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Abstract: The distinction between the concepts outputs and outcomes can be made 
operational based on the consideration of the degree of control a public service producer has 
over its production activity. Resources are transformed into service outputs under the control 
of the organisation in question, while outcomes represent some higher social goals than 
outputs and are determined by the outputs and other exogenous variables, but the production 
of outcomes is outside the control of the organisation.. The link to the calculation of savings 
potentials and efficiency measurement is provided based on introducing the concept of a 
benchmark frontier technology for the type of production in question. A new measure of 
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providing the necessary information for calculating mix efficiency is highlighted.    
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1. Introduction 

 

The core of services produced in the public sector (municipalities and central government) 

consists of services that in many countries are not sold on markets. Examples of service 

providers are police, courts, public directorates, educational institutions, nursing homes, 

hospitals, and defence. These services may be pure public goods and therefore not suitable for 

provision through markets, like defence services, but typically the services are quasi-public 

goods that could in principle be provided by markets (e.g. education and health), but due to 

significant external effects, or distributional importance, it may politically be preferred to 

provide such services free of charge, or charge well below marginal costs, within the public 

sector in many countries.  

The fact that services are not sold on markets to prices reflecting marginal costs immediately 

points to the difficulty of assessing if the resources consumed in such activities are used 

efficiently. There is no automatic check of revenues against costs in the accounts (only budget 

against expenditure).  However, assessment of efficient use of resources if price information 

on services is lacking, may still be possible if physical information on the services provided 

can be collected.  

A public sector service provider employs resources, within the categories of capital, labour, 

energy, materials and services, and transforms these resources into service outputs. We only 

account as outputs services that are made available to consumers, so intermediate services 

consumed by the service provider itself are not included.  Types of service producers may be 

classified into producers providing services demanded by other producers or individual 

consumers, and producers that upheld law and regulations (Dixit, 2002). The ultimate 

consumers may be present within the production activity, like students at universities or 

patients in hospitals, or may be outside the production process like processing of tax returns, 

and other activities based on paper representation of the consumers like paying out public 

pensions and supports of various kinds based on rights. We assume that the service provider 

has control over the transformation of resources into service outputs. In principle the service 

outputs are measureable, although the proper treatment of quality may be difficult to capture 

as quantitative measures. 
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A typical situation is that the service provider is set up to serve more general social objectives 

than the actual services themselves reflect. Hospitals treat patients of various categories as a 

part of improving the general health of the public at large. Educational institutions provide 

education of various types serving a higher goal of contributing to the human capital 

formation. Labour offices provide skill courses and do job searches for unemployed in order 

to reduce the rate of unemployment as the final goal. Branches of defence like army, air force 

and navy produce services to serve higher goals like preserving the peace and guarding the 

independence of a country. Such higher goals are the reasons for setting up the service-

producing units in the first place, and the goals are usually expressed in statements of the 

intent of providing services. The societal value of providing services is expressed by the 

success of obtaining the higher goals, or the improvement in indices measuring such goals.  

An interesting early paper that distinguishes between the services produced and the perception 

of the services by the consumers is Bradford et al. (1969). In that paper service output 

provided by a public producer is classified as direct outputs (“D-output”), while “the thing or 

things of primary interest to the citizen-consumer” (p. 186) is termed “C-output”. We will 

follow a more recent classification found in the literature where the services produced by the 

public unit when inputs are transformed into products will be termed outputs. The end 

products of influencing final goals will be called outcomes (Bruijn, 2002; Schreyer, 2008)1. 

Efficiency is a question of “Doing things right” (Fitz-Gibbon and Tymms, 2002) at the first 

stage, and effectiveness2 is a question of doing the right things, i.e., producing the outputs that 

contribute the most to realise the outcomes at the second stage.3 Ultimate goals may be lofty. 

In order to be operational the outcomes must in principle be measureable and be represented 

by indicators. The distinction between service outputs and outcomes may be fuzzy. In 

practical politics outcomes may degenerate to service outputs and vice versa. The ultimate 

goal for higher education may be increase in human capital, but outcomes may be number of 

candidates from different types of education. One ultimate objective of defence may be to 

keep the peace, but measurable outcomes may be the upkeep of national sovereignty, national 
                                                           
1 The distinction between outputs and outcomes apparently originates in the health-economics literature, see 
references in Schreyer (2008). 
2  A definition of effectiveness found in Cooper and Ijiri (1983), is: “Ability to (a) state and (b) achieve 
objectives.” 
3 Bradford et al. (1969) do not discuss efficiency concepts.  Ruggiero (1996a); (1996b) and Duncombe et al. 
(1997) use the concepts of D-outputs and C-outputs in efficiency analyses.  However, the distinction between 
efficiency and effectiveness is not pursued. It is the role of environmental variables as fixed variables and 
discretionary inputs that is explored in a one-stage setting using data envelopment analysis (DEA) to calculate 
efficiency scores. 
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crisis management, participation in international UN peace force operations, and similar more 

concrete activities, as stated in official Norwegian document concerning the defence sector 

(Norwegian defence Fact and figures 2010). Another problem with goals of the military is that 

in general either you have peace or not. Thus this outcome can only take two values. In order 

to value effectiveness of outputs it is therefore necessary to develop indicators reflecting zero 

- one goals by trying to construct continuous indicators that make the higher goals 

operational.4  One approach is to construct scenarios for possible conflict situations and find 

expressions for how different levels and mix of outputs in terms of military capabilities fulfill 

the higher objectives. 

When providing pure public goods it may be the case that the public does not demand the 

service outputs provided by the agency, but demand the outcomes themselves. An example is 

the military. The public has preferences for the final outcomes, like keeping the peace, but do 

not demand troops, exercises, equipment, or the various activities at the service output level. 

However, there may also be types of public service outcomes that have individual demand, 

and then our formulation will coincide with C-outputs as defined in Bradford et al. (1969). 

A typical feature of the relationship between service outputs and outcomes is that this 

transformation process is not controllable within a specific production activity. The way from 

output to outcome is a process happening to individuals consuming the service, and actions of 

individuals outside the control of the service provider influence the final outcome. 

The purpose of the paper is to explore the implications of the fundamental feature of 

producing service outputs in order to serve higher social goals. To distinguish between service 

outputs and outcomes turns out to be crucial for how to approach efficiency measurement. 

The quest for saving potentials is often the motivation for efficiency studies of the public 

sector. The paper defines saving potentials and link efficiency measurement to these 

potentials.  The information needed in order to measure priority or mix efficiency of outputs 

is explicitly exposed and how to decompose effectiveness in providing outcomes is developed 

as a contribution. 

The plan of the paper is to elaborate on the two types of production relationships of outputs 

and outcomes of a service provider in Section 2. In Section 3 the concepts of saving potentials 

and efficiency within service provision is introduced, and in Section 4 the concept of 

                                                           
4 See Hanson (2012) for how this can be done for the Norwegian Home Guard. 
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effectiveness in the provision of outcomes is discussed. Section 5 concludes with emphasis on 

implications for information requirement for efficiency analyses. 

 

 

2. The production relationships of an agency 

 

Let us call a service-producing unit in the public sector for an agency. The multioutput nature 

of service production can be modelled in several ways, from very general formulations of a 

transformation function in multiple outputs and multiple inputs to more specialised 

formulations taking care of technical connections between outputs. Such formulations may 

involve independent and parallel activities for each output in chains of intermediate deliveries 

ending in the final service delivered to the consumers, or resources may be shifted around to 

produce any of the services. Concerning service production in the public sector the main input, 

at least in terms of current costs, will typically be labour of different qualities. Real capital 

may represent substantial investments in specialised buildings and machines like in hospitals, 

but in many cases capital is generic, like office buildings and computers.  

Anyway, it seems reasonable to model a great deal of flexibility as regards the possibility of 

what mix of services to produce given the inputs. Therefore a standard transformation relation 

between outputs y and inputs x seems appropriate: 

1 1( ,.., , ,.., ; ) 0, / 0, / 0,
1,.., , 1,..,

K N F k nF y y x x u F y F x
k K n N

= ∂ ∂ ≥ ∂ ∂ ≤
= =                                                                       (1) 

There are N types of resources 1( ,.., )Nx x  and K types of services or outputs produced,        

(y1,.., yK). Inputs can freely be allocated to any mix of outputs, implying a maximal degree of 

assortment of outputs (Frisch, 1965).The vector uF represents variables that influence the 

relationship between inputs and outputs, but these variables are non-discretionary  and will in 

our analysis be regarded as exogenous for an agency (symbolised by using a semi-colon in 

front of the vector). Such variables, also termed environmental variables in the literature, may 

occur for the type of services where the ultimate consumers are present in the production 

process like students at higher education and patients in hospitals, as mentioned above. Socio-
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economic background and inherent capabilities may be examples of exogenous variables in 

higher education.                                                               

In the external stage, linking service outputs to the effects on the objectives measured by the 

outcomes, another type of production relations may be more appropriate. The outcomes 

cannot be controlled by the agency; it can only observe (in principle) the outcomes due to its 

production of services (given the values of the exogenous variables). It then seems 

appropriate to use the special multi-output relationships of a type Frisch (1965) termed 

factorially determined multioutput production. It should be stressed that introducing a 

production function at this stage is more a conceptual and abstract idea than a description of 

production relationships that can be considered as well-defined in a technical sense. 

There are M final outcomes z that are functions of the service outputs: 

  1( ,.., ; ), 0 , 1,.., , 1,...,
m

m
m m K g

k

gz g y y u m M k K
y

∂
= = =

∂
£                                                        (2) 

The outcomes are separable in the sense that each outcome can be expressed as an outcome-

specific function with the same set of service outputs as arguments. (The 
mgu variables will be 

explained below.) In Frisch (1965) this is termed product separation. It is a special kind of 

separation in the sense that the degree of assortment is zero, meaning that for given outputs all 

the outcomes are determined. However, when varying the outputs different proportions of 

outcomes may be realised. Each outcome has its unique set of isoquants in the common 

output space. A consequence of the formulation is that the marginal productivity of an output 

may be positive for one or more outputs, but may be negative for one or more other outputs. It 

is a question of how the isoquants maps for each output activity in output space are located 

with respect to each other (see Frisch (1965), p. 272).  

Objectives may be of a more general type than the indicators that represent outcomes for how 

objectives are influenced. In a setting based on indicators it may be the case that outcomes 

become agency-specific.  

In addition to the controllable service outputs y we have also opened the possibility of other 

variables 
mgu  (interpreted as a vector) influencing the outcomes. The general level of health in 

the population does not only depend on service output from hospitals, but also on individual 

characteristics such as smoking, obesity and other lifestyle variables. The formation of human 
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capital does not only depend on the number of exams, but also on the quality of students 

concerning development after leaving educational institutions. Notice that the exogenous 

variables Fu and 
mgu in the two production functions are not necessarily the same. 5 If the 

general objective is to reduce the occurrence of criminality in the population other factors 

beside the services provided by the police will influence this. The defence objectives of 

keeping peace and independence of a country is highly influences by actions of other 

countries. 

We would expect most of the partial productivities in (2) to be positive or zero for a single 

agency. An example of a negative productivity for an outcome may be the impact on keeping 

the peace for a country of participating in military actions in other countries. The latter 

activity may create reactions for instance involving terrorist attacks, as we have seen 

happening in USA and England.6 

When negative effects occur there is a conflict between service outputs in achieving 

objectives measured by outcomes. This occurrence may be relatively rare. The formulation (2) 

also accommodates the possibility that not all service outputs y influence all outcomes z (i.e. 

some partial derivatives may be zero).  

The formulations (1) and (2) represent a single agency. However, it may be the case that the 

service outputs of several agencies influence the same objectives measured by outcomes z. It 

may also be the case that services from one agency having positive effect on the agency’s 

own objectives have negative effects on objectives of other agencies. One example of conflict 

may be efficiency-related outcomes and outcomes based on distributional objectives.  

Introducing S agencies (different types of service providers) the relationship between service 

outputs and outcomes may be generalised:

                                    

   

1 1( ,.., ; ), ( ,.., ), 1,...,

0 , 1,.., , 1,..., , , 1,.., (3)

ms ms S ms s s Ks

ms

ir

z g y y u y y y s S
z m M i K r s S
y

= = =
∂

= = =
∂

£ w

                                                           
5 In Ruggiero (1996b, footnote 9, p. 501) it is stated that exogenous or environmental variables enter both stages 
referring to D-outputs and C-outputs introduced in Bradford et al. (1969). 
6 I owe this example to Torbjørn Hanson. 



8 
 

here ys is the vector of up to K services produced by agency s. Since we will not pursue this 

line of modelling a most simple representation is done. Instead of re-labelling the outcomes 

we keep the M types, but let zms be a type of outcome that is specific to agency s that may be 

different from the type of outcome zmr, where r is another agency (some zms may be zero). The 

same is the case for labelling service outputs. The output yks for agency s may be a different 

type than the output ykr from agency r. (Alternatively, we could say that the types K are given, 

but that an agency may not produce all types of K service outputs.) An agency has control 

over its own service outputs, but the outcomes that are the objectives of the agency may be 

influenced positively or negatively by the service outputs of other agencies. Other exogenous 

variables outside the agency’s control are represented by the vector ums. These variables are in 

general specific for the outcome type of the agency, but it may be the case that the same 

exogenous factor influence different outcomes from different agencies. To keep the notation 

simple it is not attempted to cover such possibilities formally.  

The two stages in defining service production, in the case of a single agency, are illustrated in 

Figure 1, including our modelling of the transformation processes. 

  

 

 

 

 

 

Figure 1. The two types of production 

 

The notion of two stages serves the purpose of making clear what kind of efficiency problems 

we deal with. While service outcomes are produced within a natural time unit there may 

typically be lags between providing service outputs and when changes in outcomes occur. 

Some service outcomes are stock variables while service outputs are typically flow concepts. 

To capture the links between service outputs, exogenous variables and outcomes, more or less 

complicated and involved dynamic relationships may have to be modelled. 

     
Transformation

( )F
 

Resources x outputs y 

Outputs y Outcomes  z      Transformation     

1( ,.., , )
mm m K gz g y y u=  

 

Controllable outputs 

Non-controllable outcomes 
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3. Efficiency of resource use in service output production 

 

Our formulation of two stages implies that an agency cannot control directly how resource use 

influences outcomes. However, from a social point of view we are interested in efficient use 

of resources; after all the resources have alternative uses. Therefore we are interested in 

efficiency at the two stages; efficiency in the resource use of producing service outputs, and in 

producing the outcomes efficiently. However, the two efficiency considerations are somewhat 

different. We assume that the resources have well-defined prices qn (n =1,.., N); inputs are 

bought in competitive markets.  But typically service outputs are not sold in markets, and 

concerning outcomes they are more or less by definition not priced in any market. Therefore 

the question whether the right type of service is produced for the relevant outcome may need 

another type of approach than when studying efficiency in production service outputs. 

Efficiency for the stage of service production of outputs can then in principle be measured in 

two ways; cost efficiency and technical efficiency. In the former case cost efficiency can be 

defined by the programme: 

1

Min

subject to
( , ; ) 0

N

n n
n

F
o

k k

q x

F y x u
y y

=

=

≥

∑
                                                                                                                           (4) 

where qn is an input price. We will set up the Lagrangian function in the following way:  

  

1

1

( , ; )

( )

N

n n
n

F
K

o
k k k

k

L q x

F y x u

y y

γ

µ

=

=

= −

−

− − +

∑

∑

                                                                                                                  (5) 

The necessary first-order conditions are: 
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0 ( 0 for 0) , 1,...,

0 ( 0 for 0)

0( 0 for )

n

k

n x n
n

k y k
k

o
k k k

L q F x n N
x
L F y
y

y y

γ

µ γ

µ

∂ ′= − − ≤ = > =
∂
∂ ′= − ≤ = >
∂

≥ = >

                                                                    (6) 

The Lagrangian function is set up in such a way that the unrestricted shadow price γ on the 

production constraint is positive. Assuming that a resource is used and that the service output 

we look at is restricted to a positive value, rearranging the first-order conditions for resource 

xn and service output yk yields: 

n

k

x
n k

y

F
q

F
µ

′−
=

′
                                                                                                                            (7) 

The ratio of derivatives on the right-hand side is the marginal productivity of resource type n 

in producing service type k, and the shadow price kµ is the shadow price of the increase in the 

service k by employing one more unit of the resource n.  The shadow price is the increase in 

costs of wanting one more unit of service output yk to be produced. The output is valued at its 

marginal cost. The basic rule of optimal use of a resource becomes the familiar one: the unit 

cost should equal the value of the marginal productivity of the resource.  

If we assume unique interior solutions for all resources and all services we have that the 

solution of problem (4) can be expressed by a cost function for the agency 

1 1( ,.., , ,...., ; )K N FC c y y q q u=                                                                                                     (8) 

when variations in the given output levels are considered. This cost function is a standard 

textbook cost function with well-known properties. 

 

Saving potentials 

Existence of inefficiency in the provision of the service outputs must mean that the optimal 

solution to problem (4) is not achieved by the agency in question with a transformation 

function F(.).  
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The interest of public organisations like ministries responsible for public service providers in 

having efficiency studies carried out is invariably to calculate the scope for cost savings. The 

potential cost savings for the activity of an agency based on the solution to problem (4) as 

reference or benchmark is  

*

1 1

( ) , given , 1,..,
N N

pot o
x n n n n k F

n n
Eff q x q x y u k K

= =

= − =∑ ∑                                                                (9)                                                    

Here o
nx  is the observed use of resource n and *

nx  the optimal use of the resource following 

from the solution to the optimisation problem (4). The efficiency potential for resource 

saving, pot
xEff , is simply the total saving in money for all types of resources. 

The measure of cost efficiency is directly related to the saving potential stated in (9). Cost 

efficiency effC is defined, conditional on the given output vector y and environmental 

variables uF, as: 

*

1

1

, given

N

n n
eff n

FN
o

n n
n

q x
C y u

q x

=

=

=
∑

∑
                                                                                                    (10) 

This efficiency measure is between zero and one. (Farrell (1957) called this a measure of 

overall efficiency. We will return to this below.) 

The optimisation problem (4) is based on given volumes of service production. Therefore 

there is no endogenous prioritising between the services. This is only possible if the services 

are priced, either by being sold on market or the prices are derived, as value coefficients, from 

some preferences over the services, as explained below.  

 

Reasons for inefficiency 

The general observation based on the definition of saving potential (9) and cost efficiency (10) 

is that inefficiency implies that the transformation relation (1) is not realised. The relationship 

( , ; ) 0FF y x u =  is used as a yardstick or benchmark for the most efficient way to combine 

inputs to produce given levels of outputs when solving problem (4). Concerning the 

technology we have to be precise as to the nature of the production function. There are two 
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possibilities: the agency may be evaluated based on the production technology that is actually 

available to the unit, or based on a benchmark for the most efficient way of producing the 

type of services in question considering all agencies producing the services. The latter notion 

of technology is naturally the most interesting one. 

In problem (4) the transformation relation  ( , ; ) 0FF y x u =  can be defined as a frontier 

production relation, i.e., the notion of efficient/inefficient operations is introduced in the form 

of a production possibility set P: 

{( , ; ) can produce }FP y x u x y=                                                                                             (11) 

A general property of the production possibility set is that if it is possible to produce a given 

level of outputs using inputs x′ , it is also possible to produce the same outputs using inputs 

x′′ , where x x′ ′′< . Similarly, if a vector y of outputs is produced using a given input vector x, 

then it is also possible to produce fewer outputs with the same input vector. We can connect 

the efficient border of the production possibility set with the transformation 

relation ( , ; ) 0FF y x u = , and denote inefficient points within the production possibility set by 

( , ; ) 0FF y x u <    (Hanoch (1970).  

Inefficiency is defined to be present if ( , ; ) 0o o
FF y x u < where yo, xo are the observed vectors 

of outputs and inputs of an agency. When assessing the efficiency potential using (9) or (10) it 

is assumed that *( , ; ) 0FF y x u = , where y is the given vector of outputs and x* the optimal 

solution to problem (4). The transformation relationship *( , ; ) 0FF y x u =  is commonly called 

the frontier production relationship in the efficiency literature.  

However, to point out that measured inefficiency must be due to the frontier technology, or 

the best technology, not being realised is not an explanation of why inefficiency occurs. 

One reason for a positive savings potential may be irrational behaviour; resources are simply 

wasted. However, this explanation is not so satisfactorily, at least not if something is planned 

to be done to harvest the savings potential. In order to understand inefficiency in such a way 

that strategies for improving efficiency can be formulated, a first approach should be to 

investigate whether inefficiency can be rationalised (for an overview of approaches in the 

efficiency literature, see Førsund, 2010).  
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A rational reason for an apparent savings potential is that the objectives of the agency is not 

one of cost minimisation as in (4). In Leibenstein (1966) the concept of X-efficiency was 

introduced to explain the occurrence of slacks of different kinds. His main explanations were 

that lack of competition could motivate management to create slacks (in terms of excessive 

input usage), and that lack of incentives could lead to workers putting in less effort.  

The Leibenstein approach to modelling the inside of the black box has been followed up in 

the literature developing behavioural theories of the firm. Aspects of agency theory that have 

been developed are the relation between managers and owners, the managerial effort, and the 

contractual arrangement determining the effort (Haskel and Sanchis, 1995, p. 301). In Haskel 

and Sanchis (1995); (2000), worker effort is introduced as a likely determinant of X-

inefficiency. Thus, a high X-inefficiency is equated with a low level of effort. In the utility 

function of workers, ( , ) ( 0, 0)w eU w e U U′ ′> < , there is a trade-off between effort (e) and wages 

(w). Workers bargain for wages and slack related to effort levels. Effort levels below the 

maximal are then the cause of measured inefficiency (Haskel and Sanchis 2000).  

Bogetoft and Hougaard (2003) take the idea that slack may occur because it also provides 

benefit a step further in formalisation by introducing a utility function, ( , )W sπ , for the 

organisation with profit (π) and slack (s) as arguments, both with positive marginal utility. A 

production unit has a trade-off between on-the-job consumption of slack and off-the-job 

consumption of profit. In this way it is possible to rationalise inefficiency; there is no need for 

resorting to e.g. bounded rationality or incomplete contracts.  

So both at the worker level and at the management level inefficiencies may be rational within 

the black box as the workers may seek contracts involving effort and wages simultaneously, 

and effort level and inefficiency may be negatively related, and managers may seek contracts 

with owners involving profit and slacks (representing various types of working environment 

valued by managers), where profit and slacks are both positively valued. 

 

When introducing the notion of a benchmark or frontier technology above it was assumed that 

such a technology is known to the organisations. But this may not be the case. The 

organisation may, in fact, not have complete information about the production function. This 

may be of special relevance for service providers where labour is the major input. A crucial 

factor is then often the organisation of the service production. It is difficult to formalise the 
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impact of different types of organisations or, indeed, the role of management in running 

service-type operations.  

 

Going back to Farrell (1957) a reason for inefficiencies is that the inputs are too 

heterogeneous between organisations regarding quality of labour and capital. For service 

providers dealing directly with clients (e.g., patients, students) differences in qualitative 

attributes of the clients may wrongly be classified as inefficiency. A part of labour is 

management. An inefficient use of resources is often attributed to management and 

organisation of the activities within the agency. However, in economics it is not common to 

specify management as an input at all and, as pointed out above, organisation is a variable that 

is difficult to operationalise in a quantitative framework (Lewin and Minton, 1986). 

 

 

Connecting efficiency and saving potentials 

The fundamental idea of Farrell (1957) was to measure technical efficiency by introducing a 

scaling factor for either inputs or outputs that would project an observation onto the frontier 

function. Combining observations of outputs yo and inputs xo with the frontier function and 

introducing a common scaling factor for inputs, we get: 

1( , ; ) 0 whereo P P o
FF y x u x E x= =                                                                                          (12) 

The scalar measure E1 is the input-oriented technical efficiency measure introduced in Farrell 

(1957). We have that 1 (0,1]E ∈ . All the inputs are contracted with the same factor. Since we 

have that xP represents a frontier point the efficiency measure must be less than one if  
o Px x>  in all components. This is the case if xP is an interior point. Furthermore, assuming 

inputs to be essential factors in the sense that ( ,0; ) 0FF y u y⇒ = , the efficiency measure is 

bounded from below by zero. The value of one characterises an efficient operation. Before 

stating the cost-minimising problem (4) it was stated that there are two ways of measuring 

efficiency; cost efficiency and technical efficiency. Equation (12) provides a way of 

calculating a technical efficiency measure. 

The measure of cost efficiency (10) gives the overall cost-reduction factor. Using the 

technical efficiency measure E1 defined in (12) the cost savings of projecting the observation 

radially to the frontier is:  
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Farrell (1957) developed a connection between cost efficiency and technical efficiency as 

mentioned above. The costs of inputs xP at the frontier is 
1

N P
n nn

q x
=∑ . Farrell’s measures of 

efficiency using costs are:  

Technical efficiency (input-oriented):                   1
1

1

N
P

n n
n
N

o
n n

n

q x
E

q x

=

=

=
∑

∑
                                        (14a) 

Allocative efficiency (or input-price efficiency): 
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Overall efficiency:                                                 

* *
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        (14c) 

                                                         

The overall efficiency measure is the same as the cost efficiency measure (10), and from the 

second expression in (14c) we see that it decomposes multiplicatively into the technical 

efficiency E1 and the allocative efficiency measure; 1OE E AE=  . 

An output-oriented technical efficiency measure, E2, can be introduced in a similar way as in 

(12) using a common scaling of outputs projecting the observation to the frontier:7 

2

( , ; ) 0 where
o

P o P
F

yF y x u y
E

= =                                                                                           (15) 

To keep the efficiency measure between zero and one it is defined as the inverse of the scaling 

factor. But notice that the possibility of calculating such a measure does not mean that we 

have got around the problem of not having prices or valuation coefficients for the services. 

We still do not have a measure of priority efficiency for outputs. Such measures require 
                                                           
7 The notation E1 and E2 was introduced in Farrell (1957), but there in lowercase letters, uppercase letters were 
introduced in Farrell and Fieldhouse (1962). 
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valuation of outputs. The measure E2 is a scalar between the values zero and one, where the 

value of one characterises an efficient operation. The measure is not a priority measure for the 

services, but simply expands each service with the same factor to achieve efficiency. 

 

Estimating the frontier function 

The crucial information needed both for calculating the cost efficiency measure and the 

measures of technical efficiency is to establish the transformation relation representing the 

efficient technology. Farrell (1957) introduced estimating a piecewise linear frontier, and also 

discussed estimating parametric frontiers. Linear programming was used to estimate a 

piecewise linear frontier in Farrell and Fieldhouse (1962) assuming constant returns to scale 

and a single output. Charnes et al. (1978) generalised to multiple outputs and Afriat (1972) 

and Banker et al. (1984) generalised to variable returns to scale. Comprehensive treatments of 

estimating piecewise linear frontier functions can be found in Cooper et al. (2007) and Fried 

et al. (2009). Seminal paper developing the parametric frontier approach are Aigner and Chu 

(1968), Afriat (1972)8, Aigner et al. (1978) and Meeusen and Broeck (1978). (See Førsund 

and Sarafoglou (2002) for an historical account.) A comprehensive treatment of parametric 

frontier function estimation can be found in Kumbhakar and Lovell (2000). 

Estimating frontier functions and efficiency measures is at the heart of an expanding research 

field of efficiency measurement. For cross-section estimation a sufficient number of units are 

crucial. The estimation procedures are based on the assumption that there are a sufficient 

number of agencies producing the same type of services. 

 

 

 

 

 

 

                                                           
8 Afriat (1972) pioneered both the non-parametric approach with variable returns to scale and estimation of 
parametric frontiers. 
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4. Effectiveness in the provision of outcomes 

 

We have assumed that the measurable outcomes z are related to the ultimate objectives of 

providing public services. The social preference function 1( ,.., ) ( 0 )
mM zW z z W m′ ≥ ∀  is based 

on the links between the ultimate objectives and the measurable outcomes.  When output 

prices do not reflect consumers’ evaluation the introduction of a preference function is 

necessary in principle in order to be able to prioritise between the outcomes, and thereby 

enabling a prioritising between outputs. We can then give optimal social planning conditions 

for priority efficiency of outputs by assuming a given budget, B, for the resources x and 

maximise the value of the preference function: 

1

1

( ,.., )
subject to

( ; ) , 1,..,

( , ; ) 0
m

M

N

n n
n

m m g

F

Max W z z

q x B

z g y u m M

F y x u

=

≤

= =

≤

∑

    

                                                                                              (16)

                        

The variables y, x, 
mgu and Fu  are interpreted as vectors. It seems reasonable to enter the 

relations between outcomes and outputs using equalities, because the production relations are 

autonomous in the sense that the transformation process is not under the control of any agency. 

For services consumed by individuals the transformation of service outputs to outcomes takes 

place within the consumers themselves (c.f. household production functions) and can be 

expressed as an aggregate for relevant groups of consumers. Exogenous variables of type 
mgu  

influencing the process can also act at an individual level, e.g. the state of health of a person 

treated by the health system may depend on whether the person smokes, and also other 

lifestyle factors, including exposure to air pollution. So effectiveness is not connected to the 

production relations gm(.) not being realised. However, in the case of transforming inputs into 

outputs it is assumed that the benchmark frontier function F(y, x;uF) may not be realised by an 

agency.  
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The Lagrangian function for problem (16), inserting the outcome production functions into 

the preference function for simplification, is 

11

1

( ( ; ),.., ( ; ))
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The necessary first-order conditions are 

1
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To realise the maximal value of the preference function a full utilisation of both the budget 

and being on the production frontier are necessary. The marginal resource cost is measured as 

the alternative cost of using resource xn using the shadow price γ on the transformation 

function constraint to convert the expression into a measure of preference function units per 

unit of input. This alternative cost should be equal to the factor price adjusted by the shadow 

price on the budget, measuring the impact on the preference function of a marginal increase in 

the budget. So the  cost in terms of preference function units of using resource xn - by 

crowding out other resources keeping the budget - is set equal to the similarly measured  cost 

in production. The last first-order condition in (18) tells us that the alternative cost of 

producing a unit more of the service yk is set equal to the value created in terms of outcomes, 

where the value is measured by the marginal impacts on the preference function.

 

Eliminating the Lagrangian parameter γ for the transformation function yields 

1

( ; ) , 1,..., , 1,..,n

m

k

M
x

m mk g n
m y

F
W g y u q k K n N

F
β

=

′−
′ ′ = = =

′∑
                                                            

(19a) 

The second ratio term on the left-hand side is the marginal productivity of resource xn in 

producing service yk. The first term is the evaluation of the outcomes generated at the margin 

by the service yk.  The measuring unit on the left-hand side is therefore preference-function 
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units per input unit. Using the Frisch system of factorially determined multi-outcome 

production we have to sum over all the outcomes that are influenced by the marginal change 

in the service yk. 

A unique solution to problem (16) implies that a resource xn is used in such a way to produce 

a service yk that the preference function over outcomes z is maximised. The condition (19a) 

tells us that  an optimal use of a resource xn is characterised by the cost of a unit of the 

resource, weighted with the shadow price on the budget, being equal to the benefit it creates 

in terms of an evaluation of the final outcomes z through the production of  a service yk. The 

shadow price on the budget constraint expresses the increase in welfare of a unit increase in 

the total budget. The shadow price β translate from the money unit of the budget B to the units 

of the preference function. To get an expression for (19a) closer to the standard expression in 

production theory we can deflate the evaluation of the marginal changes in outcomes with the 

budget shadow price to get 

1

1 ( ; ) , 1,..., , 1,..,n

m

k

M
x

m mk g n
m y

F
W g y u q k K n N

Fβ =

′−
′ ′ = = =

′∑                                                           (19b) 

The measuring unit on the left-hand side is now money per unit of resource n. The condition 

tells us that the monetised value created by employing a unit of a resource xn to produce 

service yk is equal to the unit resource price. 

The questions of how to prioritise between services and between outcomes are answered by 

the simultaneous solution of the endogenous variables in problem (16). The process cannot be 

separated into two stages of prioritising services and outcomes separately. In Figure 1 two 

stages are portrayed, but it should be quite clear from the analysis above that these stages are 

directly interconnected.  

The preferences are over the outcomes z, but to clarify the implications of priority efficiency 

for outputs y we need to see the implications of preferences for outcomes for the outputs. 

Considering changes in two outputs yk and yl total differentiation of the preference function 

yields: 
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                                                                (20) 

We will call this ratio the marginal preference rate of substitution between outputs yk and yl. It 

combines the preferences for outcomes with the properties of the outputs as arguments in the 

system of production functions (2) for outcomes. The marginal productivity of an output is 

weighted with the marginal preference impact for each of the outcomes affected. The 

measuring unit for the total expression is then in preference-function units per unit of output. 

The values are conditional on the values of the exogenous variables 
mgu . 

Considering the same pair of outputs, using the second condition in (18) for each output in the 

pair, the condition for priority efficiency is: 

  1
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                                                                   (21) 

The ratio on the right-hand side of the equality sign is the marginal rate of transformation 

between the two outputs in the production function (1). The condition for priority or mix 

efficiency is that the marginal rate of transformation between two outputs yk and yl is equal to 

the ratio of marginal preference rate of substitution. 

The situation can be illustrated looking at a pair of outputs, yk and yl, set out in Figure 2. We 

have an observation (yo, xo) and a given expenditure B on inputs. The transformation between 

outputs yk and yl is shown by the transformation curve labelled F(y, xo; uF) = 0. The curve 

labelled Wo going through the point yo is not a contour curve of the preference function W(.), 

but is the curve defined by the marginal preference rate of substitution between outputs yk and 

yl in (20) by keeping all the other y’s to the values yo but letting yk and yl vary, so the value of 

the preference function along this curve is fixed at Wo. 9 

 

                                                           
9 A contour curve for the function W(.) will be in the outcome space of zs, while we are now operating in the 
output space of ys. To find the shape of a curve may be rather complicated, so a stylised case is assumed here. 
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Figure 2. Effectiveness and priority efficiency 

 

Moving proportionally to the frontier to eliminate inefficiency in the production of outputs for 

the given inputs xo point yP is realised. But the solution to the optimisation problem (16) for 

the outputs imply another mix than yP, namely y*. The curve labelled WP, defined the same 

way as described above, implicitly determined by the properties of the preference function 

and the outcome production functions, passing through the frontier output point yP, has a 

smaller value than the curve W*, determined from the right-hand side of (21) (by keeping the 

value of the preference function fixed at W* and all other y’s fixed to y* but varying yk and yl) 

being tangential to point y*. Therefore we move from point yP to point y*. This is the 

realisation of priority efficiency. Effectiveness is achieved by producing the optimal mix of 

outputs yielding the maximal value of the preference function for a given budget. 

The marginal preference weights in (19a,b) are variable.  If it is assumed that the marginal 

weights are constants, this is equivalent to the preference function W(.) being linearised; 

1( ,.., ) , 1,..,m M mW z z w m M′ = = . Such constant valuation coefficients may play the role of 

prices of the outcomes. But notice that such prices relate to implicit prices of outputs in a 

complicated way involving the production functions (2). 

The question of how to construct welfare function for public sector outcomes is a research 

field in itself. There is a literature focusing on how to construct scalar-valued objective 

functions for macro-economic decision models. Pioneers were the first joint Nobel Prize 

yk 

yl 

 F(y,xo;uF)=0 
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y* 
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winners Frisch and Tinbergen (see the account of the ideas of Frisch of establishing 

preference functions by interviewing decision-makers in Bjekholt and Strøm, 2002).  

An example of linerarising a preference function over outcomes is found in Lauer et al. (2004) 

based on works of WHO of performance ranking of health systems of 191 member countries. 

Five outcome variables for the health sector of a country are used; level of population health, 

inequalities in health, level of responsiveness, inequalities in responsiveness and fairness in 

financial contributions. The establishment of fixed weights was based on responses to a 

survey of over 1000 health experts.  

 

Potentials for improvement 

It is clear from (18) that a point on the frontier function for resources and outputs must be 

realised for a maximum of the welfare function to be obtained.  Comparing an observation  (xo, 

yo, zo) with an optimal solution of problem (16) the potential increase in the value of the 

preference function by implementing an optimal solution is: 

* *
1 1[ ( ,.., ) ( ,.., )] givenpot o o

W M MEff W z z W z z B= −                                                                        (22) 

The observed input vector xo may be different in composition from the optimal input vector x*, 

but the total budget is the same by assumption.10 For fixed input prices the budget B is a linear 

aggregation of the inputs to an input bundle. Changing the mix from xo to x* does not change 

the aggregate input bundle measured by the budget. As explained when introducing Figure 2 

the improvement of the value of the preference function comes from two sources: realising 

the frontier production function by eliminating output inefficiency by proportionally 

increasing the outputs to 2/P oy y E= , and by changing the output mix of the proportional 

frontier projection yP to the optimal mix of y* on the frontier.  

We can then reformulate the potential welfare improvement by forming efficiency measures 

analogous to the Farrell efficiency measures in (14a-c). The overall efficiency may be termed 

overall preference efficiency, OPE, and measured by the relative savings potential in (22). 

The two multiplicative components will now express the gain of moving to the frontier; an 

                                                           
10 Allocative efficiency of the inputs is implied by the optimality conditions in (18), i.e. the marginal rate of 
substitution between inputs is equal to the factor price ratio: / / ( , 1,..., )

n rx x n rF F q q n r N′ ′ = = . 
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output-oriented technical efficiency measure, and the gain of changing the output mix in an 

optimal way: 

  

1
* * *
1

( ( ; )) ( ( ; ))( ,.., )
( ,.., ) ( ( ; )) ( ( ; ))
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o Po o
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W g y u W g y uW z zOPE
W z z W g y u W g y u
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                                                        (23) 

where g(.) is the vector of M functions gm(.). Overall preference efficiency not only assumes 

that efficiency in producing outputs is obtained, but also assumes that effectiveness is 

achieved by providing the most potent mix of outputs.  

However, output efficiency, the first term on the right-hand side in (23), is in general not 

identical to the output-oriented Farrell technical efficiency measure E2 defined in (15) for the 

same data and frontier function. The measures will only coincide if both the preference 

function is homogeneous of degree 1 in the outcomes and the outcome production functions 

are homogenous of degree 1 in the outputs. If this is the case the contour curves illustrated in 

Figure 2 will be radial projections of each other, and the spacing of the contour curves is 

constant in relative terms. 

Calculating priority efficiency is not so simple as calculating cost- or technical efficiency for 

use of resources to produce outputs. The informational requirement is quite formidable. We 

must be able to define outcomes in the first place. Then we have to know not only the 

preference function over outcomes, but also how outcomes are influences by service outputs 

and other exogenous variables. This last task is quite another exercise than determining the 

transformation function involving resources and service outputs.11  

 

Using cost information 

If establishing a preference function for outcomes is not possible, the question of how to 

prioritise among services arises. In practice using information on the cost of providing the 

service outputs together with knowledge about the relationships between service outputs and 
                                                           
11 Diewert (2011), when addressing methods for measuring prices of nonmarket goods, states that the most 
desirable method is some form of purchaser valuation. A general equilibrium approach for the economy 
embedding public service outputs is suggested as a way of obtaining user based evaluations. However, he 
comments that the information required to implement such an approach is “just too great” (p. 181). Thus, the 
method is declared theoretically sound, but not practical. 
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outcomes is often used. Although the services y are not sold on markets marginal costs of 

producing a given amount may be calculated based on knowing the transformation function 

F(y,x;uF) and the corresponding cost function (8). Assuming marginal costs to be constant, 

cost coefficients ck may be used as prices when formulating an optimisation problem giving 

the priority rules for outputs: 
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( ; )given
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The Lagrangian function for the problem is     
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The first-order conditions are:  
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(26) 

Costs should be allocated on the services such that the cost coefficient for service yk is equal 

to the value of the marginal increases in the outcomes, evaluated at the shadow prices on the 

outcome constraints. The shadow price for outcome zm expresses the increase in total costs of 

providing one more unit of outcome zm. For an interior solution (i.e. the service yk will be 

produced) equation (26) tells us that optimal prioritising of services is characterised by the 

unit cost of a service being equal to the total marginal “value” created by increases in the 

outcomes, where values are actually the marginal costs of increases in all outcomes. Equation 

(26) represents a simplification of equation (19a), where all necessary information is assumed 

to be available, focussing only on the costs of producing outputs in order to satisfy objectives 

for outcomes.  Comparing (26) and (19b) we see that welfare weights, resource price and 

productivity of a resource in producing service outputs have been eliminated by the use of 

cost coefficients.  
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Combining the optimality conditions (26) for a pair of outputs yk and yl, assuming interior 

solutions, yields, analogous to (21): 
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Considering a pair of outputs the ratio of the marginal impacts of outputs on outcomes 

weighted with the common shadow prices  on outcomes is equal to the marginal cost ratio. A 

stylised illustration is presented in Figure 3 for two outputs yk and yl. The curve labelled “z  

                                                

Figure 3. Cost efficiency of providing outcomes 

 

given” is not a contour curve of the production functions (2), but is more involved because of 

the simultaneous impact on outcomes of a marginal change of two outputs. The curve 

represents, using the left-hand side of (27), implicitly the relationship between the given 

levels of each of the outcomes and the optimal levels of outputs y* for all outputs but yk and yl 

when varying these, analogous to the construction of the curves portrayed in Figure 2. 

However, to be able to prioritise between outcomes there must an explicit preference function 

available. The weighting with the shadow price of outcomes does not represent preferences, 

but only reflects the resource cost side via outputs. It is not a technical question how to do 

such a prioritising, but a political question. Lacking a preference function the best a 
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bureaucrat can do is to work out the marginal cost schedules for providing services and then 

prioritise between services based on considerations of minimising total costs of producing the 

services given levels of goals for outcomes 12 . This situation may be realistic for the 

production of many types of public services. 

We have looked at an agency in isolation in the sense that no effects of services on other 

outcomes than the ones the agency is interested in are included in the analysis. But it is 

straightforward in principle to include such external-type of effects using the specification in 

Equation (3). 

 

 

5. Conclusions 

 

The concepts of efficiency and effectiveness are often used in the literature dealing with 

efficiency. We have tried to make the distinction between these concepts operational by using 

the terms outputs and outcomes based on the consideration of the degree of control a public 

service producer has over its production activity. The apparatus of production theory works 

best when dealing with resources transformed into service outputs under the control of the 

organisation in question. Outcomes represent some higher social goals than outputs and are 

determined by the outputs and other exogenous variables, but these latter and the outcome 

production processes will typically be outside the control of the organisation.   

The link to the efficiency measurement is provided based on introducing the concept of a 

benchmark frontier technology for the type of production in question. The measurement of 

savings potential and their relations with cost efficiency and Farrell’s measures of technical 

efficiency are provided. Technical efficiency measurement can be done without having prices 

of outputs and inputs, but cost efficiency calculations require input prices. 

The relationship between outcomes and outputs and variables not under the control of the 

service provider, is cast within a framework based on Frisch’s scheme of factorially 

determined multioutput production with outputs and non-discretionary variables as inputs. In 

                                                           
12 Diewert (2011) declares using cost of production as the second best method if output prices are not available. 
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order to be able to measure effectiveness in the choice of outputs, i.e., calculate a measure of 

output mix efficiency; we must have some kind of evaluation of the outcomes. Introducing a 

preference function over outcomes optimality conditions for providing an efficient output mix 

for a given resource budget are derived. It is shown that the measure for overall preference 

efficiency can be multiplicatively decomposed into the technical output efficiency of realising 

a frontier technology for the transformation of resources to outputs, and the mix efficiency of 

reallocating the use of resources so the optimal mix of outputs is produced. The rather 

monumental task of providing the necessary information for calculating mix efficiency is 

highlighted. A preference function over outcomes must be established, and also the 

production relations between outcomes on one hand and outputs and exogenous variables on 

the other. As far as we know this has not been attempted in the literature. An additional  

complication is that to capture the links between service outputs, exogenous variables and 

outcomes, quite complicated dynamic relationships involving time lags may have to be 

modelled. 

It is therefore understandable that empirical applications of measuring efficiency and saving 

potentials within the public sector have been limited to transformation of resources into 

outputs within a process controlled by a service provider. 
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