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$EVWUDFW

%\ FRPELQLQJ WZR DOWHUQDWLYH IRUPXODWLRQV RI D WHVW VWDWLVWLF ZLWK WZR DOWHUQDWLYH UHVDPSOLQJ

VFKHPHV ZH REWDLQ IRXU GLIIHUHQW ERRWVWUDS WHVWV� ,Q WKH FRQWH[W RI VWDWLF OLQHDU UHJUHVVLRQ PRG�

HOV WZR RI WKHVH DUH VKRZQ WR KDYH VHULRXV VL]H DQG SRZHU SUREOHPV� ZKHUHDV WKH UHPDLQLQJ WZR

DUH DGHTXDWH DQG LQ IDFW HTXLYDOHQW� 7KH HTXLYDOHQFH EHWZHHQ WKH WZR YDOLG LPSOHPHQWDWLRQV LV

VKRZQ WR EUHDN GRZQ LQ G\QDPLF UHJUHVVLRQ PRGHOV� 7KHQ WKH SURFHGXUH EDVHG RQ WKH WHVW VWDWLV�

WLF DSSURDFK SHUIRUPV EHVW� DW OHDVW LQ WKH $5����PRGHO� 6LPLODU ¿QLWH�VDPSOH SKHQRPHQD DUH

LOOXVWUDWHG LQ WKH $50$������PRGHO WKURXJK D VPDOO�VFDOH 0RQWH &DUOR VWXG\ DQG DQ HPSLULFDO

H[DPSOH�

-(/ FODVVL¿FDWLRQ� &��� &��� &��

.H\ZRUGV� $V\PSWRWLF UHMHFWLRQ SUREDELOLWLHV� $XWRUHJUHVVLYH PRGHOV� %RRWVWUDS� +\SRWKHVLV

WHVWLQJ� 5HVDPSOLQJ VFKHPHV

! 7KLV UHVHDUFK ZDV VSRQVRUHG E\ WKH (FRQRPLFV 5HVHDUFK )RXQGDWLRQ �(&2=2(.�� ZKLFK LV SDUW RI WKH 1HWKHUODQGV

2UJDQL]DWLRQ IRU 6FLHQWL¿F 5HVHDUFK �1:2�� 7KLV SDSHU LV D FRPSOHWHO\ UHYLVHG YHUVLRQ RI WKH GLVFXVVLRQ SDSHU ³+RZ WR

,PSOHPHQW %RRWVWUDS +\SRWKHVLV 7HVWLQJ LQ 6WDWLF DQG '\QDPLF 5HJUHVVLRQ 0RGHOV´� ZKLFK ZDV ¿UVW SUHVHQWHG DW WKH (&�

PHHWLQJ LQ 2[IRUG ������ GHFHPEHU ����� 8.�� :H DUH JUDWHIXO WR WKH HGLWRU 5LFKDUG %OXQGHOO� DQ DVVRFLDWH HGLWRU� DQG WZR

DQRQ\PRXV UHIHUHHV IRU WKHLU KHOSIXO VXJJHVWLRQV DQG IRU WKHLU SDWLHQFH GXULQJ WKH UHYLVLRQ RI WKLV PDQXVFULSW�
`&RUUHVSRQGLQJ DXWKRU� 7HO�� ��������������� ID[� ��������������� (�PDLO DGGUHVV� MIN#IHH�XYD�QO �-� .LYLHW�
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7KHUH H[LVWV D ZHOO�NQRZQ FRUUHVSRQGHQFH EHWZHHQ FRQ¿GHQFH VHWV DQG K\SRWKHVLV WHVWLQJ� $ FRQ¿�

GHQFH VHW ZLWK FRQ¿GHQFH FRHI¿FLHQW �� : HQWDLOV WKH VHW RI SDUDPHWHU YDOXHV ZKLFK DUH QRW UHMHFWHG
E\ D K\SRWKHVLV WHVW SHUIRUPHG DW VLJQL¿FDQFH OHYHO :� 7KLV GXDOLW\ LV H[SORLWHG LQ WKLV SDSHU WR GH�

¿QH DQG H[DPLQH VHYHUDO ERRWVWUDS WHVWLQJ SURFHGXUHV LQ VWDWLF DQG VWDEOH G\QDPLF UHJUHVVLRQ PRGHOV�

6HH +DQVHQ ������ IRU DQ DQDO\VLV RI ERRWVWUDS SURFHGXUHV ZKLFK H[SORLW WKLV GXDOLW\ LQ XQVWDEOH DX�

WRUHJUHVVLYH PRGHOV� )RU FRPSUHKHQVLYH RYHUYLHZV RQ WKH ERRWVWUDS VHH WKH ERRNV E\ 'DYLVRQ DQG

+LQNOH\ ������� (IURQ DQG 7LEVKLUDQL ������ DQG +DOO ������� ZKLOH WKH SDSHUV RI /L DQG 0DGGDOD

������� +RURZLW] ������ DQG %HUNRZLW] DQG .LOLDQ ������ SURYLGH UHFHQW UHYLHZV IURP DQ HFRQRPHW�

ULF �WLPH�VHULHV� SHUVSHFWLYH� 7KH ERRWVWUDS SURFHGXUHV WR EH H[DPLQHG KHUH GLIIHU LQ WKHLU FKRLFH RI

WKH W\SH RI HVWLPDWRU HPSOR\HG LQ WKH UHVDPSOLQJ VFKHPH DQG LQ WKH IRUP RI WKH WHVW VWDWLVWLF XVHG�

0RUH VSHFL¿FDOO\� D UHVDPSOLQJ VFKHPH FDQ XVH HLWKHU D UHVWULFWHG RU DQ XQUHVWULFWHG HVWLPDWRU LQ

GH¿QLQJ ERRWVWUDS REVHUYDEOHV� ,Q DGGLWLRQ� D ERRWVWUDS WHVW VWDWLVWLF FDQ EH FHQWUHG DURXQG HLWKHU D

UHVWULFWHG RU DQ XQUHVWULFWHG HVWLPDWRU� 7KH XVH RI D UHVWULFWHG HVWLPDWRU LQ ERWK WKH UHVDPSOLQJ VFKHPH

DQG WKH WHVW VWDWLVWLF LV W\SLFDO IRU WKH WHVW VWDWLVWLF DSSURDFK �LQ ZKLFK RQH WULHV WR DVVHVV WKH QXOO GLVWUL�

EXWLRQ�� ZKLOH WKH XVH RI DQ XQUHVWULFWHG HVWLPDWRU LV FKDUDFWHULVWLF IRU WKH FRQ¿GHQFH UHJLRQ DSSURDFK

�ZKLFK GRHV QRW DGKHUH WR MXVW RQH VSHFL¿F QXOO K\SRWKHVLV�� VHH %HUDQ ������ IRU PRUH GHWDLOV DERXW

WKH WZR DSSURDFKHV LQ WKH FRQWH[W RI LQGHSHQGHQW DQG LGHQWLFDOO\ GLVWULEXWHG �L�L�G�� UDQGRP YHFWRUV�

:H VKDOO H[DPLQH WKHVH WZR DSSURDFKHV DQG WKHLU FURVV�IHUWLOL]DWLRQV LQ D UHJUHVVLRQ FRQWH[W�

7R LOOXVWUDWH WKH EDVLF LGHD� FRQVLGHU WKH VLPSOH UHJUHVVLRQ PRGHO

\ � E� =[ � �� ���

ZKHUH \ DQG [ DUH Q � � YHFWRUV DQG � LV D Q � � UDQGRP YHFWRU ZKRVH FRPSRQHQWV DUH L�L�G� ZLWK

XQNQRZQ GLVWULEXWLRQ )� ZLWK PHDQ � DQG ¿QLWH YDULDQFH J
�� L�H� �L r )���� J

�� IRU L � �� ���� Q�

6XSSRVH WKDW ZH DUH LQWHUHVWHG LQ WHVWLQJ WKH QXOO K\SRWKHVLV +� � = � =� DJDLQVW WKH RQH�VLGHG

DOWHUQDWLYH +� � = � =� IRU VRPH JLYHQ YDOXH RI =�� ,Q JHQHUDO� WKH ¿QLWH�VDPSOH GLVWULEXWLRQ RI WKH WHVW

VWDWLVWLF XVHG� VD\ 7 � LV XQNQRZQ VLQFH LW GHSHQGV RQ VRPH QXLVDQFH SDUDPHWHUV� 7KH ERRWVWUDS WDFNOHV

WKLV SUREOHP E\ UHSODFLQJ WKH QXLVDQFH SDUDPHWHUV E\ WKHLU HPSLULFDO DQDORJXHV� )RU H[DPSOH� WKH

QRQ�SDUDPHWULF ERRWVWUDS UHSODFHV WKH XQNQRZQ GLVWULEXWLRQ IXQFWLRQ )� E\ WKH HPSLULFDO GLVWULEXWLRQ

IXQFWLRQ �(')� RI WKH UHVLGXDOV� ,Q JHQHUDO� KRZHYHU� WKH ERRWVWUDS GLVWULEXWLRQ RI WKH WHVW VWDWLVWLF

GRHV QRW SRVVHVV D FORVHG�IRUP H[SUHVVLRQ� ,Q SUDFWLFH� IRUWXQDWHO\� DQ\ GHVLUHG FKDUDFWHULVWLF RI WKH

ERRWVWUDS GLVWULEXWLRQ FDQ EH DSSUR[LPDWHG E\ D ERRWVWUDS VLPXODWLRQ� ,I 7 `E GHQRWHV WKH E�WK ERRWVWUDS

UHDOL]DWLRQ RI WKH WHVW VWDWLVWLF 7 � WKHQ WKH ERRWVWUDS XVHV WKH HPSLULFDO GLVWULEXWLRQ RI 
7 `E �%E�� WR
DSSUR[LPDWH WKH DFWXDO GLVWULEXWLRQ RI 7 � %HORZ� ZH VKDOO GHVFULEH LQ VRPH GHWDLO KRZ WR WHVW WKH

K\SRWKHVLV +� � = � =� XVLQJ WKH ERRWVWUDS EDVHG RQ HLWKHU WKH WHVW VWDWLVWLF RU RQ WKH FRQ¿GHQFH

�



UHJLRQ DSSURDFK�

7KH WHVW VWDWLVWLF DSSURDFK� /HW

K�=�� � �= � =���V= ���

GHQRWH WKH ZHOO�NQRZQ W�VWDWLVWLF� ZKLFK ZRXOG KDYH D 6WXGHQW W�GLVWULEXWLRQ LI WKH GLVWXUEDQFHV �L

ZHUH QRUPDOO\ GLVWULEXWHG DQG = � =�� ,Q DGGLWLRQ� OHW \`U GHQRWH WKH ERRWVWUDS REVHUYDEOHV GH¿QHG
E\ WKH µUHVWULFWHG¶ UHVDPSOLQJ VFKHPH �`U �

\`
U � EU � =�[ � �`� ���

ZKHUH EU GHQRWHV WKH HVWLPDWRU RI E XQGHU WKH QXOO K\SRWKHVLV DQG �
`
L �L � �� ���� Q� LV GUDZQ UDQGRPO\

ZLWK UHSODFHPHQW IURP WKH �XQ�UHVWULFWHG UHVLGXDOV� 7KH ERRWVWUDS DQDORJXH RI WKH W�VWDWLVWLF K�=��

EDVHG RQ WKH ERRWVWUDS VDPSOH [ `U � �\`U [� LV JLYHQ E\

K `
U

U k K `U�=�� � �=` � =���V=`� ���

ZKHUH WKH ERRWVWUDS HVWLPDWRUV =` DQG V=` ZLOO EH GH¿QHG H[SOLFLWO\ LQ WKH QH[W VHFWLRQ� /HW K `
U

U�: GHQRWH

WKH :�TXDQWLOH RI WKH ERRWVWUDS GLVWULEXWLRQ RI WKH WHVW VWDWLVWLF K `
U

�=��� L�H� S`>K `
U

U n K `UU�:@ � :� ZKHUH
WKH VXSHU�LQGH[ `U GHQRWHV WKDW WKH UHVDPSOLQJ VFKHPH LV EDVHG RQ UHVWULFWHG HVWLPDWRUV ZKLOH WKH VXE�
LQGH[ U LQGLFDWHV WKDW UHVWULFWHG �U� HVWLPDWRUV KDYH EHHQ XVHG LQ WKH WHVW VWDWLVWLF� 7KH QRWDWLRQ S`>�@
VWUHVVHV WKH IDFW WKDW WKH SUREDELOLW\ LV GH¿QHG FRQGLWLRQDO RQ WKH GDWD DQG ZLWK UHVSHFW WR UHVDPSOLQJ

VFKHPH ���� 7KH ERRWVWUDS WHVW SURFHGXUH 	` UHMHFWV WKH UHVWULFWLRQ = � =� LI WKH REVHUYHG W�VWDWLVWLF

K�=�� JLYHQ LQ ��� LV VPDOOHU WKDQ WKH :�TXDQWLOH RI WKH ERRWVWUDS GLVWULEXWLRQ RI K `
U

�=��� L�H� WKH

K\SRWKHVLV +� � = � =� LV UHMHFWHG DJDLQVW WKH DOWHUQDWLYH +� � = � =� LI K�=�� n K `
U

U�:� )URP WKH

DQDO\VLV LQ %HUDQ ������� LW IROORZV WKDW� XQGHU WKH QXOO K\SRWKHVLV� WKH UHMHFWLRQ SUREDELOLW\ RI WKH

ERRWVWUDS WHVW 	` EDVHG RQ WKH TXDQWLOHV RI WKH WKHRUHWLFDO ERRWVWUDS GLVWULEXWLRQ �L�H� IRU % � *�

FRQYHUJHV WR :� L�H� S>K�=�� n K `UU�:�+�@� : DV Q �*��

7KH FRQ¿GHQFH UHJLRQ DSSURDFK� $Q DV\PSWRWLFDOO\ SLYRWDO URRW IRU WKH UHJUHVVLRQ SDUDP�

HWHU = LV JLYHQ E\

5�=� � �= � =��V=� ���

$ URRW LV D IXQFWLRQ RI ERWK WKH SDUDPHWHU RI LQWHUHVW DQG LWV HVWLPDWRU� DQG FDQ EH XVHG WR FRQVWUXFW

D FRQ¿GHQFH LQWHUYDO� VHH %HUDQ ������ IRU PRUH GHWDLOV RQ URRWV� ,Q WKH FRQ¿GHQFH UHJLRQ DSSURDFK�

WKH ERRWVWUDS VDPSOH [ `X � �\`X [� LV EDVHG RQ WKH µXQUHVWULFWHG¶ UHVDPSOLQJ VFKHPH �`X�

\`
X � E� =[ � �`�

�,Q WKH DQDO\VLV� WKH SRSXODWLRQ GLVWULEXWLRQ IXQFWLRQ )� LV FRQVLGHUHG DV D ¿[HG QXLVDQFH SDUDPHWHU�

�



ZKHUH �`L LV GUDZQ UDQGRPO\ ZLWK UHSODFHPHQW IURP WKH UHVLGXDOV� /HW

5`
X

X k 5`
X

�=� � �=` � =��V=` ���

GHQRWH WKH ERRWVWUDS DQDORJXH RI WKH URRW 5�=� EDVHG RQ WKH ERRWVWUDS VDPSOH [ `X � 1RWH WKDW LQ WKH

ERRWVWUDSSHG URRW 5`
X

�=�� WKH HVWLPDWRU = WDNHV RYHU WKH SLYRWLQJ UROH RI WKH XQNQRZQ SDUDPHWHU =� /HW
5`

X

X�: GHQRWH WKH :�TXDQWLOH RI WKH ERRWVWUDS GLVWULEXWLRQ RI WKH URRW 5
X`�=�� L�H� S`>5`XX n 5`

X

X�:@ � :�
ZKHUH WKH VXSHU�LQGH[ `X GHQRWHV WKDW WKH ERRWVWUDS GDWD LV EDVHG RQ WKH µXQUHVWULFWHG¶ UHVDPSOLQJ
VFKHPH ZKLOH WKH VXE�LQGH[ X LQGLFDWHV WKDW WKH URRW LV EDVHG RQ WKH XQUHVWULFWHG �X� HVWLPDWRUV� $

RQH�VLGHG ��� :��OHYHO SHUFHQWLOH�W FRQ¿GHQFH LQWHUYDO IRU = LV JLYHQ E\

, `
��W � ��*� = � V=5

`X
X�:�� ���

ZKLFK HTXDOV WKH VHW RI SDUDPHWHUV = GH¿QHG E\ 
= � 5�=�  5`
X

X�:�� &RQVLGHU WKH VLWXDWLRQ WKDW WKH
SDUDPHWHU YDOXH XQGHU WHVW LV =�� 7KH SDUDPHWHU YDOXH =� OLHV RXWVLGH WKH ERRWVWUDS FRQ¿GHQFH LQWHUYDO

, `
��W LI WKH FRQGLWLRQ 5�=�� n 5`

X

X�: KROGV� 6LQFH WKH URRW 5�=�� HTXDOV WKH W�VWDWLVWLF K�=��� WKH FRUUH�

VSRQGLQJ ERRWVWUDS WHVW SURFHGXUH O` UHMHFWV WKH UHVWULFWLRQ = � =� LI WKH W�VWDWLVWLF K�=�� LV VPDOOHU
WKDQ WKH :�TXDQWLOH RI WKH ERRWVWUDS GLVWULEXWLRQ RI 5`

X

�=�� L�H� WKH K\SRWKHVLV +� � = � =� LV UHMHFWHG
DJDLQVW WKH DOWHUQDWLYH +� � = � =� LI K�=�� n 5`

X

X�:� 8QGHU FHUWDLQ UHJXODULW\ FRQGLWLRQV� )UHHGPDQ

������ KDV VKRZQ WKDW WKH ERRWVWUDS WHVWO` DOVR KDV WKH FRUUHFW DV\PSWRWLF UHMHFWLRQ SUREDELOLW\ XQGHU

WKH QXOO K\SRWKHVLV�

7R VXPPDUL]H� ZH KDYH GLVWLQJXLVKHG WZR GLIIHUHQW ERRWVWUDS WHVWLQJ SURFHGXUHV� )RU WHVWLQJ WKH

QXOO K\SRWKHVLV +� � = � =� DJDLQVW WKH DOWHUQDWLYH +� � = � =� XVLQJ WKH W�VWDWLVWLF K�=��� WKH

ERRWVWUDS WHVW 	` UHMHFWV +� LI K�=�� n K `UU�: ZKHUHDV WKH ERRWVWUDS WHVW O` UHMHFWV +� LI K�=�� n 5`
X

X�:�

,Q 6HFWLRQ �� LW ZLOO EH VKRZQ WKDW LQ VWDWLF UHJUHVVLRQ PRGHOV WKH WHVWV 	` DQG O` DUH HTXLYDOHQW LQ

¿QLWH VDPSOHV VLQFH WKH :�TXDQWLOH RI WKH ERRWVWUDS GLVWULEXWLRQ EDVHG RQ WKH WHVW VWDWLVWLF DSSURDFK

FRLQFLGHV ZLWK WKH :�TXDQWLOH RI WKH ERRWVWUDS GLVWULEXWLRQ EDVHG RQ WKH FRQ¿GHQFH UHJLRQ DSSURDFK�

L�H� K `
U

U�: � 5`
X

X�:� ,Q WKH FDVH ZKHUH WKH PRGHO FRQWDLQV RQO\ DQ LQWHUFHSW� WKLV HTXLYDOHQFH KDV EHHQ

QRWLFHG EHIRUH E\� IRU LQVWDQFH� %HUDQ ������ ([DPSOH �� DQG 7LEVKLUDQL �������

,QVWHDG RI FRPELQLQJ �XQ�UHVWULFWHG HVWLPDWRUV LQ ERWK WKH UHVDPSOLQJ VFKHPH DQG WKH ERRWVWUDS

WHVW VWDWLVWLF� RQH FRXOG DOVR RSW IRU D FURVVZLVH FRPELQDWLRQ� +RZHYHU� +DOO DQG :LOVRQ ������ ZDUQ

DJDLQVW WKH XVH RI WKH SURFHGXUH EDVHG RQ WKH ERRWVWUDS GLVWULEXWLRQ RI WKH W�VWDWLVWLF K `�=�� DQG WKH

µXQUHVWULFWHG¶ UHVDPSOLQJ VFKHPH \`
X � E � =[ � �`� EHFDXVH WKLV ODWWHU LPSOHPHQWDWLRQ LV VDLG WR

OHDG WR ORZ WHVW SRZHU� <HW DQRWKHU LPSOHPHQWDWLRQ UHVXOWV E\ FRPELQLQJ WKH URRW 5`�=� ZLWK WKH

µUHVWULFWHG¶ UHVDPSOLQJ VFKHPH \`
U � EU � =�[ � �`� 7KH ODWWHU WZR SURFHGXUHV ZLOO EH UHIHUUHG WR DV

K\EULG LPSOHPHQWDWLRQV VLQFH WKH\ PL[ XS WKH WHVW VWDWLVWLF ZLWK WKH FRQ¿GHQFH UHJLRQ DSSURDFK� 6R�

E\ FRPELQLQJ WZR IRUPXODWLRQV RI D WHVW VWDWLVWLF� YL]� K `�=�� DQG K `�=�� ZLWK WZR ZD\V WR FRQVWUXFW

�



WKH ERRWVWUDS REVHUYDEOHV� IRXU GLIIHUHQW ERRWVWUDS WHVW SURFHGXUHV DUH REWDLQHG� 7KH DLP RI WKLV SDSHU

LV WR LQYHVWLJDWH WKH GLIIHUHQFHV DQG VLPLODULWLHV EHWZHHQ WKHVH YDULRXV LPSOHPHQWDWLRQV LQ ERWK VWDWLF

DQG G\QDPLF PXOWLSOH UHJUHVVLRQ PRGHOV� 7KH SDSHUV E\ &DUSHQWHU ������� 'L&LFFLR DQG 5RPDQR

������ DQG +DQVHQ ������ DOVR H[SORLW WKH WHVW VWDWLVWLF DSSURDFK WR FRQVWUXFW FRQ¿GHQFH LQWHUYDOV�

DOWKRXJK WKHLU IRFXV LV TXLWH GLVWLQFW IURP RXUV� 0RUHRYHU� QRQH RI WKHVH SDSHUV FRQVLGHUV WKH K\EULG

LPSOHPHQWDWLRQV�

7KH SDSHU LV RUJDQLVHG DV IROORZV� 6HFWLRQ � WDNHV D FORVHU ORRN DW ERRWVWUDS K\SRWKHVLV WHVWLQJ DQG

GH¿QHV WKH YDULRXV WHVW VWDWLVWLFV LQ OLQHDU UHJUHVVLRQ PRGHOV IRU ERWK VLQJOH DQG MRLQW K\SRWKHVHV� ,Q

6HFWLRQ �� ZH LQYHVWLJDWH WKH YDULRXV ERRWVWUDS LPSOHPHQWDWLRQV DQG H[DPLQH ZKHWKHU WKH RQH�WR�RQH

FRUUHVSRQGHQFH EHWZHHQ WKH WHVW VWDWLVWLF DQG FRQ¿GHQFH UHJLRQ DSSURDFK DOUHDG\ IRXQG LQ PRGHOV

ZLWK MXVW DQ LQWHUFHSW FRQWLQXHV WR KROG LQ ¿QLWH VDPSOHV RI PXOWLSOH UHJUHVVLRQV ZKHQ WHVWLQJ RQH

RU VHYHUDO SDUDPHWHUV MRLQWO\� )XUWKHUPRUH� ZH GHULYH WKH DV\PSWRWLF UHMHFWLRQ SUREDELOLWLHV IRU HDFK

WHVWLQJ SURFHGXUH DQG ZH GHPRQVWUDWH WKDW ERRWVWUDS WHVWV EDVHG RQ DQ\ RI WKH WZR K\EULG LPSOHPHQ�

WDWLRQV ZLOO SURGXFH ]HUR UHMHFWLRQV DV\PSWRWLFDOO\� LUUHVSHFWLYH ZKHWKHU WKH QXOO K\SRWKHVLV LV WUXH

RU IDOVH� 7KH RQO\ H[FHSWLRQ LV WKH FDVH ZKHUH UHVWULFWHG HVWLPDWRUV DUH XVHG LQ UHVDPSOLQJ DQG WKH

VWDWLVWLF LV FHQWUHG DURXQG WKH XQUHVWULFWHG HVWLPDWRU DQG WKH DOWHUQDWLYH K\SRWKHVLV LV RQH�VLGHG� 7KHQ

WKHUH LV D VHULRXV RYHUUHMHFWLRQ SUREOHP� :H SURYLGH DQ LQWXLWLYH H[SODQDWLRQ IRU WKLV IDLOXUH RI WKH

WZR K\EULG LPSOHPHQWDWLRQV LQ WKH FDVH ZKHUH D VLQJOH FRHI¿FLHQW LV XQGHU WHVW� ,Q 6HFWLRQ �� ZH DOVR

WDNH D FORVHU ORRN DW WKH LVVXH RI XVLQJ UHVWULFWHG RU XQUHVWULFWHG UHVLGXDOV LQ WKH UHVDPSOLQJ VFKHPHV�

,Q 6HFWLRQ �� WKH ¿QLWH�VDPSOH SHUIRUPDQFH RI WKH WZR DV\PSWRWLFDOO\ YDOLG LPSOHPHQWDWLRQV LV LQYHV�

WLJDWHG LQ VWDEOH G\QDPLF PRGHOV� :H REVHUYH WKDW LQ G\QDPLF UHJUHVVLRQ PRGHOV� WKH WHVW VWDWLVWLF DQG

FRQ¿GHQFH UHJLRQ DSSURDFK OHDG WR GLIIHUHQW ¿QGLQJV LQ ¿QLWH VDPSOHV� ,Q D VPDOO�VFDOH 0RQWH &DUOR

VWXG\� ¿QLWH�VDPSOH LQIHUHQFH EDVHG RQ WKH WZR DSSURDFKHV LV H[DPLQHG LQ DQ $50$����� PRGHO� ,Q

6HFWLRQ �� WKH WZR DSSURDFKHV DUH FRPSDUHG RQ WKH EDVLV RI DQ HPSLULFDO H[DPSOH� 7KH ¿QDO VHFWLRQ

GLVFXVVHV WKH PDMRU ¿QGLQJV�

� ��
��� �������� �������
�� ���� ���	������

,Q WKH VWDQGDUG ±QRW QHFHVVDULO\ *DXVVLDQ± OLQHDU PXOWLSOH UHJUHVVLRQ PRGHO

\ � ;; � �� ���

\ LV D Q � � YHFWRU� ; LV D ¿[HG Q � N PDWUL[� ; LV D N � � YHFWRU RI XQNQRZQ SDUDPHWHUV DQG �

LV D Q � � UDQGRP YHFWRU ZLWK L�L�G� FRPSRQHQWV �L r )���� J
��� ,Q DGGLWLRQ� ZH DVVXPH WKDW WKH

QXPEHU RI FRHI¿FLHQWV N LV ¿[HG� RQO\ [ � �\ ;� LV REVHUYDEOH DQG WKH PDWUL[ ; KDV UDQN N� )RU

WKH DV\PSWRWLF DQDO\VLV ZH DVVXPH WKDW ; );�Q � 4 DV Q � *� ZKHUH 4 KDV ¿QLWH HOHPHQWV DQG

�



LV SRVLWLYH GH¿QLWH� 2I FRXUVH� WKHVH FRQGLWLRQV DUH UDWKHU UHVWULFWLYH EXW WKH\ DOORZ XV WR DSSO\ WKH

DV\PSWRWLF UHVXOWV REWDLQHG E\ )UHHGPDQ �������

)RU UHOHYDQW OLWHUDWXUH RQ WKH ERRWVWUDS LQ WKLV FODVV RI PRGHOV VHH :X ������ ZKR JLYHV DQ H[�

WHQVLYH RYHUYLHZ RI YDULRXV UHVDPSOLQJ WHFKQLTXHV� ,W DSSHDUV WKDW WKH ERRWVWUDS VWLOO ZRUNV ZKHQ WKH

GLPHQVLRQ N RI WKH PRGHO LQFUHDVHV DV WKH VDPSOH VL]H Q � *� VHH %LFNHO DQG )UHHGPDQ ������

DQG 0DPPHQ ������� +DOO ������ DQG 1DYLGL ������ VKRZ WKDW RQO\ ZKHQ DQ DV\PSWRWLFDOO\ SLYRWDO

�WHVW� VWDWLVWLF LV ERRWVWUDSSHG� WKH ERRWVWUDS LV FDSDEOH RI DFKLHYLQJ DQ (GJHZRUWK FRUUHFWLRQ� ZKLFK

ORRVHO\ VSHDNLQJ PHDQV WKDW WKH ERRWVWUDS DSSUR[LPDWLRQ WR WKH GLVWULEXWLRQ RI LQWHUHVW LV EHWWHU WKDQ

WKH ¿UVW�RUGHU QRUPDO DSSUR[LPDWLRQ� VHH DOVR 'DYLGVRQ DQG 0DF.LQQRQ ������ IRU DQ H[SODQDWLRQ

RI WKH KLJKHU�RUGHU UH¿QHPHQW SURYLGHG E\ ERRWVWUDS WHVWV� ,Q WKH HFRQRPHWULF OLWHUDWXUH RQ WKH ERRW�

VWUDS� WKH XVH RI DV\PSWRWLFDOO\ SLYRWDO VWDWLVWLFV� ZKRVH DV\PSWRWLF GLVWULEXWLRQV DUH LQGHSHQGHQW RI

XQNQRZQ SDUDPHWHUV� KDV EHHQ DGYRFDWHG E\ +RURZLW] �������

/HW ; � �; );���; )\ EH WKH RUGLQDU\ OHDVW VTXDUHV �2/6� HVWLPDWRU RI ; DQG GHQRWH WKH 2/6

UHVLGXDOV E\ � � \ � ; ; � 0[�� ZKHUH 0[ � , � ; �; );���; )� 7KH �FR�YDULDQFH PDWUL[ RI ; LV

HVWLPDWHG E\ V�; � V��; );���� ZKHUH V� � �) ���Q�N�� 7KH L�WK GLDJRQDO FRPSRQHQW RI V�; LV LQGLFDWHG

E\ V�;L

� )RU WHVWLQJ D VHW RI P�n N� LQGHSHQGHQW OLQHDU UHVWULFWLRQV RQ WKH YHFWRU RI FRHI¿FLHQWV ;� ZH

FRQVLGHU WKH K\SRWKHVHV

+� � 5; � U� DJDLQVW +� � 5; /� U��

ZKHUH 5 DQG U� DUH NQRZQ PDWULFHV RI GLPHQVLRQ P � N DQG P � � UHVSHFWLYHO\� /HW ;U GHQRWH WKH

UHVWULFWHG 2/6 HVWLPDWRU XQGHU WKH UHVWULFWLRQ 5; � U�� WKHQ

;U � ; � �; );���5):���U� � 5 ;�� ���

ZLWK : � 5�; );���5)� 2EYLRXVO\ 5 ;U � U�� L�H� WKH UHVWULFWHG HVWLPDWRUV REH\ WKH OLQHDU UHVWULF�

WLRQV� 1RWH WKDW ZKHQ WHVWLQJ D VLQJOH FRHI¿FLHQW UHVWULFWLRQ ;L � ;�� WKH L�WK FRPSRQHQW RI ;U LV

HTXDO WR ;�� 7KH UHVWULFWHG UHVLGXDOV DUH GHQRWHG E\ �U � \ � ; ;U � 7KH WUDGLWLRQDO )�VWDWLVWLF FDQ EH

ZULWWHQ DV

D� ;U� �
�

P
� ; � ;U�

)5):��5� ; � ;U��V
�� ����

7KLV WHVW VWDWLVWLF KDV DQ H[DFW )�GLVWULEXWLRQ LQ ¿QLWH VDPSOHV XQGHU WKH QXOO K\SRWKHVLV LQ WKH *DXV�

VLDQ OLQHDU ¿[HG�UHJUHVVRUV PRGHO� )RU WHVWLQJ ZKHWKHU WKH L �WK HOHPHQW RI ; HTXDOV D JLYHQ VFDODU ;��

ZH FRQVLGHU WKH K\SRWKHVHV

+� � ;L � ;� DJDLQVW +� � ;L � ;� RU +� � ;L  ;��

ZKHUH L + 
�� ���� N�� 7KH KDELWXDO W�VWDWLVWLF LV GHQRWHG DV

K�;�� � � ;L � ;���V ;L
� ����

�



)RU WHVWLQJ WKH K\SRWKHVLV +� � ;L � ;� DJDLQVW WKH WZR�VLGHG DOWHUQDWLYH +� � ; L /� ;�� ZH PD\ XVH

WKH VTXDUHG W�VWDWLVWLF K�;��
� ZKLFK HTXDOV WKH FRUUHVSRQGLQJ )�VWDWLVWLF�

%RRWVWUDS LQIHUHQFH FDQ EH REWDLQHG DV IROORZV� /HW )� GHQRWH VRPH HVWLPDWRU RI WKH XQGHUO\LQJ

SRSXODWLRQ GLVWULEXWLRQ IXQFWLRQ� ,Q WKH QRQ�SDUDPHWULF ERRWVWUDS� )� XVXDOO\ HTXDOV WKH HPSLULFDO

GLVWULEXWLRQ IXQFWLRQ �(')� RI WKH GHPHDQHG XQUHVWULFWHG UHVLGXDOV �� ,Q FDVH RI K\SRWKHVLV WHVWLQJ�
)� LV RFFDVLRQDOO\ WDNHQ DV WKH (') RI WKH GHPHDQHG UHVWULFWHG UHVLGXDOV �U � 7KH XVH RI WKH XQUH�
VWULFWHG UHVLGXDOV� KRZHYHU� HQVXUHV WKDW WKH (') )� FRQYHUJHV WR WKH SRSXODWLRQ GLVWULEXWLRQ )� LQ

D VXLWDEOH PHWULF HYHQ ZKHQ WKH QXOO K\SRWKHVLV LV IDOVH� ZH VKDOO HODERUDWH RQ WKLV LVVXH ODWHU RQ�

)RU WKH PRPHQW� ZH VKDOO VWLFN WR XVLQJ XQUHVWULFWHG UHVLGXDOV LQ DOO UHVDPSOLQJ VFKHPHV FRQVLGHUHG�

&RQGLWLRQDO RQ WKH GDWD [ � OHW WKH FRPSRQHQWV RI �` � ��`
�
� ���� �`Q� EH L�L�G� ZLWK FRPPRQ GLVWULEXWLRQ

)�� 7KH ERRWVWUDS REVHUYDWLRQV \
` FDQ EH JHQHUDWHG DFFRUGLQJ WR RQH RI WKH IROORZLQJ WZR UHVDPSOLQJ

VFKHPHV�

6FKHPH , � `X �� \`
X � ; ; � �`�

6FKHPH ,, � `U �� \`
U � ; ;U � �`�

6R� WKHVH VFKHPHV XVH WKH LQLWLDO XQUHVWULFWHG �X� RU WKH UHVWULFWHG �U� 2/6 HVWLPDWRU UHVSHFWLYHO\ IRU

FRQVWUXFWLQJ D ERRWVWUDS VDPSOH�

7KH ERRWVWUDS DQDORJXH RI ; LV GH¿QHG DV ;` � �; );���; )\` XQGHU ERWK UHVDPSOLQJ VFKHPHV

�\` + 
\`X � \`U ��� 7KH �FR�YDULDQFH PDWUL[ RI ;` LV HVWLPDWHG E\ V�;` � V�`�; );���� ZKHUH V�` �
�`) �`��Q � N� DQG �` � \` � ; ;` DUH WKH ERRWVWUDS UHVLGXDOV�

,Q DGGLWLRQ WR WKH WZR RSWLRQV UHJDUGLQJ WKH UHVDPSOLQJ VFKHPHV� WKH ERRWVWUDS WHVW VWDWLVWLFV

PD\ EH FHQWUHG DURXQG HLWKHU WKH XQUHVWULFWHG RU WKH UHVWULFWHG HVWLPDWRU DV LQGLFDWHG LQ WKH LQWUR�

GXFWLRQ� &HQWULQJ WKH ERRWVWUDS WHVW VWDWLVWLF DURXQG WKH XQUHVWULFWHG HVWLPDWRU VHHPV UHDVRQDEOH IURP

D FRQ¿GHQFH�UHJLRQ SRLQW RI YLHZ� )ROORZLQJ WKH ERRWVWUDS SULQFLSOH WKDW SRSXODWLRQ SDUDPHWHUV DUH

UHSODFHG E\ WKHLU HVWLPDWRUV� WKH ERRWVWUDS WHVW VWDWLVWLF PD\ EH EDVHG RQ D VWXGHQWLVHG YHUVLRQ RI WKH

TXDQWLW\ ;`L � ;L � +RZHYHU� WKH WHVW VWDWLVWLF DSSURDFK VXJJHVWV WR EDVH WKH ERRWVWUDS WHVW VWDWLVWLF RQ D

VWXGHQWLVHG YHUVLRQ RI WKH TXDQWLW\ ;`L � ;�� VLQFH XQGHU WKH QXOO WKH PHDQ RI ;
`
L LV NQRZQ WR EH ;��

7KH FRPELQDWLRQ RI UHVDPSOLQJ VFKHPHV DQG WHVW VWDWLVWLFV OHDGV WR IRXU IHDVLEOH WHVW SURFHGXUHV� )RU

M + 
X� U�� WKH ERRWVWUDSSHG )�VWDWLVWLFV DUH GH¿QHG DV

D`
M

X k D` M

� ;� � �

P
� ;` � ;�)5):��5� ;` � ;��V�` ZLWK � ;`� V�`� EDVHG RQ [ ` M

����

DQG

D`
M

U k D` M

� ;U� �
�

P
� ;` � ;U�

)5):��5� ;` � ;U��V
�` ZLWK � ;`� V�`� EDVHG RQ [ ` M

� ����

ZKHUH [ `X � �\`X ;� DQG [ `U � �\`U ;�� +HQFH� WKH VXSHU�LQGH[ GHQRWHV ZKLFK UHVDPSOLQJ VFKHPH
LV XVHG DQG WKH VXE�LQGH[ LQGLFDWHV ZKLFK W\SH RI HVWLPDWRU LV XVHG IRU FHQWULQJ� 6LPLODUO\� WKH ERRW�

VWUDSSHG W�VWDWLVWLFV DUH GHQRWHG DV K `
X

X �K
`X
U � K

`U
X DQG K `

U

U �

�



7KH :�TXDQWLOHV RI WKH ERRWVWUDS GLVWULEXWLRQV RI WKH WHVW VWDWLVWLFV D` DQG K ` DUH GHQRWHG E\ D`: DQG

K `: UHVSHFWLYHO\� L�H�

S`>D` n D`:@ � : DQG S`>K ` n K `:@ � :� ����

7R GLVWLQJXLVK WKH TXDQWLOHV RI WKH YDULRXV ERRWVWUDS GLVWULEXWLRQV� OHW D`
X

U�: GHQRWH WKH :�TXDQWLOH RI

WKH ERRWVWUDS GLVWULEXWLRQ RI WKH WHVW VWDWLVWLF D`
X

U k D`X � ;U�� VR WKDW WKH TXDQWLOHV XVH WKH VDPH LQGH[

QRWDWLRQ DV WKH WHVW VWDWLVWLFV� ,Q WKLV ZD\� WKH TXDQWLOHV EDVHG RQ WKH RWKHU WKUHH SURFHGXUHV DUH

GHQRWHG E\ D`
X

X�:� D
`U
X�: DQG D

`U
U�: UHVSHFWLYHO\� 6LPLODUO\� K

` M

O�: � M� O + 
X� U�� UHIHUV WR WKH :�TXDQWLOH RI
WKH ERRWVWUDS GLVWULEXWLRQ RI WKH DSSURSULDWH W�VWDWLVWLF K `�

,Q RUGHU WR LQGLFDWH WKH UHMHFWLRQ SUREDELOLW\ RI HDFK SURFHGXUH� OHW :��D
` M

O � � M� O + 
X� U�� GHQRWH
WKH UHMHFWLRQ SUREDELOLW\ RI +� � 5; � U� DJDLQVW +� � 5; /� U� DW QRPLQDO VLJQL¿FDQFH OHYHO :� L�H�

:��D
` M

O � � S>D o D` MO���:@� � M� O + 
X� U��� ����

,Q DGGLWLRQ� WKH UHMHFWLRQ SUREDELOLWLHV RI +� � ;L � ;� DJDLQVW +� � ;L � ;� DQG +� � ;L  ;� DUH

GHQRWHG E\

:��K
` M

O � � S>K n K ` M

O�:@ DQG :��K
` M

O � � S>K o K ` M

O���:@� ����

,Q WKH QH[W VHFWLRQ� ZH VKDOO VKRZ WKDW WZR RI WKH IRXU ERRWVWUDS WHVW SURFHGXUHV KDYH VL]H DQG

SRZHU SUREOHPV DQG WKDW WKH RWKHU WZR DUH DSSURSULDWH DQG LQ IDFW HTXLYDOHQW LQ WKH FRQWH[W RI VWDWLF

OLQHDU UHJUHVVLRQ PRGHOV� )XUWKHU RQ� ZH VKDOO VKRZ WKDW WKH ODWWHU VLWXDWLRQ LV GLIIHUHQW LQ G\QDPLF

UHJUHVVLRQ PRGHOV�

� �������
�� �� ��� ��
��� �������� ���� ���	������

:H EHJLQ WKLV VHFWLRQ E\ VKRZLQJ LQ 3URSRVLWLRQ � WKDW WKH )�VWDWLVWLF REWDLQHG E\ WKH FRQ¿GHQFH

UHJLRQ DSSURDFK LV DOJHEUDLFDOO\ HTXLYDOHQW WR WKH )�VWDWLVWLF REWDLQHG E\ WKH WHVW VWDWLVWLF DSSURDFK�

L�H� D`
X

� ;� � D`U � ;U�� 6HOI HYLGHQWO\� WKH VDPH UHVXOW KROGV IRU WKH W�VWDWLVWLFV K
`X
X DQG K `

U

U �

3URSRVLWLRQ � ,Q WKH OLQHDU ¿[HG�UHJUHVVRUV PRGHO ���� WKH )�VWDWLVWLFV D`
X

� ;� DQG D`U � ;U� GH¿QHG LQ

���� DQG ���� DUH HTXLYDOHQW�

3URRI� &RQVLGHU WKH 2/6 HVWLPDWRU ;`E � �; );���; )\`E EDVHG RQ WKH UHVDPSOLQJ VFKHPH

\`E � ;E � �`� ����

ZKHUH E GHQRWHV VRPH DUELWUDU\ N�� YHFWRU DQG �` GHQRWHV DQ Q�� YHFWRU RI ERRWVWUDS GLVWXUEDQFHV�

2EVHUYH WKDW UHVDPSOLQJ VFKHPHV , DQG ,, UHVXOW IURP ���� IRU E � ; DQG E � ;U UHVSHFWLYHO\� 8VLQJ

�



WKH LGHQWLWLHV � ;`E � E� � �; );���; )�` DQG �` � 0[�
`� VWUDLJKWIRUZDUG GHULYDWLRQV VKRZ WKDW

D`
X

� ;� � �

P

�`); �; );���5):��5�; );���; )�`

�`)0[�`��Q � N�
� D`U � ;U�� ����

7KH H[SUHVVLRQ LQ WKH PLGGOH RI HTXDWLRQ ���� UHYHDOV WKDW WKH ERRWVWUDS GLVWULEXWLRQ RI ERWK WHVW

VWDWLVWLFV GHSHQGV RQO\ RQ WKH ¿[HG TXDQWLWLHV �5� ;� N�P� Q� DQG RQ WKH ERRWVWUDS GLVWXUEDQFHV �`�

�

7KH UHVXOW VWDWHG LQ 3URSRVLWLRQ � LV LQWXLWLYHO\ FOHDU VLQFH WKH W DQG )�VWDWLVWLFV DUH LQYDULDQW WR

ORFDWLRQ FKDQJHV LQ WKH OLQHDU UHJUHVVLRQ PRGHO� 7KH HTXLYDOHQFH RI WKH WHVW VWDWLVWLFV DV VWDWHG LQ

3URSRVLWLRQ � KROGV IRU DQ\ UHDOL]DWLRQ �` DV ORQJ DV ERWK WHVW VWDWLVWLFV DUH HYDOXDWHG DW WKH VDPH UHDO�

L]DWLRQ RI �`� 7KHUHIRUH� WKH HTXLYDOHQFH KROGV LUUHVSHFWLYH ZKHWKHU LQ UHVDPSOLQJ WKH XQUHVWULFWHG RU

WKH UHVWULFWHG UHVLGXDOV DUH HPSOR\HG� 1RWH WKDW WKH WHVW VWDWLVWLF DSSURDFK LV EDVHG RQ WKH FULWLFDO YDO�

XHV D`
U

U�:� ZKHUHDV WKH FRQ¿GHQFH UHJLRQ DSSURDFK LV EDVHG RQ WKH FULWLFDO YDOXHV D
`X
X�:� 7KH UHVXOW LQ ����

LPSOLHV WKDW D`
U

U�: � D`
X

X�:� L�H� WKH :�TXDQWLOHV RI WKH ERRWVWUDS GLVWULEXWLRQV RI WKH )�VWDWLVWLFV D`
X

� ;�
DQG D`

U

� ;U� DUH LGHQWLFDO� /LNHZLVH� ZH ¿QG K
`X
X�: � K `

U

U�:� VR WKDW LQ WKH OLQHDU ¿[HG�UHJUHVVRUV PRGHO�

WKHUH H[LVWV D RQH�WR�RQH FRUUHVSRQGHQFH EHWZHHQ WKH WHVW VWDWLVWLF DQG FRQ¿GHQFH UHJLRQ DSSURDFK LQ

¿QLWH VDPSOHV�

1H[W� ZH VKDOO GHULYH WKH DV\PSWRWLF UHMHFWLRQ IUHTXHQFLHV IRU HDFK SURFHGXUH� :H FRQVLGHU WKH

DV\PSWRWLF SURSHUWLHV RI WKH )�VWDWLVWLFV ¿UVW DQG VXEVHTXHQWO\ ORRN DW WKH DV\PSWRWLF SURSHUWLHV RI WKH

W�VWDWLVWLFV� )URP� H�J�� 0DPPHQ ������� LW IROORZV WKDW ERWK WKH WHVW VWDWLVWLF DQG FRQ¿GHQFH UHJLRQ

DSSURDFK OHDG WR FRUUHFW DV\PSWRWLF UHMHFWLRQ SUREDELOLWLHV XQGHU WKH QXOO DV VWDWHG LQ 3URSRVLWLRQ ��

,Q IDFW� VLQFH WKH ) DQG W�VWDWLVWLFV DUH DV\PSWRWLFDOO\ SLYRWDO� WKHVH WZR DSSURDFKHV OHDG WR ERRWVWUDS

LQIHUHQFH ZKLFK LV VHFRQG�RUGHU FRUUHFW DV QRWHG HDUOLHU�

3URSRVLWLRQ � 8QGHU +� � 5; � U� WHVWV EDVHG RQ WKH GLVWULEXWLRQV RI D`
X

� ;� DQG D`U � ;U� KDYH

DV\PSWRWLF UHMHFWLRQ SUREDELOLW\ : DW QRPLQDO VLJQL¿FDQFH OHYHO :�

3URRI� 7KH UHVXOW IRU D`
X

� ;� IROORZV IURP 7KHRUHP � FRQWDLQHG LQ 0DPPHQ ������� 6LQFH

D`
U

� ;U � � D`
X

� ;�� LW DOVR DSSOLHV WR D`U � ;U�� �

:H QRZ WXUQ WR WKH DV\PSWRWLF UHMHFWLRQ SUREDELOLWLHV RI WKH ERRWVWUDSSHG )�VWDWLVWLFV IRU WKH WZR

K\EULG LPSOHPHQWDWLRQV� $IWHU VRPH DOJHEUD ZH REWDLQ

D`
X

� ;U� �
V�

V�`
D� ;U�� D`

X

� ;�� < ` ����

DQG

D`
U

� ;� � V�

V�`
D� ;U�� D`

U

� ;U�� < `� ����
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ZKHUH < ` � �

P

d
5�; );���; )� � 5; � U�

e)
:��5�; );���; )�`�V�`� 1RWH WKDW WKH RULJLQDO )�VWDWLVWLF

D� ;U� DSSHDUV LQ WKH H[SUHVVLRQV RI WKHVH WZR WHVW VWDWLVWLFV QH[W WR WKH DSSURSULDWH ERRWVWUDS )�

VWDWLVWLFV D`
X

� ;� RU D`U � ;U�� 0RUHRYHU� WKHUH LV DOVR WKH DSSHDUDQFH RI DQRWKHU WHUP < ` ZKLFK GHSHQGV

RQ ERWK WKH RULJLQDO DQG ERRWVWUDS GLVWXUEDQFHV� 7KH QH[W SURSRVLWLRQ� ZKLFK JHQHUDOL]HV WKH UHVXOW RI

+DOO DQG :LOVRQ ������� VKRZV WKDW WHVWV EDVHG RQ WKH ERRWVWUDS GLVWULEXWLRQV RI D`
X

� ;U� RU D
`U � ;� DUH

LQFRQVLVWHQW WHVWV ZLWK DV\PSWRWLF UHMHFWLRQ SUREDELOLW\ ]HUR IRU DQ\ WUXH YDOXH RI ;�

3URSRVLWLRQ � ,UUHVSHFWLYH RI WKH WUXH YDOXH RI ;� WHVWV EDVHG RQ WKH GLVWULEXWLRQV RI D`
X

� ;U� DQG

D`
U

� ;� JLYHQ LQ ���� DQG ���� KDYH DV\PSWRWLF UHMHFWLRQ SUREDELOLW\ ]HUR DW QRPLQDO VLJQL¿FDQFH OHYHO
:� SURYLGHG WKDW : � ����

3URRI� )LUVW� ZH VKRZ WKDW :��D
`X
U � � � DV Q � *� :H ¿QG IURP ���� DQG E\ VXEVWLWXWLRQ RI

���� WKDW

:��D
`X
U � � S>D� ;U� o D`

X

U���:@

� S>D� ;U� o D� ;U�� 
D`
X

� ;�� < `���: � RS���@

� S>
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ZKHUH 
D`X � ;� � < `���: GHQRWHV WKH �� � :��TXDQWLOH RI WKH FRQYROXWLRQ RI WKH GLVWULEXWLRQV RI WKH
)�VWDWLVWLF D`

X

� ;� DQG WKH WHUP < `� 7KH FRQYHUJHQFH UHVXOW LQ WKH ODVW HTXDWLRQ LV REWDLQHG DV IROORZV�
6XSSRVH WKDW 
D`X � ;�� < `���: n �� 7KLV ZRXOG LPSO\ WKDW

S>D`
X

� ;�� < ` n �@  �

�
� ����

+RZHYHU� /HPPD � LQ WKH $SSHQGL[ VKRZV WKDW WKH SUREDELOLW\ LQ ���� LV OHVV WKDQ RU HTXDO WR ���

DV\PSWRWLFDOO\ OHDGLQJ WR D FRQWUDGLFWLRQ� +HQFH� WKH SUREDELOLW\ WKDW WKH ���:��TXDQWLOH LV OHVV WKDQ
]HUR WHQGV WR ]HUR� 7KH SURRI IRU :��D

`U
X � SURFHHGV DORQJ WKH VDPH OLQHV� �

1RWH WKDW WKH UHVXOWV REWDLQHG LQ 3URSRVLWLRQ � LPSO\ WKDW WHVWV EDVHG RQ WKH ERRWVWUDS GLVWULEXWLRQV

RI
d
K `

X

�;��
e�
DQG

K
K `

U

� ; L�
L�
KDYH DV\PSWRWLF UHMHFWLRQ SUREDELOLW\ ]HUR ZKHQ WHVWLQJ D VLQJOH �P � ��

UHVWULFWLRQ +� � ; L � ;� LQ PRGHO ��� DJDLQVW WKH WZR�VLGHG DOWHUQDWLYH +� � ;L /� ;��

:H QRZ WXUQ WR H[DPLQLQJ WKH DV\PSWRWLF UHMHFWLRQ SUREDELOLWLHV RI WKH YDULRXV ERRWVWUDSSHG W�

VWDWLVWLFV ZKHQ WHVWLQJ +� � ;L � ;� DJDLQVW RQH�VLGHG DOWHUQDWLYHV� )URP 3URSRVLWLRQ �� LW IROORZV

WKDW ERRWVWUDS LQIHUHQFH EDVHG RQ HLWKHU WKH WHVW VWDWLVWLF RU WKH FRQ¿GHQFH UHJLRQ DSSURDFK KDV FRUUHFW

VL]H DV\PSWRWLFDOO\ DJDLQVW RQH�VLGHG DOWHUQDWLYHV� 7KH WZR K\EULG LPSOHPHQWDWLRQV OHDG DJDLQ WR

DV\PSWRWLFDOO\ LQFRUUHFW VL]HV� EXW RQH OHDGV WR XQGHUUHMHFWLRQ DQG WKH RWKHU WR RYHUUHMHFWLRQ� ,W LV

HDVLO\ VKRZQ WKDW WKH DV\PSWRWLF UHMHFWLRQ SUREDELOLW\ RI WKH WHVW EDVHG RQ WKH GLVWULEXWLRQ RI K `
X

�;��

LV ]HUR IRU D QRPLQDO OHYHO : � ��� LUUHVSHFWLYH RI WKH WUXH YDOXH RI ;L � L�H�

S>K�;�� n K `
X

U�:@� � IRU : � ���� ����

��



$ VLPLODU UHVXOW KROGV IRU LQIHUHQFH EDVHG RQ WKH FULWLFDO YDOXH K `
X

U���: IRU WKH RWKHU�VLGHG DOWHUQDWLYH�

+HQFH� ZH VHH WKDW WKH WHVW EDVHG RQ WKH GLVWULEXWLRQ RI K `
X

�;�� GRHV QRW MXVW KDYH ORZ SRZHU �UHMHFWLRQ

SUREDELOLW\� DV QRWLFHG E\ +DOO ������ 6HFWLRQ ����� LQ WKH L�L�G� VHWXS �UHJUHVVLRQ ZLWK DQ XQNQRZQ

LQWHUFHSW RQO\�� EXW LW DOVR KDV DV\PSWRWLF VL]H ]HUR� ZKLFK GLVTXDOL¿HV WKLV LPSOHPHQWDWLRQ RI WKH

ERRWVWUDS SURFHGXUH PRUH IXQGDPHQWDOO\�

7KH LQDGHTXDF\ RI WKH SURFHGXUH EDVHG RQ WKH GLVWULEXWLRQ RI K `
X

�;�� FDQ EH H[SODLQHG DV IROORZV�

$IWHU VRPH VWUDLJKWIRUZDUG PDQLSXODWLRQV� ZH REWDLQ

K `
X

�;�� �
V

V`
K�;��� K `

X

� ;L�� ����

+HQFH XQGHU WKH QXOO� K `
X

�;�� LV DSSUR[LPDWHO\ GLVWULEXWHG DURXQG WKH REVHUYHG WHVW VWDWLVWLF K�;���

L�H� H`>K `
X

�;��@ � K�;��� EHFDXVH K
`X� ; L��[ G� Q ��� �� DQG V�V`

S� �� 1RWH WKDW WKH GLVWULEXWLRQ

RI K `
X

�;�� GHSHQGV RQ WKH UHDOL]DWLRQ RI K�;��� ZKLFK LV WR EH FRQVLGHUHG ¿[HG LQ WKH ERRWVWUDS

SURFHGXUH� 6R� WKH ERRWVWUDS GLVWULEXWLRQ ZLOO YDU\ ZLWK HDFK UHDOL]DWLRQ RI K�;��� )RU D SDUWLFXODU

UHDOL]DWLRQ RI WKH RULJLQDO W�VWDWLVWLF K�;��� )LJXUH � �XSSHU JUDSK� VKRZV WKH DV\PSWRWLF GLVWULEXWLRQV

RI WKH W�VWDWLVWLFV K `
X

�;�� DQG K
`X� ; L�� )URP WKLV ¿JXUH� ZH VHH WKDW WKH RULJLQDO WHVW VWDWLVWLF K�;��

DOZD\V OLHV EHWZHHQ WKH ERRWVWUDS TXDQWLOHV K `
X

U�: DQG K
`X
U���: IRU : � ���� 6R� LI K�;�� LV XVHG DV WHVW

VWDWLVWLF DQG WKH FULWLFDO YDOXHV DUH EDVHG RQ WKH ERRWVWUDS GLVWULEXWLRQ RI K `
X

�;��� WKHQ RQH ZLOO QHYHU

UHMHFW WKH QXOO K\SRWKHVLV LUUHVSHFWLYH RI WKH WUXH YDOXH RI ; L DQG WKH WHVWHG YDOXH ;�� +HQFH� WKLV

LPSOHPHQWDWLRQ RI ERRWVWUDS K\SRWKHVLV WHVWLQJ FDQ EH FODVVL¿HG DV IXQGDPHQWDOO\ XQVRXQG�

,QVHUW )LJXUH � DERXW KHUH�

$OWKRXJK 3URSRVLWLRQ � VHHPV WR VXJJHVW WKDW WKH DV\PSWRWLF UHMHFWLRQ SUREDELOLW\ RI K `
U

� ;L� LV DOVR

]HUR� WKLV LV QRW WKH FDVH� ,W FDQ EH VKRZQ WKDW WKH DV\PSWRWLF VL]H RI LQIHUHQFH EDVHG RQ WKH GLVWULEXWLRQ

RI K `
U

� ;L� HTXDOV ��
�

�
]:�� ZKLFK LV JUHDWHU WKDQ WKH QRPLQDO OHYHO IRU : � ���� L�H�

:��K
`U
X � � S>K�;�� n K `

U

X�: � ;L � ;�@

� S>K�;�� n 
� K�;��� K `
U

� ;���: � RS��� � ;L � ;�@

� S>K�;�� n �

�
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�
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+HUH ]: GHQRWHV WKH :�TXDQWLOH RI WKH VWDQGDUG QRUPDO GLVWULEXWLRQ� $ VLPLODU UHVXOW KROGV IRU LQIHUHQFH

EDVHG RQ WKH FULWLFDO YDOXH K `
U

X���: IRU WKH RWKHU�VLGHG DOWHUQDWLYH� 6LQFH��
�

�
]����� � ������ ZH VHH WKDW

WKH GLIIHUHQFH EHWZHHQ WKH QRPLQDO OHYHO DQG WKH DV\PSWRWLF UHMHFWLRQ SUREDELOLW\ RI WKLV ERRWVWUDS WHVW

FDQ EH YHU\ VXEVWDQWLDO� DQG KHQFH WKH WHVW SURFHGXUH EDVHG RQ WKH GLVWULEXWLRQ RI K `
U

� ;L� LV IRXQG WR

EH XQVRXQG WRR� 7KH RYHU�UHMHFWLRQ RI LQIHUHQFH EDVHG RQ WKH GLVWULEXWLRQ RI K `
U

� ;L� FDQ EH H[SODLQHG

DV IROORZV� 7KH WHVW VWDWLVWLF K `
U

� ;L� FDQ EH UHZULWWHQ DV

K `
U

� ;L� � � V

V`
K�;��� K `

U

� ;��� ����
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&RQWUDU\ WR K `
X

�;��� ZKLFK LV FHQWUHG DURXQG WKH REVHUYHG W�VWDWLVWLF K�;�� XQGHU WKH QXOO� WKH DV\PS�

WRWLF ERRWVWUDS GLVWULEXWLRQ RI K `
U

� ;L� LV FHQWUHG DURXQG �K�;��� L�H� H`>K `
U

� ;L�@��K�;��� +HQFH�

WKH TXDQWLOHV EDVHG RQ WKH GLVWULEXWLRQ RI K `
U

� ; L� DUH DSSUR[LPDWHO\ VKLIWHG E\ WKH DPRXQW RI �K�;��
ZLWK UHVSHFW WR WKH TXDQWLOHV EDVHG RQ WKH GLVWULEXWLRQ RI K `

U

� ;��� L�H� K `UX�: � K `
U

U�: � K�;��� 7KLV VKLIW
LQ WKH ERRWVWUDS GLVWULEXWLRQ LV VKRZQ LQ WKH ORZHU JUDSK RI )LJXUH �� ZKHUH WKH VDPH UHDOL]DWLRQ RI

WKH W�VWDWLVWLF K�;�� LV XVHG DV LQ WKH XSSHU JUDSK RI )LJXUH �� 1RWH WKDW ZH UHMHFW WKH QXOO K\SRWKHVLV

+� � ;L � ;� DJDLQVW WKH DOWHUQDWLYH +� � ;L � ;� LI WKH W�VWDWLVWLF K�;�� LV VLJQL¿FDQWO\ QHJDWLYH�

+RZHYHU� ZKHQ K�;�� LV QHJDWLYH� WKH FULWLFDO YDOXH K
`U
X�: WHQGV WR EH JUHDWHU WKDQ K

`U
U�: VLQFH WKH TXDQWLW\

�K�;�� LV SRVLWLYH� +HQFH� WKH LQHTXDOLW\ K�;�� n K `UX�: KDV D JUHDWHU SUREDELOLW\ WR RFFXU WKDQ WKH

HYHQW K�;�� n K `UU�:� UHVXOWLQJ LQ DQ DV\PSWRWLF VL]H WKDW LV JUHDWHU WKDQ WKH QRPLQDO OHYHO�
%HIRUH WXUQLQJ WR G\QDPLF UHJUHVVLRQ PRGHOV� ZH UHWXUQ DV SURPLVHG HDUOLHU� WR WKH LVVXH RI XVLQJ

UHVWULFWHG RU XQUHVWULFWHG UHVLGXDOV LQ WKH ERRWVWUDS UHVDPSOLQJ SURFHGXUHV� :KHQ WKH QXOO K\SRWKHVLV

LV WUXH� UHVWULFWHG HVWLPDWRUV DUH RI FRXUVH PRUH HI¿FLHQW WKDQ XQUHVWULFWHG HVWLPDWRUV� +HQFH� DW ¿UVW

VLJKW LW VHHPV DGYDQWDJHRXV WR UHVDPSOH IURP UHVLGXDOV EDVHG RQ UHVWULFWHG HVWLPDWRUV� +RZHYHU� LI WKH

QXOO K\SRWKHVLV LV IDOVH� WKH HPSLULFDO GLVWULEXWLRQ IXQFWLRQ RI WKH UHVWULFWHG UHVLGXDOV ZLOO LQ JHQHUDO

UHSUHVHQW WKH SRSXODWLRQ GLVWULEXWLRQ QRW YHU\ ZHOO� 7R LOOXVWUDWH WKLV SRLQW� ZH FRQVLGHU DJDLQ WKH

VLPSOH UHJUHVVLRQ PRGHO DV JLYHQ LQ ���� 6XSSRVH ZH ZLVK WR WHVW WKH K\SRWKHVLV +� � = � =� IRU

=� � �� ZKHUHDV WKH WUXH YDOXH = LV GLIIHUHQW IURP ]HUR� L�H� = /� �� 8QGHU WKH UHVWULFWLRQ = � ��

WKH UHVWULFWHG LQWHUFHSW HTXDOV WKH VDPSOH PHDQ RI \� L�H� EU � �\ ZKHUH �\ � Q��
3Q

�
\L � 6LQFH

�\ � E� = �[ � ��� ZH REWDLQ WKH IROORZLQJ H[SUHVVLRQ IRU WKH UHVWULFWHG UHVLGXDOV

�U � =�[ � �[�� �� � ���� ����

,I �`L LV GUDZQ UDQGRPO\ ZLWK UHSODFHPHQW IURP WKH UHVWULFWHG UHVLGXDOV �U � WKHQ WKH YDULDQFH RI WKH
ERRWVWUDS GLVWXUEDQFHV GRHV QRW FRQYHUJH WR J �� VLQFH

9DU`��`L �� =�J �

[ � J �� ����

ZKHUH J �

[ � OLPQ�* Q��
3Q

�
�[L � �[��� +HQFH� WKH DV\PSWRWLF YDULDQFH RI WKH ERRWVWUDS GLVWXUEDQFHV

EDVHG RQ UHVWULFWHG UHVLGXDOV ZLOO LQ JHQHUDO EH ODUJHU WKDQ WKH DV\PSWRWLF YDULDQFH EDVHG RQ XQUH�

VWULFWHG UHVLGXDOV ZKHQ WKH QXOO LV IDOVH� 0RUHRYHU� LI Q��
3Q

�
�[L � �[�� LV VXEVWDQWLDOO\ GLIIHUHQW IURP

]HUR� WKH GLVWULEXWLRQ RI �`L ZLOO EH VNHZHG DV ZHOO� HYHQ LI WKH SRSXODWLRQ GLVWULEXWLRQ GRHV QRW H[KLELW

DQ\ VNHZQHVV� +HQFH� D S�YDOXH REWDLQHG E\ WKH ERRWVWUDS LV RQO\ FRUUHFW ZKHQ =� HTXDOV WKH WUXH

YDOXH =� 7KLV SKHQRPHQRQ LV HVSHFLDOO\ XQGHVLUDEOH ZKHQ D FRQ¿GHQFH LQWHUYDO LV FRQVWUXFWHG E\ LQ�

YHUWLQJ D WHVW VWDWLVWLF� 6XFK D FRQ¿GHQFH LQWHUYDO UHTXLUHV ERRWVWUDSSLQJ D S�YDOXH IRU D ZKROH UDQJH

RI WHVW YDOXHV =�� 6LQFH WKHUH LV RQO\ RQH YDOXH RI =� ZKLFK HTXDOV WKH WUXH EXW XQNQRZQ YDOXH =� WKH

ERRWVWUDSSHG S�YDOXHV IRU =� /� = ZLOO EH GLVWRUWHG LI UHVWULFWHG UHVLGXDOV DUH XVHG LQ WKH UHVDPSOLQJ

��



VFKHPH� 7KHUHIRUH� LI WKH DLP RI WKH DQDO\VLV LV WR DSSUR[LPDWH WKH QXOO GLVWULEXWLRQ RI WKH WHVW VWDWLVWLF

HYHQ LI WKH QXOO K\SRWKHVLV LV IDOVH� ZH UHFRPPHQG WR XVH WKH XQUHVWULFWHG UHVLGXDOV� ZKLFK KDYH WKH

DGGLWLRQDO FRPSXWDWLRQDO DGYDQWDJH RI UHPDLQLQJ WKH VDPH LUUHVSHFWLYH RI WKH YDOXH EHLQJ WHVWHG�

� �������� ��������
� ����
�� 
� ����
	 ������

%\ WKH WKHRUHPV JLYHQ LQ )UHHGPDQ ������� WKH DV\PSWRWLF UHVXOWV RI 3URSRVLWLRQV � DQG � LPPHGL�

DWHO\ FDUU\ RYHU WR WKH VWDEOH DXWRUHJUHVVLYH PRGHO RI RUGHU RQH ZLWK ¿[HG H[RJHQRXV YDULDEOHV

\ � I\�� � ;; � �� �I� � �� ����

ZKHUH \�� � �\�� ���� \Q��� DQG �L r )�� +RZHYHU� WKH RQH�WR�RQH UHODWLRQ EHWZHHQ WKH WHVW VWDWLVWLF

DQG FRQ¿GHQFH UHJLRQ DSSURDFK� DV HVWDEOLVKHG LQ 3URSRVLWLRQ � IRU ¿[HG�UHJUHVVRUV PRGHOV� QR ORQJHU

KROGV KHUH� ,Q G\QDPLF PRGHOV ZLWK D ODJJHG�GHSHQGHQW YDULDEOH� ZH KDYH WR UHVRUW WR D UHFXUVLYH

UHVDPSOLQJ VFKHPH� 2QH RI WKH FRQVHTXHQFHV LV WKDW QRZ WKH W�VWDWLVWLFV K `
X

� ;L� DQG K
`U �;�� DUH QRW

LGHQWLFDO LQ JHQHUDO DQG QHLWKHU DUH WKH )�VWDWLVWLFV D`
X

� ;� DQG D`U � ;U�� :H VKDOO ¿UVW LOOXVWUDWH WKLV LQ

WKH *DXVVLDQ $5��� PRGHO ZLWK LQWHUFHSW DQG VXEVHTXHQWO\ WKURXJK D VPDOO�VFDOH 0RQWH &DUOR VWXG\

LQ WKH DXWRUHJUHVVLYH PRYLQJ�DYHUDJH RI RUGHU ����� ±$50$�����± PRGHO� 6LQFH WKH SURFHGXUHV EDVHG

RQ WKH K\EULG LPSOHPHQWDWLRQV DUH DIÀLFWHG ZLWK VHULRXV VL]H DQG SRZHU SUREOHPV DOVR LQ G\QDPLF

PRGHOV� WKH\ DUH QRW FRQVLGHUHG LQ WKLV VHFWLRQ�

&RQVLGHU WKH VWDWLRQDU\ *DXVVLDQ $5��� PRGHO

\W � I\W�� � E� �W � �W r Q ��� J ��� W � �� ���� Q� ����

ZKHUH WKH $5��� SDUDPHWHU I OLHV LQ WKH VWDWLRQDULW\ ]RQH� L�H� �I� � �� DQG WKH VWDUWLQJ YDOXH \� LV

GUDZQ IURP WKH VWDWLRQDU\ GLVWULEXWLRQ� L�H� \� r Q �E���� I�� J ����� I���� 7KH $5��� PRGHO FDQ
DOVR EH ZULWWHQ DV \ � ;; � � ZLWK ; )W � �\W��� �� DQG ; � �I� E�)� DOWKRXJK QRZ WKH PDWUL[ ; LV

VWRFKDVWLF GXH WR WKH SUHVHQFH RI D ODJJHG�GHSHQGHQW YDULDEOH� :H IRFXV RQ WHVWLQJ +� � I � I� XVLQJ
WKH W�VWDWLVWLF

K�I�� � � I � I���V I ����

EDVHG RQ WKH PD[LPXP OLNHOLKRRG �0/� HVWLPDWRU FRQGLWLRQDO RQ \�� ZKLFK LV HTXLYDOHQW WR WKH OHDVW�

VTXDUHV HVWLPDWRU� 6LQFH \� LV GUDZQ IURP WKH VWDWLRQDU\ GLVWULEXWLRQ� WKH GLVWULEXWLRQ RI WKH W�VWDWLVWLF

K�I�� GRHV QRW GHSHQG RQ WKH QXLVDQFH SDUDPHWHUV E DQG J �� VHH IRU LQVWDQFH 1DQNHUYLV DQG 6DYLQ

������� 7KH UHFXUVLYH G\QDPLF �G� DQDORJXHV RI UHVDPSOLQJ VFKHPHV , DQG ,, EDVHG RQ WKH SDUDPHWULF

ERRWVWUDS DUH�

6FKHPH ,G � `X �� \`
X

W � I \`
X

W�� � E � �`W �
6FKHPH ,,G � `U �� \`

U

W � I� \`UW�� � EU � �`W �
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ZKHUH \`
�
LV GH¿QHG LQ VXFK D ZD\ WKDW \`W LV VWDWLRQDU\� �

`
W r Q ��� J �

� DQG W � �� ���� Q� 6LQFH WKH

ERRWVWUDS GLVWULEXWLRQV RI K `
X

� I� DQG K `U �I�� DUH LQYDULDQW WR WKH HVWLPDWRU J �
� LW PDNHV QR GLIIHUHQFH

ZKHWKHU J �
LV EDVHG RQ WKH XQUHVWULFWHG RU UHVWULFWHG UHVLGXDOV� 0RUH LQIRUPDWLRQ DERXW ERRWVWUDSSLQJ

JHQHUDO VWDWLRQDU\ $50$�S� T��PRGHOV FDQ EH IRXQG LQ .UHLVV DQG )UDQNH �������

6LQFH K�I�� LV LQYDULDQW ZLWK UHVSHFW WR E DQG J �� WKH GLVWULEXWLRQ RI K�I�� RQO\ GHSHQGV RQ )�

DQG I�� 7KH ODWWHU LV DVVXPHG WR EH NQRZQ XQGHU WKH QXOO K\SRWKHVLV� ,Q WKH SDUDPHWULF µERRWVWUDS

ZRUOG¶� WKH GLVWULEXWLRQ RI K `
X

� I� GHSHQGV RQ WKH HVWLPDWRU I RQO\ ZKLOH WKH GLVWULEXWLRQ RI K `
U

�I��

GHSHQGV RQ WKH SDUDPHWHU I� RQO\� %HFDXVH RI WKHVH LQYDULDQFH SURSHUWLHV� WKH ERRWVWUDS GLVWULEXWLRQ

RI K `
U

�I�� PLPLFV WKH ¿QLWH�VDPSOH GLVWULEXWLRQ RI K�I�� H[DFWO\� ZKLFK UHVXOWV LQ DQ H[DFW LQIHUHQFH

SURFHGXUH� ,Q HIIHFW� WKH ERRWVWUDS WHVW UHGXFHV WR D 0RQWH &DUOR WHVW� ZKLFK KDV D VL]H ZKLFK GRHV

QRW H[FHHG WKH QRPLQDO OHYHO� 6R� HYHQ LI WKH FULWLFDO YDOXH K `
U

U�: LV DSSUR[LPDWHG E\ D ¿QLWH QXPEHU RI

ERRWVWUDS UHSOLFDWLRQV� ERRWVWUDS LQIHUHQFH EDVHG RQ WKH WHVW VWDWLVWLF DSSURDFK \LHOGV H[DFW LQIHUHQFH

ZKHQ WKH QXPEHU RI ERRWVWUDS UHSOLFDWLRQV % LV FKRVHQ VXFK WKDW :�%��� LV DQ LQWHJHU� VHH LQWHU DOLD

+DOO ������� +HQFH� ZH FRQFOXGH WKDW ZKHQ )� LV NQRZQ

:��K
`U
U � � S>K�I�� n K `

U

U�:@ � :� ����

1H[W� ZH FRQVLGHU WKH ¿QLWH VDPSOH SURSHUWLHV RI WKH FRQ¿GHQFH UHJLRQ DSSURDFK� 6LQFH I LV VWRFKDVWLF
DQG LQ JHQHUDO GLIIHUHQW IURP I�� LQIHUHQFH EDVHG RQ WKH FULWLFDO YDOXH K `

X

X�: ZLOO QRW EH H[DFW� 7R

LOOXVWUDWH WKLV SRLQW� )LJXUH � VKRZV WKH FULWLFDO YDOXHV EDVHG RQ WKH WHVW VWDWLVWLF DSSURDFK� L�H� K `
U

U�:�

DQG WKH FRQ¿GHQFH UHJLRQ DSSURDFK� L�H� K `
X

X�:� DV WKH HVWLPDWRU I YDULHV IRU WKH FDVH I� � ���� Q � ���

: + 
����� ����� DQG )� LV QRUPDO� 2I FRXUVH� K
`U
U�: UHPDLQV FRQVWDQW IRU ¿[HG YDOXHV RI I� DQG Q� MXVW

OLNH WKH :�TXDQWLOH EDVHG RQ WKH H[DFW ¿QLWH�VDPSOH QXOO GLVWULEXWLRQ� 1RWH WKDW GXH WR WKH SDUDPHWULF

ERRWVWUDS� ZKLFK PDNHV WKH GLVWULEXWLRQ RI K `
X

� I� LQYDULDQW ZLWK UHVSHFW WR WKH HVWLPDWHG LQWHUFHSW DQG
YDULDQFH� WKH TXDQWLOHV RI WKH ERRWVWUDS GLVWULEXWLRQ RI K `

X

� I� DUH FRQVWDQW FRQGLWLRQDO RQ D UHDOL]DWLRQ
RI WKH HVWLPDWRU I� +RZHYHU� I LV VWRFKDVWLF LQ ¿QLWH VDPSOH VR WKDW K `XX�: ZLOO EH GLIIHUHQW IRU GLIIHUHQW
UHDOL]DWLRQV RI I� )LJXUH �� ZKLFK LV EDVHG RQ ������� VLPXODWLRQ UHSOLFDWLRQV IRU D JULG RI ��� I
YDOXHV� VKRZV WKDW WKH TXDQWLOHV EDVHG RQ WKH FRQ¿GHQFH UHJLRQ DSSURDFK� L�H� K `

X

X�:� YDU\ VXEVWDQWLDOO\

ZLWK UHDOL]DWLRQV RI WKH HVWLPDWRU I� ,W DSSHDUV WKDW WKH SDUDPHWULF ERRWVWUDS GLVWULEXWLRQ RI K `X � I� LV
TXLWH FORVH WR WKH QRQ�FHQWUDO W�GLVWULEXWLRQ� ZLWK D QRQ�FHQWUDOLW\ SDUDPHWHU HTXDO WR H`>K `

X

� I�@� %\
WKH UHVXOWV LQ 7DQDND ������ IRUPXOD ������� WKLV H[SHFWDWLRQ IRU D JLYHQ YDOXH RI I FDQ EH DSSUR[LPDWHG

�%DVHG RQ H[WHQVLYH VLPXODWLRQV RI WKH GLVWULEXWLRQ RI K�I� IRU 7 o �� DQG �I� n ����� 1DQNHUYLV DQG

6DYLQ ������ S� ���� REVHUYH WKDW ³WKH VNHZQHVV LV HVVHQWLDOO\ ]HUR DQG WKDW WKH NXUWRVLV LV DERXW WKH VDPH DV

IRU 6WXGHQW¶V W´� 7KLV REVHUYDWLRQ DOVR DSSOLHV WR WKH SDUDPHWULF ERRWVWUDS GLVWULEXWLRQ RI K`X � I�� VLQFH WKLV

GLVWULEXWLRQ LV HTXDO WR WKH GLVWULEXWLRQ RI K�I� IRU I � I�
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1RWH WKDW WKH DSSUR[LPDWLRQ RI WKH H[SHFWDWLRQ RI K `
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�I�� XS WR ¿UVW RUGHU LV JLYHQ E\ EK`�I��� VR WKDW

K `
X

X�: s K `
U

U�: � >EK`�I�� � EK`� I�@� %HFDXVH WKH IXQFWLRQ EK`� I� LV GHFUHDVLQJ LQ I IRU I + ���� ���
ZH ¿QG WKH LQHTXDOLW\ K `

X

X�:  K
`U
U�: IRU �� � I � I� DQG I�  �� ZKLFK LV HYLGHQW LQ )LJXUH � IRU

I� � ���� 7KH LQHTXDOLW\ K `
X

X�:  K
`U
U�: OHDGV WR D UHMHFWLRQ SUREDELOLW\ DJDLQVW WKH RQH�VLGHG DOWHUQDWLYH

+� � I � I� ZKLFK LV ODUJHU WKDQ : LQ ¿QLWH VDPSOHV� L�H� :��K
`X
X �  :��K

`U
U � � :� :H FDQ VXEVWDQWLDWH

WKLV DV IROORZV� /HW IQ�[� GHQRWH WKH ¿QLWH�VDPSOH GHQVLW\ IXQFWLRQ RI WKH 2/6 HVWLPDWRU I� ,I :
LV VPDOO HQRXJK VXFK WKDW K `

X

X�: DQG K
`U
U�: DUH QHJDWLYH �: � ����� WKHQ WKH UHMHFWLRQ SUREDELOLW\ RI WKH

FRQ¿GHQFH UHJLRQ DSSURDFK FDQ EH ERXQGHG IURP EHORZ E\
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7KH VHFRQG HTXDOLW\ LQ WKH ¿UVW OLQH LV D FRQVHTXHQFH RI WKH ODZ RI LWHUDWHG H[SHFWDWLRQV E\ ZULWLQJ

S>K�I�� n K `
X

X�:@ � H>,
K�I�� n K `
X

X�:�@ � H I
d
H>,
K�I�� n K `XX�:�� I@

e
� ZKHUH ,
�� GHQRWHV WKH

LQGLFDWRU IXQFWLRQ� 7KH HTXDOLWLHV LQ WKH VHFRQG DQG IRXUWK OLQHV UHVXOW IURP WKH IDFW WKDW WKH K\SRWKHVLV

+� � I � I� LV UHMHFWHG DJDLQVW WKH DOWHUQDWLYH +� � I � I� LI WKH W�VWDWLVWLF K�I�� � � I � I���V I
LV VXI¿FLHQWO\ QHJDWLYH EHFDXVH K `

X

X�: � � DQG K `
U

U�: � � E\ DVVXPSWLRQ� 2YHU WKH RQH�VLGHG LQWHUYDO

I  I�� K�I�� LV SRVLWLYH VR WKH SUREDELOLWLHV RI WKH HYHQWV 
K�I�� � K `XX�:� DQG 
K�I�� � K `
U

U�:� IRU
I  I� DUH ]HUR� 7KH LQHTXDOLW\ LQ WKH WKLUG OLQH LV GXH WR WKH IDFW WKDW S>K�I�� n )@  S>K�I�� n *@
IRU )  *� $ VLPLODU DUJXPHQW VKRZV WKDW WKH UHMHFWLRQ SUREDELOLW\ IRU WKH RWKHU RQH�VLGHG DOWHUQDWLYH�

L�H� :��K
`X
X �� LV VPDOOHU WKDQ WKH QRPLQDO OHYHO : �IRU VPDOO : VXFK WKDW K `

X

X���:  � DQG K `
U

U���:  ��

VLQFH K `
U

�I�� LV OHVV ELDVHG WKDQ K
`X � I� ZKHQ I  I�� 2YHUDOO� ZH FRQFOXGH WKDW LQ WKH VWDWLRQDU\

*DXVVLDQ $5��� PRGHO ZLWK DQ LQWHUFHSW RQO\ WKH WHVW VWDWLVWLF DSSURDFK OHDGV WR H[DFW SDUDPHWULF

ERRWVWUDS LQIHUHQFH LQ ¿QLWH VDPSOHV�

,QVHUW )LJXUH � DERXW KHUH�

,I� LQVWHDG RI WKH SDUDPHWULF ERRWVWUDS� WKH QRQ�SDUDPHWULF ERRWVWUDS LV XVHG D VLPLODU SLFWXUH

HPHUJHV DOWKRXJK QRZ WKH VLWXDWLRQ LV OHVV XQDPELJXRXV� 7KLV FDQ EH DWWULEXWHG WR WKH IDFW WKDW� LQ WKH

QRQ�SDUDPHWULF FDVH� WKH :�TXDQWLOH K `
U

U �:� ZLOO EH VWRFKDVWLF HYHQ FRQGLWLRQDO RQ D UHDOL]DWLRQ RI WKH

HVWLPDWRU I VLQFH QRZ WKH ERRWVWUDS GLVWULEXWLRQ GHSHQGV DPRQJ RWKHU WKLQJV RQ WKH UHDOL]DWLRQ RI WKH
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HPSLULFDO GLVWULEXWLRQ IXQFWLRQ RI WKH UHVLGXDOV� )RU WKH QRQ�SDUDPHWULF ERRWVWUDS� %RVH ������ KDV

VKRZQ WKDW WKH ERRWVWUDS GLVWULEXWLRQ EDVHG RQ WKH FRQ¿GHQFH UHJLRQ DSSURDFK LV FDSDEOH RI PDNLQJ D

¿UVW�RUGHU (GJHZRUWK FRUUHFWLRQ LQ $5��� PRGHOV� L�H� WKH ERRWVWUDS LV VHFRQG�RUGHU DFFXUDWH� 6LQFH

VLPXODWLRQ UHVXOWV UHSRUWHG LQ *LHUVEHUJHQ DQG .LYLHW ������ DQG 'DYLGVRQ ������ VKRZ WKDW WKH

WHVW VWDWLVWLF DSSURDFK RXWSHUIRUPV WKH FRQ¿GHQFH UHJLRQ DSSURDFK� ZH FRQMHFWXUH WKDW WKH ERRWVWUDS

GLVWULEXWLRQ EDVHG RQ WKH WHVW VWDWLVWLF DSSURDFK LV DW OHDVW VHFRQG�RUGHU DFFXUDWH� +RZHYHU� LI WKH WHVW

VWDWLVWLF DSSURDFK LV SUHFLVHO\ VHFRQG�RUGHU DFFXUDWH� MXVW OLNH WKH FRQ¿GHQFH UHJLRQ DSSURDFK� WKH

WKHRU\ RI (GJHZRUWK H[SDQVLRQV FDQQRW EH XVHG WR H[SODLQ WKH ¿QLWH�VDPSOH GLIIHUHQFH EHWZHHQ WKH

WZR DSSURDFKHV�

1H[W� ZH FRQVLGHU WKH $50$����� PRGHO

\W � I\W�� � E� �W � A�W��� �W r Q ��� J ��� W � �� ���� Q� ����

ZKHUH I DQG A DUH WKH SDUDPHWHUV RI LQWHUHVW� 7KH ¿QLWH�VDPSOH SHUIRUPDQFH RI WKH WZR ERRWVWUDS

WHVW SURFHGXUHV LV LQYHVWLJDWHG E\ D VPDOO 0RQWH &DUOR H[SHULPHQW� $OO VLPXODWLRQV ZHUH FDUULHG RXW

XVLQJ WKH PDWUL[ SURJUDPPLQJ ODQJXDJH *DXVV ���� :H JHQHUDWHG ���� �� 1� VDPSOHV DFFRUGLQJ WR

PRGHO ���� IRU WKH SDUDPHWHU YDOXHV �I� A� E� � ������ ����� ������ J � � ���� DQG Q � ��� 7KHVH SD�

UDPHWHU YDOXHV ZHUH LQVSLUHG E\ WKH $50$����� HVWLPDWHV REWDLQHG IURP DQQXDO XQHPSOR\PHQW GDWD

ZKLFK DUH DQDO\VHG LQ WKH QH[W VHFWLRQ� 7KH XQUHVWULFWHG UHVLGXDOV ZHUH PXOWLSOLHG E\
T
Q��Q � �� WR

FRUUHFW IRU WKH ORVV RI GHJUHHV RI IUHHGRP� VHH %LFNHO DQG )UHHGPDQ ������� )RU HDFK VDPSOH 
\W��
WKH ERRWVWUDS FULWLFDO YDOXHV ZHUH FDOFXODWHG IURP ��� �� %� ERRWVWUDS UHDOL]DWLRQV RI WKH DSSURSULDWH

WHVW VWDWLVWLF� 7KH WHVW VWDWLVWLFV ZHUH EDVHG RQ WKH XQFRQGLWLRQDO 0/ HVWLPDWRUV RI WKH SDUDPHWHUV

I DQG A � ZKHUH WKH VWDUWLQJ YDOXHV ZHUH JHQHUDWHG DFFRUGLQJ WR WKH SURFHGXUH SURSRVHG E\ 0F/HRG

DQG +LSHO ������ :DVLP ��� 7KH :DVLP SURFHGXUH LV EDVHG RQ WKH &KROHVN\ GHFRPSRVLWLRQ RI WKH

FRYDULDQFH PDWUL[ RI �\�� \�� ��� ���� :H UHVWULFW RXUVHOYHV WR WKH QRQ�SDUDPHWULF ERRWVWUDS VLQFH WKLV

LPSOHPHQWDWLRQ LV PRVW XVHG LQ SUDFWLFH� 7KH VWDUWLQJ YDOXHV LQ WKH ERRWVWUDS SURFHGXUH ZHUH JHQHU�

DWHG E\ VWDUWLQJ XS WKH $50$ SURFHVV DQG GLVUHJDUGLQJ WKH ¿UVW �� REVHUYDWLRQV� 7DEOH � VKRZV WKH

UHMHFWLRQ IUHTXHQFLHV RI WKH QXOO K\SRWKHVHV +� � I � ���� DQG +� � A � ���� DJDLQVW WKHLU RQH�VLGHG

DOWHUQDWLYHV DW �� VLJQL¿FDQFH OHYHO LQ WKH 0RQWH &DUOR H[SHULPHQW� 1RWH WKDW WKH WZR K\SRWKHVHV DUH

VDWLV¿HG E\ WKH GDWD JHQHUDWLRQ SURFHVV� VR WKDW WKH UHMHFWLRQ IUHTXHQFLHV \LHOG DQ LQGLFDWLRQ RI WKH DF�

WXDO VL]H RI WKH WHVW SURFHGXUHV� 6LQFH WKH WUXH SDUDPHWHU YDOXHV DUH IDU IURP WKH LQVWDELOLW\ ERXQGDU\�

WKH HYHQWV � I�  � RU � A �  � GLG QRW RFFXU LQ WKH VLPXODWLRQV�

,QVHUW 7DEOH � DERXW KHUH�

7KH 0RQWH &DUOR UHVXOWV FDQ EH VXPPDULVHG DV IROORZV� ,QIHUHQFH RQ WKH $5��� SDUDPHWHU EDVHG

RQ WKH DV\PSWRWLF DSSUR[LPDWLRQ DSSHDUV WR EH UHDVRQDEO\ DFFXUDWH� DOWKRXJK WKH UHMHFWLRQ IUHTXHQFLHV

��



DUH VLJQL¿FDQWO\ GLIIHUHQW IURP WKH QRPLQDO OHYHO :� $V\PSWRWLF LQIHUHQFH RQ WKH 0$��� SDUDPHWHU

LV OHVV UHOLDEOH� VLQFH WKH UHMHFWLRQ IUHTXHQFLHV DUH DSSUR[LPDWHO\ WZR WLPHV ODUJHU�VPDOOHU WKDQ WKH

QRPLQDO OHYHO :� 7KH ERRWVWUDS DSSUR[LPDWLRQ \LHOGV D XQLIRUP LPSURYHPHQW RYHU WKH DV\PSWRWLF

DSSUR[LPDWLRQ� 1RWH WKDW LQIHUHQFH EDVHG RQ WKH GLVWULEXWLRQ RI K `
X

�A�� L�H� WKH FRQ¿GHQFH UHJLRQ
DSSURDFK� VHHPV WR RYHU�FRUUHFW� VLQFH WKH UHMHFWLRQ IUHTXHQF\ IRU WKH DOWHUQDWLYH A  ���� LV VLJQL¿�

FDQWO\ WRR ORZ ZKHUHDV WKH UHMHFWLRQ IUHTXHQF\ EDVHG RQ WKH DV\PSWRWLF DSSUR[LPDWLRQ LV VLJQL¿FDQWO\

WRR KLJK� ,QIHUHQFH EDVHG RQ WKH WHVW VWDWLVWLF DSSURDFK PLPLFV WKH EHKDYLRXU RI DQ H[DFW LQIHUHQFH

SURFHGXUH VLQFH QRQH RI WKH UHMHFWLRQ IUHTXHQFLHV DUH VLJQL¿FDQWO\ GLIIHUHQW IURP WKH QRPLQDO OHYHO�

1RWH WKDW WKH WHVW VWDWLVWLF DSSURDFK HPSOR\V D UHVDPSOLQJ VFKHPH ZKLFK DYRLGV WKH VWRFKDVWLF YDUL�

DELOLW\ GXH WR WKH SDUDPHWHU XQGHU WHVW� )RU LQVWDQFH� ZKHQ WHVWLQJ WKH K\SRWKHVLV +� � I � I� WKH

UHVDPSOLQJ VFKHPH LQFRUSRUDWHV I� LQVWHDG RI I� 2I FRXUVH� WKH WHVW VWDWLVWLF DSSURDFK FDQQRW DYRLG
WKH VWRFKDVWLF YDULDELOLW\ GXH WR WKH QXLVDQFH SDUDPHWHUV� +RZHYHU� LW LV H[SHFWHG WKDW WKH ¿QLWH�VDPSOH

GLVWULEXWLRQ RI D ERRWVWUDS WHVW VWDWLVWLF LV PRUH DIIHFWHG E\ WKH YDOXH RI WKH SDUDPHWHU XQGHU WHVW WKDQ

E\ WKH YDOXHV RI WKH HVWLPDWHG QXLVDQFH SDUDPHWHUV� )RU H[DPSOH� LQ WKH $5��� PRGHO ���� XVLQJ

UHVDPSOLQJ VFKHPH \`W � I� \`W�� � EU � �`W � WKH GLVWULEXWLRQ RI K `
U

�I�� GRHV QRW GHSHQG RQ WKH YDOXH

RI EU � 6LQFH WKH W�VWDWLVWLFV K
`X� I� DQG K `X �A� LQ WKH $50$����� PRGHO DUH QRW LQYDULDQW ZLWK UHVSHFW

WR I DQG A UHVSHFWLYHO\� WKH XVH RI WKH UHVWULFWHG HVWLPDWRUV� ZKLFK LQFRUSRUDWH DGGLWLRQDO QRQ�VDPSOH
LQIRUPDWLRQ� LQ WKH UHVDPSOLQJ VFKHPH VHHPV KHOSIXO LQ LPSURYLQJ WKH ERRWVWUDS DSSUR[LPDWLRQ� HV�

SHFLDOO\ IRU WKH 0$��� SDUDPHWHU� 2YHUDOO� ERRWVWUDS LQIHUHQFH EDVHG RQ WKH WHVW VWDWLVWLF DSSURDFK

SHUIRUPV EHVW� IROORZHG E\ ERRWVWUDS LQIHUHQFH EDVHG RQ WKH FRQ¿GHQFH UHJLRQ DSSURDFK� ,QIHUHQFH

EDVHG RQ WKH ¿UVW�RUGHU DV\PSWRWLF DSSUR[LPDWLRQ LV OHDVW DFFXUDWH� $OWKRXJK RXU 0RQWH &DUOR GH�

VLJQ LV OLPLWHG� WKH UHVXOWV DUH XVHIXO IRU H[SODLQLQJ WKH HPSLULFDO ¿QGLQJV WKDW DUH REWDLQHG LQ WKH QH[W

VHFWLRQ�

 !��
�
	� ��������
��

7R FRPSDUH WKH GLIIHUHQW �ERRWVWUDS� DSSUR[LPDWLRQV LQ SUDFWLFH� ZH FRQVLGHU DQQXDO GDWD RQ XQHP�

SOR\PHQW IRU WKH 8�6� IURP ���� WKURXJK ���� DV XVHG E\ 1HOVRQ DQG 3ORVVHU ������ DQG H[WHQGHG

E\ 6FKRWPDQ DQG YDQ 'LMN ������� 1RWH WKDW WKH XQHPSOR\PHQW UDWH LV WKH RQO\ WLPH VHULHV RI WKH

IRXUWHHQ FRQVLGHUHG E\ 1HOVRQ DQG 3ORVVHU ZKLFK DSSHDUV WR EH VWDWLRQDU\� :H IRFXV RQ WKH FRQ�

VWUXFWLRQ RI FRQ¿GHQFH LQWHUYDOV� ,QVWHDG RI ¿WWLQJ D $5�S� PRGHO� ZH FKRVH WR PRGHO WKH GDWD DV DQ

$50$����� PRGHO� 0/ \LHOGV WKH IROORZLQJ HVWLPDWHV �W�YDOXHV EHWZHHQ SDUHQWKHVHV��

\W � �����
������

\W�� � �����
������

� �W � �����
������

�W��� ����

7KHUH DSSHDUV WR EH QR VLJQL¿FDQW DXWRFRUUHODWLRQ LQ WKH UHVLGXDOV� D S�YDOXH RI ���� LV REWDLQHG IRU

D OLNHOLKRRG UDWLR WHVW DJDLQVW WKH $50$����� VSHFL¿FDWLRQ DQG D S�YDOXH RI ���� LV REWDLQHG IRU WKH

��



%R[�/MXQJ WHVW VWDWLVWLF EDVHG RQ WKH ¿UVW �� UHVLGXDO DXWRFRUUHODWLRQV� 7KH QRQ�SDUDPHWULF ERRWVWUDS

ZLOO EH HPSOR\HG VLQFH WKH K\SRWKHVLV RI QRUPDOLW\ LV UHMHFWHG� D S�YDOXH RI ����� LV REWDLQHG IRU WKH

-DUTXH�%HUD QRUPDOLW\ WHVW� 7KH QRQ�QRUPDOLW\ DSSHDUV WR EH FDXVHG PDLQO\ E\ WZR µODUJH¶ UHVLGXDOV

LQ WKH \HDUV ���� DQG �����

7KH ��� HTXDO�WDLO ERRWVWUDS FRQ¿GHQFH LQWHUYDOV IRU I DQG A EDVHG RQ WKH FRQ¿GHQFH UHJLRQ

DSSURDFK DUH REWDLQHG DV IROORZV� %RRWVWUDS REVHUYDWLRQV 
\`W � DUH JHQHUDWHG E\ WKH µXQUHVWULFWHG¶

UHVDPSOLQJ VFKHPH

\`W � �����\`W�� � ������ �`W � ������`W��� W � �� ���� ��� ����

ZKHUH �`W LV GUDZQ UDQGRPO\ ZLWK UHSODFHPHQW IURP WKH XQUHVWULFWHG EXW UHVFDOHG UHVLGXDOV �W � /HW
K
I
:�%��� GHQRWH WKH :�% � ���WK RUGHU VWDWLVWLF IURP WKH % ERRWVWUDS UHDOL]DWLRQV 
K `X � I�E�%E��� $ ���

FRQ¿GHQFH LQWHUYDO IRU I LV JLYHQ E\

� I � V I K
I
������%���� I � V I K

I
������%����� ����

$ VLPLODU LQWHUYDO IRU A LV GH¿QHG ZLWK UHVSHFW WR WKH TXDQWLWLHV A � VA DQG K A:�%���� 7KH ERRWVWUDS

FRQ¿GHQFH LQWHUYDOV IRU I DQG A EDVHG RQ WKH WHVW VWDWLVWLF DSSURDFK DUH REWDLQHG DV IROORZV� )RU

VLPSOLFLW\� ZH IRFXV RQ WKH FRQVWUXFWLRQ RI WKH LQWHUYDO IRU I� 6LQFH WKH FRQ¿GHQFH LQWHUYDO LV REWDLQHG

E\ LQYHUWLQJ D WHVW VWDWLVWLF� D ZKROH UDQJH RI SDUDPHWHU YDOXHV I� KDV WR EH WHVWHG� +HQFH� WKH WHVW

VWDWLVWLF DSSURDFK LV PRUH FRPSXWHU�LQWHQVLYH WKDQ WKH FRQ¿GHQFH UHJLRQ DSSURDFK�� HVSHFLDOO\ ZKHQ

FRQVWUXFWLQJ D FRQ¿GHQFH UHJLRQ IRU D KLJK GLPHQVLRQDO SDUDPHWHU YHFWRU� %RRWVWUDS REVHUYDWLRQV


\`W � XQGHU +� � I � I� DUH JHQHUDWHG E\ WKH µUHVWULFWHG¶ UHVDPSOLQJ VFKHPH

\`W � I�\`W�� � EU � �`W � A U�`W��� W � �� ���� ��� ����

ZKHUH EU DQG A U GHQRWH UHVWULFWHG HVWLPDWRUV� DQG �`W LV GUDZQ UDQGRPO\ ZLWK UHSODFHPHQW IURP WKH

XQUHVWULFWHG EXW UHVFDOHG UHVLGXDOV �W � 7KH ERRWVWUDSSHG S�YDOXH� EDVHG RQ % ERRWVWUDS UHDOL]DWLRQV


K `U �I��E�%E�� IRU +� � I � I� DJDLQVW +� � I � I� XVLQJ WKH REVHUYHG W�VWDWLVWLF K�I�� LV JLYHQ E\

S`�YDOXH � �% � ����
%;

E��
,
K `U �I��E n K�I���� ����

7KH XSSHU FRQ¿GHQFH OLPLW LV HTXDO WR WKH YDOXH RI I� IRU ZKLFK WKH S`�YDOXH EDVHG RQ WKH ORZHU�VLGHG

DOWHUQDWLYH +� � I � I� HTXDOV ����� ZKHUHDV WKH ORZHU FRQ¿GHQFH OLPLW LV HTXDO WR WKH YDOXH I� IRU

ZKLFK WKH S`�YDOXH EDVHG RQ WKH XSSHU�VLGHG DOWHUQDWLYH +� � I  I� HTXDOV ����� 7KH FRQ¿GHQFH

�,Q D UHFHQW SDSHU� +DQVHQ ������ SURSRVHV WR XVH D OLPLWHG JULG RI SDUDPHWHU YDOXHV DQG HVWLPDWH WKH GH�

SHQGHQFH RI WKH ERRWVWUDS TXDQWLOHV XSRQ WKH SDUDPHWHU YDOXH E\ NHUQHO UHJUHVVLRQ WR UHGXFH WKH FRPSXWDWLRQDO

EXUGHQ�

��



LQWHUYDO IRU A LV REWDLQHG LQ D VLPLODU ZD\� )LJXUH � VKRZV WKH S`�YDOXHV IRU WKH RQH�VLGHG DOWHUQDWLYHV

ZKHQ WHVWLQJ WKH SDUDPHWHU VHWV I� + ����� ���� DQG A� + ������ ����� *UDSKLFDOO\ WKH FRQ¿GHQFH
OLPLWV DUH IRXQG DV WKH LQWHUVHFWLRQ RI WKH VROLG OLQHV� ZKLFK GHQRWH WKH S`�YDOXHV� ZLWK WKH GDVKHG

OLQHV� ZKLFK GHQRWH WKH ���� QRPLQDO OHYHO�

,QVHUW )LJXUH � DERXW KHUH�

7DEOH � VKRZV WKH FRQ¿GHQFH LQWHUYDOV WKDW ZHUH REWDLQHG E\ WKH GLIIHUHQW DSSUR[LPDWLRQV� 7KH

HQWULHV LQ WKH FROXPQ EHORZ 5�/ DUH D PHDVXUH RI WKH DV\PPHWU\ RI WKH YDULRXV FRQ¿GHQFH LQWHUYDOV�

&RQWUDU\ WR WKH V\PPHWULF FRQ¿GHQFH LQWHUYDOV EDVHG RQ WKH ¿UVW�RUGHU DV\PSWRWLF DSSUR[LPDWLRQ�

WKH ERRWVWUDS FRQ¿GHQFH LQWHUYDOV DSSHDU WR EH DV\PPHWULF� HVSHFLDOO\ IRU WKH 0$��� SDUDPHWHU� HYHQ

WKRXJK WKH VDPSOH VL]H LV TXLWH ODUJH� 7KH 0RQWH &DUOR UHVXOWV RI WKH SUHYLRXV VHFWLRQ VXJJHVW WKDW WKH

FRQ¿GHQFH LQWHUYDOV EDVHG RQ WKH WHVW VWDWLVWLF DSSURDFK DUH PRVW DFFXUDWH� 7KH LQWHUYDOV EDVHG RQ WKH

FRQ¿GHQFH UHJLRQ DSSURDFK VHHP WR EH WRR DV\PPHWULF� DV ZDV DOVR IRXQG LQ WKH 0RQWH &DUOR VWXG\�

,QVHUW 7DEOH � DERXW KHUH�

" #��	���
�� ����$�

:H KDYH FRQWUDVWHG WZR DSSURDFKHV IRU WHVWLQJ D K\SRWKHVLV XVLQJ WKH ERRWVWUDS� 7KH WHVW VWDWLVWLF

DSSURDFK LV EDVHG RQ UHVWULFWHG HVWLPDWRUV LQ ERWK WKH WHVW VWDWLVWLF DQG UHVDPSOLQJ VFKHPH� ZKLOH

WKH FRQ¿GHQFH UHJLRQ DSSURDFK HPSOR\V XQUHVWULFWHG HVWLPDWRUV LQ WKH WHVW VWDWLVWLF DQG UHVDPSOLQJ

VFKHPH� 7ZR K\EULG DSSURDFKHV HPHUJH LI WKH WHVW VWDWLVWLF DSSURDFK LV FRPELQHG ZLWK WKH FRQ¿GHQFH

UHJLRQ DSSURDFK� 7KH K\EULG DSSURDFKHV DUH VKRZQ WR EH FXUVHG ZLWK VHULRXV VL]H �DQG SRZHU� SURE�

OHPV VLQFH WKH ERRWVWUDS GLVWULEXWLRQ UHYROYHV DURXQG WKH UHDOL]DWLRQ RI WKH WHVW VWDWLVWLF �SRVVLEO\ ZLWK

RSSRVLWH VLJQ� REWDLQHG IURP WKH RULJLQDO VDPSOH� +HQFH� WKHVH K\EULG LPSOHPHQWDWLRQV DUH IRXQG WR

EH FRPSOHWHO\ LQDGHTXDWH IRU LQIHUHQFH SXUSRVHV�

,Q VWDWLF UHJUHVVLRQ PRGHOV� WKH WHVW VWDWLVWLF DQG FRQ¿GHQFH UHJLRQ DSSURDFKHV DUH VKRZQ WR EH

LGHQWLFDO� HYHQ ZKHQ YDULRXV UHVWULFWLRQV DUH WHVWHG MRLQWO\� +HQFH� DOVR LQ WKH µERRWVWUDS ZRUOG¶� WKHUH

LV D RQH�WR�RQH FRUUHVSRQGHQFH EHWZHHQ WHVWLQJ K\SRWKHVHV DQG FRQVWUXFWLQJ FRQ¿GHQFH UHJLRQV LQ

VWDWLF PRGHOV� +RZHYHU� LQ G\QDPLF PRGHOV� WKLV HTXLYDOHQFH EUHDNV GRZQ DQG WKH ¿QLWH�VDPSOH SHU�

IRUPDQFH RI WKH WZR DSSURDFKHV FDQ EH TXLWH GLIIHUHQW� ,Q WKH VWDWLRQDU\ *DXVVLDQ $5��� PRGHO� WKH

WHVW VWDWLVWLF DSSURDFK OHDGV WR H[DFW SDUDPHWULF ERRWVWUDS LQIHUHQFH� 7KH LQDFFXUDF\ RI WKH FRQ¿GHQFH

UHJLRQ DSSURDFK VWHPV IURP WKH IDFW WKDW WKH FULWLFDO ERRWVWUDS YDOXHV GHSHQG RQ WKH XQUHVWULFWHGO\

HVWLPDWHG $5��� SDUDPHWHU� :H FRQMHFWXUH WKDW LQ JHQHUDO G\QDPLF PRGHOV� WKH WHVW VWDWLVWLF DSSURDFK

KDV WR EH SUHIHUUHG WR WKH FRQ¿GHQFH UHJLRQ DSSURDFK LQ ¿QLWH VDPSOHV VLQFH WKH XQUHVWULFWHG UHVDP�

SOLQJ VFKHPH �XWLOLVHG LQ WKH FRQ¿GHQFH UHJLRQ DSSURDFK� LV LQÀLFWHG E\ VWRFKDVWLF YDULDWLRQ ZKLFK
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PD\ EH UHGXFHG RU HYHQ FRPSOHWHO\ DQQLKLODWHG E\ WKH UHVWULFWHG UHVDPSOLQJ VFKHPH �XWLOLVHG LQ WKH

WHVW VWDWLVWLF DSSURDFK�� 7KLV REVHUYDWLRQ LPSOLHV WKDW FRQ¿GHQFH LQWHUYDOV EDVHG RQ LQYHUWLQJ D WHVW

VWDWLVWLF ZLOO LQ JHQHUDO KDYH D VPDOOHU FRYHUDJH HUURU WKDQ FRQ¿GHQFH LQWHUYDOV EDVHG RQ WKH FRQ¿�

GHQFH UHJLRQ DSSURDFK� $PRQJ RWKHUV� &DUSHQWHU ������� 'DYLGVRQ ������ DQG +DQVHQ ������ VKDUH

WKLV FRQFOXVLRQ�

1RWH WKDW LQ WKH FODVV RI PRGHOV ZH H[DPLQHG WKH WHVW VWDWLVWLF DQG FRQ¿GHQFH UHJLRQ DSSURDFKHV

DUH ERWK FRQVLVWHQW� L�H� WKHLU ERRWVWUDS GLVWULEXWLRQV FRQYHUJH WR WKH FRUUHFW DV\PSWRWLF GLVWULEXWLRQ�

6R� WKH FRQFOXVLRQ WR IDYRXU WKH IRUPHU DSSURDFK LQ VWDEOH G\QDPLF PRGHOV LV EDVHG RQ LWV ¿QLWH�

VDPSOH SHUIRUPDQFH� 1RWH� KRZHYHU� WKDW LQ $5 PRGHOV FRQWDLQLQJ D XQLW URRW� %DVDZD HW DO� ������

KDYH GHPRQVWUDWHG WKH LQFRQVLVWHQF\ RI WKH FRQ¿GHQFH UHJLRQ DSSURDFK� ZKHUHDV WKH WHVW VWDWLVWLF DS�

SURDFK GRHV OHDG WR FRUUHFW ERRWVWUDS LQIHUHQFH� VHH IRU LQVWDQFH )HUUHWWL DQG 5RPR ������ RU +DQVHQ

������� +HQFH� WKH VXSHULRULW\ RI WKH WHVW VWDWLVWLF DSSURDFK LQ XQLW URRW PRGHOV LV QRW VLPSO\ D ¿QLWH�

VDPSOH SKHQRPHQRQ� EXW IROORZV IURP DV\PSWRWLF WKHRU\�
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%DVDZD� ,� 9�� 0DOOLN� $� .�� 0F&RUPLFN� :� 3�� 5HHYHV� -� +�� 7D\ORU� 5� /�� ����� %RRWVWUDSSLQJ

XQVWDEOH ¿UVW RUGHU DXWRUHJUHVVLYH SURFHVVHV� 7KH $QQDOV RI 6WDWLVWLFV ��� ����±�����

%HUDQ� 5�� ����� 6LPXODWHG SRZHU IXQFWLRQV� 7KH $QQDOV RI 6WDWLVWLFV ��� ���±����

%HUDQ� 5�� ����� 3UHSLYRWLQJ WR UHGXFH OHYHO HUURU RI FRQ¿GHQFH VHWV� %LRPHWULND ��� ���±����

%HUNRZLW]� -�� .LOLDQ� /�� ����� 5HFHQW GHYHORSPHQWV LQ ERRWVWUDSSLQJ WLPH VHULHV� (FRQRPHWULF

5HYLHZV ��� �±���

%LFNHO� 3� -�� )UHHGPDQ� '� $�� ����� %RRWVWUDSSLQJ UHJUHVVLRQ PRGHOV ZLWK PDQ\ SDUDPHWHUV� LQ�

%LFNHO� 3� -�� 'RNVXP� .�� +RGJHV� -� &� HGV�� $ )HVWVFKULIW IRU (ULFK /HKPDQQ �&DOLIRUQLD�

:DGVZRUWK�� ��±���

%RVH� $�� ����� (GJHZRUWK FRUUHFWLRQ E\ ERRWVWUDS LQ DXWRUHJUHVVLRQV� 7KH $QQDOV RI 6WDWLVWLFV ���

����±�����

&DUSHQWHU� -�� ����� 7HVW LQYHUVLRQ ERRWVWUDS FRQ¿GHQFH LQWHUYDOV� -RXUQDO RI WKH 5R\DO 6WDWLVWLFDO

6RFLHW\ �6HULHV %� ��� ���±����

'DYLGVRQ� 5�� ����� &RPPHQW RQ µ5HFHQW GHYHORSPHQWV LQ ERRWVWUDSSLQJ WLPH VHULHV¶� (FRQRPHWULF

5HYLHZV ��� ��±���

'DYLGVRQ� 5�� 0DF.LQQRQ� -� *�� ����� 7KH VL]H GLVWRUWLRQ RI ERRWVWUDS WHVWV� (FRQRPHWULF 7KHRU\

��� ���±����

'DYLVRQ� $� &�� +LQNOH\� '� 9�� ����� %RRWVWUDS 0HWKRGV DQG WKHLU $SSOLFDWLRQV �&DPEULGJH 8QL�

YHUVLW\ 3UHVV� &DPEULGJH��

'L&LFFLR� 7� -�� 5RPDQR� -� 3�� ����� 1RQSDUDPHWULF FRQ¿GHQFH OLPLWV E\ UHVDPSOLQJ PHWKRGV DQG

OHDVW IDYRUDEOH IDPLOLHV� ,QWHUQDWLRQDO 6WDWLVWLFDO 5HYLHZ ��� ��±���

(IURQ� %�� 7LEVKLUDQL� 5� -�� ����� $Q ,QWURGXFWLRQ WR WKH %RRWVWUDS �&KDSPDQ 	 +DOO� /RQGRQ��

)HUUHWWL� 1�� 5RPR� -�� ����� 8QLW URRW ERRWVWUDS WHVWV IRU $5��� PRGHOV� %LRPHWULND ��� ���±����

)UHHGPDQ� '� $�� ����� %RRWVWUDSSLQJ UHJUHVVLRQ PRGHOV� 7KH $QQDOV RI 6WDWLVWLFV �� ����±�����

)UHHGPDQ� '� $�� ����� 2Q ERRWVWUDSSLQJ WZR�VWDJH OHDVW�VTXDUHV HVWLPDWHV LQ VWDWLRQDU\ OLQHDU PRG�

HOV� 7KH $QQDOV RI 6WDWLVWLFV ��� ���±����

*LHUVEHUJHQ� 1� 3� $� Y�� .LYLHW� -� )�� ����� +RZ WR ,PSOHPHQW %RRWVWUDS +\SRWKHVLV 7HVWLQJ LQ 6WDWLF

DQG '\QDPLF 5HJUHVVLRQ 0RGHOV� 'LVFXVVLRQ SDSHU 7, ������ �7LQEHUJHQ ,QVWLWXWH� $PVWHUGDP��

3DSHU SUHVHQWHG DW (6(0 ���� �0DDVWULFKW� 7KH 1HWKHUODQGV� DQG (&� ���� �2[IRUG� 8�.���

+DOO� 3�� ����� 2Q WKH QXPEHU RI ERRWVWUDS VLPXODWLRQV UHTXLUHG WR FRQVWUXFW D FRQ¿GHQFH LQWHUYDO�

7KH $QQDOV RI 6WDWLVWLFV ��� ����±�����

+DOO� 3�� ����� 8QXVXDO SURSHUWLHV RI ERRWVWUDS FRQ¿GHQFH LQWHUYDOV LQ UHJUHVVLRQ SUREOHPV� 3URED�

EOLW\ 7KHRU\ DQG 5HODWHG )LHOGV ��� ���±����
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+DOO� 3�� ����� 7KH %RRWVWUDS DQG (GJHZRUWK ([SDQVLRQ �6SULQJHU�9HUODJ��

+DOO� 3�� :LOVRQ� 6� 5�� ����� 7ZR JXLGHOLQHV IRU ERRWVWUDS K\SRWKHVLV WHVWLQJ� %LRPHWULFV ���

���±����

+DQVHQ� %�� ����� 7KH JULG ERRWVWUDS DQG WKH DXWRUHJUHVVLYH PRGHO� 7KH 5HYLHZ RI (FRQRPLFV DQG

6WDWLVWLFV ��� ���±����

+RURZLW]� -� /�� ����� %RRWVWUDS�EDVHG FULWLFDO YDOXHV IRU WKH ,QIRUPDWLRQ�PDWUL[ WHVW� -RXUQDO RI

(FRQRPHWULFV ��� ���±����

+RURZLW]� -� /�� ����� %RRWVWUDS 0HWKRGV LQ (FRQRPHWULFV� 7KHRU\ DQG 1XPHULFDO 3HUIRUPDQFH� LQ�

.UHSV� '�� DQG :DOOLV� .�� HGV�� $GYDQFHV LQ (FRQRPLFV DQG (FRQRPHWULFV� 7KHRU\ DQG $SSOLFD�

WLRQV �&DPEULGJH 8QLYHUVLW\ 3UHVV� &DPEULGJH�� 9RO� �� ���±����

.UHLVV� -��3�� )UDQNH� -�� ����� %RRWVWUDSSLQJ VWDWLRQDU\ DXWRUHJUHVVLYH PRYLQJ�DYHUDJH0RGHOV� -RXU�

QDO RI 7LPH 6HULHV $QDO\VLV ��� ���±����

/L� +�� 0DGGDOD� *� 6�� ����� %RRWVWUDSSLQJ WLPH VHULHV PRGHOV �ZLWK GLVFXVVLRQ�� (FRQRPHWULF

5HYLHZV ��� ���±����

0DPPHQ� (�� ����� %RRWVWUDS DQG ZLOG ERRWVWUDS IRU KLJK GLPHQVLRQDO OLQHDU PRGHOV� 7KH $QQDOV

RI 6WDWLVWLFV ��� ���±����

0F/HRG� $� ,�� +LSHO� .� :�� ����� 6LPXODWLRQ SURFHGXUHV IRU %R[�-HQNLQV PRGHOV� :DWHU 5HVRXUFHV

5HVHDUFK ��� ���±����

1DQNHUYLV� -� &�� 6DYLQ� 1� (�� ����� 7KH 6WXGHQW¶V W DSSUR[LPDWLRQ LQ D VWDWLRQDU\ ¿UVW RUGHU DXWRUH�

JUHVVLYH PRGHO� (FRQRPHWULFD ��� ���±����

1DYLGL� :�� ����� (GJHZRUWK H[SDQVLRQV IRU ERRWVWUDSSLQJ UHJUHVVLRQ PRGHOV� 7KH $QQDOV RI

6WDWLVWLFV ��� ����±�����

1HOVRQ� &� 5�� 3ORVVHU� &� ,�� ����� 7UHQGV DQG UDQGRP ZDONV LQ PDFURHFRQRPLF WLPH VHULHV� -RXUQDO

RI 0RQHWDU\ (FRQRPLFV ��� ���±����

6FKRWPDQ� 3� &�� 'LMN� +� .� Y�� ����� 2Q ED\HVLDQ URXWHV WR XQLW URRWV� -RXUQDO RI $SSOLHG (FRQR�

PHWULFV �� ���±����

7DQDND� .�� ����� $V\PSWRWLF H[SDQVLRQV DVVRFLDWHG ZLWK WKH $5��� PRGHO ZLWK XQNQRZQ PHDQ�

(FRQRPHWULFD ��� ����±�����

7LEVKLUDQL� 5�� ����� &RPPHQW RQ µ7ZR JXLGHOLQHV IRU ERRWVWUDS K\SRWKHVLV WHVWLQJ¶ E\ 3� +DOO DQG

6�5� :LOVRQ� %LRPHWULFV ��� ���±����

:X� &� )� -�� ����� -DFNNQLIH� ERRWVWUDS DQG RWKHU UHVDPSOLQJ PHWKRGV LQ UHJUHVVLRQ DQDO\VLV �ZLWK

GLVFXVVLRQ�� 7KH $QQDOV RI 6WDWLVWLFV ��� ����±�����
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