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Reference priors for discrete graphical models

GUIDO CONSONNI VALENTINA LEUCARI

Dipartimento di Economia Politica e Metodi Quantitativi, University of Pavia,

Via S. Felice 5, 27100 Pavia, Italy

guido.consonni@unipv.it, viQdimat.unipv.it

SUMMARY

The combination of graphical models and reference analysis represents a powerful
tool for Bayesian inference in highly multivariate settings. It is typically difficult
to derive reference priors in complex problems. In this paper we present a suitable
mixed parameterisation for a discrete decomposable graphical model and derive the

corresponding reference prior.
Some key words: Decomposable model; Fisher information matrix; Mixed parameterisation;

Natural exponential family.

1 Introduction

This paper brings together two broad statistical methodologies, namely graphical models
and reference analysis.

In this paper we deal with undirected graphical models, and assume that each variable,
corresponding to a vertex in the graph, is discrete. Our results are therefore relevant also

for the analysis of contingency tables under multinomial sampling.



A major breakthrough in the Bayesian analysis of graphical models was achieved with
the paper of Dawid & Lauritzen (1993) wherein, among other things, the crucial notion
of hyper-Markov laws was introduced. However, subjective elicitation of specified prior
distributions for graphical models is still a very hard task, and it is important to develop
default, or reference, priors. For informative accounts of reference analysis, see § 5.4 of
Bernardo & Smith (1994) an the recent paper by Bernardo (2005).

Finding a reference prior in multiparameter settings is typically highly laborious. More-
over, its derivation and structure may depend on technical aspects that are difficult to justify
from a substantive viewpoint. However, under some circumstances, the choice of a suitable
parameterisation allows one to derive reference priors uniquely and straightforwardly.

For ease of exposition, in this paper we limit ourselves to the case of decomposable

graphical models with binary variables, and focus on a specific parameterisation.

2 Parameterisations for discrete decomposable

graphical models

2.1 Graphical models

In this section we present the basic prerequisites and notation on graphs and graphical
models that are needed. We rely on, and refer to, Lauritzen (1996) for concepts and
terminology; see also Cowell et al. (1999).

A graph is a pair G = (V, E), where V is a set of vertices and F is a set of edges
between any two vertices. We only deal with undirected graphs, in which edges do not
have a direction. To each vertex v there is associated a random variable X,. If A C V
we let X4 = {X, : v € A}; for simplicity we set Xy, = X. A graphical model M(G) is

a family of distributions for X, satisfying the Markov property with respect to G, namely



that X, and X, are conditionally independent given all the remaining variables, written
Xu L Xy | X\ v}, Whenever u and v are not connected by an edge in G.

A graph is said to be complete if it possesses all possible edges; that is the corresponding
graphical model, also named complete, embodies no conditional independence relationship.
A maximal, with respect to inclusion, complete subset of V is a clique. We deal with
decomposable graphs, and corresponding models, that are amenable to simpler statistical
analysis and interpretation. A notable property of a decomposable graphical model is that
the joint density of X, with respect to a product measure, can be factorised in terms of the

clique marginal densities; that is

[, fe,(xc,)

Jw) = [T, fsi(zs,)

, (1)

where the cliques C', . . ., C are assumed to be arranged in a perfect ordering, and So, . .., Sk
denote the corresponding separators, defined as S; = {C1 U ... U C;_1} N C;. This will be

tacitly understood in the sequel.

2.2 FExponential family representation

Throughout the paper we consider the special case of binary random variables; that is X, €
{0,1} for each v € V. The extension to the polytomous case is conceptually straightforward,
although laborious. We shall offer some comments in § 4. The main theoretical results of
this subsection, including notation and proofs, are in the unpublished 2004 University of
Pavia Ph. D. thesis by V. Leucari.

We review below briefly a few essential facts about exponential families that shall be
needed later on; for a general treatment, see Brown (1986). A recent informative account
is provided by Casalis; see Chapter 54 of Kotz et al. (2000).

We regard vectors as column vectors, and denote by yT the transpose of y. Let v be

a o-finite positive measure on the Borel sets of R?. Suppose v is not concentrated on an



affine hyperplane of IR? and consider an exponential family F whose densities with respect

to v are of the form
f(l0) = exp{6Ty — M(0)}, 6 €O, (2)

with © non-empty. When © is the interior of the natural parameter space
{9 e R%: /exp{HTy} v(dy) < oo}, the family F is said to be a natural exponential family
on IR?, with natural, or canonical, statistic Y and corresponding parameter 6.

The expectation p of Y is

n=n(0) = B(rjp) = 2010,

let = u(©) be the mean space. If 2 coincides with the interior of the convex hull of the
support of v, the family F is said to be steep.

The function

92M (0)

V(p) = var(Y|0) = 90To0 w )
0=0(pn

p € L,

is called the variance function of the family F. Here 0(-) denotes the inverse of the mapping
w(0) = OM(0)/00.

Another useful concept is that of a cut (Barndorff-Nielsen, 1978, p. 50). Consider a
general parametric family for the observable X, f(x|¢), with ¢ € ®. A statistic S = s(X) is
said to be a cut if there exists a parameterisation A(¢) = A\, A € A = A(®), with A = (A1, A2),

A1 € A1 and Ao € Ay, such that A = A7 x Ay and

F(@[A) = fils|h) fa(x| Az, 8),

where s = s(z). As a consequence A1 and Ao are likelihood independent.

It is known that undirected graphical models with no hidden variable are exponential
families (Geiger et al., 2001). Here we are particularly concerned with alternative parame-
terisations of graphical models, and we find it useful to treat separately the complete and

the general decomposable case.



Consider first the marginal complete model for clique C;. We denote by C; the collection

of all non-empty subsets of C;, namely

and similarly S; = {D : D C S;,D # ()} for a separator S;. Define the marginal cell

probabilities for clique Cj; as

where
pa_(D) = pr(Xp= 1, Xe\p = Olpa).

In general we shall employ an asterisk to denote quantities, such as parameters, related
to marginal models, as opposed to quantities pertaining to the joint distribution. At this
stage we introduce a second parameterisation which is inherent in the exponential family

representation.

Proposition 1. Let M(G) be a discrete complete graphical model for the random vari-

ables X € {0, 1}|V|. Then the joint distribution of X is a natural exponential family,
F(yl0) = exp{0y — M(0)},

with M(0) = log [1 + DDV, pzo €XP {ZFQDF;&Q) H(D)H . The canonical statistic is
Y = {Y(D): DCV,D #0},

where

Y(D) = H Xy,

veD

and the canonical parameter is

0 ={0(D): DCV,D +0},

5



where

(D) = (=1)IPVlog p(F).

Proposition 2. Let M(G) be a discrete decomposable graphical model for the random
variables X € {0,1}VI. Then, for any complete subset A CV, X4 = {X, :v € A} is a
cut.

Proof. From Theorem 5.4 in Frydenberg (1990), X 4 is a cut if and only if M(G) is collapsible
on to A. Asmussen & Edwards (1983) prove that a necessary and sufficient condition for
collapsibility is completeness of the boundary of each connected component of V\A. If A
is complete the boundary of each connected component of V\ A is also complete, being a

subset of A. O

Corollary 1. Let M(G) be a discrete decomposable graphical model for the random vari-
ables X € {0, 1}|V|. Then, for i =1,...,k, the marginal distribution of X¢, is a natural

exponential family,
feulye, 06, = exp {06, ve, — Me,(07) } 3)
with Mc,(0¢,) =1og |1+ 3 pce, prp €Xp {ZFQD,F#@ GEZ(F)H . The canonical statistic is
Ye, = {Ye,(D):D CC;,D # 0},

(3

where

YCi(D) = H Xy,

veD

and the canonical parameter is

e, = {0¢,(D):DCCi,D#0},



where

0c,(D) = > (=1 logpe, (F). (4)
FCD

Proof. From Proposition 2 M(G) is collapsible on to each clique, and therefore each clique
marginal model coincides with the family of Markov distributions over the corresponding

subgraph. Such a distribution must then have the structure given in Proposition 1. [J

The mean parameter for the model in (3) is

e, = {MC«;(D):DQCZ"D#@L

where

pe,(D) = E{Ye,(D)l6g}y= > pt(DUF). (5)
FCC\D

Note that there is no need to use an asterisk for the mean parameter in the marginal model
since this is just the corresponding subvector of the mean parameter in the joint model. An
analogous comment holds for the canonical statistic Y¢,. Clearly Corollary 1 holds more
generally for any complete subset of V', and in particular for separators.

If we let D Cg V denote a complete, with respect to G, subset of V', a result similar to

that in Proposition 1 can be shown for a general, non-complete, decomposable model.

Proposition 3. Let M(G) be a discrete decomposable graphical model for the random

variables X € {0, 1}|V|. Then the joint distribution of X is a natural exponential family,
F(yl6) = exp {67y — M(6)}, (6)
with M(0) = log [1 + 2 Dcgv,nso €XP {ZFQD,F;EQ) H(F)H . The canonical statistic is
Y = {Y(D):DSgV,D#0},
where

Y(D) = H Xy,

veD



and the canonical parameter is
6 = {0(D): D CgV,D #(},

where

with Ga(D) = 0 whenever D is not contained in C;, and similarly for 0%, (D).

The mean parameter for the model in (6) is
w = {u(D):DCgV,D£0),
where
WD) = BY(D)o}.

With reference to the joint model (6), we let [V (1) !¢, denote the submatrix of V ()™t
corresponding to Y¢,, while [V (1) '] is the matrix obtained from [V (u)~']¢, by filling up

with zero entries to obtain full dimension, and similarly for S;.

Proposition 4. Let M(G) be a discrete decomposable graphical model for the random

variables X € {0,111 Then

Ezample. Throughout the paper we shall use for illustration an example reported in Ed-
wards & Havranek (1985). A 15-year follow-up study of probable risk factors for coronary
heart disease involved 1841 employees of a car factory. Six binary variables are considered:
a = smoking, yes or no, b = strenuous mental work, yes or no, ¢ = strenuous physical work,

yes or no, d = systolic blood pressure, <140 or >140, e = ratio of @ and (8 lipoproteins, < 3



or > 3, f = family history of coronary heart disease, yes or no. Based on the data collected,
Madigan & Raftery (1994) evaluated all possible undirected graphical models for the six
variables. The graph in Fig. 1 corresponds to the highest posterior probability model based
on 25% of the observations; see Table 6 in Madigan & Raftery (1994). The remaining 75%

of the data were allocated for prediction purposes.
FIGURE 1 ABOUT HERE

Cliques and separators are respectively C1 = {b,c},Cy = {b,e},Cs = {a,e},Cy = {d,e},C5 =
{f} and Sy = {b}, S35 = {e}, Sy = {e}, S5 = 0.

The natural exponential family representation is based on the following collections of
subsets: C1 = {b,c,bc},Co = {b,e,be},Cs = {a,e,ae},Cy = {d,e,de},C5 = {f},S2 =

{b}, S5 = {e},S1 = {e}. To be more precise

_ fC1(ycl|9a) Xooe X fC5(yC5|‘9;5)
f32(y$2|9§2) X X f54(y54‘9§4)’

f(ylo)

where, for instance, the marginal density for clique Cj is

fei (ye,16¢,) = exp{fe, (0)y(b) + 0¢, (¢)y(c) + O, (be)y(be) — Me, (6¢,)}

with Me, (65,) = log (1 1% ) 4 08 | B, (be)+0g, (b)+9él(c))' The canonical statistic

and parameter are respectively

e, (b) = log

¢, (bc) = log



where the cell probabilities are those in Table 1.
TABLE 1 ABOUT HERE

An example of the relationship between joint and marginal parameters is the following:

0(c) = ¢ (o),

0(b) = ¢, (b) + ¢, (b) — b5,(b).

2.3 M:ixzed parameterisation

Consider a steep natural exponential family on R¢ with canonical statistic Y. Partition
Y as Y = (Y1,Y2), and similarly for the canonical parameter § = (6;,6;) and the mean
parameter p = (p1, u2). Suppose now that Yj is a cut. From Theorem 3.1 of Barndorff-
Nielsen & Koudou (1995) it follows that (u1,62) is a reparameterisation of the natural

exponential family whose density can be written as

Fy, 9211, 02) = f1(yalp) fa(yelyr, 02).

Moreover both f; and fo are natural exponential families, although the latter may be
concentrated on an affine hyperplane of lower dimension for specific values of y;.
Gutiérrez Pena & Rueda (2003) provide details about the structure of f; and fo. Note
that the Fisher information matrix for the mixed parameterisation, H(u1,602), is block-
diagonal; that is
Hyi(p1) 0

H(py,02) = : (7)
0 Hao(p1,02)

with Hi; only depending on p;. This fact will prove extremely useful in § 3 in the con-
struction of reference priors.

Our objective is to identify a suitable mixed parameterisation for a general discrete
decomposable model. Again we shall start by considering first the complete case corre-

sponding to a marginal clique model.

10



2.4 Mzixed parameterisation for a clique marginal model

Before deriving mixed parameterisations for clique marginal models we need some prelim-
inary results. Consider a decomposable model with cliques C1,...,C) and corresponding

separators So, - -+, Si. Define the subset of C}
C} = U{Ci N Gy},
and the collection
¢l ={D:DcCcC} D+#0},

containing all subsets of C; with nonempty intersection with the collection of remaining

cliques. Then, if we let CZ2 = C;\C}, we have generated a partition of C;. Note that C}

[

contains subsets of C; that are in common with other cliques, whereas those of C? are

specific to clique C;. Such collections of subsets satisfy several useful properties, namely
Property 1. C} is complete for i = 1,... k.
Property 2. C{ U...UCL =5,U...USj.
Property 3. C{U...UCt ={D:D Cg (C{U...UC}),D +# 0}.
Property 4. ch is a cut for f¢, (ycl|92§1) fori=1,...,k.
Property 5. C2,. .. ,C,? are pairwise disjoint.
Property 6. Wéch ={0;,(D): D € 2} = Ocz = {6(D) : D € C?}.

Property 6 means that the subvector, corresponding to the components in CZ?, of the canon-
ical parameter 6 indexing the marginal natural exponential family of clique C;, coincides
with the corresponding subvector of the canonical parameter 6 indexing the joint natural

exponential family for Y.

11



Recall the partition C; = CZ-1 U CZ-2 and consider the corresponding partition for Y

namely

YC- = (Ycilv YC?)? (8)

(3

with the allied mixed parameterisation

CC-; = (MC} ) QC? )7 (9)

where (9) makes use of Properties 4 and 6.

Proposition 5. Let M(G) be a discrete decomposable graphical model for the random
variables X € {0, 1}|V|, with cliques Cy,...,Cy. Then the marginal density of Ye,, param-

eterised by (c,, factorises as

feidye10¢,(Ce)y = fer(Werlier) fezier (wezlyer, Ocz), (10)

with per and o2 likelihood independent.
Proof. The marginal density of Y¢, is obtained in Corollary 1. Since Y1 is a cut by Property

4, the result follows from Theorem 3.1 of Barndorff-Nielsen & Koudou (1995). O

Both densities on the right-hand side of (10) have an exponential family structure, so that

they can be written as

fer(erlnes) o exp {02 (uen) ey = Mer (031 () }
fezier (ezlver Oez) o exp {6ye — M (Bezlyer) b (11)
where Mez2(0c2|yer) = Ke,(02) — yz1Ge, (6¢2) for some real function K¢, and vector-valued
function Gg;,, see also § 3 of Gutiérrez Pena & Rueda (2003). Note that using this partition

we do not need to compute marginal parameters, since p1 and 6,2 are subvectors of u and

0 respectively.

12



2.5 M:ixzed parameterisation for a decomposable model

Consider the following partition of Y and the associated mixed parameterisation:

V' o= (Ygu.uen Yero uez) = (Yer, Yer),

¢ = (Ncllu.“uc,ivecfu‘..uc,%):(NC179C2)~ (12)

Proposition 6. Let M(G) be a discrete decomposable graphical model for the random
variables X € {0, 1}V, with cliques C1,...,Cy. Then Yeu is a cut for f(y|0).

Proof. The result can be shown using Proposition 3 on the induced subgraph QC%U_._U%. In
order to make use of Proposition 3, we first need to prove that gcllumucé is decomposable
and that the marginal density of {X, : v € C] U...UCl} is Markov with respect to such
a graph.

Decomposability is preserved when considering induced subgraphs, see § 4.2 in Cowell
et al. (1999), and hence gC}U...UCé is decomposable. In order to prove the Markov property,
let p denote the cell probabilities for the joint model, namely p = {p(D) : D C V, D # 0},
where p(D) = pr(Xp =1, Xy, p = 0|p). Consider the density obtained via marginalisation,

fcllu...uc,g (xcllu...uc; ‘p*cllu...uc,g) = Z Hy@)|0(p)}

xV\C%U.”uCé

Using (1) and Property 2 of § 2.4 we can write this as

k
1
Hye. 105,
[T fs (s, (2105 ()} \Z [ et el o)
1 k

- ho1 1(x 9*1
Ty /s, (s (25,) 105 ()} E[l c; tuey (zep)loe; (P)y

= II ¢ofuD)}

Declu...uc}

= H d)D{y(D)}?

DecC?

for some, possibly constant, functions he1 and ¢p, where the last equality follows from

Property 3. We have thus shown that the density associated with gc}u...uc,g can be written

13



as the product of functions defined on the complete subsets of C{ U ... U C,i. This is
equivalent to the Markov property with respect to Goiy ey (Lauritzen, 1996, § 3.2.1).
Finally, since the hypotheses of Proposition 3 are satisfied, namely that M(gcllumu%) is
a decomposable graphical model, we can conclude that Yg: is distributed according to a

natural exponential family and is therefore a cut. [

We can now state a result analogous to that of Proposition 5.

Proposition 7. Let M(G) be a discrete decomposable graphical model for the random

variables X € {0, 1}|V|, with cliques C1,...,Cy. Then the following factorisation holds:

Yo} = fer(yerlper) fezier (Yezlyer s Oc2).- (13)

Proof. By Proposition 6 Y1 is a cut, and the result follows from Theorem 3.1 of Barndorft-

Nielsen & Koudou (1995). O

Note that, since results in the previous subsection hold for each clique and the Markov

property is assumed, the joint density can also be written as

[Ty e, (ve,l0,)

T15, fs.(ys,105,)

H?:1 fci1 (ycil ‘Mc} )fq.2 [ (Z/Ci2 ‘ycl.l ’ 67cl.2)
[Tis fs: (ys:105,) '

flylo) =

As a consequence, if we define V = {D : D Cg V, D # ()}, the following result holds.

Proposition 8. Let M(G) be a discrete decomposable graphical model for the random
variables X € {0, 1}‘V‘, with cliques C1,. .., Cg. Then Ypo LYy c2 Y1 for eachi=1... k.
Proof. Omitting the dependence on parameters, write

he,(wersyez) = fer(Werlier) fezier (wezlyer Oc2),

Iz fer (werlier) fezier (yez|yes s Oc2)
- .
[Tis fsi{ys; s, (05)}

gc; (yV\cf) =

14



Then, from equation (14), we have

Hwl0(Q)} = he, (yers yez)ge: (vwe2)

which is the definition of conditional independence of Y2 and Yy c2 given Y. [

Since equations (13) and (14) are both representations of the joint density, Proposition 8

yields
k
ferie (welyer bc2) = [T ferier (wezlyer 6c2), (15)
i=1
whence
k
For (yer ) ITizs fcg (ycil|/ici1)
Cl Cl Cl L " .
Hi:Q f& {y& |1u52' (951)}
Note that us,, i = 2,...,k, is contained in pe1 since each S; is a subset of some clique Cj.

Ezample (continued). In order to define the mixed parameterisation we first construct the
following partitions of Cy,...,Cs:
¢ o= {b} ¢t = {ebe}

Ci = {bebe} C3 = 0

ci = {e} C3 = {a,ae}
Ci = {e} Ci = {d de}
c; = 0 c; = {/h

As a consequence,
¢! = clu...uct ={be be},
C? = C?U...UC?={a,cd,f,bc, ae,de},
so that the overall partition and associated mixed parameterisation is Y = (Yp1,Ye2),( =
(kct,0c2), with
per = (u(b), ple), u(be)),
Oc> = (0(a),0(c),0(d),0(f),0(bc), 0(ae), 6(de)),

15



where for instance u(b) = pg, (b) + pg, (be), and similarly for the remaining components of

fic-

3 Reference priors for discrete decomposable

models

3.1 Reference priors

Let X be an observable random quantity with density function f(z|¢), where ¢ € ® C IR?
denotes an unknown parameter. Berger & Bernardo (1992) describe an algorithm for finding
reference priors. Such an algorithm is rather elaborate for the general case; it greatly
simplifies, however, in the so-called regular case, that is if the posterior distribution of ¢ is
asymptotically normal whenever the class of continuous priors for ¢ is strictly positive on
.

A reference prior for a given parameter depends on the grouping and ordering of the
parameter components. This is why one should strictly speak of ordered-group reference
priors. We shall see, however, that in some circumstances order does not matter, so that
typically it is the grouping structure that is more important.

We assume that ¢ is decomposed into r groups (cb(l), e ,¢(,,)), with ¢ having di-
mension dy; we also let df = 2?21 dj and define ¢p) = (@), .-, Pr)) and Py =
(Pk41)s---»P@r))s for all k = 1,...,7. The elements of ¢ are usually ordered according
to inferential importance; in particular, the parameters of interest should come first. Let

dk) € Px, k=1,...,7r, and assume that & = &1 x ... x &,.. Let

0%In f(X|9)
09T ¢ }

H(¢) = —Ex4 {

denote the Fisher information matrix for model f(z|¢).

16



For our purposes it is enough to consider the special case for which
H(¢) = diag{H11(9), ..., Hyr(¢)} with Hpg(¢) a dy x dj, matrix, with the further condition

that there exist positive functions a; and b such that

det{ Hyr.(0)} = ar (b)) bk (Ppr—1]s Sj~r)), for allk € {1,...,7}. (16)

In this case the density with respect to Lebesgue measure of the r-group reference prior on

¢ is given by

T (D) b)) o [ ] arldw)? by € Tis (17)
k=1

see Datta & Ghosh (1995). The Jeffreys prior 77%, which is sometimes used as a noninfor-
mative prior, can be recovered as a special case of the reference prior by simply treating
the whole parameter ¢ as a single group. As a consequence, if there exists a grouped pa-
rameterisation for the model such that the Fisher information matrix is block-diagonal and
the factorisation (16) holds, then the reference prior is explicitly available and is provided
by (17).

Clearly the mixed parameterisation (u1,62) induced through a cut X, as described in
§ 2.3, leads to a block-diagonal Fisher information matrix. Gutiérrez Penia & Rueda (2003)
show in addition that, if the variance function of the underlying natural exponential family
is homogeneous or simple quadratic, factorisation (16) holds with » = 2. They also identify
explicitly the functions a;(u1) and ag(f2) and thus obtain the corresponding reference prior
for (u1,62).

In the following we shall show that the mixed parameterisation for a discrete decom-
posable graphical model identified in (12) also affords a factorisation like (16), thus leading
explicitly to the appropriate reference prior. We first deal with a clique marginal model

and then tackle the general decomposable case.

17



3.2 Clique marginal model

Proposition 9. Let M(G) be a discrete decomposable graphical model for the random
variables X € {0, 1}|V|, with cliqgues C1,...,Cy. Then the Fisher information matriz rela-

tive to the clique marginal model fc,(yc;|0¢.(Cc;)) is given by

Hei(per) 0
He,(Cc;) = o ; (18)
0 Hc2 (HC.Qa Mc.l)

where Hp1(pe1) = Ver (1) ™1 is the inverse of the variance function for Ter{yer 105, (151)

and

det{He,(Cc;)} = det{Vei(per)}  acz(9c2)bez (er), (19)

for some positive functions ac2 and bciz.

Proof. Equation (18) as well as Her (ucg) = Ve (,LLcil)_l follows directly from Lemma 3.3
in Barndorff-Nielsen & Blaesild (1983). Expression (19) follows from the theory in § 4 of
Gutiérrez Pefia & Rueda (2003) since fe,(yc,;|0¢,) is a natural exponential family with a

simple quadratic variance function and Y1 is a cut. O
3

We are now ready to compute the Jeffreys and reference prior for the mixed parameterisation

of clique marginal models.

Proposition 10. Let M(G) be a discrete decomposable graphical model for the random
variables X € {0,1}|V‘, with cliques C4,...,Cy. Then the Jeffreys prior and reference

prior for the clique marginal model fc,{yc;|0¢,(Cc;)}, relative to the mized parameterisation

18



(e, = (NC}vHCZ?) € Qcil X ®C¢2’ are respectively
-1

o)« [[{ 3 )¥Fupur)

pce} FCCh\D
1
exp (2 [9(22523 - {tgiKCi(gcg) - Sgl?GCi (003)} + 923 (Mcg)ngg—

¢, Mo {85 (1)} )
—1/2

) o« I3 X nflupur  x

bDcc} \ FCci\D

1
X exp (2 [953833 — {tgiKci(Hciz) — Sg;GCi (@zf)}]) ;

where

Ke(0c2) = log |14+ > expg > 0(F) 3|, (20)

' DCC;\C},D#0 FCD,F#0)
te, = (ICl+1), (21)

and for each D € Cil the D-component of the vector valued function Ge, is given by

Ge,(0c2)(D) = S (=D og |14+ YT exp > 6(H)+

FCD GCC\C}HG#D H1CG,H1#£0

+ > 0(Hy) p | . (22)

Ha:Ha=H3UH4,H3CG,H3#0,HaCF,Hy7#)

Finally

sgi = (5221 , 5212),

with the individual component of sgi given by
s0. (D) = 21Dl (23)

Proof. As a result of the structure of det{Hg,((c,)}, the Jeffreys and reference priors are

computed respectively as

] 1 1/2
7L (Ge) o [det{Ver (e} aea (Oca)bes ()| (24)

}1/2

e (Ge) o [det{Var (e} aea (0c2)| (25)
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for (,LLcil , 063) € Q1 X Oc2. Consider first det{VCil (,l,tcil)}_l. This is equal to the determinant
of the Fisher information matrix, relative to yc1, for the marginal model fe:. To obtain the
latter, consider first the determinant of the Fisher information matrix relative to the cell
probability parameterisation pal. This is easily available from the standard multinomial
model with index 1 and is {HDQC% pal (D)}_l, where pal ) =1=>"pcc.ps pzil (D). Now

et is a linear transformation of Do, see (5). As a consequence one gets
[ A

-1

det{Vor(pent = T[4 S (-)Fupum) b (26)

pcct \FCoh\D

by mere substitution with the understanding that p()) = 0.
We now turn to the expressions for ap2(602) and bp2(pe1). Using a result in Gutiérrez
Pena & Rueda (2003, p. 47) concerning cuts in exponential families having a simple

quadratic variance function, we obtain the expressions

acz(0cz) = exp |fgaspe — {1¢,Kc;(fc2) — ngGCi(ecg)} ; (27)
bea(picr) = det{Vn (i)} " exp [0 (e) sty — 1@, Mox {680 ()}

for some 38, e RISl and tgi € R, where

7

Ge,(0c2) = [0¢]er(mcrs bc2) — 061 (),

KCi(ecf) = Mci{[eéi]c}(ﬂcga903)>9c§}—Mcg{eal(ﬂc})};

see Efstathiou et al. (1998, p. 82).
The derivation of equations (20) and (22) is highly laborious but relatively straightfor-
ward. We omit details. Finally expressions (21) and (23) are derived using Proposition 1

of Consonni et al. (2004). O

It is apparent from equations (24) and (25) that uer and 6p2 are independent both under

the Jeffreys prior and the reference prior.
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Proposition 11. The Jeffreys and reference prior for the clique marginal model
feidwe; 106, (Ce,) }s relative to the mized parameterisation (e, = (Mcil’ecf)’ are proper.

Proof. Consider first the Jeffreys prior (24). Note that the clique marginal model, being
complete, is a transformation of a standard multinomial model with index 1. Since the
Jeffreys prior for the cell probability parameter in the latter model is known to be proper
(Bernardo & Smith, 1994, p. 336), and Jeffreys priors are invariant under reparameterisa-
tions, it follows that (24) is proper.

Consider now the reference prior (25). To establish the condition of being proper we
can work separately on tic? and 9622. Take the marginal on pet- Recall from the Proof of
Proposition 10 that det{VCil (,ucil)}_l/2 = HDQC} {ZFgcg\D(—l)lFW(D U F)}il/Q. Con-
sider the one-to-one mapping ter — péil. As a result of equation (5) and the fact that
the Jacobian of the transformation is constant, the induced prior on pal is proportional to
{I1 pcer p(*ji1 (D)}~1/2, which is a Dirichlet distribution with hyperparameters all equal to
1/2, and so the prior on fe: is also proper. Take now the component in 961_2 of (25). This
coincides with the corresponding marginal under the Jeffreys prior, which has been shown

to be proper. [

3.3 Decomposable model

Results for the Fisher information matrix of clique marginal models can be used to derive

the structure of the Fisher information matrix for the joint model.

Proposition 12. Let M(G) be a discrete decomposable graphical model for the random
variables X € {0, 1}|V|, with cliqgues C1,...,Cy. Then the Fisher information matriz rela-

tive to the joint model f{y|0({)} is given by
H(¢) = diag{He1 (pc1), HC%(QCfvuc%)v e chg(ecgyﬂci)h
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where Hei (per) = Ver (per) ™! and

k
det{H(C)} = det{Vea (ue1)} " T [{acs (B ez e )1, (28)
i=1
for some positive functions apz and bo2,1=1,...,k.
Proof. Expression (13) yields H(¢) = diag{Hc1(pc1), He2(0c2, pie1)}, while Lemma 3.3 in
Barndorff- Nielsen & Blaesild (1983) ensures that Hei (pe1) = Vor (per) ™!, since Yer is a cut
by Proposition 6. Equation (15) implies a block-diagonal structure for Hez(0¢2, pie1); on the

other hand equation (18), together with (19), provides the expression for the determinant.

O

We are now ready to derive the Jeffreys and reference priors for the mixed parameterisation

of the joint model.

Proposition 13. Let M(G) be a discrete decomposable graphical model for the random
variables X € {0, 1}‘V|, with cliques C1, ..., Cy. Then the Jeffreys prior and reference prior

relative to the mized parameterisation ¢ = (pc1,0c2) € Qe1 X Op2 are respectively

- L 1/2

w2 Q) o |det{Ver(per)} ! H acz(0c2)bez (e )] ; (29)
: y

m(¢) oo |det{Ver(uen)} T [ [ ac2 (ecg)] : (30)
i i=1

where ap2 and bez are defined in the Proof of Proposition 10.

Proof. Immediate using equation (28) and Proposition 10. J

Under both the Jeffreys and reference priors pe1 and 2 are independent. Moreover, the
marginal prior on 6.2 is proper, since it is a product of proper distributions, one for each
‘9637 see Proposition 11; in addition it belongs to the standard conjugate family, as can be
gathered from (11) and (27).

Ezample (continued). We compute equation (30) as follows. Since G is collapsible on to
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the complete subset {b, e}, the corresponding marginal distribution is a natural exponential

family with canonical statistic Yz1. Using (26) we therefore obtain
det{Vy., (er)t = {u(b) — p(be) Hule) — p(be)pu(be){1 — p(b) — ule) + ulbe)},

where pe1 € Qer = {u(b), u(e), p(be) : 0 < p(b) < 1,0 < pe) < 1,p(be) < min{pu(b), u(e)}, u(b)+
p(e) — pu(be) < 1}. From Proposition 10, we have
881 = (52%732%) = (27 (27 1))7
o, = 4,
Ke,(0c2) = log(1+¢"9),

1+ ¢

and hence

629(c)+9(bc)
aC% (QC%) = (1 + 69(0))2(1 + e@(c)+9(bc))2’

and similarly for the remaining cliques. The overall reference prior for the mixed parame-

terisation is therefore

n(¢) oc [{u(b) — p(be)Hpule) — ube)hu(be){l — u(b) — ule) + p(be)} =72 x

0(e)+56(be) f(a)+36(ae)
x (1 + 9©) (1 1 P@+00)) (1 1 0@)(1 4 bl@)+6(ac)) X
H(d)+20(de) L60h)

1+ D@ (1 + DD+ (14 P’

where pe1 € Qe and 02 € Op2 = R7. Consider the marginal for pe1 under w?. Since

p(b) = pgi(b) + pii(be),
p(e) = pei(e) +pei(be),

p(be) = pii(be),
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one can see that such a marginal is the prior induced by a Dirichlet distribution on
(P21 (), PG (€), pii(be)), with hyperparameters all equal to 1/2. The marginal for 2 is
the same under the reference prior and the Jeffreys prior. Under 772, the marginal for pe1

is

Tper (Her) o< [{u(b) = u(be)}{pu(e) — p(be)bu(be){1 = u(b) — p(e) + u(be)}]~1/? x

(D) /21 = u(0) Y u(e){1 — u(e)}, per € Qe

which differs from the corresponding marginal under the reference prior because of the
multiplicative factor p(b)Y/2{1 — u(b)}/2u(e){1 — u(e)}.

For a random sample X1, ..., X, where X; = (Xq;, ..., Xy;), the likelihood function is
shown in equation (14). The canonical statistics are ng = > 1 Tais My = D1y Thi, Ne =

n n n n n
Zizl Lciy Mg = Zizl Ldi,Ne = Zi:l Leiy N = Zizl ZfiyNae = Zizl Tailei,

Nbe = D i1 ThiTeis Mbe = P 1 q Thi%ei, Nde = 9 11 TdiTei. The posterior distribution is

ARl o () = p(be)} 2 pe) — u(be)} e (b

(L= pa(0) = ue) + plbe) 12

e(net1)0(c)+(npc+1/2)0(be)

X (1 T e@(c))n—nb-‘rl(l + eé)(c)+0(bc))nb+1 X
e(na+1)(0(a)+(nac+1/2)0(ae)

1+ 0@))n—net1(1 4 (0@ +0(ae))ne+1
o (ma+1)0(d)+(n e +1/2)6(de)

X (1 + d@)n—net1(] 4 Hd)+0(de)ynctT X

o(n+1/2)0(f)
“

1+ dDyntt’

“

per € Qer, ez € Oca.
In particular, the Jeffreys posterior for uer is
ﬁicl (H01 ]a:l, e ,xn) X {,u(b) — M(be)}"bfnbefl/z{,u(e) _ M(be)}nefnbeflﬂ x
x fu(be)™e A1 — pu(b) — pu(e) + p(be) e ne=l/2

(D) /21 = (b)Y u(e){1 — u(e)}, pcr € Qer.

Even though the reference posterior will be largely dominated by the likelihood, poste-
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rior estimates of parameters, such as posterior expectations or posterior modes, differ from
maximum likelihood estimates, which can be also regarded as Bayes estimates under a local
uniform prior. For example, the expectation of pe1 under the reference posterior, labelled

,&gl, is given by

b —
() T2
~R . ne + 1
(e) = n+2’
~R nbe+1/2
b = —
[ (be) SOTIE A

while the corresponding maximum likelihood estimates are M (b) = ny/n, gME(e) = ne/n
and MY (be) = nye/n. Note that maximum likelihood estimates will be zero whenever the
corresponding counts are zero, whereas this will not be the case under the reference poste-
rior, which creates smoother estimates for the mean component of the parameterisation.
Similar considerations apply for the estimates of the parametric component 9(23- For

simplicity we only report those corresponding to clique Cy

- Npe — Ne — 1/2
) = 1
(c) Ognb+nc—n—nbc—l/2
Npe + 1/2 Npe — Ne — 1/2

BR(be) = log—lbe /2
(be) Ognb—nbc—f—l/Z Ognb—f—nc—n—nbc—l/T

while the corresponding maximum likelihood estimates, provided they exist, are gME (c) =
log{(npe — ne) /(M + ne — 1 — npe) }, P (be) = log{npe/ (ny — npe)} — log{(npe — ne)/(np +

Ne — N — Npe) -

4 Discussion

In the paper we have restricted our investigation to the binary case. The extension to the
polytomous case is feasible, although tedious. Let X, take values in the set X, = {0,...,d,},
and set X0 = {1,...,d,}. The cell probabilities in the clique C; marginal model are
now defined as pp = {p¢ (D), D C Ci, D # 0}, where p5 (D) = {p¢ (D, zp),zp € Xp},
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pe,(Dyxp) = pr(Xp = xp, Xcp\p = 0[pg,), and XY = XuepX?. Similar representations
hold for other quantities like canonical parameters and statistics, as well as mean parame-
ters. The results contained in this paper extends naturally to this setting. We omit details
and refer to V. Leucari’s Ph. D. thesis.

Reference priors depend on the grouping and ordering of the parameters. In our case
the order of the parameters pc1 and 6.2 does not matter. On the other hand reference priors
are consistent across reparameterisations only for block-lower triangular transformations;
see Yang (1995) and Datta & Ghosh (1996). It is not difficult to show that the mapping
(c1,0c02) — (per, pe2) enjoys this property and therefore the corresponding reference prior
may be obtained through a standard change of variable.

The exponential family representation of § 2.2 is of course strictly related to the tradi-
tional log-linear expansion for hierarchical graphical models, see Whittaker (1990, Ch. 7)
and Lauritzen (1996, p. 81), wherein the generating class is the set of all cliques C. The
advantage of using an exponential family representation is that it makes more transpar-
ent the connection between the marginal clique models and the overall joint decomposable
model through the Markov factorisation (1). In particular, this allows us to relate explicitly
marginal and joint parameterisations. Another advantage of working within the exponen-
tial family setting relates to the possibility of identifying a useful cut, leading to a mixed
parameterisation as detailed in § 2.4 for the clique marginal model and § 2.5 for the joint
decomposable model. This in turn affords the explicit derivation of the information matrix
for the mixed parameterisation together with the associated reference and Jeffreys priors.

A referee suggested that one might investigate connections between the reference prior
for the mixed parameterisation and the hyper-Markov laws of Dawid & Lauritzen (1993).
The latter are supported on the set of relevant Markov distributions for a given graph; more-
over they satisfy certain conditional independence properties also related to the underlying

graphical structure. Dawid & Lauritzen (1993) describe an algorithm for constructing
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hyper-Markov priors starting from pairwise hyper-consistent priors on clique parameters.
Our approach is somewhat different. We start by constructing the reference prior on
each clique marginal model for a suitable mixed parameterisation. This suggests an ap-
propriate cut for the joint exponential family leading to a mixed parameterisation which
is the union of the clique components. Note that the overall reference prior we derive can-
not be recovered from the set of clique marginal reference priors; on the other hand it is

automatically defined on the relevant parameter space.
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Figure 1: The graph underlying the model in the Example.
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Figure 1: The graph underlying the model in the Example.



XC = 1 pa (C) pél (bc>

Table 1: Cj-marginal probability table.



	Reference priors for discrete graphical models
	Guido Consonni

	q180.pdf
	Paolo Bertoletti




