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On the Structure of Behavioral Multistate Duration M odels
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Abstract

This paper proposes a particular behavioral assumption to characterize the stochastic
structure of intertemporal discrete choice models in the absence of state dependence. This
assumption extends Luce' s axiom; "Independence from Irrelevant Alternatives', to the
intertemporal context. Under certain regularity conditions the implication of this assumptionis
that the individua choice processis aMarkov chain with transition probabilities that have a
particularly ssimple structure. It is demonstrated that this structure is consistent with an
intertempora and life cycle consistent random utility model where the utilities are independent
extrema processesin time. Finally, the framework is extended to allow for state dependence
and certain types of time-varying choice sets.

Keywords: Life cycle consistent discrete choice, taste persistence, state dependence, Markovian
choice processes, extremal processes, random utility processes, independence from irrelevant
aternatives.
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1. Introduction

This paper discusses choice of functional form in structural models for duration analysis. In the
context of econometric modelling of duration data it is, for example, often convenient to apply
an econometric framework based on the proportional hazard rate formulation. Although the
proportional hazard rate formulation is mathematically convenient, it is nevertheless quite
insatisfactory because it is ad hoc from atheoretical point of view. A theoretical justification
supporting functional form and distributional assumptions isimportant for the issue of
identifying structural effects and for making inferences about the nature and significance of
such effects. To highlight the importance of thisissue, consider the well-known problem of
separating structural state dependence effects from effects due to serialy correlated tastes.
These effects may arise when unobservables are correlated over time; in which case current and
past choices will be correlated. Thisidentification problem is crucia in avariety of contexts
and has been discussed most notably by Heckman (see Heckman, 1978, 19814, 1981b, 1991,
and the references therein). For example, in analyses of unemployment it is often noted that
individuals who have experienced unemployment in the past are more likely to experienceitin
the future than are individuals who have not been unemployed. There may be two explanations
for thisempirical regularity. One explanation is that current and past choices are correlated due
to seridly correlated unobservables that affect preferences (pure taste persistence) or
opportunities. In this case, past choices are proxies for unobserved variables that affect
preference evaluations or unobservable opportunity sets, and consequently the (aggregate)
transition rates will depend on past choices. The other explanation is that, as a result of choice
experience, preferences or opportunity sets have changed (structura state dependence). Itis
well-known that this fundamental identification problem cannot be solved without imposing
theoretical restrictions on the model.

We start by proposing atheoretical characterization of intertemporal choice models
under pure taste persistence. Since models with pure taste persistence represent a reference
case it isimportant to characterize this case theoretically as a point of departure for specifying
models that alow for state dependence effects. Our characterization of choice behavior under
pure taste persistent preferences can be viewed as an intertempora version of Luce's axiom
"Independence from Irrelevant Alternatives', (11A). The llA assumption states that the agent is
(on average) only concerned with the alternatives presently in his choice s¢t, i.e., aternatives
outside his choice set are irrelevant.” The intertemporal version of 11A can briefly be described
asfollows: Consider the particular case in which the past choice sets are all the same but where

the choice set in the current period is expanded to include new aternatives that were never



feasible before. Under pure taste persistence the probability of choosing an aternative among
the new aternatives that enter the choice set is independent from any choice in the past. Note
that this does not immediately imply that the model has the Markov property, since we aso
must consider situations when the current choices also were feasible in the past. Under suitable
regularity conditions we demonstrate that the intertemporal version of 11A implies arandom
utility representation where the utilities associated with each aternative are independent
extremal processes. By drawing on results abtained by Dagsvik (1983 and 1988) it follows that
when the choice sets are constant over time, the extrema utility processes yield a choice model
which isaMarkov chain (in continuous time) where the transition probabilities have a
particular structure as a function of the choice set and the parameters of the utility processes.
In Section 5 we demongtrate that the structure of this model isincompatible with the
proportional hazard rate formulation. This result suggests that the proportional hazard rate
formulation may be inappropriate for analyzing duration data which are generated from
intertemporal choice behavior.

In many applications, it is of fundamental interest to allow choice sets to vary over
time. For example, in labor market analysesit isimportant to be able to account for time
varying sets of job opportunities and the fact that people are laid off. In Section 6 the moddl is
extended to alow for particular cases of time varying choice sets. It turns out that the
Markovian structure still holds as long as choice sets are not shrinking, but breaks down when
aternatives are removed from the choice set. Unfortunately, only specia cases are considered
here; it is still an unsolved problem to derive the mathematical structure of the model in the
genera case.

In Section 7 we discuss how the framework can be extended to alow for structural
state dependence effects. It turns out that the intertemporal version of 1A alows one to
separate state dependence effects from spurious effects due to unobservables that affect
preferences.”

An interesting question is whether the modelling framework developed here allows for
an interpretation that is consistent with dynamic programming. It iswell known that in the
standard life cycle setting, the notion of two stage budgeting applies. Thisis aso the case when
some of the commodities are discrete, such asin labor supply models. (See for example,
Blundell and Walker, 1986.) The notion of two stage budgeting means that the total
expenditure in the current period is chosen in the first stage, while the within-period alocation
of consumption is chosen in the second stage conditional on the current prices and total
(chosen) expenditure. Thus the second stage decision is, theoretically, reduced to a static one

(conditional on total expenditure and past choices). Unfortunately, the corresponding inference



problem may in general be more complex. If unobservables affect utilities, then the period-
specific total expenditure may be endogeneous. However, we are able to demonstrate that in the
present setting where the utilities are extremal processes the chosen expenditure path can, in the
second stage allocation, be treated asiif it were exogenous. Thus, the present framework can be
applied to specify amodel for the second stage discrete choices, conditional on the chosen
expenditure path. However, to estimate al the parameters of the model it is usually necessary
also to solve a dynamic programming problem to determine the first stage allocation of
expenditures.

The recent advances in dynamic programming, (see for example Rust (1994)), allows
the researcher, in principle, to formulate and estimate quite general discrete choice modelsin a
dynamic programming setting. Although the dynamic programming framework, as devel oped
by Rust and others, is a very powerful methodology, it seems so far unable to handle models
with preferences that are correlated over time, due to computational difficulties. However, a
more fundamental problem from atheoretical point of view isthe fact that the Bellman
principle of optimality implies no testable restrictions, cf. Rust (1994), p.p. 3125-3130.
Specifically, without additional theoretical restrictions the dynamic programming setting cannot
resolve the type of identification problem discussed above. Thus, from a structural point of
view predictions from dynamic programming models may be totally mideading, due for

example to unidentified heterogeneity or state dependence effects.

Reduced form or myopic models choice

The present framework offers a structural aternative to the reduced form estimation implied by
the proportional hazard rate framework. It offers new possibilities in this context that enables
the analyst to attack previoudy unresolved identification problems.

The framework discussed in this paper also applies to analyze pand data on discrete
choices. Maddala (1987), Fischer and Nijkamp (1987), Bolduc (1992), and Reader (1993)
provide examples of such analyses. From a behaviora point of view some of these applications
can be interpreted as analyses of myopic choice settings which are structural at each given
point in time. As discussed above, they may, however, represent inappropriate formulations of
myopic choice behavior over time if the purpose is to assess the significance of structura state
dependence.

A particular myopic choice setting which is becoming increasingly popular is repeated
or panel stated preference surveys. In stated preference surveys respondents are asked to
express preferences for hypothetical products characterized by specific attributes. Such surveys

enable the analyst to assess the potential demand for new products that are not available in the



market. When each individual in a selected sample is presented with a series of stated
preference experiments the problem of memory effect and taste persistence arises. Specifically,
even if product attributes presented to the individuals vary across experiments, an individual's
utility of a particular product may be correlated over time. The framework discussed in this
paper explicitely models such taste persistence and has been applied by Dagsvik et a. (1996)
to anayze the potential demand for aternative fuel vehicles, based on data from a stated

preference survey.

Labor supply in a life cycle context

Consider aworker that faces the choice between the states "employed" and "not employed” in a
life cycle context under uncertainty, cf. Heckman (1981b), Blundell and Walker (1986), and
MaCurdy (1985). Provided the agent is boundedly rational in the sense that he does not take
into account that current behavior may affect future distributions of income possibilities, we
can formulate this as a two stage budgeting problem, as did Blundel and Walker (1986).
Conditional on the savings decisions determined in the first stage we demonstrate in Section 4
that we can analyze the transitions into and out of employment asif the path of total
expenditures were exogenous. The problem Heckman (1981b) was particularly concerned with
was whether or not women's tastes for work are affected by work experience. The model
extension presented in Section 7 alows one to identify structura state dependence effects of
this type provided oneis willing to accept the intertemporal version of 1A proposed here.

The paper is organized as follows: In Section 2 the choice setting is formally described.

In Section 3 the main assumptions and results are discussed. In Section 4 we demonstrate that
our framework allows for an interpretation that is consistent with optimizing behavior in alife
cycle context where the (chosen) expenditure path can be treated as if it were exogenous when
analyzing the within period allocations. In Section 5 we briefly discuss the implied structure of
the choice process and interpretations in the context of econometric specification of hazard
functions and transition intensities. In Section 6, we analyze the case with time varying choice
sets, and in Section 7 we consider the extension of the framework to allow for state

dependence.

2. The choice setting
Theindividua decision-maker (agent) is supposed to have preferences over afinite set of
aternatives. Future preferences are assumed random (to the agent himself) in the sense that

they vary from one moment in time to the next in away that cannot fully be predicted by the



agent. Alternatively, one may interpret the utilities as deterministic to the agent but random to
the observer due to variables that are perfectly foreseeable to the agent but unobserved by the
anayst.

Let S betheindex set of m alternatives, a, &,..., an, and let A be the index set that
corresponds to the collection of al non-empty subsets from S. To each aternative, g, there is
associated a stochastic process, {Uj (t),t3 O}, where Uj(t) is the agent's (conditional indirect)
utility of g given the information and choice history at timet. Moreover, U, (t)=v,(t)+¢g(t),
where v(t) is a deterministic component that may depend on alternative-specific attributes, and
g(t) isastochastic term. The agent chooses g at age t if Uj(t) isthe highest utility at t. Here age
(time) is continuous. Let {J(t, B(t))} denote the choice process, i.e.,

Jt.B®)=j if U ()> max U,(t)

kt j,ki B(t)

where {B(t), t>0, B(t)T A} denotes the choice set process. We define the choice set process to
beincreasing a timetif B(t) \ B(t-) isnon-empty, and decreasing if B(t-) \ B(t) isnon-
empty.® If B(t) = B(s) for all sandt the choice set processis constant. Let

h(t)={J(s,B(s)).s <t} denote the choice history and define U(t) = (U, (1), U, (1),..., U (1)),
e(t) = (e, (1), &, (1),.... e, (1) and v, (t)=(V,(t),V,(1),..., v (1)). Weassumethat {U(1)} is
separable and continuous in probability.* Moreover, we assume that the cumulative distribution
function (c.d.f.) of U(t) is absolutely continuous for any t1 R, . Thisimplies that there are no

ties, that is

P(U,()=U, (1) =0.

3. Characterization of pure-taste-persistent preferences and choice
probabilities
When the finite dimensional distributions of the utility process {U(t), t > 0} have been
specified it isin principle possible to derive joint choice probabilities for a sequence of choices.
However, since the class of intertemporal random utility modelsis quite large it is desirable to
restrict this class on the basis of behavioral arguments. A related problem isthat it seemsto be
rather difficult to find stochastic processes that are convenient candidates for utility processes
in the sense that they imply tractable expressions for the choice probabilitiesin the

intertempora context.



In the present section we propose a behavioral assumption that enable us to
characterize preferences and the choice probabilities in the "reference case”, where there are no
effects from past experiences on future preferences nor on future choice opportunities. In this
reference case we say that the agents have " pure-taste-persistent preferences' (PTPP). Once
we have obtained atheoretical characterization of the model in the case with pure taste
persistence, then we may use this reference model as a point of departure for extending the
model to alow for state dependence. The extension of the model to alow for state dependence
will, however, be deferred to Section 7.

One way of introducing structural restrictions into the model is to apply probabilistic
versions of the assumption of rational behavior. A famous example of this type of assumption

is Luce Choice Axiom; "Independence from irrelevant alternatives’, (11A) (cf. Luce, 1959). A

first attempt to extend I1A to the intertemporal setting was made by Dagsvik (1983).5 Below

we shall discuss the implications from another version of 11A, which is stated below.®

Assumption Al
Let B(s)=B,, for all s<t, B,T A andlet B,1 A besuchthat B,\B, * £ Then

for jT B,\B,,

P(J(t, B,)=i|J(sB,)" s<t) =P(3t,B,)=]).

It isimportant to stress that (3.1) does hot mean that {J(t, B(t)),t > O} isaMarkov chain, nor
isit aBernoulli process.” Thisis so because (3.1) is assumed to hold only when j1 B, andis
silent about the relationship between the choices at different pointsin timewhen j1 B, .
Assumption A1 states that when j1 B, \ B, the event, "3 isthe preferred alternative in By, is
stochastically independent of the preference orderingsin B(s), for s<t. It istherefore natura

to interpret Assumption Al as an extension of the I1A property. The intuition is that even if
previous choices provide information about the preferences over the aternativesin the "old"
choice set, these choices provide no information about the utilities of the "new" dternatives,

since they were not feasible in the past.

Remark 1

(3.2)



Assumption Al can in fact be interpreted as our formalized notion of PTPP.

Assumption A2

At each point in time the distribution of the random term, e(t) does not depend on

n(t).

Assumption A3

Forany t>0,j1 S and any real number x there exists a value of vi(t) such that
v (t) = x.

Assumption A4

Apart from a location shift the finite dimensional probability laws of the indirect

utility process, {makak(t),t3 O} , are the same as the finite dimensional laws of

{u.@).t2 o}

Assumption A2 states that at each moment in time the random term of the utility
function is independent of the structural term. Assumption A3 states that the structural term of
the utility function can vary over the whole real line when attributes vary freely.

Assumption A4 means that the utility processes are max-stable processes (see de Haan,
1984). The finite dimensional distributions of a max-stable process belong to the class of
multivariate extreme value distributions.

Dagsvik (1995) has demonstrated that there is no loss of generality in assuming A4
since, in the absence of structural state dependence effects, any intertempora random utility
model can, under suitable regularity conditions, be approximated arbitrarily closely by choice
probabilities generated from max-stable utilities.

Proposition 1

Assume that A2 and A3 hold. Then for any Bl A, Assumption Al implies that

v; (1)
., e
P(Jct, B)—J)——é o (3.2)

Kl B

where v, () =aEU, (t) and a>0isan arbitrary constant.



Proof:
Recall that {U(t),t > O} is continuous in probability. Recall aso that since the utilities

are independent of the choice set process, we are allowed to specify any sequence of choice sets
which is useful for deriving implications about the preferences. To thisend, let B(t) =B and

B(t-) =B \{j}. Then Alimpliesthat

(3.3
PEU, (0= maxU, (0.U, (t-) =, max Uy (t- )= PED, (1) =max U, (h5PEU, (0= max U, (07,
By Theorem 50, p. 354, in Luce and Suppes (1965), (3.3) impliesthat (3.2) is aLuce model.
Finally, Strauss (1979), p.p. 42-43, has demonstrated that the parameters {v i (t)} of the choice
mode! are related to the utility function by v, (t) =aEU,(t), apart from an additive constant.
Q.E.D.

Remark 2
Without loss of generality we shall in the following put a=1. Note also that A4 is not

needed to prove Theorem 1.

Let us now proceed by investigating the intertemporal structure of the random utilities
that follows from A1

Above we postulated the existence of random utility processes such that A1 to A3
hold. It remains, however, to demonstrate that such processes redlly exist. In the one-period
case Yellott (1977) and Strauss (1979) have, under different sets of conditions, demonstrated
the equiva ence between 1A and extreme value distributed utilities in a random utility model

with independent utilities. We state a version of this result in the next theorem.

Proposition 2

Assume that Al to A4 hold. Then the utility processes, {Uj(t),t3 O}, j=1,2,...m, are

independent at each point in time and have type |11 extreme value distributed marginals.’

Pr oof:



It follows from A4 that the joint distribution of (U, (t), U, (t),...,U,(t)) belongsto

the class of c.d.f. considered in Theorem 6 of Strauss (1979) with j (x)=e . The result now

follows from Strauss, Theorem 6.%°

Q.E.D.

Assumption A5

The utility processes {Uj (t),t3 O}, j =1,2,...,m, are stochastically independent.

Remark 3
Recall that two stochastic processes {U; (1),t* 0} and {Uj(t),t3 O} may be

stochastically dependent even if Ui(t) and U;(t) are stochastically independent at each point in
time. For example, U;(t) and U;(s) may be interdependent for s* t, even if Ui(t) and Uj(t) are
independent. However, it seems plausible that in many applications the correlation between
Ui(t) and Uj(s) is less than the correlation between Ui(t) and Uj(t), which implies that the utility
processes are independent when the utilities at each point in time are independent.

The next result is the main result of this paper.

Theorem 1
Assume Al to AS. Then the utilities are extremal processes with type I1l extreme

value marginal distribution.
The proof of Theorem 1 is given in the appendix.

The class of extremal processes was introduced in statistics by Dwass (1964, 1966,
1974) and Tiago de Oliveira (1968, 1973). An extension to inhomogeneous extremal processes
has been made by Weissman (1975). For our purpose it will be convenient to work with a
modified inhomogeneous extremal process. The modified extremal process differs from the
(standard) inhomogeneous extremal process by a deterministic time trend. More precisely, a

modified inhomogeneous extremal utility function will be defined as processes

{Uj(t),t>0},j =12,...,m, given by

U;(t)=max(U;(9)- (t- 5)g,W(s1), (3.4)

10



s<t, where U;(0)=- ¥, and where Wj(st) is independent of U;(s) and has cumulative

distribution function

F’(Wj (s t)Ey) = eXp(- (ew(t) ENIONC s)Q)e-y- g)

for yl R, where g=0.5772... (Euler's constant), g >0 isaconstant and {vj(t)} are
deterministic functions of t such that v, (t) +qt isnondecreasing for al j. Moreover, W(sjt)
and W(s,t') are independent when (s,t) G (s¢td = 4. It follows readily that vj(t) has the

interpretation
vi()=EU,(1).

Tiago de Oliveira (1973) has demonstrated that when v;(t) is time constant then Uj(t) becomes
(strictly) stationary. As demonstrated by Resnick and Roy (1990) we can express a particularly

version of the autocorrelation function of the utility process (3.4) as

corr(exp(- Uj(s)),exp(- Uj(t))) :exp(vj(s)- vi(t)- (t- s)q).

Eq. (3.7) shows that when v;(t) varies slowly over time then the autocorrelation function is
closeto exp(- (t-9 q). In other words, the parameter g characterizes the strength of time
persistence in the preferences. Note that from a theoretical point of view it does not matter
whether we use amodified extremal process or a (standard) extremal process since the time
trend (qt) cancelsin utility comparisons. However, the modified extremal process formulation
allows a convenient interpretation due to (3.6) and (3.7).

Recall that v (t) +qt must be nondecreasing for all j. Thisisinconvenient in practical

empirical analysis. We shall therefore introduce a reparametrization given by

e
w;(t) =v,(t) + Ioggqﬂcllp( )g

where we now have assumed that vj(t) is differentiable. From (3.8) it follows that

t

exp(EUj(t)) :exp(vj(t)) =40 exp(wj(t)- (t- t)q)dt .
0

This particular reparametrization impliesthat v, (t)+qt isincreasing for any {Wj(t), t> O} .

However, the main motivation behind (3.8) isthat the reparametrization above isinteresting for

11

(35)

(3.6)

(3.7

(3.9)
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theoretical reasons. To redlize this note first that when Dt is small we get from (3.5) and (3.9)
that

P(W, (t- DLY)£Y) = exp(- qDte™ 7y 9 +0(Dt)) (3.10)

which shows that w;(t) has, apart form an additive term, the interpretation as the mean of
"instantaneous” utility increments, {Wj (t - Ot t)} . When w;(t) is independent of time (3.9)

reducesto
exp(EUj (t)) =e"l (1- e qt). (3.11)

Thusfor larget, a constant mean utility level corresponds to constant {W i (t)} . Also from (3.9)

we redlize that q is analogous to arate of preference parameter because by (3.9), the mean
utility at timet can be expressed as an integral of past weighted "instantaneous’ mean utilities.
Specificaly, the contribution from the period s-specific systematic utility component to the

current mean utility is evaluated by multiplying exp(w i (s))ds by the "depreciation” factor
exp(- (t- s)q) . ™ This depreciation factor accounts for the loss of memory and/or decrease in

taste persistence as the time lag increases.

To clarify the interpretation further, consider the autocorrelation function (3.7) with

constant {W i (t)} . Then (3.7) reduces to

_1-e® S(t-9a

= (3.12)

corr (exp( EU, (s)), exp(- EU; (t)))

Thus when sand t are large the mean utility in this case equals w;, (apart from an additive

constant) and the autocorrelation function becomes exponential .

Remark 4

It isimportant to emphasize that in the discussion of the extremal process above we
have made no assumptions that restricts the class of inhomogeneous extremal processes with
extreme value marginals.

In the following we shall use the concept of modified extremal process, to mean a

stochastic process which satisfies (3.4) and (3.5) with U, (0)=- ¥ , and with vj(t)

differentiablein t for al j.

12



Theorem 2
Assume that the random utilities are independent modified extremal processes.
Assume that the choice set process is constant ocer time. Then the indirect utility,

max,q g U (t), isindependent of {J(t,B),t £t} for any BT A. Moreover, the choice

process {J(t, B),t >0} isaMarkov chain.

A proof of this result has been given by Resnick and Roy (1990). The fact that
{J(t, B),t> O} isaMarkov chain was originaly proved by Dagsvik (1983).
Dagsvik (1988) and Resnick and Roy (1990) extend the result of Theorem 4 to the

case where { uU(t),t3 O} isamultivariate extremal process. Dagsvik considers the case where

U(t) -at each t has atype |1l multivariate extreme value distribution that is absolutely
continuous. The resulting (marginal) choice probabilities at a given point in timein this case
become generalized extreme value probabilities. Resnick and Roy (1990) allow U(t) to have a
multivariate c.d.f. that is not necessarily absolutely continuous.

Recall that by (3.4) the utility processes are Markov processes. However, utility
processes with the Markov property do not usually imply that the corresponding choice process
{Jt,B)} is Markovian. For example, Gaussian utility processes with the Markovian property
do not imply that the choice process is Markovian. In fact, there exist no Gaussian utility

processes in continuous time that can generate Markovian choice models.

4. Life cycle consistent choice behavior

The purpose of this section is to demonstrate that by a suitable extension of the mode! it
follows that the results obtained above are consistent with choice behavior in alife cycle
context. We consider the following setting: The agent's problem isto choose the level of
consumption of an infinitely divisible composite good and a discrete aternative (state) from a
set of mutually exclusive aternatives in each period (time is discrete). Let a;; be the period
specific cost of choosing the discrete alternative g, and c; the consumption in period t with
price index p:. There are no transaction costs and the expectation of future uncertain events are
not affected by current and past behavior. Let y; denote total expenditure in period t and let r;
be the interest rate in period t. Furthermore, let w; be the incomein period t and Y, the wealth at
the beginning of period t. The horizon is assumed finite. To the agent, future preferences are
assumed known with perfect certainty, so the random components of the utilities are entirely
due to the econometrician's lack of information about variables that affect the decision-making

process. Future income, prices, interest rates and costs are uncertain. For smplicity we assume

13



that incomes, interests, expenditures and wage rates are discrete variables (for example, with
NOK as unit).

Let J'(t,y,) denotetheindex of the chosen alternative in period t given total

expenditurey; in period t. The budget constraintsin period t are given by
Yt+1
Ye =Y twg - 1+r T(Wt’Yt)
t+1

and

]

Ye=a aitl{f( '}+Ct P

: ty,) =i

where T(") isthe tax function." Let Uj(t,c) denote the instantaneous utility of (aj , c) , asof

period t. We assume that U(t) © (U,(t,1), U, (t2),...,U,, (t.1),U,(t,2)....) isamultivariate

modified extremal process with joint distribution in period t equd to

: éo &g 6]/5 @s Iu
PUMEY)=emi- 83 €A op(v;(t,o)- u©) Uy
'II gcsl j=1 a Hb

where v;(t,c)=EU,(t,c)- 05772, and 0<s £1 isaparameter that has the interpretation
corr(Uj(t,c),Uj(t,CCD):l- s?
for ¢t c¢. Moreover, (4.3) impliesthat for j* k, andal cand |,

corr(Uj(t,c), Uk(t,cq)) =0.

(For ageneral description of multivariate extremal processes, see Dagsvik, 1988.) Thus, the

utility structure (4.3) is compatible with a particular nested generalized extreme value structure

where the utilities are independent, given a particular consumption level, but where the utilities

of (aj,c) and (aj,cd) are correlated. Also it follows that for a given c, {Uj(t,c),t>0},
j=212,...,m, areindependent modified extremal processes (cf. McFadden, 1981, p.p. 228-

230, for amore detailed discussion of this type of GEV models). Let V(t,Y,) denote the

value function as of period t giventhat J' (t,y,)=] and given Yy, i.e, V,(t,Y,) isthe highest

expected utility attainable, conditional on current wealth Y and current choice of the discrete
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aternative. Under the assumption of additive intertempora separability, the Bellman equation

that corresponds to dynamic choice behavior under uncertainty is given by
V(tY,)=U;, (t,yt - ajt) +r E, (maxk Vi (t+1Y,,,)

I (Ly)=i)

where r <1, isthe time-preference discounting factor and E; denotes the subjective expectation

operator given the agent'sinformation at timet.
Asiswell-known, the decision problem above can be viewed as a two stage processin
which the agent determines the expenditure path in the first stage and the choice of statein each

period is determined conditional on the expenditure path. In particular, the second stage

dlocation is a pure static choice problem that is solved by maximizing U, (t,yt - ajt) when

total expenditure, y;, has been determined. Asis aso well-known, the application of two stage
budgeting to undertake life cycle consistent empirical analyses may be difficult in the presence

of unobservables because the optimal expenditure path may in genera be correlated with the

random terms of {Uj(t,yt - ajt),j :J,2,...,m,t:],2,...}. However, due to the properties of

the extremal processes we shall seein amoment that this will not be the case here.
Let

U(t,y) © max, U, (LY' akt)
and
V(t,Y)° max, V. (t,Y).
Since we assume that preferences are exogenous it follows from (4.6) that y; is determined by
Y, =argm;’;1x(L~J(t,y)+r E, V(t+l,(l+ rt+1)(Yt W, - T(Wt’Yt)' y)))
and
V(LY )=U(ty,)+r E;V(t+1Y,,).

From (4.3) and the assumption that U(t) is a multivariate modified extremal processit follows
that

0 = (0D, 0(t.2)...)
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isamodified multivariate extremal process. Recall that the extremal process has the markov

property. Theterm

E, V(t +1.(1+ rt+1)(Yt TW, - T(WI’YI)- y))

will therefore depend on G(t) and random terms that are associated with future preferences and

therefore are independent of U(t). Consequently, we can write

ye =F (h(t),X(t))

for some function f,(3, where h(t) denote the random elements of G(t) and x(t) is avector of
random variables that are independent of h(t) and aso independent of U(t). From Lemma 2,
which is proved in the appendix, it follows that h(t) and J (t,y) are stochastically independent

for each giveny. But then it follows that

P (ty.)=ily. =y) =P(3" (ty)=i| f, (hV).x(V) =y) = P(J" () = ).
We can thus analyze the choice process {J* (t,yt),t > O} , conditional on {yt > O} , asif

{y.,t>0} were exogenous. From the resultsin Section 7 it follows that the results in this

section continue to hold in the presence of state dependence, as long as the anticipation of

future uncertain eventsis not affected by current and past choices.

5. Someimplications for econometric specifications of transition
intensities under puretaste persistence

The results obtained above are useful for justifying the choice of functional form of the

likelihood function of observations on {J(t ,B),t £ t} for a particular agent under PTPP. The

first step in specifying an empirical model isto specify the structural parts of the model.
Recall that according to (3.10) it is possible to express the structural term of the

current utility as a "depreciated" sum of the structural parts of the past increments. This alows

us to interpret w;(t), or equivalently exp(w i (t)) , as the representative instantaneous utility of

dternative g at timet. In empirical applications one would typically specify wj(t) as

w,(t) = W(X i (t))
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where X;(t) is avector of observable attributes specific to aternative g and w(-) is a suitably
chosen functional form that is known apart from an unknown vector of parameters. If we apply

the results in Dagsvik (1988) we get the next result.

Theorem 3
Assume that the utilities are independent maodified extremal processes and the choice

sets process is constant over time. Then for BI A

t
e - (00 g

P(J(t,B)=j)=—2 : (5.2)

t
2 - (t-
a OeWk(t) (t-1)a

kKiB o

and

t
éer (t)-(t-t)q dt

P(J(t.B)=j| (s B)=i)=—=~ , (5.3)
é (‘)ewk(t)- (t-0)a G
kKiB o
forit j and P(J(t, B)=i| J(s, B):i) is determined by the adding-up condition. Moreover
é :‘)ewk(t)- (s-)a G
Corr @xp(- rl}qB)(Uk(s)),exp(- %Uk(t))%z k;B ? — g (93 (5.9
a o™ dt
& 9
Pr oof:
The results (5.2) and (5.3) follow from Dagsvik (1988) by inserting (3.9). Eq. (5.4)
follows from Resnick and Roy (1990)."
Q.E.D.

Before we proceed we shall recall the formal definition of transition intensities. We
give the definition in the general case where the choice process may depend on past choices.
Thisis of relevance for the discussion in Sections 6 and 7. Provided the choice sets do not

change over time the transition intensities of {J(t,B),t>0} are given by
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a; (t.h(v) © lim P(X(t,B)=i| Xs B)=i,h(s))

s® t t-s

forit j, and

a (t.h(t)) © |i.m(P(‘](t"3)=i|‘](S B)=i,h(9)- 1)

s® t t-s

The transition probabilities given that a transition occurs are defined by

p; (L (D) © lim— Pt B) =] Xs B)zivﬁ(s)) _ 9y(t.h®)
1 & P(Xt,B)=k| XsB)=i,h(9)) a;(th()

ki B

The interpretation of (5.7) is asthe transition probability of going to alternative g at time't
given that alternative a is left and given the choice history prior to t. The next result is

immediate.

Corallary 1

Under the assumptions of Theorem 5 it follows that

w (t)
a (t.h(R) =g, (1) = ——= ,

2 - (t-
a OeWk(t) (t-1)a gt

kKiB o
er (t)
Pij (t, h(t)) =p; ()= & w
a €
ki B\(i}

forit j, and

i (t, h(t)) =g, (t)=- é, O (1) -

ki B\{i}

Let us next consider the particular case where {W i (t)}, j=12,...,m, are constant over

timei.e, w;(t)=w;. Then (5.8) reducesto

_ ge” qP,
%)= (1- e"q)é e" ’ 1- e’
KB
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for it j whereP, isthe probability of being in state . Recall that by (3.7) and (3.12) the

degree of taste persistence in the indirect utility can be measured by q. Specifically, when q is
large thereis little taste persistence (provided t is large) while when q is close to zero tastes are
strongly correlated over time. Moreover, (5.11) shows that the transition intensities are
stationary when t is large. However, when t is small then the transition intensities given by
(5.11) depend on time. This is due to the fact that in the beginning of a choice process the
length of the choice history (age) will influence the strength of the taste persistence effect.

Observe that the structure of (5.11) can be viewed as a special case of the model in
Olsen et al. (1986). However, asthe utilities in their model are not serialy correlated, q in their
model seems at first glance to yield a different interpretation. In their framework the utilities
are viewed as independent draws that occur according to a Poisson pracess with intensity g.
But thismeansin fact that also in their setting q alows the interpretation as a measure of taste
persistence because when g is small the random draws occur rarely and therefore preferences
are rather stable over time. In contrast, when g is large preferences are likely to change
frequently. Thereis, however, an important and testable difference between the model in Olsen
et a. and the present framework. While g in their model may depend on the state occupied, the
assumptions above imply that g cannot depend on the state occupied in our model.

Let usfinally compare the structure of the hazard rate with the proportional hazard
rate framework which has been used extensively in empirical analyses, cf. Heckman and Singer
(1985). Unfortunately, in this literature the motivation for the proportional hazard rate
framework is totally ad hoc. To illustrate this, consider the following labor market example: A
female worker has the choice between the two states "employed” (state 1) and "not employed"

(state 2). For simplicity we assume a stationary setting, i.e., w;(t) =w; wherew; isafunction

of the wage rate the agent faces in the labor market, while w, depends on non-labor income,
age and the number of small children in the household. When t islarge it follows from (5.10)
and (5.11) that the hazard rates have the structure

W.

e’ 0
Sgy =qdd- — 52 (5.12)
e et+te’g

for i =1,2. In contrast, within the proportiona hazard rate framework one would typically

specify ¢ as

- ;i =6Xp(b0i +Xbi) (5.13)
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where X isavector consisting of explanatory variables and (b0i b, ) is avector of state-

specific parameters. Thus the functional form in (5.12) that follows from utility maximizing
behavior is different from the specification in (5.13). At best (5.13) can beinterpreted asa
reduced form modd. In (5.12) the key parametersw,, w, and g have aclear interpretation, and

gand w, - w, can aso be separately identified. This point is even more dramatic in the
multistate case: In this case some authors (see for example Andersen et a. (1991)) have

specified trangition intensities {E]ij (t)} on the form

a, (=1, ®exp(f(X,,X ;b)) (5.14)

where f(-) is some specified function, X; is atime invariant vector of covariates that
characterize alternative g, and b is a vector of parameters. Let us now compare the structure
(5.14) with (5.8). Weredlize that (5.8) is essentially different from (5.14) in that (5.8) depends
on all the covariates while (5.14) only depends on the covariates related to alternatives g and
g;. Also these covariates enter the model in a particular way. Finaly, (5.8) depends on the
choice set in a particular way. Therefore, the standard proportional hazard specification (5.14),
which is often applied in duration analysis, isinconsistent with the present random utility

formulation when the number of statesis larger than two.

6. Allowing for time varying choice sets

In many applicationsit is of interest to alow for time varying choice sets. For example, in the
analysis of labor market dynamics, workers' choice sets may change over time and result in
periods of unemployment. We shall now discuss the extension of the model to allow for time
varying choice sets.

Unfortunately, we are presently unable to provide an exhaustive discussion of the
model in this case due to the complexity of the problem. For example, when the choice sets
decrease over time the corresponding choice model will in genera not have the Markov
property. Below we shall therefore only discuss afew particular cases.

Let us start by considering the choice model at two pointsin time. The choice model in
this case was abtained by Dagsvik (1983). For the sake of completeness and with the particular
representation of the modified extrema process introduced in Section 3 we give the result
below.
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Theorem 4
Assume that the utilities are modified extremal processes. Then for s<t, we have

P(3(s B(9) =i, J(t, BV)) = j)

! S
P(J(s, B(S)):i)éewi(t)'(t-t)q dt - dj(B(s))éeWi(t)'(t't)q ot

= 0 0 (61)
t S
o N - (t- (] N - (t-
a Oewk(t )- (t-t)a dt + a Oewk(t )- (t-t)g dt
kT B(t) o kT B(s)\B(t) o

P(‘](L B(t)) = j)(l- di(B(S))) séewi ©- (00 G
0

+

t S
o N - (t- [*] N - (t-
a OeWk(t) (t-t)q dt + a OeWk(t) (t-t)q dt
kT B(t) o kT B(s)\B(t) o

where d, (B)=1 if il B, and zero otherwise, and

t
(\)ewi(t)-u-t)th

P(3(tB®) =)= 00 t . (6.2)
a éewk(t)'(t't)th

kT B(t) o

Pr oof:

The results follow from (3.9) and Dagsvik (1983), pp. 32-33.
Q.E.D.

Theorem 5
Assume that the utilities are modified extremal processes. Assume moreover that the

choice set process is nondecreasing. Then the choice process {J(t, B(t)),t > O} isa Markov

chain. The transition probabilities are given by

P(3(t.B)) =] I(s B(9) =i) = P(I(t, B() = ]) - z(st. B(s), BO) P(I(s B(9) =i)d, (BEH)  (63)

for it j, iT B(),j1 B(t), where

k1 B(s)

é (\)ewk(t )- (1) G
z(s,t,B(s), B(t)) = 0 xg (-9 (6.4)

o \ o (t-
a OeWk(t) (t t)th

kT B(t) o
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and d,(B(t))=1 if iT B(t), and zero otherwise, and the state probabilities are given by
(6.2).

Proof:
Resnick and Roy (1990), have proved that the choice process is Markovian in this
case. The structure of (6.3) follows from (6.1).
Q.E.D.

Remark 5
Similarly to (5.4) it can be demonstrated that z (s, t, B(s), B(t)) can beinterpreted asa

measure of autocorrelation.

7. Extending the model to allow for state dependence

So far we have only discussed the functiona form of the choice probabilities of

{J(t, B(t))} under PTPP. The question now arises how the particular functional form that

follows from PTPP should be modified in the presence of state dependence. Notice first that
when the utility processes are atered by the choice history a simultaneous equation bias
problem arises. Thisis so because the structural terms of the utility processes become
dependent on past choices, and consequently they will depend on past redlizations of the utility
Processes.

For simplicity we shall consider the discrete time case. Accordingly, we will assume
that the utility processes are independent modified experience-dependent extremal processes
defined by

U;(t) = max (U (t- 1)- g, W, (t,h(v)) (7.0)

where W, (t, h(t)) isarandom variable with distribution

P(W, (t,h() £w| Ut - 1) = exp(- exp(g, (t.h(t))- w)) (7.2)

and where g; (t,h(t)) isaparametric function of the attributes of aternative j and past choice

experience. Define v, (t,h(t)) recursively by

exp(vj (t, h(t))+tq) = exp(vj (t- Lh(t- 1) +(t- 1) q) + exp(gj(t, h(t))). (7.3)
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Note that when g; does not depend on h(t) then v, (t,h(t)) reducesto v ;(=EU,(t), and (7.1)

reduces to (3.4).

The following result extends Theorem 5 to the case with state dependence.

Theorem 6

Assume that the choice set process is hon-decreasing and

{Uj (t),t3 O}, ] =12,...,m, areindependent and experience-dependent utility processes

defined by (7.1) to (7.3). Then the (one step) transition probabilities, conditional on the

choice history, are given by

P(J(t, B() =] I(t- LB(t- 1))=i,h(t)) =R (t,h(t))[l- exp(v; (t- Lh(t- 1)- v, (t h)- q)]

° R (t,h(t)- z(t- Lt,B(t- 1),BO.h(t)) R (t- Lh(t- 1)d,(B()
(7.4)

foritj, jT B(t),il B(t- 1), and

P(J(t, B(H) =i| I(t - 1,B(t- 1))=i,n()

(7.5)
=R (t,h(t)) +z(t- 1,t,B(t- 1), B(t),h(®)(1- R(t- Lh(t- 1))d,(B())
where
v; (t.h(t))
kT B(t)
é evk(t- 1,h(t-1) - q)
z(t- L,4,B(t- 1)B(),h(t) = 2 g AT TR (7.7)
kT B(t)

and v, (t,h(t)) isdefined by (7.3)

A proof of Theorem 6 is given in the appendix.

Coroallary 2
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Under the assumptions of Theorem 6 the c.d.f. of the indirect utility, max,; g Uy (),

depends on {J(t ,B(t)),t Et} solely through

é. exP(Vk(t’ h(t)))

ki B(t)

Proof:
The result of Corollary 2 follows directly from Theorem 2, (7.1) and (7.2).
Q.E.D.
Corollary 2 implies that the life cycle consistent property discussed in Section 4 also
holds in the case with utilities that are experience-dependent extremal processes, provided the
agent does not take into account that current behavior may alter future preferences and future
choice constraints.

It isimportant to notice that in contrast to (6.2), R; (t,h(t)) can of course not be

interpreted as the marginal choice probability at timet since it depends on the choice history. It
can, however, be interpreted as the conditional choice probability at timet for an agent
equipped with preferences that have been atered by experience.

We may, analogous to Section 5 model state dependence effects in the reparameterized

version inwhich {v, (t, h(t))} is substituted by {w; (t,h(t))} defined by

wi(t,h(1)) :evi(t,h(t)) _ evi(t-l,t,h(t-l))- q (7.8)

e

which implies that

evi(t,h(t)) — Wi(t,h(t))+(t-t)q- (7.9)

e

Qo-.

t=1

For notational simplicity, let Q; (t -1t h(t)) denote the one step transition probability of

going fromi attimet-1toj at timet, given the history h(t). From (7.9), (7.4) and (7.6) it
followsthat Q;;(t- 1,t,h(t)) can be expressed as

i (En()

Q;i(t- Lt,h(1) = (7.10)

ewk(t,h(t))- (t-t)q

Qo-.

a

Ki B(t) t=1
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for i 1 j. Thetransition probability given atransition has a structure that is completely

analogousto (5.9), i.e,

ewi(t,h(t))
p;(t- Lt.h()) = 5 (7.11)

KT B(O)\{i}

We redlize now that both {W i (t, h(t))} aswell asthe taste persistent parameter g are

separately identified. From (7.10) we get that

€Q,(t- Lt.h(t) u_
6Q(t- LLh(O)g

w, (t,h(t)) - w(t, (). (7.12)

Eq. (7.12) impliesthat w; (t,h(t))- w,(t, h(t)) is non-parametrically identified. For example,

if w;(t,h(t)) hasthe structure

w (t, () = 2 (s e (X, () #b2 20 (X, (0,00 (7.13)

r=1

where {f,,} areknown functionsand {b,,} are unknown parameters, k =12,r=12,...,5,
then {b,,} areidentified under rather general conditions on {f,, (3} .
Finaly, when w; (t,h(t)) has been detemined, q isidentified because (7.10) implies

that

w;(t,h(t)) wi(t- Lh(t-1))

€ - é. eWk(t,h(t)) :e'q pre e

- 7.14
Qij (t B l,t,h(t)) kT B(t) Qij (t - 2t- lh(t - 1)) ( )

foritj.

Example (Heckman, 1981b)
Consider the labor supply example analyzed by Heckman (1981b). Let U,(t) be the
utility of working and U,(t) the utility of not working. If we assume that the transition

probabilities given by (7.10) are specified as

w, (t,h(t)) =wy (t) = X, (t)a, (7.15)

and

25



W, (t, h(t)) =X ,(t)a, +dD(t - 1), (7.16)

where X, (t) isavector that may consist of age, length of schooling and number of small
children, X(t) may be some function of the marginal wage rate (or instruments for the
margina wage rate), D(t) is equal to oneif the agent has worked in period t and zero
otherwise, a;, a, and d are parameters to be estimated. In the formulation above d =0 implies
PTPP, otherwise there is state dependence in that the agent's utility for work is affected by
work experience.

Clearly, thismodel isidentified and the specification (7.15) and (7.16) can be exploited
to form the likelihood for a sample of individual work histories to estimate a,, a,, the taste

persistence parameter q and the state dependence parameter d.*

8. Conclusions
In this paper we have considered the problem of obtaining a theoretical foundation for the
choice of functional form and stochastic structure in intertemporal discrete choice models.

It is demonstrated that a particular extension of Luce I1A axiom implies arandom
utility model where the utilities are extremal processes. When the choice set processis non-
decreasing this model has the Markov property with a particular structure of the transition
probabilities. It is aso demonstrated that this model is, under specific assumptions, consistent
with optimizing behavior in alife cycle context where the (chosen) expenditure path can be
treated asif it were an exogenous process in the probabilities that correspond to the within-
period discrete choices.

Finally, we discuss how the choice model can be extended to allow for increasing and
decreasing choice sets and structural state dependence. In the case with time varying choice
sets the choice model does not in general have the Markov property. At present we are only
able to derive the choice prababilitiesin afew particular cases. A general treatment of the case
with time varying choice setsis left for future research.

The framework developed in this paper is anaytically tractable and it therefore appears

convenient for empirical applications.
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