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Abstract

This paper considers tests for a unit root when the innovations follow a near-integrated GARCH
process. We compare the asymptotic properties of the likelihood ratio statistic with that of the |east-
squares based Dickey-Fuller statistic. We first use asymptotics where the GARCH variance process
is stationary with fixed parameters, and then consider parameter sequences such that the GARCH
process converges to adiffusion process. In both cases, we find a substantial asymptotic local power
gain of thelikelihood ratio test for parameter valuesthat imply heavy tailsin the unconditional inno-
vation distribution. An empirical application to the term structure of interest ratesin the Netherlands
illustrates the proposed procedures.

1 Introduction

A well-known property of financial time seriesis that their conditional variance displays variation over
time, such that persistent periods of high variation are followed by low-volatility periods. This phe-
nomenon, known as volatility clustering, is modelled in the econometrics literature either by GARCH
(generalized autoregressive-conditional heteroskedasticity) type models (see Bollerdlev et al., 1994, for
an overview) or by stochastic volatility models, see e.g. Shephard (1996). When applied to daily finan-
cial returns data, both classes of models display a high degree of persistence, and hence a low degree
of mean-reversion in the volatility process. Such processes are referred to as near-integrated, since
their characteristic polynomial has a root close to but not necessarily equal to unity. Boswijk (1999)
considers asymptotic distribution theory for likelihood based estimators of the volatility parametersin
near-integrated exponential GARCH (EGARCH) models and stochastic volatility models.

In the present paper we study the effect of such near-integrated volatility processes on testing for
an autoregressive unit root in the level of the process itself (instead of its volatility). This problem
is relevant in finance, for example when models for the term structure of interest rates depend on the
presence and degree of mean-reversion in the short rate. A typical model for the short rate is the one by
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Vasicek (1977), which is essentially a first-order autoregression with constant volatility. When applied
to daily or weekly interest rates, the hypothesis of a unit root (i.e., no mean-reversion) often cannot
be rejected, and a possible explanation of thisis that |east-squares based tests are not powerful enough
to discover the (weak) mean-reversion. Since interest rates clearly do not have a constant volatility,
a likelihood-based testing procedure which takes this phenomenon into account might be expected to
yield more efficient estimates and hence more powerful tests.

Previous work in this areaiis by Ling and Li (1997, 1998) and Rahbek (1999), who consider tests
for a unit autoregressive root in models with GARCH errors. They find that the maximum likelihood
estimator of the mean-reversion parameter has a limiting distribution that is a weighted average of
a Dickey-Fuller-type distribution and a normal distribution. They consider GARCH processes with
fixed parameters in the stationarity region, whereas in this paper we study the case where the volatility
parameters approach the unit root bound. Therefore, we consider parameter sequences such that the
autoregressive root in the volatility process approaches unity as the sample size increases. This alows
us to use the results of Nelson (1990) on continuous-time diffusion limits of GARCH processes. The
present paper is also closely related to Hansen (1992b, 1995), who considers ordinary least-squares,
generalized least-squares and adaptive estimation of regressions with non-stationary volatility.

The outline of the remainder of the paper is as follows. In Section 2, we define the model and
hypothesis, and the parameter sequences that will be used in the asymptotic analysis. Section 3 anal-
yses the likelihood function, the score and the information, and their asymptotic distribution under the
relevant probability measures. We study the asymptotic distributions of the Dickey-Fuller test statistic,
based on least-squares estimation, and the likelihood ratio test statistic, both under the null hypothesis
and under local aternatives. Section 4 provides numerical evidence on the local power of thesetests. In
Section 5 we investigate the relevance of these local power resultsin finite samples. Section 6 contains
an empirical illustration concerning the term structure of interest rates in the Netherlands, and Section
7 concludes.

2 TheModd

Consider a univariate first-order autoregressive process with GARCH(1,1) innovations:

AXy = (X1 —p) + ey t=1,...,n, (@)
€t = Ol )
o7 = w+oag |+ P07, 3)
n, ~ 1iid.N(0,1), 4

where AX; = (X; — X;—1), and where X, g9 and o2 are fixed.

The parameter v describes the degree of mean-reversion. If —2 < ~ < 0, then X; reverts back
to its mean p. The null hypothesis that we wish to test is the unit root hypothesis, or equivalently the
no-mean-reversion hypothesis

Ho:v =0, (5)

2



which is tested against the adternative v < 0. The model (1) has a restricted constant term, such that
under the null hypothesis the process does not contain a drift. Other specifications of the deterministic
component in X; can be considered, including arestricted linear trend term (to test arandom walk with
drift against a trend-reverting autoregression), but this is not considered explicitly here. Similarly, the
model can be extended to allow for more lagsin ().

The (nonnegative) parameters w, « and 8 characterize the dynamics of the volatility process. If
a + 3 < 1, then the variance reverts back to itsmean 0% = w/(1 — a — 3), and if a + 3 = 1 then the
variance follows a random walk (with drift if w = 0). The asymptotic distribution of the test statistics
considered in the next section will depend on what we assume about the parameter of interest -y, but al'so
on assumptions about the volatility parameters (w, a, 3). We consider two alternative assumptions (in
al casesw > 0, (a, 3) > 0):

Assumption 1 Foralln > 1,~v,, = xk/nand a + 5 < 1, with (k, p, w, a, 3) fixed.

Assumption 2 For all n > 1, v, = &/n, an + B, = 1+ A/n, w, = w/n and a,, = (/v/2n, with
(k, i, @, A, ) fixed, such that @ > 0, ¢ > 0 and A < ¢2/2.

Under Assumption 1, the process X; is near-integrated with stationary volatility. The unit root
null hypothesis requires x = 0, and values x # 0 define the local alternatives. Under Assumption 2,
the variance process is also near-integrated. One possible motivation for these parameter sequencesis
that the model (1)—(4) is viewed as a discrete-time approximation, for varying n but over afixed time
interval, of the continuous-time diffusion process defined below in Lemma 2, see Nelson (1990).

We conclude this section with two lemmas that describe the limiting behaviour of X, under each of
the two possible assumptions.

Lemma 1l Under Assumption 1, and asn — oo,

[-n)
t=1

in D[0,1)%, where 02 = w/(1 — a — 3), W(:) is a standard Brownian motion process on [0, 1], and
U (-) isan Ornstein-Uhlenbeck process on [0, 1]:

dU(s) = kU(s)ds + dW (s), U(0) =0. (7)

The proof of thislemmaisgiven in Ling and Li (1998, Theorem 3.3) for x = 0, inwhich case U (-)
reducesto W(-). Thisis extended to the case x # 0 by writing X .,,; as acontinuous functional of the
partial sum of «;.

Lemma 2 Under Assumption 2, and asn — oo,

[

Elly
wmf

-nJ 5 nJ

1 XL ”J’O-Lnj> i) (Wl(')7W2(')’Y(')7 V()) ) 8)

t:l
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in D[0, 1], where (W1 (), Wa(+)) is a standard bivariate Brownian motion process on [0, 1], and
(Y(-),V(-)) isthe solution to the system of stochastic differential equations

dY(s) = kY (s)ds+ V(s)/2dWy(s), 9)
dv(s) = [AV(s)+ w]ds+ ¢V (s)dWa(s), (10)

with Y (0) = 0 and V(0) = o3.

The proof of thislemmafollows from Nelson (1990, Theorem 2.2 and Section 2.3). The difference
again is that Nelson considers the case k = 0, but the extension of his proof to the present case is
straightforward. If the process Y'(s) is discretely sampled at times s = ¢/n, and we define X; =
VnY (t/n),t = 0,1,...,n, then the actual process generating X; may be approximated by (1)—(4)
under Assumption 2; the approximation error will vanish asn — oo, see Nelson (1990). An aternative
(Euler) approximation would lead to a discrete-time stochastic volatility-type model, but we choose to
work with the GARCH model because it has a closed-form expression for the likelihood function, which
simplifies the construction of likelihood-based test statistics considered in the next section.

3 Likelihood Analysis

The statistical analysis of model (1)—(4) isgivenin Ling and Li (1997, 1998) and Rahbek (1999), but
will be briefly repeated here.

It will be convenient to introduce the parameter vector § = (v, —yu)’ and Z; = (X;—1,1)’, such
that (1) becomes AX; = ¢’ Z; + &, and the null hypothesisis Hg : § = 0. The full parameter vector is
0 = (§',w,a, B)’, and the log-likelihood function is

n n 2
00) = ; 0,(0) = ; —% <1og 21 + log o2(0) + 22((‘;))) : (11)
wheree;(§) = AX,—§'Z;, and whereit should be noted that o7 () depends on the volatility parameters
(w, @, B), but dso, viac?_;, onthe regression parameters §. The log-likelihood is conditional on o and
€0, Which are not observed. In practice, they may be replaced by suitable estimates (we will assume that
this has an asymptotically negligible effect).

The unrestricted parameter space for § is© = R? x RT x RT x R*, and the restricted parameter
space defined by the null hypothesisis ©g = (0,0) x R x Rt x R*t. Define § = argmax,.g £(6)
andf = argmaxgyeg, £(0), the unrestricted and restricted maximum likelihood estimators, respectively.
Thelikelihood ratio statistic for the null hypothesisis

LR =2 (z(é) - e(é)) . (12)
We will compare the performance of thistest with that of Dickey and Fuller’s (1981) F-statistic:

Py = n—2 Z?:l AXtZt{ (Z?:l ZtZt/)_l Z?:l Zt1 AKX, (13)
= - = ,
2 D1 (AXy = 0p,52)?
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with .5 = (X0, Z:Z)) "' SO0 | Z;AXy; this is a monotonic transformation of the likelihood ratio
statistic for H under therestriction a = 3 = 0 (i.e., homoskedastic innovations).

Define the score vector S(0) = 0¢4(0)/06 and the observed information matrix J(6) =
—020(0) /0606’ . Conventional Taylor series expansions (corresponding to a quadratic approximation of
the log-likelihood function) result in

LR = 0'Ei[E;J(00) " "E] " Ejf+op(1)
= (0" +5(00)' T (60) EL) [ELT(60) " Er] T (BT (60) 1 S(60) +n'w) +op(1), (14)

where 6 is the true value (which is a sequence under Assumption 1 or 2), E; = [I5 : 0]’ isaselection
matrix such that 6 = E}6, and v is the normalized distance between the true and hypothesized value of

()

Therefore, we need to find an expression for S(-) and J(-), and evaluate their joint asymptotic behaviour
under either Assumption 1 or 2.

Let & = (w, [a+ B],a), the (linearly transformed) GARCH parameters, and w;(0) = (1,07 (),
g7 1(8) — o7_1(0))". Thefollowing results are useful ingredients for the score vector:

o) 1 [XB) 1
doi(0)2 — 202(0) (Utg(g) - 1) = 202(6) (n7(0) —1), (16)
0.2 02 t—1 .
0 5;9) 5—6 ta_g(e) - 2a€t—1(5)Zt_1 == _Qa;,@zlgt—i((s)Zt_i, (17)
do? (0 do?_,(0) =
G = g )= 2 Frun-il6), (19

wheren,(0) = () /0+(0). Here we use the fact that a fixed start-up value for o3 implies 903 /05 = 0
and 903 /0¢ = 0. Thuswefind

Ss(0) = %((f) Z(Zt

t=1

t—1
j%(((;) - 020([9) (n7(6) — 1) Zﬁi_laz’((s)zti) ) (19)
t =1

~—

3

Se(0) = ag_(;)

1 ) t—1 . )
o (m(0) =1 Brwe—i(0) | - (20
- <2a%<e> (0 ) ;

t

Expressions for the blocks .Jss, Js¢ and Jg¢ of the information matrix can be derived from this. We shall
not give explicit expressions here, but only provide their limiting behaviour in the next lemma, see Ling
and Li (1998).

Lemma 3 Under Assumption 1, and asn — oo,

1 [-n] c a -1 X B
= <—2 —— i -1))_ 8" 5t—z‘> — TB("), (21)



in D[0, 1], jointly with Lemma 1, where

™ =F

1 > . 2
—+ 202 52(“)%1 7 (22)
t i=1 t

and (W (-), B(-)) isabivariate vector Brownian motion processwith var(W (1)) = var(B(1)) = 1 and
cov(W(1), B(1)) = p = —. Letting D, = diag((on)~},n=1/2) and F(s) = (U(s), 1)/,

agT

. 1
DinSs £ 7 / F(s)dB(s), 23)

0

1
DinJssDin 72/ F(s)F(s)ds, (24)

0

Furthermore,
n~1/2g L N -1 P -1/2 P

e — N(0,%), nJgg — X, n~ ' “DipnJsg — 0, (25)

where ¥ is a positive definite matrix.
These results leads to the following theorem, the proof of which is given in the Appendix:

Theorem 1 Under Assumption 1, and asn — oo,

LR £ </01F(s) [dB(s)ijU(s)dsD/UOIF(S)F(S)’ds]

-1

p
« < /O " F(s) [dB(s) + gU(s)dsD , (26)
20, £, ( /0 ") (s) —i—/fU(s)ds]), [ /0 1 F(S)F<s)’ds} B
« < /0 L F(s)[dW(s) + /fU(S)dS]) . 27)

Thelimiting distribution of L R under the null hypothesis (x = 0) depends on the nuisance parameter
p. In practice this nuisance parameter can be estimated consistently by p = 1/v/62#2, where 62 =
&/(1—a—f3) and 72 isthe sample analog of (22). Although we have not been able to obtain an explicit
formulafor p interms of o and 3, an approximation yields

~ 7 _ 1-a-8)(1-p)
p(aulg)m‘p(aalg)_\/(1_0[_6_’_0[2)(1_62_’_20[2)’ (28)

which is obtained by replacing ¢? /o7 in (22) by 1, and using E(1/0?) ~ (1 — a — 3 + o?)/w,
which corresponds to the continuous-record stationary distribution of 1/0? obtained by Nelson (1990).
In order to check the accuracy of this approximation, we estimate the expectation in (22) by the average,
over 1000 Monte Carlo replications!, of the sample mean corresponding to (22) with a sample size of
10,000. Thisisdonefor o + 3 € {0.1,0.2,...,0.9} and a/(a + 3) € {0.1,0.2,...,1}. It appears

All numerical results have been obtained using Ox versions 2.2 and 3.0, see Doornik (2001).



that (28) somewhat underestimates the true correlation; from alog-linear regression of the actual p’son
p(a, B), we obtain the following adjusted approximation:

P, B) = pla, B)*, (29)

which is quite accurate, with aregression standard error of about 1%.

Next, the estimate of p can be used to obtain an asymptotic p-value, either by Monte Carlo simu-
lation or by the Gamma approximation proposed by Boswijk and Doornik (1999). The power function
depends, in addition to p, only on « (it is invariant to o). In the next section, we compare the power
functions of the two statistics for two cases.

Consider now the asymptotic behaviour of the score vector and information matrix under Assump-
tion 2:

Lemma4 Under Assumption 2, and asn — oo,

['n] t—1 i
% > (;—% - U% (nf —1) Zﬁ"‘lst_z) £, / V(w) " Y2dW; (u), (30)

i=1 0

in D0, 1], jointly with Lemma 2. Letting Dy, = diag(n~!,n~'/2) and G(s) = (Y (s),1),
DonS5 =5 /0 1 G(s)V(s)"V/2dWy(s), (31)
Doy JssDan  —= /0 1 G(5)G(s)'V(s)"'ds. (32)
Furthermore, there exist non-singular norming matrices Ds,, such that
D3nSe = Op(1),  DsnJeeDsn = Op(1),  DapJseDan — 0. (39

A proof is given in the Appendix. Note that the limiting Riemann integral in (32) is the quadratic
variation of the stochastic integral in (31). The suitably normalized information matrix is block-diagonal
in the limit, because the cross-variation between the two parts of the score vector is zero in the limit.
These results imply:

Theorem 2 Under Assumption 2, and asn — oo,

-1

LR = (/ G(s)V (s) V2 [dWy(s) + KV (s) "2V (s) ds> [/ G(s ()V(s)lds}
< / G(s)V(s)"2[dWy(s )—i—/iV(s)l/QY(s)ds]), (34)
( / G(s)[V (s)/2dW, (s) + mY(s)ds])l[ /O 1 G(s)G(s)'ds /0 1 V(s)ds} B
< / G(s)[V (s)/2dW (s )+mY(s)d5]>. (35)



The theorem is proved in the Appendix. The results are closely related to those obtained by Hansen
(1992b, 1995), who considers ordinary least-squares, generalized least-squares and adaptive estima
tion of regressions with non-stationary volatility. Note that the likelihood ratio statistic is asymptoti-
cally equivalent to a Wald statistic based on weighted least-squares with known {o?}. Hansen shows
that when the process generating the non-stationary volatility is unknown, it may be estimated non-
parametrically, without loss of efficiency relative to a parametric likelihood analysis.

Boath distributionsin Theorem 2 depend on nuisance parameters, even under the null hypothesis(x =
0). In principle they are affected by al volatility parameters (w, A, ¢), athough parameter variations
that only affect the scale of V'(s) will leave the distributions in (34) and (35) unaffected. From Nelson
(1990), it appears that the function \/¢? is most relevant, since it determines the stationary distribution
of the volatility process. Unfortunately these parameters are not consistently estimable.

A possible solution to this nuisance parameter problem is to use the conditional asymptotic null
distribution of the two test statistics, given the volatility process V' (-). Although this process depends
on the parameters (w, A, (), these are variation independent of the parameter of interest «, so that
conditioning on V' does not entail aloss of information on «. In other words, V' is S-ancillary for , see
Barndorff-Nielsen (1978). Clearly the asymptotic distributionsin (34) and (35) for fixed V' will depend
on the realization of V/, and hence cannot be tabulated. However, given the independence between
W1 and V' the conditional distribution is quite easy to simulate. In practice this will involve replacing
the volatility process by its estimate V,(s) = &fmJ, with {57} the filtered estimate of {07} based
on the maximum likelihood estimates of the GARCH parameters. The results of Nelson and Foster
(1994) suggest that Vn(-) converges in probability to V'(-) in D0, 1], which in turn would imply that
the estimated conditional distribution given {67 }7_, convergesto the true conditional distribution given
{V(s),s €[0,1]}.

Before we proceed, it is of interest to discuss the difference of the two types of asymptotic approxi-
mation in Theorems 1 and 2 as o + /3 approaches 1, so that the unconditional variance o2 diverges. For
fixed parameter values (Assumption 1) the approximation (28) suggeststhat p | 0 asa + G T 1, which
is confirmed by the fact that p = 1/(o7), and o diverges whereas 7 remains finite. Thisimplies, first,
that the limiting distribution of the LR statistic will approach the x2(2) distribution under the null hy-
pothesis, because B and F' become independent. Secondly, it shows that the local power will increase,
and in fact approach 1 for al «, because the non-centrality parameter in (26) is essentidly x/p. This
suggests that in such cases the likelihood ratio test has infinite power superiority over the least-squares
based test. Note, however, that Theorem 1 is only valid under Assumption 1, which involves the con-
dition o + 8 < 1; the quality of the asymptotic approximation might deteriorateasa + 6 T 1. More
importantly, if « | 0 a thesametimeasa + (6 T 1, then the above arguments are no longer valid, since
limg |0 o411 (e, 3) does not exist. Thisimpliesthat for parameter values with o 4 3 closeto 1 and «
close to 0, which are typically encountered with daily financial returns, this asymptotic approximation
will not be reliable, and we should turn to the continuous-record asymptotic approximation implied by
Assumption 2 instead.

Under Assumption 2, then, it is allowed that o + 8 = 1 and hence A = 0; no discontinuity in



the limit theory is to be expected around A = 0, as long as A < (¢?/2, which is the condition for
strict stationarity of the limiting diffusion process V' (s). The main difference between the cases A\ < 0
and 0 < X\ < §2 /2 is that in the former case the disturbances ¢, have finite variance, whereas in
the latter case the unconditional variance is infinite, since the limiting distribution of ¢; is Student’s
t(2 — 4)\/¢?), see Nelson (1990). For A = 0 the limiting distribution of LR will not be x%(2) under the
null hypothesis, since V (s)~1/2Y (s) = V(s)~1/2 [; V(u)'/2dW;(u) and Wy (s) are not independent
for A = 0. As ( increases however, the variation in V (s) increases, and one might expect that the
behaviour of V' (s)~/2Y (s) will be dominated by V (s), such that it becomes independent of 17 (s).
From the expressionsin (34) and (35) it isnot clear that the rel ative power advantage of L R will increase
with ¢; thiswill be investigated in the next section.

In summary, the results in this section indicate we may expect a power gain of the likelihood ratio
test over the Dickey-Fuller test when alarge value of a + /3 (implying persistent volatility) is combined
with a large value of « (implying a large short-run variation in the volatility). In the next section we
investigate whether these predictions are reflected in the asymptotic local power behaviour of the tests,
and in Section 5 we turn to the finite sample behaviour of the procedures.

4 Local Power

In this section we provide some numerical evidence on the local power of the two alternative test statis-
tics. First, we consider the case of stationary volatility (Assumption 1). We consider two sets of GARCH
parameters:

1 a=005p8=09ado? = w/(1—a—pF) =1, which implies p = 0.967 (the value of
p = 1/(o7) is obtained by Monte Carlo simulation, as described in Section 3). These parameter
values correspond to a relatively smooth GARCH process with strong persistence, as typically
found in empirical data sets of daily returns. The high value of the correlation coefficient suggests
that the power difference between the LR and ®, test will be relatively small in this case.

2. a = 0.35, 3 = 0.6 and 0> = 1, which implies p = 0.570. Again this leads to a rather slowly
mean-reverting GARCH process, but now the higher value of « leads to more short-run variation
in the volatility. The low value of p leads us to expect more power gains for the LR test in this
case.

Figure 1 displays the local power function of the ®; test, which is the same for both parameter
combinations, and that of the L R statistic for each data-generating process. Note that the local power
of @, is the same as the local power of LR when o = g = 0 and hence p = 1, i.e,, when there
are no GARCH effects. All results are obtained by Monte Carlo simulation, using a discretization
(1000 equidistant points) of the processes and integrals, and with 10,000 replications for the power
calculations, and 100, 000 replications for the critical values. The 5% critical values are 9.109 for 29+,
and 9.028 (case 1) and 7.528 (case 2) for LR.



Figure 1: Local power of ®; and LR with stationary volatility (size = 5%).

I — e e
o ~~-LR(case1) e -
S LR(case 2) ey

As expected, the power gain of the LR test relative to the least-squares-based &, is very small
when (a, 3) = (0.05,0.9). This suggests that for such GARCH processes, one might as well use
the conventional test. For the second parameter combination, however, the power gain is much larger.
Therefore, these results confirm the prediction in the previous section that only when the volatility
process hasitself a high volatility (corresponding to a high value of «), the likelihood ratio test yields a
substantial power gain over the least-squares based Dickey-Fuller test.

Next, we consider the local power function when the volatility process is near-integrated. In this
case we consider four parameter configurations:

1. A = —100, ¢ = +/10. This corresponds to the first case ((a, 3,) = (0.05,0.9)) considered
above, with n = 2000.

2. A = —100, ¢ = 74/10. For n. = 2000, this corresponds to the second case above ((av,, 3,,) =

A
(0.35,0.6)), which leads to more variation in the volatility process.

3. A\ = —40, ¢ = 2. Thisisaprocess with less mean-reversion in the volatility than case 1, but with
the same value of —\/¢? = 10; it correspondsto (o, 3,,) = (0.05,0.9) for n = 800. Therefore,
we expect roughly the same results asin case 1.

4. X\ = —40, ¢ = 14. Thisis comparable to case 2 (same —\/¢% = 10/49 ~ 0.2), but with less
mean-reversion in the volatility, and correspondsto («.,, 3,,) = (0.35,0.6) for n = 800.

Inall casesweset w = — A\, suchthat V' (s) revertsto 1, but the results are invariant to w, aslong as
the starting value is chosen appropriately. We use a fixed start-up value V' (0) = 1, which corresponds
to the expectation of the stationary distribution of V' (s); alternatively, one could draw V' (0)~! from
its stationary T'(1 — 2)\/¢2, 2w /¢?), distribution, see Nelson (1990). An important difference between
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cases 1 and 3 on the one hand, and cases 2 and 4 on the other hand, is the existence of higher moments
of £;. Nelson's (1990) limiting ¢(2 — 4 /¢?) distribution for the disturbances implies that ; has no
finite integer moments beyond the variance in cases 2 and 4, whereas is has much higher moments (up
t02 — 4)/¢* = 42) incases1 and 3.

For each test, we perform a conditional and an unconditional version. The unconditiona version
involves Monte Carlo simulation of the 5% critical value for the given parameter combination (based
on 100, 000 replications), and defining the local power as the rejection frequency (based on 10, 000
replications) at this critical value. In practice this is infeasible, since the volatility parameters are not
known and not consistently estimable, but obtaining the critical valuesis of interest to investigate how
sengitive they are to parameter variations. The 5% critical values for LR in the four cases are 9.095,
7.642, 9.139 and 8.072, respectively, whereasfor 2@, they are9.168, 10.179, 9.189 and 10.628, respec-
tively. This confirms that the critical values are very similar for cases 1 and 3, and also for cases 2 and
4. Furthermore, it demonstrates that whereas the critical values of L R decrease with —( 2 /A, thecritical
values of the Dickey-Fuller test increase with this quantity, so that the ®; test will have the highest
size distortions (if conventional critical values are used) in situations where the volatility-of-volatility
parameter ( is relatively high. In the conditional version of the test, we simulate the p-value (based
on 1000 replications), for each of the 10, 000 realizations of the test statistic, conditiona on the actual
volatility processfor that realization, and reject when this p-value islessthan 0.05. In practice the local
power of the conditional and unconditional versions of the test turns out to be almost identical, so we
only report the conditional versionsin Figure 2.

Figure 2: Local power of ®; and L R with near-integrated volatility (size = 5%).
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The results clearly show the expected power gain of the LR test for cases 2 and 4, whereas the two
tests are almost equivalent in cases 1 and 3. Furthermore, the power functions in cases 1 and 3 are
very close to the corresponding case 1 in Figure 1 (using fixed-parameter asymptotics), and similarly
the behaviour in cases 2 and 4 resembles the corresponding case 2 in Figure 1. The effect of A is much
weaker, although we see that the power isslightly lower for the small A cases. Becausethe critical values
are also fairly close to the corresponding fixed-parameter cases, the two types of asymptotics are largely
in agreement. As one might expect, this agreement would break down for parameter values such that
a+ 6 =1, and hence A = 0. The fixed-parameter asymptotic analysis, although not strictly applicable
anymore, would suggest that p = 0, which would imply x? critical values and an infinite power gain of
the LR test. However, additional simulations indicate that the behaviour of the testsunder «,, + 3,, = 1
and o, = ¢/v/2n depends very much on ¢, comparable to cases 1-4 in Figure 2; only when ¢ — oo
the null distribution of L R approaches the x%(2) distribution, and the local power becomes 1 for all «.

5 A Monte Carlo Experiment

In this section we consider the finite-sample behaviour of the tests in a small-scale Monte Carlo ex-
periment. We consider n € {250, 2000}, which would correspond to approximately 1 and 8 years of
daily financial data. Here n = 250 may be considered a small sample for GARCH estimation; usualy
a number of years of daily data are considered. Next, we continue to consider the two near-integrated
cases («, ) = {(0.05,0.9), (0.35,0.6) }; note that these are chosen the same for both sample sizes, so
that one might expect a relatively better approximation by the stationary (fixed-parameter) asymptotic
distributions for larger sample sizes. Furthermore we consider v,, = x/n with x € {0, -5, —20}, to
study both the size and power properties of the tests.

For the LR? and @, tests we compute two types of p-values, the first based on fixed-parameter
asymptotics, and the second based on near-integrated asymptotics, conditional on the estimated {6? .
For the fixed-parameter asymptotic p-val ues, we use the Gammaapproximation of Boswijk and Doornik
(1999), in combination with p(«, 3) givenin (28)—29), where o and /3 are replaced by their unrestricted
ML estimates. Finally, we also consider QL R, the quasi-likelihood ratio test based on the assump-
tion that e, ~ i.i.d. ¢(v). Thistest isincluded to see whether the same power gain can be obtained
by a test that correctly specifies the margina distribution of the disturbances, although it misspeci-
fies the volatility dynamics. From, e.g., Lucas (1997), it follows that when &, is indeed i.i.d. ¢(v),
the asymptotic distribution of QLR is the same as that of LR in (26), but with p the correlation be-
tween ¢; and —dlog f, (e;)/0et, Where f,, denotes the t(v) density. It can be shown that for v > 2,
p* = (v? +v —6)/(v? + v). Replacing v by the unrestricted ML estimate, this yields again ap-value
for this test using the Gamma approximation.

The results, based on 2000 replications, are given in Table 1, and give rise to the following con-
clusions. First, we see that the fixed-parameter asymptotic p-values give a better approximation for
the small o generating process, but a worse approximation for the « = 0.35 case. In the latter case,

?In the likelihood function, the volatility processisinitidized using 63 = 25 = n~' 31 | AX?.
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QLR has arather large size distortion for n = 250, but this seems to vanish as n increases. In fact,
for n = 2000 there hardly seem to be any substantial size distortions left, with the exception of the
& test using ordinary critical values when « is large. The power behaviour of the LR and &, tests
is as predicted by the asymptotic analysis. For small «, the power of the testsis virtually identical, so
that there is not much gain in using the LR test. When « is large on the other hand, the power gain is
quite clear, especially for the larger sample size. Finally, we note that for this case the power curve of
the Student ¢-based QL R test lies between that of ®; and LR: athough thereis aclear gain in fitting
the marginal tail behaviour of the disturbances by a Student’s ¢ instead of anormal distribution, we see
that the misspecification of the conditional variance gives this test a power disadvantage relative to the
GARCH-based LR test.

Table 1: Rejection frequenciesof LR, ®; and QLR

n = 250 n = 2000
k=0 K=-=95 | k=-20 k=0 K=-5 | k=-20
a =0.05, | LR, fixed 0.059 0.086 0.784 0.055 0.082 0.794
6=09 LR, near-int. 0.067 0.094 0.809 0.061 0.091 0.813
4, fixed 0.059 0.086 0.775 0.054 0.078 0.752
®1, near-int. 0.067 0.095 0.798 0.058 0.085 0.770
QLR 0.062 0.085 0.760 0.054 0.079 0.755
a=0.35, | LR, fixed 0.074 0.248 0.823 0.049 0.448 0.989
6=0.6 LR, near-int. 0.063 0.249 0.926 0.040 0.417 0.990
4, fixed 0.099 0.150 0.755 0.073 0.127 0.739
®1, near-int. 0.070 0.120 0.689 0.052 0.114 0.705
QLR 0.115 0.190 0.754 0.055 0.234 0.913

6 An Empirical Application

In this section we apply the GARCH-unit root test to the term structure of interest rates in the Nether-
lands. In particular, we analyse daily observations on the 1-month and 12-month Amsterdam InterBank
Offered Rate (AIBOR) over the 10-year period from September 4, 1986 through September 4, 1996,
obtained from Datastream (note that the AIBOR has ceased to exist as a separate interest rate since the
start of the Euro and the associated EURIBOR). Accounting for missing observations, this gives atotal
of 2610 observations. The two separate interest rates R, and Ry, theyield spread (R12 — R;), and the
first difference of these series are depicted in Figure 3.

We observe that the two interest rates display very slow (if any) mean reversion. The yield spread
seems to display stronger mean reversion, which would imply cointegration between the two rates if
they are individually integrated of order 1. See Campbell et al. (1997, Chapter 10) for a discussion of
the connection between term structure models and cointegration of interest rates.
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Figure 3: Daily 1-month and 12-month AIBOR and their difference, level and first difference,
September 4, 1986 through September 4, 1996.
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The graphs of the first differences of the three series clearly display volatility clustering, suggesting
that the unit root test analysed in this paper might be useful. Another property that is evident, in par-
ticular in the first few years, is that interest rate changes are essentially discrete (they are often equal to
zero), so that GARCH models with Gaussian innovations will be necessarily misspecified in this respect,
and the corresponding LR test is based on a quasi-likelihood.

Exactly the same data-set was analysed in a bivariate cointegration model by Boswijk and Lucas
(2001). They found that allowing for non-normality of the innovations in the likelihood function leads to
more evidence of cointegration or even stationarity than by assuming the innovations to be independent
Gaussian (and hence using the Johansen (1991) likelihood ratio test). We now consider whether a similar
result is obtained by allowing explicitly for the volatility clustering in the data.

Because of the short-run dynamics in the mean displayed by the data, we base the tests on a sixth
order autoregressive specification for the mean, rewritten as

5
AX, =687, + Z O AXi—i + e, (36)
=1

whereZ; = (X;_1,1)’, augmented with a GARCH(1,1) specification for the variance. In all cases
five lagged differences is sufficient (and in two cases it is necessary) to obtain standardized residuals
free of autocorrelation. Although the asymptotic properties have only been derived in this paper for the
first-order autoregressive model, we expect the same asymptotic distribution theory to apply to tests for
0 = 01in (36). In all cases the squared standardized residuals display no significant autocorrelation,
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indicating that the GARCH(1,1) specification is sufficient to capture the volatility clustering. The test
results are given in Table®.

Table 2: Test results for interest rate data

@1 | pi(®1) | p2(P1) | LR | pi(LR) | p2(LR) o 3 p
Ry 0.286 | 0.980 0.994 8.691 0.057 0.061 0.090 | 0.867 | 0.927
Rio 0.228 | 0.988 0.999 5.405 0.123 0.191 0.170 | 0.823 | 0.566
Rio— Ry || 2.905 | 0.213 0.432 14.657 | 0.001 0.004 0.204 | 0.796 | 0.000

Note: The test statisticsy, 3 andp are defined in the texj; (-) denotes the-value based on fixed-parameter asymp-
totics, using the Gamma approximation of Boswijk and Doornik (1999), together with (28)#(Z9)is the simulated
p-value based on near-integrated asymptotics, using the estimated volatility procéss@treplications.

Consider first the results for the 1-month AIBAR. The (augmented) Dickey-Fuller test has a very
largep-value, whether one uses the conventional null distribution (applicable fordixedla + 3 < 1)
or the asymptotic null distribution implied by Theorem 2 (using near-integrated asymptotics). On the
other hand, the likelihood ratio test based on the GARCH(1,1) likelihood function has a much larger
test statistic, withp-values close t6%. Note that this large difference is somewhat unexpected, since
the estimated GARCH parameters are such that the corresponding correlation papdeedey close
to one. The smalp-value of LR may however not be taken as evidence of mean-reversion, because
the unrestricted maximum likelihood estimate of the mean-reversion parafistpositive, indicating
mean-aversion, so that a one-sided test ef 0 againsty < 0 would not lead to rejection of the null
hypothesis, regardless of the significance level used.

A similar conclusion applies to the 12-month AIBQRR,. Again the LR statistic is substantially
larger than the Dickey-Fuller statistic, and jtssalue is correspondingly smaller, but again this is not
evidence of mean reversion because the estimatesgbositive. Note that the estimates of the GARCH
parameters are such that= 0.566 which would suggest a large power potential for the LR test based
on the evidence in the previous sections. Note also that thetvedues ofL R differ quite a bit; given
the fairly large value ofy, the simulation evidence in the previous section would lead us to trugt the
value from near-integrated asymptotips & 0.191) better than the fixed-parameter asymptpticalue
p1 = 0.123.

For the yield spread seriég > — Ry, a different conclusion emerges. The Dickey-Fuller test statistic
has a conventional asymptotievalue larger thar20%, which would lead us not to reject a unit root
at conventional significance levels. In fact, because the estimated GARCH modﬁHhﬁ;ﬂs: 14
we may expect the conventionadvalue to be invalid; the-value of®; based on Theorem 2 is about
43%, indicating even less evidence of mean-reversion. In contrast, the GARCH-LR tesphesdue

3The empirical results in this section have been obtained using PcGive version 10.0, in particular the Garch package; see

Doornik and Hendry (2001).
“The results in the table are based on maximization of the likelihood under the inequality corstfajfit< 1; uncon-

strained maximization leads to very similar results, excepiahag is slightly larger than one, so that we cannot use (28)—(29)
anymore.
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of po = 0.004, indicating quite clear rejection of the null hypothesis (the valug,of 0.001 is based

on thex?(2) null distribution corresponding tp = 0, which is a limiting case outside the parameter
space where Theorem 1 is applicable). In this case the estimated mean reversion parameter equals
—0.0041 (with a standard error af.0011), which is very small in absolute value but has the right sign;

the estimated mean of the yield spreag is- 0.317 (with a standard error df.143).

In summary, we find for these series that the conventional Dickey-Fuller test would lead one to
conclude that the two interest rates are integrated of dr@erd not cointegrated (or at least not with
cointegrating vectof1, —1)"), whereas a GARCH-based likelihood ratio test clearly indicates stationar-
ity of the yield spread and hence cointegration of the two interest rates. Given the economic plausibility
of the latter result, this suggests that the GARCH-based test is able to exploit the information on mean-
reversion in the data more efficiently.

7 Discussion

In this paper we have investigated likelihood ratio testing for a unit root when the innovations fol-
low a near-integrated GARCH process. We have analysed the asymptotic null distribution and local
power function of the likelihood ratio test and the least-squares based Dickey-Fuller test, both under
fixed GARCH parameters and under near-integrated sequences. It has been found that the two types of
asymptotics are largely in agreement, as long as the sum of the GARCH parameters is less than one. A
considerable power gain potential for the LR test has been found to occur with GARCH processes with
a large short-run variation in the volatility, corresponding to a heavy-tailed marginal distribution of the
innovations. These asymptotic results have been shown to be reflected in the finite sample behaviour of
the tests. Furthermore, an empirical application has demonstrated that the possible power gain can lead
one to find more evidence in favour of stationarity by explicitly modelling the volatility clustering.

The main limitation of the present analysis is that it applies exclusively to a GARCH(1,1) speci-
fication of the volatility. The sensitivity of the inferences to volatility misspecification remains to be
investigated. Nelson and Foster’s (1994) result that the GARCH-filtered estimator of the volatility pro-
cess is consistent, as the sampling interval goes to zero, for a large class of volatility processes, suggests
that the GARCH-based unit root test may be reasonably robust against deviations of the GARCH(1,1)
specification, at least for high-frequency data. On the other hand, if an alternative volatility specifica-
tion (such as EGARCH or stochastic volatility) is preferred, then one could analyse the corresponding
likelihood ratio test. Although the relevant asymptotic theory is not covered by the present paper, the
result of Theorem 2 and its proof suggest that very similar results can be obtained for alternative spec-
ifications, as long as they have a continuous-time diffusion limit. Special care will have to be taken
with the conditional version of the test (conditioning on the estimated volatility process) when the two
Brownian motions driving the process are correlated, which occurs for example in EGARCH models
with asymmetric (leverage) effects.

The analysis of this paper can be extended in various other directions. One example would be to
allow the standardized innovations to follow another distribution than the standard Gaussian, to allow for
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the excess kurtosis often found in empirical applications. Another obvious extension is to cointegration
analysis in multivariate models. Here the main problem may be to find a flexible but parsimonious
multivariate volatility specification; one possible approach is analysed biydli (1998). We intend to
pursue these extensions in future research.

References

Barndorff-Nielsen, O.E. (1978)nformation and Exponential Familiesin Satistical Theory. New York:
John Wiley.

Bollerslev, T., R.F. Engle and D.B. Nelson (1994), “ARCH Models”, in R.F. Engle and D.C. McFadden
(Eds.),Handbook of Econometrics, Vol. 4. Amsterdam: North Holland.

Boswijk, H.P. (1999), “Some Distribution Theory for Stochastic Volatility Models”, Working paper,
University of Amsterdam.

Boswijk, H.P. and J.A. Doornik (1999), “Distribution Approximations for Cointegration Tests with
Stationary Exogenous Regressors”, Tinbergen Institute Discussion Paper Tl 9961354/ /
www. t i nber gen. nl / paper s/ Tl 99013. pdf .

Boswijk, H.P. and A. Lucas (2001), “Semi-nonparametric Cointegration Testiloginal of Econo-
metrics, forthcoming.

Campbell, J.Y., AW. Lo and A.C. MacKinlay (1997he Econometrics of Financial Markets. Prince-
ton: Princeton University Press.

Dickey, D.A. and W.A. Fuller (1981), “Likelihood Ratio Statistics for Autoregressive Time Series with
a Unit Root”, Econometrica, 49, 1057-1072.

Doornik, J.A. (2001)0x 3.0. An Object-Oriented Matrix Programming Language. London: Timberlake
Consultants Press and Oxfotd:t p: / / ww. nuf f . ox. ac. uk/ user s/ Door ni k.

Doornik, J.A. and D.F. Hendry (2001 Econometric Modelling Using PcGive 10, Volume I11. London:
Timberlake Consultants Press.

Hansen, B.E. (1992a), “Convergence to Stochastic Integrals for Dependent Heterogeneous Processes”,
Econometric Theory, 8, 489-500.

Hansen, B.E. (1992b), “Heteroskedastic Cointegratidalirnal of Econometrics, 54, 139-158.

Hansen, B.E. (1995), “Regression with Nonstationary Volatilig¢onometrica, 63, 1113-1132.

Johansen, S. (1991), “Estimation and Hypothesis Testing of Cointegration Vectors in Gaussian Vector
Autoregressive Models’Econometrica, 59, 1551-1580.

Li, W.K., S. Ling and H. Wong (1998), “Estimation for Partially Nonstationary Multivariate Autoregres-
sive Models with Conditional Heteroskedasticity”, Technical Report 214, Department of Statistics
and Actuarial Science, The University of Hong Kong.

Ling, S. and W.K. Li (1997), “Estimating and Testing for Unit Root Processes with GARCH(1,1) Er-
rors”, Technical Report 140, Department of Statistics and Actuarial Science, The University of Hong
Kong.

Ling, S. and W.K. Li (1998), “Limiting Distributions of Maximum Likelihood Estimators for Unstable

17



Autoregressive Moving-Average Time Series with General Autoregressive Heteroskedastic Errors”,
Annals of Statistics, 26, 84—125.

Lucas, A. (1997), “Cointegration Testing Using Pseudo Likelihood Ratio Testshometric Theory,

13, 149-169.

Nelson, D.B. (1990), “ARCH Models as Diffusion Approximationgburnal of Econometrics, 45, 7—

38.

Nelson, D.B. and D.P. Foster (1994), “Asymptotic Filtering Theory for Univariate ARCH Models”,
Econometrica, 62, 1-41.

Rahbek, A.C. (1999), “Likelihood Ratio Tests for a Unit Root in AR-ARCH Models with and without
Deterministic Terms”, Working paper, University of Copenhagen.

Shephard, N. (1996), “Statistical Aspects of ARCH and Stochastic Volatility”, in D.R. Cox, D.V. Hink-
ley and O.E. Barndorff-Nielsen (Eds.Jime Series Models in Econometrics, Finance and Other
Fields. London: Chapman & Hall.

Vasicek, O.A. (1977), “An Equilibrium Characterization of the Term Structudetirnal of Finance, 5,
177-188.

Appendix

Proof of Theorem 1. Consider first the limiting distribution oE R. Let D}, = diag(D1,,n~"/%13),
so thatE Dy,, = D1, E}. Therefore, (14) implies, witls = S(6y) and.J = J(6y),

LR = [n%W'D;!+ 9D, (D, JD%) "Bl [E)(D},JD;,) "B
x [E{(D3,JD5,) *Di,S + Di,in"tv] 4+ op(1). (A.1)

Lemma 3 yields

1 1
F(s)dB 2/ F(s)F(s)ds 0

prys £ [ 7 PO ) e e | e o]
N(0,%) 0 Y

and cIearIyDl‘nln‘lu — (oK, 0)’. Combining these results gives
c 1 1 -1 1
LR — |(ok,0)+ 7'/ dB(s)F(s) <7’2/ F(s)F(s)’ds) [7’2/ F(S)F(s)’ds]
0 0 0

X [(72 /OIF(S)F(S)’ds)17'/01F(s)dB(s)+(m€,O)’

= [(am, 0) /0 1F(s)F(s)’d8+ /0 1dB(s)F(s)’] [ /O 1 F(S)F(s)’ds} B
X [ /0 1F(s)F(s)’ds(aTﬁ,0)’+ /0 1F(s)dB(s)} , (A.3)
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and usingrT = 1/p, this yields (26). Fof;, we use Lemma 1 together with the continuous mapping
theorem to yield

n 1
D1, " Z:Z{Dy, 5 / F(s)F(s)ds, (A.4)
t=1 0
and
DY ZiAX; = Diy Z Z:Z{D1n Dy, 6 + D1 > Zie
- =
£, / )ds(ok,0) + / F(s)dW (s)o
0
-~ . / F(s)[dW (s) + ~U (s)]ds. (A5)
0
Furthermore,
. 1 < N
61s = m— > (AX, — 0157:)°
t=1
1 n n n -1 n
— (Z et — > eZ{D, (Dln > ZtZ;D1n> Din Ztet)
t=1 t=1 t=1 t=1
1 &,
= — ;q +0p(1), (A.6)
which converges in probability te?. Collecting the results yields (27). O

Proof of Lemma 4. Write the first term of (30) as
Lsn]

Z un _/ uanWM( u), (A.7)
o
wherely,(s) = n= Y251 From Lemma 2(W1,, (), af_nj) converges weakly toW,(-), V(-)).

Nelson (1990, Theorem 2.3) shows that-) is stationary ifA < ¢?/2 andw > 0, and that under
those conditionsr|? converges weakly td/(-)~ (and hencer| 4 V(~)*1/2) Since{n,} are
i.i.d. N(0,1), the conditions of Hansen (1992a) apply, afgdrtm dWin(u fo w)~Y2dWy (u).

Write the remainder of (30) as'/2 EZ} vi /oy, Wherev is a martmgale dlfference sequence with
variance2a2 S0 320V E(e2 . /o?). Usinge2 /o2 = n?_,(02_,/0?), and substitution ofa? =
¢?/nandB? = (1 - C/\/ﬂ + A/n)? =1 —2¢/v2n + o(n~1/?), it follows that the variance af; is
O(n=1/2), so thatn=/2 51" v, /oy £ 0. This proves (30).

The results (31) and (32) follow from (30), together with the result (héfQDgnZL.nJ,aETlLJ)
(G(-), V(-)~1/?), and the fact thaty, +v; ) has bounded variance, so that again the conditions of Hansen

L
i

(1992a) for weak convergence to a stochastic integral apply.
For the results on the score and informationdpiete, = (2 — 1)/v/2, Wan(s) = n= /221 ¢,

and definefy, (s) = (1—3,) S g1 = 1— 5™ = 1 —exp(|sn ] log(1 - ¢/V2n+A/n)) — 1
Then the first componeri, of S, properly normalized, satisfies
2 1
\/;(1 —3,)5. :/ LanFm( 8)dWay (s _>/ )L dWy(s). (A.8)
0
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For the second componest, g, we useF,(s) = (1 — 3,,) 3.7 [sn] =1 Lan i 1/Utan’ which con-
verges weakly to 1, so that

1 1
\/%(1 — Bp)Sa+p = /0 Fan(8)dWan(s) = ; dWs(s) = Wa(1). (A.9)

Note that,/2/n(1 — =n"!'¢+o(n"1), sothatn~!¢ (orn~!) can also be used as a normalization
in (A.8) and (A.9). The third par$,, of S, satisfies

1- - 2 0t 71' 1 -
\/ n Sa fz(;: 1 - 556, 2 €t i— 1> %;utetv (A.10)

Now v, is a stationary process withi(u2) = ¢, such that /(1 — 82)/nSe —= N(0,q). As1 — % =
2¢/v/2n + o(n~1/2), the normalization in (A.10) is equivalent #/4¢/2n,=3/4, In summary, letting

‘Lo

D3, = | " , (A.11)
B I I
n

we haveDs,S¢ = Op(1). By similar methods, it can be shown thag,, J: Ds,, converges, and that

Dy, J5¢ D3, converges; the latter converges to zero due to the two parts of the score vector being uncor-
related becausB[n,(n? — 1)] = 0. O

Proof of Theorem 2. The result (34) follows from Lemma 4 and (14). Previous derivations show that

Don)  ZiAX; = D2nzztotnt+D2nZth v/n
t=1 =
£ /G () /2dWy(s) —1—/1/ G(s)Y (s)ds, (A.12)
and similarly
n 1
D, 2.Z,D, % / G(s)G(s)ds. (A.13)
t=1 0
Finally,
lfj(Ax—Zs’ Z)? = lf:s%ro (1)
n t LS4t n t P
t=1 t=1
BN R U R VI )
= nzat+nzat(m ) +op(1)
t=1 t=1
1
Ly / V(s)ds. (A.14)
0
This proves (35). O
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