�FIX[IIR�XLI�QIER�ERH�XLI�QSHI�SJ�XLI�HMWXVMFYXMSR��2SXI

XLEX�FSXL�����ERH����EVI�^IVS�[LIR�XLIVI�MW�RS�WOI[RIWW�ERH�XLI�ZEVMERGI�MR����

VITVSHYGIW�XLI�WXERHEVH�JSVQYPE��-R�SXLIV�[SVHW��[MXL�RS�WOI[RIWW�XLI�HMWXVMFYXMSR

GSPPETWIW�XS�XLI�WXERHEVH�+EYWWMER��1SVISZIV��JVSQ�����XLI�QIER�SJ�XLI�HMWXVMFYXMSR�MW

IEWMP]�SFXEMRIH�F]� ~µ µ σ σ= + −N 2 11 6 �
8LMW�HMWXVMFYXMSREP�EWWYQTXMSR�MW�MQTSVXERX�ERH�GSRZIRMIRX��7MRGI�MX�MW�GPSWIP]

VIPEXIH�XS�XLI�WXERHEVH�+EYWWMER��GIRXVEP�PMQMX�XLISVIQW�GER�FI�YWIH�EW�XLI�FEWMG

VEXMSREPI��HITEVXYVIW�JVSQ�XLI�WXERHEVH�+EYWWMER�GER�QSWX�SJXIR�FI�NYWXMJMIH�MR�XIVQW

SJ�WSQI�WTIGMJMG�IZIRX�SV�WSQI�TEVXMGYPEV�MRHMGEXSV��HMWGYWWIH�QSVI�FIPS[��

2.3 8QFHUWDLQW\�$VVHVVPHQW

%W�MRTYX�MR�XLI�QIXLSH�[I�RIIH�YRGIVXEMRX]�EWWIWWQIRXW�SJ�XLI�QEGVS�ZEVMEFPIW��8LI

EWWIWWQIRX�MW�TEVXP]�WYFNIGXMZI��FYX�XEOIW�EW�WXEVXMRK�TSMRX�XLI�LMWXSVMGEP�HEXE��8LMW�[I

JSVQEPM^I�F]�TSWMRK�X[S�UYIWXMSRW�JSV�IEGL�ZEVMEFPI� ;
M
�KMZIR�XLI�QSHI�JSVIGEWX�
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���;LEX�MW�XLI�GLERGI�XLEX�XLI�SYXGSQI�[MPP�FI�PS[IV�XLER�XLI�QSHI�JSVIGEWX�µ #�-R

SXLIV�[SVHW��[LEX�MW�XLI�HS[RWMHI�VMWO#�3V�QSVI�JSVQEPP]��[LEX�MW

3 ;
M M M

= pr ≤ µ #�9RPIWW�XLIVI�MW�WSQI�WTIGMJMG�MRJSVQEXMSR�EZEMPEFPI��XLI�ERW[IV

XS�XLMW�UYIWXMSR�[MPP�FI������[LMGL�MW�XLI�VIJIVIRGI�ZEPYI�

���,S[�PEVKI�MW�XLI�YRGIVXEMRX]�SJ�XLI�JSVIGEWX�GSQTEVIH�XS�XLI�LMWXSVMGEP

YRGIVXEMRX]�EW�QIEWYVIH�F]�XLI�WXERHEVH�HIZMEXMSR#�8LI�ERW[IV�MW�KMZIR�EW�K
M
��E

QYPXMTPMGEXMZI�JEGXSV�SR�XLI�WXERHEVH�HIZMEXMSR��8LI�VIJIVIRGI�ZEPYI�MW�SRI�YRPIWW

XLIVI�MW�WSQI�WTIGMJMG�MRJSVQEXMSR�EZEMPEFPI�XLEX�[SYPH�KMZI�YW�VIEWSR�XS�FI�QSVI

SV�PIWW�YRGIVXEMR��%�ZEPYI�SJ�K
M

< 1 �MQTPMIW�XLEX�[I�EVI�PIWW�YRGIVXEMR�XLER

LMWXSVMGEPP]�ERH�GSRZIVWIP]�JSV�K
M

> 1 �

%W�ER�I\EQTPI�SJ�ERW[IVW�XS�XLI�UYIWXMSRW�EFSZI��GSRWMHIV�MQTSVXW��(YI�XS�XLI�GVMWMW

MR�%WME��XLI�JSVIGEWX�QMKLX�FI�WIIR�EW�LEZMRK�FSXL�HS[RWMHI�VMWO�EW�[IPP�EW�FIMRK�QSVI

YRGIVXEMR�XLER�LMWXSVMGEPP]��WE]� 3
M

= 0 6. �ERH�K
M

= 13. �

8LMW�[E]�SJ�UYERXMJ]MRK�YRGIVXEMRX]�MW�YWIJYP�JSV�WIZIVEP�VIEWSRW��;LMPI�MX�MW�XVYI�XLEX

XLIVI�MW�PMXXPI�GLERGI�SJ�LEZMRK�E�WIVMSYW�HIFEXI�EFSYX�[LIXLIV�K
M

= 129. �SV�K
M

= 130. �

XLI�ERW[IVW�TVSZMHI�E�VIJIVIRGI�TSMRX�JSV�HMWGYWWMSR��8LI�HMJJIVIRGI�FIX[IIR�FIMRK

����QSVI�YRGIVXEMR�XLER�LMWXSVMGEPP]�GER�FI�GSRXVEWXIH�XS�FIMRK�JSV�I\EQTPI����

QSVI�YRGIVXEMR��8LI�YRGIVXEMRX]�GER�EPWS�FI�GSQTEVIH�XS�XLI�PEWX�JSVIGEWXMRK�VSYRH

[MXL�E�QMRMQYQ�SJ�EQFMKYMX]��&IMRK�UYERXMXEXMZI�MR�XLMW�[E]�JSGYWIW�XLI�HMWGYWWMSR�SR

XLI�MWWYIW�FILMRH�XLI�YRGIVXEMRX]�ERH�SR�XLI�YRHIVP]MRK�EWWYQTXMSRW�

3R�[LEX�KVSYRHW�QMKLX�ER�EWWIWWQIRX�FI�QSVI�YRGIVXEMR�XLER�LMWXSVMGEPP]#�*SV

I\EQTPI��MJ�[I�FIPMIZI�XLEX�XLI�IGSRSQ]�MW�ETTVSEGLMRK�E�XYVRMRK�TSMRX�MR�XLI�FYWMRIWW

G]GPI�XLMW�QMKLX�NYWXMJ]�FIMRK�QSVI�YRGIVXEMR��WMRGI�XYVRMRK�TSMRXW�EVI�RSXSVMSYWP]�LEVH

XS�JSVIGEWX��%RSXLIV�I\EQTPI�MW�MJ�[I�EVI�MR�ER�IPIGXMSR�]IEV�[MXL�E�TSWWMFPI�WLMJX�MR
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TSPMGMIW�

&YX�XLIVI�QE]�EPWS�FI�PIWW�YRGIVXEMRX]�XLER�LMWXSVMGEPP]��*SV�I\EQTPI��SRGI�XLI�[EKI

FEVKEMRMRK�VSYRH�MW�GSQTPIXIH�XLIVI�MW�PIWW�VIEWSR�XS�FI�YRGIVXEMR�EFSYX�JYXYVI�[EKI

MRGVIEWIW��%RSXLIV�I\EQTPI�MW�MJ�EPP�MRHMGEXSVW�TSMRX�MR�XLI�WEQI�HMVIGXMSR�

,S[�GER�[I�YWI�XLI�ERW[IVW�EFSZI�MR�XLI�JSVIGEWX�HMWXVMFYXMSR�WTIGMJMIH�MR����#��0IX

XLI�ZEVMERGI�SJ� ;
M
�XLEX�LEW�FIIR�WGEPIH�[MXL�YRGIVXEMRX]�TEVEQIXIV�FI�HIRSXIH�F]

��� ω σ
M M M M

W K W W, ( ) ( ) ( )= 3 82

[LIVI�σ
M
W( ) �MW�XLI�LMWXSVMGEP�WXERHEVH�HIZMEXMSR�SJ� ;

M
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EVI�WYGL�XLEX�XLI�ZEVMERGI�MW�JM\IH�F]�����ERH 3 W ; W W
M M M
( ) ( ) ( )= ≤Pr µ �EW�HIWMVIH�

,IVIEJXIV�XLI�HITIRHIRGI�MR�����ERH�����SR�XLI�TEVEQIXIVW� 3 W
M
( ) �ERH�ω

M M
W, ( ) �[MPP�FI

WYTTVIWWIH�XS�OIIT�XLI�RSXEXMSR�WMQTPI�

8LI�MRXYMXMSR�JSV�XLIWI�I\TVIWWMSRW�MW�WMQTPI��2SXI�XLEX������ERH�����EVI

TVSTSVXMSREP�XS�σ σ1
2 2 2 1≅ −K 3 3/ 1 6 �ERH�σ σ2

2 2 2 1≅ −K 3 31 6 / ��8LI�JEGXSV�K �XLYW�LEW�XLI

IJJIGX�SJ�WGEPMRK�XLI�QIEWYVIW�SJ�WXERHEVH�HIZMEXMSR�WS�XLEX�E�PEVKI�K �[MPP�MRGVIEWI�FSXL

σ 1 �ERH�σ 2 ��ERH�GSRZIVWIP]�JSV�E�WQEPP�K ��8LI�IJJIGX�SJ� 3 �MW�TIVLETW�FIWX�WIIR�[MXL�XLI

I\EQTPI�EFSZI�MR�[LMGL�XLIVI�[EW�WSQI�HS[R[EVH�VMWO�r�KMZIR�F]� 3 = 0 6. ��;I�XLIR

LEZI�XLEX� 3 3/ ( )1 1− > �ERH� ( ) /1 1− <3 3 ��ERH�GSRWIUYIRXP]�σ 1 �[MPP�FI�WGEPIH�YT[EVHW

ERH�σ 2 �HS[R[EVHW��%�PEVKIV�σ 1 �XLER�σ 2 �MW�SJ�GSYVWI�XLI�WEQI�EW�LEZMRK�QSVI



��

TVSFEFMPMX]�QEWW�XS�XLI�PIJX�SJ�XLI�QSHI��SV�MR�SXLIV�[SVHW��QSVI�HS[RWMHI�VMWO�

���-RJPEXMSR�*SVIGEWX�(MWXVMFYXMSR

-R�XLI�TVIZMSYW�WIGXMSR�[I�EPPS[IH�WYFNIGXMZI�NYHKIQIRXW�XS�TPE]�E�[IPP�HIJMRIH�VSPI��-R

XLMW�WIGXMSR�[I�[MPP�HMWGYWW�LS[�XLIWI�EWWIWWQIRXW�GER�FI�EKKVIKEXIH�

3.1 ,QIODWLRQ�)RUHFDVW�6NHZQHVV

8LI�WXEVXMRK�TSMRX�MW�XLI�EWWYQTXMSR�XLEX�XLI�MRJPEXMSR�JSVIGEWX�MW�EPWS�HMWXVMFYXIH�EW�XLI

zX[S�TMIGI�RSVQEPz�MR�����[MXL�TEVEQIXIVW�µπ ��σ π1, �ERH�σ π2, ��8LI�MRJPEXMSR�JSVIGEWX

µπ ( )W �EW�[IPP�EW�XLI�ZEVMERGI�SJ�XLI�MRJPEXMSR�JSVIGEWX�EVI�XEOIR�EW�KMZIR��8LI

VIQEMRMRK�TVSFPIQ�MW�XLYW�XS�GSRRIGX�XLI�YRGIVXEMRX]�EWWIWWQIRXW�SJ�XLI� ;
M

W�[MXL

MRJPEXMSR�ERH�XLIVIF]�HIVMZMRK�IWXMQEXIW�SJ�σ π1, �ERH�σ π2, �

8LI�OI]�UYIWXMSR�MW�LS[�XS�VIPEXI�XLI�JSVIGEWX�HMWXVMFYXMSRW�JSV�XLI�QEGVS�ZEVMEFPIW

XS�XLI�MRJPEXMSR�JSVIGEWX��-J�[I�[IVI�XS�EWWYQI�E�PMRIEV�VIPEXMSRWLMT�FIX[IIR�XLI� ;
M

ZEVMEFPIW�ERH�MRJPEXMSR��[I�GSYPH�MR�TVMRGMTPI�HIVMZI�XLI�JSVIGEWX�HMWXVMFYXMSR�JSV

MRJPEXMSR��8LMW�ETTVSEGL��LS[IZIV��ETTIEVW�MRJIEWMFPI��+MZIR�Q �ZEVMEFPIW� ;
M
��MX

VIUYMVIW�Q �HMQIRWMSREP�MRXIKVEXMSR��[LMGL�IZIR�JSV�WQEPP�ZEPYIW�SJ�Q �FIGSQIW

LSTPIWWP]�GSQTPMGEXIH���1SVISZIV��XLI�VIWYPXMRK�HMWXVMFYXMSR�[SYPH�GIVXEMRXP]�RSX�FI�E

X[S�TMIGI�RSVQEP�HMWXVMFYXMSR�SV�ER]�SXLIV�ORS[R�HMWXVMFYXMSR�XLEX�GSYPH�FI

WYQQEVMWIH�[MXL�E�JI[�TEVEQIXIVW�

3YV�ETTVSEGL�MW�MRWXIEH�XS�QEOI�E�OI]�EWWYQTXMSR�EFSYX�LS[�XLI�YRGIVXEMRX]�MR�XLI

QEGVS�ZEVMEFPIW� ;
M
�MW�GSRRIGXIH�XS�JYXYVI�MRJPEXMSR�

�����������������������������������������������
3 )ZIR�YWMRK�XLI�QSQIRX�KIRIVEXMRK�JYRGXMSR�[I�[SYPH�RSX�SFXEMR�E�XVEGXEFPI�TEVEQIXVMG�HMWXVMFYXMSR
JSV�XLI�MRJPEXMSR�JSVIGEWX.
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���� γ β γπ ( ) ( ) ( )W W W
M M

M

Q

=
=

∑
1

[LIVI�γ π �MW�XLI�WOI[RIWW�SJ�MRJPEXMSR�ERH�γ M
�MW�XLI�WOI[RIWW�SJ�ZEVMEFPI� ;

M
��)UYEXMSR

�����MQTPMIW�XLEX�XLI�WOI[RIWW�JVSQ�XLI�QEGVS�ZEVMEFPIW� ;
M
�EJJIGXW�XLI�WOI[RIWW�SJ

MRJPEXMSR�[MXL�XLI�[IMKLX�β
M
�

%PXLSYKL������MW�E�WXEXMWXMGEP�ETTVS\MQEXMSR��MXW�FEWMG�VEXMSREPI�GSQIW�JVSQ

IGSRSQMG�EVKYQIRXW��8LIWI�EVI�TIVLETW�FIWX�MPPYWXVEXIH�F]�WSQI�WMQTPI�I\EQTPIW�

[LMGL�WLS[�XLEX�EWWYQTXMSR������MW�UYEPMXEXMZIP]�WIRWMFPI��*MVWX��PIX�YW�GSRWMHIV�XLI

FIRGLQEVO�GEWI�[LIVI�XLIVI�MW�RS�WOI[RIWW�MR�ER]�SJ�XLI�QEGVS�ZEVMEFPIW��)UYEXMSR

�����[MPP�MQTP]�XLEX�XLIVI�[MPP�RSX�FI�ER]�WOI[RIWW�MR�MRJPEXMSR�IMXLIV��8LMW�[I�FIPMIZI�MW

E�WIRWMFPI�TVSTIVX]�SJ�XLI�EWWYQTXMSR��EX�PIEWX�YRHIV�PMRIEVMX]���7IGSRH��MJ�XLIVI�MW

RIKEXMZI�WOI[RIWW�MR�JSV�I\EQTPI�GSRWYQTXMSR��XLMW�[MPP�VIWYPX�MR�RIKEXMZI�WOI[RIWW�JSV

MRJPEXMSR�WMRGI�XLI�[IMKLX�JSV�GSRWYQTXMSR�MW�X]TMGEPP]�RSR�RIKEXMZI��*MREPP]��WYTTSWI

WSQI�SXLIV�ZEVMEFPI��WYGL�EW�XLI�[EKI�VEXI��WLS[W�TSWXMZI�WOI[RIWW��;LIXLIV�SV�RSX�XLI

WYQ�SJ�GSRWYQTXMSR�WOI[RIWW�ERH�[EKI�WOI[RIWW�WLSYPH�VIWYPX�MR�TSWXMZI�SV�RIKEXMZI

WOI[RIWW�[MPP�XLIR�HITIRH�SR�XLIMV�VIPEXMZI�MQTSVXERGI�JSV�JYXYVI�MRJPEXMSR��EW

GETXYVIH�F]�XLI�[IMKLXW�β
M
��8LMW�PEWX�I\EQTPI�GER�EPWS�FI�YWIH�XS�NYHKI�XLI�I\XIRX�XS

[LMGL�XLI�VIWYPXW�EVI�EPWS�UYERXMXEXMZIP]�WIRWMFPI�

,S[�EVI�XLI�[IMKLXW�HIVMZIH#�8LI�[IMKLXW�β
M
�EVI�XLI�IPEWXMGMXMIW�[MXL�VIWTIGX�XS

MRJPEXMSR�SFXEMRIH�JVSQ�GSRWMHIVMRK�E�GLERKI�MR�IEGL� ;
M
�MR�E�QEGVSIGSRSQIXVMG

QSHIP�ERH�HIVMZMRK�XLI�IJJIGXW�SR�MRJPEXMSR�SRI�ERH�X[S�]IEVW�ELIEH�

8LI�WOI[RIWW�TEVEQIXIVW�SR�XLI�6,7�SJ������EVI�MQQIHMEXIP]�SFXEMRIH�F]

WYFWXMXYXMRK�����ERH�����MRXS�����
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���� γ µ µ σ σ
M M M M M
W W W N W W( ) ~ ( ) ( ) ( ) ( ), ,≡ − = −2 13 8 �

+MZIR�XLI�WOI[RIWW�SJ�MRJPEXMSR�γ π ( )W �JVSQ������ERH�XLI�WXERHEVH�HIZMEXMSR�SJ�TEWX

JSVIGEWXMRK�IVVSVW�σ π ( )W ��LS[��GER�[I�JMRH�σ π1, �ERH�σ π2, #�6IGEPP�JVSQ�����ERH�����XLEX

σ π ( )W ERH�γ π ( )W EVI�HIJMRIH�JVSQ

���� σ σ σ σ σπ π π π π
2 2

2 1

2

1 21( ) ( ) ( ) ( ) ( ), , , ,W N W W W W= − − +2 7

���� γ σ σπ π π( ) ( ) ( ), ,W N W W= −2 12 7 �

8LMW�KMZIW�YW�X[S�IUYEXMSRW�ERH�X[S�YRORS[RW��[LMGL�GER�FI�VIHYGIH�XS�XLI�IUYEXMSR

���� σ σπ π1
2

1 0, ,( ) ( )W E W F+ + =

[LIVI�E N= ( / )γ π �ERH� F N= − − +1 1 2 2 2/2 7γ σπ π ��8LIVI�EVI�X[S�WSPYXMSRW�XS�������FYX

SRP]�SRI�XLEX�[MPP�FI�VIPIZERX��XLI�SXLIV�WSPYXMSR�MW�X]TMGEPP]�RIKEXMZI���8LMW�WSPYXMSR

JSV�σ π1, ( )W �GER�XLIR�FI�WYFWXMXYXIH�MRXS�������[LMGL�KMZIW�σ π2, ( )W �

3.2 ,QIODWLRQ�)RUHFDVW�9DULDQFH

-R�XLI�TVIZMSYW�WIGXMSR�XLI�ZEVMERGI�SJ�XLI�MRJPEXMSR�JSVIGEWX�[EW�XEOIR�EW�KMZIR�

GEPGYPEXIH�JVSQ�TEWX�JSVIGEWX�IVVSVW��;MXL�WSQI�JYVXLIV�EWWYQTXMSRW�[I�GER�PIX�XLMW

ZEVMERGI�FI�EJJIGXIH�F]�XLI�EWWIWWQIRXW�SR�XLI� ;
M

W��-R�TEVXMGYPEV��MJ�[I�EWWYQI�XLEX

���� σ σ β σ βπ ε ε
2 2 2 1( ; ) ’( ) ( ; ) ( ), , ,W W W W W 7= =Σ L

[LIVI�β β β’= 1 1 L
Q
�

�����������������������������������������������
4 The method used to find σ 1, ( )

M
W  and σ 2, ( )

M
W  discussed in the appendix cannot be used, since we do not yet

know 3 W W Wπ ππ µ( ) [ ( ) ( )]= ≤pr .
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L

L

M M O M

L

ERH

���� ω
L M

M

L M

; W L M

; W ; W L M,

var ( )

cov ( ), ( ) .
=

=
≠

%
&K
'K

for

for

8LI�ZEVMERGI�MR������MW�KMZIR�MR������[LMPI�XLI�GSZEVMERGI�GER�FI�SFXEMRIH�JVSQ

���� cov ( ), ( ) ( ) ( ), , ,; W ; W W W
L M L M L L M M

= ρ ω ω �

[LIVI� ρ
L M, �MW�XLI�IWXMQEXIH�HEXE�GSVVIPEXMSR�FIX[IIR� ;

L
�ERH� ;

M
��EWWYQIH�XS�RSX

HITIRH�SR� W ���8LI�GSZEVMERGI�QEXVM\�Σ �GER�FI�ZMI[IH�EW�E�WGEPIH�ZIVWMSR�SJ�XLI

IQTMVMGEP�GSZEVMERGI�QEXVM\��[LIVI�ER]�HMJJIVIRGI�FIX[IIR�XLI�X[S�VIJPIGXW�WYFNIGXMZI

NYHKIQIRXW��8LI�XIVQ�σ ε
2 ( )W �MW�XLI�ZEVMERGI�SJ�ER�MRJPEXMSR�WLSGO�MRHITIRHIRX�SJ�XLI

;
M

W�ERH�QMKLX�FI�MRXIVTVIXIH�EW�XLI�TEVX�SJ�XLI�JSVIGEWX�YRGIVXEMRX]�[LMGL�MRGVIEWIW

[MXL�LSVM^SR�HYI�XS�JSVIGEWXW�JYVXLIV�MRXS�XLI�JYXYVI�FIMRK�MRLIVIRXP]�QSVI�YRGIVXEMR�

8LI�VSPI�SJ�σ ε
2 �MW�TIVLETW�FIWX�MPPYWXVEXIH�[MXL�XLI�JSPPS[MRK�GEPMFVEXMSR�I\IVGMWI�

-��7IX�K W M
M
( ) = ∀1 ��'LSSWI�σ ε

2 ( )W �WYGL�XLEX������MW�IUYEP�XS�XLI�WXERHEVH�HIZMEXMSR

SJ�XLI�LMWXSVMGEP�JSVIGEWX�IVVSVW� W �]IEVW�ELIEH�

8LI�GEPMFVEXMSR�MR��-��MW�GSQTYXIH�JSV� W 7= 1, ,L ��MR�SYV�GEWI�SRI�ERH�X[S�]IEVW

ELIEH��;I�GER�XLIR�VIXYVR�XS�XLI�WYFNIGXMZIP]�EHNYWXIH�ZEVMERGIW�MR�����ERH�YWI�XLIQ

XSKIXLIV�[MXL�XLI�GEPMFVEXIH�σ ε
2 ( )W �MR��������8LMW�]MIPHW�E�WYFNIGXMZIP]�EHNYWXIH�σ π

2 ( )W �

[LMGL�GER�XLIR�FI�YWIH�MR������[MXL�XLI�WEQI�QIXLSHW�EW�MR�XLEX�WIGXMSR�ETTPMIH�

;LEX�LEW�XLMW�EGGSQTPMWLIH#�-R�XLI�FEWIPMRI�GEWI�[MXL�XLI�WEQI�YRGIVXEMRX]�EW

LMWXSVMGEPP]��XLI�IQTMVMGEP�WXERHEVH�HIZMEXMSR�SJ�XLI�JSVIGEWX�IVVSVW�MW�VI�TVSHYGIH�F]



��

GSRWXVYGXMSR��;LIR�XLIVI�MW�QSVI�YRGIVXEMRX]�MR�WSQI�KMZIR�ZEVMEFPI� ;
M
�XLMW�[MPP�XIRH

XS�MRGVIEWI�σ σπ ε
2 2( ; )W �F]�XLI�[IMKLX�SJ�XLMW�ZEVMEFPI�β

M
��XLI�GSRZIVWI�SGGYVW�[LIR�XLIVI

MW�PIWW�YRGIVXEMRX]�XLER�LMWXSVMGEPP]�

8LMW�ETTVSEGL�HMJJIVW�JVSQ�XLI�WXERHEVH�VIKVIWWMSR�QIXLSHW��8LI�QSVI

GSRZIRXMSREP�[E]�SJ�VIPEXMRK�YRGSRHMXMSREP�ZEVMERGIW�MW�XS�EWWYQI�WSQI��X]TMGEPP]

PMRIEV��VIPEXMSR�SJ�XLI�JSVQ�π θ η
W W W

;= +’ ��[LIRGI�σ θ θ σπ η
2 2= +’Ω

;
�[LIVI�Ω

;
�MW�XLI

GSZEVMERGI�QEXVM\�SJ� ;
W
�ERH�σ ηη

2 = var
W
��RSXI�XLEX�η ε

W W
≠ ����8LMW�MW�SJ�GSYVWI�XLI

QEXLIQEXMGEPP]�GSVVIGX�[E]�SJ�VIPEXMRK�ZEVMERGIW�[MXL�WXERHEVH�307�EWWYQTXMSRW�ERH

GSYPH�FI�YWIH�MRWXIEH�SJ�XLI�QIXLSH�SYXPMRIH�EFSZI��8LI�TVSFPIQ�[MXL�XLMW�ETTVSEGL

MW�XLEX�XLI�WXERHEVH�VIKVIWWMSR�EWWYQTXMSRW�EVI�TVSFEFP]�ZMSPEXIH��EW�HMWGYWWIH�MR

&PM\��������

���%R�I\EQTPI

-R�-RJPEXMSR�6ITSVX��������XLI�JSVIGEWX�HMWXVMFYXMSR�[EW�WPMKLXP]�WOI[IH�XS�XLI�PIJX�WS

XLEX�XLI�HMJJIVIRGI�FIX[IIR�E�XLI�WXERHEVH�+EYWWMER�ERH�XLI�X[S�TMIGI�RSVQEP�[EW

WQEPP��8S�MPPYWXVEXI�XLI�TVSTIVXMIW�SJ�XLI�X[S�TMIGI�RSVQEP��MX�[MPP�FI�QSVI�GSRZIRMIRX

XS�GSRWMHIV�ER�L]TSXLIXMGEP�I\EQTPI�[LIVI�XLIVI�MW�WXVSRK�HS[RWMHI�VMWO�EVSYRH�XLI

MRJPEXMSR�JSVIGEWX�

7YTTSWI�XLI�EKKVIKEXMSR�SJ�VMWOW�VIWYPXW�MR�TEVEQIXIVW�JSV�XLI�MRJPEXMSR�JSVIGEWX

HMWXVMFYXMSR�WYGL�XLEX� pr[ ] .π µπ≤ = 0 7 ��8LI�VIWYPXMRK�HMWXVMFYXMSR�MW�MPPYWXVEXIH�MR

JMKYVI���

�����������������������������������������������
5 -X�[SYPH�EPWS�FI�TSWWMFPI�XS�HIVMZI�WOI[RIWW��XLI�XLMVH�GIRXVEP�QSQIRX��SJ�XLI�MRJPEXMSR�JSVIGEWX
HMWXVMFYXMSR�EW�E�[IMKLXIH�EZIVEKI�SJ�XLI�ZEVMSYW�GSQTSRIRXW
�GS�WOI[RIWWIW�[MXL�MRJPEXMSR��WII
(MEGSKMERRMW��������JSV�ER�ETTPMGEXMSR�XS�EWWIX�TVMGMRK�XLISV]��
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)LJXUH����6NHZHG�GLVWULEXWLRQ

,QIODWLRQ

8LI�HSXXIH�PMRI�WLS[W�XLI�QSHI�XS�XLI�PIJX�SJ�[LMGL�XLIVI�MW�����SJ�XLI�TVSFEFMPMX]

QEWW��8LI�WXVEMKLX�PMRI�XS�XLI�PIJX�SJ�XLI�QSHI�MW�WYGL�XLEX����SJ�XLI�TVSFEFMPMX]�QEWW�MW

XS�MXW�PIJX�ERH�GSRZIVWIP]�JSV�XLI�SRI�XS�XLI�VMKLX��8LYW��XLI�X[S�PMRIW�VITVIWIRX�E����

GSRJMHIRGI�MRXIVZEP�

8LI�JMKYVI�WIVZIW�XS�MPPYWXVEXI�LS[�XLI�X[S�TMIGI�RSVQEP�MW�EJJIGXIH�F]�WXVSRK

WOI[RIWW��*MVWX��XLI�X[S�EVIEW�SYXWMHI�XLI�GSRJMHIRGI�MRXIVZEP�EVI�SJ�HMJJIVIRX�WLETI�

7IGSRH��QSWX�SJ�XLI�GSRJMHIRGI�MRXIVZEP�PMIW�XS�XLI�PIJX�SJ�XLI�QSHI�

%RSXLIV�[E]�XS�MPPYWXVEXI�XLI�TVSTIVXMIW�SJ�XLI�HMWXVMFYXMSR�MW�XS�GSRWMHIV�XLI

TVSFEFMPMX]�XLEX�XLI�SYXGSQI�[MPP�PMI�MR�E�KMZIR�MRXIVZEP��EW�[EW�HSRI�MR�XLI�-RJPEXMSR

6ITSVX���������*SV�I\EQTPI��[I�GER�GEPGYPEXI�XLI�TVSFEFMPMX]�XLEX�MRJPEXMSR�MW�PIWW�XLER

SRI��FIX[IIR�SRI�ERH�X[S��ERH�WS�SR��%R�MRXIVZEP�SJ�TEVXMGYPEV�MRXIVIWX�MW�XLEX�FIX[IIR

SRI�ERH�XLVII�� I ( )π πd
1

3I ��XLI�6MOWFERO
W�XSPIVERGI�MRXIVZEP�JSV�MRJPEXMSR�
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���'SRGPYHMRK�6IQEVOW

-R�XLMW�TETIV�[I�WLS[�LS[�XLI�FEPERGI�SJ�VMWOW�JSV�ZEVMSYW�QEGVS�GSQTSRIRXW��M�I��XLI

WOI[RIWW�SJ�XLI�HMWXVMFYXMSRW��GER�FI�PMROIH�XS�XLI�FEPERGI�SJ�VMWO�JSV�MRJPEXMSR��8LI

EWWIWWQIRX�SJ�VMWO�JSV�XLI�QEGVS�ZEVMEFPIW�MW�TEVXP]�WYFNIGXMZI�FYX�EPWS�FEWIH�SR

LMWXSVMGEP�HEXE��-R�XLI�FEWIPMRI�GEWI�XLI�YRGIVXEMRX]�MW�XLI�WEQI�EW�XLI�LMWXSVMGEP�ERH�XLI

VMWOW�EVI�W]QQIXVMG�

8LI�EMQ�SJ�XLI�TETIV�MW�XS�TVSZMHI�E�[IPP�HIJMRIH�VSPI�JSV�WYFNIGXMZI�EWWIWWQIRXW�SJ

XLI�QEGVS�ZEVMEFPIW�XLEX�EVI�HIIQIH�XS�MRJPYIRGI�MRJPEXMSR��,EZMRK�QEHI�XLSWI

WYFNIGXMZI�EWWIWWQIRXW�[I�LEZI�XLIR�EXXIQTXIH�XS�FI�EW�VMKSVSYW�EW�TSWWMFPI�MR�HIVMZMRK

XLI�TVSFEFMPMX]�HMWXVMFYXMSR�JSV�XLI�MRJPEXMSR�JSVIGEWX�
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%TTIRHM\

,IVI�[I�SYXPMRI�E�TVSGIHYVI�JSV�JMRHMRK�XLI�WXERHEVH�HIZMEXMSR�TEVEQIXIVW�MR�����ERH

�����'SRWMHIV�E�KMZIR�ERW[IV�XS�UYIWXMSRW�SRI�ERH�X[S�MR�WIGXMSR������M�I� 3 W
M
( ) �ERH

ω
M M

W, ( ) �EVI�JM\IH��,S[�HS�[I�GLSSWI�σ 1, ( )
M
W �ERH��σ 2, ( )

M
W #�2SXI�XLEX�XLI�JSVQYPE�MR����

MQTPMIW�XLEX

�%��� I [ G[( ) ,
−∞
I =

+
∀

µ σ
σ σ

µ1

1 2

�

8LYW��[I�GLSSWI�σ 1, ( )
M
W �ERH��σ 2, ( )

M
W �WYGL�XLEX

�%���
σ

σ σ
1
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M

W
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ERH
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M M M M M M2 73 8σ σ σ σ ω, , , , ,( ) ( ) ( ) ( ) ( ) �

[LMGL�MW�MQTPMIH�F]�XLI�I\TVIWWMSR�JSV�XLI�ZEVMERGI�MR������8LMW�KMZIW�XLI�WSPYXMSRW

�%��� σ ω1
2 2

2 1

1
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